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What is loop multiplication anyhow?

Joseph A. Neisendorfer

Dedicated to the memories of Sam Gitler and John Moore

ABSTRACT. In the beginning we are taught that multiplication of pointed loops
is just the first followed by the second. Later we learn that the cobar construc-
tion on the chains of the base is a model for the chains on the loop space, that
is, this cobar construction is chain equivalent to the chains on the loop space.
The cobar construction is a certain tensor algebra and has a natural multi-
plication of tensors. This multiplication of tensors models the multiplication
induced by the multiplication of loops. But, because of the simplicity of the
definition of loop multiplication, this modeling is not obvious. We interpret
loop multiplication so that this modeling becomes a clear consequence of the
naturality of Eilenberg-Moore methods applied to multiple or iterated pull-
backs. In contrast, we observe that, if we require that it be invariant under
homological equivalence of differential coalgebras, there is no natural modeling
of the comultiplication in the loop space. But, in rational homotopy theory,
results of Milnor-Moore and Quillen show that there is a natural modeling of
the Hopf algebra structure of the loop space.
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1. Introduction

The multiplication of pointed loops is perhaps the first definition in algebraic
topology. Simply run the loops in succession to get a group structure on the fun-
damental group, that is,

m(X) x 7(X) = 7(X), (a,8) = axp

where
(axp)(t) = o2t), 9

is the multiplication of loops.

Let X be a simply connected space and let C'(X) be the 1-reduced chains on
X, that is, there are no non-zero 1-chains. We remark that we always use the
normalized chains, that is, the degenerate chains are set equal to 0. We learn from
Frank Adams and Peter Hilton [2, 1, 14] that the cobar construction QC(X) on
the chains C(X) is a model for the chains C'(2X) on the loop space QX. By this,
we simply mean that there is a chain equivalence C(QX) — QC(X).

There is some debate on exactly what an Adams-Hilton model is for a loop
space 2X where X is a simply connected space. All authors agree that it is a chain
complex constructed as a tensor algebra on some kind of chains on X and that its
homology must be that of QX.

In the beginning, Adams and Hilton [2] started with a CW complex X and
constructed the Adams-Hilton model as the tensor algebra on the CW chains.
Adams [1] followed with his explicit cobar construction QC(X) where C(X) are
the 1-reduced cubical chains on X. Nowadays, the use of cubical chains is rare and
the input into the cobar construction is usually the chains on a simplicial set. For
example, Hess, Parent, Scott, and Tonks [14] refer to the cobar construction QC(X)
as the canonical Adams-Hilton model where C(X) are the normalized 1-reduced
chains on the singular complex of X.

In this paper, we shall refer to this canonical Adams-Hilton model, that is, the
cobar construction QC(X), as simply the Adams-Hilton model. One exception to
this is in the rational case where the Adams-Hilton model may be taken to be the
cobar construction on Quillen’s commutative chain complex [25].

The loop multiplication makes the loop space 2X into an H-space and, if we
use the associative Moore loops, the chains C'(2X) become a differential algebra.
In the next section we shall see that the cobar construction QC(X) is also a dif-
ferential algebra. In this note, we shall demonstrate the Adams-Hilton result that
the resulting map

H.C(QX)) — H.QC(X)

is an isomorphism of algebras. We say that the muliplication in the cobar construc-
tion or Adams-Hilton model models the multiplication in the chains on the loop
space. We shall see that this multiplicative result is a consequence of a definition
of loop multiplication via multiple pullback diagrams and of the naturality of an
extension of the homological point of view and classical techniques of Eilenberg and
Moore [9, 23]. We differ from Adams and Hilton in two ways. From the start, we
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use singular chains instead of CW chains whereas it is only in the solo sequel that
Adams used singular chains. His main motivation was to be able to iterate the
construction.

But our most significant departure is that Adams and Hilton need to construct
specific maps and then to use the Moore comparison theorem (expose 3 in [6]) to
show that it is an equivalence. We require no specific maps here since for us it is
a consequence of a generalization of the Eilenberg-Moore methods to multiple or
iterated pullbacks. Since we are using Eilenberg-Moore methods, our maps go in
the opposite direction than the Adams-Hilton maps go. But these are equivalences
so it does not matter.

Getzler and Goerss [10] have given a model structure to the category of differ-
ential graded coalgebras but we do not consider this here. We need only the work
of Eilenberg-Moore which is prior to the invention of model categories. But that
does not mean that there is no connection with model category structures.

In the category of finite type differential comodules over a fixed finite type
differential coalgebra, our models for path spaces are fibrant objects. And, when
we use Quillen’s commutative chains to do rational homotopy theory [25], the fact
that the cotensor product is the pullback in this category leads to a coalescing of
the Quillen and Eilenberg-Moore points of view.

Even though Baues [3] has shown that, for a simplicial set with a trivial 1-
skeleton, this cobar construction has a natural structure of a differential Hopf al-
gebra, we do not concern ourselves here with this coalgebra structure. We only
mean that there is an equivalence of chain complexes which we shall show induces
a multiplicative isomorphism of homologies.

In fact, given the algebra isomorphism and that the homologies are flat modules,
the general theory of Eilenberg-Moore shows that the map

H,C(QX)) — H.QC(X)

is an isomorphism of Hopf algebras. The point is that the Eilenberg-Zilber map and
the Kiinneth theorem together define a coalgebra structure in the Adams-Hilton
model QC(X) which agrees with the coalgebra structure in the homology of the
loop space H1X. But this coalgebra structure cannot be defined simply in terms
of the coalgebra C(X). It requires the simplicial structure of the Eilenberg Zilber
map which does not exist for an arbitrary differential coalgebra. We show this by
considering the case of loops on a suspension.

When C'is a differential coalgebra with a commutative and associative comulti-
plication, then the Adams-Hilton model can be given the structure of a primitively
generated differential Hopf algebra. A theorem of Browder [5] then shows that
the resulting Hopf algebra structure on HQC' is primitively generated. But this
coalgebra structure may have little to do with the geometric one on the homology
of the loop space HQX = HQC(X) even when there is an equivalence of differen-
tial coalgebras C' — C(X). The actual geometric structure may not be primitively
generated.

In the case of rational loop spaces, the work of Milnor-Moore [20, 21] and
Quillen [25] already showed that the Adams-Hilton model can be given the structure
of a primitively generated differential Hopf algebra so that its homology agrees with
the homology of the loop space as a Hopf algebra.

In our penultimate section we show how to use the Eilenberg-Moore machinery
to compute the mod p homology of the double loop space of a sphere, both the
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multiplication and the comultiplication, in fact, the entire differential Hopf algebra
structure with the Bockstein as differential.

Finally we close with a summary of the overall picture of the Hopf algebra
structure in cobar constructions. One goal of this paper is to provide in one place a
description of the multiplicative and comultiplicative structures in the homology of
Adams-Hilton models applied to differential coalgebras. When do they exist, and
when do they agree with geometry? This situation used to confuse me and it still
confuses many otherwise competent people. It turns out that the multiplicative
structure is always there, it always agrees with geometry, and it is unique. But the
comultiplication is much more subtle. It is not always there and, if there, it might
not agree with geometry. It is always there in the case of the Adams-Hilton model
applied to a simplicial coalgebra and this structure always agrees with geometry.
For example, it is always there in the homology of the Adams-Hilton model applied
to the chains on a (simply connected) topological space. But this structure is
hard to get your hands on since simplicial coalgebras are too large and since the
comultiplications in the homology of Adams-Hilton models are not invariant under
the input into the Adams-Hilton models of homologically equivalent differential
coalgebras. The comultiplication in the homology of the Adams-Hilton models is
just not “visible” unless you are given knowledge of something extra such as rational
coeflicients, or the generating complex in the Bott-Samelson theorem, or the action
of Steenrod and other operations, or even just a lucky confinement of the generators
to degrees which force primitive generation.

I am grateful to Kathryn Hess for listening to a version of this.

2. The cobar construction on a differential graded coalgebra

Let R be a commutative ring and, over R, let C be a simply connected differen-
tial graded coalgebra with an associative diagonal A : C — C®C. Thus, Cy = R =
the ground ring and C; = 0. We have a splitting C = R @ C where C is the part
concentrated in (strictly) positive degrees. For any positive degree element ¢ € C
we write

Al)=c®l+1l@c+y @ =c@l+1®c+A(c)

where A(c) € C ® C.

The cobar construction QC' is the tensor algebra T(s~'C) with an internal
differential d; and an external differential dg. They are both derivations and are
given on generators by

dr(s7tc) = —s7tde
and
dp(s™'c) = Z(—l)deycl (st (s7en).
LEMMA 2.1. d% = d% =0, dydg = —dgd;

In the lemma, the first formula is trivial, the second follows from coassocia-
tivity of the diagonal, and the third follows from the fact that the diagonal is a
coderivation. It follows that the total differential dr = dy + dg has square 0, that
is, it is a differential and it is also a derivation. We define the cobar construction
to be the differential graded algebra QC with this total differential [1, 16, 23].
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3. Cotensor products, pullbacks, and the Eilenberg-Moore theorem

If M is a right comodule over a coalgebra C and N is a left comodule over C,
then the cotensor product MOcN is the kernel of the map

ARLI-19A - MIN ->MeCeN

that is, it is the equalizer of the two maps A ® 1 and 1 ® A. It is the dual of the
tensor product and behaves as one might expect.

LEMMA 3.1. a) (MOcN)OpP & MOg(NOpP) when this makes sense and
M, N and P are flat modules over the ground ring.

b) M 2, M®C and N 2, C® N are isomorphisms onto MOcC' and COg N,
respectively. In other words, M = MUOcC and N = COcgN are the isomorphic
images of the coactions A.

If the ground ring is a field, the above lemma is just the dual of the usual
facts about tensor products and, since coalgebras and comodules are direct limits
of finite type objects, the lemma follows immediately by dualization. But the above
lemma is best proved directly. It can be noted that part b) follows from the fact
that the standard complex or cobar resolution

0->M3MeC 2225 MeceC ...
is exact [8, 18, 11].
Given a diagram

X Y
Z
we complete it to a pullback diagram in the form of a diamond
W
X Y
Z

with the pullback denoted by W = X xz Y, that is, W is the product of X
and Y over Z.

If X,Y, and Z are spaces, the Alexander-Whitney map A : CW — CW @ CW
gives a map A : CW — CX ® CY. It is clear that this map factors through
A:CW — CXOczCY.

Recall that a proper resolution is one in which the connectivity of each stage
increases by one. This is a strong condition which confines the related assembled
total complex to positive degrees.

The main theorem of Eilenberg-Moore [9, 23] says

THEOREM 3.2. Let Z be simply connected and suppose at least one of X — Z
or'Y — Z is a fibration. Let CX — Tx and CY — Ty be the total complexes of
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proper injective resolutions of differential comodules over CZ, then A composes to
give a natural chain equivalence

cw A) CX®CY — Txl:‘czTy.
Furthermore, the maps
CXDCZTY — TXDCZTY — Txmczcy

are chain equivalences. In fact, any of CX,CY or CZ can be replaced by a dif-
ferential objects which are chain equivalent via maps of differential comodules and
coalgebras.

The Eilenberg-Moore theorem is often stated in the weaker form that there is
an isomorphism of the homology of the pullback with differential Cotor, that is,

HW =5 Cotor®?(CX,CY)

is a natural isomorphism.

The fact that we need only one resolution is referred to by saying that Cotor is
a “balanced” functor. The fact that the chain complexes can be replaced by chain
equivalent ones is referred to by saying that Cotor is “homologically invariant.”

4. Multiple pullbacks and the extended Eilenberg-Moore theorem

The Eilenberg-Moore theorem is extended to larger pullback diagrams in the
following way. Let W = X1 x4, Xo X4, X3 X4, -+ X4, , X, be the pullback of
the diagram

X, Xo Xn-1 Xn
N N N
Al A2 “e An72 An
These multiple pullback diagrams are often better understood by expanding
them into a collection of iterated “pullback diamonds.” We illustrate this in the
case n = 3.

Wi

1/W
N,
/

/NS

Wa

X1 X3
A Az

Thus

Wi =Xy x4, Xo, Wa=Xs x4, X3
and
W =X, X Aq X9 X Aq X3 =Wy X X, Wis.
The following extension [23] of the Eilenberg-Moore theorem to multiple pull-
backs is easily proved by induction. In fact, in this paper, we use only the cases
where n < 3.
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THEOREM 4.1. Let Ay, Ao, ... An_1 all be simply connected spaces and suppose
that all but possibly one of the maps X; — A; and X; — A;_1 are fibrations.
Let CX; — T; the total complexes of proper injective resolutions of differential bi-
comodules over CA; and CA;_y. (At the ends, we do not have bi-comodules but
only comodules.) Then A composes to give a natural chain equivalence

CW — T1DC(A1)T2DC(A3)T3 - DC(An,l)Tn'
In particular, the resulting homology isomorphism, denoted
HW =5 Cotor@41CAzCA(CXy,CX,,...,CX,)
is a natural isomorphism.
And, similar to the case of a simple pullback, we can replace any one T; by
C(X;) or indeed by any comodule which is chain equivalent.
5. Loop spaces as pullbacks

If X is a pointed space, let PrX be the space of paths which begin at the
basepoint *. Then we have a fibration PR X — X with fibre the loop space Q.X.
Likewise we have a fibration P, X — X where P;, X is the space of paths which end
at the basepoint *. Hence we have maps of homotopy equivalent pullback diagrams

99.¢ Qx
N\ YRR
PrX * — PrXx PrX
N N
X X

and a similar diagram where the roles of PrX and PrX are interchanged.
Note that the space QX is just a pair of paths (w, o) such that

w(0)=0(1) =%, w(l)=o0(0).
This amounts to two paths which connect. Hence, it can be considered to be one
path defined on the interval [0,2]. The space X is clearly homeomorphic to the
usual loop space QX.

The map 7 : C' = QC defined by

Tc=s5"te, dege>0, T1=0

is a ”twisting function.” That is, if A is the diagonal and g is the multiplication,
dr +7d = p(t ® 7)A. Both QC ® C and C ® QC become acyclic with the new
differentials which are the sum of the usual tensor product differential and the
respective additions of
Di(a®c)=(—1)*a(rc) @1+ a(rd) @ &)
and
D (c®a)=—-(1® (rc)a+ (-1)%9° @ (r¢")a)

where Ac=c®1=1®c+>.d®@c".

These acyclic complexes are both the total complexes of resolutions and are
denoted respectively by QC ®, C and C' ®, QC.

With C' = CX, these are both "models” for the chains on the path space, that
is, there are chain equivalences

CPLX ~CX®,Q0X, CPrX ~QUX®,CX.
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It follows from Eilenberg-Moore that there are natural chain equivalences

C(QX) = ROcxCX @, QCX = R® QCX = QCX

and
COX) > QCX 2, CXOcxR=QCX®R=QCX

where R is the ground ring.
The cobar construction QCX is also called the Adams-Hilton model for the
loop space.

6. A crucial chain equivalence

There is a chain equivalence
C(OX) = Q0X ®, CXOcxCO(X)®, Q0X =QCX ®, CX @, QCX.
The differential in the tensor product
WX RCXRWX =Q0CX ®, CX @, QCX
is the unique differential which is compatible with the embedding

190A®1: QX ®, CX ®, WX - QX @, CX ®CX ®; QCX.

LEMMA 6.1. The augmentation € : CX — R combined with the multiplication
p:QCX @ QCX — QCX gives a chain equivalence

M:QCX @, CX @, QCX 2294 00X 9 R QCX = QCX @ QCX 5 QCX.

PROOF. First we show that M is a chain map. There is a commutative diagram

QCX ®r CX ® QCX 1®e®l, QCX ® R® QCX =  QCX®CX

11®A®1 11®A®1 Ly
mult

WX R CXRCX R WX 10e®erkl QUCX®RRJIRRIQWCX —— QCX
The map M from the upper left corner down and all the way across is clearly
a chain map on the subcomplex QCX ®@ R ® QCX. We claim it is also a chain
map when extended to the whole domain. Let ¢ € C X be a strictly positive degree
element. Then a ® ¢ ® S maps to 0 via M. To show M is a chain map, it suffices
to show that d(a ® ¢ ® ) maps to 0 via M.
But d(a ® ¢ ® ) maps down to
dla®c®1®pB)+da®l®c®p)+dla®d @ @ B).
The first term is
d@)®@c1®p)+ (—1)¥%(r¢) @12 1® B+ (—1)* % (1) @ @1®

+(—1)dego‘+degca RecR1® 08+ (—1)dego‘+degca Rec®R1®ds.
The second term is

da)@1®c®pB)+ (1)1 cef - (-1)* %211 (rc)s

_(_l)dega-i-degc/a ® 1 ® C/ ® (Tc”)ﬁ + (_1)dega+degca ® 1 Rc® dﬂ
The third term is a 4 fold tensor with at least one of the middle two tensor of
strictly positive degree.
If we now move one step to the right by applying the map 1 ® ¢ ® € ® 1, most
terms are annihilated and we get

(-1)%* % (re) @1 @18~ (-1)* a2 1@ 1 (Tc)B.
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Finally we apply multiplication which collapses all the tensors, and sends the
above to 0. We get
Mda®c®B)=0
which shows that M is a chain map.
Second, we claim that M is a chain equivalence.
Since QCX ®, CX is acyclic, Eilenberg-Moore says that

ROxCX @, QCX - QCX ®, CXOcxCX ®,; QCX
is a chain equivalence with R — QCX ®, CX given by 1+— 1® 1. That is,
RRQACX - QCX @, CX @, QCX

is a chain equivalence with 1 ® @ — 1 ® 1 ® . Since the composition

QCX =R®QUCX - QCX ®, CX ®, 00X 2 oox

is the identity, it follows that M is a chain equivalence.
O

Alternatively [23], one can check that the differential in QCX ®, CX ®, QCX
is given by
d=d; ®1+1®d; —1®dex ®1
where d, denotes the differential on the appropriate twisted tensor product. This
amounts to showing that the following diagram commutes

QX @, CX ©.0CX 12291 00X @.C0X ©CX ®, QCX
| d,®l+1®d, | d-®@1®1
—1®dex ®1 +1®1xd,

00X ©, CX ®, QCX 12284 00X ®, CX @ CX ®, QCX.
Given the explicit formula for the differential, it is easy to see that M is a chain
map.
Remark: In the above lemma, the signs involved in the differential in QC'X ®.,
CX ®, QCX are crucial. Nothing would work without them.

7. Loop multiplication via multiple pullbacks

In terms of multiple pullbacks, loop multiplication
QX x QX — QX, (w,0) = (w,0) =wx0o
is given by the map of the top diagram to the diagram below it
QX x QX

QX/ \Q
SN
NN

X

X

PR PLX*>

N
e
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Qx

Pg

/N
NN
/\ /

X
When we apply the chain functor, the dlagrams are chain equivalent to
QCX ® QCX

i

QCX

BN

CX R, QCX ——

QCX ®, CX ®, QCX

QCX ®, CX CX ®, QCX
< CX ®, QCX
In these terms, the loop multiplication induces the chain map

QX ®ACX = WX ORDUX — QX @, CX @, X, a®f—adlep.

QX ®, CX

/\/

/N
\/

X

\
\

/
\/

QCX ®, CX

CcX

This composes with the chain equivalence M to show that loop multiplication is
modeled by the tensor multiplication in the cobar construction

QCX 2 Q0X — QCX @. CX @, QCX 5 QCX, a®p— af.

That is, if HQC is flat over R, then loop multiplication induces in homology the
map

H(QCX)®H(QCX) —» HQCX®QCX) - HOQCX®,CX®,9CX) 25 HQCX.

If H(QX) is flat over R, the first map is an isomorphism. The map M is always
an isomorphism.

We close with the following remark. Let C' be a simply connected differential
coalgebra over a commutative ring R. There is a homology isomorphism HQC =
Cotor®(R, R). In the Eilenberg-Moore language of differential Cotor extended to
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several variables, the tensor multiplication in the cobar construction QC ® QC —
QC induces in homology the map

Cotor®(R, R) ® Cotor® (R, R) — Cotor®“ (R, R, R) — Cotor® (R, C, R) = Cotor® (R, R).

The first arrow is an isomorphism if Cotor® (R, R) is flat over R. This multiplication
is natural with respect to morphisms of the differential coalgebra C.

We refer the reader to [23] for further details on differential Cotor of several
variables. The main point is that differential Cotor is defined by taking cotensor
products of the assembled complexes associated to resolutions of the comodules.
And, as in the two variable case, one can omit resolving any one of the comodule
variables. In particular, we refer to Section 10.22 of [23] for the proof that, whenever
either or both of HQC and HQD are flat over R, then the Kunneth map

HOC ® HQD — HQ(C ® D)

is an isomorphism of algebras.

8. Model category structures for differential coalgebras and fibrant
objects

Let C be a differential coalgebra over a commutative ring R and consider the
category ¢C of (left) differential comodules over C.

Suppose that C is simply connected, that is, Cy = R, 7 = 0. If the ground
ring R is a field and both the coalgebra and the comodules are assumed to be
of finite type then Kathryn Hess [12] has shown that there is a model category
structure on ¢C in which the weak equivalences are homology isomorphisms, the
cofibrations are degreewise injections, and the fibrations are all morphisms which
have the right lifting property with respect to all acyclic cofibrations. That is,
p: E — B is a fibration if and only if the commutative rectangular diagram below
with ¢ : N — M a cofibration and a weak equivalence, can always be extended as
below to a commutative diagram which includes the slanted arrow

!

N = F
li /2 lp
M % B

We remark that the original Quillen definition of model category is used. [24]
Only finite limits and finite colimits are required.

Later Kathryn Hess and Brooke Shipley showed that this statement is true if C
is required to be simply connected, finite type and free in each degree, the ground
ring R is required to be semi-hereditery, but now comodules are not restricted to be
finite type. [15] Finally, the team of Hess, Kedziorek. Riehl, and Shipley achieved
the desired goal of proving it without any assumptions of simple connectivity, finite
type, freeness, and over any commutative ring [13].

In the original case considered by Kathryn Hess, we show that Cartan’s con-
structions give examples of fibrant objects.

Recall that a construction D in the sense of Cartan is a differential comodule
over C' which satisfies: D = C' ® X as a comodule when we forget the differential,
that is, the coaction is

A:D=CeX 2L ceceX=CoD
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and the coaction is a chain map.

If C is a differential coalgebra, A is a differential algebra, and 7 : C — A is
a twisting function, then the twisted tensor product C ®, A is a an example of a
construction.

If the unique map D — 0 is a fibration, then D is called a fibrant object.
Hence, D is fibrant if and only if, whenever i : N — M is an acyclic cofibration (=
cofibration and weak equvalence), then any map N — D extends to a map M — D.

We conjecture that a Cartan construction D is always a fibrant object.

Unfortunately we can only prove this in the category of differential comodules
over a field where the differential coalgebra is finite type and simply connected.

THEOREM 8.1. Let C' be a simply connected differential coalgebra over a field.
Let D be a finite type construction over C'. Then D is fibrant in the model category
of finite type differential comodules. That is, if i : N — M is an acyclic cofibration
with domain and range both of finite type, then any map N — D extends to a map
M — D.

Proor. With the hypotheses we have, it is sufficient to prove the dual state-
ment for differential modules over a simply connected differential algebra A with
differentials § of degree +1. The appropriate dual to a Cartan comodule construc-
tion is a differential A module D which is isomorphic to A ® K when we forget the
differential. The dual of our extension problem is the lifting problem

M

' l
P P

i

TN
where g : D — M is to be constructed as a lift of f : D — N given that p: M — N
is a fibration (= epimorphism) and a weak equivalence (= homology isomorphism).

We begin by decomposing the differential module D/AD = K into a direct

sum of its homology and an acyclic summand. This shows that each K™ can be
chosen to have a basis {zq, 23, z,} where

0xo =y a; @ ki, dega; > 2, degh; <mn—1 is decomposable
dxs = ya is a basis element € K"t
Ty =02y where z is a basis element € K"™!
Then

Kn) = KS"'® < 24, 75,005, 2, > .

Note that D has a complete ascending filtration by subdifferential modules A ®
K|[n]. We make the inductive assumption that a module chain lift g of f has been
constructed over A ® K[n — 1] and seek to extend it to A ® K|[n].

First g(z,) is defined by g(x,) = g(dz,) = dg(z). Since pg(zy) = fz,

pg(zy) = pog(zy) = 0pg(zy) = 0f(2y) = f(02y) = f(zy).

We note that p is an epimorphism on both cocycles and coboundaries.

Choose a coboundary wg € M"™ "1 so that pws = fyg = f(dzs) = 6 fxg. Define
9yp = wg.

There is an element zg so that §zg = wg. Define gzg = 2. Then

0pgrg = pégxrs = pdzg = pwg = fyg = foxrg =0 fxg.
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Thus pgrs — fxs is a cocycle. Choose a cocycle ug so that pug = pgrg — frg.
Set grg = grg — ug. Then pgxrg = frz and note that
dgrg = 6z = wg = gyg = g(dxp).
Of course, g(yg) = g(dzg) = dg(z3).
Finally, note that g(dz,) is already defined and it is a cocycle. Furthermore,

pg(dzy) = f(0xy) = 0fxy. Since pg(dz,) is a coboundary, there is an element z,
so that 0z, = g(dz,). Define gz, = zo. Then

5p§$a = p(sg‘ra = p52a = pg(éxa) = f(sxoz = 6fxoz~

Thus pgr. — fza is a cocycle. Choose a cocycle u, so that pu, = pgrs — fzq.
Set gy = g — Ug. Then pgz, = fx, and

0gTo = 0G, — OUq = 0GTq = 024 = g(0x4).

Hence, a lift g of f has been defined on K[n| compatible with the differential
and it can be uniquely extended to a lift g : A® K[n] — M by making it a module
map, that is, g(a ® ) = a(gz). It is easy to check that this ¢ is a chain map which
lifts f.

O

In a model category a fibrant model for FE is a weak equivalence £ — D with D
fibrant. The axioms for a model category give fibrant models since they guarantee

the existence of a factorization E — D 2 0 with ¢ an acyclic cofibration and p
a fibration. In particular, when C' is a simply connected finite type differential
coalgebra over a field, the algebraic model for the path space R — C ®, QC is a
fibrant model in the category of finite type differential comodules.

9. Coalgebra structures in the homology of loop spaces

In this section, it is essential that we use the normalized chains on a topological
space, that is, the chains in which degenerate simplices are set to zero.

The Eilenberg-Zilber map V : C(X)®C(Y) — C(X xY) is a map of differential
coalgebras. The Alexander-Whitney map A : C(X xY) — C(X) ® C(Y) and
the Alexander-Whitney diagonal A : C(X) —» C(X x X) —» C(X) ® C(X) are
not. Hence, in general, the Alexander-Whitney diagonal does not define a map of
Adams-Hilton models QC(X) — Q(C(X) ® C(X)), But recall [9, 23]

THEOREM 9.1. a) The Filenberg-Zilber map V : C(X)® C(Y) = C(X xY) is
a chain equivalence.
b) There is a Kinneth map QC QD — Q(C® D) which is a chain equivalence.

If the homology HQX is flat over the ground ring, then a diagonal is defined
by the composition

A HQOX) 28 HQOX x X)) <2 H(Q(C(X) ® (X)) & H(QC(X)) ® H(QC(X)).

This diagonal makes HQC'(X) into a Hopf algebra isomorphic to the Hopf algebra
HQX.

The definition of this diagonal depends on the fact that C'(X) is not just any
differential coalgebra but is the chains on a space or simplicial set. For an arbitrary
differential coalgebra, it does not exist.

There is no way to define a coalgebra structure in the homology of an Adams
Hilton model QC so that two things are satisfied. One, if C — D is a morphism
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of differential coalgebras which is a homology equivalence, then the induced map
QC — QD should be an isomorphism of coalgebras. We already know that it is an
isomorphism of algebras. Two, if C = C'(X) = the chains on a space X, then there
should be isomorphism of coalgebras HQC = HQX. We already know that it is an
isomorphism of algebras.

In short, there is no homologically invariant way to define a coalgebra structure
in the cobar construction which will be compatible with geometry.

To see this, start with

THEOREM 9.2. If X is a connected space and the homology HX 1is free over

the ground ring, then there is a homology isomorphism of differential coalgebras
HYXX — C(XX)

PROOF. Let Y be any connected simplicial set with only one element in degree
0. Form the simplical cone y * Y and the simplicial suspension y * Y/Y. Then it is
easy to see that every element of positive degree is primitive under the Alexander-
Whitney diagonal A : C(yxY/Y) = Cly*xY/Y)® C(y xY/Y). In other words,
C(y*Y/Y) is a coalgebra with a trivial coproduct. If HY is free, we can pick
a basis of cycles which defines an equivalence of differential coalgebras H(XY) =
Hy=+=Y/Y)—=Cly*=Y/Y).

Let Y = SX = the singular chains on a space X. We can assume that there
is only one zero simplex. Note that there is an embedding C(y *Y/Y) C CXX
which is an equivalence. Composition gives an equivalence of differential coalgebras
HYX - C(y+xY/Y) = CXX.

O

COROLLARY 9.3. If X is connected then HQYXX = QX HX = T(HX) as alge-
bras.

Of course, the Bott-Samelson theorem [4] says more. In fact, HQYXX =
OYHX = T(HX) as Hopf algebras where the diagonal is determined by the map
X = Q¥X.

Let Z = BCP> and let W = \/77, §?"*1. The coalgebras HZ and HW are
isomorphic trivial coalgebras but the homologies of the loop spaces are isomorphic
as algebras and not as Hopf algebras.

HQZ:T(,’L‘l,I27SL’3,...), HQW:T(y17y2,y3,...)
where deg(x,) = deg(y,) = 2n, the ys, are all primitive, but
Az, =1z, +21 QZp_1+  +2p_1RQx1+2, 1.

In the first three nontrivial dimensions, a basis for the integral primitives of
HQZ = T(Il,,rg,xg, e ) is

2 3
T1, 2T9—x], T2T] —T1T2, 3x3— 3T2T1 + 7.

Hence, H)Z is not primitively generated but HQW is.

On the other hand, over the rationals, a theorem of Milnor and Moore shows
that all connected Hopf algebras with commutative and associative diagonal are
primitively generated [20, 21]. Hence, these Hopf algebras are isomorphic over the
rationals.



WHAT IS LOOP MULTIPLICATION ANYHOW? 15

10. Commutative coalgebras

Let 7: C — A and o : D — B be twisting functions. Define
THo:C®D —> AR B

tobeT®1on C®1, 1®0 on 1® D, and 0 on the standard complement to
CHD=C®1+1®DinC®D.
Then it is straightforward to show

LEMMA 10.1. a) THo : C® D — A® B is a twisting function.
b) The tensor product of twisted tensor products is a twisted tensor product,
that is,
(C®; A)®(D®,B)=(C®D)®,m, (AR B).

It is equally straightforward to show

LEMMA 10.2. Let C is a differential coalgebra with a commutative diagonal.

a) Then the diagonal A : C — C ® C is a morphism of differential coalgebras.

b) If we define a coalgebra structure in the cobar construction QC = T(s71C)
by making the generators s~*C primitive, that is,

A(sTle)=s"Te@1+1®s e,
then the cobar construction becomes a differential Hopf algebra.

Recall a theorem of Browder [5].

THEOREM 10.3. If A is a primitively generated Hopf algebra over a field, then
the homology Hopf algebra H A is also primitively generated.

Browder actually stated this theorem only for Hopf algebras of finite type but,
since every primitively generated Hopf algebra is a direct limit of primitively gen-
erated Hopf algebras of finite type, the general case follows.

Hence,

THEOREM 10.4. With this Hopf algebra structure over a field, the homology
HQC is a primitively generated Hopf algebra whenever C is a commutative differ-
ential coalgebra.

We do not assert that the above is the Hopf algebra structure on the homology
HQX of the loop space even when X is a simply connected space, C = HX, and
there is a homology equivalence of differential coalgebras HX — CX. Of course
the algebra structures agree.

Let C and D be commutative differential coagebras, let A and B be differential
algebras, and let 7: C'— A and o : D — B be twisting functions.

It is easy to check that:

LEMMA 10.5. If f: C — D and g : A — B are morphisms which commute
with the twisting functions, that is, goT =co f, then f®g: C®; A - D ®, B is
a map of differential comodules with respect to the map f: C — D.

An immediate corollary is

COROLLARY 10.6. If C is a differential coagebra with a commutative diagonal,
then the diagonal maps define a map

ARA:C®, Q0 = (C®C)&,m (202 QC)
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of algebraic path spaces which is a map of differential comodules with respect to the
map A :C - C®C.

When C is a commutative differential coalgebra over the ground ring R and
HQC is flat over the ground ring, the above has the consequence [9, 16, 23] that
the there is an isomorphism of Hopf algebra structures

HQC = Cotor®(R, R).

Now suppose 2 is a unit in the ground ring and that C is a differential coalgebra
with a commutative diagonal. Then Quillen observed that the cobar construction
QC =T(s7'C) = UL(s'C) is the universal enveloping algebra of the differential
Lie algebra L = L(s~'C) where L is primitive and is the free Lie algebra generated
by the desuspension of the reduced coalgebra C. In terms of L, the differential is
given by

d(stc) = —s tde + (1/2) Z(—l)deg s, s
where
Ac:c®1+l®c+Zc’®c”.

11. Rational loop spaces

The theorem of Milnor and Moore [20, 21, 19] is decisive for the rational
homology of loop spaces

THEOREM 11.1. Owver a field of characteristic zero, every connected Hopf al-
gebra A with commutative and associative diagonal is primitively generated and is
isomorphic to the universal enveloping algebra on its Lie algebra P(A) of primitives,
that is,

UP(A) 5 A.
Moreover, if A= HY where Y is a connected group-like space, that is, a connected

homotopy associative H-space with a homotopy inverse, then the rational Hurewicz
map is an isomorphism of the rational homotopy Lie algebra (1Y) ® @ onto PHY.

The second part of this theorem follows from results of Cartan and Serre on the
vanishing of rational k invariants of H-spaces. Hence, the rational Hurewicz map
is an isomorphism (7Y) ® @ — PHY and Milnor-Moore gives an isomorphism of
rational Hopf algebras U(rY) ® Q — HY.

We conclude by pointing out, as did Quillen [25], that the result of Milnor and
Moore fits into and can be derived from his rational homotopy theory.

If OV = C denotes the normalized chains, then the diagonal map on the chains
of the loop space

CN(A): CN(QX) —» CN(QX x QX)
induces in homology the map of differential Cotors: (See 10,16.2 | also 10.21.2,
23].)
N N
Cotor®(R, R) : Cotor® X)(R, R) — Cotor® X*X)(R R)
which, over a field, composes with the Eilenberg-Zilber and Kiinneth isomorphisms

CotorV(R,R)
%

C’otorcN(XXX)(R, R) CotorCN(X)®CN(X)(R, R)

= CotorCN(X)(R, R)® CotorCN(X)(R, R)
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to give a coalgebra structure compatible with geometry. With the normalized chains
the Eilenberg-Zilber map is both an equivalence and a map of differential coalgbras.
Hence, it induces a map of Cotors. The Alexander-Whitney map

CN(X x X) & cV(X)® CN(X)

is not a map of differential coalgebras and hence cannot be used to induce a map
of Cotors.

Recall that Quillen constructed a functor from simply connected 1-reduced
simplicial sets to simply connected commutative differential coalgebras over the
rationals, X +— C?(X) having the properties that there is a natural isomorphism
of coalgebras H(X;Q) = HCY(X) and a natural isomorphism of Lie algebras
(1QX)® Q = HL(s7'C9(X)).

We can substitute Quillen’s commutative cochains C?(X) for the normalized
chains O™V (X) and change the way in which HQC®(X) is seen to be a coalgebra

(and thus a Hopf algebra). We use the Alexander-Whitney map C?X BN (X)®
C?(X) which now is a map of differential coalgebras. In fact, it is the unique map of
commutative differential coalgebras which projects to the identities on both factors.

Just as before, the diagonal in the loop space QX — QX x QX is represented
in homology by the map of differential Cotors

Cotor®(Q,Q) : CotorCQ(X)(Q, Q) — CotorCQ(XXX)(Q, Q).

(This requires that Quillen’s chain functor gives a Serre spectral sequence, 10,16.2.
10.21.1 [23], to fibrations. And it does.) But now, since the Alexander-Whitney
map is a map of differential coalgebras, we can compose with the isomorphisms

Cotor@(xX) (@, Q) L2 @D, (10, C2(X)0xC2 ) (9, )

= C’otorCQ(X)(Q, Q)® CotorCQ(X)(Qa Q)

to give a coalgebra structure which is isomorphic to that in the rational homology
of the loop space.

This coalgebra structure “covers” ( is induced by) the Alexander-Whitney map
of differential coalgebras on the base

COX 25 09X @ COX.

Hence, Corollary 10.6 applies to show that the diagonal in the rational homol-

ogy of the loop space
A:HOX;Q)— HQOX;Q)® HOX;Q)
is given by that in
HQC®(X) = Cotor®*™)(Q, Q)

which is a primitively generated Hopf algebra.

By the Poincare Birkhoff Witt theorem [20, 21, 19], there is an isomorphism
of differential coalgebras UL = SL where SL is the free commutative algebra

generated by the differential vector space which is the connected Lie algebra L. It
follows that there are isomorphisms

HUL=HSL=SHL=UHL.
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Since QC?(X) = UL(s~*C?(X)) is primitively generated and there are natural
isomorphisms of Hopf algebras

H(QX;Q) = HQC?(X) = HUL(s 'C9(X)) X UHL(s *C?(X)) = U(mQX®Q).

Quillen’s methods have given another proof of the Milnor-Moore result, at least for
loop spaces.

Hence, if X is simply connected, then HQC®(X) 22 HQX is an isomorphism of
primitively generated rational Hopf algebras. Therefore, in contrast to the integral
case where we do not have commutative cochains, we see that there is a natural Hopf
algebra structure on the rational Hopf algebra HQC%(X) which is both invariant
under homological equivalence of the commutative coalgebra C' and which agrees
with the structure on the rational homology Hopf algebra of the loop space.

12. Quillen’s model category of commutative simply connected rational
differential graded coalgebras

When doing rational homotopy theory, it is sometimes better to forget about
spaces and instead focus directly on one of the homotopy equivalent model cate-
gories, for example, Quillen’s model category C of commutative simply connected
differential graded coalgebras over the rationals [25]. This model category structure
consists of homology isomorphisms as weak equivalences, injections as cofibrations,
and sufficient fibrations are given by Cartan’s constructions.

We remark that, if the ground ring is a field k of finite characteristic, the above
does not provide a model category structure. Merely consider the dual problem of
commutative differential graded algebras. It is easy to see that one cannot factor
k— A P[z] where A is acyclic, p is an epimorphism, and x is a generator of
degree 2.

Quillen constructs his fibrations with reference to the category of connected
differential graded Lie algebras £ over the rationals and his cofree coalgebra functor
C: L — C. The differential in C'(L) = S(sL) (= the symmetric coalgebra) is a sum
of two parts, first, the suspension of that from L and, second, a part coming from
the Lie bracket of L. The second part is the dual of a construction due to Koszul
[17]. For more details see [25].

Quillen obtains enough fibrations £ — B by starting with a fibration in £,
that is, with a short exact sequence of differential graded Lie algebras

0—>L3—>Lo—> Ly —0

and then forming pullback diagrams

1 1

As a differential comodule
C(L2) = C(L1) ® C(Ls)
over the “base” differential coalgebra C(L;) with “fibre” the subcomplex C(Ls).
That is, C(L2) is a Cartan construction [23] over C(L;) with fibre C(Ls). Hence,
the fibration E — B is a Cartan construction over B with fibre C(L3), that is,

E = B® C(Ls) as a B differential comodule with C(Ls) a subcomplex. We have
used left constructions but we could have used right constructions if we so desired.
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THEOREM 12.1. In the category C, the cotensor product gives a pullback diagram

A\jcB — B

{ {
A — C.

We need to show three things: 1) AO¢B is a commutative coalgebra. 2) the
diagram is a commutative diagram of coalebras. 3) it has the universal mapping
property.

First of all, if f: X — A and g : X — B are maps of commutative differential
graded coalgebras which are equal when projected to C, then X e ®RX ELZN
A®B is a map of differential coalgebras which projects to f and g. Since map(X, A®
B) = mapX,P(A® B)) = map(X, P(A) ® P(B)) is determined by projection to
the primitives, it is the unique such map.

On the other hand, since map(X, A® C® B) = map(X, P(A)® P(C)® P(B)),
the above map factors through AOsB. It is therefore sufficient to know that
AOcB C A® B is a subcoalgebra.

It is instructive to consider the dual situation. Suppose f,g : X — Y are two
maps of commutative differential graded algebras. The linear coequalizer of these
maps is Y/{fr — gz|z € X}. The algebra coequalizer is Y/{y(fx —gz)|lz € X, y €
Y'}. Clearly, if there is a linear map h : Y — X which is a common section to both,
fh = gh = 1y, then the linear and algebra coequalizers are the same.

The dual is:

LEMMA 12.2. Suppose f,g: A — B are two maps of commutative differential
graded algebras. If there is a linear map k : B — A which is a common retraction
to both, kf = kg = 1a, show that the linear equalizer ker(f — g) : A — B is the
same as the coalgebra equalizer.

PRrROOF. Using k is easy to see that A(ker(f —g)) C ker(f —g) ® A. Similarly,
Alker(f —g)) C A ker(f —g) and thus A(ker(f —g)) C ker(f —g) @ ker(f — g).
Hence ker(f — g) C A is a subcoalgebra. That is, the the linear equalizer is a

subcoalgebra and therefore is the coalgebra equalizer.
O

In particular, the linear equalizer

19A,A®1
R

AODcBCA®B ARC®B

is a subcoalgebra and hence is the coalgebra equalizer (since there is a common
retraction 14 ® e ® 1 where € : C' — @ is the counit).
The Eilenberg-Moore approximation theorem is exactly Corollary 10.14.4 of
[23].
THEOREM 12.3. If
A\jcB — B
\ \
A - C.

is a diagram with A — C' a right Cartan construction (fibration) over C, then there
is an isomorphism

H(AO¢B) = Cotor® (A, B).
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There is a corresponding version of the above theorem for pullbacks of several
variables [23]. In short, we have everything we need to study the multiplication
and comultiplication in the loop space QC. (We work over the rationals but we
observe that the above three results are true over any field.)

The map in Corollary 10.6 defines a commutative differential coalgebra struc-
tures on C' ®, QC and on QC ®, C. Hence, these are suitable models for the path
space fibrations and, in particular, QC = QOcC®,QC = QC ®, COc(Q is a model
for the loop space.

Corollary 10.6 identifies the coalgebra structure in 2C' as the primitively gen-
erated one and the equivalence QC ®, C @, CQC — QC identifies the multiplica-
tive structure with the tensor multiplication just as in section 7. In particular,
HQC = HT[s7'C] = HUL(s"'C) = UHL(s7'C) = Cotor®(Q,Q) as a primi-
tively generated Hopf algebra.

13. Homology of the double loops on spheres

Since simplicial methods are not often amenable to computation, there is often
no direct way of using the Eilenberg-Moore methods to compute the coalgebra
structure in the homology of loop spaces. There are sometimes ways to get around
this.

The easiest example is already given by the Bott-Samelson theorem. If X is a
connected space and the homology H X is a free module, then there is a coalgebra
equivalence H¥XX — C'¥X and an isomorphism of tensor algebras

T(HX) - HOYLX —

with the coalgebra structure determined by the fact that X — QXX induces a map
of homology coalgebras.

We want to close with a more complicated example. This computation was
originally done by different means, using the Serre spectral sequence, independently
by Moore and Toda. [22, 26] Here we use it to illustrate how the Eilenberg-Moore
methods can be used to compute without the use of a spectral sequence, except
for one use of the Serre integral cohomology spectral sequence to compute the
Bockstein differentials.

THEOREM 13.1. a) If p is an odd prime, then the mod p homology of the double
loop space of an odd sphere is

HO2S = B(u, 1, 72,...) ® Poy,09,...)
as a primitively generated Hopf algebra with
deg(u) =2n —1, deg(mi) =2p"n —1, deg(oy) = 2p*n — 2.
Furthermore, the first Bockstein differential is given by
flu=0, B'm =0 PBlop=0.
b) If p = 2, then the mod 2 homology of the double loop space of a sphere is
HQ?S™ ! = P&, 6,6, .)

as a primitively generated Hopf algebra with deg(£x) = 2Fm — 1. Furthermore, if m
is even, the first Bockstein differential is given by *&y = 0 and &, = (Ex—1)? for
k>1.
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Remark: If p is any prime, the even dimensional case reduces to the odd di-
mensional case via the following isomorphism [23] of primitively generated mod p
Hopf algebras

H(9252n+2) _ H(952n+1) ® H(QS4H+3).

This isomorphism is also compatible with the Bockstein differentials.
If p is an odd prime, then this follows from Serre’s splitting of spaces localized
at p

QSQ7L+2 ~ 52n+1 % QS4H+3.

Unless n = 1,2, 0r 3, this splitting is not valid localized at 2. We have only
the totally nonhomologous to zero fibration sequence given by the second Hopf
invariant

g2+l _, g2n+2 ho Q. g4n+3

But 12.5 below says that the loop of this sequence is also totally nonhomologous
to zero and 12.6 shows that HQ2S5%"*+2 is primitively generated. The Bockstein
differentials are completely determined by their naturality with respect to the maps
in the fibration sequence.

Hence, the even dimensional case reduces to the odd dimension case whenever
the prime is even or odd.

The first thing we need to do is to show we can use homology instead of chains.
Hence,

THEOREM 13.2. With any coefficients, there is a homology equivalence of dif-
ferential coalgebras

T[z] = HQS™ ! L cagm+!
where deg(x) = m.

ProoF. We use here the loop space with the strictly associative multiplication
so that the chains CQS™*! are an associative differential Hopf algebra. Since
Q5™+ is m — 1 connected, the chains are equivalent to those from the Eilenberg
subcomplex where all simplices are restricted to having their m — 1 skeleton at
the basepoint. If we choose a cycle ¢ from this subcomplex which represents the
m dimensional homology generator, then it is certainly primitive. Hence, the map
defined by f(x%) = ¢! is the required homology equivalence of differential coalgebras.

O

Therefore,
THEOREM 13.3. With any coefficient ring R,
HQ25™ ! = CotorT"(R, R) = HQT ]
as algebras.

If « has even degree, then T[z] is a commutative coalgebra, It follows that,
over a field R, Cotor™*| R, R) = HQT[x] is actually a primitively generated Hopf
algebra but it is possible that the coalgebra structures in the above theorem are
different. The same remark holds if  has odd degree and the field has characteristic
2.
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If p is odd, assume that deg(x) = m = 2n is even. Then the tensor Hopf
algebra T[] splits as a coalgebra into tensor product of coalgebras

Tle] = @) Tpla"]
i>0
where ‘ ' ' '
Tp[a:pz] =< 1,2" 2%, . ..z 5
If p = 2, then deg(z) = m can be either even or odd and, In this case, the
tensor Hopf algebra T'[x] splits as a coalgebra into

T(z] = Q) Talz”]
>0
where Ty[2%'] = E[22'] =< 1,2% > is the exterior coalgebra.
The Kiinneth theorem yields

THEOREM 13.4. Let p be a prime and let T[x] is a tensor algebra on a generator
x of degree m. Assume either that m is even or that p = 2, Then there is an
isomorphism of primitively generated Hopf algebras

Cotor™\(Z/pz, Z/pZ) = ®Cot0rTP[“‘pl](Z/pZ, Z/pZ).
i>0

We now compute the above Cotors:

THEOREM 13.5 (Lemma). As primitively generated Hopf algebras:

a) If p is an odd prime and Ty(x] is the coalgebra < Lz, 2%, ..., 2P~ > with x
of even degree 2n, then

Cotor™®(Z/pZ, Z|pZ) = E(s™'x) @ P(2)

where deg(s™1z) = 2n — 1,deg(z) = 2pn — 2.

b) If p =2 and = has arbitrary degree m, then

CotorP®(2/27,2/27) = P(s™'x)

where deg(s™'xz) =m — 1.

We proceed to prove this lemma using duality.

ProoF. If C is a finite type commutative coalgebra which is free over R, then
the dual A = C* is a commutative algebra and we have that Tor4(R, R) is a Hopf
algebra which is dual to the Hopf algebra Cotor® (R, R). If we use Z () coefficients
and set C = T, (x) we get that A = P,(y) = P(y)/(y”) = the truncated polynomial
algebra with deg(y) = deg(x).

With p an odd prime and Z,) coefficients, consider the complex

R=A® E(s) @ T'(t)
with deg(s) = deg(z) — 1, deg(t) = pdeg(x) and differential the derivation defined
by
dy =0, ds =y, dt = sy~ L.
R is an acyclic complex and a differential algebra. It provides a resolution of Z
over the algebra A and the multiplication is a map of resolutions

ROR —TR
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and induces a multiplication on
R®a Zy) = E(s) @L(t).
Since the latter has zero differential,
Tors(Zpy, Zipy) = E(s) @ '(t)

as algebras.
If p is odd, both the elements s and ¢ must be primitive for degree reasons.
Hence, in this case, we have

TO’PA(Z(Z])7 Z(p)) = E(S) ® F(t)
as Hopf algebras. It follows that
C’otorTP(w)(Z(p), Zp) = E(s7'z) @ P(2)

as Hopf algebras. Of course, we can reduce this result mod p to the desired result
with Z/pZ coefficients.
If p = 2, consider the complex over the ring Z/2Z given by

R=ARTIs
with deg(s) = deg(x) — 1 and with the derivation defined by
dy = 0,dyi(s) = yve—1(s)-
In particular, we have
dyi(s) =ds=yy(s) =y,  dvya(s) =ym(s) =ys.

It is an acyclic differential Hopf algebra. In particular, both the multiplication
and the comultiplication

RIR—->R, RRIR
are maps of resolutions. Note that y and s are primitive but
A(72(8) =7(s) @1+ 5@ s+ 1® y2(s).

This is dual to the statement that the square of the 1 dimensional class is the 2
dimensional class.

It follows that

Tora(Z/2Z,Z/2Z) =T'[s]

as a Hopf algebra.

Hence,

Cotor™\®)(7/22,2/27) = P(s'x)

as a Hopf algebra.

We conclude that we have proved the algebra part of 12.1.

THEOREM 13.6. Let p be a prime.
a) If p is odd, there is an isomorphism of algebras

H(Q*S*" Y Z/pZ) = E(u,m1,72,...) ® P(o1,09,...)
where deg(u) = 2n — 1, deg(7;) = 2p'n — 1, and deg(o;) = 2p'n — 2.
b) If p = 2, there is an isomorphism of algebras
H(Q*S™. 7/27) = P(&, &, ... )
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where deg(&;) = 2im — 1.

That the results in 12.6 are isomorphisms of primitively generated Hopf algebras
follows from the dual of a result of Milnor-Moore [20, 21].

THEOREM 13.7. Suppose that B is a connected Hopf algebra over Z/pZ with
commutative multiplication. Let £ : B — B be the p-th power operation {(x) = xP
and consider the subHopf algebra €B C B of all p-th powers. There is an exact
sequence

0 — P((B) — P(B) — Q(B).
In particular, the kernel of the map P(B) — Q(B) is concentrated in degrees divis-
ible by p.

The dual to the above says, if D is a connected Hopf algebra over Z/pZ with
commutative comultiplication, then the cokernel of P(D) — Q(D) is concentrated
in degrees divisible by p. Hence, the Hopf algebras in 12.6 are primitively generated
and isomorphic as Hopf algebras.

We complete the proof of 12.1 by determining the first Bockstein differentials
B'. We start with an explicit computation over Z(p)-

THEOREM 13.8. For all primes p,
Hopn—2(Q2S*" T Z(,)) = Z/pZ.

ProoF. Consider the Z(,)cohomology Serre spectral sequence of the path space

fibration sequence
0282+l pgntl 5 82Tt

Since the Z(,,) cohomology of the base is the divided power algebra H* (821, Zpy) =
I'[y] with deg(y) = 2n, the classic argument shows that
H2pn72(9252n+1; Z(p)) _ O, H2pn71(9252n+1; Z(p)) _ Z/pZ
and hence Hop,—2(Q25%" Y 7)) = Z/pZ. O
It follows that we must have

a) if p is an odd prime, then 8’7 = oy in dimension 2pn — 2.

b) if p = 2, then 5'&; = (£)*.
Now consider the p—th Hopf invariant h, : Q52"+ — QS§%n+1 Localized at
p, we have a fibration sequence which is totally nonhomologous to zero

F — s>t Iy g2entt
where HF = T)[x,| the Hopf invariant induces the map
hy - HOS?™ 1 = Tey,] = Q) Tylah,] — HOS?" = Tlagy,] = Q) Tyleh,]
i>0 i>0
such that for ¢ > 1
[ i—1
hP(TP [mgn}) = Tp [xgpn ]
It follows that the loop
th . 92527z+1 — Q2SQpn+1
satisfies, for ¢ > 2, up to units,
a) if p is odd,
th(Tl(QTL) = Ti—l(an)7 th(al(2n)) = (Ti_l(QTLp)
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b) and if p = 2,
Qhy(&i(2n)) = &i—1(4n),  Qha(&i-1(2n))? = (&i-1(4n))*.

Hence, whenever we know the formula for 3'7;(2n), we know the formula
for B7;(2np), and naturality gives the formula for 87, 41(2n). And similarly for
Br&(2n). Hence, induction shows

THEOREM 13.9. For alli > 1, 87, = o; if p is an odd prime and B*&; = (&1)?
ifp=2.

Since the first Bockstein makes the mod p homology acyclic except in the
bottom nontrivial dimensions, we get the following corollary which is crucial in the
study of the odd primary exponents of the homotopy groups of spheres and Moore
spaces. [7, 23]

THEOREM 13.10. For any prime p, the homology localized at p of Q252"+ has
a Zy in dimension 2n— 1 and torsion of order at most p in all higher dimensions.

14. Closing remarks on the Hopf algebra structure in the cobar
construction

When X is a simply connected space, then, over a field, HQC(X) is a Hopf
algebra. At first, it seems that the comultiplication is more fundamental since it
is induced by the diagonal map of spaces X — X x X while the multiplication is
induced by a map X x X — X only when X is an H space.

In fact, the multiplication is more fundamental since H)C' has a multiplication
whenever C is a differential coalgebra. Although we do not show it here, this
multiplication is like the multiplication in the fundamental group of a loop space in
the following sense. In the presence of another multiplication, for example, when
C' is a differential Hopf algebra (and the multiplication C ® C' — C' is a map of
differential coalgebras), the resulting two multiplications on HQC agree and both
are (graded) commutative [23].

When C'is not a commutative coalgebra, H2C' may not have a comultiplication
since the diagonal map C — C ® C is not a map of differential coalgebras. Even
when C'is a commutative coalgebra, the resulting comultiplication on HQC, which
over a field is always primitively generated, may have little to do with geometry.

Over a field, HQC(X) is a coalgebra (and thus a Hopf algebra) by virtue of the
map CX — C(X xX) and the Eilenberg Zilber equivalence CX®CX — C(X x X).
It has little to do with the Alexander Whitney map CX — CX ® C'X since this is
not a map of coalgebras. But, most important, this coalgebra structure in HQC'(X)
does correspond to the comultiplication in the homology of the loop space since it
corresponds to the diagonal in the loop space.

The ambiguity in the coalgebra structures on HQC(X) disappears when we
have rational coefficients. They are the same and both are primitively generated.
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