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I R R ED U CI B I L I T Y , B R I LL -N OET H ER LOCI ,
A N D V OJTA ÕS I N EQU A LI T Y

THOMAS J. TUCKER AND
WITH AN APPENDIX BY OLIVIER DEBARRE

A bst r act . This paper deals with generalizations of Hilbert’s irreducibility
theorem. The classical Hilbert irreducibility theorem states that for any cover
f of the projective line defined over a number field k, there exist infinitely
many k-rational points on the projective line such that the fiber of f over P
is irreducible over k. In this paper, we consider similar statements about alge-
braic points of higher degree on curves of any genus. We prove that Hilbert’s
irreducibility theorem admits a natural generalization to rational points on an
elliptic curve and thus, via a theorem of Abramovich and Harris, to points of
degree 3 or less on any curve. We also present examples that show that this
generalization does not hold for points of degree 4 or more. These examples
come from an earlier geometric construction of Debarre and Fahlaoui; some
additional necessary facts about this construction can be found in the appen-
dix provided by Debarre. We exhibit a connection between these irreducibility
questions and the sharpness of Vojta’s inequality for algebraic points on curves.
In particular, we show that Vojta’s inequality is not sharp for the algebraic
points arising in our examples.

Given a polynomial Q(z) with coe! cients in k[t], where k is a Þeld, one may
obtain a polynomial Q0 with coe! cients in k by specializing t to a value t0 ∈ k. This
specializat ion inducesa map sending all of k[t], and in particular the coe!cien ts
of Q, to values in k. If Q is ir reducible over k(t), one might expect that many
of these Q0 will be ir reducible over k. The classical Hilbert irreducibilit y theorem
([Hi], [L 1, 9.1]) states that when k is a number Þeld and Q is an irreducible
polynomial over k[t], there are inÞnitely many specializat ions t = t0 for t0 ∈ k for
which the associated polynomial Q0 is ir reducible over k. This is equivalent to the
assert ion that, given any nonconstant mapping of curvesf : C′ −→ P1 deÞnedover
a number Þeld k, there are inÞnitely many points P ∈ P1(k) for which the Þber
f −1(P) is irreducible over k. Indeed, a rat ional point P ∈ P1(k) gives rise to a
specializat ion t0 of t, and irreducible factors of the specialized polynomial Q0 have
a natural correspondencewith points in the Þber f −1(P). In this paper, we explore
generalizat ions of this theorem to points of higher degree on curves of arbit rary
genus; that is to say, we replace P1 with a curve C of arbit rary genus and replace
the points in P1(k) with points of bounded degree in C(øk). To state our results
weÕllneeda few quick deÞnitions.

Received by the editors May 20, 2001.
2000 Mathematics Subject Classification. Primary 11G30, 11J68.

c! 2002 American Mathematical Society

3011



3012 THOMAS J. TUCKER AND OLIVIER DEBARRE

D eÞnit ion 0.1. For a curve C, a posit ive integer d, and a Þnite extension k′ of k,
we deÞne

" C,d(k′) = {P ∈ C(øk) | [k′(P) : k′] ≤ d}.

D eÞnit ion 0.2. Given a nonconstant map of curves f : C′ −→ C, we say that
statement H (f , d) holds if for some Þnite extension k′ of k there are inÞnitely many
P ∈ " C,d(k′) for which f −1

k ! (P) is irreducible (over k′).

We are able to show the following.

T heorem 2.5. Let f : C −→ E be a nonconstant map of degree greater than 1
from a curve C to an elliptic curve E. Then statement H (f , 1) holds.

A theorem of Abramovich and Harris ([A-H]) allows us to extend the theorem
above to an analogous irreducibility result for points of degree 3 or less. On the
other hand, there are counterexamples to such an irreducibility theorem in the case
of points of degree4 and higher. Theseexamplesare the sameexamplesconstructed
by Debarre and Fahlaoui ([D-F]) as counterexamples to a conjecture of Abramovich
and Harris ([A-H]), though a bit more work is needed to show that they have the
propert ies desired here.

T heorem 3.3. If d ≥ 4, then there exists a cover of curves f : C′ −→ C deÞned
over a number Þeld k, such that " C,d(k) is inÞnite but H (f , d) does not hold.

The classical Hilbert irreducibilit y theorem can be derived from SiegelÕstheorem
on integral points, which states that on any a! ne curve over a number Þeld with
more than two points at inÞnity, there are only Þnitely many integral points (for a
proof along these lines, see [L 1, 9.1]). SiegelÕstheorem can itself be derived from
RothÕs theorem (for an out line of this, see [Bo, Sect ion 2]) though historically it
was proven before RothÕs theorem, and was in fact derived from a weaker version
of RothÕs theorem. RothÕs theorem states that for any algebraic number ! and any
" > 0, there exist only Þnitely many rat ional numbers x/ y (x, y ∈ Z) with

∣∣∣∣
x
y
− !

∣∣∣∣ ≤
1

|y|2+! .

The theorem of Roth is sharp, in the sense that for any real irrat ional algebraic
number ! , there are inÞnitely many rat ional numbers x/ y (x, y ∈ Z) such that

∣∣∣∣
x
y
− !

∣∣∣∣ <
1

|y|2
.

The existence of such Òbest possible approximat ions to ! Ówas demonstrated by
Dirichlet , via a simple applicat ion of the box principle (see [Sch, Theorem 1A], for
example). Given a map f : C −→ P1 and an ! not in the ramiÞcat ion locus of
f , thesebest possibleapproximat ions to ! give rise to rat ional points P on P1 for
which f −1(P) is irreducible, as we shall see in Corollary 4.2 and Remark 4.3.

Vojta Õs inequalit y is a vast generalizat ion of RothÕsinequalit y. Vojta Õs inequalit y
states that if C is a curveover a number Þeld k, then for all pointsP ∈ C(øk)\Supp D
with [k(P) : k] ≤ d, the inequality

mS(D , P) ≤ da(P) − hK (P) + "hA (P) + O(1)

holds, where D is any e#ect ive, k-rat ional divisor without mult iple components,
A is some ample divisor class on C, hK is the canonical height , and mS(D , P)
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is deÞned as the intersect ion
∑

v∈S

(H P ,H D )v

[k(P ):k ] of HP and HD , the horizontal divisors

corresponding to P and D on X . We will deÞneall of theseterms in Section 4.
For the t ime being, let us merely note that the term mS(D , P) is analogous to the

term
∣∣∣ x

y − !
∣∣∣ in RothÕs theorem, that da(P) ≤ O(1) for rat ional points P, and that

−hK (P) + "hA (P) is approximately equal to − log(1/ y2+! ) when P corresponds
to a rat ional number x/ y. As with the Dirichlet approximat ions, inÞnite families
of points P for which VojtaÕs conjecture is sharp yield inÞnitely many irreducible
Þbers f −1(P) when f : C′ −→ C is a map of curves that doesnÕt ramify along D.

It seems natural to ask whether VojtaÕs inequality is sharp in the same sense
that RothÕstheorem is. More speciÞcally, we might say that VojtaÕsinequalit y is
sharp for points of degree d or less if there exist a divisor D and an inÞnite set P
of points P ∈ " C,d(k) such that

mS(D , P) + hK C (P) ≥ da(P) − "h(P) + O! (1),

for any " > 0. In many cases,Vojta Õs inequalit y is sharp in this sense.The Dir ichlet
approximat ions described above show this for points of degree 1 on P1; other such
examples are presented in [S-T 1]). It turns out , however, that having a set " C,d(k)
of inÞnite cardinality does not guarantee that VojtaÕs inequality is sharp for points
of degree d or less on C. Indeed we show that some of the curves C constructed in
[D-F] have the following property.

T heorem 4.7. Let D be a rationally deÞned divisor on C and choose " > 0. Then
for all P ∈ " C,d(k), the following holds:

mS(D , P) + hK C (P) ≤ da(P) − (d− 1− ")h(P) + O(1).

A cknowledgment s. I would like to thank M. Fried, A. Granville, H. W. Lenst ra,
Jr., D. McKinnon, X. Song, and M. Zieve for many helpful conversat ions. Special
thanks are due O. Debarre, who generously provided an appendix expanding upon
the results of [D-F]. Finally, it is my pleasure to thank Paul Vojta, without whose
help this paper would not have beenpossible.

1. Def init ions and Not at ion

Throughout this paper, C, C′, and ÷C will be project ive, irreducible, smooth
curves over a number Þeld k. We will study nonconstant maps f : C′ −→ C. For a
Þnite extension k′ of k, we denote the result ing map of k′-schemes as f k ! . Given a
point P ∈ C(øk), we will say that the scheme-theoretic Þber f −1

k ! (P) is irreducible if
it is ir reducible over k′. This is the same thing as saying that f −1

k ! (P) consists of a
single orbit of points in Ck ! (øk) under the Galois act ion of Gal(øk′/ k).

Recall that C(øk) is by deÞnit ion the set of maps from Spec øk to C. The image Q
of such a map is a schemethat is irreducible over k and which splits into [k(Q) : k]
points when the base is extended from k to øk. Each element of C(øk) gives rise to
a place of k(C), in the language of funct ion Þelds.

We will say that f : C′ −→ C is a Galois cover if k(C′) is a Galois Þeldextension
of k(C). We will say that f is geometrically Galois if there exists a Þnite extension
k′ of k for which k′(C′) is Galois over k′(C).

The d-th symmetric product of a curve will be denoted as C(d). For a map
f : C′ −→ C, thepush-forward map f ∗ on divisors is themap f ∗(

∑
ni pi ) = ni f (Pi ).

Note that this map preserves linear equivalence (see [Fu, 1.4]).
We will use DeÞnit ions 0.2 and 0.1 from the int roduct ion throughout this paper.
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2. Some Irreducibility Theorems

We begin with a simple but useful lemma.

Lemma 2.1. Suppose f : C′ −→ C is a Galois cover of C of degree greater than
1. Let P be a point in C(øk) for which f −1(P) is reducible. Then there exists a
subcover f M : C′

M −→ C of f of degree greater than 1, corresponding to a proper
subgroup M of Gal(k(C′)/ k(C)), such that f −1(P) contains a point P ′ ∈ C′

M (øk)
for which k(P ′) = k(P).

Proof. If f −1(P) is not ir reducible, then every point Q in it has a decomposit ion
group M that is st rict ly smaller than Gal(k(C′)/ k(C)). It follows that the image
P ′ of Q in the curve C′

M corresponding to the Þxed Þeld of M in k(C′) has the
same Þeld of deÞnition as P (see [L 3, Proposit ion 7.2.4]). Of course, this means
that k(P ′) = k(P), as desired.

Proposi t ion 2.2. Let [m] : E −→ E be multiplication by m on an elliptic curve
E deÞned over a number Þeld k. Then H ([m], 1) holds.

Proof. We begin by observing that it will su! ce to show that there is a Þnite
extension k′ of k such that there is at least one nontorsion P ∈ E(k′) for which
[m]−1

k ! (P) is irreducible. To see that this is indeed su! cient , one begins by not ing
that for P ∈ E(k′), the Þber [m]−1

k ! (P) is irreducible if and only if there exists Q ∈
E(øk) such that [m]Q = P and [k′(Q) : k′] = m2. Now, if P ∈ E(k′) is nontorsion
and possesses such a point Q, then for any r ∈ Z+, the point Qr := [r ]P + Q is an
m-division point of [rm + 1]P and k′(Qr ) = k′(Q).

We take a map # : E −→ P1 and consider the composit ion g = [m]#. By the
Hilbert irreducibility theorem ([L 1, Chapter 9]) for P1, there are inÞnitely many
Q ∈ P1(k) for which g−1(Q) is irreducible over k. For such Q, let P denote the
single point of degree deg# in the Þber #−1(Q). Now, Þnitely many such P can be
torsion points. Otherwise, there would be torsion points in E(øk) of arbit rarily high
order and Þxed degree, which is impossible by the uniform boundednesstheorem
of [Mer]. If we extend the base to k(P), it is clear by count ing degrees of Þeld
extensions that [m]−1

k(P )(P) is irreducible over k(P), and we are Þnished with our
proof.

Corol lar y 2.3. Let f i : Ei −→ E be a Þnite collection of isogenies with degrees
greater than 1 from elliptic curves Ei to a Þxed elliptic curve E, all of which are
deÞned over a number Þeld k. Then there exists a Þnite extension k′ of k such that
there are inÞnitely many P ∈ C(k′) for which f −1

i ,k ! (P) is irreducible for every f i .

Proof. Each f i is dominated by a mult iplicat ion map [mi ] : E −→ E ([Mum, p.
169]). That is to say, there exist a posit ive integer mi and maps #i : E −→ Ei

such that [mi ] = f i #i . Let t ing m be the least common mult iple of the mi , we see
that [m] : E −→ E dominates all of the f i . Clearly, if [m]−1

k ! (P) is irreducible for
P ∈ C(k′), then f −1

i ,k ! (P) is irreducible for each f i .

Remark 2.4. It is not t rue that for any isogeny between ellipt ic curves f : E ′ −→ E
over a number Þeld k, there exist inÞnitely many points P ∈ E(k) such that f −1(P)
is ir reducible over k. Of course, we have tr ivial examples when E(k) is Þnite, but
there are also examples of curves E for which E(k) is inÞnite but for which there
exists an isogeny f : E ′ −→ E such that f maps E ′(k) surj ectively onto E(k). It
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is not hard to see, in fact , that if we have an isogeny f : E ′ −→ E of degree p, for
p a prime number, and if, furthermore, E(k) ∼= E ′(k) ∼= Z, then, since öf ◦ f = [p]
(where öf is the dual isogeny of f ), we have [E ′(k) : f (E (k))] · [E (k) : öf (E ′(k))] = p,
so [E ′(k) : f (E (k))] = 1 or [E (k) : öf (E ′(k))] = 1. Hence, either f or öf is surjective
from rat ional points to rat ional points. Examples of such isogenies with p equal to
11, 5, and 3 are given in the isogeny classes 121B, 175B, and 225A, respect ively,
of the table in [Cr]. Thus, we see that it is necessary that we allow ourselves to
enlarge k.

T heorem 2.5. Let f : C −→ E be a nonconstant map of degree greater than 1
from a curve C to an elliptic curve E. Then statement H (f , 1) holds.

Proof. It will su!ce to show that H (g, 1) holds for the map g : C′ −→ E from the
geometric Galois closure of C over E . We may also extend the base so that k′(C′)
is a Galois Þeld extension of k′(E ), which enables us to apply Lemma 2.1. It will
su! ce to show then that for some further Þnite extension k′ there are inÞnitely
many P ∈ E(k′) for which none of the Þbers g−1

M ,k ! (P), as M runs over the proper
subgroups of Gal(k′(C′)/ k′(E )), contains a point in C′

M (k′). Of course, when
C′

M is an ellipt ic curve gM is an isogeny of degree greater than 1 (since M is
strictly smaller than Gal(k′(C′)/ k′(E ))). Hence, we may invoke Corollary 2.3 and
conclude that there is an extension k′ such that there are inÞnitely many P with
g−1

M ,k ! (P) irreducible for all M for which C′
M is elliptic. By Falting sÕtheorem, all

C′
M that are not ellipt ic contain only Þnitely many rat ional points. Hence we are

left with inÞnitely many P for which none of the Þbers g−1
M ,k ! (P) contains a point

in C′
M (k′).

Corol lar y 2.6. Let C be a curve and let d ≤ 3 be a positive integer. Suppose that
there exists a Þnite extension k′ of k such that " C,d(k′) is inÞnite. Then for any
nonconstant map f : C′ −→ C of degree greater than 1 from a curve C′ to C,
statement H (f , d) holds.

Proof. By ([A-H, Theorem 2]), when d is lessthan or equal to 3, " C,d(k′) is inÞnite
for some Þnite extension k′ of k if and only if C admits a map g : C −→ E ′ of
degree d or less to a curve E ′ of genus 1 or less. Set t ing # equal to the composit ion
gf , it is easy to see that statement H (#, 1) holds; when the genus of E ′ is 0, this
follows from the usual Hilbert irreducibility theorem, and when the genus of E ′ is
1, it follows from Theorem 2.5. It is obvious that H (#, 1) implies H (f , d).

3. Count er exampl es

In this sect ion we will show that for d ≥ 4 there is a cover f : C′ −→ C for which
H (f , d) fails to hold. The curves C will be curves which admit no maps of degree
d or less to P1 but which have inÞnite " C,d(k).

Suppose we have a curve C of genus g ≥ 2 over a number Þeld k. Let C(d)

denote the d-th symmetric product of C with itself. Points P of degree d give rise
to rat ional points on C(d) by associat ing to P the point in C(d) whose coordinates
in Cd ×k

øk are

(P [1], ..., P [d]),
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where P [i ] are the conjugates of P in C(øk) (see [Frey] and [Si]). That this point
is in fact rat ional follows from the fact that the act ion of the symmetric group Sd

on Cd ident iÞes all of its øk conjugates; hence it is Þxed by Gal(øk/ k). Now, there
is a natural map from C(d) to Picd(C). The image of C(d) in Picd(C) is denoted
as Wd(C). More generally, one denotes as W r

d (C) the set of all divisor classes D
(under linear equivalence) of degreed such that h0(C, D) ≥ r + 1 (see [A-C-G-H,
Chapter 5]). When r = 0, the superscript zero is omit ted. The variet ies W r

d (C) are
called Brill-No ether loci.

Since Wd(C) is a family of divisor classes,we will write the image of a point
(P1, . . . , Pd) in C(d)(øk) as (P1 + · · · + Pd). We may obtain an embedding j of
Wd(C) into the Jacobian J (C) = Pic0(C) of C by Þxing a divisor B of degree d on
C and sending (P1 + · · · + Pd) to (P1 + · · · + Pd − B ) ∈ J (C). After extending the
base, we may choose a divisor B deÞnedover k so that the map j will be deÞned
over k.

Embedding Wd(C) into J (C) allowsus to apply Falt ingsÕtheorem for subvariet ies
of abelian variet ies ([Fa 1], [Fa 2]), which tells us that " C,d(k′) is inÞnite for some
Þnite extension k′ of k if and only if C admits a map of degree d or less to P1 or
Wd(C) contains an abelian subvariety (see [Frey]). Falt ingsÕtheorem actually gives
a bit moreinformat ion. It saysthat if we let Z (j (Wd(C))) be theset of all t ranslated
abelian subvariet ies of J contained in Wd(C), then Z (j (Wd(C))) contains all but
Þnitely many k′-valued points of j (Wd(C)) for any Þnite extension k′ of k. The set
Z (j (Wd(C))) is called the Kawamata locus of j (Wd(C)), and it is a closed subset of
Wd(C). ([Ka, Theorem 4]). Note that in general extending the base k may create
new k-rat ional t ranslated abelian subvarieties of j (Wd(C)), but it will not increase
the size of the Kawamata locus of j (Wd(C)). Since the map j from Wd(C) into J
is an embedding, it makes sense to speak of the Kawamata locus Z (Wd(C)) rather
than Z (j (Wd(C))).

Now, let C be a curve that admits no maps of degree d or less to curves of genus
1 or less and for which Wd−1(C) contains no nontrivial abelian variet ies. Since
C admits no maps of degree d or less to P1, no two divisors of degree d on C
are linear equivalent and we may ident ify Wd(C) with C(d). Suppose that Wd(C)
contains an ellipt ic curve Ei (we use the subscript i , because in our applicat ions
there may be more than one such ellipt ic curve). There is a natural map q :
C × C(d−1) −→ Wd(C). This map has Þnite Þbers, which are generically of degree
d. Let X i denote the subscheme q−1(Ei ). We see that the desingularizat ion of any
ir reducible component of X i must admit a nonconstant map to C by project ion to
the Þrst factor of C × C(d−1). It follows that the map from this desingularizat ion
to Ei must have degree d, since if it had degree lessthan d, then C would have
to contain inÞnitely many points of degree less than d in some extension of k. We
seethen that X i is irreducible and reduced. We denote its desingularizat ion as Ci ,
and we denote the map from Ci to C × C(d−1) as $i . We denote the project ion
from C ×C(d−1) onto the Þrst factor as p1. Hence, the composit ion p1$i , which we
denote henceforth as f i , gives us a map from Ci to C.

Ident ifying Ei with Pic1(Ei ), the pull-back map (q$ )∗ sendsEi into Wd(Ci ),
since q$i is a map of degree d. We will need the following informat ion about the
image of (q$ )∗(Ei ) under f i∗.

Lemma 3.1. With notation as above, f i∗ restr icts to an isogeny of degree 1 on
(q$i )∗(Ei ) ⊂ Wd(Ci ).
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Proof. It will su! ce to show that there are inÞnitely many P ′ ∈ Ei (øk) such that

f i∗(q$i )∗(P ′) = P ′.

Let us choose a Þnite extension k′ of k for which Ei (k′) is inÞnite. Since Wd−1(C)
contains no nontrivial abelian variet ies and C admits no maps of degree d or less to
P1, all but Þnitely many of the P ′ ∈ Ei (k′) correspond to points of degree d over k′.
This allows us to write P ′ as (P [1], . . . , P [d]) for P [1], . . . , P [d] the øk conjugates of
a point P of degree d over k′. Similarly, (q$i )∗P ′ ∈ Wd(Ci ) corresponds to a point
Q ∈ Ci (øk) of degree d over k′ and can be writ ten as (Q[1], . . . , Q[d]) for Q[1], . . . , Q[d]

the øk conjugates of a point Q of degree d over k′. It is clear, then, that f i (Q) = P.
This implies that f i∗(q$i )∗(P ′) = P ′. Since there are inÞnitely many such P ′, we
are done.

Now, let C be a curve which admits no maps of degree d or less to curves of
genus 1 or less. Suppose that Wd(C) contains a Þnite collect ion of ellipt ic curves
Ei , each of which is an irreducible component of the Kawamata locus of Wd(C),
and no other nontrivial abelian varieties. Suppose also that Wd−1(C) contains no
nontrivial abelian variet ies. Let us extend the base k for C so that it contains the
Þelds of deÞnit ion of all the Ei (this only involves taking a Þnite extension, since
there are at most Þnitely many Ei ). Since C doesnot admit a map of degreed or
lessto any Ei , no Ci can be isomorphic to C and the maps f i must all have degree
greater than 1. The f i induce inclusions k(C) ⊂ k(Ci ). Let L be the Galois closure
over k(C) of the compositum of all the Þelds k(Ci ) in some algebraic closure of
k(C). Let us enlarge k so that it contains the Þeld of constants of L , let ÷C be the
curve corresponding to the funct ion Þeld L and let f : ÷C −→ C be the map from
÷C to C coming from the inclusion of k(C) in L .

Proposi t ion 3.2. With f , C, and ÷C as above, statement H (f , d) does not hold.

Proof. Let k′ be any Þnite extension of k. All but Þnitely many of the points in
Wd(C)(k′) lie in Ei for some i . Now, let P ′ be a point in Ei (k′) that corresponds to
a point of degreed on C. Then P ′ is equal to f ∗(Q′) for a point Q′ ∈ (q$i )∗(Ei ). Let
Q be the point of degree d over k′ in Ci (øk) corresponding to Q′. Then f i (Q) = P,
which implies that f −1

i (P) is not ir reducible, since the degree of f i is greater than
1. Now, f : ÷C −→ C factors as

÷C
gi−→ Ci

f i−→ C,

for the natural map gi : ÷C −→ Ci , so this means that f −1(P) cannot be irreducible.
We see then that all but Þnitely many P ∈ " C,d(k′) have reducible Þbers f −1(P).

We now show that for every d ≥ 4, there exists a curve C that admits no maps of
degree d or less to curves of genus 1 or less and such that Wd(C) contains an ellipt ic
curve and no abelian variet ies of dimension greater than or equal 2. These curves
are described in [D-F] as a family of counterexamples to a conjecture of [A-H]. We
brießy summarize the const ruct ion of [D-F] as follows. For more details, see the
appendix of this paper.

Let E be an ellipt ic curve. Let E (2) be the symmetric product of E with itself.
We have a quot ient map q : E × E −→ E (2), a project ion onto the Þrst factor
p : E × E −→ E, and a summat ion map s : E (2) −→ E. Let x be any rat ional
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point on E and let (0) be the zero element in the addit ive st ructure on E(k). We
deÞnethe divisor H on E (2) as q∗p∗(0) and the divisor Fx on E (2) to be s∗(x).
The linear system |(d+ 1)H −Fx | contains a family of ir reducible divisors. General
members of this family are smooth curves C ([D-F, Prop. 4.2]) that admit no
maps of degree d or less to curves of genus 1 or less (Prop. 5.7 and Prop. 5.14,
ibid.) and for which Wd(C) contains no abelian variet ies of dimension greater than
1 (see the proof of Prop. 5.12, ibid.). Let us pick one of these C. It is clear that
Wd(C) contains inÞnitely many rat ional points over a suitable extension k′ of k,
since s−1(C) admits a map of degree d to E via the project ion p. In [D-F], Debarre
and Fahlaoui do not make any assert ions about the Kawamata locus of Wd(C).
Debarre proves the following assert ion, however, in the appendix to this paper.

T heorem A (Debarre, in appendix). If C is the curve constructed above and d ≥
4, then the Kawamata locus of Wd(C) is 1-dimensional.

The following is then an immediate consequenceof the discussion above.

T heorem 3.3. If d ≥ 4, then there exists a cover of curves f : C′ −→ C, deÞned
over a number Þeld k, such that " C,d(k) is inÞnite but H (f , d) does not hold.

4. Connect ions t o Voj t aÕs inequal it y

We would like now to relate the quest ion of Hilbert irreducibility theorems for
points of higher degree to an inequality from [V 2], which we refer to as VojtaÕs
inequalit y as in [S-T 1] and [S-T 2]. VojtaÕsinequalit y may be viewed as a vast
generalizat ion of RothÕstheorem, one which encompassesFaltingsÕtheorem for
curves. To state VojtaÕs inequality precisely we will need to int roduce a bit of
notat ion. Let C be a curve over a number Þeld k. After taking a Þnite base
extension of k, the curve C has a regular model X over the ring of integers R of k
([Ar]). At the inÞnite places %of k (which correspond to embeddings %: k &→ C),
we may endow C ×" C with an admissible Arakelov volume form (see [L 2, 4.3]).
This allowsus to Þnd local and global arithmet ic intersect ionsof arithmet ic divisors
on X as in [V 2].

An algebraic point P ∈ C(k) gives rise to a horizontal divisor HP on X (by
taking the closure of the support of P in C). We deÞne the canonical height hK of
a point P ∈ C(k) to be

hK (P) :=
(HP .' X / B )
[k(P) : k]

,

where ' X / B is the canonical sheaf for X over B = Spec R, metrized with the
canonical Arakelov metric (see[L 2, 4.3 and 4.5]). Note that hK is a Weil height
for the canonical sheaf K of C. The arithmetic discriminant da(P) is then deÞned
as

da(P) :=
(HP .(' X / B + HP ))

[k(P) : k]
.

This deÞnit ion closely resembles the deÞnit ion of the arithmet ic genus of a curve
on a geometric surface.

In [V 2], Vojta proves that for any curve C over a number Þeld k, for all points
P ∈ C(øk) \ Supp D with [k(P) : k] ≤ d, the inequalit y (which we will call VojtaÕs
inequality)

mS(D , P) + hK (P) ≤ da(P) + "hA (P) + O(1)(4.0.1)
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holds, where D is any e#ect ive, k-rat ional divisor without mult iple components,
A is some ample divisor class on C, hK is the canonical height , S is a Þnite set
of places of K , and mS(D , P) is the intersect ion

∑
v∈S

(H P ,H D )v

[k(P ):k ] of HP and HD ,

the horizontal divisors corresponding to P and D on X . It is convenient to work
with a Þxed divisor of degree 1 rather than a general ample divisor A, so we set
F := K C / (2g(C)−2) (unlessg(C) = 1, in which casewe just Þx a rat ionally-deÞned
divisor of degree 1). Also, set

h(P) := hF (P).

When P /∈ Supp D, the arithmet ic intersect ion (HP , HD )v can be writ ten in
terms of Weil funct ions (see [L 1, Chapter 10] for a thorough treatment of these)

( D ,v as
deg P∑
i =1

( D ,v (P [i ]), whereP [i ], i = 1, . . . , degP, are theconjugatesof P. Hence,

mS(D ,−) will have many of the same propert ies as a Weil funct ion ( D . For
example, if f : C′ −→ C is a morphism of curves for which f (P ′) = P, then
mS(D , P) = mS(f ∗D, P ′). Also, mS(D , P) is bounded from below for all P when
D is e#ective (as is the case with Weil functions). In fact, when D is e#ective,
the contribut ion to mS(D , P) from the Þnite places of S can never be negat ive,
since this contribut ion comes from intersect ion numbers of e#ect ive divisors on X .
The relat ionship between mS(D , P) and hD (P) is that hD (P) is like a sum of
Weil funct ions for D over all the places of k, whereas mS(D , P) is a sum of Weil
funct ions over a Þnite set of places S. It is easy to see that when D is e#ective,
hD (P) − mS(D , P) ≥ O(1), a fact that we will often use.

Asnoted in the int roduct ion, it isnatural to ask whether or not VojtaÕs inequality
is sharp in the same sensethat RothÕstheorem is sharp. We would also like to show
that when one has points for which VojtaÕs inequality is sharp (for more on related
quest ions see [S-T 1] and [S-T 2]), one has a very good idea of what the Þbers over
these points look like. We make this precise below.

Proposi t ion 4.1. Let C be a curve deÞned over a number Þeld k and let D be
a divisor of C without multiple components. Suppose that P is a set of points of
degree d in C(øk) \ Supp D and that for any " > 0 the P in P satisfy

mS(D , P) + hK C (P) ≥ da(P) − "h(P) + O! (1),(4.1.1)

where S, mS, da and hK C are deÞned as in (4.0.1) Then for any nonconstant map
of curves f : C′ −→ C that ramiÞes over at least one point not in the support
of D , there are at most Þnitely many P ∈ P such that f −1(P) contains a point
P ′ ∈ C′(øk) with k(P ′) = k(P).

Proof. We begin by set t ing

D ′ =
∑

Q∈ Supp f " D

Q.

We also let R denote the ramiÞcat ion divisor of f and decompose R as R1 + R2,
where Supp R1 ⊂ Supp D ′, and Supp R2 is disjoint from Supp D ′. We will assume
that Supp R2 is nonempty and deducefrom this the desired Þnitenessresult.

Suppose that P ′ ∈ C′(øk) has the propert ies that f (P ′) = P ∈ P and k(P ′) =
k(P). Note that it is easy to see that f ∗D − D ′ is equal to R1, using the formula



3020 THOMAS J. TUCKER AND OLIVIER DEBARRE

for a ramiÞcat ion divisor in terms of ramiÞcat ion indices. From this we obtain

mS(D , P) − mS(D ′, P ′) ≤ mS(R1, P ′) + O(1)

≤ hR 1 (P ′) + O(1).

Since K C ! = f ∗K C + R1 + R2, this implies that

hK C ! (P
′) + mS(D ′, P ′) ≥ hK C (P) + mS(D , P) + hR 2 (P ′) + O(1).(4.1.2)

Now, we choose " > 0 in (4.1.1) small enough that

hR 2 (P ′) > "(h(P) + h(P ′)) + O(1);

this can be done because degR2 is greater than 0 and

h(P) ≤ (deg f )h(P ′) + O(1).

Then, since, da(P) ≥ da(P ′) ([V 1, 3.4(e)]), we may combine inequalit ies (4.1.1)
and (4.1.2) to obtain

hK C ! (P
′) + mS(D ′, P ′) ≥ da(P) − "h(P) + hR 2 (P) + O! (1)

> da(P ′) + "h(P ′) + O! (1)

By VojtaÕs inequality and Northcot tÕs theorem, this can hold for only Þnitely many
P ′.

The following corollary is a simple consequenceof the above.

Corol lar y 4.2. Let C, D , S, and P be as in Proposition 4.1. Let f : C′ −→ C be
a cover of curves. Suppose that every cover gM : CM −→ C in the Galois closure
of C′ over C ramiÞes outside of D . Then there are only Þnitely many P ∈ P such
that f −1(P) is reducible.

Proof. We note that extending the Þeld of deÞnit ion of C can only reduce the
degrees of the points in P , so they cont inue to have bounded degree after taking a
baseextension. Thus, extending the base to include any extensions of the constant
Þeld that arise in forming the Galois closure of k(C′) over k(C) does not change
anything. Hence, we may invoke Lemma 2.1 and apply Proposit ion 4.1, which
provesour assert ion.

Remark 4.3. When C is P1 and and S, D , and P are as above, the above Corollary
4.2 implies that any map f : C′ −→ P1 that doesnÕt ramify along D has the
property that f −1(P) is irreducible for all but Þnitely many P ∈ P . Thus, given a
cover f : C −→ P1, we can choose a real, algebraic, irrat ional number ! not in the
ramiÞcat ion locus of f , set D equal to the divisor given by ! , and take the Dirichlet
approximat ions to ! to obtain a set P for which Corollary 4.2 applies. Note that
in the case degD = 2, all of this can also be deduced easily from SiegelÕs theorem
for integral points, sincein this case the P will be integral with respect to D .

In light of Proposit ion 4.1, the curves C from [D-F] discussed in the previous
sect ion would appear likely to be examples of curves with inÞnite " C,d(k) for which
VojtaÕs inequality is not sharp for points of degree d or less; the quest ion of whether
or not such curves exist was raised in [S-T 1]. We will now show that if we impose
one more condit ion on these C we will in fact obtain curves C for which " C,d(k) is
inÞnite but for which VojtaÕs inequality is not sharp for points of degree d or less.
Thiscondit ion will ensure that at least oneof thecoversf i : Ci −→ C corresponding
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to an ellipt ic curve Ei in Z (Wd(C)) is not «etale. This will be su! cient for our
purposes, as we shall see.

It is not hard to show that since |(d + 1)H − Fx | is very ample ([D-F, Prop.
4.2]), a general curve C ∈ |(d+ 1)H −Fx | must intersect q($ ), where $ = {(x, x) ∈
E 2} and q is the symmetrizat ion map q : E 2 −→ E (2), t ransversally. Indeed,
|(d + 1)H − Fx | rest ricts to a very ample divisor on q($ ), so the intersect ions
q($ ) ∩C are hyperplane sect ions. These intersect ions are transversal whenever the
corresponding hyperplane sect ions are reduced, so by Bert iniÕs theorem ([Ha, Thm.
2.8.18]) a general element C of |(d + 1)H − Fx | intersects q($ ) t ransversally.

In what follows C is an irreducible curve in |(d+ 1)H −Fx | such that C intersects
q($ ) t ransversally. Recall that C admits no maps of degree d or lessto an elliptic
curveor to P1, and that theKawamata locusof Wd(C) hasdimension 1, by Theorem
A of the appendix.

The inverse image of C under the symmetrizat ion map q is some divisor X in
E 2 and, since projection inducesa degree d map from X onto E, we see that X
must in fact be ir reducible. Hence,its desingularization ÷C admits a degree 2 map
f : ÷C −→ C obtained by composing the normalizat ion map ÷C −→ X with the
symmetrizat ion map q : E 2 −→ E (2). We have the following lemma.

Lemma 4.4. The ramiÞcation divisor Rf of the map deÞned above has degree
2(d− 1).

Proof. We need to show that f ramiÞes over exact ly 2(d− 1) points. We begin by
showing that C ·q($ ) = 2(d−1). We Þrst note that $ ·Fx = 4, since $ ∩Fx consists
of the 2-division points of x. Next , we see that $ ·H = 2, since q∗H = 0×C + C×0
(as 1-cycle) and by the project ion formula

q∗$ · H = $ · (0 × C + C × 0) = 2.

Therefore, C · q($ ) = 2(d + 1) − 4 = 2(d− 1).
Now, q is 2-to-1 away from $ , so the only possible ramiÞcat ion points of f are

in X ∩ $ . We see that X must intersect $ t ransversally because C intersects
q($ ) in 2(d− 1) distinct points, so $ must intersect X in at least 2(d− 1) points.
Since $ · X = 2(d − 1), this means that each intersect ion point has mult iplicity
one and is nonsingular in X . It follows that the normalizat ion map ÷C −→ X is an
isomorphism along X ∩ $ and that f ramiÞes at exact ly 2(d − 1) points. Thus,
degRf = 2(d− 1), as desired.

Now, we can give a lower bound for the arithmet ic discriminant of points P ∈
" C,d(k) that come from points of degree d on ÷C. We prove this lower bound below.

Lemma 4.5. Let " > 0. All points P ∈ " C,d(k) for which there exist P ′ ∈ ÷C(øk)
such that f (P ′) = P and k(P ′) = k(P) must satisfy

da(P) ≥ hK C (P) + (d− 1− ")h(P) + O(1).(4.5.1)

Proof. First , we observe that da(P) ≥ da(P ′), since f (P ′) = P and k(P ′) = k(P)
([V 1, 3.4 (e)]). Applying VojtaÕs inequality and using the fact that mS(D , P ′) is
bounded from below for all P ′, we obtain

da(P) ≥ da(P ′) ≥ hK ÷C
(P ′) − ("/ 2)h(P ′) + O(1).
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Thus, via Riemann-Hurwitz, we obtain

da(P) ≥ hK ÷C
(P ′) − ("/ 2)h(P ′) + O(1)

≥ hf " K C (P ′) + hR f (P ′) − ("/ 2)h(P ′) + O(1)

≥ hK C (P) + hR f (P ′) − ("/ 2)h(P ′) + O(1).

It will su!ce, then, to show that

hR f (P ′) ≥ (d− 1− "/ 2)h(P) + O(1).

We will use the fact that the algebraic equivalence class of a divisor on a curve
is determined by the degree of the divisor as well as the fact that algebraically
equivalent divisors give rise to quasi-equivalent height functions (see[L 1, Prop.
4.3.3]). These facts imply that

hR f (P ′) ≥ (2(d− 1) − "/ 4)h(P ′) + O(1),(4.5.2)

since h(P ′) is the height of P ′ with respect to a divisor of degree 1. The divisor F ,
with which h(P) = hF (P) is deÞnedon C, has degree 1 on C and therefore pulls
back to a divisor of degree 2 on ÷C, so we obtain

h(P ′) ≥ h(P)/ 2− ("/ (8(d− 1)))h(P) + O(1).(4.5.3)

Combining (4.5.3) with (4.5.2), we obtain

hR f (P ′) ≥ ((2(d− 1) − "/ 4)(1/ 2− "/ (8(d− 1)))h(P) + O(1)

≥ (d− 1− "/ 8− "/ 4)h(P) + O(1)

≥ (d− 1− "/ 2)h(P) + O(1),

as desired.

We now wish to show that the contribut ion of mS(D , P) to the left hand side of
VojtaÕs inequality is negligible.

Lemma 4.6. Fix a rationally deÞned divisor D on C and any " > 0. Then the
inequality

mS(D , P) ≤ "h(P) + O(1)(4.6.1)

holds for all points P ∈ " C,d(k) \ Supp D.

Proof. Recall (from the previous sect ion) that there is a Þnite collect ion of maps
f i : Ci −→ C such that for all but Þnitely many P ∈ " C,d(k) there exist a point P ′

on some Ci and a map $i : Ci −→ Ei to an ellipt ic curve Ei such that f i (P) = P ′

and $i (P ′) ∈ Ei (k). Thus, it su! ces to Þx a Ci and show that (4.6.1) holds for
all P for which there is a P ′ ∈ Ci such that f i (P ′) = P and $i (P ′) ∈ Ei (k). We
will use the fact that VojtaÕs inequality takes a part icularly st rong from on Ei since
K E i is t rivial. We are able to pull informat ion from Ei back to Ci and then push
this informat ion forward to C, in e#ect.

We begin by observing that , as noted earlier,

mS(D , P) = mS(f ∗
i D , P ′) + O(1).

As we saw in Lemma 4.5, for any ) > 0, we have h(P ′) < (2 + ) )h(P) + O(1), so
we need only show that

mS(f ∗
i D , P ′) ≤ "h(P ′) + O(1)(4.6.2)
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holds for any " > 0. Now, if we denote the divisor corresponding to $i (Supp f ∗
i D )

as D ′, we see that (degf i )($ ∗
i D ′) − f ∗

i D is e#ective, because the multiplicit y of
any component of f ∗

i D is at most degf i . Since K E i is t rivial and da($i (P ′)) = 0,
VojtaÕs inequality implies that

mS(D ′, $ i (P ′)) ≤ ) ′h($i (P ′)) + O(1)

for any ) ′ > 0. This yields

mS(f ∗
i D , P ′) ≤ (degf i )mS(D ′, $ i (P ′)) + O(1)

≤ (degf i )) ′h($i (P ′)) + O(1).

For any ) ′′ > 0, we have

h($i (P ′)) ≤ (deg$i + ) ′′)h(P ′) + O(1),

so choosing ) ′ and ) ′′ such that

(deg f i )) ′(deg$i + ) ′′) < "

gives us

mS(f ∗
i D , P ′) ≤ (deg f i )) ′(deg$i + ) ′′)h(P ′)O(1)

≤ "h(P ′) + O(1),

as desired.

Finally, we are able to show that VojtaÕs inequality is not sharp for points of
degree d on C, although " C,d(k) may be inÞnite.

T heorem 4.7. Let D be a rationally deÞned divisor on C and choose " > 0. Then
for all P ∈ " C,d(k) \ Supp D, the following holds:

mS(D , P) + hK C (P) ≤ da(P) − (d− 1− ")h(P) + O(1).

Proof. By Theorem A, part a), of the appendix, Wd−1(C) contains no nontrivial
abelian variet ies. Thus, C has Þnitely many points of degree d − 1 or less, and all
but Þnitely many P ∈ " C,d(k) have degree equal to exact ly d. Therefore, we may
restrict to P with [k(P) : k] = d. By Lemma 4.6, this reduces to showing that

da(P) ≥ hK C (P) + (d− 1 + ")h(P) + O(1)

for all P ∈ " C,d(k′). We can calculate da(P) by using the formula from [S-T 2]
below:

da(P) = hK (P) + 2dh(P) − (2/ d)hj " Θ((P [1] + · · · + P [d])) + O(1),(4.7.1)

where P [i ], i = 1, . . . , d, are the conjugates of P and % is a certain choice of
%-divisor on J (C) (di#erent %-divisors are algebraically equivalent , so a di#erent
choice would only e#ect our calculat ions up to an arbit rarily small ) > 0). Thus,
it will su! ce to show that

(2/ d)hj " Θ((P [1] + · · · + P [d])) ≤ (d + 1 + ")h(P).(4.7.2)

As in Lemma 4.6, we will use the fact that since the Kawamata locus of Wd(C)
is 1-dimensional, there exists a Þnite collect ion of ellipt ic curves Ei ⊂ Wd(C) such
that Wd(C)(k) \

⋃
i

Ei (k) is Þnite. Let q, X i , Ci , $ , p1, and f i be as in the previous

sect ion. It will be easier to work along a Þxed Ei , as degree determines algebraic
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equivalence class along curves. We see that for (P [1], . . . , P [d]) ∈ X i (k), we have
p1((P [1], . . . , P [d])) = P, so that

h(P) = hp"
1 F ((P [1], . . . , P [d])) + O(1),

where F is the divisor of degree1 with which we deÞneh(P). Thus, if Q ∈ Ci (øk) is
mapped to (P [1], . . . , P [d]) by $i , then h(P) = hf "

i F (Q) + O(1). Clearly, degf ∗
i F =

degf i , and it is easy to seethat deg(j q$i )∗% = d(j ∗% · Ei ). Hence, we have

hj " Θ((P [1] + · · · + P [d])) = h(j q# i ))" Θ(Q) + O(1)

≤ d(j ∗% · Ei )
degf i

h(P) + ("/ 2)h(P) + O(1).

So now, using (4.7.2), we need only show that

2
d

d(j ∗% · Ei )
degf i

h(P) ≤ (d + 1 + "/ 2)h(P) + O(1).

Not ing that degf i ≥ 2, this reduces to showing that j ∗%·Ei ≤ d+ 1. Furthermore,
sinceall the Ei are t ranslates of each other (as shown in the proof of [D-F, Prop.
5.14]), it will su! ce to show this for a single Ei , as we have

j ∗% · Ei = % · j (Ei ) = % · j (E$) = j ∗% · E$

for any Ei and E$. We can derive informat ion for one of the Ei using Lemma 4.5.
One of the Ei consists of points coming from the image of points of degree d on the
curve ÷C constructed in Lemma 4.5 under the map f : ÷C −→ C constructed earlier.
For such points P, equat ion (4.5.1) gives a lower bound on da(P) and (4.7.1) then
implies that

(2/ d)hj " Θ((P [1] + · · · + P [d])) ≤ (d + 1 + ) )h(P) + O(1)

for any ) > 0. Working with degrees on ÷C (and not ing that that the map f i in this
case is just f , which we know has degree 2), we see that

2
d

d(j ∗% · Ei )
2

h(P) ≤ (d + 1 + ) )h(P) + O(1)

for any ) > 0. Choosing ) small and let t ing h(P) go to inÞnity (which we may, by
Northcot tÕs theorem, since if there are Þnitely many P ∈ Ei (k) then the assert ion
of the theorem is t rivial), we see that Ei · j ∗%≤ (d + 1), as desired.

Remark 4.8. SinceTheorem4.7 holdsregardlessof how largek is, VojtaÕsinequality
is not sharp for points of degree d or less on C in the sense of [S-T 1].

Although VojtaÕs inequality is not necessarily sharp, there is an easily proved
upper bound on the arithmet ic discriminant , namely

da(P) ≤ hK (P) + 2[k(P) : k]h(P) + O(1).

In [S-T 2], this bound is used to prove the following.

Proposi t ion 4.9 ([S-T 2, Prop. 2.4]). Let C and C′ be curves deÞned over a num-
ber Þeld k, let d be a positive integer, and let f : C′ −→ C be a nonconstant
morphism. Assume that

g(C′) − 1 > (d + g(C) − 1) degf .(4.9.1)
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Then the set

{P ∈ C′(øk) | [k(P) : k] = d and k(f (P)) = k(P)}(4.9.2)

is Þnite.

The proof is similar to that of 4.1. Proposit ion 4.9 combined with Lemma 2.1
immediately yields the theorem below.

T heorem 4.10. Let f : ÷C −→ C be a Galois cover of curves deÞned over a number
Þeld k. Suppose that there are inÞnitely many P ∈ " C,d(k′) such that f −1(P) is
reducible. Then there exists a subcover * : C′ −→ C of f such that the ramiÞcation
divisor R% satisÞes

degR% ≤ 2d(degf ).

.

Proof. By Lemma 2.1, there exists a subcover * : C′ −→ C of f such that there
are inÞnitely many P ∈ " C,d(k′) for which there are P ′ ∈ C′(øk) with f (P ′) = f (P)
and k(P ′) = k(P). By Proposit ion 4.9, and Riemann-Hurwitz, we see that

degR% = 2g(C′) − 2− (deg f )(2g(C) − 2) ≤ 2d(deg f ),

as desired.

A ppendix (By Ol iv ier Debar r e)

The aim of this appendix is to complement a construct ion from [D-F] (and to
correct an error in the proof of Prop. 5.7 of this art icle). The setup is the following:
let E be a complex elliptic curve and let S be its second symmetric product , with
s : S → E the sum map. To avoid confusion between addit ion of divisors and
addit ion of points on E, we write (x) for the divisor associated with a point x of E .
We deÞnetwo divisors on S by set t ing F = s−1(o) and H = {(o) + (x) | x ∈ E}.
For any divisor D on S and any x ∈ E, we set Dx = D + s∗((x) − (o)). We denote
by ∼ numerical equivalence for divisors.

Fix an integer d ≥ 4 and a point x0 on E, and set L = OS((d + 1)H − Fx 0 ). A
general curve C in |L | is smooth of genus

(d
2

)
+ 1 ([D-F]).

1. On t he K awamat a l ocus of Wd(C)

Our aim is to prove that the Kawamata locus of Wd(C), i.e., the union of all
(t ranslated) non-zero abelian variet ies in Wd(C), is 1-dimensional. We will analyze
pencils of low degree on C, using as in [D-F] the following result of Reider ([R]).

T heorem (I . R eider ) . Let L be a nef line bundle on a smooth projective surface
S and let C be a smooth curve in |L |. Let A be a base-point-free g1

& on C such that
) < L 2/ 4. There exists a divisor D on S such that:

a) h0(S, D) ≥ 2;
b) h0(C, D − A) > 0;
c) C · D < 2) ;
d) (C − D) · D ≤ ) .

For any divisor D on S, we denote by D its rest rict ion to C.
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Corol lar y. Let A be a base-point-free g1
& on C with ) ≤ 2d and ) ≤ 3d− 10. One

of the following possibili ties occurs:
a) there exist x ∈ E and an e! ective divisor B on C such that A + B ≡ 2H x ,

and ) ≥ 2d− 4 ;
b) there exist x ∈ E and an e! ective divisor B on C such that A + B ≡ 3H x −F ,

and ) ≥ 2d− 4 ;
c) one has A = 4H − 2F and ) = 2d− 2.

Proof. A case-by-case inspect ion shows that the divisor D in ReiderÕstheorem
sat isÞes one of the following: D ∼ 2H and ) ≥ 2d−4, D ∼ 3H −F and ) ≥ 2d−4,
or D ≡ 4H − 2F and ) ≥ 2d − 2. In the Þrst (resp. second) (resp. last ) case,
|D | induces a base-point -free g2

2d (resp. a g1
2d−1 with at most 3 dist inct base points

by [D-F], Prop. 4.2) (resp. a base-point -free g1
2d−2). Therefore, we are in case a)

(resp. b)) (resp. c)).

As noted in [D-F], the variety Wd(C) contains a translate E0 of E , to wit the
image of the morphism $ : x ,→ H x .

T heorem A . Assume C is general in |L | and d ≥ 4. The Kawamata locus of
Wd(C) is 1-dimensional. More precisely,

a) Wd−1(C) contains no non-zero abelian varieties;
b) the only non-zero abelian varieties contained in Wd(C) are translates of E0

by torsion points;
c) for d ≥ 9, the only non-zero abelian variety contained in Wd(C) is E0.

Proof. Let A be a non-zero (t ranslated) abelian variety in W&(C), with ) ≤ d. By a
theorem of Mori (see proof of Prop. 5.4 of [D-F]), J C/ s∗J E is simple henceA maps
to a point in this quot ient . It follows that A is a translate of E . Take ) minimal, so
that a linear system corresponding to a general point a of A has only one element ,
which we will denote by Da, and so that the divisors Da have no common point .
Since E0 does not come from a morphism, one shows as in the proof of Lemma 5
of [A-H] that E0 + A ⊂ W 2

d+&(C).
Assume d ≥ 9 and let y ∈ E, a ∈ A and p ∈ C; the corollary of ReiderÕstheorem

applied to H y + Da − p yields that
a) either there exist x ∈ E and an e#ective divisor B on C such that , for all

e∈ E, one has H y−e + Da+e − p + B ≡ 2H x ;
b) or there exist x ∈ E and an e#ective divisor B on C such that , for all e∈ E,

one has H y−e + Da+e − p + B ≡ 3H x − F ;
c) or ) = d− 1 and, for all e∈ E, one has H y−e + Da+e − p ≡ 4H − 2F .
Case c) cannot occur because p is Þxed in |4H − 2F + p| by RiemannÐRoch.

For the same reason B ′ = B − p is e#ect ive in cases a) and b). In case b), we get
Da+e + B ′ ≡ 2H x−y+e−F . But this is impossiblesince H 0(C, 2H x−a+e−2F ) = 0.
Therefore, we are in case a), and H x−y+e = Da+e + B ′. When e varies, the left -
hand side varies; the H x−y+eÕshaving no Þxed point, we must have B ′ = 0 and
H x−y+e = Da+e. It follows that A = E0.

Assume now d ≥ 4, and set

" = {! ∈ J C | E0 + ! ⊂ Wd(C)} .

We will use Theorem 2 of [A-H]; one should however be careful: Þrst one needs to
add to the hypotheses of this theorem that the embedding A ⊂ Wd(C) does not
come from a morphism (this is t rue in our case by Prop. 5.14 of [D-F]). Second, the
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proof of the theorem given in [A-H] is incomplete: the proof of Lemma 6 on which
it relies is wrong when dim(A) > 1 (this fortunately does not concern us) and the
case r2 = 3 and dim(A) = 1 needs a separate t reatment (which was provided by
Abramovich in a private communicat ion). The conclusion of the theorem is then
g(C) ≤

(&
2

)
+ 1, which implies for example ) = d. However, we get more from the

proof, to wit that if there is equality, then rk =
(k+1

2

)
− 1 for 2 ≤ k ≤ d. The same

reasoning shows in our case that the same holds for the sum of k generic elements
of E0 + ! 1, . . . , E0 + ! k , where ! 1, . . . , ! k ∈ ". In part icular, for a1 generic in
E0 + ! 1, for a2 generic in E0 + ! 2 and for x generic in E , we have

h0(C, (k − 2)H x + Da1 + Da2 ) =
(

k + 1
2

)

for 2 ≤ k ≤ d. Since K C ≡ (d− 2)H + H −x 0 , RiemannÐRoch implies

h0(C, 2H x − Da1 ) = 1 and h0(C, 3H x − Da1 − Da2 ) = 1 ,

i.e., the curves E0 − ! 1 and E0 − ! 1 − ! 2 are contained in Wd(C). This proves
that " is a closed (proper) subgroup of J C hence is a t ranslate of E by a Þnite
group.

2. Er r at um f or [D-F]

The following proposit ion corrects the part of the proof of Prop. 5.7 of [D-F]
which is incomplete (to wit the case d = 4).

Proposi t ion. Assume d = 4 and C general in |L |. Then C has no g1
4 .

Proof. Let A be a base-point -free g1
& on C, with ) ≤ 4. Following [D-F] (5.12), one

constructs a rank 2 vector bundle T on S that Þts into an exact sequence

0 → H 0(A)∗ ⊗OS → T → OC (C − A) → 0 .(∗)

Note that H 2(T ) = 0 and +(T) = 10− ) by RiemannÐRoch. If h = h0(T ) > 6, the
kernel of the map

∧2 H 0(T ) → H 0(
∧2 T) / H 0(S, C) / C10 meets the (2h − 3)-

dimensional set of decomposable vectors o# the origin. One proceeds as in [D-F]
(where the numbers at the top of page 246 are all wrong) to show that there exists
a divisor D on S that Þts into an exact sequence

0 → OS(D) → T → IZ (C − D) → 0 ,

whereZ is a Þnite subschemeof S; moreover, either D ∼ 2H or D ∼ 3H −F . Then,
h0(T ) ≤ h0(D ) + h0(C − D) = 5, which is a contradict ion (this remark avoids the
lengthy proof in [D-F]).

It follows that h0(T ) = 6, h1(T ) = 0 and ) = 4. AssumeÞrst that there is a
non-zero morphism u : T → T ⊗ ' S . We argue as in [L]: since H 0(' 2

S) = 0, the
morphism

∧2 u vanishes hence u drops rank everywhere. Then N = (Im u)∗∗ is
a line bundle on S which is a subsheaf of T ⊗ ' S ; there is a morphism T → N
which is surject ive o# a Þnite subset of S. Note that by RiemannÐRoch, one has
h0(OC (C − A)) ≥ 5 > 2 = h1(H 0(A)∗ ⊗OS), hencethe exact sequence(∗) shows
that T is generated by global sect ions o# a Þnite subset of S, hence so is N . It
follows that either h0(S, N ) ≥ 2, or N / OS ; but the lat ter cannot occur since
Hom(T,OS) = 0. Tensoring (∗) by ' S ⊗ N ∗, we see that H 0(T ⊗ ' S ⊗ N ∗) 0= 0



3028 THOMAS J. TUCKER AND OLIVIER DEBARRE

implies H 0(' C ⊗ N ∗ ⊗OC (−A)) 0= 0 and in part icular (5H − F ) · (3H − N ) ≥ 4.
Furthermore, there is an exact sequence

0 → N → T ⊗ ' S → IZ (' ⊗2
S ⊗ N ∗(C)) → 0 ,

which implies N ·(H + F −N ) ≤ c2(T ⊗ ' S) = 0. A case-by-caseanalysis shows that
the only possibility is N ∼ 2H ; but then H 0(' C ⊗ N ∗(−A)) 0= 0 implies A ≡ H x ,
which is not a pencil.

Hence Hom(T, T ⊗ ' S ) vanishes, and so does H 2(End T) by duality. Dualizing
(∗) yields

0 → T ∗ → H 0(A) ⊗OS → OC (A) → 0 .

Tensoring by T, we get H 1(T ⊗A) = 0. We now follow another const ruct ion of [L],
where a moduli space P is const ructed which parametrizes t riples (C, A, l ), where
C is a smooth curve in |L |, A is a base-point-fr ee g1

4 on C, and l is a surject ive
morphism H ⊗C OS → A which induces an isomorphism on global sect ions, two
such morphismsbeing identiÞed if they di#er by multiplica t ion by a non-zero scalar.
Let # : P → |L | be the forget ful morphism. The tangent space to P at (C, A, l )

is ident iÞed with the kernel ÷H 0(T ⊗ A) of the map H 0(T ⊗ A) → H 1(End T) Tr−→
H 1(OS); the tangent space to |L | at C is ident iÞed with the kernel ÷H 0(C, L ) of the
map H 0(C, L ) → H 1(OS). There is an exact sequence ([L], page 304)

÷H 0(T ⊗ A)
T( C , A , l ) '
−−−−→ ÷H 0(C, L ) −→ (Ker µ)∗ −→ ÷H 1(T ⊗ A)

whereµ : H 0(A)⊗H 0(' C ⊗A∗) → H 0(' C ) is the Petri map. By the base-point -free
pencil tr ick, its kernel is isomorphic to H 0(' C ⊗ (A⊗2)∗), which has by RiemannÐ
Roch dimension at least h0(A⊗2) − 2 > 0. Since H 1(T ⊗ A) vanishes, T(C,A ,l )# is
not surj ective, henceneither is # by generic smoothness. This shows that there is
no g1

4 on a generic C in |L |, and Þnishes the proof of the proposit ion.
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