Math 568 Tom Tucker
NOTES FROM CLASS 10/22/14

For the rest of class, A is Dedekind with field of fractions K, the field
L is a finite separable extension of K of degree n, and B’ is a subring of
L that is integral over A. We will also assume that for every maximal
ideal P of A.

We'll begin with a definition that works when B’ is a free A-module,
i.e. when B’ is isomorphic as an A-module to A", where n = [L : KJ.

In this case, we choose a basis wq, ..., w, for B’ over A and we let M
be the matrix [m;;] where m;; = Tk (wsw;). Then we define
(1) A(B') = det M.

How do we know that this agrees with our earlier definition in the case
B’ = Ala]? In fact, it more or less follows from some earlier work we
did. Recall that in this case, we can choose the basis 1,a,...,a" !, so

that [m;;] = [Tr/k(a’™~?)], which we recall is equal to
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As we saw earlier, letting IV be the van der Monde matrix

&1 DY an
.. )
n—1 n—1
ay O‘/n

we have NNt = M, so
det M = (det N)2 = H(az — Oéj)2,

i<j
which is the same as A(«), so our definitions agree.
Not all B’ will be free A-modules, however, so we have the more
general definition below.

Definition 12.1. With notation as above A(B’/A) is defined to be
ideal generated by the determinants of all matrices M = [T, g (w;w;)]
as wi, . . ., w, range over all bases for L consisting of elements contained
in B'.

To see that this definition agrees with our earlier definition for when

B’ is a free A-module. The following lemma will be on your homework.

Lemma 12.2. Suppose that B' = Avy + ... Av,, where {vy,...,v,} is
a basis for L over K. Then for other basis W = {wy,...,w,} for L
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over K with W C B, we have
det[TL/K(wiwj)]i,j = CL2 det[TL/K(Uin)]i’j
for some a € A.

Proof. This will be on the homework. O

Example 12.3. The reason that we need to talk about the discrimi-
nant relative to A is that B’ could be defined over two different Dedekind
domains. For example, we could take B’ = Z[/3,+/7] which is an ex-
tension of Z as well as of Z[v/3] and Z[v/7]. The various discriminants
A(B'/Z), A(B'JZ]\/3]), and A(B'/Z[v/7]) may all be different.

One nice fact about discriminants is that they can be computed
locally. We have the following.

Proposition 12.4. With notation as throughout lecture, let S be a
multiplicative subset of A not containing 0. Then

STTAA(B'JA) = A(ST'B'/STA).

Proof. Since any basis with elements in B’ is also in S~*B’, it is obvious
that
STTAA(B'/JA) C A(ST'B'/STTA).

Similarly, given a basis vy,...,v, for L/K contained in S™'B’, see
that the basis wq, ..., w, where w; = sv; is contained in B’ for some
s € S. Now

det(TL/K(wiwj)) = S2n det(TL/K(Uin)),
so STLAA(B'/A) D A(S~'B'/S7A). O

We know that A(B’/A) is anideal I. If [ = H Pfi then Ap I = P77,

so to figure out what A(B’/A) is, all we have. to do is figure out what
A(STIB'/S7tA) is for S = A\P



