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Definition of the MANDELBROT set

Quadratic polynomials: For ¢

lterates: For n > 1 integer,

MANDELBROT set: Jf := {c (£7(0))32 is bounded .

Examples
#(0) = 0= (£(0))52; is constant = 0 & Jf;
Al0) =1 RR0) =12 +1=2,;3(0) =2 +1=
By induction £(0) > n—1=1¢ Ji;
RO) =2 +i=i-1F0)=(i-12+i=
oo

321 is eventually periodic = i & L.
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MANDELBROT set.
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Rabert W, Biooks
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The graph of f; is above the diagonal;
= (£7(0))2, is increasing;

5 1(0) — oo or a fived point of f; x = § unique fixed point of £y

Pt it x> () = e 8°31e) = . (F§(0))3.o increasing and — 1
£, has no fixed point in &

> £2(0) —> co.

The graph of . is above the diagonal -
Similar argument =
& f. has no fixed point in B
& c>1/4.

e pint cquatons <2 4 x - 0
Discriminant 1 - 4e.

Real trace of the MANDELBROT set Real trace of the MANDELBROT set

Fixed points of .,

VI-4c
2 me

x> Ble) = felx) > x;

The raph of £ i bove the s

= (£7(x))32, is increasing and — co.

£2(0) > Blc)
(£2(0) > Blc) & £(0) < —Blc) & c < —2) = c ¢ Ji.
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V'

(£2(0))32, is increasing and — co;
2(0) > Blc) = (£1(0))32, is increasing and — oco;
f1(c)) C Ilc) = (F2(0))3%y C Ic) = c € JL.

Summary:

Remark

Up to a change of coordinates, f. is the logistic

map
8 B x), with A =1+ V1 - 4c.

Ax(1

) Bl)] satisfies £.(1(c)) C Ilc)
= (£(0))52, C llc) = c € L.

Hyperbolic components Hyperbolic components
Periodic point of period n: p € C such that £7(p) = p.

LR A )
Multiplier: |DF?(p)|;

Shared by very priode it in Olp)

p s attracting if | D7 (p)| < 1.

Theorem (Farou)

have
dist(£"(0), O(p)) — 0.

Corollary

f. can have af most one attracting periodic orbit.




Hyperbolic components

Farou's theorem =

has an attracting periodic point} C 1.

Farou Conjecture
¥C is dense in JL.

 Hspesbolicy s dense n the quadeatc famly

Hyperbolic component of Jf: Connected component of 9C.

Hyperbolic components

Main caridoid

Hyperbolic components

a: fixed point of f;

unique ¢

Df.(a).

C such that . has a fixed point of multilier A.

Wi i= p(D) € L.

Hyperbolic components

e
V51

Internal ray of angle X5




Hyperbolic components

Equation of periodic points of period 2:

unique
multipl

Hyperbolic components

Summary
has an attracting periodic point} C Jf
onnected component of JC.

Hyperbolic component of
Main hyperbolic component or hyperbolic component of

riod one:

A has an aftracting fixed point}

;.*H}».

Hyperboli nt of period two
W : £, has an aftracting periodic point

of minimal perio

Hyperbolic components




