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MANDELBROT set

Quadratic polynom

nh iterate of f,

MANDELBROT set: L := {c € C: (£2(0))32., is bounded}.

Periodic point of period n: p € C such that £7(p) =
Orbit: Olp) = {p, felp).... £ P}
Multiplier: |Dff(p)|;
pis:

attracting if | DE"(p)] <
indifferent if | DE"(p)| =
vepelling if |DE?(p)| > 1;

MANDELBROT set

Failiure of NEWTON's root finding algorithm, from Lukas GEvER
website.

MANDELBROT set

Farou Conjecture
FC is dense in JI.

Hsperbolicit is dense in the quadetc fail
s known fo e s I igher dimensions.

MLC Conjecture (DouaDY-HUBBARD)
The MANDELBROT set is locally connected.

Theorem (DouApy-HUBBARD)

MLC Conjecture = Faou conjecture.

» Truasrow's combinatoril model of he Makprassor st i ccurste




e

Adrian Douapy and John HUBBARD.

Plan:
® Hyperbolic components attached to the main cardioid;
® External rays and the limbs of the MANDELBROT set;
® Yoccoz' inequality and MLC at points of the main cardit

Period doubling bifurcation

Hyperbolic components of
periods 1 and 2. Period doubling
bifurcation

Df.lalc)) = =1 = alc) is indifferent;
alc) is repelling & orbit of period 2 appears.

b Forevery generic famil 3, such that
e ad D, (] = -1
doutiing mosie.

Review of Part I

JOR=[-2,1]
Fixed points of f.: alc):

I
1 o=
Invariant interval: /(c) := [~Blc), Blc]), £ll(c))
i

g b e
Main hyperbolic component or hyperbolic component of
period one:

& C: £, has an attracting fixed point}
el
re DJ ;

Hyperbolic component of period two:
W = {c € C: £, has an attracting periodic point

of minimal period 2}

21:1eD}.

Period doubling bifurcation

B2 undae ¢ such ha  has a e et

Internal ray of angle 0 = p({rexp(27i6) : r € [0,1)}).

Internal ray of angles 1 and 1.




Period tripling bifurcation

clr) = plrexp(2mil));
alr): Fixed point of £y, of
multiplier r exp(27id).
Df.(al1)) = exp(27i})
Internal = a(1) is indifferent;

ray of angle §,

extended.

Period multiplying bifurcation

nlrexp(2mi2);
Fixed point of f(, of multiplier r exp(27i2).
Dfyla(1)) = exp(2i2) = al1) is indifferent;
alr) is repelling & orbit of period q “appears’;
The new periodic orbit is attracting

= clr) € hyperbolic component of period g.
plexp(2i2));
Hyperbolic component containing c(r), for r > 1 close to 1.

Period tripling bifurcation

alr) is repelling & orbit of period 3 “appears”.

The new periodic orbit is attracting

= c(r) € hyperbolic component of period 3.

External rays

MANDELBROT set, from Tomoki KawaHIRA's gallery.




External rays

Theorem (Douapy-HUBBARD)
There is a unique conformal map

that is tangent fo the identify af co.

By Camsrrmsonons heoren
10 extnds continmonsy 0

Definition
The external ray of angle 8 of 1, is

i= {®(rexp(2mif)): r > 1}.

lim @(rexp(2ic)

exists, then (0] lands and the limit is the landing point o

External rays

Theorem (Douapy-HUBBARD)
pe is the landing point of pre

Angles of rays landing at pe.

External rays

External ray of angle 3.

External rays

30 (g‘))ugp,’,:us/e’e‘(

cuts the plane in 2 parts.

W : Piece containing Hl{'

S0 We.

Theorem
N ] (Vs




VYoccoz’ inequality Yoccoz’ inequality

nequality
Rational number in
log

rla) = 12
In the coordinate log 4, we have

P

/
c B (272 + rlq), rlg
]

Dis o rady

Theorem (Ve
The MANDELBROT set is locally connected at every point of dWj.




