CALCULATING THE RIGHT UNIT, COPRODUCT, AND CONJUGATION IN THE
HOPF ALGEBROID ASSOCIATED TO BROWN-PETERSON THEORY

PAUL PEARSON

AsstracT. We describe how to calculate the right unit, coproduct, and conjugation in the Hopf
algebroid associated to Brown-Peterson theory, give examples of calculations in terms of the Araki
and Hazewinkel generators, and supply Maple source code for making these calculations.
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1. INTRODUCTION

Brown-Peterson theory is extremely useful for explicit calculations in homotopy theory via the
p-component of the Adams-Novikov Spectral Sequence (ANSS)

E;' = EXGp gp (BP., BP.) = 7 S°®2 Z(p

of [Rav02, p.21, Theorem 1.4.2]. Thg-term of this spectral sequence is freomponent of the
ANSSE,-term, and it converges to thecomponent of the stable homotopy grougs° of the
sphere spectrum.

The purpose of this note is to explicitly calculate the structure homomorphisms BPttigeory
Hopf algebroid. These calculations are necessary to determireedbmponent of the ANSS
E,-term as the cohomology of the cobar complex of Bietheory Hopf algebroid.

2. THE BROWN-PETERSON THEORY HOPF ALGEBROID

2.1. The rings and generating sets.Fix a primep, and letBP be the Brown-Peterson ring
spectrum ap. TheBP-theory Hopf algebroid overZ, consists of two graded-commutative
Zy-algebrast®(BP) = BP, andr>(BP A BP) = BP.(BP) together with five structure
homomorphisms satisfying relations that mak®(, BP.(BP)) represent a covariant
groupoid-valued functor on the categoryZyf)-algebras. The purpose of this section is to
explicitly describe this Hopf algebroid and the formulas for its five structure maps.

TheZ-algebraBP, andBP,.(BP) are both polynomial algebras. Among all of the generating
sets forBP, as a polynomial algebra, the Araki and Hazewinkel generating sets are most
important for topological applications. We g, }..o denote the set of Araki generators BP.,

and{ vy },,»o denote the set of Hazewinkel generators.
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For the Araki generators, there are canonical isomorphisms
BP, = Z(p)[Wl, Wy, W3, .. .], and BP*(BP) = Z(p)[Wl, Wo, W3, .. .][tl, t, 13, .. ]

where the grading on the elememisandt, is |w,| = |t,| = 2p" — 2, and we follow the conventions
thatwp = p andty = 1. Also, for the Hazewinkel generators, there are canonical isomorphisms

BP, = Z(p)[Vl, Vo, V3, .. .], and BP*(BP) = Z(p)[Vl, Vo, V3, .. .][tl, L, 13, .. ]

where the grading on the elemergsandt, is |v,| = |t,| = 2p" — 2, and we follow the conventions
thatvy = p andty = 1. We remark that since the generatorsBét, andBP.(BP) are in even
degrees, graded-commutativity is trivial (that is, there is no sign change associated with
interchange of elements).

The five structure homomorphisms for the ratioB&theory Hopf algebroid were determined by
Quillen and Adams in terms of a set of generafots},., for Q ® BP,, wherel, = 1 and

An = [CPP-1]/p" for n > 1. Consequently, the five structure homomorphisms foBtR¢heory

Hopf algebroid can be determined by relating the generatark,., to the generatorswi, o

and{ v, }ns0- We will calculate the structure homomorphisms eventually, but first we relate these
generating sets.

The relationship between generating sets that define&rtida generators is the recursion
formula (see [Rav02, p.316,A2.2.2])

[ 3 2]

0<k<j-1

p- p(pj)

(1) Aj =
wherew, = p. For example,

1+
Wy Ws W(1 p)

2 L=—r A= — + :

@ - T (p-p™)  (p- pP)(p- ™)

and

- Wa W1W§ W2W(1|02) W(11+p+p2)

= + 3 + 2 3 + 2 3)\ °
(p=p®)  (p=pP)(p-pP)  (p-pP)(p-p®)  (p-pP)(p - pPI)(p - pP)

By their definition, the Araki generators are closely related toseries of the BP-theory formal

group law via

(4) [PlFap(X) = Z Fep yy x(P)
>0
in [Rav02, p.316,A2.2.4], where lpg(x) = Y20 4iX®),

The relationship between generating sets that definddaaewinkel generatorsis the recursion
formula (see [Rav02, p.315,A2.2.1])

0<k<j-1
(5) A= D
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wherev, = p. For example,
1
\%1 Vo V(1+p)

(6) /11:6’ /12:6-{_ p2 s

and

vivP ) )

7) L=y 2,2 0
PP Y Y

It can be shown [Rav02, p.316,A2.2.3] that the Araki and Hazewinkel generators are, in fact,

generating sets, and that Araki and Hazewinkel generators are equivalent rpodialas,

whenever we are making calculationsBR. /(p, . ..) we may use either the Araki or Hazewinkel

generators.

2.2. The structure homomorphisms and their relationships. The five structure
homomorphisms for thBP-theory Hopf algebroid are

n. . BP,— BP,(BP) (Left unit)
nr . BP.,— BP.(BP) (Right unit)
e . BP.(BP) — BP. (Augmentation)

A BP*(BP)—>BP*(BP)”ELBP*(BP) (Coproduct)
c . BP.(BP) — BP.(BP) (Conjugation)

The left unity,_ and right unityr areZ-algebra homomorphisms which make.,(BP) into a
BP,.-bimodule. The bimodule structure is definedrhyandng acting via their images: for any
u € BP, and anyx € BP,.(BP) the left action is defined by - x = 1 (u)X, and the right action is
defined byx - u = xnr(u).

The augmentatioa and coproduch areZ,-algebra homomorphisms and aB®.-bimodule
homomorphisms. The tensor prodi®.(BP) ® BP,(BP) is the usual tensor product of
bimodules: for anyi € BP, andx,y € BP.(BP) we havex® (r.(u)y) = (xgr(u)) ® y. The
BP.-bimodule structure on the tensor prod8®.(BP) ® BP.(BP) is defined byA o . andA o ng
acting through their images: for amye BP, and anyx € BP.(BP) @ BP,(BP) the left action is
defined byu - x = A(n.(u))X, and the right action is defined by u = x(A(7r()).

The conjugatiort is aZ-algebra homomorphism.
The relationships among these five maps are:

(1) eonL=€eonr=1gp,

(2) (lsp.epy®€) 0o A = (e® 1gp,P) © A = 1gp,(8P),

(3) (1sr.er) ® A) 0 A = (A® 1gp,eR) © A,

(4) coc = 1gp,p),

(5) conr =nL, and thugc o . = R,

(6) (x-n(u))y = x(nr(u) - y) for all u € BP, andx,y € BP.(BP),

(7) The multiplicationy in the ringBP,(BP) induces a multiplication
TIR.TIL

®: BP.(BP) & BP.(BP) - BP.(BP),
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and both® o (c® 1) and® o (1 ® c) are well-defined and satisfy
[Po(c®l)]A=nroe and [Po(1®C)JA=n o€

In the list above, (2) is called the counit condition, (3) the coassociative condition, (4) the
involution condition, and (7) the conjugation condition. For a more detailed description, see
[Rav02, p.301, Al1.1.1] or [Koc96, p.159].

We now present explicit formulas for the structure homomorphisms iBBtheory Hopf

algebroid. These formulas are in [MRW77, p.473-474]. They are also in [Rav02, p.110-111,
Theorem 4.1.18], [Rav02, p.312, Theorem A2.1.27], and [Rav92, p.166-172], but some of these
formulas may be stated incorrectly.

2.3. The left unit. If i : S° — BP denotes the unit map for the ring spectr&m, then
1Ai:BP~BPAS®— BPABP

induces the left uni. = 7.(1 Ai). Itis called the left unit because it induces left multiplication:
for anyu € BP, and anyx € BP,(BP) the left action is defined by - x = n_ (U)x.

For both the Araki and Hazewinkel generators, the left Gpjtalgebra homomorphsm is the
standard inclusion

Z(p)[Wl, Wo, .. ] — Z(p)[Wl, Wo, .. .][t]_, b,.. ]
or
Z(p)[V]_, Vo, .. ] — Z(p)[Vl, Vo, .. .][tl, to, .. ]

2.4. Theright unit. If i : S°® — BP denotes the unit map for the ring spectr@&m, then
inl:BP~S°ABP— BPABP

induces the right unifr = 7.(i A 1). Itis called the right unit because it induces right
multiplication: for anyu € BP, and anyx € BP,(BP) the right action is defined by- u = xnr(u).

The right unit is considerably more complicated than the left unit. An outline of the calculation of
theZ,-algebra homomorphismk is as follows: to calculatgg(w,) in terms of the Araki
generatorgws, ..., W, } and the generatoig;, . . . t, }, apply theZ,-algebra homomorphismk

to equation (8) to obtain equation (9). Then, use equations (10) and (11) to express the terms on
the right-hand side of equation (9) in the generatovs ..., w, } and{t,...,t,}.

2.4.1. The right unit on Araki generatorsWe begin by expressing, in terms ofa, by the
equation

(®) Wo = (p= Pt - > Aw)
I<i<n-1

in [Rav02, p.316, A2.2.2] that defines the Araki generators. We applythelgebra
homomorphismyg to equation (8) to obtain

(©) TRWR) = (P = PP)e(t) = > 7R R )P,
I<i<n-1
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Eachnr(4;) on the right-hand side of equation (9) may be expressed in terms of the gengrators
andt, via the recursion formula

i
(10) r() = ) AP
0<j<i

from [Rav02, p.111, Theorem 4.1.8(d)]. Further, eagcbn the right-hand side of equation (10)
may be expressed in terms of the by the recursion formula

3 i)

0<k<j-1

(11) Ay =

p- p(pj)
in [Rav02, p.316, A2.2.2] that defines the Araki generators. In fact, we will often need to express
nr(4Ai) in terms of the Araki generatorg, andt,, so we defing; by

2]
(P)

0<k<j-1

(12) TELECOEDY

| ®).
Ehl p—p®)

Digressive remark: The; are codicients for the logarithm lag,_(X) = Xi-o 4i x®) for the formal
group lawFgp(X, y) over BP,, and theu; are codicients for the modified logarithm

Mog:,.(x) = 7x(10gr,, (X)) = > mr()XP) = > x®
i~0 i~0
for the formal group law;;Fgp(X, y) over BP.(BP). The importance ofr is that it classifies the
universal isomorphism between any twdypical formal group laws over & -algebra.

Therefore, we may recursively solve f@gg(w,) in terms of the generatofsvy, ..., w, } and
{t1,...,t,} by working backwards from equation (11) to equation (9).

For example, using equations (2) and (10) we calculate

W1

mR(A) =t1+ A=t + D)

(recall that1y = 1,ty = 1 andwp = p) and thus
nr(W1) = (p = PP)nr(41) = (P — PP)ts + wi.
2.4.2. The right unit on Hazewinkel generator$he procedure for calculating(v,) for a

Hazewinkel generatar, is analogous to the one above for the Araki generators. To calculate
nr(Vn) use the equation

(13) Vp = pAn — Z /livfﬂii)
1<i<n-1
that defines the Hazewinkel generators to get
(14) nR(Ve) = P(Ae) = () mR(vn-) ™,

1<i<n-1
6



where

<k<j-1

K
[Z w,&z]
0 (p)
6.

(15) i =nr(d) = )

O<j<i P

For example, using equations (6) and (15) we calculate

Vv
mr(A1) =ti+ A1 =1t + 61

(recall that1g = 1,1ty = 1 andvp = p) and thus
nr(V1) = pr7r(41) = pt1 + Vi

2.5. The augmentation. The multiplicationm: BP A BP — BPin the ring spectrunBP
induces the augmentatien= =, (m).

The augmentatioa : BP,(BP) — BP, is aZ-algebra homomorphism a@P.-bimodule
homomorphism given by(w,) = w, on an Araki generatog(v,) = v, on a Hazewinkel generator,
ande(t,) = O foralln > 1.

2.6. The coproduct. If i : S° — BP denotes the unit map for the ring spectr@&m, then the map
1AiA1:BPAS°ABP— BPABPABP
induces the coproduet = 7.(1 A1 A 1). We have implicitly used here that

TIR.TIL

n°(BP A BP A BP) « BP,(BP) ® BP.(BP)
is an isomorphism sincBP, is bounded below angk is flat (see [Koc96, p.158, Prop. 4.5.1]).

The BP-theory coproduch : BP.(BP) — BP,.(BP) UB'%L BP.(BP) is aZ-algebra homomorphism

andBP.-bimodule homomorphism. On the Araki generators it is giver\fw,) = w,® 1, and on
the Hazewinkel generators it is given Ajv,) = v, ® 1. The formulas\(w,) = w, ® 1 and

A(Vn) = Vh ® 1 follow from the relation (&p,sp ® €)A = 1gp,gp) in the Hopf algebroid. On a
generatot,, A(t,) is determined by [MRW77, p.473]

i i i+
(16) D)™ = Y atP etP”.
i+j=n i+j+k=n
We may rewrite equation (16) as

(17) D e At = > [ > (ﬂitﬁdi’k)@tlﬁp“’k))_

0<i<n 0<k<n \0<i<n-k

We have included another tensor product symbol on the left-hand side of equation (17) to clarify
that the; are in the left factor of the tensor product. We rearrange equation (17) to solve for

4o Altn) = Z Z WP © tlipn_k)] ) [Z (4 l)(A(tn_i))(pi))

0<k<n \0<i<n-k 1<i<n
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interms of{ A4, ..., 4, } and{ty,...,t,}. Each; in equation (18) may be expressed in terms of
the Araki or Hazewinkel generators by equation (1) or equation (5), respectively. Thus, it is
possible to write down explicit recursion formulas for tBB-theory coproduct in terms of the
Araki or Hazewinkel generators and the generatt$,. 1.

2.7. The conjugation. The mapr : BP A BP — BP A BP that interchanges the two factors of the
smash product induces the conjugation homomorplaisnx. (7).

The BP-theory conjugatior : BP.(BP) — BP.(BP) is aZ-algebra homomorphism. From the
relationc o . = ng in the Hopf algebroid, we calculatéw,) = c(n.(W,)) = nr(w,) for an Araki
generatomw,, andc(v,) = c(n.(Vn)) = nr(Vn). The value oft on a generatat, is determined

by [MRW77, p.474]

(19) > AP =
i+j+k=n

Rearrange equation (19) to obtain

(20) c(ty) = An —( Z [ Z /litgji)_k(c(tk))(p”k)]] )

0O<k<n-1 \0<i<n-k

As usual, eachlj in equation (20) may be expressed in terms of the Araki or Hazewinkel
generators by equation (1) or equation (5), respectively. Thus, it is possible to write down explicit
recursion formulas for thBP-theory conjugation in terms of the Araki or Hazewinkel generators
and the generatofg, } -1

3. CALCULATIONS FOR ARAKI GENERATORS

3.1. Araki generators at p=2: Right unit calculations. These results fagr(w;) andnr(w,) at
p = 2 agree with those of [Rav02, p.157, 5.2.4].

nr(Wy) =wp — 2t
nr(w;) mod 2=w;

I]R(Wz) =W, + 13W1t12 - 14t, - 3W12t1 - 4t13

T]R(Wz) mod 2= Wy, + Wltlz + let]_

nr(W2) mod (2wg) = w;

T]R(Wg) = —16t17 - 14W1W2t2 + 28t1W2t2 - 128t2t14 - t1W22 - 196t1t22 + 225W1t22 + %t]_‘le +

%381:14W13 +2/7 W]_Gt]_ + 279 W15t12 - 3—?6W14t13 — 261W12t15 + 120W1t16 — t2W14 - 275 W2W13t1 +
%5W2W12t12 — 2—$6W2W1t13 + 50t2W13t1 - 290t2W12t12 + 452t2W1t13 + W3 — 254t3

T]R(Wg) mod 2= t1W22 + W1t22 + t14W2 + W15t12 + W12t15 + t2W14 + W2W13t1 + W2W12t12 + W3
ﬂR(Wg) mod (2 Wl) = t1W22 + t14W2 + W3
nr(Ws) mod (2w, Wo) = W3



T]R(W4) =Wy — 65534t4 - 256t115 9153 W15W t Ztl — m'W;|_7W2t2t;|_2 + 33W15W22t2t1 -
1821W22t22W12t1 - 626W22t2W14t1 + 6576W22W1t15t2 + 6778W22W1t12t2 - 8948W22W12t14t2 +
3834W22W13t13t2 + 62W23t2W12t1 — 292W23W1t12t2 + 22248W2t2W 6t1 103419W t 2W14t1
24752Wot,2 W, 2t, + @4W2W14t15t2 935;422W Wi3t,ot, + 996;687W Wi 2t, 4,2 655722W Wyt,5t,2 —
50376\N2W1t18t2 - 69832\N2W1t12t23 80:I':I'GSW W1 2t 7t 150027W W1 5t 4t 49:|'832W W 3t13t2 -
= W2W14t1W3+@ W2W14t1t3+%5 W2W13t1 W3— 49530W2W 3t12t3— = W2W12t13W3+ 131064W2W 2t13t3+
52t2W1 tiwg — 1320&2W14t1t3 - 390t2W13t12W3 + 9906(12W13t12t3 + 1032t,wy t13W3 -
26212&2W12t13t3— 14W12W2t2W3+3556W12W2t2t3—3/7 W18W2t2t1— 16%322W1t14W2t3+ %)’ W1t14W2W3+
164084\N1t1t22t3 - 646W1t1t22W3 + 254W1t1W2 ;- W1t1W22W3 +262 128N1t2t14t3 - 1032W1t2t14W3 -
56t12W2t2W3 + 14224112W2t2t3 + 65025N1t32 3162?91: 8W + 325652&5':18W17 + 1840]124W2 +
21600643+ 154760441 B, W2+ %0[ By W+ 3/ 7 Wy B W3t — 24649 WiBt, 4, + 29271490W15t17t2—
103430N14t12t23 - 65275M14t18t2 1067312 6t 6t + 225;221W17t15t2 + 10720N15t23t1 + gs W19t2t13 —
2758W13W2t2 + 56W13W22t2 + 2W13W23t2 + 415264N13t23t13 + %8W13t2t19 + 269304\N1t12t24 -
732784\/\/121:141:23 - 241632N12t110t2 + 404128/\/1t15t2 + 52352\/\/1t111t2 - 12765324W12t1 +
21896W,t,%t:° + 23520Wxt5%t:° + BL2wi5tot % + 20 wodwy %ty — 280 wodwi 3ty — 1w dwtyS +
120W23t2t13 + @ W23W 4t12 + 373 W24W1t1 - 6/7 W24W12t1 - 2072W22t2t1 2520W22t22t13 -
1960\N22t2 + 140W23t22 430 W23t16—5W24t2— L 4t 3 38945 Zt]_ +4096W1t114 26336N12t113
4352t2t112—38416t25—6899223t16—82320t24t13—26240t22t1 +264252336W 7W 2t 2 Sggggow 6W 2t S+
3862047y 5y 24,4 _ LATB0AS Ay 205, 29252690y 3y 21 6 _ ALIZTSA 2y 20 7 4y Tyt

6546\, 10, 1,2 17758 9W2t13 1430871, Byt 4 _ 1400001, Ty, 15 67938816W GW £,6 —

g%%ﬁ;gg- 62224372)1\5?7-7 203246 59200 6223 14459
889 9W15W2t17 ~— 0 t19W2W13 + = t]_lOWzW]_Z ! t; Ly, W1+ = W18t 2t + — 7t22t12 -

21?;494W16t22t13 + 130;1482 St 2t 4 4154939W14t22t15 + 968322N13t22t1 _ 703128N12t22t17
225760N1t22t18 + 198 198 W3W17t1 + 3567W3W16t 2 54146W W 5t1 + 251570Wt 4W 4 552753W W13t1

889 889 889 889
8;43OW W 2t16 3fg$4w Wy t 7 _ 396 t3W 7t 7134t Wy 6t 2 108292t W 5t 503140t t 4W +

11075506t W 3t1 16486G3W12t1 + 66048‘:3W1t1 + W18W22t1 ~ B89 W114tl + 6325223 113t12 +

6466 th 3_ 68997 1lt 4_ 608628 lOt 5+ 1253;366\,\/ 9t 6 119898%960W 8t +%68t 12W 61.':};6081:19W16+
—130;3751t110W15 - —11772559t111W14 + —6177072t112W13 + W19t22 - t3W18 - 8384t3t18 — 14224t Wotots +
56W1t1W2t2W3+256t2t15W3—650241:2t15t3+2t12W22W3—508t12W22t3+392t12t22W3—9956&12t22t3—
382 t15W W3 + 97028t15W t3 — 254W1W3t3 + 508t1W3t3 - 225W16t23 64516tlt32 - t1W32 —

2/ 7wttty + 2wt %t, + 14w, Swity? + 225w %t%Ws — 57150W12t%ts — thws W + 254tw; 5t
I]R(W4) mod 2= W4 + Wq W2t22t1 + Wq Wztztl + Wq W22t2t1 + Wo tz letl + W2t22W14t1 +
W2W12t14t22 + W2W15t14t2 + W2W14t1W3 + W2W13t12W3 + W18W2t2t1 + W1t14W2W3 + W1t1W22W3 +

W1t32 + t18W3 + t;|_8W:|_7 + t24W2 + W15W23t1 + W18t14t2 + W14t18t2 + W17t15t2 + t24W12t1 + W23W12t14 +
WoSwi 312 + Wodwi s + Wodwi A2 + wotwity? + Wty + Wotty® + wo?ty® + wi Wty + wyBwio?t 8 +
W18W2t14 + W17W2t15 + W:|_5W2t:|_7 + t19W2W13 + W18t22t1 + W17t22t12 + W14t22t15 + W3W16t12 + W3W13t15 +
W111t14 + t]_lOWls + t111W14 + ngtzz + t3W]_8 + W16t23 + t1W32 + W110t12t2 + W12t22W3 + t2W15W3
nr(Wz) mod (2W;) = Wy + t18ws + tWs + Wotts + Wty + wo?ty® + tyws?

ﬂR(W4) mod (2 W1, W2) =Wy + t18W3 + t1W32

nr(Ws) mod (2 Wy, Wa, W3) = Wy



3.2. Araki generators at p=2: Coproduct calculations. These results foA(w;) andA(w,)
agree with those in [Rav92, p.168-169].

Al =101
A(tl):t1®1+1®t1

A) =t ®el+th @2 +1@th+wit @t
A(tz) mod (2W1):t2 1+t ® t12+1® 1)

Alts) =witoty ® 112+ Wit ® b+ Witots ® i+ Wity ® 2t +Wi? 12 @ 1% + Wity ® toty +
%W]_stlz ® t12+%W2t13 ® t1+:—;W2t12 ® t12+%W2t1 & t13—%W13t13 ® tl—%W]_?’tl ® t13+t3 ®
1+t2 ® t14+t1 ® t22+1 ® 13

A(t3) mod 2=w; b t; ® t12 +wWith ® t2+W12t2t1 t1+wit; ® tlztz +W12t12 ® t13+W12t1 ®
bt +Wot? @ 2+ Wit @ i+ WPt @t + 3 @ 1+ @ P+t @ P+ 1 ® 13

A(tg) mod (ZW]_) :W2t12 ® t12+t3 1+t ® t14+t1 ® t22+1 ® 13
Alts) mod Qw,Wo) =t3 @ 1+ @ h1* +1; ® L2 +1 @ t3

A(t4):%W2t1 ®t1 t2 —lW13t3®t2—l'W13t1 ®t16t2—lW13t2t1 ®t1 —1W13t1®t2 t]_ -
%W14t14®t17——wl4t23t1®t1——wl4t1®t2 t1+127w3t1 ti+Ewit® @ 2+ 2wt ®
t13 127W3t1 ®t1 +127W3t1 ®t1 +127W3t1 ®t1 +889W17t1 ®t1+889W17t1®t1 +7W13t2 ®
t22+7W13t2 tl ®t1 +7W15t1 ®t2 tl +7W15t2 tl ®t1 +7W13t1 ®tl4t22+%W15t14®t16+
W1t3t2®t14+W1t3t1®t22+W1t3®t3+W1t2t1®t14t22+W1t1®t22t3+W1t2®t14t3+W12t22t1®
t16+ %1 W13 t22 1 ® t12 to+ %1 W13 LL® t22 t12+ ‘—71 W13 t12 L ® t14 L+ % W14 to t13 ® t15+W13 LLt; @t +
\évlztft1®t12t2+wl t,? t3®t1 +Wy t3t1®t2tl+w12t2 et t2+w13t1 t2®t1 +W13t2t1®t1 t2+
7W1 t12t3®t12—8—89W1 Wztl ®t1—8—89W1 W2t1®t17)+ Wl W2t2t]_ ®t1 += Wl W2t]_ ®t2t1 +
9Wl Wztl ®t14t2+ Wl Wztl ®t1 t2+ W1 W2t1 ®t1 —:20233W2W14t1 ®t1 +3 Wl W2t14t2®
t]_ + = W]_ Wzt]_ ® tl t2+ 6223W1 W2t]_ ® tl + 6223W1 Wztl ® t]_ + = Wl W2t1 t2 ®t1

—W]_ W2t2t1®t2t1 + = Wl Wzt]_ ®t1 +3 W1 W2t1 ®t2t1 —52—0233W2W14t1 ®t1 + = W]_ W2t1 ®
2] +6223W1W22t1 ®t1 +3 W1W2t3t1 ®t1+ W1W2t1 t3®t1 +3 W1W2t3t1®t1 +3 W1W2t2t1®
t]_ +7W1W2t1 ®t2 t1+7W1W2t1 ®t2 t]_ +7W1W2t2t1 ®t1 +7W1W2t1 t2®t1
%W]_Wztlz®t22t13+2W1W2t13®t3t1+3W1W2t12 ®t12t3+2W1W2t1®t3t13—6223W1W22t1 ®
t12+ 6223W1W22t1 ®t3+ 6222223W1W22t1 ® tl — 6223W1W22t1 ® tl + 3 W2W1t2 L@ttt +
172W2W1t1 t2®t2t1 +7W2W1t1 ®t1 +7W2W1t1 ®t15t2+7W2W12t1 ®t1 +7W2W1t2 1 ®
t1+gW2W1t22t12 ®t1 +6W2W1t2t1 ® tz t1+3W2W12t2 tl ® tl +2W2W1t1 ® tz L+
%W2W12t12®t22t12—E7W1W2 t]_ ®t1—1—27W1W2 t1®t1 + = Wl Wztl t2®t1 +3 Wl W2t2t1 ®
b+ 2wl wo %t ® 1°) + ZwiPwo ty? ®t14t2+6527263w1 Wztl ® i+ Zw? W2'[2'[1 ® thty +
JwilWot 2t ® 12t + 6222;3w17t1 ® '+ 2 W15t1 t, ® 4? tg)— —W15t2t1 ® tztl——wl5t2t1 ®
t2t13—1W16t14t2®t1 ——W16t1 t2®t1 + s W14t1 ®t15t2+ W16t2t1 ®t1 + = W16t4®t1 —
—W16t ®t1 ——W16t1 ®t1 +3 W15t1 ®t1 tz——W15t1 ®t2t1 ——W15t1 ®t1 t2+6223W17t1 ®
1% + Wi th? ® 31,2 +W12t2t1t3®t1 +wydty? ®t23t1+ wit tp? t1®t2t1+w13t1®t2t1t3—

28w 15 @t + Iw 212 @ 13+ wi Pt 2t ® 12 t1+W12t2t1®t1 ta+W %t @ 12+ Wit ®
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t3 t12 to +W;|_2 3t ® th+ W;|_3 Lt Rtz + 175 W;|_4 t12 Lt t13 - %Wﬂ t13 ® t15 -|-W;|_2 t12 L t22 t12 +
‘—;W14t2t1 ® t22t1+W12t2t1 ® t16t2+ %W17t16 ® t12+ % W2t23 ® to+ % W2t23t1 ® t12+ % W2t13 ®
t16t2+%W2 t t13 ® t16+ % W th ® t23+% Wr t; ® t23 t12+$W2 tzz ® t22+$W2 t22 t12 ® t14+% Wo t22 L ®
tlztz + $W2t2t1 ® t22t12 + SWZtlztz ® t14t2 + $W15t2t13 ® t14 - %W15t14t2 ® t13 - %Wlstlztz ®
t15 - % W14 3 t13 ®t; — % W14 t3t; ® t13 + W;|_2 Ly ® t23 + W13 t13 ® t22 t13 + W12 Ltsto+ W13 t12 ®
i3 t13 - % W14 Lt ® t17 + % W14 t13 ® t22 t12 + % W14 t12 L® t16 — % W14 t14 ® t22 1+ % W14 t12 ® t22 t13 +
dwitt?et?t-iwttl o tt)-wit e tatP+iw i e bt - tw bt @ t i - Twi St P ®
- iwlh e P - iw it @ tP+ Wit Ot L O L+t @ 1P+t @ 1+ 1@ i+t ® 52
A(t4) mod 2= Wy t12 ® t14 t22 + W13 t23 ®t+ W13 t13 ® t16 L+ W13 to t13 ® t16 + W;|_3 1 ® t23 t12
-I-Wl4 t14 ® t17+W14 t23 t1®t +W14 Le t23 t1+Ws t14 ® t14+W17 t17 Rt -|-W17 1 ® t17 +Witsth ® t14+
witat; ® t22 +Witz3 @t3+wWH 1t ® t14 t22+W1 1 ® t22 3+wt, ® t14 t3+W12 t22 L® t16+W14 1) t13 ®
t15 +W13 Ltz ® tl) -+-W12 3 ® t12 to +W13 t12 3 ® t13 +W13 ti1 et +W12 t22 ® t14 to +W13 t12 L®
t17 + W:|_3 bty ® t15 to + W;|_3 Wo 1 t13 ® t13 + W:|_2 Wo t13 ® t14 L+ W;|_3 Wy t14 ® t15 + Wy W14 t12 ®
t16 + W14 W> t13 ® t15 + W14 Ws t15 ® t13 + W;|_3 Wo t13 ® 1t t13 + W> W;|_4 t16 ® t12 + W1 Wo t12 3 ® t12 +
W1 Wo t13 ® t22 t12 + W1 Wo t12 L® t16 + W1 Wo t12 ® t12 t3+wy W22 t16 ® t]_z + Wj W22 tlz ® t16 +
Wo W12 t14 ® t16 +Wo W;|_2 t22 t12 ® t12 +Wo W12 t]_Z ® tzz t12 + W12 wWs i, t13 ® t14 + W;]_2 Wo t12 L t12 L+
W;|_5 o t13 QL+ W15 Lt t13 + W;|_6 t14 L t12 + W16 t12 th ® t14 + W;]_6 t t13 ® t13 + W16 t14 ® t15 +
Wl6 t15 ® t14 + W16 t13 ® t16 + W15 t14 ®t t13 + W15 t12 ® t15 to+ le t12 ® t23 t12 + W12 L1tz ® t12 +
W13 t12 ® t23 t + W13 L @tttz + W17 t15 ® t13 + Wl3 t12 L ® t22 t + W12 L ® t12 t3+ W13 t22 t1 ®
t15 + W12 L ®1; t12 L+ W12 Lt L+ W13 Lt @zt + W14 t12 L t13 + W17 t13 ® t15 + W12 t12 L®
12 12+ Wil oty @ 110+ Wo 152 @ 12 +Wo 12 12 @ 114+ WP 14 ® 13+ WP 1%t @ 1P+ Wit s 13 ®
t + W14 t3t; ® t13 + W12 Lt ® t23 + W:|_3 t13 ® t22 t13 + W12 L ® tatr + W;|_3 t12 ® t3 t13 + W14 Lty ®
bWt @ P AWt 2 @ At wit P @ et Wit @ et P WPt @ ot P+ Wttt @
t12t2+W16t12 ® t14t2+W13t2 ® t23+W13t23t1 ® t12+t2 ® t24+t3 ® t18+t4 ®1+1® 1+ ® t32
A(t4) mod (2 Wl) =W t12 ® t14 t22 + W3 t14 ® t14 + W» t22 ® t22 + W» t22 t12 ® t14 +tH ® t24 +t3 ®
2+t ®@1+1@t+1t; ®t3°

A(t4) mod (2W1,W2) :W3'[;|_4 ® t14+t2 ® t24+t3 ® t18+t4 1+1et,+t1 ® t32
A(ts) mod Qwy,Wo,W3) =t @ L+t 918+t ® 1+ 1@ th+1; ® 132

3.3. Araki generators at p=2: Conjugation calculations.

c(ty) = -t

c(ty) = —to + wyty? — ;3

C(tz) = —tz+Wito?+1/7 ty"Wo + 3/ 7 1w 3 = 3 toty 4+ 3wty O — 52t + 3 town t1 3 — 2wy 2t P =t/ — tow, 2ty 2

C(t4) = —t115 - 7t112t2 - 15t19t22 + 2/7t3t15W2 + 2—70 t3t15W13 - 12t16t23 + W1t32 -t - 3t3t18 +

47W1t22t18 — t25 + 1/7t24W2 + 3/7t24W13 + %7 t18W3 + 632i213t18W17 + % W13t23t13 — % t19W2W13 +

% t19W2t2 - % t111W2W1 + 5/7t16W2t22 + 170 t110W2W12 + 2—76 t17W15t2 - 2t1W12t24 - 6t3t2t15 - 2t3t22t12 -

7tawWi?t® — B w25 + Ttawity” — tits? + 2120w, 5 + 7wty ™ — 1749t %w,% — 3349w, 6 —

%‘t]_llwl4 - 18W12t113 + 29t23W1t15 - gstzwléltls + %Stzwlstlg - 56t2W12t110 + 33t2W1t111 +

3/7t112W2 + %stllzwl3 + 7t24W1t12 - 22t23W12t14 + % t22W13t16 — 56t22W12t17 - g W1t22t15W2 -
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= t18W2t2W1 + = t17W2t2W1 + 9t3t2W1t1 - 5t3t2W12t1 + 3t1t3W1t22 - 2/ 7 W2t23W1t12 +
4/7 W2t22W12t1 + t3t2W13t1 - 1/7 W1t3t14W2 + =55 6223 t18W1W2 6822223 t18W14W2 - t3W12t22 -
3/7t3t14W1 - 2/7 W16t2t1 - 6/7 W14t23t1 +5/7 W15t22t1 + 2/7 W2t23t13 - 3/7 W2t2W13t16 — 5t24t13

3.4. Araki generators at p=3: Right unit calculations.

nr(W1) = Wy — 24t
nr(wi) mod 3=w;

TR(W2) = Wy — 1484wyt,3 — 19680, — 4w;3t; + 144w,2t,2 + 138241,
nr(W2) mod 3= ws, + wit;3 + 2wy 3ty

nr(W2) mod (3wy) =W,

Tr(Ws) = _%456W WiBt,3 + 1927(£)35531eW t,%wW,5 — 4422%%704W2W14t15 + %"\Ngwftlﬁ _
%L\N W1 2t s %0759814‘\Nzwlt1 + 216t2W18t1 - 60096t2W17t12 + 493977&2W16t13 -
190033536,t;*w;° + 4251907584,w,*t;° — 63026802624,w,%t;,° + 63112372070%w;%t; " —
388318062182%w;t,® + 14526054 v, t,° — %ﬁ;gsmigwﬁ — 2460w, W2ty +
4841280@V1W2t22 + 6180W1t14W22 + 239352883200W1t22t14 + 5904(11W22t2 -
116190720(D1W2t22 + 19680N2t2W14t1 - 1/2 W22W14t1 + 30W22W13t12 - %%szwlztf -
239159232000v,%t;3t,2 — 19365120@,%w; %ty + 11619072000,°wW,3t12 + 1632337920 t,t,° +
236518294403, 10 — :|.6805980569(7‘1112t111 + 85079044915%t,%2 — tow;® +
13924527243268;7 + 2wyt — o Wittty ? — RE3 w103 4+ S8 w, Oty * — 3538204 B S 4

164 0 205 T205

12370790 7+ 6 279315562 6. 7 4481412182 5 8 7 5
128050, "ty —4W ty "+ 228w, oty 205W2W1 t,2 — —wzwl 8t, — 41472t,5w,? —

1606220513280Q2t15—t1W23+762211123200Qt23—264180754022#113 1180800ty 3ty 2+

2430480@W,twy 2ty — 24324480Qv;Wototy* + Wa — %Gofmgtlgwg — 7625597484984

I]R(Wg) mod 3= 2W2t14W15 + 2W2W13t16 + W1t23 + W22W14t1 + 2W22W12t13 + 2W13t110 + 2t2W19 +
W19t14 + 2W18t15 + W16t17 + 2W2W17t12 + 2t1W23 + W3 + t19W2

T]R(Wg) mod (3 W]_) = 2t1W23 + W3 + t19W2
nr(wz) mod (3 wg, Wz) = W3

3.5. Araki generators at p=3: Coproduct calculations. These results faf(w;) andA(w,)
agree with those in [Rav92, p.168-169].

AQ)=1®1
A(tl):t1®1+1®t1

A) =t @1+t @t3+1@ b+ switi? ® ti + s Wity ® t;?
Alt) mod3=t, @ 1+t; @t3+1 @ L+2Wit? @ t1 + 2wty ® ;2
A(tz) mod (3W1) =bLbel+t1 ® t13+ 1t

Alt;) mod Bw, W)=t @ 1+t; ® t,°+1® 1,
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A(t3)_t1 ® t2 +h @ 0+ 2 WPHLEE @ P+ @1+l b+ ZWlt? @ tiPh + Zwilt® ®
t]_ t2+ W]_ tzt]_ ®t1 +256W13t1 ®t2t1 _839680W14t1 ®t1 +512W13t1 ®t1 t2+ W12t1
t]_ +256W13t1 Rt _839680W14t1 ®t1 +3 W1t2®t2 + 3 W1t2 ®t2+ Wltl t2®t1 + 3 W1t2t1®
tztl + 3 W1t2 1 ® tl + 3 Wltl ® t2 tl + 3 W]_tl ®t1 t2+ let]_ ® tl 839680W14t1 ® tl +
6560W2t1 ® tl + 1640W2t1 ®t1 + 1640W2t1 ® tl + 3280W2t1 ® tl + 3280W2t1 ® tl +
1640W2 t®®tu°+ 1640W2 @t + 6560W2 L ®4°- 52480W14 @t - 13120W14 L' ® -
13120W14 t]_ ® t]_ - 52480W14 L ® t]_ + W;|_2 L ® t2 tl + 512W;|_3 t]_ ® tl L+ == 512 W;|_3 t]_ ® t]_ —
839680W14t1 ®t®+ 512w13t1 ® '+ W12t1 ® 2t + 35 w1 1%t ® toty + 5 W12t2 th ® 4+
W]_ Lty ® t]_ to + W]_2 t2 t]_ ®t1 + W]_ tl L ® t]_ W13 t14 th ® tl + W12 tl L ® t]_

512 512
A(tg) mod 3:t1®t2 L L+ WL RS+ ® 1+1 ® t3+ 2wy t;2 ®t1 to+ 2wt ®
t14t + 2Wil 1 12 @ 1+ Witt® @ tht P+ 2wt t® @ it + 2wl @ it + Wittt @ 1) +
wit* @ P+ 2wttt @ 1P+ 2with @ B2+ 2Wi 2 @ b+ 2WitiPh @ P Wity ® it +
2W1t22t1 ® t13 +2wWit ® t22t13 + 2W1t12 &® t16t2 +W;|_2t;|_3 ® t18 + 2W2t16 ® t13 + 2W2t13 &®
t16 + 2W;|_4 t18 Q1+ 2W;|_4 t17 ® t12 + 2W;|_4 tlz ® t17) + 2W;|_4 t1 ® t18 +W;|_2 1 ® t22 t12 + 2W13 t14 ®
t12 L+ 2W;|_3 t15 ® t15) + 2W;|_3 t13 ® t17 + W]_2 t]_z ® t22 t, + 2W;|_2 t12 L @t + W12 t22 L ® t12 +
2W12 bty ® t12 L+ W12 t22 t12 ® t + 2W13 t12 L® t14 + 2W13 t14 L ® t12 + 2W12 t12 t2®t15

A(tg) mod (3W1) =1 ® t23+t2 ® t19+t3 1+1®tz3+ 2W2t16 ® t13 + 2W2t13 ® t16

A(tg) mod (3W1,W2) =11 ® t23+t2 ® t19+t3 1+1®t;

3.6. Araki generators at p=3: Conjugation calculations.
c(ty) = -
ctz) = —to + t1*

C(tg) =—t3+ 4t19t2 + t1t23 - 3t22t15 - t113 +1/8 W1t22t14 - 1/8t2W1t18

Clts) = 45t %" + 12wty 19,5 — 187wty 2t,% — Lhwty 31,2 + 172wty 35, — 839680w14t112t2 +
8%9680W1:t25t116 83968%W14t24t120 83192680W14tzzft124 _5?1620W 4t22t1284+ 2502480W14t2t1 a2,
5560 Wal2 t* 1640W2t1 ' + 1640W2t1 t° 3280W2t2 L™+ 3280W2t2 L5} 1640W2t2 L5}
1640W2t22t128 6560W2t2t132+ tzlo t32W12t22t1 - t32t2W12t1 — 1/32t3t15t25W1 -
1/32t3t121t2W1 - 512 t3W13t24t1 + 556 t3W13t23t112 512 t3t22W13t116 + 1/8W1t32t1t2 -
1/8W1t3t12t2 + t16t28W1 + t19t27W1 — —t134'tzW1 =y t129t 2W1 - 1/8W1t32t113
1/8W1t3t126 + t1t3 - 175t128t2 + 3t32t114 300t120t2 + 2791:1241:2 + 66t132t2 — 123t112t27 +
228t116t26 - 13t136t2 — 10t14t29 + 45t18t28 - 52480W14t28t1 + 13120W14t18t2 - W1t115t26 +
11/4wqt M7 — 3/8wity 1,8 — 12t32t11°t2 35?23 + 9t32t22t1 2,'%, 5w + 24,222 —
3/4t126t23W1 - é t110t27W1 + t114't26W1 + 3/16t130t22W1 ~ 556 W13t26t113 + 2_56W 3t (2] w_
512 3t 4t 21 512 t23W13t125 + 66t3t119t2 + 51t3t111t2 - 78t3t115t2 — 24t3t123t2 + 3t3t13t2 —
18tat; t2° + 140 — 3/4 tz2wy tr%t° + £ ta%tawity +17/2t3t114t23W1—13/2t3t118t22W1+3/2t3t16t2 Wy —
2 tat % Wy + 7/4 1512w, + 2 t3W12t24t1 — 2w 232 + B tat 2wyt + w32 -ty
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3.7. Araki generators at p=5: Right unit calculations.

nr(Wi) = wy — 3120t

nr(w;) mod 5=w;

nr(W,) = W, — 4730309960968 7d1t,° — 298023223876953129— 6W;°t; + 46800wW;%t;2 —
194688000v;3t;3 + 455569920000/;°t,* + 29564665528320000¢°

I]R(Wz) mod 5= Wo + W1t15 + 4W15t1

T]R(Wz) mod (5 W]_) =W,

nr(wsz) = (omitted due to excessive length)

I]R(Wg) mod 5= 3W114T117 + W125t16 + W110t121 + 2W118t113 + 4W122t19 + 4t2W125 + 4W15t126
+ 4W2t18W117 + t125\N2 + 4W24W12t15 + W24W16t1 + 4W112t17W22 + 3W22W14t115 + 2W116t13W22 +
4W23W17t16 + W22W18t111 + 3W23W13t110 + 3W23W111t12 + 4t1W25 + W1t25 + 4W2t120W15 +
4W2t14W121 + 4W2t116W19 + 4W2t112W113 + W3

nrR(Ws) mod (8wy) = ;%W + 4t W,° + W3
nr(Wz) mod (5 wi, Wa) = Ws

3.8. Araki generators at p=5: Coproduct calculations.

A =1@1
At)) = (1 ® 1)+ (1 ® ty)

A) =( ® 1)+ (1 @ %) + (1 ® b)) + oo; (1 W1 ® t1) + 555 (Wi 1% ® t1%) + 255 (Wi % ® t,5) +
1 4
Wit ® %)

A(tz) mod 5= (tz ® 1) + (tl ® t15) + (1 ® tz) +4 (t14 W ® tl) +3 (Wl t13 ® t]_Z) +3 (W]_ t]_Z ® t13)
+4 (W]_ L ® t14)

Altz) mod (Bwi) = (2 ® 1)+ (t1 ® 12°) + (1 ® tp) + 4 (*ws ® t) +3 (Wi t:° ® 14°) +
3 (W]_ t12 ® t13) +4 (Wl L ® t14)

3.9. Araki generators at p=5: Conjugation calculations.
c(ty) = -t
C(tz) =—-bL+ t16

C(t3) =—t3+ 6t2t125 + t1t25 — 5t24t17 + 10t113t23 - 10t119t22 - t131 + L W1t24t16 - L W1t112t23 +

1 182 _ 1 24 024 312
30 Wil — 55, Wataly
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4. CALCULATIONS FOR HAZEWINKEL GENERATORS

4.1. Hazewinkel generators at p=2: Right unit calculations. These calculations agree with
those in [Gia78].

nr(v1) = vi + 21
nr(v1) mod 2= v,

I]R(Vz) =V — 5V1t12 + 2t2 - 3V12t1 - 4t13
UR(Vz) mod 2= Vo + V1t12 + V12t1
nr(v2) mod (2vi) = v,

ﬂR(Vg) =V3-2 t2V12t12 -2 V2V1t13 - V2V13t1 - V2V12t12 —4t\otr -2 t2V13t1 -4 t2V1t13 — 2V \ots — V1t22 +
t14V2 - 70t14V13 - t1V22 — 16t17 -4 t1t22 -2 V16t1 - 11V15t12 - 36V14t13 - 85V12t15 — 56V1t16 - t2V14 +2 i3

T]R(V3) mod 2= V3 + V2V12t12 + V2V13t1 + V1t22 + t14V2 + V12t15 + t2V14 + t1V22 + V15t12
nr(vs) mod (2v1) = V3 + t1*v, + tyvo?

nr(vz) mod (2vy,V,) = V3

4.2. Hazewinkel generators at p=2: Coproduct calculations. These calculations agree with
those in [Gia78].

AQ) =181

A(tl):t1®1+1®tl

A) =t ®l+h @2 +1®@th—-vity ®t;
A(tz) mod (2V1):t2 1+t ®t12+1® t

A(t3) =1 ® t22+t2 ® t14+V12 t12 ® t13—V1 1 ® t12 t2+V12 Lyt vViLRIL-LvVit ® t12—2V13 t12 ®
t12+V12 Lett1—2v t13 ® t]_—V13 L ® t13—V]_3t13 Qt1-2wi1 ® t13+t3 ®1+1t;—3Vv, t12 ® t12

A(ts) mod 2=1t; ® L2 +1, ® t1* +vi?t:2 @ t3+vity ® 126 + vilthty @ 1y
Vb @b+t @2+ Vil @ Lt + Vil @ P +VvittP @ i+t ® 1+ 1 ®@ t3+ W12 ® 132

A(tg) mod (2V1) =1 ® t22+t2 ® t14+t3 1+l t3+V2t12 ® t12

Alts) mod v, Vo) =t @ 2+ @ ti*+t3 ® 1+1 ® t3
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4.3. Hazewinkel generators at p=2: Conjugation calculations. These calculations agree with
those in [Gia78].

c(ty) = -t
c(tr) = —tp — it - ;3
C(t3) =—t3-— V1t22 - t14V2 - t;|_4V;|_3 - 3t2t14 - 3V1t16 - t1t22 - 3t2V1t13 - 2V12t15 - t]_? - t2V12t12

C(t4) = —12t23t16 - 3t3t18 - 47V1t22t18 - t]_ls - V1t32 - 4V2t22V12t14 - 9V2t22V1t15 - 3V2t2V13t16 -
11V2t2V12t17 - 15V2t2V1t18 - 2V2t23V1t12 - t3V12t22 - 9t3t2V1t14 - 5t3t2V12t13 - 3t1t3V1t22 -
t3t2V13t12 - V1t3t14V2 - 2t3t15V2 - 4t3t15V13 - 6t3t2t15 - 7t3V1t17 - 2t3t12t22 - 7t3V12t16 -
29V1t23t15 — 33t2t111V1 - 56t2t110V12 - 56V12t22t17 - 7V1t24t12 - 22V12t23t14 - 2t1V12t24 -
33V13t22t16 — 51V13t19t2 — 7V13t23t13 - 3V15t22t14 — 12V14t22t15 — 2V16t2t16 — 1OV15t2t17 —
28V14t2t18 - 2V14t23t12 - 5V2t22t16 - 8V2t19t2 - 2V2t23t13 - 6V2V13t19 - 10V2V12t110 - 9V2V1t111 -
t18V1V22 - 2t18V14V2 - 3V2t112 - 24V13t112 — 4V16t19 - 11V15t110 - 20V14t111 — t19V22 - 18V12t113 -
7vit)' = 53 — 15t,%0% — tits? — v, — i3 — t8vs — t®vi " — tat vt - T, -ty - 1°

4.4. Hazewinkel generators at p=3: Right unit calculations. These computations mostly

agree with those in [Gia78]. In particular, the following misprints in [Gia78] should be noted: the
term 33 in nr(Vv2) should be &; the term 1118,t3t7 in nr(vs) should be 118 t2t}; and the term
—26244%t] in nr(vs) should be-26244,t).

nr(Vy) = Vi + 3t
nr(v1) mod 3=v;

T]R(Vz) =\Vy - 35V1t13 + 3ty — 4V13t1 - 18V12t12 - 27t14
T]R(Vz) mod 3= Vo + V1t13 + 2V13t1

nr(V2) mod (3vi) =V,

T]R(Vg) = —27t1t23 - t1V23 + V3 — 8V1t23 - 8747t19V2 + 14370319V14 + 3tz — 34725\/2V12t17 -
94-8V2V16t13 - 262442‘119 + 173636/13t110 + 144423/12t111 + 76545\/1t112 - t2V19 - 9V2V18t1 -
231V110t13 — 791V19t14 — 790V18t15 + 5424V17t16 + 30226\/16t17 + 81975V15t18 - 124V2V17t12 —
3V112t1 - 36V111t12 - 4438V2V15t14 - 27037\/2V13t16 - 13494V2V14t15 + 19683113 -

78246t2V1t18 - 1041752V12t17 — 81111t2V13t16 — 40482':2V14t15 — 133141:2V15t14 + 132V1V22t14 —
9V1V2t22 - 9t1V22t2 - 27t1V2t22 + 1188V1t22t14 - 3V1V22t2 — 2844t2V16t13 + 729t22t15 + 81V22t15 -
372t2V17t12 — 27t2V18t1 + 24V2t2V14t1 + 534V2V12t13t2 + 180V2t2V13t12 + 792V1V2t2t14 + 4V22V14t1 —
26082\/2V1t18 + 30V22V13t12 + 89V22V12t13 + 801V12t13t22 + 27Ot22V13t12 + 36t22V14t1 + 486V2t2t15

nr(Va) Mod 3= Vg + Vito2 + 119 + 2tov1° + 24310 + 2vov; 12 + v Oty 4+ 2 Bt° + vi Bty T +
2V2V;|_3t:|_6 + 2V22V12t13 + V22V14t1 + 2V2V15t14 + 2t1V23

nr(vs) mod (3vi) = Vs + 2t1v23 + t1°v,

nr(vs) mod (3 vy, V2) = V3
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4.5. Hazewinkel generators at p=3: Coproduct calculations. These calculations agree with
those in [Gia78].

AL =1®1
A(tl):tl@) 1+1®t1

A(tz) :tz ® 1+t1 ® t13+1 ® tz—Vltlz ® tl—Vltl ® t12
A(tz) mod 3= L1+t ® t13+ 1® t2+2V1t12 Q1 +2vit1 ® t12
Alt) mod Bv) =t @1+t @t3+1 1,

A(t3) = —V;|_4 t18 @t —3wt ® t18 -12v, t12 ® t17 - V14 L ® t18 - 4-V;|_4 t12 ® t17 - 4-V;|_4 t17 &®
t2+t @ 4%+t @ L3 —vi®t? @ Lt — IVi*t® @ 18 + Vil @ 212 — Vit t? @ 1t —
13V14 t15 ® t14 + V12 t13 ® t18 + 2V12 tht; ® t12 t, — 13V14 t14 ® t15 + V12 t14 ® t17 - 9V14 t16 ®
t13 +t:®1+1®t;— V13t15 ® t15 + V12t12 ® t22t1 - 2t14V13 &® t16 - t14V13 ® t12t2 - V13t13 ®
t17 — 2V13 t13 ® t13 t, —12v, t17 ® t12 -3V t18 ® t; —28v, t16 ® t13 + 21 V12 t13 ® t14 - t22 viti ®
13— 42w, 1% @ 12+ 2Vt @ it —thviti? ® 1.8+ 26?2 @ 10 - 2vith P @ 2 +
V22 1% @ 1 + i2 2%t @ 112 — 42w t® @ 1t —vity @ 6362+ 2vi? 12 @ 10t + 2 V2t ®
bt — Vit @ t2-2Lviti @ P —it2 @ thh—vith ® 62 —vit? @ 1%t — 28w, 12 ® t;©

A(ts) mod 3=2vi*t:8 @ i +2vi*ty @ 68+ 2vitt? @ i/ + 2Vt @ t2+ L @ 10 + 1 ® 1,8
+ 2V13 t12 ® t14 L+ V12 L ® t22 t12 + 2V13 1) t12 ® t14 + 2V14 t15 ® t14 + V12 t13 ® t18 + 2V12 Ly ®
2 + 2ttt @ P+ vt et +t @ 1+ 1 @ t3+ 2viSt° ® 1.0+ vi? 1% @ 2t + 1 vi® ®
t16 + 2t14 V;|_3 ® t12 to + 2V;|_3 t13 ® t17 + V:|_3 t13 ® t13 to + 2V2 t16 ® t13 + 2t2 V12 t13 ® t14 +
2t22V1 t1 ® t13 + 2V;|_2 t13 ® t14 to + 2t2 Vi t12 ® t16 + 2t2V12 t12 ® t15 + V;|_3 1) t13 ® t13 +

V;|_2 t22 tlz ®t + V12 t22 L ® t12 +2vit; ® t13 t22 + 2V12 t12 &® t15 th+ 2t V;|_2 t12 ® toty +
2V13t2t14 ® t12 +thvit; ® t13t2 + 2V1t22 Qb+2vit, ® t22 + 2V1t12 & t16t2 + 2V2t13 ® t16

Alts) mod Bv) =t @t +1 L2 +t3 @ 1+ 1@ t3+ 2w 1% @ t13 + 2wty @ t,°
A(tg) mod (3V1,V2) =t ® t19+t1 ® t23+t3 ®1+1®t;

4.6. Hazewinkel generators at p=3: Conjugation calculations. These calculations agree with
those in [Gia78].

c(t) = —t1
c(to) = —t2 + t,*
C(tg) =—t3+ 4t2t19 + t1t23 - 3t22t15 - t113 - V1t22t14 + V1t2t18

C(t4) =—t,+4 t3t127 + 13V14t25t116 -9 V14t26t112 -4 V1t135t2 - 13V14t24t120 +9 V14t23t124 -4 V14t22t128 +
V14t2t132 — 3V2t28t14 + 12V2t27t18 + 34V1t131t22 - 145V1t119t25 + 167V1t123t24 + 3V1t17t28 -
22Vt o7 + 75vit 11,8 — 42 oty 20+ 28 ot 3t 24 — 12 ot 2t 28 + 3 votot 32— vy A8t 4 + 4 vy, 1, 8 —
28,1012 + 421,010 — 3t5%t,%1,° + 9t521,%4° — 761,°t, 18,2 + 841,%,%%v, % + 1,40 + 451,88 +
3t32t1% — 1364136 + 6152wy t,%t,° — 7t32vitoty® + 415t 0%y, — 1415172t + 11t5v,2t%,° —
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20t3V12t23t113 - 10t110t27V12 + 38t114126V12 - 12t32t2t110 + t1t33 - 123t27t112 + 228t26t116 +
V1t3t126 + V1t32t113 - 2t3t15t25V12 - V1t32t1t23 + V1t3t12t26 + t3V13t24t18 - 2t3V13t23t112 + t3V13t22t116 +
t129V13t22 - t134V12t2 + t16t28V12 + t32V12t22t14 - t32V12t2t18 - 2t3t121V12t2 - t19t27V13 + 13t3V12t22t117 —
12t3t16t25V1 - 68t3t23t114V1 + 12t13OV12t22 + 52t3t22t118V1 - 48t23t126V12 + 66t3t22t119 + 3t3t13t26 -
18t5t1 't,° + 51taty M — 78t5t,3411° — 2415151123 — 7 v 3512 + 6 v 3,01, — 14v 3.0t Y +
15v;3t% 21 — 17583428 — 300t,°1,%° + 279t,%t, 2% + 661,232 — 10t + 1,10 — 108yt %

4.7. Hazewinkel generators at p=5: Right unit calculations.

nr(Vy) = V1 + 5t
nr(v1) mod 5=v;

I]R(Vz) =V, — 3749V1t15 +5t, — 6V15t1 - 75V14t12 - 500V13t13 — 1875V12t14 - 3125t16
nR(VZ) mod 5= Vo + V1t15 + 4V15t1
nr(v2) mod (8vi) =V,

nr(vs) = (omitted due to length)

T]R(Vg) mod 5= V1t25 + 4V2t112V113 + 4V2t116V19 + 4V2t120\/15 + 4V15t126 + 4t2V125 + 4V2t18V117 +
4 V2t14V121 +4 V24V12t15 +3 V23V13t110 +4 V23V17t16 +3 V22V14t115 + V22V18t111 +4 V22V112t17 + V24V16t1 +
3V23V111t12 + 2V22V116t13 + 4t1V25 + V3 + t125V2 + V125t16 + 4V122t19 +2 V118t]_13 + 3V114t:|_17 + V110t121

nr(vs) mod (Vi) = %V, + 411v5° + Vs

nr(vz) mod (§vy,V2) = V3

4.8. Hazewinkel generators at p=5: Coproduct calculations.
A =101

A(tl):tl 1+1® 2]

A)=tbel+h@tP+1l1otb-ti*vy @t —2wit? @ 12 -2viti? @ 3 — vty ® t1?
A(tz) mod5=t,®1+t; ® t15+1 ® t2+4t14V1 ® t1+3V1t13 ® t12+3V1t12 ® t13+4V1t1 ® t14
A(tz) mod (5V1) =Lb®e1l+t;1® t15 +1®t

4.9. Hazewinkel generators at p=5: Conjugation calculations.
c(ty) = -t

c(tz) = —tp +t,°

C(t3) = —t3 + 616,112 + t11,° — 5147 + 106,313 — 106,21, 1° — 1532 — vit,%1,% + 2wy 1,312 —
2 V1t22t118 + V1t2t124
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5. MAPLE SOURCE CODE FOR CALCULATIONS

The Maple [Map] procedures and computations below are those used to generate the results in
this paper. Similar procedures for calculating the right unit using Mathematica [Mat] were created
by Ravenel, and are described in [NYO03, p.150-155].

The author is greatly indebted to the authors of the Maple packages Bigebra [AF] and
Steenrod [Mon] for making their source code available and for their helpful suggestions.
Depending on what version of Maple you run, the “define” command may fail to work properly.
If you install and load the Bigebra package, it contains a “define” command that works properly,
no matter what version of Maple you run. Mapléaads you the ability to define a neutral
operatorRo that is multilinear and associative just like the tensor product; however, Maple does
not know how to multiply tensors. In the source code below, there are procedureP;Tand

&" that define multiplication of “pure tensors” (tensor monomials), multiplication of tensors, and
exponentiation for tensors, respectively.

5.1. Maple source code for calculating the right unit.

> restart: with(Bigebra):
> t[0]:=1:

> # lambdaW returns lambda_n in terms of the
# Araki generators {w_1, ..., w_n} at the prime p.
> lambdaW:=(p,n)->
if n=0 then 1; else
expand(add(lambdaW(p,i)*wn-i] " (p~i),
i=0..(-1D)/(p-p"(p'n)));
end if:

> # muW returns mu_n = eta_R(lambda_n) in terms of the
# Araki generators {w_1, ..., w.n} and {t_1, ..., t_n}
# at the prime p.

> muW:=(p,n)->if n=0 then 1; else
expand(add(lambdaW(p,n-i)*t[i] " (p " (n-i)),i=0..n));
end if:

> # RUW returns eta_R(w_n) in terms of the
# Araki generators {w_1, ..., w.n} and {t_1, ..., t_n}
# at the prime p.

> RUW:=(p,n)->expand ((p-p~ (p"n)) *mu(p,n) -
add(muW(p,n-i)*(RUW(p,1i)) " (p " (n-i)),i=1..(n-1) )):

RUW(2,1);

RUW(2,1) mod 2;

RUW(2,2);

RUW(2,2) mod 2;
subs(w[1]=0,RUW(2,2) mod 2);

V V. V V V
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> RUW(3,1);

> RUW(3,2);
> #
> # lambdaV returns lambda_n in terms of the
# Hazewinkel generators {v_1, ..., v_n} at the prime p.

> lambdaV:=(p,n)->if n=0 then 1; else
expand(add(lambdaV(p,i)*v[n-i] " (p"i),i=0..(n-1))/p);
end if:

> # muV returns mu_h = eta_R(lambda_n) in terms of the
# Hazewinkel generators {v_1, ..., v_n} and
# {t_1, ..., t_n} at the prime p.

> muV:=(p,n)->if n=0 then 1; else
expand(add(lambdaV(p,n-i)*t[i] " (p" (n-1i)),i=0..n));
end if:

> # RUV returns eta_R(v_n) in terms of the
# Hazewinkel generators {v_1, ..., v_n} and
# {t_1, ..., t_n} at the prime p.

> RUV:=(p,n)->expand(p*muV(p,n) -
add(muV(p,n-i)*(RUV(p,i)) " (p " (n-i)),i=1..(n-1) )):

RUV(2,1);
RUV(2,2);
RUV(3,1);
RUV(3,2);

V V. V V

5.2. Maple source code for calculating the coproduct.

> # Define the tensor product.
# Remark: to get the "define" command to work
# correctly, you may need to download the
# package for Maple called "Bigebra"

> define(‘&o‘,flat,multilinear);

> # Define operations for multiplication of tensors
> PTM:=proc(R,S)
# "Pure tensor" (tensor monomial) multiplication.
# convert R,S to lists of the form [c,[a,b]] that represent c*(a \otimes b)

# or more generally [c,[a_l,a_2,...,a_n]]
# represents c*(a_l \otimes ... \otimes a_n)
local A,B:

if type(R, ‘**‘) then A:=[mul(op(i,R),i=1..nops(R)-1),[op([op(R)][nops(R)]1)]]
else A:=[1,[op(R)]] fi;

if type(S, ‘**) then B:=[mul(op(i,S),i=1..nops(S)-1), [op([op(S)][nops(S)1)]]
20
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else B:=[1,[op(S)]] fi;

RETURN(A[1]*B[1]*‘&0* (seq(A[2,1]*B[2,1],1i=1..nops(A[2]))));

end:

‘&** :=proc(R,S)
# Multiplies sums of "pure tensors".
local M,r,s;
if type(R, ‘+‘) then r:=nops(R) else r:=1 fi; #print(r);
if type(S, ‘+°) then s:=nops(S) else s:=1 fi; #print(s);
if (r=1 and s=1) then
RETURN(PTM(R,S));
elif r=1 then
M:=matrix(r,s, (i,j)->PTM(R,0p(j,S)));
elif s=1 then
M:=matrix(r,s, (i, j)->PTM(op(i,R),S));
else
M:=matrix(r,s, (i, j)->PTM(op(i,R),op(j,S)));
fi;
RETURN(add(add(M[i,j],i=1..r),j=1..5))
end:

‘&" ‘:=proc(a,p)

# An exponentiation for sums of "pure tensors".
if p=0 then RETURN(1)

elif p=1 then RETURN(a)

else RETURN(‘&*‘(a, ‘& ‘(a,p-1))); fi;

end:

# CPW returns the coproduct Delta(t_n) at the prime p
# in terms of the Araki generators {w_1, ..., w_n} and
# {t_1, ..., t_n}.

CPW:=(p,n)->simplify(add(add(
&o(expand(lambdaW(p,i)*t[n-i-k] " (p"1)),t[k] " (p " (n-k))),
i=0..n-k),k=0..n) - add(&o(lambdaW(p,i),1)&*
(expand(CPW(p,n-i)& " (p~i))),i=1..n)):

CPW(2,1);

CPW(2,2);

eval (subs(w[1]=0,CPW(2,2)));

CPW(2,3);

CPW(2,3) mod 2;

eval (subs(w[1]=0,CPW(2,3) mod 2));

eval (subs({w[1]=0,w[2]=0},CPW(2,3) mod 2));

CPW(3,1);
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> CPW(3,2);

> CPW(3,2) mod 3;

> eval(subs(w[1]=0,CPW(3,2) mod 3));

> CPW(3,3);

> CPW(3,3) mod 3;

> eval (subs(w[1]=0,CPW(3,3) mod 3));

> eval (subs({w[1]=0,w[2]=0},CPW(3,3) mod 3));

> #

> # CPV returns the coproduct Delta(t_n) at the prime p
# in terms of the Hazewinkel generators {v_1, ..., v_n} and
# {t_1, ..., t_n}.

> CPV:=(p,n)->simplify(add(add(
&o(expand(lambdaV(p,i)*t[n-i-k] " (p"i)),t[k] " (p " (n-k))),
i=0..n-k),k=0..n) - add(&o (lambdaV(p,i),1)&*
(expand(CPV(p,n-i)& " (p~i))),i=1..n)):

CPV(2,1);

CPV(2,2);

eval (subs(v[1]=0,CPV(2,2)));

CPV(2,3);

CPV(2,3) mod 2;

eval (subs(v[1]=0,CPV(2,3) mod 2));

eval (subs({v[1]=0,v[2]=0},CPV(2,3) mod 2));

V VV V V VYV

CPV(3,1);

CPV(3,2);

CPV(3,2) mod 3;

eval (subs(v[1]=0,CPV(3,2) mod 3));
CPV(3,3);

CPV(3,3) mod 3;

eval (subs(v[1]=0,CPV(3,3) mod 3));

eval (subs({v[1]=0,v[2]=0},CPV(3,3) mod 3));

V VVV VYV VYV

5.3. Maple source code for calculating the conjugation.

> # CONJW returns the conjugation c(t_n) at the prime p
# in terms of the Araki generators {w_1, ..., w_n} and
# {t_1, ..., t_n}.

> CONJW:=(p,n)->expand (lambdaW(p,n) -
(add(add(lambdaW (p,i)*t[n-i-k] " (p i) *(CONIW(p,k)) " (p " (n-k)),
i=0..n-k),k=0..n-1))):

> CONJW(2,1);
CONJW(2,2);
> CONJW(2,3);

\%
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> CONJW(2,4);

CONJW(3,1);
CONJW(3,2);
CONJIW(3,3);
CONJIW(3,4);

vV V V V

#
> # CONJV returns the conjugation c(t_n) at the prime p
# in terms of the Hazewinkel generators {v_1, ..., v_n} and
# {t_1, ..., t_n}.
> CONJV:=(p,n)->expand(lambdaV(p,n) -
(add(add(lambdaV(p,i)*t[n-i-k] " (p i) *(CONIV(p,k)) " (p" (n-k)),
i=0..n-k),k=0..n-1))):

\2

CONJV(2,1);
CONJV(2,2);
CONJIV(2,3);
CONJV(2,4);

V V. V V

CONJV(3,1);
CONJV(3,2);
CONJV(3,3);
CONJV(3,4);

V V. V V
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