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EQUIDISTRIBUTION AND INTEGRAL POINTS
FOR DRINFELD MODULES

D. GHIOCA AND T. J. TUCKER

ABSTRACT. We prove that the local height of a point on a Drinfeld module
can be computed by averaging the logarithm of the distance to that point over
the torsion points of the module. This gives rise to a Drinfeld module analog
of a weak version of Siegel’s integral points theorem over number fields and
to an analog of a theorem of Schinzel’s regarding the order of a point modulo
certain primes.

1. INTRODUCTION

In 1929, Siegel([Sie29]) proved that if C' is an alne curve debPnedover a number
Peld K and C has at least three points at inPnity, then there are Pnitely many
K-rational pointswith integral coordinates. T he proof of this famoustheoremuses
diophantine approximation along with the fact that certain groupsof rational points
are bnitely generated; when C' has gerus greater than 0, the group in question is
the Mordell-Weil group of the Jacobian of C, while when C has gerus 0, the group
in questionis the group of S-units in a bnite extensionof K.

When C is a curve of gerus 0, it is simple to give a notion of integrality that
is more RBexible than the notion of integral coordinates. Let S be a Pnite set of
placesof K. Viewing P'(K) as K plus a point at inbnity, we say that 3 € K is
S-integral with respect to o € K if at ead Pnite place v of K outside of S, we have
|l — Bl, > 1 and min(|a|y, |Bs) < 1 (seeSection 2.6 for a more precise debnition
of S-integrality). Similarly, we say that g is S-integral with respect to the point at
inpnity if |3], < 1 for all points outside of S. Using these conventions, along with
the convention of the usual Weil height h(«) of an algebraic number «, SiegelOs
method of proof can be described very easily. The set of points 3 that are integral
with respect to any two points in PL. can be realizedas a subset of the group " of
S-units in someextension L of K. Since" /m" is bnitely generated,if « is another
point (making a total of three) for which there are inbnitely many 3, € " that
are integral with respect to «, then thereis some v € " such that inpnitely many
v+ B3; have m-th roots 3; in L. The fact that the g; are S-integral with respect to

a meansthat > _o —log|B3; — af, = h(B) + O(1) for all 5. Thenthereis an m-th
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root o/ of &+ ~, and inbnitely many m-th roots 3 € L of 8; + ~ such that

Y —log|B —aly= > —log|s; —al, + O(1) = h(B) + O(2)

veS veS

mh(5) + O(1),

which violates a theorem from diophantine approximation, suc as RothOgheorem
([Rot55]) or SiegelOswn result, also found in [Sie29].

Now, supposethat the basebeld of our curves is a function beld K over a bnite
Peld. When C is a nonisotrivial curve of positive genus, SiegelOsheorem is still
true (see[Vol90] and [Vol91]), but SiegelOtheoremis not true for the projective line
with three points removed. For example, let K be any function beld over a Pnite
Peld (of characteristic p) and let « be any point in K that is not in the constart
beld. Let S be the set of placesfor which either |z|, # 1 or |x — 1], ¥ 1. Then
any power of z is S-integral with respect to both 0 and oo and, since |z?" — 1|, =
|(x — 1)P"|, = |z — 12" for any positive integer m, we see that =P is S-integral
with resgpect to 1 as well. Note that the diophantine approximation reaults over
function beldsare much weaker than RothOgor SiegelOsr DysonOsjheorem (see
[Vol97] or [Osg7], for example).

In this paper we will prove an analog of SiegelOtheorem for cyclic ¢-submodules
of G,(K) (under the action of a Drinfeld module ¢). In some sense thisis surprising
in light of the counterexample above for Z-submodules of G,,(K). On the other
hand, there are many other famoustheoremsover number beldsthat have analogs
in characteristic p in the context of Drinfeld modules. For example, Ghioca [Ghi05]
and Scanlon [Sca02 proved Mordell-Lang and Manin-Mumford statemerts, respec-
tively, for Drinfeld modules; thesehad both beenconjectured by Denis ([Den92a]).
Bosserformulated and proved ([Bos00]) a variant of the Bogomolos conjecture for
Drinfeld modules (unpublished, but the main ingrediert of his result is contained
in [Bos02]). Ghioca ([Ghi06]) proved a Drinfeld module analog of Szpiro, Ullmo,
and ZhangOegquidistribution theorem([SUZ97]) for abelian varieties. In this paper
we explore further aspects of equidistribution in the corntext of Drinfeld modules
and demonstrate a connection between equidistribution and integrality of points.

We will prove the following theorem.

Theorem 1.1. Let K be a finite extension of Fy(t). Let ¢ : Fy[t] — K{7} be a
Drinfeld module and let S be a finite set of places of K. If 8 € K is not torsion
for ¢, then there are finitely many Q € Fy[t] such that ¢go(B) is S-integral for the
point 0.

We will derive Theorem 1.1 asa consequenceof Theorem 3.1, which states that
the local height of a point 8 can be computed by averagingthe function log |z — f|,
over the periodic points of ¢. Theorem3.1 can be regardedas an equidistribution
theorem, since local canonical heights can typically be computed by integrating
log |« — S|, against an invariant measure(seeSection 5 for more details). Theorem
3.1alsogivesriseto Theorem 4.1, which is a result about the order of the reduction
of a point modulo various primes. Determining the order of the reduction of a non-
torsion point at various primes was also studied in the context of abelian varieties
(see[Pin04]).

Let us now give a brief outline of the paper. We begin with some preliminaries
about canonical heights on Drinfeld modulesin Section2. Following that we prove
Theorem 3.1. The main ingredient for Theorem3.1is Corollary 3.13which provides
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a newway of debPninglocal canonical heights for a Drinfeld module. For the places
lying over the place at inpPnity for the Drinfeld module (seeSection 2 for a more
precise debnition of these places), this is proved using linear forms in logarithms
(as in [Bos99)); for the ObniteCplaces this is proved using an elemenary method
described in Lemmas 3.10 and 3.12. Theorem 1.1 follows easily from Theorem
3.1. The proof of Theorem 4.1 requires a somewhat lengthy courting argumert,
which is detailed in Section 4. In Section 5, we discuss further generalizations,
including analogsof work of Silverman ([Sil93]), Baker/Ih/Rumely ([BIR05]), and
Szpiro/T ucker ([ST]). The most general question we pose may be viewed as a pos-
sible SiegelOmtegral points theorem for arbitrary Pnitely generated$-submodules
of G,(K). In arecen paper [GTO7] we answer positively our question under one
mild technical hypothesisand also assuminga natural conjecture for linear forms
in logarithms at bnite placesfor a Drinfeld module (which is the analog of BosserOs
result [Bos99]for the linear forms in logarithms at inPnite places).

2. NOTATION

2.1. Drinfeld modules. We begin by debning a Drinfeld module. Let p be a
prime and let ¢ be a power of p. Let A := F,[t], let K be a Pnite extension of
F,(t), and let K be an algebraic closure of K. We let 7 be the Frobenius on F,,
and we extend its action on K. Let K{r} be the ring of polynomials in 7 with
coe! cients from K (the addition is the usual addition, while the multiplication is
the composition of functions).

A Drinfeld module is a morphism ¢ : A — K{r} for which the coelcien t of 7°
in ¢(a) =: ¢, is a for every a € A, and there exists a € A such that ¢, ¥ ar°.
The debpnition given here represens what Goss[Gos94 calls a Drinfeld module of
OgeneriacharacteristicO.

We note that usually, in the debnition of a Drinfeld module, A is the ring of
functions debnedon a projective nonsingular curve C, regular away from a closed
point n € C. For our depbnition of a Drinfeld module, C = ]P’}Fq and n is the usual
point at inbnity on P!. On the other hand, every ring of regular functions A as
above contains F,[t] as a subring, where ¢ is a nonconstart function in A.

A point « is torsion for the Drinfeld module action if and only if there exists
Q € A\F, such that ¢g(«) = 0. The monic polynomial @) of minimal degree which
satisbes ¢po(a) = Ois called the order of o.. Since ead polynomial ¢ is separable,
the torsion submodule ¢y, liesin the separable closure K5 of K.

For every beld extension K C L, the Drinfeld module ¢ induces an action on
Go(L) by axz = ¢,(z), for each a € A. We call ¢-submodules subgroups of G, (K)
which are invariant under the action of ¢. As shown in [Po095], G,(K) is a direct
sum of a Pnite torsion ¢-submodule with a free ¢-submodule of rank X.

We will often use sums of the form ZPIQ over divisors P € A of a bxed poly-
nomial @ € A. These sums will always be taken over the monic divisors P of

Q.

2.2. Valuations and Weil heights. Let My (;) bethe set of placeson FF,(t). We
denote by v, the place in Mg, () such that voo(f) = deg(g) — deq(f) for every
nonzero f,g € A= F,[t]. Welet Mg be the set of valuations on K. Then Mg isa
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set of valuations which satisbesa product formula (see[Ser97,Chapter 2]). Thus
e for each nonzerox € K, thereare bnitely many v € Mg such that |z|, # 1;
and
o for each nonzerox € K, we have [[, ;. 7], = 1.

We may usethesevaluations to debnea Weil height for eath = € K as
(2.0.1) W)= Y logmax(|z|,, 1).

vEME

We may also extend the Weil height to all of K in a coherert way (seeChapter
2 of [Ser97 for a detailed discussionof the construction of heights on K). More
specibcally, if L is an extensionof K, thenwe can debnea set M, of absolutevalues
|+ | on L such that

(2.0.2) =TI Wh-

wlv
weMry,

Note that we write w|v when | - |,, restricts to some power of | - |, on K, but that
| - | is not in generalequal to | - |, on K (see[Ser97,pages9-11]). We usethese
| - |.» to debnea height for any y in a Pnite extension L of K by

(2.0.3) h(y) = > logmax(|ylw, 1).
weMry,
It follows from (2.0.2), that for any « € K and any extension L of K, we have
(2.0.4) > logmax(|z],, 1) = Y logmax(|zw, 1).
vEMK weMr,

Thus the height on all of K restricts to the original Weil height (2.0.1) on K. More
generally, the debnition of A(y) in (2.0.3) doesnot depend on our choice of the beld
L containing y. For more details, we refer the readerto [Ser97,Chapter 2].

Definition 2.1. Let L be a bnite extensionof K. Each placein My, that lies over
Vs IS called an inPnite place. Each placein M, that doesnot lie over v, is called
a bnite place.

2.3. Canonical heights. Let ¢ : A — K{r} be a Drinfeld module of rank d (i.e.
the degree of ¢, as a polynomial in 7 equalsd). The canonical height of 3 €¢ K
relative to ¢ (see[Den92h) is debnedas

WA = lim

n—oo

h(pe(5))
qnd :

Denis [Den92b] showed that « is a torsion point for ¢ if and only if E(a) = 0.

For every bnite extension L of K, and for every w € My, we let the local
canonical height of g € L at w be
(2.1.1) hu(®) = lim 109MX(0r (D). D)

n—oo q

It is clear that 32, s, huw(B) = h(B).

We will use the notion of Galois conjugate for points 5 € K. Even though this
notion is classical,for the sake of completenesswe debneit here. If o : K — K is
a beld automorphism bxing K, then 57 := o(0) is called a Galois conjugate of 3.
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2.4. Completions and filled Julia sets. By abuseof notation, we let co € Mg
denote any place extending the placev.,. Welet K, be the completion of K with
respect to | - |... We let K., be an algebraic closure of K.,. We let C,, be the
completion of K,. Then C., is a complete, algebraically closed Peld. Note that
C, depends on our choicefor oo € Mk extending v.,. However, each time we will
work with only one such place oo, and so there will be no possibility of confusion.

Next, we debne the w-adic filled Julia set J, ., correspnding to the Drinfeld
module ¢ and to each place w of My (where L is any bnite extensionof K). Let
C, be the completion of an algebraic closure of L,,. Then |- |, extends to a
unique absolute value on all of C,,. The set J,,, consistsof all z € C,, for which
{l¢o(x)|w}geca is bounded. It is immediate to seethat = € J;, if and only if
{lptn(x)|w }n>1 is bounded.

One bnal note on absolute values: as noted above, each place v € Mg extends
to a unique absolute value | - |,, on all of C,. We bx an embedding of i : K — C,,.
For x € K, we denote |i(z)|, simply as |z|,, by abuse of notation.

2.5. The coefficients of ¢,. Each Drinfeld module is isomorphic to a Drinfeld
module for which all the coe! cients of ¢; are integral at all the placesin My
which do not lie over v,. Indeed,we let B € F[t] be a product of all (the Pnitely
many) irreducible polynomials P € F,[t] with the property that there exists a place
v € Mk which lies over the place (P) € My, (), and there exists a coelcien t of
¢ which is not integral at v. Let v be a sulcien tly large power of B. Then
Y1 A — K{r} debnedby g = v t¢ov (for each Q € A) is a Drinfeld module
isomorphic to ¢, and all the coelcien ts of 1, are integral away from the places
lying above v,,. Hence,from now on, we assumethat all the coelcien ts of ¢, are
integral away from the placeslying over v... It follows that for every @ € A, all
coe! cients of ¢¢ are integral away from the placeslying over v.

2.6. Integrality and reduction.

Definition 2.2. For a bnite setof placesS ¢ My and a € K, wesay that 3 € K is
S-integral with respect to « if for every placev ¢ S, and for every pair of morphisms
o,7: K — K, the following are true:

e if |a7|, <1, then |a™ — 7], > 1.

e if |a|, > 1, then |57], < 1.

For more details about the debnition of S-integrality, we refer the reader to
[BIROS].

We alsointro duce the notation 3 for the reduction at a placew € M, of a point
8 € L, which is integral at w. When ¢ has good reduction at w (i.e. for eat nonzero
Q € F,[t], all coelcien ts of ¢ are w-adic integers, and the leading coe! cient of
$¢ isaw-adic unit), we denoteby ¢ the reduction of ¢ at w. Note that when ¢ has
good reduction, ¢ is a well-debPnedDrinfeld module on G,(k,,) of the same rank as
¢, where k,, istheresidue beld at w. When ¢ doesnot have good reduction at w,
we say that it has bad reduction at w. We obserwe that ead place lying above v,
is a place of bad reduction for ¢.

The following fact is also proved in an equivalent form in [Ghi07a] (seeLemma
4.13).

Fact 2.3. Let w be a place of good reduction for ¢, and let a € C,, be a torsion
point for ¢. Then « is a w-adic integer.
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Proof. Assume « is not a w-adic integer. Let ) € F,[t] be the order of . Assume
$q = Y:_objmI. Thenfor every 0 < j <1,

Bia | = 10?1 > |a? |y = [bja |,
Hence |¢pg(a)|w = |oﬂl|w > 1, which contradicts ¢g(a) = 0. O

3. PROOFS OF THE MAIN THEOREMS

We corntinue with the notation as in Section 2. The main goal of this sectionis
to prove the following theorem. Then Theorem 1.1 will follow easily as a corollary.

Theorem 3.1. For any nontorsion 3 € K and any nonzero irreducible F € K[Z]
such that F(B3) = 0, we have

@iy @RARG= Y im o > loglFG).

deg Q—o0
vEMp oq(y)=0

Later (seeTheorem3.14), we will prove a similar result asin Theorem3.1 valid
also for torsion points 8. Our proof of Theorem 3.1 will go through a series of
lemmasand propositions which ultimately yield a newway to compute local heights
(seeCorollary 3.13. We will usein our argumert a proposition proved by Bosser
(see Theoreme1.1 of [Bos99]) as well as a lemma due to Tagudi (seeLemma (4.2)
of [Tag93).

Proposition 3.2 (Bosser). Let oo be a place lying over vs. Let exp, be the
exponential map associated to ¢ at co (see [G0S96]). Let y1,...,yn be elements
of Coo such that exp,(y;) € G (K). Then there exists a (negative) constant Cy

(depending on ¢, y1,...,yn) such that for any Py,..., P, € F,[t], either Pyy; +
-o-+ Puy, = 0 or

log|Prys + -+ Prynloo > C1 maX (deg(F;) logdeg(F)).
Remark 3.3. In the trandation of Theoreme 1.1 of [Bos99 to our Proposition 3.2,
we usethe fact that for each polynomial P € F,[¢], its height isits degree.

Lemma 3.4 (Tagudi). Let exp,, be the associated exponential map to ¢ with respect
to a fized place oo lying over vo,. Let L be the lattice of all elements u € Cy
such that exp,(u) = 0. There exists an A-basis wi,...,wq for L such that for any
polynomials Py, ..., Py € F[t], we have

‘lel + -+ Pdwd|oo = max |Pzwz|oo
1<i<d
Remark’3.5. The elemerts w; from Lemma 3.4 form a basisfor £ of Gsuccessive
minimaO (as debnedin [Tag93]).
Thefollowing result appearsin a similar form in [Gos96] (see Proposition 4.14.2).

Lemma 3.6. With the notation as in Lemma 3.4, there exists a constant Cy > 0
such that exp, induces an isomorphism from the metric space B1 = {z € G4(Cs) |
12|00 < Ca} to itself.

Proof. As shown in [Gos96],
expy(2) = = [[(1 - i).

XeL
A0
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Because/. is discretein | - |, there exists Cy > 0 such that for every nonzero
A € L, we have [\, > C. Thus, for each such A, if [z[c < Cy, then [1— 5[ = 1.
Therefore, the ball
By = {2 €Gu(Cux) | |2]oo < Co}

is mapped by exp, into itself (preserving the distance). Moreover, exp, is injective
on B; becausef N B; = {0}. Finally, exp, : B1 — B is surjective as can easily
be seenby consideringthe ertire function f.(z) := exp,(z) — « (for each a € By).
Then f, hasazeroon B; (seethe brst slope of its assaiated Newton polygon). O

Proposition 3.7. Let L be a finite extension of K, and let oco € My, be a place
lying above v,. Let B € L be any nontorsion point for the Drinfeld module ¢ that
15 i Jp.00. Then
- log |¢o(8) | _
dcglgrloo qddegQ =0
Proof. Let e be any real number greater than zero. Since 3 is in the blled Julia set
of ¢, we know that |¢o(8)| iS bounded, so

log |$0(8) |s
¢ddee @ <€
when degQ is sulcien tly large.
Now, if % < —e for deg(Q) sulcien tly large, then we have |¢g(8)|w <

q
C5 where Cs is asin Lemma 3.6. We will useProposition 3.2 to derive a corntradic-

tion. First, welet u € C,, sud that exp¢(u) = 3. Wealso chooseabasiswy,...,wq
of Guccessive minimaOas in Lemma 3.4. Throughout our argument, u,ws, ..., wq
are bxed.

Because|pg ()|« < C2, thereexistsy such that |y|o = [¢q(3)]e and expy(y) =
dq(B). Since Qu satisPesexp,(Qu) = ¢q(H), there exist P, ..., Py € A such that

y=Qu+ Piw + -+ Pywg.
Moreover, becauseof Lemma 3.6, there exists no y’ with
Y o0 < 160(B)|oc < Co
sudh that exp,(y') = ¢o(0). Thus, |Qu|w > |y|w- Therefore,we have
|Prwy + -+ Pywaloo < |Qu|oo

(becauseotherwise |y|o > |Qu|co)-
Thus, by Lemma 3.4 we seethat

(3.7.1) m?X|Piwi|oo < Qoo * |tfoo-

Taking logarithms in (3.7.1), we obtain
max deg(F;) < deg(Q) + 109 |u|o — Minlog|w;|sc.
Let C; := log|u|~. Hence,max; deq P;) < deg@ + C, (the constant C, depends

only on Cs and ¢, as the (w;)%, is a Pxed basis of successive minima for the
corresponding lattice of ¢ at oo). Thus, Proposition 3.2 gives

10g0q(F)|so = 109 |ylec = 10g|Qu + Prwi + -+ Pywi|oo

(3.7.2) > C)(degQ + Cy) log(degQ + C).
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Note that we know y Z 0, because¢q(8) 7 0 (and hence, we can apply the
inequality from Proposition 3.2). For large @, this meansthat % > —¢,
which completesour proof. O

Corollary 3.8. For any nontorsion 3 € K and for any place oo € My ) lying
above Vo, we have

L loglég(B)|~ _ 7
deg“inoo qddegQ - hOO(B)
Proof. If g isin the blled Julia set, then this is Proposition 3.7. If g is not in the

Plled Julia set, then for large n, we have

|¢en (8) oo > MaxX([¢em (8)]oc, 1)

for all m < n. So, for Q of large degreewe have

160(8) oo = |Pracz @ (B)]|oc = MaX(|Ppace @ ()]0 1)

Our claim then follows from the debnition of the local canonicalheight with respect
to ¢. O

Let L be a bnite extension of K containing 5. Now we deal with the places w
of L which do not lie over v. We recall that for such w, all coe! cients of ¢, are
integral at w for each Q € A.

If B¢ Jyw, then |¢o(5)|w is unbounded as deg@ — oo. Then, by the depnition
of the local canonical height (seealso the proof of Corollary 3.8), we have

—~ _ . |Og ‘(bQ(ﬁ)'w
(3.8.1) ho(0) = Wim T AAes@

We will show that when 3 € J, ., the limit above is equal to 0.

Proposition 3.9. Let L be a finite extension of K, and let w € My, be a place not
lying over v. Let 3 € L be a nontorsion point which is also in Jy.,. Then

09|60l _ o

deg(légrg]ﬂoo qddeg(Q)
Proof. Becauseg is in the w-adic Plled Julia set, |¢o(5)|. is bounded. Hence,for

every € > 0, there exists an integer N such that if deg(Q) > N, then

log 90 (5) |

gides@ = ©

It remains to show that for every ¢ > 0O there exists an integer N such that if
deg@) > N, then

log ¢ (5) |

(3.9.) 00

>_

For proving (3.9.1), we start with a generallemmaabout valuations.

Lemma 3.10. Let F(X) = b, X"+ ---+ b1 X be a polynomial such that |b;|,, < 1 for
all i. Then |F(2)|w = |b12|w whenever |y < |b1|w. In particular, |F(x)]y < |2|w.
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Proof of Lemma 3.10. For any i > 2, we have
b2y < [biz? ] < |bib1 | < (012w
Applying the ultrametric inequality thus yields
|E(2)|w = |bpz™ + -+ b1z|y = b1
O

The following result is an immediate corollary of the fact that all coelcien ts of
¢q (for Q € A) are w-adic integers.

Corollary 3.11. For0 < ¢ < 1, the set of polynomials Q € A such that |pg(08)|w <
€ is an ideal in A.

We cortinue the proof of Proposition 3.9. The place w restricts to a place on
F,(t) which correspondsto an irreducible polynomial P € A.

Hence, for each polynomial Q € A, we have |Ql, = |P|o*?(?) where pordr(@)
is the largest power of P dividing Q. The following lemma will Pnish the proof of
Proposition 3.9.

Lemma 3.12. There exists a positive constant C,, such that

160(8)|w > Cu| P|24P(@)

forallQ € A.

Proof. If there isno F € A such that |¢p(8)|w < |Plw, then we are done. Oth-
erwise, let G € A generatethe ideal of all polynomials F such that |¢pr(5)]. <
|P|y, < 1, and let Cy, := |da(8)]w (note that ¢o(8) # 0 becauseg is nontorsion).

Let @ be any elemert in the ideal generatedby G. We may write Q = FG for
a polynomial F' € F,[t]. We expand F' out P-adically, i.e. we write

F=R,P"+ - ---+ RiP+ Ry

where each R; is a polynomial of degreelessthan degP. Since |R;|,, = 1 for each
1, we have

|(¢Rl¢G)(ﬂ)|w = Cw < |P|w

by Lemma 3.10. Moreover, also by Lemma 3.10, we have

|(¢P¢R1¢G)(ﬂ)|w = Cw|P|wv

and more generally, by induction, we have

(¢pidr,0c)(B),, = CulPly,
for any i. Thus, letting f bethe smallest i such that R; # 0, we have

60(B)w = (¢r,prc)(B)|w = Cul Pl

Since f < ordp(Q), this completesour proof of Lemma3.12. O

Using Lemma 3.12, we obtain

log [ (8)|w > 109(Cyy) + deg(Q) log | P,
which proves (3.9.1) and thus concludesthe proof of Proposition 3.9. O

The following corollary is an immedate consequencef Proposition 3.9 (seealso
Corollary 3.8).
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Corollary 3.13. Let L be a finite extension of K and let 3 € L be a nontorsion
point. Then for every w € My,

log [¢q(8)|w
deg(Q)—oo  deg(dg)

We are now ready to prove Theorem 3.1.

ho(5) =

Proof of Theorem 3.1. Using the product formula applied to the leading coe! cient
of F, we seethat it sulces to prove our result under the assumption that F' is
monic. Write F = [[\_,(Z — 6;). Then

. 1
> s > log|F(y)le

vEMxk éq (y)=0

. 1 n
= > dm —ms 3 Ylealy -,

veEMK $q(y)=01=1

. 1 n
= D i ;'Oglaécg(emv

vEME

(3.13.1)

9

. lo v
_ Z im = 9l

d ddeg @
vEMg cgQmeo g

where v is the leading coelcien t of ¢o. Using induction, it is easy to see that
log|vols = % log|caq|,, where a, is the leading coelcien t of ¢, and c is the

leading coelcien t of @ (which isin ;). Passing to the limit, we then bnd that
log ‘7Q|v log |aa|,

lim = .
deg Q— o0 qddegQ qd -1

Applying the product formula to a,; we thus see that the sum

. lo )
Z ™ glql

ddeg Q
d g
vEMK cgQ—eo ¢

vanishes. Hence, it will su! ce to show that

n

™ _ . |Og ‘¢Q(91) ‘v
(3.13.2) (degF)(h(B) = dog"Q”lmZW'
vEMK i=1
Now, let L := K(B), and let p' (for some ¢t > 0) be the inseparabledegreeof

L/K. Then n = p's, where s is the separable degreeof L/K. Moreover, the 6;
above (for 1 < i < n) split into s multisets, eat of them consisting of p’ identical
elemens (while di#erent multisets have di#terent elemerts). Therefore we may
choose distinct 64,...,0, among the 6; above. Let K := KY?" and let L; be
the compositum (inside K) of K; and L. Then L,/K; is a separable extension of
degrees. Moreover, the irreducible polynomial F of g € L, over K, equaIsFl/Pt'.
Dividing both sidesof (3.13.2) by p?, we obtain

(3.13.3) (degF)(H(A) = 3 lim Z%.
=1
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Note that for (3.13.3) we used the fact that above ead place v € My lies a
unique place of K, (which we also denote by v). Therefore we are left to prove
(3.13.2) in the casewhere § generatesa separableextension. T hus from now on we
assume L/K is a separable extension of degreen.

Following [Ser97, page 11], each absolute value of some x € L,, (for w|v) takes
the form [N, /x, (2)|s/"*) Writing Np, k., (2) @S 141 (2) - tw,m,, (), Where
bw,1s- - - bw,m, aretheembeddings of L,, into C, (and m,, = [L,, : K,]), we have

Moy

2l = T ews (@) o
j=1

For each ¢; in C,, thereis exactly one pair (w, j) such that ¢, ;(5) = 6;. So, using
the fact that ¢ (6;) = tw,;(0q(8)) (because ¢ has coe! cientsin K), we sum over
all L,, and obtain

> logléo(8)l, = [L: K1 10g[¢q(8) -
i=1 wlv
Passingto the limit, and using the fact that [L : K] = (deg F’), we thus obtain

n

_ log|po(0:)]s _ : log |¢q(8)w
2 gim DT daa T 2 g him (A F) g

de —00
vEMEK £Q =1 weEM;p,

(degF) > hu(B)
weMr,
= (deg F)h(p),
as desired. 0

We can extend the conclusionof Theorem 3.1 and prove the following result.

Theorem 3.14. For any € K and any nonzero irreducible F € K[Z] such that
F(B) = 0, we have

~ . 1
(deg F)h(B) = Z degIIinoo prEra) Z log [F(y)]o-
vEMK ¢Q(y):0

F(y)#0
Proof. The di#erencefrom Theorem 3.1 is that in Theorem 3.14 we also deal with
torsion points 5. This is why we exclude from the inner summation of (3.14.1) the
case F(y) = 0. Theorem 3.14 for 8 € ¢, follows exactly as Theorem 3.1 once we
prove the following proposition.

(3.14.1)

Proposition 3.15. Assume 3 € K is a torsion point. Then

. 1 B
Z dcg'g'lqudm Z log|y — B[, = 0.

vEMK gf)Q (y):O
y#p

Proof of Proposition 3.15. Let v € Mg . For each @ € A we let v be the leading
coe! cient of ¢g. Also, let aq be the leading coelcien t of ¢;. We will prove that

. 1 _ loglaal,
(3151) deg“(gn_,;)o W Z |Og |y — B‘U - — qd 1 .
bq(y)=0
Y
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Using (3.15.1) and the product formula for a4 we will then conclude the proof of
Proposition 3.15.

We proceedto proving (3.15.1). Let @ € A be a nonconstart polynomial. There
are two cases:

Case 1. ¢pg(5) = 0.
Then

690
II B-v —

qQ(y)=0
y#£B

gddes Q1
But the derivative (¢¢)’ is identically equalto Q. Since |yol, = |agls 7' , we
have

g Q
log|Q|» — 71|09|ad‘v
lim Z logly — B, =
0 Orsoo gddeg @ " ddeg Q
deg @ qtdes b0 @)= gQ q*aee
y#B
_ loglaql,
qt—1"
as desired.
Case 2. ¢pq(B) 7 0.
Then
_ 9B
(315.2) I G-n= [[ ¢-n=22
60 (y)=0 60 (y)=0 e
y#B

However, ¢o(0) is one of the Pnitely many nonzero torsion points of ¢ of order
dividing the order of 5. Therefore,taking logarithms of (3.15.2) and using |vyg|. =

ddegQ 1

\ad\v «“=1 e conclude the proof of (3.15.1). O

Arguing as in the proof of Theorem3.1 we deducethe remaining caseof Theo-
rem 3.14 (i.e. 5 € ¢ror) from Proposition 3.15. d

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Since § is in K, the polynomial F' satisbed by ( in the
statemert of Theorem3.1 may be taken to be F(Z2) = Z — 3. Let

d—1

(3.15.3) Pe(X) = aqu +ag1X? A+ -+ X+ X

gddes(Q) 4
Then the leading coelcient o of ¢o equalsca;, “~* , where ¢ € F, is the
leading coelcien t of Q. We observe that |vgl|, 7 1 if and only if |a4|, 7 1. Then,
after taking products followed by logarithms, we seethat

(3.15.4) Y logly - 5l = 10g|éq(B)]. — log [rql..
$q(y)=0

Now, supposethat there are inpnitely many @ such that ¢o(3) is S-integral for 0.
Let 7 be the set of all placesin S along with all the placesv for which |5], > 1
and all the placesof bad reduction for ¢. For any @, at any v outside of 7, we
have |y|, < 1 when ¢o(y) = 0 (seeFact 2.3). Since|3|, < 1, then log|y — 5], <0
forv¢ 7.
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When ¢¢(0) is S-integral for 0, it is certainly 7-integral as well. So, for all
v outside 7, we have Zy logly — Bl, > 0, by (3.15.4) (note that |ygl|, =
and |¢qg(8)], > 1 becausepg(F) is T-integral). Hence, for these @, we have
log|y — B, = O for all v outside 7, and for all y such that ¢g(y) = 0. SinceT is
Pnite, we can interchange the limit and the sum in (3.1.1) and apply the product
formula, which yields ﬁ(ﬁ) = 0. This is a contradiction, since 3 isnontorsion. [

Remark 3.16. It is worth noting that our alternativ e way of computing local heights
(seeCorollary 3.13) also holds for 5 € C,, if w doesnot lie over v.,. For example,
our key Lemma 3.12 holds for every nontorsion point in C,,, not only for algebraic
points (i.e. for pointsin K). However, Corollary 3.13 cannot be extended to all
B € C. asshown by the following example. Thisisthe case because Bosser@ result
(our Proposition 3.2) does not hold for linear forms in logarithms of transcendemal
points in C, (i.e points not in K).

Example 3.17. We construct an example of a point g € C,, for which the limit
liMdeg Q— o0 % doesnot exist.

Wework with the simplest Drinfeld module (but a similar construction works for
any Drinfeld module as the reader will easily see). So, we let ¢ : F,[t] — F,(¢){7}
be the Carlitz module, i.e. ¢,(z) = tx + 2. By abuse of notation, we denote by
oo the place vo, of Fy(t). The Carlitz module has assaiated to it a 1-dimensional
lattice at oo which is spanned by an elemert called ¢, say.

Let (d(n)).>1 be a sequenceof positive integerswhich is very rapidly increasing,
i.e. d(n+ 1) is much larger than ¢%(™. For the sake of concretenesswe will use
the sequence d(n) debnedrecursiwely, by letting d(1) := ¢ and for every n > 1,
din+ 1) := qqd(n).

Let a:= (-, 5 td(%) € C4. Clearly « is a (very rapidly) corvergern power
series.

Let 3 = exp,(a), where exp, is the usual exponertial map of ¢ at co. This
is the transcendemal point (i.e. not in K) which will give us our counterexample
because|d,an) ()]s Will be much too rapidly decreasing.

Indeed, ¢, (B) = exp,(t4™a), and using the fact that exp,, kills everything
in Fy[t] - ¢, we conclude that

1
dpaen (B) = exp, (C- D td<m>—d<>> ~
m>n

Now, becauseour sequence(d(m))>1 was chosen to be rapidly increasing,
.\m[u} is sulcien tly small (for sulcien tly largen) and so, ¢-> . <, FaG =ty
is in a sulcien tly small ball around 0 on which exp, presenes the metric (see
Lemma 3.6). Moreover,

1 1
‘C D | = e e
m>n 0o [e's}
Therefore, we have
(3.17.1) |bracm (B) oo = [Cloo - i) —d(ny | = [€[og - e (A=),
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50 10g |¢pan) (8) |oo = 109|¢|eo — (d(n + 1) — d(n)). Since d(n + 1) — d(n) is much
larger than ¢?™ (becaused(n + 1) = ¢?""™), we see that 10g|dac) (3)|co iS Much
smaller than —¢%™). More precisely

I

. dn+ 1) —d . dn+ 1 .
lim dn+ 1) —d(n) d) () lim dnr 1) lim L =+,

showing that we do not have a bnite limit for

10909 (5) o

@ asdeg@ — oo.

4. AN ANALOG OF A THEOREM OF SCHINZEL

Using our bndings we are able to prove the following result, which is similar
to a result of Schinzel [Scth74] for primitiv e divisors of B™ — C™ in number Pelds.
It cameto our attention that independertly, Hsia [Hsi] proved a similar Schinzel
statemert for Drinfeld modules. We thank him for pointing out the argumert for
our Lemma 4.2.

Theorem 4.1. Let K be a finite extension of Fy(t). Let 5 € K be a nontorsion
point for ¢, and let S be a finite set of places in My . Then there exists a positive
integer N such that for all Q € F,[t] of degree at least N, there exists v € Mg \ S
such that

() loQ(B)|v < 1; and

(i) for every monzero polynomial P € Fy[t] that divides Q and has smaller
degree than Q, we have |pp(6)], > 1.

We begin by proving a precise result combining Lemmas 3.10 and 3.12.

Lemma 4.2. Let v € My be a place lying above the irreducible polynomial P €
Fylt]. Letl:= degP. For any x € K, if

1

el < |PJ

then for every @ € Fy[t], we have |¢g(x)|, = |Qx|y < |z/,.

<1,

Proof. If Q € F,[t] is coprime with P, then |Q|, = 1. Thus |z|, < |Q|, and so,
using Lemma 3.10, we conclude that |¢g(z)], = |Qx]..
Let pp = 37, bi'. Weknow that by = P (by the debnition of ¢). If

1
P ai-1
)
v

(4.2.1) |z], < min (

1<i<dl \ | b;

then for every 1 < i < dl, we have |Pz|, > |b;z?
1

vi S0, |op(2)]y = |Px|,. We will

next show that |z|, < |P|¢ " implies (4.2.1). First we prove that |b;|, < |P], for
every 1 <qi<[—1.

If [ = 1, then the above claim is vacuously true. Therefore, assumel > 1. We
will useinduction on i to show that |b;|, < |P], for every 1 < i <[ —1. Since
opd: = ¢idp, Writing ¢y = E?:o a;7¢, and noting that the coelcien t of 7 is the
samein ¢, ¢p asit isin ¢p¢,, we obtain

(422) a0b1 + albg = b0a1 + blag.
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Since by = P and ap = t, (4.2.2) gives rise to the equality

|b1|’u : |tq - t|’u = |a1|'u :

P —P|, <1-|P[, = |Pl,.

Since we assumed ! > 1, we have |t? — t|, = 1. Hence,the equation above yields
|b1]» < |P|,, as desired. Proceeding by induction, we now assume that |b;|, < |P],
for all 1 < j < i. Equating coelcien tsof 7¢ in both ¢,¢p and ¢pg;, we obtain

2 : o 3 d 2 : @
agbi + ajbiij = biao + bjaifj.
j>1 1<i

Since |b;], < |PJ, for all 1 < j < i by assumption (and |a;|, < 1 for every j), we see
that |b;,-|t? —t|, < |P|,. But t2' — ¢ isdivisible only by irreducible polynomialsin
F,[t] of degree at most ¢ (since g =11 splits completely over a degreei extension
of F,). Therefore, |tqi —tl, = 1 (becausei < l), s0 |b;|, < |P|,, as desired.

Since |b;], < |Pl, < 1for every 1 <i <[l—1,and |b;|, < 1for every i > [, we

have
1
> -
v

1
So, if |z, < |P|&~", then (4.2.1) holds and we have|¢p(z)|, = |Pz|,. Moreover,
|Pz|, = |P|y - |2]» < |P|, and so, using Lemma 3.10, we seethat

|¢P2(x)|v = ‘(bP((bP(m))‘v = |P¢P(m)|v = |P2m|v-

Similarly, an easyinduction shawvsthat for every i > 0, we have |¢p:(z)|, = |Pix|,.
For any (nonzero) @ € F,[t], there exists ¢ > 0 and R < F,[t] coprime with P such
that Q = P'R. Using |¢r(z)|, = |z/|,, we thus obtain

0(@)]o = [0pi(dr(@))|o = [Py - [or(2)]o = QL - |2]0,

and our proof is complete. O

P

b;

Corollary 4.3. Let x € K. For all but finitely many places v € Mg, if m, € K is
an uniformizer at v, and |z|, < |Ty|v, then |do(x)|y = |Qx|y for every Q € F,[t].
More precisely, if x|, < 1 and v lies over a place of Fy(t) corresponding to an
irreducible polynomial of degree larger than log, ([K : Fy(t)] + 1), then |pq(x)|, =
|Qx|, for every Q € F[t].

Proof. Let v € My lie over the irreducible polynomial P € Fy[t], and let [ = deg P.

By Lemma 4.2, if |z|, < |P|¢ ", then |po(x)], = |Qz|, for every Q € F,[t]. But

1P|, > | [T D) Therefore, if ¢! — 1> [K : F,(#)], then

_1
|P|& = > |7y o

Thus, if |z|, < |m,],, then (by Lemma 4.2) |¢o(x)|, = |Qz|, for every @ € F,[t].

Finally, note that there are Pnitely many polynomials in F,[¢t] having bounded
degree. O

We will also needthe following technical result about local heights for our proof
of Theorem 4.1.
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Lemma 4.4. Let 8 € K be a nontorsion point for the Drinfeld module ¢. Then
there exist positive constants Cy and Ny (depending on ¢ and () such that for every

place v € Mg for which ﬁv(ﬁ) > 0, and for every Q € A = F,[t] of degree larger
than Ng, we have

g1 D, (8) — Co < l0g |pq(B)]. < ¢4 Dh,(8) + Co.

Proof. Becausewe allow the constarts Cy and N, from the conclusionof Lemma4.4
to depend on g, it sulces to prove our lemmafor each (of the Pnitely many places)
v € Mg for which 7,(3) > 0.

Let ¢ = Z?:o a;7'. For a bxed place v € My for which R,(ﬂ) > 0, we debne

1o\ e 1
M, = max{<sz|”> :O§i<d}u -
d|v

|aqg|d" "

Let Ny beapositiveintegersuc that |¢,~, (8)|», > M, (wecan bndsuc N, because
(|¢¢n (B)]v),, is unbounded). Let v := |¢;n,(B3)]o. The dePnition of M, yields

d
|¢tN0+1(5)‘v = |¢t(¢tN0 (/6))|v = ‘ad|v Al >y > M,.
A simple induction shows that for every n > 1, we have

qrin71

|benosn(B)|o = laale™ " 71

nd

Hence,

~ o loglgven(B)]e _ 10glaal. logy
ho(B) = nl'_,";o A NoF1) = ¢ o(gd — 1) + ¢iNo

which meansthat
~ log |agls
|Og |¢tNo+"(ﬂ)‘v = qd(NOJrn)hv(ﬂ) B q?l ‘_d::. ’

Moreover, for every @ € A of degreeNy + n (for n > 1), we have

~ lo »
l0g ()], = 10g |6y sn(A)]s = ¢+ IR (8) =] £

which concludes the proof of Lemma 4.4. O

The following lemma is the key to proving Theorem4.1.

Lemma 4.5. With the hypothesis from Theorem 4.1, let QQ € F,[t] be a nonconstant
monic polynomial. Let T be the set of places v € My that satisfy the following
properties:
(i) if P € Fy[t] is an irreducible polynomial for which |P|, < 1, then degP >
log, ([K : Fy()]+ 1);
(iiy B is a v-adic integer;
(i) v is a place of good reduction for ¢;
(iv) either |pg(B)|s = 1, or there is some P Z @ in F[t] such that P|Q and

[6p(A)u < L;
(V) vé¢s.
Then
(4.5.1) Y. Y. loglf-yl, > —degQ.

veT y has order Q
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Proof. Since
Z |Og|Q|v = _IOg‘Q|vx = _degQ

vEMK
v does not lie over v

and no placewv € 7 lies over vy, it will sul ceto show that for each v € 7, we have

(4.5.2) > log|B - yls > log|@Ql..
y has order Q
If |¢o(8)], = 1, then for every y such that ¢g(y) = O, we have |y — 3|, = 1.
Indeed, Fact 2.3 implies |y|, < 1 for all torsion points y, becauseall v € 7 are
placesof good reduction for ¢. Moreover, |3 —y|, < 1for v € 7 and y € ¢o, due
to (ii). Furthermore, the leading coelcien t v of ¢¢ is a v-adic unit. Thus

log|éq(B)w =Y logly— Bl

$q(y)=0

Hence, if [¢o(5)], = 1, then indeed |y — G|, = 1 for all y of order dividing Q.
Therefore (4.5.2) holds in this casebecause|Q|, < 1for v e 7T.

Thus, we may assume that |¢pq(5)|, < 1. Let Py be the smallest degreemonic
polynomial dividing @ such that |¢p,(8)], < 1. Then, since |y — 3], < 1 for each
torsion point y and since the leading coelcien t of ¢p, is a v-adic unit, we have

(4.5.3) 2 log|s—yl,< > 10g|8—yl, = l0g|¢p,(8)l.-

¢p(y)=0 dpy (y)=0
for P|Q with P # Q

Using again that the leading coelcien t of ¢¢ is a v-adic unit, we obtain
(4.5.4) > 1og|8 =yl = 10g[do(B)]w-
$q(y)=0

Since v € 7 satisbes (i) and |¢p,(x)|, < 1, we can usethe more preciseclaim of
Corollary 4.3 and derive

(4.5.5) log|¢q(3)]. = log

% + 10g |6, (8)] > l0g|Ql, + 10g|6 1, (5)].-

Equations (4.5.3), (4.5.4), and (4.5.5) yield (4.5.2), which Pnishesthe proof of
Lemma 4.5. (]

We debnethe Mebius function p on the multiplicativ e set of all monic polyno-
mials in Fy[t] by

w1 =1,
wQ1Q2 ... Q) = (=1)",
if Q1,...,Q, aredistinct irreducible, nonconstart polynomials, and

uw(f) = 0if f is not squarefree.

Lemma 4.6. With the notation as in Lemma 4.5, for each v € T, we have

S toaly— o= () oaler(a).

y has order Q P|Q
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Proof. Since the leading coelcien t of ¢p (for ead nonzero polynomial P) is a
v-adic unit for each place v € 7, then for each P|Q, we have

(4.6.1) > logly — Bl = log|¢r(B)]..
op(y)=0

Using (4.6.1) and the principle of inclusion and exclusion applied to the set of all y
such that ¢g(y) = 0 (by courting them with respect to their corresponding orders
P|Q), we obtain the resilt of Lemma4.6. O

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. After dividing @ by its leading coelcien t (which is a con-
stant in [F,), we may assume () is monic. We will argue by contradiction.

We begin by dividing the placesof K into three sets. We let S denote the set of
all placeswv such that ﬁv(ﬁ) > 0, let 7 be asin Lemma 4.5, and let &/ denote the
remaining places. Note that S and i/ are both Pnite, because7 contains all but
Pnitely many placesin My (here we are using the assumption that the concluson
of our Theorem4.1 fails, becausethen condition (iv) in Lemma 4.5 is satisbed by
all but Pnitely many places). Note that S C S Ul becaug by assumption (v) from
Lemma 4.5, the set 7 N S is empty.

We begin by dealing with the placesin S. Asproved in Lemma4.4, there exists
a positive integer Ny and a positiv e condant C, such that for all Q € F[t] of degree
larger than Ny, and for all v € S, we have

(4.6.2) g4 @, (8) — Co < log|do(B)]n < ¢1 4 @D, () + Co.

Therefore, from now on, we will always assumedeq(Q) > Np.

Next, we treat the placesin Y. As proved in (3.7.2) and in Lemma 3.12, there
exist positive constants C;, Cs, and C3 depending only on ¢, 8 and U such that
foral v eld,

(4.6.3) —C1ded Q) logdeg(Q) — C> < log|pq(B)|v < Cs.

The right hand side of (4.6.3) is guaranteed by the fact that ﬁv(ﬂ) = 0 (because

only S cortains placesv for which h,(8) > 0). Summing over all the v in U, we
seethat there are constants Cjy, C5, and Cg such that

(4.6.4) —Cyded Q) logdeg(Q) — C5 < > 10g|éo(B)]w < Cs.

veU

Sincethere are bnitely many polynomials P of degreeat most equalto N, we see
from equations (4.6.2) and (4.6.4) that there are constarts C; and Cg such that

qddeg Pﬁ(,@) — C,deg(Q) logdeg(Q) — Cr < Z log |¢p(B3)].
(465) ve6&uUU

< s PR(B) + Cs,

for all P|Q. Since 7 consistsof all the placesnot in &/ or S, we thus obtain from
the product formula that

qddegPﬁ(ﬂ) - Cy ded@) |ogdeg(Q) — C7 < Z - IOg ‘¢P(ﬂ)|v
(4.6.6) ver

< g8 PR(B) + Cy
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for all P|Q. Moreover, equation (4.6.1) gives

q? 4= Ph(B) — C4dedQ) logdey(Q) — C7 < > Y~ —logly — Al
(4.6.7) veT ¢p(y)=0

< g5 PR(B) + Cs.

Using (4.6.7), we will bound

> > —1og|f — ylo.

veT #p(y)=0
for P|Q with P # Q

We compute the above sum via inclusion-exclusion(as we did in Lemma 4.6) and
we obtain

(4.6.8) > - ( )Z > —Ioglﬁ—y\v.

P‘Q U€T¢P(y
P#Q

A simple computation using (4.6.7) and (4.6.8) shows that if Q4,...,Qs areall the
distinct irreducible factors of @, then

> > —log |8 — yl,

veT ¢ p(y)=0
for P|Q with P # Q

< <qddcg(Q) _ gddes(@ f[ (1 — g~ ddes(@ )) h(3)

i=1

+ 2° (C4degQ) logdeg(Q) + C7 + Cs),
due to the simple idertity

Q e e e > —_dde )
S (P ) = @) giaes(@ T (1 gtaes(@)

PlQ i=1
P#Q

(4.6.9)

and the fact that there are 2° — 1 nonzeroterms in the outer sum from (4.6.8).
Using (4.6.7) for P = @, we obtain

4610) 2 2. —109ly Bl > ¢4 h(p) — C,dedQ) logdeg(Q) ~
veT ¢q(y)=0

But Lemma4.5 and equation (4.6.9) imply that

S > —logly - Bl

veT ¢q(y)=0

(4.6.11) < /f;(ﬁ) <qddeg(Q) _ qddeg(Q) H (1 _ q—ddeg(Qi))>

i=1

+ 2°(Cydeg(Q) logdeg(Q) + C7 + Cs) + deg Q.
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Since ﬁ(ﬂ) is positive, for @ of large degreewe have

@9 Qn(B) — Cy deg(Q) log(deg(Q)) — C7

(4.6.12) > (B) <qddeg<Q> | (1 _ qddeg@i)))

i=1

+ 2°(C, ded Q) logdeg(Q) + C7 + Cs) + deg@

because(recalling that s is the number of distinct irreducible factors of @, which
is much smaller than deg@ as deg(@ goesto inbnity)

qddeg(Q) H (1 _ q*ddeg(Qi)) ﬁ(ﬂ) > /qddeg(Q)ﬁ(ﬂ)
i=1

> 28+1 (C8 + degQ + 04 deq@) |0g deg(Q) + C7) :

Inequalities (4.6.10), (4.6.11) and (4.6.12) give us a contradiction, which means
that there exists v € 7 such that |pq(5)|, < 1 but |¢p(5)|, = 1 for all P|Q with

P+ Q. O
The following result is an immediate consequenceof Theorem 4.1.

Corollary 4.7. With the notation as in Theorem 4.1, there exists a positive integer
N such that for all monic Q € IFy[t] of degree at least N, there exists a placev € Mg
of good reduction for ¢, such that 3 is integral at v and [3 is a torsion point of order

Q for ¢.

5. FURTHER DIRECTIONS

Let ) : P! — P! be a rational map of degreed > 1 debnedover a number beld
L. Aswith Drinfeld modules, one can debnecanonical heights h,, for v, following
Call and Goldstine ([CG97]). Pireiro, Szpiro, and Tucker ([PST04]) have proved
that

ho(B) = /IP’l IOg|F|vd//4v,1/M
where, is the local canonical height for ¢ and p, ,, iSan invariant measure associ-
ated to ¢ on P(C,). This generalizesan earlier formula due to Mahler ([Mah60]).
The invariant measureat an archimedean place v was constructed by Lyubich
([Lyu83]; see also [Bro65] and [FLM83, Mar88]), while the invariant measureat
nonarchimedeanplaces(which technically exists on the Berkovich spacefor P!(C,),
as debnedin [Ber90]) was constructed by Baker/Rumely ([BR06]), Chambert-Loir

([CLO6]), and Favre/Riv era-Letelier ([FRLO4, FRL]). These measures can also be
constructed at placesof a function pPeldover a Pnite beld(see[Ghi06] for atreatment
of thesemeasuresat placeslying over v,). Thus, Theorem3.1 showsthat a certain
integral of the function log |« — 3|, may be computed by averagingthis function over
the torsion points of ¢. Hence,Theorem 3.1 is a statement about equidistribution.

Note, however, that statements about equidistribution are usually phrasedin terms
of continuousfunctions (asis the casein [Lyu83, BR06, CL06, FRL04, FRL, Ghi06]
for example). Theorem 3.1 appliesto a function that has a logarithmic pole at an
algebraic number.
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Torsion points are merely inverse imagesof the point 0. In light of the results
of [ST] for rational functions over number belds, one is led to make the following
conjecture.

Conjecture 5.1. Let a be any point in G,(K). Then, for any nontorsion 3 € K
and any nonzero irreducible F' € K[Z] such that F(3) = 0, we have
~ . 1
(deg F)a(@)= > lim prEE > 10g|F(y)l..
veEMK o (y)=a

In [BIRO5], Baker, lh, and Rumely shaw that local heights can also be computed
by averaging log |z — 3|, over Galois orbits of torsion points of eliptic curves and
of G,, over a number Peld. This is stronger, since the set of points y such that
Y™ (y) = e (where e is the identity in the group) breaksinto seweral Galois orbits
of torsion points. The work of Baker, Ih, and Rumely leadsus to conjecture the
following.

Conjecture 5.2. Let ()22, be any nonrepeating sequence of torsion points in
Gu(K). Then for any nontorsion 8 € K and any nonzero irreducible F' € K[Z]
such that F(8) = 0, we have

~ 1
(deg F)h(B) = > lim — > 10g|F®)lo.
v n—oo # (GaI(K/K) . an) yeGal(K/K)-an

Arguing as in the proof of Theorem 1.1, Conjecture 5.1 would yield the follow-
ing corollary, which is analogousto a theorem proved by Silverman ([Sil93]) for
nonconstant morphisms of P! of degreegreater than one over a number beld.

Corollary 5.3. Let S be a finite set of places, let o be any point in Gu(K), and
let B be any nontorsion point in G,(K). If Conjecture 5.1 holds, then there are
finitely many Q such that ¢o(B) is S-integral for a.

Similarly, Conjecture 5.2 would imply the following corollary, which was proved
by Baker, Rumely, and Ih ([BIR05]) for elliptic curves and for G,, over a number
peld. Baker, Ih, and Rumely have conjectured that an analog of this holds for
arbitrary nonconstart morphisms of degreegreater than one of P! over a number
Peld.

Corollary 5.4. Let S be a finite set of places. If Conjecture 5.2 holds, then for each
nontorsion B € G,(K) there are finitely many torsion points a that are S-integral

for 3.

In the caseof rational functions over number belds, the analog of Conjecture 5.1
has already beenproved while the analog of Conjecture 5.2 is still just a conjecture
(though some special caseshave been proved, as noted earlier). In the case of
Drinfeld modules, on the other hand, a proof of Conjecture 5.2 does not seem
far o#. Indeed, it would follow from a combination of the Tate-Voloch conjecture
(proved in [GhiO7b]) with suitable equidistribution results for contin uous functions
on the Berkovich spacefor Pi.. Sudc results have been proved in the number
peld caseby Baker/Rumely ([BR06]), Chambert-Loir ([CLO6]), and Favre/Riv era-
Letelier ([FRLO4, FRL]). M. Baker informs us that the techniques usedin these
proofs should also work over function beldsover bnite belds.

It is lessclear how one might proceedtowards a proof of Conjecture 5.1. The
argumerts involving linear forms in logarithms at the inPnite placeswork exactly
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the same, but the proof of Lemma 3.12 doesnot seemto work when O is replaced
by an arbitrary point on G,(K). Nevertheless, we are tempted to ask whether
something even more general than Corollary 5.3 is true.

Conjecture 5.5. Let S be a finite set of places, let a be any point in Go(K), and
let" be any finitely generated ¢-submodule of G, (K). Then there are finitely many
v €" such that v is S-integral for a.

This would say the samething for Pnitely generatedg-submodules of G, (K) that
SiegelOtheorem says for Pnitely generatedZ-submodules of G,,(K). Theorem 1.1
shows that our Conjecture 5.5 holds when " is a cyclic ¢-submodule and o = 0
(note that is also a special caseof Corollary 5.3). We can easily generalizethis to
aresult that applies for any a € ¢y (K) (when" is a cyclic ¢-submodule), as we
shall see next. We also mertion that in [GT07] we proved Conjecture 5.5 under
the assumption that K has only one inbnite place, and in addition assuming that
Bosser@ result on linear forms in logarithms holds also at Pnite places. While the
secondassumption is believed to be true by experts in the beld, we also believe
that the assumption from our paper [GTQO7] of having only one inpnite placein K
could be removed, and so, Conjecture 5.5 would hold in the generality we stated
here.

Following the samereasoningwe usedin deducingTheorem1.1from Theorem3.1
(which in turn was deducedfrom Corollary 3.13), we can prove Conjecture 5.5 in
the cae o € ¢, (K) and " isa cyclic p-submaodule generatedby a nontorsion point
3, from the following proposition.

Proposition 5.6. If 3 is a nontorsion point, and o € K is a torsion point, then
for every place w € M 3y, we have

T = nm 1091¢0(0) — alw
D= T i

We noted earlier that Corollary 5.3 would follow easily from Conjecture 5.1 via
the arguments used in the derivation of Theorem 1.1 from Theorem 3.1. Now,
reasoningas in the proof of Theorem3.1, we seethat Proposition 5.6 yields Con-
jecture 5.1 in the casewhere « is torsion because(after reducing to the casethat
F(Z) = [1;-,(Z — 0,) is separable,as we did in the proof of Theorem 3.1) we have

S dogly—Oilv=n-| > loglée(B) — alw | —nloglygl

=1 ¢q(y)=a wlv
wEM ()

for each v € My (where v is as before the leading coelcien t of ¢g). The above
equality follows readily from Proposition 5.6 using the argumerts that appearedin
the proof of Theorem 3.1, after noting the bijection between the two sets

{y: 9q(y) = a} and {ap + y : ¢o(y) = O},

where «y is a Pxed solution for ¢o(x) = a. Thereforeall we needto do is prove
Proposition 5.6. We provide a sketch of a proof below.

Proof of Proposition 5.6. If g isnot in the Plled Julia set for ¢ at w, then
190(8) — alw = [¢Q(B)]w
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for polynomials @ of large degree. Thus, in this case,the conclusion of Proposi-
tion 5.6 is immediate.

Assume from now on that 3 is in the Plled Julia set for ¢ at w. Then we need
to show that

- log|¢o(B) — alw _
(561) deg“cgl»oo W =0.

Let € > 0. Since|¢q(B)|., is bounded as deg@ — oo, it follows that

l0g160(3) ~ alu _

(5.6.2) lim sup 19 Q

deg Q—o0
It will su! ceto also show that

o logog(B) — alw

(5.6.3) dl(:nggio — dwq > —
If w lies over vy, then an argument almost idertical to the one usedin Propo-
sition 3.7 will give rise to (5.6.3). As with Proposition 3.7, the key ingrediert is
an application of the lower bound for linear forms in logarithms as provided by
Proposition 3.2.

If w does not lie over vy, then a slight modibcation of our argumert from
Proposition 3.9 may be usedto prove (5.6.3). For this we usethe following claim.

Claim 5.7. Let w be a place that does not lie over vs,. Then there exists a positive
constant C,, such that for every @ € A, we have |¢pg(8) — a|w > Cy|Qw-

Proof of Claim 5.7. Let R € A be a nonconstart polynomial such that ¢r(a) = 0
(we recall that o € ¢yo). If for every @ € A, we have [¢o(5) — alw > |R|w,
then the conclusion of Claim 5.7 is immediate. Therefore, assumethere exists
Q@ € A such that |¢o(8) — alw < |R|w. For each such @, Lemma 3.10 yields
(¢r(60(3) — a)|w = [Rlw - [6(8) — al,, which implies that

(5.7.1) [6rQ(B)|w = |Rlw - [¢q(B) — w,

since ¢gr(a) = 0. By Lemma 3.12, there exists C,, > 0 such that for every
polynomial @', we have |¢g/(8)|w > Cuwl|@'|w. Hence, in particular, we have
[9rQ(A)|w = Cuw - [RQ[w. Applying (5.7.1), we obtain [¢q(8) — alw = Cu|Qlw,

as desired. O
Since 1iMgeg o0 1;5(1‘2‘5 = 0, Proposition 5.6 now follows immediately from
Claim 5.7. 0
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