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THE WITT VECTOR AFFINE RING SCHEME

PAUL PEARSON

AsstrAcT. We describe the ring of Witt vectors as affige ring scheme, and
then describe the objects that corepresent tffisearing scheme together the
structure homomorphisms that make it corepresent a ring-valued functor. We
call the corepresenting object the co-Witt ring. Further, we describe how to make
calculations in the ring of Witt vectors and give some sample calculations.
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1. WATT POLYNOMIALS AND THE DWORK LEMMA

Fix a primep, and letZ, denote thep-adic integers. Lexo, X1, ... be a sequence
of indeterminates and I&t,[ xo, X1, . . .] be the free graded commutatiZg-algebra
on the indeterminates. Let

n n—1
Wn(XO,Xl,---,Xn)=Xop+px1p +...+pnxn

be thenth Witt polynomial. We will sometimes abbreviate polynomials such as
these byw, or wy(X), wherex stands for Xo, X, . . ., Xn) OF (X0, X1, . . .) @S appropri-
ate.

An algebraA over Z, together with an algebra endomorphidm A — A so
that f(x) = xP mod p is said to have a lifff of the Frobeniusc — xP. ForA =
Zp[Xo, X1, . ..], we define the “simple” lift of the Frobeniusg : Zp[Xo, X1,...] —
Zp[X0, X1, ...] by ¢(xn) = x,P for all n > 0, and we usep to denote this lift
from now on. Later, we will define the “complicated” lift of the Frobenips
Zp[X0, X1, ...] = Zp[Xo, X1, ...], and usep to denote it. An unspecified lift of the
Frobenius will be denotefl : A — Athroughout the paper.

We now introduce the Dwork lemma, which is our primary tool for constructing
morphisms ofZ,-algebras and also Hopf algebras. In particular, we use the Dwork
lemma to construct the addition, subtraction, and multiplication in the ring of Witt
vectors (or, equivalently, the coaddition, cosubtraction, and comultiplication struc-
ture homomorphisms of the co-Witt ring).

1. Lemma (Dwork). Let A be a commutative torsion-frég-algebra. Suppose A
has a ring endomorphism f A — A so that {x) = x* mod p. Then, given a
sequence of elements g A, n> 0, so that

gn = f(gh.1) modp",
there are unique elementg g A, n> 0, so that

Wn(d) = Wn(do, J1. - - - »0n) = On.

Proof. Make the crucial observation that for ary
Wi (X0s X1, - - - » Xn) = Wn_1(XoP, X1P, ..., Xn-1P) + p"Xn.
Thengq, is determined by
Pt = gn — Wn-1(do®, 1P, . . ., Gn-1P)

whenever the right hand side of this equation is divisiblepBy But, sincef is a
ring homomorphism

Wn—l(qu, lea e Qn—lp) f(Wn(qO’ qla ey Qn—l)) mOd pn
f(gn-1)

gn mod p".



Using the Dwork lemma, we define a uniqdg-algebra homomorphism :
Zp[Xo, X1,...] = ADby x — o = q(x) fori > 0. Another equivalent way of
specifying this homomorphism via Witt polynomialsws(x) — wi(q) = g; for
i >0.

For example, suppos& = Zp[Xo, X1,...] has a lift of the Frobenius and we
have a sequence of elememggssatisfying the hypotheses of the Dwork lemma.

Then we may use the Dwork lemma to define a unigig@lgebra homomorphism
q: Zp[Xo, X1,...] = Zp[Xo, X1, ...] by settingq(x;) = q; for alli > 0.

2. THE WITT VECTORS

We describe the Witt vectors as a covariant fundifr) from the category of
commutativeZp-algebras to the category of commutative rings with unit. This
functor is corepresentable, and we describe its corepresenting objects and structure
morphisms in the next section.

We construct a covariant ring-valued functor
W : (commZp—-algebras)- (commrings)
R W(R) = Horan—alg(Zp[XO, X1, X2, .. ']7 R)

by giving the setV(R) an addition and multiplication that make it into a ring. This
ring W(R) is the ring of Witt vectors oveR.

LetRbe aZp-algebra. The zero elementWi(R) is the algebra homomorphism
€ : Zp[Xo, X1,...] = Rgiven byey(x,) = 0 for alln > 0. The unit element in
W(R) is the algebra homomorphisei : Zp[Xo, X1,...] — R given byei(xg) =
1 andei(xy) = 0 forn > 1. We will identify an algebra homomorphisin :
Zp[X0, X1, ...] = Rin W(R) with the sequencef(xo), f(x),...) := (fo, f1,...) €
[1Rit determines. The zero elementVAR) determines the sequence @0, .. .)
and the unit element determines 10,0, .. .).

We use the Dwork lemma to construct unique polynomiglshat define both
the addition in the ringV(R) and the coaddition in the the co-Witt ring.

2. Corollary. There exist unique polynomials

an = an(Xy) = an(Xo, ..., Xn, Y0, - - . ¥n) € Zp[X0, X1, ..., Y0, Y1, - - ]
such that
Wn(ao, @1, . . ., @n) = Wn(Xo, - - ., Xn) + Wn(Yo, - - - » ¥n)-

Proof. TakeA = Zp[Xo, X1, ...,Y0,Y1,-- ., T = ¢, 00 = Wa(Xo, . .., Xn)+Wn(Yo, - - -, Yn),
andg, = an in the Dwork lemma. O

3. Definition. The sum of two elementsgfe W(R) is given by
(fo, f1,...) (90, 91, - )

(a0, a1, ...)

(Q'O(f’ g)’ a’l(f’ g)’ . )
(ao(fo, o), @1(fo, f1, 90, G1), )



4. Example.The polynomialsrg anda; are easily calculated by hand. For the case
n=0,

Wo(@o) = Wo(Xo) + Wo(Yo)
ap = Xo+Yo.
Forn=1,
wi(@o, 1) = Wi(Xo, X1) + Wa(Yo, Y1)

ao’ + par = XoP + pxu +YoP + pyr
(X0 +Yo)P + pa1 = XoP+ px +YoP + py1
and thus solving fotr; we have

1t o
a1 = a1(X,y) = @1(Xo, X1, Yo, Y1) = X1 + Y1 — o Z (?) %P Yo'
i=1
The value of {o, f1,...) \Tv(go, O1,...) = (ao(fo,90), @1(fo, f1,090,01),...) is then

found by substituting the valudsandg; for x; andy;, respectively, into the, for
alli,n> 0.

— (xy)P-xP

5. Remark.The polynomiall P (D) %P lyo . - is a homogeneous

polynomial of degree.

We use the Dwork lemma again to construct unique polynonyialsat define
both the subtraction in the ringy(R) and the cosubtraction in the the co-Witt ring.

6. Corollary. There exist unique polynomials
n = LI"I(Xay) = Ln(XO,- R} Xn’yO’ cee ,Yn) € Zp[X09 X19- . -7y0ayl7- . ]
such that
Wn(LO, L1,..., LI’]) = Wn(XO, ceey Xn) - Wn(YO, “ee aYn)-

Proof. TakeA = Zp[Xo, X1, ..., Y0, Y1, - -], T = ¢, 0n = Wn(Xo, . .., Xn)=Wn(Yo, - . ., ¥n),
andqn, = ¢, in the Dwork lemma. O

7. Definition. The dfference of two elementsd € W(R) is given by

(fo, fl,...)v—v(go,gl,...) = (c05t1,---)

(LO(f> g)’ Ll(f9 g)’ X )
(to(fo, 9o), ta(fo, 1,90, 91),-..)

8. Example.The polynomialsg and¢; are easily calculated by hand. For the case
n=0,

Wo(to) = Wo(Xo) — Wo(Yo)
to = Xo—Yo.
Forn=1,
Wi(to,t1) = Wi(Xo, X1) — Wa(Yo, Y1)

wP+pu = xP+px-yP-pyn
(X0 = Yo)P + pua XoP + pxt — YoP — py1



and thus solving for; we have
1 -1 (p S
1 =u(xy) = ulo, X, Yo ¥1) = X1 - y1 - PG (i ) xoPYo'.
i=1

We use the Dwork lemma once more to construct unique polynomjatisat
define both the multiplication ikV(R) and the comultiplication in the the co-Witt
ring.

9. Corollary. There exist unique polynomials
,Un = /«ln(X,Y) = /ln(XO’ ey XnayO, L ,yn) € Zp[XO, Xl! LR ’yanl, .. ]

such that
Wn(uo, U1, - - - » dn) = Wn(Xo, . . ., Xn) Wn(Yo, - - - » Yn)-

Proof. TakeA = Zp[Xo, X1, ..., Y0, Y1, - -], T = ¢, 0n = Wa(Xo, . .., Xn) Wn(Yo, - - ., ¥n),
andqgp = un, in the Dwork lemma. O

10. Definition. The product of two elementsge W(R) is given by

(o, f1....) X(Q0. 9. - ) (o, 11, - - )

(#0(1:’ g)’/ll(f’ g)’ .. )
(uo(fo, 9o), ma(fo, f1, 90, 91), .. .)

11. Example.The polynomialsug andu; are easily calculated by hand. For the
casen =0,

Wo(uo) Wo(Xo) Wo(Yo)
Ho = XoYo.
Forn=1,

Wi(uo, 1) = wi(Xo, X1) Wi (Yo, Y1)
P +pur = (%P + pxa)(YoP + py1)
XoPyoP + prr = XoPYoP + PXoPy1 + pXxaYoP + PPxay

and thus solving for; we have

w1 = pa(%Y) = ua(Xo, X1, Yo, Y1) = XoPy1 + xayoP + pxaya.

3. THE co-WITT RING

The co-Witt ring is the pair af.p-algebrasZ, andZp[xo, X4, . . .] that corepresent
the covariant ring-valued functdv(-) on the category df.p-algebras. This means
that the set Hom)-aig(Zp, R) = R represents the objects of a ring, and the set
Homz, _aig(Zp[*0, X1, - -], R) = [lizo R represents the morphisms of a ring. Put
another way/Zp[Xo, X1,...] is @ coring object in the category @f,-algebras. In
the language of algebraic geometry, the co-Witt ring corepresentfiiar &ng
scheme. We now describe the structure homomorphisms in the co-Witt ring.



(1) Thecoaugmentatiom the co-Witt ring is theZ,-algebra homomorphism

77 . Zp — Zp[Xo, Xl,...]

given by the canonical inclusion.
(2) Thecozeroin the co-Witt ring is theZ,-algebra homomorphism

€0 - Zp[Xo, X1,...] = Zp

given byep(xn) = 0 for alln > 0.
(3) Thecounitin the co-Witt ring is theZ,-algebra homomorphism

€1: Zp[Xo, X1,...] = Zp

given byei(Xo) = 1, ande,(x,) = O foralln > 1.
(4) Thecoadditionin the co-Witt ring is theZp-algebra homomorphism

Ay : Zp[Xo, X1, ...] = Zp[Xo, X1, .. .] % Zp[X0, X1, .. ]
p

given by

Ao (Xn) an(Xx® 1,11 X)

an(X®L,....,%®1L1®X,...,1Q Xn).

(5) Thecosubtractiorin the co-Witt ring is theZ,-algebra homomorphism
A, Zp[Xo, X1, . ..] = Zp[Xo, X1, .. ] % Zp[X0, X1, .. ]
P

given by

AL(Xn) = Ln(x® 1, 1® X)
mx®1,...,%®1,18Xg,...,1® X).

(6) The coaddition inversean the co-Witt ring is theZp-algebra homomor-
phism

X : ZP[XO’ X1, .- ] - Zp[XO, X1, - - ]

given byx(Xn) = tn(0, X) = tn(0,...,0, Xg, X1, ..., Xn)-
(7) Thecomultiplicationin the co-Witt ring is theZ,-algebra homomorphism

Ay i Zp[Xo, X1, ... ] = Zp[Xo, X1, .. ] % Zp[X0, X1, .. ]
p

given by

Au(%n) un(X® 1,10 X)

un(x0®1,...,%®L1®X,...,1® X).



4. Tue WITT VECTORS AS A COREPRESENTABLE FUNCTOR

As already mentioned, the Witt vectors are a corepresentable, ring-valued func-
tor on the category of.p,-algebras. The purpose of this section is to explicitly
describe how the coaddition, cosubtraction, and comultiplication in the co-Witt
ring determine the addition, subtraction, and multiplication in the ring of Witt vec-
torsW(R) for anyZp-algebraR.

Let R be aZp-algebra, and lef,g : Zp[xo, X1,...] — Rbe any elements of
W(R) = Horan—alg(Zp[XOa le . ']a R)

12. Definition. The sum of f and g in {R) is given by the composite
Ay feg
Zplxo, %, - 13 ZplXo X1, -] @ Zp[Xo, x1,..] S RER—-R
p p

where the last map is given by — ab on tensor monomials. This sum of f and
g defined by the composite is equal t\%g defined earlier. Similarly, if we replace

A, in the composite above ky, or A,, we obtain the gference or product of f
and g, and they agree witth‘vg or f\>/<vg, respectively.

13. Example.Suppos®is aZp-algebra, and, g : Zp[xo, X1, ...] — Rare elements
of W(R) that determine sequencefg,(f1,...) and @o, gds1,...) in [] R, respectively.
Then the sum of andg under the composite

Aq feg
Zp[XO’ X1, .. ] HZD[XOa X1, .. ] % ZD[XOa X1, .. ] e R% R - Ra
p p

is given by
Xo = X®1+1®X
P fo®l+1®Qgg
= fo+do
and

1 Pt . .
X1 x1®1+1®x1——Z(P)xop"®xo'
P\

155 (p : :
- f1®1+1®gl—F—);(i)fop_'®go'

1 p-1 p L
- f1+91—52(i)fop_'90'
i1

which is f\fvg. The diference and product of andg are easily found mutatis
mutandis.



5. ADDITIONAL STRUCTURE IN THE cO-WITT RING
6. THE “CcOMPLICATED” LIFT OF THE FROBENIUS ON THE cO-WITT RING

Recall that the “simple” lifip : Zp[Xo, X1, ...] = Zp[Xo, X1, . . .] of the Frobenius
is given by¢(x) = xP for alli > 0. We use the Dwork lemma to construct the
complicated lift of the Frobenius.

14. Corollary. The complicated lift

Y Zp[XO, X1, .- ] - ZD[XO’ X1, .- ]

of the Frobenius is the uniqug,-algebra homomorphism such thafws (X)) =
Wn.1(X) for alln > 0.

Proof. TakeA = Zp[Xo, X1,...], f = ¢, O = Wni1(Xo, . .., Xn), @andqy = ¢n in the
Dwork lemma. Notice thatl, = Wp.1. O

Straightforward computation shows that the valyés,) = g, = ¢, are deter-

mined bywn(do, . . ., On) = Wn+1(Xo, - - - » Xn+1)- By using the equatiow,(qp, ..., 0n) =
Wn-1(QoP, . .., 0n-1P) + p"gn we may solve fog, = ¢(x,) recursively.

To show that the complicated lift of the Frobenius is actually a lift of the
Frobenius, we need an analogue of the Dwork lemma with a weaker notion of
uniqueness. In particular, we are interested in knowing when two algebra maps are
equal when reduced mqa

15. Lemma. Suppose A is a torsion fre&,-algebra that has a map fA — A so

that f(x) = xP mod p. Suppose that there are two sequences of elements in A, g
and h, such that {gn-1) = 9o mod p" and f(h,-1) = h, mod p". Then by the
Dwork lemma there exist unique sequences of elemgtsdyr, in A such that

Wn(q09 sy Qn) = gn, and V\h(rOa ey rn) = hn-
If gn = hy, mod p™?!foralln>0,theng=r, modp.

In other words, this lemma says thagif = h, mod p™* for all n > 0, then the
two induced maps of algebras Zp[xo, x1,...] — Adefined byg(x,) = q, for all
n> 0, andr : Zp[xo, X1,...] = Adefined byr(x,) = r, for all n > 0 are equivalent
modulop.

Proof. Note that ifx = y mod p", then xP = y|°k mod p™. Then from the
formula

P"Gn = Gn = Wn-1(qo"; ..., On-1")
we havep'g, = p'r, mod p™! and the result follows. mi

To see that the complicated liftof the Frobenius actually is a lift of the Frobe-
nius, note thab(x,) = g, where

Wn(Qo, - - - > 0n) Wn+1(X0, - - - » Xn+1)

Wn(XoP, ..., %P) mod p™i.



So, by Lemma 15 (using the simple lift of the Frobenius) we have, = x,°
mod p andg(x) = xP mod p.

7. THE co-WITT RING IS A COALGEBRA OVER Zp

We show that the co-Witt ring has at least twéfelient coalgebra structures, one
coming fromA,, and the other from,,.

16. Definition. A coalgebra over k is a tripléC, A, €) consisting of an k-module C,
a coproductA : C — C®xC and a counik : C — k that satisfies the coassocia-
tivity property(A® 1)o A = (1® A) o A and the counitary propertig® 1)o A = R
and(1®e€)o A = L. Here L and R are the canonical isomorphisms@ — C®yk
and R: C — k®C.

17. Example.On the co-Witt ring, the additive coalgebra ovgy is the triple
(ZD[XO’ Xl’ . -]’ Aa, EO)

18. Example.On the co-Witt ring, the multiplicative coalgebra oy is the triple
(ZD[XO, Xl’ .. ']a A/la El)-

The coproduct in a coalgebra corepresents a product in a monoid-valued func-
tor. For a coalgebra to induce a group-valued functor requires the existence of a
coproduct inverse or conjugatign: C — C. In the examples above, the addi-
tive coalgebra has a coproduct invegseZp[Xo, X1, . ..] = Zp[Xo, X1, ...] that we
called the coaddition inverse. The multiplicative coalgebra, however, does not have
a coproduct inverse.

8. IMPORTANT FORMAL PROPERTIES OF THE WITT VECTORS

In lieu of writing this section, | list some helpful references [Rav04, A 2.2.15],
[Rav92, p.39-41].



9. CALCULATIONS IN THE RING OF WITT VECTORS AND THE CO-WITT RING

9.1. Addition and coaddition at the prime 2. The polynomialsy, that define the
addition in the ring of Witt vectors are:

ao(X, Y)
a1(X,y)

az2(X,Y)

Xo + Yo
Xo+ Yo mod 2
X1 +Y1— XoYo

X1+Y1+ X Yo mod 2
Xo+Y2—X1 Y1+ X1 X0 Yo+Y1 X0 Yo—2 X2 Yo? — Xo° Yo— Xo Yo©
Xo+Y2+ X1 Y1+ X1 X0 Yo+ Y1 Xo Yo+ X2 Yo+ Xo Yoo mod 2

The values of the coadditiof, on the generators, are:

Aa(X0)
Aa(xl)

Aa(XZ)

X®1+1®X

Xo®1+1®X mod 2

X1®1+1®X — Xg® Xo

X1®1+1®X1+ X® X mod 2
Xo®@1+1®Xo— X1 ® X1 + X1 X0 ® X0 + X0 ® X1 Xg — 2 %02 ®
X0? — X0® ® Xg — Xo ® Xo°

Xo®1+1®Xo+X1®@X1+X1 Xg®Xo+Xo®X1 Xo+ X0 ®@Xo+Xo®X0°
mod 2

9.2. Addition and coaddition at the prime 3. The polynomialsy, that define the
addition in the ring of Witt vectors are:

a’O(X’ y)
CL’]_(X, y)

a2(X,Y)

Xo + Yo

Xo+Yo mod 3

X1 + Y1 — Xo% Yo — Xo Yo?

X1+ Y1+ 2%0° Yo + 2% Yo> mod 3

2X1y1%°%Yo + 2X1Y1XoYo? + X2 + Y2 + X2 X% Yo +
x1% X0 Yo?+Y1% X0? Yo+Y1% X0 Yo? — X1 Xo* Yo?—2 X1 Xo® Yo -
X1 X2 Yo — Y1 Xo* Yo? — 21 X0 Yo© — Y1 X0? Yo — X2 y1 —
x1y1% — 9%°yo® — 13x0°yo* — 13%%yo® — 9xo3yo® -
X0® Yo — 4%0" Yo? — 4%0% Yo' — Xo Yo?

2X1Y1%X0%Yo + 2X1Y1X0Y0? + X2 + Y2 + X% X% Yo +
X12 X0 Yo2+Y12 X% Yo+Y12 Xo Yo? +2 X1 Xo* Yo+ X1 X3 yo3 +
2x1 X% Yot + 2y1 %ot yo? + yixo®yod + 2y1 xo?yot +
232 y142 X1 Y12+2 %0° Yo +2 Xo* Yoo +2 Xo® Yo+2 X0 Yoo+
2%0%Yo' +2%Yo? mod 3

The values of the coadditiof, on the generators, are:

10



Ao(X0)

Aa(Xl)

AQ(XZ)

X®1+1®X

Xo®1l+1®X%X mod 3

X1 ®1+1® X1 — Xo2 ® Xg — Xo ® X2
X1®1+1®X1+2%°2® Xg+ 2% ® X2 mod 3
Xo®1+1® X — X12® X1 + X12 X02 ® Xo + X12 Xo ® Xo2 —
X1® X712 + 2 X1 X2 ® X1 X0 + 2 X1 Xo ® X1 X0 — X1 Xo* ® Xo2 —
2X1 X0 ® X% — X1 X0 ® Xo + X0 ® X1% X0 + X0 ® X1 Xo? —
Xo* ® X1 X0? — 2 X% ® X1 Xo° — X2 ® X1 Xo* — 9%0® ® Xo° -
13x°®@ X0 - 13X0* @ %0° — 9X0P @ Xo® — X8 @ Xg —4 %o’ ®
X0? — 4%0? ® X' — X0 ® Xo°

Xo® 1+ 1® X2 +2 X12® X1 + X12 X02 @ X0+ X12 Xo®@ X2 +2 X1 ®
X12 + 2 X1 X2 ® X1 Xo + 2 X1 X0 ® X1 Xo2 + 2 X1 Xo* ® X2 +
X1 X0° ® X2 + 2 X1 X02 ® Xo* + X2 ® X12 X0 + X0 ® X12 X0 +
2X0% ® X1 X02 + X03 ® X1 X0° + 2 %02 ® X1 Xo* + 2 X0° ® X0 +
2%X0%®X%0° + 2 X® @ X0+ 2 Xo' ®X02 +2 X02® X0 +2 Xo® Xo®
mod 3

9.3. Addition and coaddition at the prime 5. The polynomialsy, that define the
addition in the ring of Witt vectors are:

ao(X,Y)

a1(X,y)

Xo + Yo

Xo+Yo mod5

X1 + Y1 — Xo* Yo — 2X%0% Yo? — 2%0? Yo — Xo Yo©

X1 + Y1+ 4% Yo + 3%0°yo? + 3%02 Yo + 4% Yo? mod 5

The values of the coadditiof, on the generators, are:

Ao (X0)

Aoz(xl)

X®1+1®X

Xo®1l+1®Xx mod 5

X1®1+1® X1 — X ®Xg— 2 X02 ® X2 — 2 X0 ® Xo° — Xo ® Xo*
X1®1+1®X1+4 Xg*®X0+3 X0° ® Xo?+3 X02@X0°+4 Xo®Xo*
mod 5

9.4. The multiplication and comultiplication at the prime 2. The polynomials
un that define the multiplication in the ring of Witt vectors are:

,Llo(X, y)

u1(X,y)

,llz(X, y)

XoYo
XoYo mod 2
2 2
X0~ Y1+ X1Yo~ + 2X1Y1
X02 Y1 + X1Yo? mod 2
XYz — x12y12 + 2x2y2 + Xo Yot + 2% 12 + 4Xo Y2 —
X02 Y1 X1 Y02 — 2X0? Y12 X1 — 2X12Yo? V1
Xt Y2 + x12y12 + X2 Yo + X% Y1 X1 Yo? mod 2

The values of the comultiplicatiofy, on the generators, are:
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Ay(Xo)
A/J (Xl)

A/J (XZ)

Xo ® Xo

Xg ® Xg mod 2

X1 ® X02 + X02 @ X1 + 2 X1 ® X1

X1 ® X0 + X2 ® X, mod 2

Xo ® Xo* — X12 @ X12 + 2% ® X12 + Xo* ® X2 + 2X12 ® Xo +
Ay ® Xo — X1X02 ® X1%02 — 2X12 ® X1 X02 — 2X1 %02 ® X12
Xo ® X0 + X12 @ X12 + X0* ® Xo + X1 X0 ® X1 Xo2 mod 2

9.5. The multiplication and comultiplication at the prime 3. The polynomials
un that define the multiplication in the ring of Witt vectors are:

/JO(X’ y)
:ul(x’ y)

IUZ(X’ y)

XoYo
XoYo mod 3
X2 Y1 + X1 Yo + 3X1 Y1
Xo3y1 + X1 Yo° mod 3

9, — 8x:3Vie + 3x3Vo 4+ XoVod + 3xyid +
X0~ Y2 1" Y1 17 Y2 2 Yo 2Y1
9 yo — X®y1?x1Yo® — 3%Py3x1 — xoPy1x®yo® -
6X0° Y12 X1 Vo2 — 9%03 Y13 X% — 3 %13 Y0P y1 — 9 X3 yo? y1 2
%02 Y2 + X123 Y12 + X2 Yo© + 2 %08 12 X1 Y03 + 2 X0 Y1 %12 Yo®
mod 3

The values of the comultiplicatiofy, on the generators, are:

Au(Xo)
A/z (Xl)

A/J (XZ)

Xo ® Xo

Xo® Xg mod 3

X1 ® X023 + X2 ® X1 + 3X1 ® X1

X1® Xo2 + X0° ® X1 mod 3

X2 ® %2 = 8x3 @ X3 + 3% ® x13 + %2 ® % + 3x°®
X2 + 9 X ® Xo — X12 X0° ® X1 %08 — 3 %13 ® X1 X8 — X1 X ®
X12 X023 — 6 %12 X092 ® X12 X0° — 9%13 ® X312 X0 — 3 X1 Xo® ®
X;|_3—9X;|_2 X03®X]_3

Xo®@X02+ X13@X13+ X2 @ X2 + 2 X12 X3 @ %0® X1 +2 X0 X1 ®
x12 X2 mod 3

9.6. The multiplication and comultiplication at the prime 5. The polynomials
un that define the multiplication in the ring of Witt vectors are:
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XoYo

XoYo mod 5

p(Xy) = X°Y1+X1Yo® +5X1y1
X0° Y1 + X1Yo®> mod 5

,Llo(X, y)

pa(Xy) = —-624x°y1° - %P0yi*xye® - 2%Py13x?yet? -
20%0°y1% x1% yo° - 2%010y12 X3 yo?® -
30%10Y12 X2 Y0 3 150%010y14 X2 yo° B
20%0° Y12 x14 yo!® - 150%0° y12 X1 % yo'° -

500%0°y1* x1*yo® — X° Y1 x1*¥o?® - 5x0PyiSxi -
50%™°y1° x1? — 250%0'0y1° xi® - 625%0°y1° x1* -
5x°y0?%y1 - 50x°yo™®yi? - 250x°yol%y:® -
625%1°Yo? y1* + %0%2yo + 5X1° Yo + %o ¥0%° + 5x0y1° +
25 X2 Y2

x°y1° + 4xPvitxaye® + 3xPyidx?yel® +
3%01%y12 X3 yol® + 4x0° Y1 X1 Yo?0 + X02Py2 + X2 Y02
mod 5

The values of the comultiplicatiofy, on the generators, are:

Au(X0) = Xo®Xo
= Xp®X9 mod 5
Au(X)) = X1 ®X° +X0° ® X1 +5% ® X
= X ®X°+X°®X mod5
Au(X2) = 25% ® Xp — 624%1° ® X1° + 5X° ® X2 + X2 ® X0%° +

X022 ® X2 + 5% ® X1° — %020 %1 ® x1% X0® — 20%° 12 ®
X1% X0° — 500%1% X0® ® X1% X0° — X1* X0 ® %02° X1 — 5 X1° ®
%020 X1 50 X 50 X0 1% X122 X010 X1 30015 X1 2—2 X015 X128
x010x12 — 2014 %0® ® X0 x12 — 625x1% Xx° ® X1° —
50%01° x12 ® X1° — 5%2%x1 ® X1° — 250%01% %2 ® x1° —
250x1° ® %010 %13 — 30%010 X2 ® X010 %13 — 150%% X0° ®
X010 X123 — 625%1° @ X174 Xg° — 150%01% X123 @ x1* Xg°
4% @ X1 %0® + 4x1% %0° ® %Px1 + 3%9%% ®
X12 X01%+3 X12 XoL5®@X%010 X1 3+ X0 2P@ X0+ X1 P@X1 >+ Xo®X0 2>
mod 5

9.7. The “complicated” lift of the Frobenius at the prime 2. Some values of
the complicated lift of the Frobenius at the prime 2 are:

o(x) = X +2x
= X2 mod 2
o(x1) = X1+ 2% — 2X1 X
= x;2 mod 2
O(X2) = —4%* — %% + 2x3 — 2% X1 — 8Xp* X212 — 10%0® X2 +

2X12 X2 + 4 X Xq Xo2
X2 mod 2
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9.8. The “complicated” lift of the Frobenius at the prime 3. Some values of
the complicated lift of the Frobenius at the prime 3 are:

¢(Xo)

¥

¥

(X1)
(X2)

X02 + 3x1

X2 mod 3

—8%1% + 3% — 3%% X1 — 912 %3

x13 mod 3

—2016X7° — 8 %23 + 3 X3 — 387 x1% X2 Xo® — 432x1° X0 X0° +
27%°% %00 X1 + 81x2Xi?x0® — 27X X%x? -

162X %02 X123 — 192x15% + 72x13 %02 — 3x%%4x1 —
36X021 12— 243x018 %13 — 1053x%01° x;4 — 3087x12 x;° —
6129%0% x1% — 7908x0° x17 — 5985x0° x18

x22 mod 3

9.9. The “complicated” lift of the Frobenius at the prime 5. Some values of
the complicated lift of the Frobenius at the prime 5 are:

(X)) =

¥

VVV VYV VVYVVYV

(x1)

Xo? + 5 %1

X° mod 5

—624%71° + 5% — 5x029 X1 — 5032 Xp1® — 250%010 x¢3 —
625%;4 xo°

x1°> mod 5

10. MAPLE SOURCE CODE

# Reference: "Hopf Rings, Dieudonn\’ e Modules, and

# $E_*(\Omega"2 S"3)$" by Paul Goerss (see references)
restart: interface(labelling=false);

# Define the tensor product.

# Remark: to get the "define" command to work

# correctly, you may need to download the

# package for Maple called "Bigebra"

with(Bigebra):

define(‘&o‘,flat,multilinear);

# Define operations for multiplication of tensors
PTM:=proc(R,S)
# "Pure tensor" (tensor monomial) multiplication

# convert R,S to lists of the form [c,[a,b]] that represent
# c*(a \otimes b)

# or more generally [c,[a_l,a_2,...,a_n]]
# represents c*(a_l \otimes ... \otimes a_n)
local A,B:

if type(R, ‘*‘) then

14
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A:=[mul(op(i,R),i=1..nops(R)-1), [op([op(R)][nops(R)]1)]]
else A:=[1,[op(R)]] fi;
if type(S, ‘*‘) then

B:=[mul(op(i,S),i=1..nops(S)-1), [op([op(S)][nops(S)]1)1]]
else B:=[1,[op(S)]] fi;

RETURN(CA[1]*B[1]*‘&0 " (seq(A[2,i]1*B[2,i],i=1..nops(A[2]1))));
end:

‘&*‘:=proc(R,S)
# Multiplies sums of "pure tensors".
local M,r,s;
if type(R, ‘+‘) then r:=nops(R) else r:=1 fi; #print(r);
if type(S, ‘+‘) then s:=nops(S) else s:=1 fi; #print(s);
if (r=1 and s=1) then

RETURN(PTM(R,S));

elif r=1 then
M:=matrix(r,s, (i,j)->PTM(R,op(j,S)));

elif s=1 then
M:=matrix(r,s, (i, j)->PTM(op(i,R),S));

else
M:=matrix(r,s, (i,j)->PTM(op(i,R),0p(j,S)));
fi;
RETURN (add(add(M[i,j],i=1..r),j=1..5))
end:

‘& “:=proc(a,p)

# An exponentiation for sums of "pure tensors".
if type(a,complexcons) then RETURN(a p);

elif p=0 then RETURN(1);

elif p=1 then RETURN(a);

else RETURN(C‘&*‘(a, ‘& ‘(a,p-1))); fi;

end:

# Define w(p,n,x) = w_n(x) at the prime p;
# this is defined on p.5 of Goerss’s paper
w:=(p,n,x)->expand(add(p”i*x[i] " (p " (n-i)),i=0..n));

w(p,0,x);

w(p,1,x);
w(p,2,X);

15
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Define the unique polynomials a(p,n,x,y) = a_n(x,y)

at the prime p that define the addition in the ring

of Witt vectors. The polynomials a_n satisfy
w_n(a_0®,a_1,...,a_n) = wnx0,...,xn) + wn(y_90,...,y_n),
and they induce the comultiplication

\Delta_a : x_n \mapsto a_n(x \otimes 1, 1 \otimes Xx).

This is from Corollary 1.3 in Goerss’s paper
=(p,n,x,y)->simplify(expand((w(p,n,x)+w(p,n,y)

-add(p” (n-i)*a(p,n-i,x,y) "(p"i),i=1..n))/p'n));

O H FH OH H R H R

a(2,0,x,y);
a(2,1,x,y);
a(2,2,x,y);

a(3,0,x,y);
a(3,1,x,y);
a(3,2,x,y);

a(5,0,x,y);
a(5,1,x,y);
a(5,2,x,y):

amodp:=(p,n,x,y)->simplify(expand((w(p,n,x)+w(p,n,y)
-add(p” (n-i)*a(p,n-i,x,y) "(p"i),i=1..n))/p"n)) mod p;

amodp(2,0,x,y);
amodp(2,1,x,y);
amodp(2,2,x,Y);

amodp(3,0,x,y);
amodp(3,1,x,y);
amodp(3,2,x,y);

amodp(5,0,x,y);
amodp(5,1,x,y);
amodp(5,2,x,y):

CPA (CoProduct inducing Addition) define the coproduct
that induces addition in the Witt vectors; this map CPA
is the diagonal map \Delta of equation 1.2 in Goerss’s
paper; this is just the tensor product version of
a_n(x,y) = a(p,n,x,y).

CPA(p,n,x) = \Delta(x_n) = a_n(x \otimes 1, 1 \otimes x)

HoH H H H R
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# where (x \otimes 1) = (x_0 \otimes 1, x_2 \otimes 1, ...)

# Define the Witt polynomial w_left(p,n,x) = w_n(x \otimes 1)
w_left:=(p,n,x)->expand(add(&o(p"i*x[i] " (p " (n-1)),1),i=0..n));
w_left(p,0,x);
w_left(p,1,x);
w_left(p,2,x);

# Define the Witt polynomial w_right(p,n,x) = w_n(l \otimes x)
w_right:=(p,n,x)->expand(add(&o(1l,p i*x[i] " (p " (n-1))),i=0..n));
w_right(p,0,x);
w_right(p,1,x);
w_right(p,2,x);

CPA:=(p,n,x)->

if n=0 then &o(x[0],1)+&0(1,x[0]) elif n > 0 then
expand((w_left(p,n,x)+w_right(p,n,x)

-add(p” (n-i)*CPA(p,n-i,x)& (p~i),i=1..n))/p"n) end if:

CPA(2,0,x);
CPA(2,1,x);
CPA(2,2,x);

CPA(3,0,x);
CPA(3,1,x);
CPA(3,2,x);

CPA(5,0,x);
CPA(5,1,x);
CPA(5,2,x);

# Define a mod p version of the coproduct that induces
# addition. This map defines the Hopf group (algebra)
# H(n) defined just above Lemma 4.1 in Goerss’s paper.
# H(n) is a projective generator in \script{HA}.

# CPAmodp(p,n,x) = \Delta(x_n) mod p

# = a_n(x \otimes 1, 1 \otimes x) mod p
CPAmodp:=(p,n,x)->

if n=0 then &o(x[0],1)+&0(1,x[0]) elif n > 0 then
expand((w_left(p,n,x)+w_right(p,n,x)

-add(p” (n-1i)*CPAmodp (p,n-i,x)& (p"1i),i=1..n))/p "n)
mod p end if:

CPAmodp (2,0,x);
CPAmodp(2,1,x);
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CPAmodp(2,2,x);

CPAmodp(3,0,x);
CPAmodp(3,1,x);
CPAmodp(3,2,x);

CPAmodp (5,0,x);
CPAmodp(5,1,x);
CPAmodp (5,2,x);

Define the unique polynomials m(p,n,x,y) = m_n(x,y)

at the prime p that define multiplication in the ring

of Witt vectors. These polynomials m_n satisfy the
equations

w_n(me®,...,mn) = wn(x0,...,xn)*w_n(y_0,...,y_n).

They are used to define the comultiplication

\Delta_m: x_n \mapsto m_n(x \otimes 1, 1 \otimes Xx)

which induces multiplication in the Witt vector ring scheme.

FH o H OH H H H R

w_list:=(p,n,L)->add(p"i*(L[i+1]) " (p " (n-i)),i=0..n);
# p is the prime, n+l is the number of variables,
# and L is the list of variables

m:=(p,n,x,y)->

if n=0 then RETURN(x[0]*y[0]);

else RETURN( expand(w_list(p,n,[seq(x[i],i=0..n)]1)

*w_list(p,n, [seq(y[i],i=0..n)])

- expand(w_list(p,n-1, [seq((m(p,i,x,y)) "p,i=0..n-1)1)) )/(p'n) );
fi:

m(2,0,x,y);
m(2,1,x,y);
m(2,2,x,y);

m(3,0,x,y);
m(3,1,x,y);
m(3,2,x,y);

m(5,0,x,y);
m(5,1,x,y);
m(5,2,x,y);

MOdp::(p!n!x!y)_>

if n=0 then RETURN(x[0]*y[0]);
else RETURN( (expand(w_list(p,n,[seq(x[i],i=0..n)])
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*w_list(p,n, [seq(y[i],i=0..n)1)

- expand(w_list(p,n-1,[seq((m(p,i,x,y)) p,i=0..n-1)1))
)/(p"n)) mod p );

fi:

mmodp (2,0,x,y);
mmodp(2,1,x,y);
mmodp(2,2,X,y);

mmodp(3,0,x,y);
mmodp(3,1,x,y);
mmodp(3,2,X,y);

mmodp(5,0,x,y);
mmodp(5,1,x,y);
mmodp(5,2,X%,y);

# CPM (CoProduct inducing Multiplication) the coproduct

# map that induces multiplication in the ring of Witt

# vectors; this map is given in Remark 1.5.3 of Goerss’s paper
# CPM(p,n,x) = w_n(x \otimes 1) w_n(l \otimes x)
w_tensor:=(p,n,L)->add(p " i*(L[i+1]D& (p " (n-i)),i=0..n);
CPM:=(p,n,x)->

if n=0 then RETURN(&o(x[0],x[0]));

else RETURN( expand( &*(w_left(p,n,x),w_right(p,n,x))

- expand(w_tensor(p,n-1, [seq((CPM(p,i,x))& p,i=0..n-1)1)))/(p 'n) );

fi:

CPM(2,0,x);
CPM(2,1,x);
CPM(2,2,x);

CPM(3,0,x);
CPM(3,1,x);
CPM(3,2,x);

CPM(5,0,x);
CPM(5,1,x);
CPM(5,2,x);

# Define a mod p version of the coproduct that induces

# multiplication; I'm not sure that this is a structure map for H(n)...

CPMmodp:=(p,n,x)->
if n=0 then RETURN(&o(x[0],x[0]1));
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else RETURN( expand( &*(w_left(p,n,x),w_right(p,n,x))
- expand(w_tensor(p,n-1, [seq((CPM(p,i,x))& p,i=0..n-1)]1)))/(p"n) mod p);
fi:

CPMmodp (2,0,x) ;
CPMmodp(2,1,x);
CPMmodp (2,2,x);

CPMmodp (3,0,x);
CPMmodp(3,1,x);
CPMmodp(3,2,x);

CPMmodp (5,0,x);
CPMmodp (5,1,x);
CPMmodp (5,2,x);

The value of the Frobenius on x_n is q_n. We calculate
the values of the Frobenius \varphi : CW(\infty) \to
CWA\infty) = \Z_p[x_0,x_1,\1dots] on the elements x_n,
as given by \varphi(x_n) = gq_n where the g_i are the
unique polynomials that satisfy w_n(q_0,\ldots,q_n)

= w_{n+1}(x_0,\1ldots,x_{n+1}) by Goerss’s paper p.8

HOH K H KR

w_list(p,1,[seq(x[i],i=0..1)1);
# s0 q_0 = q_0(x[0],x[1]) = x[0]"p + p*x[1] ;
# note that q_0 is a function of two variables!

# \varphi(x_n) = gq_.n = q(p,n) = qn(x_0,x_1,...,x_{n+1}) below
q:=(p,n)->

if n=0 then RETURN(x[O®] p+p*x[1]);

else RETURN( (w_list(p,n+1,[seq(x[i],i=0..n+1)])

- expand(w_list(p,n-1, [seq((q(p,i))"p,i=0..n-1)1)) )/(p'n) );
fi:

q(2,0); gq(2,0) mod 2;

q(2,1); q(2,1) mod 2;

q(2,2); q(2,2) mod 2;

q(3,0); q(3,0) mod 3;

q(3,1); q(3,1) mod 3;

q(3,2); q(3,2) mod 3;

q(5,0); q(5,0) mod 5;

q(5,1); q(5,1) mod 5;

q(5,2); q(5,2) mod 5;
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