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Chapter 6: Martingales

The Black-Scholes Formula for the Lattice Model

Let us take a closer look at the derivation of the Black-Scholes model. We start with the call-option

price in the Binomial tree model:
00(0) - E {maX (0’ 6(a—r)XN At+(b—r)(N—Xy) At S()(O) o f(—)}

where Xy is Binomial, with parameters N and 15+.



The de Moivre, Laplace Limit Theorem: Fix 0 < p < 1, and for
each n, let X,, be a binomial random variable with parameters n and p.

Then, for any numbers x; and x5 such that —oo < 21 < 29 < 00,

Xn -
Iim Pz < P < a9 p = (I)(5172) —CID(:E1),
n—09 np(1 —p)

where ®(z) is the cumulative distribution function for a standard, normal

T e—z2/2
O(x) = / N dz .

random variable:

We chose

1
a = 7“—!—& In [1—|—0(At)1/2] :

b = r+é In [1 —a(At)W] .

for some o > 0.

This means

So,

(a—r)At = In [1 + J(At)l/ﬂ :

(b—7r) At = In [1 - J(At)1/2] .

e(a—r)At _ 1-|-O'(At)1/2,

e(b—r)At _ 1—0'(At)1/2




From this it was easy to deduce that P, = 1/2.
That is important because ]5+ needs to be constant as N — oo and At — 0 to use the de Moivre,

Laplace limit theorem.

L’Hospital’s Rule and the N — oo limit

We return to the formula for the call option again:

C(()N)(O) _E {m ax (O, (=) XN At+(b—r) (N—Xy) At So(0) — f(ﬂ
where Xy is Binomial with parameter N and p+, which equals 1/2.
We have written C(SN)(O) to remind ourselves that this is the result of the N-step binomial tree
model.

We can also write this as
where

and

Sy = (e NADXN+b-r)(ADN-Xy)

We have decomposed the problem this way in order to simplify notation, not for any deep reason.

Plugging-in for (a — r)(At) and (b — r)(At), we get
Sy = exp [m [1 + J(At)l/ﬂ Xy + In [1 - J(At)l/Q] (N — xN)} So(0) .

where exp(z) = €.



Let us define a random variable
Ly = In [1 + J(At)m} Xy + In [1 . a(At)l/ﬂ (N — Xy),

so that we just have

SN = BLN S()(O).

Finally, let us define the “standardized” version of X.
This is the random variables Zy that we get if we first subtract the mean of Xy and then divide

by the standard deviation (which is the square-root of the variance).

So
L X =B Xe = (V/2)  Xa = (V/2)
YT NarlXy) VN2 - 1/2) N/a
So
Xy = N“\;/QZN.

Note that it is Zy which comes into the de Moivre, Laplace limit theorem.

So,
Ly = Ax + ByZyn,
where
Ay — g (ln [1 +0(At)1/2} +1n [1 _ a(At)l/Q]) ;
and

By = 22 (1w [L+ o(202] ~ 1 [1 - o(at”])




The de Moivre, Laplace limit theorem says that, for every —oo < z <y < oo,

Y 6—22/2
lim Pl < Zy < = dz .
am Plr < Zy <y) / NoT

Also

2
ez/?

V21

is the probability density function for a standard, normal random variable Z.

f2(z) =

for —o0 < z < 00,

Therefore, we say that the sequence of random variables (Zx)37_; converges to the standard, normal
random variable “in distribution”.

This is a weak mode of convergence, but one which is satisfactory for our purposes.

If we can also prove that the sequences of numbers (Ax)¥_; and (By)%_; converge to limits, A
and B, then we will obtain the result that

lim Ly = A+ BZ,

N—o00

“in distribution”.

So the next thing we check is the limit of the Ay and By.

In order to calculate the limits

A = Alfl_l}(l)()g (ln [1 +U(At)1/2} + In {1 — U(At)l/QD , and
B = lim i

N—oo

(ln {1 + J(At)l/ﬂ —In {1 — U(At)l/QD :

we will use L’Hospital’s rule.

But we will treat the two limits separately.



For A, let us first use the property of the logarithm that In(z) + In(y) = In(zy) to write

A= lim gln (1+0(26)72) (1= a(an)'?)]

N—o0

N
= lim 5} In[1 — o*At].

N—o0

Now remember that At = T/N to get

Finally, let us write x = 1/N to obtain

1 In(1 — 02T
A = lim — In[l —o*Tz] = lim n(l — o) :
x—0+ 21 z—0+ 2x

Now, In(1) = 0 so both the numerator and denominator converge to 0.

So we are justified in using L’Hospital’s rule

L In(1 — oTw)

A = lim & (27)
(1— C?QTx)_l( o?T)
 (1=0T-0)"Y(=0?T)
B 2
B —o?T
= —

For B we leave the logarithms as they are, but we set = N~/2, which also goes to 0 from the
right, as N — oo.

Note that (At)Y/2 = (T/N)Y/? = T,



So,

1/2
B = Alfim (ln {1 + J(At)1/2} —1In [1 — O(At)l/2]>
1

= lim — (ln [1 —|—UT1/2£C} —In [1 — JT1/2xD

r—0+t 21

~In [1 - JTl/Qx} —In [1 — aTl/Qa:]

= lim )

z—07t 2x

Now, again, both the numerator and denominator vanish if we plug-in x = 0.

So we are justified in using L.’Hospital’s rule:

% In [1+ aTl/zx] — % In[1— O'TI/QQC]

B = lim y
r—0% %(237)
. (14 oT22) Y oT"?) — (1 — oTY22) " (—oT"?)
= lim
x—0t 2
A+ oT20) N oTY?) + (1 — oTY2-0) " (0T/?)
B 2
20T"/?
2
= oT"2.

Putting these together, we get that

2
T
LN—>—O-T—|—O'T1/QZ,

“in distribution”, as N — oo.

So that means that

gN _, ¢ (1/2)0*T+oVTZ Sy .

“in distribution”, where Sy is the spot price for the stock at time 0.



Hence,

Cn — max(0, e (1P THoVTZ g K),

“in distribution”, where K = Ke™"7 is discounted strike price.
Therefore, under the assumption that convergence “in distribution” implies convergence of the
expectation, we deduce that

lim CéN)(O) — lim E[Cy] = E maX(O,e*(l/z)"zT“ﬁz So — [N()] ,

N—oo N—oo

where, as before, Z is a standard, normal random variable.

Actually, convergence in distribution is not strong enough to imply convergence of the expectation
for unbounded functions such as this.

But that is really a mathematical technicality.

After all, we did not really prove the de Moivre, Laplace limit theorem (although you will prove
it in your homework).

It is true that for this problem we do have convergence of the expectation.

So let us simply take that for granted as the alternative version of the de Moivre, Laplace limit
theorem.

(In fact, there is a mathematical trick in asymptotic analysis know as Laplace’s method, and that
does allow us to determine convergence of the expectations.

In fact, the simplest method of proving the de Moivre, Laplace limit theorem is to combine
Laplace’s method, with the Laplace transform to deduce the convergence in-distribution version
from convergence of the moment generating functions.

It is easy to see why this is called the de Moivre, Laplace limit theorem, even though de Moivre
had discovered a special case (with a small input from Stirling) long before Laplace entered the
picture.

It is because of the fundamental contributions Laplace made to simplifying and generalizing the

theorem.)



