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Chapter 6: Martingales

The lattice model (Binomial tree model) as a martingale (continued)

We want to begin by considering the binomial tree model when r > 0.

Consider an N-step binomial tree model.

Snai(—N)



Now assume
S an(m+1) = €8, (m) and S ja(m—1) = 'S, (m)

fort, =nAtandn=0,1,.... N —landm=n,n—2,...,—n.

There is an assumption we have to make which is that b < r < a.

We do not want the the stock to do better than the bond, even when it goes down. Nor do we
want the bond to outperform the stock, even when the stock goes up. Or else there would be an
arbitrage portfolio.

Because of our assumptions on S;, i ai(m + 1) and S;, ya;(m — 1), we have
Stn (m) _ eakAt+b(n—k)At S()(O) ’

where k — (n — k) = m, because after stepping up by +1 a total of k times, and stepping down by

—1 a total of n — k times, you have to be at m.

n+m

So2k—n=mor k= 5

Then n — k = *5™=.
Our ultimate goal will be to refer to a Binomial random variable, and then use the de Moivre,

Laplace limit theorem.

We consider a call option on this stock, with a given strike price K, and we suppose that the
expiration date is T = NAt.
At the very outset we are going to define X = e TK.

Q: What does K represent?



A: Tt is the present value of the strike price, after discounting.

Let S;,(m) = e~""S, (m).

Then
Sprar(m+1) = eG4 n(m+1)
_ e—r(thrAt) eaAt Stn (m)
_ e—rAt eaAt gtn (m)
_ e(a—r)At Svtn(m) .
and

Sp ar(m —1) = e "MeA S, (m) = e YRS, (m)
Note that we also have, in analogy with a previous formula,

gt (m) _ e(a—r)kAt—l—(b—r)(n—k;)At §0(0> _ e(a—r)kAt—l—(b—r)(n—k‘)At S()(O)
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where k = andn—k =

Note that we used the fact that Sy(0) = e~"0S5(0) = Sp(0).

We define Cyas(m) via the usual payoff function:
Cnat(m) = max(0, Syar(m) — K) ,

form=N,N—-2,...,—N.
But now we also define Cy, (m) = e~ "C,, (m) for all t, and m.

3



So,

Cnar(m) = e ™2 max(0, Sya(m) — K)

_ maX(e—rNAt . 07 e—rNAtSNAt(m) . e—rNAtK)

= max(0, Syar(m) — K) .
Also, for all n =0,1,..., N — 1, we inductively solve for C; (m) backwards, using the formula

Ctn(m) = eirAt [P+ . Ctn—f—At(m + 1) + P_ . Ctn+m(m — ].)] s

where
p erAt - 6bAt
b= AT it
and
p eaAt . erAt
- et _ gbAL °

But now we have

Ci, (m) = g Ttne AL []5+ : C’tn+At(m +1)+ P_. C’thrAt(m —1)]

= P+ . CthrAt(m + 1) + P_- Ctn+At(m - 1) .
Ultimately, we obtain Cy(0), this way.

But CN'O(O) =V Co(0) = Cp(0), which is our real goal.

We define the random stock prices, (SO, SaAt, .- S NAt); and the random call option prices,

(CO, Caty .-, CNAt); as before.



We set

P{Sy=5(0)} =1,

and

P({St,+at = St,vae(m + 1)} [{Sy, = St,(m)}) = 15+
and

P({Si,+ar = St,eae(m — 1)} {S, = S, (m)}) = P_,
forn=N-1,N—-2,...,.0and m=n,n—2,...,—n.
We also set

Ct = Ct (m) ~ Stn = Stn(m)

n n

But now we also define Sy = e "t Sy, and G, = e "t Cy,.

We first want to check that these are martingales.

E[S, ac|{St, = S, (m)}]
= E[gtn+At | {S¢, = S, (m)}]

= [Sipat(m+1) - Py + Sy yar(m —1) - P
rAt _ _bAt alAt _ _rAt

_ (a—n)Atg S N (AT e -
=€ S, (m) caAt _ obAt te St,(m) caAt _ obAt

e(a—r)AterAt _ e(a—r)AtebAt N e(bfr)AteaAt _ e(bfr)AterAt N ( )
— i (m
et _ pbAt At _ pbAL

= Stn (m) .

It is important to note that this calculation looks like the one from last time.

But the one last time only worked because r was set to be 0.



When r # 0, it is not the stock price itself, but the discounted stock price (go, . ,g ~ar) that
forms a martingale.

Making the usual replacement and doing the usual thing for the conditional expectation, we have

EfS, a0 |5,] = 5

_—

Actually, it is equally acceptable to have simply said that

E[S, .| 5] = S

n °

But in any case, we have checked that (SO, Sat, ... ,gNAt) is a martingale.

Next we calculate

E(C 1| {St, = Si.(m)}]
= Crynt(m+1) - P({Sy +a0 = Sppar(m + 1)} {Sy, = Si,(m)})
+ Cpen(m — 1) - P({Sy, 1ar = Sioeae(m — 1)} {St, = S, (m)})

— éthrAt(m + 1) . er + éthrAt(m - 1) - P
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and this equals Cy, (m).

So we do have

E[C,+at|{Si, = Si,(m)}] = Cy,(m) .

Saying that S, =S, (m) means that C,, = C;, (m), hence that C,, = C;, (m).

Therefore, replacing C,, (m) by C,, , we have

E[Ctn+At |Se,] = Ce

n °



So (Cy, ..., Cyy) is a martingale (with respect to the filtration generated by (Sy, ..., Sya)).



