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0. Informal Description of Main Result

Some general observations

Quantum spin systems are harder than classical spin systems.
» Classical limit is the “spin-to-infinity” limit.
» “"LONG RANGE ORDER FOR THE (QUANTUM HEISENBERG
MODEL" open problem on the IAMP webpage.
What does the classical limit tell us about the QSS?

If a classical spin system has a phase transition, then can one
deduce the same for the quantum model?
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0. Informal Description of Main Result

Some general observations

Quantum spin systems are harder than classical spin systems.
» Classical limit is the “spin-to-infinity” limit.
» “"LONG RANGE ORDER FOR THE (QUANTUM HEISENBERG
MODEL" open problem on the IAMP webpage.
What does the classical limit tell us about the QSS?

If one can prove that a classical spin system has a phase tran-
sition, then can one deduce the same for the quantum model
for large enough values of spin?
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0. Informal Description of Main Result

Main result

Under some assumptions the answer is yes.

» The Hamiltonian is reflection positive.

» The classical proof goes through a Peierls type argument
using abstract chessboard estimates.

» The spin is large enough.

Ours is not the first result of this kind ... notably, see Frohlich and
Lieb (1978).
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0. Informal Description of Main Result

0. Informal Description of Main Result

I. Quantum Spin Systems and Coherent States

Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

I1l. Reflection Positivity and Chessboard Estimates
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I. Quantum Spin Systems and Coherent States

Part |: Quantum Spin Systems and Coherent States
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I. Quantum Spin Systems and Coherent States

Brief review of quantum spins

The single-site Hilbert space for a quantum spin is
H) = €%+ = Span{|m) : m=s,5s—1,...,—s}:

s € {%,1,%,2,...} is the “spin”.
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I. Quantum Spin Systems and Coherent States

Brief review of quantum spins

The single-site Hilbert space for a quantum spin is
H() = C?+ = Span{|m) : m=s,5—1,...,—s}:
56{2,1,3,2 .} is the “spin”.
Spin matrices:
S?m) = mim), SEm) = \/s(s+1)—m(m+1)|m=+1),

$ = (sTHs), 8= %(5+ _s).

)
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I. Quantum Spin Systems and Coherent States

Brief review of quantum spins

The single-site Hilbert space for a quantum spin is
H() = C?+ = Span{|m) : m=s,5—1,...,—s}:
56{2,1,3,2 .} is the “spin”.
Spin matrices:
S?m) = mim), SEm) = \/s(s+1)—m(m+1)|m=+1),

$ = (sTHs), 8= %(5+ _s).

)

This forms a representation of su(2) = Lie(SU(2)).

Shannon Starr Quantum Spin Systems at Positive Temperature



I. Quantum Spin Systems and Coherent States

Coherent State Vectors

Let S? denote the sphere.
The coherent state vector in direction w € S? is

lw) = Z (S ism> [COS(9/2)]s+m [sin(0/2)]°~"™ oi(s—m)o Im)

m=-—s

where 6 € [0, 7] is azimuthal angle, ¢ € [0, 27) is polar angle.
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I. Quantum Spin Systems and Coherent States

Coherent State Projectors

Define
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I. Quantum Spin Systems and Coherent States

Coherent State Projectors

Define

P, is the eigenspace projector for (maximal) eigenvalue s of the
operator
w-S = wS +w, S +w,5%.
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I. Quantum Spin Systems and Coherent States

Coherent State Projectors

Define

P, is the eigenspace projector for (maximal) eigenvalue s of the

operator
w-S = wS +w, S +w,5%.
Given r € R3,
e"Sp e S — P, , where o’ = e"tw,
0 0 1 0 -1
=1 o -1, = o |,2=11 o0

1 0 -1 0 0
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I. Quantum Spin Systems and Coherent States

A Model Quantum Spin System

d-dimensional lattice Z¢, discrete torus of sidelength L.
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I. Quantum Spin Systems and Coherent States

A Model Quantum Spin System

d-dimensional lattice Z9, discrete torus of sidelength L.
Full spin Hilbert space,

H(LS) = ® HE)  where H() = C?* for each o € Z¢ .

d
o€l
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I. Quantum Spin Systems and Coherent States

A Model Quantum Spin System

d-dimensional lattice ZZ’, discrete torus of sidelength L.
Full spin Hilbert space,

'H(Ls) = ® HE) where HE) = C*F1 for each o € Z§ .
aEZ‘Z
A specific example Hamiltonian: the Heisenberg ferromagnet,

HY =~ Y s728,-S4.

d
(a,)CZ]
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I. Quantum Spin Systems and Coherent States

A Model Quantum Spin System

d-dimensional lattice ZZ’, discrete torus of sidelength L.
Full spin Hilbert space,

'H(Ls) = ® HE) where HE) = C*F1 for each o € Z§ .
aEZf
A specific example Hamiltonian: the Heisenberg ferromagnet,

HY =~ Y s728,-S4.
(o,0/)CZY
» S, Su @ spin “vector-matrix’: S, = (5%, S%, SZ).

» SX, SX, SZ: the spin matrices on H, tensored with 1.

» We scale each spin matrix by s~! to facilitate classical limit.
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Part Il: Berezin-Lieb Inequalities and Matrix-Entry Bounds
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

First Berezin-Lieb Inequality

Given w = (w : a €Z9) € (S2)2l =: Q;, define

w) = Qllwa)la and Po = |w)(w].

aGZf
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

First Berezin-Lieb Inequality

Given w = (w : a €Z9) € (S2)2l =: Q;, define

w) = Qllwa)la and Po = |w)(w].
aGZf
Given operator A on H,, define “lower symbol”

(A)w = Tr(PL,A) = (w|Alw) .
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

First Berezin-Lieb Inequality

Given w = (w : a €Z9) € (S2)2l =: Q;, define

w) = @ llwa)la and  Po = |w)(w].
aGZf
Given operator A on H,, define “lower symbol”
(A)w = Tr(PL,A) = (w|Alw) .

Lieb proved the lower bound on the partition function,

Trlexp(—BH))] e ) dw
oo > e (CA) G

Shannon Starr Quantum Spin Systems at Positive Temperature



Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

First Berezin-Lieb Inequality

Given w = (w : a €Z9) € (S2)2l =: Q;, define

w) = Qllwa)la and Po = |w)(w].
aGZf
Given operator A on H,, define “lower symbol”

(A)w = Tr(PL,A) = (w|Alw) .
Lieb proved the lower bound on the partition function,

Trlexp(—BH))] e ) dw
oo > e (CA) G

The proof uses the “resolution of the identity”:

dim(H(s))
1, = L/ dw P, .
My u Jo,
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Second Berezin-Lieb Inequality

)

Given operator A on H{®
“upper symbol” if

, a (nice) function w +— [A],, is called an
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Second Berezin-Lieb Inequality

)

Given operator A on H{®
“upper symbol” if

, a (nice) function w +— [A],, is called an

_dim) [
o /QLC/ Al Po.

Lieb also proved the upper bound on the partition function,

Tr[exp(—ﬁHEs))] ary(s) dw
dim(#H{*)) : /meXp< ol ]‘”) Q]
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Classical Limit of Pressure

Easy to see

lim (HM)w = H (@) = = Y wawar

5§—00
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Classical Limit of Pressure

Easy to see

lim (HM)w = H (@) = = Y wawar

5§—00
(a,'yCZd
Also, there exist upper symbols [H{S)]‘,J for each s, such that

Jim (Ao = H ().
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Classical Limit of Pressure

Easy to see

Also, there exist upper symbols [H{S)]‘,J for each s, such that
: (o0)
Jim (Ao = H ().

Thus Lieb proved the classical limit for the thermodynamic pressure
(s
1 Trle PH

m Im —In ——— = |im —In e L@
ST () e T g, ]

This result holds for any reasonable QSS Hamiltonian.
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Bounds for “Matrix Entries”

Theorem 1. Given a constant ¢ > 0, there exists a constant
C < oo such that

e AH e < <e—ﬁH{5’>w < e—[i’[HES)]-i-,ﬁCLd/s’

for all 3, s such that s > c[3>.
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Bounds for “Matrix Entries”

Theorem 1. Given a constant ¢ > 0, there exists a constant
C < oo such that

e AH e < <e—ﬁH{5’>w < e—[i’[HES)]-i-,ﬁCLd/s’

for all 3, s such that s > c[3>.

Remarks. 1. The lower bound is due to Lieb, as before.
2. Need 8 = O(4/s); so cannot take 3 — oco. Need positive
temperatures.
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Bounds for “Matrix Entries”

Theorem 1. Given a constant ¢ > 0, there exists a constant
C < oo such that

e AH e < <e—ﬁH{5’>w < e—[i’[HES)]-i-,ﬁCLd/s’

for all 3, s such that s > c[3>.

Remarks. 1. The lower bound is due to Lieb, as before.
2. Need 8 = O(4/s); so cannot take 3 — oco. Need positive
temperatures.

)

For any operator A on H{® ,

(s
dlmH (s)
ol / Aot ) e
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Bounds on Gibbs States Expectations

Gibbs state, at inverse-temperature G:

_ Tr[Ae MY )]

Al — .
A Tr[e_ﬁH |

ﬁ?

By Theorem 1,

(s) BCLY /s fQL [A]‘*’e ﬁ[H ]w dw
<A>57L S € s
Jo, €  dw
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Il. Berezin-Lieb Inequalities and Matrix-Entry Bounds

Comparison to Classical Limit

For each measurable E C €, can define
S)
o(5) _ dim(H,”’) / do P,
W= T

Can use this to define measure u( ) on Q, ,u( )(E) = (X
Have

) (F BCLY)s fE e Mo du
.U,gyL( ) <
fQ e dw

Compare to the Gibbs measure for the classical Hamiltonian
Jou P

nSO(E) =
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111, Reflection Positivity and Chessboard Estimates

Part Ill: Reflection Positivity and Chessboard Estimates
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111, Reflection Positivity and Chessboard Estimates

Basic Definitions

Suppose L is even.
Let A; = Zi’, suppose Ell\f,i\z C Ap with A} = /\zr UA;, and
suppose 3 bijection 6 : A} — A .
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111, Reflection Positivity and Chessboard Estimates

Basic Definitions

Suppose L is even.
Let A; = Zi’, suppose Ell\f,/\z C Ap with A} = /\zr UA;, and

.. . e = _
suppose I bijection 6 : A — A},

Let A() be the set of operators on H(LS). Then 2A6) = ngf) ® Ql(f),
(s)

with a natural isomorphism (%) : ngf) =
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111, Reflection Positivity and Chessboard Estimates

Basic Definitions

Suppose L is even.
Let A; = Zi’, suppose Ell\f,i\z C Ap with A} = /\zr UA;, and
suppose 3 bijection 6 : A} — A .

Let A() be the set of operators on H(LS). Then 2A6) = ngf) ® )

with a natural isomorphism (%) : ngf) Zoal),

Given linear function ¢ : A(s) — C, define bilinear form on le;):

(A, B)y = 6(AIC)(B)).
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111, Reflection Positivity and Chessboard Estimates

Basic Definitions

Suppose L is even.
Let A; = Zi’, suppose Ell\f,i\z C Ap with A} = /\zr UA;, and
suppose 3 bijection 6 : A} — A .

Let A() be the set of operators on H(LS). Then 2A6) = ngf) ® Ql(f),
(s)

with a natural isomorphism (%) : ngf) =
Given linear function ¢ : A(8) — C, define bilinear form on le;):
(A, B)y = 6(AVC)(B)).

There are natural choices of /\f, A, 0: “pairs-of-planes”.
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111, Reflection Positivity and Chessboard Estimates

Basic Definitions

Suppose L is even.
Let A; = Zi’, suppose Ell\f,/\z C Ap with A} = /\zr UA;, and
suppose 3 bijection 6 : A} — A .

Let A() be the set of operators on H(LS). Then 2A6) = ngf) ® Ql(f),
(s)

with a natural isomorphism (%) : ngf) =
Given linear function ¢ : A(8) — C, define bilinear form on le;):
(A, B)y = 6(AVC)(B)).

There are natural choices of /\f, A, 0: “pairs-of-planes”.

A quantum Hamiltonian is reflection positive if (-,-)4 is positive

semidefinite for every pair-of-planes when ¢(-) = <>(55)L
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111, Reflection Positivity and Chessboard Estimates

(1) The anisotropic Heisenberg antiferromagnet:
H=+ Y s2(hSiS% + hSLSL + S2S%) (1)
<a7a/>
where 0 < J;, b < 1.
(2) The non-linear XY-model:
H=— > o(s2(si55 +si50)) )
(e,af)

where Z(x) = P1(x?) + xP,(x?) for two polynomials &, P, (of
sufficiently high degree) with positive coefficients.

(3) The orbital compass model on Z2:

sT25XS%,, if o/ = a8,
> 8
(o) s251SY,, if o/ =at8.
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111, Reflection Positivity and Chessboard Estimates

Chessboard Estimates

Let ¢ be an integer such that 2/ divides L.
Then tile A, = Z§ by copies of [1,¢]9.
Label the tiles by t € Z‘Z/z: shifted by /t.
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111, Reflection Positivity and Chessboard Estimates

Chessboard Estimates

Let ¢ be an integer such that 2/ divides L.
Then tile A, = Z§ by copies of [1,¢]9.
Label the tiles by t € Z‘Z/z: shifted by /t.

Let Qlﬁs) be the operators localized in a given fixed tile, and given

any other tile t, let Tts) : ngs) — (%) be the isomorphism that
(i) moves along a “path of reflections” in edges of tiles, and
(ii) complex-conjugates if the path has odd length.
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111, Reflection Positivity and Chessboard Estimates

Chessboard Estimates

Let ¢ be an integer such that 2/ divides L.

Then tile A, = Z§ by copies of [1,¢]9.

Label the tiles by t € Z‘Z/Z: shifted by /t.

Let Qlﬁs) be the operators localized in a given fixed tile, and given

any other tile t, let Tts) : ngs) — (%) be the isomorphism that
(i) moves along a “path of reflections” in edges of tiles, and
(ii) complex-conjugates if the path has odd length.

Let A : A — 2A() be the product

AA) = ] A2A).

d
tezf,
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111, Reflection Positivity and Chessboard Estimates

Theorem. (Abstract Chessboard Estimate) If the Hamiltonian is
r.p., then for any collection of operators (At € Qlf) tezd L/ e)

(T A2m)n] < TT (e

d
tezf, tezd

L/e
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111, Reflection Positivity and Chessboard Estimates

Given an event £ C Q) = (8?)14°, and t € Z{ ,, let #(E) be
the cylinder event in Q(Ls) such that

Let

Corollary.For any ti, ..., t, disjoint, and E1, ..., E, C €y,

n n

~BIH o
(ﬂ ﬁk(Ek)) < e PnC/s H Jay e e dw

_ (s)

1/L9
5
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