CALCULATIONS IN THE STEENROD ALGEBRA

PAUL PEARSON

AsstrAcT. For the mod 2 and mod 3 Steenrod algebras, we calculate the admissible bases,
the Adem relations, the anti-automorphism, and the Milnor Bockstein operations.
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1. INTRODUCTION

The mod 2 Steenrod algebfe = HF;(HF>) is large and has many relations among
its elements. Calculations in the Steenrod algelraone by hand are lengthy and time
consuming, but th6teenrod package for Maple written by Ken Monks can make calcu-
lations easy. Th8teenrod package is available for download at
http://math.scranton.edu/monks/software/Steenrod/steen.html
and the source code used for many of the calculations is in the last section of this paper.

Only the mod 2 Steenrod algebra is supported in Ken Mongks&enrod package
for Maple, so | have written a few unrefined procedures for making some calculations
in HE L (HFp) for p > 2.

Notation: We write Stf for Sd o S¢ = SqSq, Pl for P' o PI = P'PI, and write
elements of the Steenrod algebra in admissible form.
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2. THE MOD 2 STEENROD ALGEBRA A

2.1. The Adem relations in A,. An Adem relation has the form

la/2] b—j-1 b
= +b-
Sfsd JZ(; ( 2 2] )Sq"" Sq
wherea < 2b, |a/2] denotes the greatest integera/2, and the binomial cdBcient is
taken mod 2. We use the convention t@tz O0if x<yorify< 0. The Adem relations
are discussed in detail in chapter 3 of [MT68]. In each degree, we give the admissible

basis for the Steenrod algebra as a vector spacellgyeand common Adem relations
among elements.

j <r (anditis vacuously satisfiediif< 1).
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Degree| Basis elements (in braces) followed by Adem relations

0o |1
1 |{sd}
2 | {sq)
Sq+t =
3 | {sd, sqh)
Sq-? = S¢f
4 | (Sof, sa*t)
Sq-3 =0, S¢¢? = Sg*t
5 {Sep, Soty
Sq+* = S, S = S + S, Sg*? =0
6 (s, sqt, S}

Sqt® = 0, Sg¢* = Scf + SPt, SgP = Sopt

7 |isd, sdt, s¢P?, Sof+*t)

Sg° = sq, S¢° = S¢f*, S = S, Sof® = SP?

8 | {S¢f, Sqt, ScP?, sap?t)

Sq+” =0, S = Sq't, SoP° = S, Soft* = St + S?, Sl =

9 | {sq, S, sq?, Scf3, St}

Sqt® = S, S’ = S + ScPl, SG* = 0, S*° = S + St + Sq?, S =

10 | {Sq S, Sd*?, Sq?, sq*t, S

Sq+° =0, S8 = Sq1°+Sq"1 S’ = SqPt, Sof*® = S0 + Sf?,

SoP® = S, St =

11 Sqll Sq101 SCPZ SCFS SCPZ:L 8731

q110 Sqll SqZQ q101 Sq38 Sqll Sq‘” Sq11+SqQ2

SeP® = Satt + SgP?, S = SP? + Scf3, St =0

12 Sq12 ql:Ll q10,2 Sq9,3 Sq&“ qQ,Z,l Sq&s,l

Sg-t =0, S¢#*° = Sttt s = Sqlll Sqf® = 5% + St + Sq'%?, S’ =0,
S = sqttt + Sqt%? + Sg?3, Sq° = SgP3

13 Sq13 Sq121 Squ,z Sq10,3 Sq9,4 Sq10,2,1 ch),3,l SqB,4,l

Sg+? = 8¢°, St = Sq° + Sq?t, st =0, S¢* = Sq12»1+5q1l2

Sq‘38 Sq13+sq1l2 SqG7 Sq13+Sq121+Sq103 S q1l2 SCFS Sq94
14 Sq’l4 q131 q12,2 qlLS q10,4 Sqll,Z,l Sq10,3,1’ ng,4,1’ Sq8,4,2}

q113 0 SquZ Sq14+sq131 S&ll ql3,1 Cfl,lO_ ql22 Sq‘i,g_ ql3,1
Scf8 = St + St + S, S = SRt + St SPf = St + Sttt SPd =
15 Sq’lS Sq14,1 Sqlaz Sqlzs Sq1L4 Sqlo,s Sqlzz,l SqlLs,l Sq10,4,1 Sq9,4,2 Sq8,4,2,1}
Sql14 SqlS SqZ13 Sq'l.4l Sq312 Sq15 Scflll Sq13’2 Sq510 Sql3,2
Scf® = SaH*! + S22 + Sot?8, S8 = Sofb, SP7 = St¥? + Sot? + Sttt SP = Sottt
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2.2. The anti-automorphism in A,. Let y : A, — A, be the anti-automorphism of the
Steenrod algebra. Singeis an anti-automorphism of algebras, it i¥amodule homo-
morphism such thgg(ab) = y(b)y(a) for all a,b € Az. Forn > k, the values ofy are
determined recursively by the formulas

and

by [Dav74].

x(SP)
x(Sq)
x(Sef)
x(S¢)
x(Sd)
x(SeP)
x(ScP)
x(Sd)
x(S)
x(Se)
x(Sq°)
x(Sq)
x(Sq?)
x(Sq)
x(Sq)
x(Sq)
x(S'°)

X(SE™ = ST SE S (kST )

X(qukfl_k) _ quksz(qukfz_k) + SCFkiz_lquk?g_l"'SCqul

Sd = identity

Sqt

S

Scft

St + Sg*t

St

Scf+2

qul,Z,l

Scf + St + ScP? + St
SCF’:L + SCfS,Z,l

SdB,Z + Sq7,3 + Scfs,&l
SqB,Z,l + Sq7,3,1

SCFA + Scf!,&l

SCfsA,l

SCFA’Z

Scfa,4,2,1

Sqi® + Sqi24 + SqL%42 + SqiSt + SPA2L 4 Sl 4 532l 4 523t 4 ggis?

2.3. The Milnor Bockstein operations Q; in A,. At the primep = 2, the Milnor Bock-

ji+1 i+1

stein operatiorQ, = Sqt, andQ; is defined inductively byi.1 = SF Qi + @S¢ . The
Milnor Bockstein operations are discussed in detail in [Mil58] and [Mil60].

Q =
Q =
Q =
Q =

Sq? + St
Sq + St + SgP? + Soft*t
Sq'® + Sg*t + Sqt32 + St + Sg2! + SRt + Sttt + S + Sl
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2.4. Maple source code for calculations inA;.

with(Steenrod);

# to list the basis elements in degree 7
AdmisAnBasis(7,7);

# to generate a list of basis elements from degree 1 to 20
for i from 1 to 20 do AdmisAnBasis(i,20); od;

# to calculate some Adem relations

convert(Sq(l) &* Sq(2), Admissible);

convert (&*(Sq(1),Sq(2),Sq(1)), Admissible);

# to make a list of Adem relations

for i from 1 to 10 do convert(Sq(i) &* Sq(10-i), Admissible); od;

# to calculate \chi(Sq~4)

convert( chi(Sq(4)), Admissible);

# to generate a list

for i from 1 to 10 do convert(chi(Sq(i)),Admissible); od;

VVVVVVVVVYVVVYVVYVVYV

3. THE MoD 3 STEENROD ALGEBRA Az

The modp Steenrod algebra,, is the freeZ/p-algebra on the generatqﬂ?st,_j >1,
modulo the Adem relations. Hepris the Bockstein operation of degree 1, @lds the
reduced power operation of degreg2— 1). For more details, see [Koc96, p.51-52].

3.1. The Adem relations in Az. The Adem relations in the mop Steenrod algebra,
are

La/p] .
Papb = azr‘: (_1)a+1((p ~Db-1)- 1)Pa+b—jpj
i—0 a-pj

and

la/pl .
apph Cyai((P= Db =)
Pagp Z( 1) ( -

j=0

L(a=1)/p] i
_ a+j—1 (p - 1)(b - J) - 1 a+b—j j
+ E (-1) ( a-pj-1 P BP

)Bpa+b—j P]

j=0

whenever < a< pb.
An elementgP"1B%P"2 ... in the modp Steenrod algebrd, is admissible ifi; >
€j+1 + Pij+1 for every j, wheree; takes either the value O or 1.
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In Az the basis elements (ovBEg) and Adem relations are

Degree

Basis elements (in braces) followed by Adem relations

o

0o N o o~ W N P

10
11
12

13

14
15
16

17

18
19
20

21

22
23

{PY
{BPL, P'B}
{BPB}

{P?)

pl = 2p?

P2, P}

PlgP! = pP? + P28
{BP?B)

{P%)

PL2=0, P*=0

(BP°, PB)

P1pP? = 28P3 + P33, P?BP! = BP3 + 2P%3
BPB)

{P%, P31

Pl’3 = P4 P2’2 =0

(8P, P, pP31, P21p)

P1BP% = P8, P28P? = 0, derived: P38P! = 28P31

1BP'B, BP3'B)

(P5, P41

Pl,4 — 2P5 P2’3 - P5 P3,2 - 2P5 + P4,l

{ﬂPS’ PSB? ,3P4’l, P4’lﬂ}

PBP* = pP° + P°B, P?BP3 = P33, P3BP? = 28P° + pP*!
1BP°B, BP*B)
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Basis elements (in braces) followed by Adem relations

24

25

26

27
28

29

30

31
32

33

34

35
36

37

38
39
40

{PG p5,l}

PLS =0, P24 =0, P33 =2pP% + P51 p42 = 2p5t

BPG Peﬁ ﬁPS’l P5'lﬁ

PIBP® = 28P% + P53, P2BP* = BP® + 2P%3, P33P3 = BP° + P51 + PO,
P4sP? = pP® + gP5 + 2P + PogP!

{p? P6,1}

P16 P7 P25 0 p34 P7 P61 P43 2P7 P52 0
{BP7 P7ﬁ ﬁPG’l PG‘lﬁ

P8P8 = P73, P?BP° = 0, P3gP* = BP7 + pP51,

P4sP3 = 28P51 + 2P7g + PSBPY, P5pP? = pPo! + 2P63pP?

{BP'B, BPO'B)

{p8 P7,1 P6’2}

P 2P8 PZG P8 p35 P7l P44 2p8 P71 P53 2P8
{BPS, P, pP™L, PTp, pPO2, POZg)

Pl,BFﬂ_ﬂPg PSB PZﬁPG PS,B P3ﬂp5 ,3P7’1,

PisP* = pP® + P83 + P'BPY, PoBP3 = 2P83

1BP°B, BP™B, BPO2B)

{Pg’ P8‘1, p7,2}

P1,8 — 0, P2'7 — 0 p36 P81 P45 2P81 P54 P81 P63 2P8’1+ P7,2
(BP9, P98, pP8L, p8lg ppll prig

P1sP8 = 28P° + P93, P2BP’ = BP° + 2P%3, P3pP® = 28P° + gP81 + P93,
PipP® = pP31 + PBBPL, P3BP* = PP + 2P + PEBPY,

PSP3 = BP° + 28P31 + BP7:2 + 2P%3

{BPB, BP31B, BP"2B)

{Plo P9,1 PB,Z}
P plO P28 0 p37 2p10+ P91 P46 0
P55 = 0, P34 = P10 2po1 4 P82, P73 = pp82
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3.2. The anti-automorphism in As. Let y : A3 — Ag be the anti-automorphism of the
Steenrod algebra. Singeis an anti-automorphism of algebras, it i¥amodule homo-
morphism such that(ab) = y(b)y(a) for all a,b € As.

We use the methods of [BM82] to calculate the anti-automorphisat odd primes.
Let p(L) denote the sum of the cfieients in thep-adic expansion of, and letvy(L) be
the p-adic valuation ofL which takes the valué whenL = p‘mand gcdp,m) = 1. By
[CCH96, p.2276]¢, andv,, are related by — 1)vp(L!) = L — ap(L). By Theorem 3L in
Barratt and Miller’s paper,

X(PN) — (_1)L+l[ Z (] ;1) PJX(PN_J)]

L<j<N
whenever p— 1)N > pL — ap(L). Using this theorem, we calculate

x(P% = P =identity
x(Phy = 2Pt

x(P5) = P?

x(P%) = 2P

x(PY) = 2Pt

x(P?) = PS42pAt
x(P® = Pe4pol
x(P) = 2P

x(P%) = P2

x(P% = 2P°4 P8l 2p72
(P = POl pB2

Remark: Every primitive elememtof the Steenrod algebra satisfjg®) = —6 by [Mil58,
p.167]. Since the elemenB and the Milnor Bockstein operatiortg are primitive, we
have we havg(P!) = —P!, andy(Q)) = —Q.. In particular, forQy = 8 we havey(8) = 8.

3.3. The Milnor Bockstein operations Q; in Az. At an odd primep, the Milnor Bock-
stein operatiorQ, = 8, andQ; is defined inductively by, = PP Q; — Q;PP. The Milnor
Bockstein operations are discussed in detail in [Mil58] and [Mil60].

Q = B

Q P'g +28P!

Q. = P*B+28P3! 4+ 2P%3 + pP*

3.4. Maple source code for calculations inA, at odd primes p.
restart:

>
>
> # A mod p binomial coefficient

> nCr:=(p,Xx,y)->binomial (x,y) mod p;
>

>

>

# one of the mod p Adem relations

Adem:=(p,a,b)-—>

if ®<a and a<p*b then RETURN(

add( (((-1)"(a+j))*nCr(p, (p-1)*(b-j)-1,a-p*j) mod p)
* P"(a+b-j) @ P"j,j=0..floor(a/p)) );

else RETURN(NULL);

fi:
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# p is the prime (not to be confused with capital P)

# a and b are exponents on the composition P"a P"b

# P is the reduced power operation at the prime p

# @ is composition

# Adem(p,a,b) = P"a \circ P"b = \sum ... (the Adem relation)

ListAdem:=proc(p,x,y)
local i,k;
# p is the prime,
# x is the lowest (starting) degree
# y is the highest (ending) degree
for i from x to y do
for k from 1 to (i-1) do
if k<p*(i-k) then print(P°k , P"(i-k) = Adem(p,k,i-k)) fi;
od;
print(‘\n‘);
od;
end:
ListAdem(3,2,10);

AdemWithBeta:=(p,a,b)->

if 0<a and a<p*b then RETURN(

add( (((-1)"(a+j))*nCr(p, (p-1)*(b-j),a-p*j) mod p) * beta @
P"(a+b-j) @ P"j,j=0..floor(a/p))

+ add( (((-1)7(a+j-1))*nCr(p, (p-1D*(b-j)-1,a-p*j-1) mod p)
* P"(a+b-j) @ beta @ P"j,j=0..floor((a-1)/p))

)

else RETURN(NULL); fi:

ListAdemWithBeta:=proc(p,x,y)

local i,k;

for i from x to y do

for k from 1 to i do
if k<p*(i-k) then print(P"k,beta,P” (i-k)
= AdemWithBeta(p,k,i-k)); fi;

od;

print(‘\n‘);

od;

end:

ListAdemWithBeta(3,2,10);

restart:
alpha:=(p,L)->L-((p-1)*padic[ordp] (L!,p));
seq(alpha(3,L),L=0..30);
nCr:=(p,x,y)->binomial (x,y) mod p;

# Theorem 3.1 says that chi(P"N) = Q(p,N,L) under certain conditions.
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# This Q is not the Milnor Bockstein operation!
Q:=(p,N,L)->if (p-1)*N > p*L-alpha(p,L)

then RETURN((-1)*(-1) "L*(add(nCr(p,j-1,L)

*P"j @ chi(P"(N-j)),j=L+1..N)) mod p);

fi;

Q(3,0,0);

\%

Q@3,1,0;
Q@3,1,1);

Q(3,2,0);
Q@3,2,1);
Q@3,2,2);

Q(@3,3,0);
Q(@3,3,1);
Q(@3,3,2);
Q(3,3,3);

VVVYVVVVYVVVYVVYVVYV

# etc.

\%

restart:

> isadmis:=proc(p::prime,L)

# p is the prime you’re working at

# L is a list of exponents,

# e.g. P"3 \beta P"1 \beta = \beta”® P"3 \beta"1 P"1 \beta"1 P"0

# is the list [0,3,1,1,1,0]

# always start with the exponent of \beta (even if that exponent is zero),
# alternate between exponents of \beta and Pk,

# and end with the zero exponent of P"k

#

# then the element is not admissible

local epsilon,i,k;
epsilon:=[seq(L[1+2*j],j=0..nops(L)/2-1)]; # print(epsilon);
i:=[seq(L[2+2%j],j=0..nops(L)/2-1)]; # print(i);

for k from 1 to (nops(L)/2-1)

do
if (i[k] >= epsilon[k+1] + p*i[k+1]) then print(‘Admissible‘);
else print(‘Not Admissible!!!!11114y; fi;

od;

end proc:

> isadmis(3,[1,3,0,1,0,0]1); # \beta P"{3,1}
> isadmis(3,[0,3,1,1,0,08]); # P"3 \beta P"1
> isadmis(3,[0,3,0,1,1,0]); # P {3,1} \beta
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