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Symmetric Random Walks

+

(A, E) a finite graph.
A equals vertex set; E equals edge set.
Assume x ~ y = y ~ x.

Assume (A, F) is connected.

Let p: B — (0,00): V& ~y, p(z,y) = p(y, ).
Continuous-time Markov process on A,

with generator on £?(A)

@V )E) = Y pley) | f@) - f@)].

I invariant measure by Perron-Frobenius.

Since 2™1 = 0, u equals uniform measure.




Symmetric Simple Exclusion Process

Non-ergodic random walk on {0, 1}4.
Let n: A — {0,1}.
Vo # y € A, define n,.,, € {0,1}%,

Ney(z) = Sn(x) z=1y:;

|7(2) otherwise.

Continuous time Markov process on {0, 1}*,
with generator on ¢2({0, 1}*)

@) = > p@y)|f0) = Fray)]

Particle number: |n| =" _, n(z).

() = {n : lnl = n}.
2%°P s ergodic on H(n) = 62((2))




Conjectures

ETV := spectral gap of Q™.
ETP(n) := spectral gap of Q% [ H(n) (1 <n < |A|—1).
QP | H(1) 22 QY

. . ssep o
Conjecture 1. minj<,<jpj-1 £y (n) = E7V.

SU(2)

Given n-particle state, u € /\/l+,1((ﬁ)), remove one particle,

uniformly at random: p(*=1).

S~ :H(n) — H(n — 1) extends: n= 1S~ pu = pn=1.

Then [S™, Q%5°P] = 0.

Reverse is to, uniformly at random, add one particle (i.e.,
remove one hole): p("1),

St :H(n) — H(n + 1), extends: (|[A] —n)"1STpu = pntD)
[S—, 5] = 250) = [#(particles) — #(holes)] is conserved.

The n-particle “lowest-weight vectors”, for n < |A|/2,
functions f € H(n): S~ f =0.

E.g. d(ce) = 9(e0)-

Define H(|A| — n,n) to be their span.

Eo(|A| — n,n) = minspec Q%P | H((|A| — n,n)).

Conjecture 2. (FOEL)

Eo([A],0) < Eo([A] = 1,1) < --- < Eo([[A]/2], [[Al/2]) .




Background
Theorem (Koma and Nachtergaele, 1997 L.M.P.)

Conjecture 1 is true for open chains.

A result for rather general graphs, which supports the

conjecture is

Theorem (Lu and Yau, 1993 C.M.P.)
The spectral gap of the SSEP on a cube (or other reqular
figure) in Z2 of linear size L decays with order ©(L~2).

Applications

The spectral gap determines L? relaxation for the SSEP.
Given an initial measure v € M+,1((2)), let v; be the
time-evolved distribution.

Let 1 be the uniform measure on (2)

Yv € M+,1(($))

‘ dvy 1 < e tETT(n)

L2(dy)

— 1

‘ dv
dp L2(dp)

and for almost all v € /\/l+1((/$)) (all but codim 1)

dvy
|5 -1

. — L2(d sse
lim ¢t~ ! log ) —E7"P(n).

t—o0

L?(dp)




Theorem 1. (Nachtergaele, Spitzer, S*)
If (A, E) is a tree, then Conjecture 1 is true: the spectral
gap of the SSEP equals the spectral gap of the RW.

If (A, E) is an open chain, Conjecture 2 is true.

Higher Spin Trees

Consider a graph, which we call “higher-spin tree”,
obtained as follows:

1. Start with a finite tree (Ar, Er);

2. For every vertex x € T, give a positive integer n(x);
3. Make a new graph labelled (A, E') such that:
A={(z,k) :xe€Apr, k=1,...,n(x)};

and (x,k) ~ (y,l) in E iff x ~ y in Ep.

4. Assume p((z, k), (y,l)) is only a function of x and vy,

independent of £ and .

Theorem 2. (Nachtergaele, S*)

The same results as Theorem 1 hold if one replaces “tree”

or “chain” by “higher spin tree” or “higher spin chain”.




Other Examples

By numerically diagonalizing the discrete Laplacian, (2"

(with p(x,y) constant for x ~ y) we can also verify
Conjecture 1 for the following graphs.




Idea of Proof

We believe conjecture 2, that
Eo(|A],0) < Eo(|A[ = 1,1) < --- < Eo([|A[/2], [IA[/2]),

where Eo(|A| — n,n) = minspec Q% | H(|A| — n,n)
H(|A| — n,n) are the n-particle lowest-weight vectors.
We know Fy(|A|,0) = 0 and this is the minimum (in fact
strictly less using PF).

Suppose we could prove

— _ E S
(Al =11 < _min oAl =nn), (%)

Generally H(n) = >0 H((|A| — k, k)) for n < [|A]/2].
So

E™(n) = min Eo(|A| -

Therefore
Eo(JA] = 1,1) = E°P(1) = EY

and for 2 < n < ||A]/2], we have

EPP(n) > EPP(1) <

_ <
Ey(IAl = 1,1) < min Eo(|A] -

So (*) is actually equivalent to Conjecture 1.




Consider a sequence of induced subgraphs
Ao CAsC---C Ay =A.
Define, for 2 < M < N,

@GN = > py)|f0) = fey)] -

T, yEAp 1 Ty

Define 777 (n) and Eo ar(|[Aar| — n,n) relative to Q"

Theorem (Koma and Nachtergaele Induction Step)
If2< M <N —1, and if

Eo v ([ Ay —n,n) < min Eo(|Ans| — Ky k),
n+1<k<[[Am|/2]

and if
Eo m+1([Avit1] —n,n) < Eo m(|[Am| —n,n),
then

Eo v (|Av41| —n,n)

< min Eo(|A —k, k),
S 1k SRy FollAar] )

Therefore, to prove (*) it suffices to prove that ETY, is
decreasing as a function of M.




Simple Fact

The eigenvalues of the graph Laplacian, 2y’, go down when

adding a new vertexr with only one edge.

> -

Proof. When adding one extra vertex without adding an

edge, one has the new eigenvalues
0<0=Eo(Qy) < Er(Qy) <+ < Ena(Q8).
But the edge Hamiltonian is a rank-one operator
(;U,y) = p(@,y)(, 0z — dy) (0 — Jy) -

Therefore, by the min-max formulation of the eigenvalues,

the new eigenvalues interlace the old ones:

0 < Eo(Qnh1) <0< E1(QNL) < E1(QF) <

10



(z,1) o
(x,2) coy
(33,3) 0/

If y connects to k > 1 vertices, (x,1),...,(z, k), not rank 1.
But if one projects/restricts to vectors symmetric with
respect to interchange of (z,1),...,(z, k) it is

k k
8y — k5y> > 6. — kd,
—1 j=1

J

POy, PT = p(x,y) <

In general for a higher spin tree, the Markov generator
commutes with the symmetric group at a “higher-spin
vertex” .

Two cases: 1. Eigenvector is trivial w.r.t. all
“single-higher-spin-vertex” permutations.

Rank-one argument works.

2. Eigenvector has a particular sequence of irreps, one for
each “higher-spin vertex” such that they are not all trivial.
It is a ground state problem to explicitly calculate minimum
possible energy for each list of irreps.
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