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Fatou's Conjectate

Hyperbolicmaps are open and dense among
all rational maps

Recall 1hyperbolicmaps
A rational map f Q Q ofdegd 1 is said
to be hyperbolic if all critical points of
tend to an attracting cycle



History
1920 Fatou's memoir
1971 Jakobson Solution in the C topology

1992 Sullivan
1997 Graczyk and Swiatek and Lyubich

Solution in the real quadratic case
2003 Kozlowski Solution in the smooth

unimodal case
Zoos Kozlowski Shen van striae Real poly

wounials with seal crit points
2004 Real polynomial

Quasiconformal Maps Zz Ii if
U V C Q non empty open Zz II Zetify

a f U DV orientation preserving home

F is called quasiconformal if
f is absolutely continuous on line

For any a b x ad CU
x l b f x if
f of iy

ate absolutelycontinuous

III I 431st II's L oa.nu



f is k gwaa.comformal with K t.tk 31

Proposition
f U P V is K quasi conformal

K 31 if f for all annuli A EU

Mod AI E Mod f AI E KMod A

Definition
Let U and 11 be non empty open

sets in E An orientation preservinghomeomorphismF U V is called quasiconformalif

f is absolutely continuous on line
For any a b x ad CU
x l b f x if
f of iy

ate absolutelycontinuous



The MeasurableRiemannMappingTheorem
Let µ be a measurable Beltrami Coeff on the
Riemann sphere with 11MHoo k c L Then

These exists a unique quasiconformalhomeomorphismf FEMI E D E which fixes
0 L oo and solves the Beltrami equation
1 t IM1 IfK µ Jg ZIZI I Xt if

81 xg Ids I y ix y I dy t Md Il

f is a CO top real analytic diffeomorphism
if µ is C Insp real analytic
The family f t given by for the
Beltrami form tu depends holomorphically
on the complex parameter t E B lo Hn



The Dense HyperbolicityTheogene Graczyk and
Swiatek 97 Lyubich 971

In the real quadraticfamily
f a x A X L x 0 E A E 4

themapping Fa has an attracting cycle and
thus is hyperbolic for an open and dense set

of parameters a

Main Theorem

F E P teal quadraticpolynomials
bounded toward critical orbit
no attracting or indifesentcycle

in CR
Then if they ate topologically conjugated the
conjugacy extends to a quasiconformal conjugacy
between their analytic continuations to the complex
plane



Main Theorem D Dense Hyperbolicity

Fact 1

Ca L be 10,41 f a andFb are 7 c conj on

Then Ca 3 a or is open

Proof
foe and Fb 9 c conj a f b

It g c conjugacy between Fa and Fb

X 84 LI dztudz I f a f µ

Since It is F c there is an Fb invariant
Beltrami coefficient µ not identically 0

C E E j ICI 11MHoot

He given by in the MRM T

Then He depends analytically on c and

free He Fb oHo
t

is a analytic family of analytic functions
free is L 7 c and is a 2 I branched

covering of the Riemann sphere fixing oandao



T F.c nm Beltrami coefficient

µ T pix.LI dzl

µ T µ µ I

f u f y µ
tofu µ

Fao f do

L tallo
mm

Mo µ



Sinceone is also a branchingpoint free is a family
of quadraticpolynomials
eccl adzfree co is analytic

e e 2 I e l a 11MHoo l is a point or an open set
Since tch a and t o b e 2 I c l a 11MHoo l
is an open set

17

Fact 2

These are only countablymany complex values
of a for which the map x i is a x L x

has a neutral periodicpoint
Eroof

k o X E G Id l E I

Then the pair of eat
fka z 3 and did 3 d

d 3



has only finitelymany solutions a 3

Theorem

Ica 3 irreduciblepolynomial oftwo complex
variables X

Then 3 solutions of Ica 31 of u Zoo
has the structure of a compact Riemann surface
Moreover the projections are mesomorphic of this
surface

Then the set of solutions of Fak131 3 0

splits into the union of finitelymany compact
Riemann surfaces
o dFak
dz

z is meromorphic on each Rs

If
dfa
Tz 131 3 infinitely times by the

identityprinciple it must be constant in one of
the surfaces say S

3 ca z solving both equations C V

Then Tle E E connectedness locus



Iz E E filled Julia set
the

since E s too I i E and The E are

compact Tle and Ez are continuous

Also Tls The mesomorphic D open or constant
D IT r E and The E

is a singlepoint

Fact 3 Gruckenheimer 791

f g teal quadratic polynomials
bounded critical orbit
f has no attractingperiodicorbits

Zf 3g critical points of f and respectively
maximal points

f andof an topologically conjugates iff for everyn o

Sgu Fm Zf Zf sign gm Zg 2g



Fa x ax L x has no stable periodic orbits
Ta 2 b fa and fb aretop conjugated in IR

claim Ta is closed

Proof
but ng E Ta bu r b

Sgu Fb 12 12 remain fixed for all n

By continuity Sgn Fbk Ya k remain

the same claim follows four Facts

Ot Sgn Fbk Ya k 0 for some k

k periodic by Fb Ha e B b S

Fa has an attracting
cycle

KEY



Fact 1 a E lo 41 s t Fa hasonly sepelling
periodic orbits D Ca n IR Ta is either

open or a point Since Ta is closed it must
be a point

By Fact 2 we can consider a E lo 4 s t Fa
has only tepeeling periodic orbits
As L A s t Fas has only tepellingperiodic orbits
Fa and Fai are not top comj

By Fact 3 for some

syn Fra K k Sgu f talk k

By the intermediate value theorem exists
Ao between ar and A s t

f tf 12 42 0

So Fao is hyperbolic
The
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