MATH 436: Homework VII.
Due in class on Monday, Nov 10

1. [Applications of the Classification of Finitely Generated Abelian
Groups.] (a) Make a list of all the possible Abelian groups of order 72 (up
to isomorphism).

(b) Fix an integer n > 1 and let Z™ denote the Free Abelian group of rank n,
i.e., a direct sum of n copies of Z. Show that if f : Z" — Z™ is a surjective
endomorphism then f is an automorphism of Z".

2. [Partitions of n|. Let n be a positive integer. A partition of n is a

sequence of integers 1 < A; < A\ < -+ < A such that A+ Ao+ -+ X =n.
We let A(n) denote the total number of partitions of n. For example the
partitions of 4 are: 1+ 1+ 14+ 1,1+ 1+2,1+3,2+ 2,450 A(4) =
(a) List the partitions of and nd A( ).
(b) Let » be a permutation, then we have seen that we ma write asa
product of disjoint ¢ cles (here we will also use the ¢ cles of length 1 contrar
to the usual convention), = k- hen if A denotes the length of the
¢ cle  we can rearrange the ¢ cles so that 1 < Ay < Ay--- < A\ and so the
sequence A 1< < is a partition of n. We denote it b A( ), and call
it the partition associated to the permutation

Show that two permutations and  are conjugate in ,, if and onl if
their associated partitions are equal, i.e., A( ) = A( ).
(¢)  his part is disjoint from the previous parts of the problem Let be a
prime. Show that the number of distinct Abelian groups of order ™ (up to
isomorphism) is A(n).

3. [Divisible Groups]. (a) ecall that (Q Z,+) is a torsion Abelian group.

Let be a prime, the rufer group of t pe consists of the subgroup of
Q Z consisting of elements of order a power of .  his group is denoted
( ). Showthat ( )= —+Z , Z, >  and that a non ero

element in this group can be written uni uely in the form — + Z where
(,)=1land >1, <

(b) Show that for a xed > , ()= —+%Z Z is a subgroup

of () and this subgroup is a ¢ clic group of order .  heck that
()= 1 () and show that an subgroup  of ( ) is equal to

one of the ( ) for some = 1,2,

(¢) An abelian group is called divisible if for ever and positive in

teger n, there exists such that n = . heck that (Q, +) is a divisible



Abelian group. Show that () is a divisible Abelian group.  int: For
this last group, ou might want to consider the cases when n is a power of
and when n is relativel prime to  rst.

(d) Show that there are two distinct elements ; and 5 in () such that

,=14Z= 5. husthe inthe de nition of a divisible group need not
be uniquel determined b and n in general.
(e) Show that if = Z with > 1 then is not a divisible group.

hus conclude that Q and () are not free Abelian groups. ence con
clude that () is an Abelian group such that all proper subgroups are

nite ¢ clic groups but such that () itself is not ¢ clic.  his is wh
the rufer groups are sometimes called quasic clic.

4. [  .(Z).] Let »(Z) denote the monoid of n  n matrices with
inte er entries under the usual matrix multiplication C = AB given b

C = ZZ 1A By . 1 this exercise we will view the elements of Z" as column
vectors  with n integer entries. hus we ma de ne for ever A w(Z),
the function f :7Z" — Z" given b f ( )=A .

(a) heck that f :7Z" — Z" is an endomorphism of Z" and show that the
correspondence  : n(Z) — n (Z") given b (A) = f is an isomor

phism of monoids.

(b) (a), it follows that the group of units of n (Z") i.e., (Z") is
isomorphic to

2(Z)= A (Z) B »(Z) such that AB =1 = BA

t is eas to check from basic linear algebra that : n(Z) — Z, ie.,
the determinant of a matrix with integer entries is an integer. Also recall for
an real matrix, if  (A) = then A ! exists in »(R) and is given b
Al=-1— (A)where (A)=C . ereC is the cofactor matrix whose
entries are given b C = ( 1) (A(, )) where A(, ) is the matrix
obtained from A b deleting the th row and th column.

se this to show that if A «(Z) has  (A) = then A ! exists in
»(R) and is a matrix with rational entries. Furthermore when we express
these entries in the form — with (|, ) = 1, we have divides  (A).
se this to give an example of a matrix A 2(Z) where  (A) = but
A 2(Z).

(c) Show that if A n(Z) then A o(Z) if and onl if (A)= 1.

(d) iven A W(Z) let ¢, , , denote the columns of A regarded as
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elements of Z™". We de ne the olumn subgroup of A to be the subgroup of
7" generated b the columns of A and denote it b (A). hus

(A) = 1s y n

Show that (A)= (f ), ie., that (A) is the image of the endomor
phism f de ned in part (a).

(e) se part (d) to show that if S +(Z) then (A) = (AS). Fur
thermore show that the automorphism f of Z" has f ( (A)) = (SA).
(f) We de ne arelation on n(Z) as follows: Wesa A A if A = TAS
for some T, S »(Z). Show that is an equivalence relation on w(Z).

We sa that A and A are equivalent matrices if A A . Show that if A A
then Z" (A)=2" (A).

(g) Let A n(Z) have th row denoted b . An elementar row oper
ation on A is one of the following:
(1) For xed = andsomen Z,wereplace with +n | ie., weadd

n times the th row to the th row.
(2) We permute two rows.
(3) We multipl arowb 1.

heck that if A is obtained from A b one of the row operations above, then
A = TA for some T n(Z). escribe T for each of the row operations.
We de ne elementar column operations analogousl . Show that if A is
obtained from A b one of the column operations then A = AS for some
S n(Z). escribe S for each of the column operations. onclude that
if A is obtained from A b a nite sequence of row and column operations
then A A.
(h) Let D( y, , ,) denote the diagonal matrix with entries ¢, , , on
the main diagonal ( 1 on top left, , on bottom right ) and ero entries o
the main diagonal. We will now prove

Theorem 0.1. A n(Z) < <n 1 <
1 2 A D( 15 ) ’ ) )

lease 1l in the requested details in the following proof: We prove the
theorem b induction on n. he case n = 1 is trivial so assume n 1 and
all smaller cases have been proven. f A = O the result is trivial so assume
A =0.

e ne 1 to be the smallest positive entr of any matrix equivalent to



N =

A.  hus there exists B A such that B=| © . . | ( xplain wh

we can assume  in upper left corner.)
ow write = 1+ with | < 1 integers for each 2 < < n.

2
Show that B L and use this to conclude that o = --- =

n
n= . seasimilar argument for the entries in the rst row to the right of
1 to conclude that

se induction to explain wh there exists < <nand1l < ,
such that A D( 4, o, , , , , ). Finall to show ; 5 write 5 =

1+ for , < 1 integers. Show that
1 1 1
2 1
and use this to conclude = | i.e., that ; 5. his completes the proof of
the theorem.
(i) Show that if A D( ¢, , , , , ) then
7" (A) =2" 7 4 --- 7 7

and use this to conclude that the numbers , {, , in the previous the

orem are uniquel determined from A. ( is called the rank and ;, |
are called the invariant factors of A. hus ou have shown that two integer
matrices A and B are equivalent if and onl if the have the same rank and
the same invariant factors.)

G) £ = [2] + [7] ., Z nd the invariant factor decomposition of
Z2



