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1. L! Fourier transform

If f € LY(R") then its Fourier transform is f:R" — C defined by

f(6) = / 2 f (1) da

More generally, let M (R") be the space of finite complex-valued measures on R" with
the norm

el = Tl (R™),

where || is the total variation. Thus L!'(R") is contained in M (R") via the identification
f — u, du = fdx. We can generalize the definition of Fourier transform via

(€)= [ e dta).

Example 1 Let a € R" and let 6, be the Dirac measure at a, d,(E) = 1 if a € I/ and
3,(E) = 0if a ¢ E. Then §,(¢) = e 2m¢,

Example 2 Let T'(z) = e ™**. Then

A

() = e, (1)

Proof The integral in question is

f(f) = /6_2””'56_”9”26&1:.

Notice that this factors as a product of one variable integrals. So it suffices to prove (1)
when n = 1. For this we use the formula for the integral of a Gaussian: ffooo e ™ dy = 1.

It follows that
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where we used contour integration at the next to last line. 0
There are some basic estimates for the L' Fourier transform, which we state as Propo-
sitions 1 and 2 below. Consideration of Example 1 above shows that in complete generality

not that much more can be said.

Proposition 1.1 If € M(R") then /i is a bounded function, indeed

liille < el (2)

Proof For any &,

@] = | [ e duta)

< /We%mﬂaM@>
=l

Proposition 1.2 If ;€ M(R") then /i is a continuous function.

Proof Fix ¢ and consider

e ) = [ e au),

As h — 0 the integrands converge pointwise to e~27@¢, Since all the integrands have

absolute value 1 and |u|(R™) < oo, the result follows from the dominated convergence
theorem. ]

We now list some basic formulas for the Fourier transform; the ones listed here are
roughly speaking those that do not involve any differentiations. They can all be proved by
using the formula e®*t® = %" and appropriate changes of variables. Let f € L', 7 € R",
and let T" be an invertible linear map from R" to R".

1. Let f.(x) = f(x — 7). Then

Fr(&) = e f(g). (3)
2. Let e,(z) = ™7, Then
e f(€) = fle—). (4)



3. Let T~* be the inverse transpose of T'. Then
foT = |det(T)| ' foT . (5)

4. Define f(x) = f(—x). Then

~

=1 (6)

We note some special cases of 3. If T is an orthogonal transformation (i.e. TT" is the
identity map) then ﬁ = foT, since det(T) = +1. In particular, this implies that if f
is radial then so is f , since orthogonal transformations act transitively on spheres. If T is
a dilation, i.e. Tx = r - x for some r > 0, then 3. says that the Fourier transform of the
function f(rx) is the function T_"f(r_lf). Replacing r with r~! and multiplying through
by 7", we see that the reverse formula also holds: the Fourier transform of the function
= f(r~12) is the function f(ré).

There is a general principle that if f is localized in space, then f should be smooth,
and conversely if f is smooth then f should be localized. We now discuss some simple
manifestations of this. Let D(z,7) ={y € R" : |y — z| <r}.

Proposition 1.3 Suppose that € M(R™) and supp p is compact. Then /i is C* and

D% = ((=2miz)" )" (7)

Further, if supp u € D(0, R) then

1D filloe < (27 R)™||pal. (8)

We are using multiindex notation here and will do so below as well. Namely, a multi-
index is a vector a € R™ whose components are nonnegative integers. If a is a multiindex
then by definition

oM o

= axtlll o e 8{17%”,

a _ T &g
=17z,

DOé

The length of «, denoted |af, is ), a;. One defines a partial order on multiindices via
a < (< q; < f3; for each i,

a<fea<fand a#f.

Proof of Proposition 1.3 Notice that (8) follows from (7) and Proposition 1 since the

norm of the measure (27iz)*u is < (2w R)!||]|.



Furthermore, for any « the measure (27iz)*u is again a finite measure with compact
support. Accordingly, if we can prove that fi is C* and that (7) holds when |a| = 1, then
the lemma will follow by a straightforward induction.

Fix then a value j € {1,...,n}, and let e; be the jth standard basis vector. Also fix
¢ € R", and consider the difference quotient

. heo) — i
This is equal to
e—27riha:j -1 o
/TB_ T (). (10)
As h — 0, the quantity
6727rihmj —1
h

—2mihx ;
converges pointwise to —2miz;. Furthermore, |“———=1| < 27|z, for each h. Accordingly,

the integrands in (10) are dominated by |27z;|, which is a bounded function on the support
of p. It follows by the dominated convergence theorem that

—2mihx;

1 .
lim A(h) = / lim eTe’ng'xdu(x),

h—0 h—0

which is equal to
/—ZWixje_ng'xdp(:p).

This proves the formula (7) when |a| = 1. Formula (7) and Proposition 2 imply that j is
ch O

Remark The estimate (8) is tied to the support of . However, the fact that i is C*
and the formula (7) are still valid whenever p has enough decay to justify the differentia-
tions under the integral sign. For example, they are valid if ;1 has moments of all orders,
ie. [|z|Nd|u|(x) < oo for all N.

The estimate (2) can be seen as justification of the idea that if p is localized then fi
should be smooth. We now consider the converse statement, 4 smooth implies fi localized.

Proposition 1.4 Suppose that f is C¥ and that D®f € L! for all o with 0 < |a| < N.
Then

Do f (&) = (2mi€)* f (€) (11)
when |a] < N and furthermore
fEl<ca+ih™ (12)

for a suitable constant C'.



The proof is based on an integration by parts which is most easily justified when f has
compact support. Accordingly, we include the following lemma before giving the proof.

Let ¢ : R" — R be a C* function with the following properties (4. is actually
irrelevant for present purposes):

o) = Lif 2] < 1
o(z) =0if |z| > 2
0<¢<1

1.
2.
3.
4. ¢ is radial.

Define ¢p(x) = ¢(7); thus ¢ is similar to ¢ but lives on scale k instead of 1. If
« is a multiindex, then there is a constant C, such that |[D%¢;| < kC_a uniformly in k.
Furthermore, if o # 0 then the support of D¢ is contained in the region k < |z| < 2k.

lo

Lemma 1.5 If f is CV, Dof € L! for all a with |a| < N and if we let f, = ¢5f then
limy oo || D fr. — D*f]|1 = 0 for all o with o] < N.

Proof It is obvious that
lim (60" f = D flls =0,
so it suffices to show that
Jim [|[D%(6rf) — dxD*fll = 0. (13)
However, by the Leibniz rule

D*(¢rf) — ¢ D°f = Y cgD* P’ fD g,

0<f<La

where the cg’s are certain constants. Thus

1D (1) = oD flh < C > ID"Gullol D Fll i gasforzin

0<f<La

< Ok Y DY Fllua qater=in

0<f<La

The last line clearly goes to zero as k — 0o. There are two reasons for this (either would
suffice): the factor k71, and the fact that the L' norms are taken only over the region
lz| > k. O



Proof of Proposition 1.4 If f is C! with compact support, then by integration by parts
we have
of

al‘j
i.e. (11) holds when |o| = 1. An easy induction then proves (11) for all o provided that

f is CY with compact support.
To remove the compact support assumption, let f; be as in Lemma 1.5. Then (11)

(z)e =8 dy = 2mig; / e 2L f (1) d,

holds for fz. Now we pass to the limit as k& — oo. On the one hand D*f; converges
uniformly to D*f as k — oo by Lemma 1.5 and Proposition 1.1. On the other hand fj
converges uniformly to f, so (27i&)® fi converges to (2mi&)* f pointwise. This proves (11)

in general. )
To prove (12), observe that (11) and Proposition 1 imply that £¢f € L* if |a] < N.
On the other hand, it is easy to estimate

CY L+ 1EDN < ) Igel < e+ [EDY, (14)

lal<N
o (12) follows. O

Together with (14), let us note the inequality
Lt fz) < T+ [y + [z = y]), 2,y € R (15)

which will be used several times below.

2. Schwartz space

The Schwartz space S is the space of functions f : R" — C such that:

1. fis C*,

2. z*DP f is a bounded function for each pair of multiindices o and 3.

For f € § we define
1 £llag = 2% D" foc.

It is possible to see that S with the family of norms || - ||,z is a Frechet space, but we
don’t discuss such questions here (see [27]). However, we define a notion of sequential
convergence in S:

A sequence {fi} C S converges in S to f € S if limg_o || f — fllap = 0 for each pair
of multiindices o and £.

Examples 1. Let C§° be the C* functions with compact support. Then Cg° C S.



Namely, to prove that *DPf is bounded, just note that if f € C5° then DPf is a
continuous function with compact support, hence bounded, and that x® is a bounded
function on the support of DA f.

2. Let f(xz) = e ™*°. Then f € S.

For the proof, notice that if p(z) is a polynomial, then any first partial derivative
%(p(x)e‘”'“”'g) is again of the form g(z)e ™ for some polynomial ¢. It follows by
induction that each D? f is a polynomial times f for each 3. Hence *D?f is a polynomial
times f for each a and 3. This implies using L'Hospital’s rule that 2®D” f is bounded for

each o and (3.

3. The following functions are not in S: fy(z) = (1 + |z[*)™ for any given N,
and g(z) = el sin(e”|m|2). Roughly, although fxn decays rapidly at oo, it does not
decay rapidly enough, whereas g decays rapidly enough but its derivatives do not decay.
Detailed verification is left to reader.

We now discuss some simple properties of S, then some which are slightly less simple.

I. S is closed under differentiations and under multiplication by polynomials. Fur-
thermore, these operations are continuous on § in the sense that they preserve sequential
convergence. Also f,g € § implies fg € S.

Proof Let f € S. If v is a multiindex, then 2*DF(D7) f = x*DP*7 f which is bounded
since f€S. So D'f €S8.
By the Leibniz rule, z*DP(27 f) is a finite sum of terms each of which is a constant

multiple of
z*D°(2") D f

for some § < 3. Furthermore, D?(x?) is a constant multiple of 2779 if § < v, and otherwise
is zero. Thus z®DP(27 f) is a linear combination of monomials times derivatives of f, and
is therefore bounded. So z7f € S.

The continuity statements follow from the proofs of the closure statements; we will
normally omit these arguments. As an indication of how they are done, let us show that
if v is a multiindex then f — DY f is continuous. Suppose that f, — f in S. Fix a pair
of multiindices o and 3. Applying the definition of convergence with the multiindices «
and 3 + v, we have

lim D™ (f, )l = 0.
Equivalently,
Jim [ D?(D7f, — D7)l = 0

which says that D? f,, converges to D7f.
The last statement (that S is an algebra) follows readily from the product rule and
the definitions. 0J



II. The following alternate definitions of S are often useful.

feS e (1+]z))VDPf is bounded for each N and f3, (16)
feS e lim x*DPf =0 for each a and f3. (17)

Indeed, (16) follows from the definition and (14). The backward implication in (17) is
trivial, while the forward implication follows by applying the definition with « replaced
by appropriate larger multiindices, e.g. « + e; for arbitrary j € {1,...,n}.

Proposition 2.1 C3° is dense in S, i.e. for any f € S there is a sequence {fx} C C§°

Proof This is almost the same as the proof of Lemma 1.5. Namely, define ¢, as there
and consider f; = ¢ f, which is evidently in C§°. We must show that

2D (¢ f) — 2D’ f
uniformly as £ — oo. For this, we estimate
12 D (¢r.f) — 22 DP flloo < [l@pz*D” f — 2%D° flloo + [|2*(D? (61 f) — D" f)]| oo

The first term is bounded by supj, >, |z DP f| and therefore goes to zero as k — oo by
(17). The second term is estimated using the Leibniz rule by

CY 2D flloll D77 g - (18)
<8
Since f € S and || D¢y < £, the expression (18) goes to zero as k — oo. O

There is a stronger density statement which is sometimes needed. Define a C§° tensor
function to be a function f : R" — C of the form

f(z) = H%(%‘),

where each ¢; € C3°(R).

Proposition 2.1" Linear combinations of C§° tensor functions are dense in S.

Proof In view of Proposition 2.1 it suffices to show that if f € C§° then there is a
sequence {gy} such that:

1. Each g is a C§° tensor function.



2. The supports of the g, are contained in a fixed compact set F which is independent
of k.
3. D®gy converges uniformly to D®f for each a.

To construct {gx}, we use the fact (a basic fact about Fourier series) that if f is a C*
function in R™ which is 27-periodic in each variable then f can be expanded in a series

fO) =2 ae™’
VEZn

where the {a,} satisfy

>+ phNa] < oo

for each N. Considering partial sums of the Fourier series, we therefore obtain a sequence
of trigonometric polynomials p; such that D%p; converges uniformly to D f for each «.

In constructing {gi} we can assume that x € suppf implies |z;| < 1, say, for each j -
otherwise we work with f(Rx) for suitable fixed R instead and undo the rescaling at the
end. Let ¢ be a C§° function of one variable which is equal to 1 on [—1, 1] and vanishes
outside [—2,2]. Let f be the function which is equal to f on [—m, 7] X ... x [—r, 7] and
is 2m-periodic in each variable. Then we have a sequence of trigonometric polynomials py
such that D®pj, converges uniformly to Df for each a. Let gj(z) = I7_,¢(x5) - pr().
Then gy clearly satisfies 1. and 2, and an argument with the product rule as in Lemma
1.5 and Proposition 2.2 will show that {g;} satisfies 3. The proof is complete. U

The next proposition is an alternate definition of S using L! instead of L> norms.

Proposition 2.2 A C* function f is in S iff the norms

lz* D7 f |l
are finite for each a and 3. Furthermore, a sequence {fi} C S converges in S to f € S iff
Jim (2D (fi = f)lls =0
for each a and 3.

Proof We only prove the first part; the equivalence of the two notions of convergence
follows from the proof and is left to the reader.

First suppose that f € S. Fix a and 5. Let N = |a|+n + 1. Then we know that
(1+ |2|)NDPf is bounded. Accordingly,

lz*DPfll < (11 + |2 D7 fllocllz® (1 + =)™ [l
< o0



using that the function (14 |z|)™™"! is integrable.
For the converse, we first make a definition and state a lemma. If f : R" — oo is C*

and if z € R" then s
Al(z) = > |Df(x)].
|a|=k

We denote D(z,r) = {y: |x —y| < r}. We also now start to use the notation x < y to
mean that x < Cy where C is a fixed but unspecified constant.

Lemma 2.2 Suppose f is a C* function. Then for any x

F@IS > 1A ey

0<j<n+1

This is contained in Lemma A2 which is stated and proved at the end of the section.
To finish the proof of Proposition 2.2, we apply the preceding lemma to D°f. This
gives
Drals > [ s,
yI<IBl+n+1 7 Pl@D)

therefore

A+ DD @) S A+l Y /D 1Dy

[7I<I81+n+1

s ¥/ D

[YI<IBl+n+1

where we used the elementary inequality

1+ |z <2 min (1-+ .
ol <2 min (1+]yl)

It follows that
IO+ [2DVDflle S D L+ [2)V D7,

[vI<|8l+n+1
and then Proposition 2.2 follows from (14). O

Theorem 2.3 If f € S then f € §. Furthermore, the map f — f is continuous from &
to S.

Proof As usual we explicitly prove only the first statement.
If f € Sthen f € L, so f is bounded. Thus if f € S, then DezAf is bounded for any

given o and f3, since D®2” f is again in S. However, Propositions 1.3 and 1.4 imply that
Deaf(€) = (2m)°l (=2mi) e D7 ()

10



so £2DP f is again bounded, which means that f eS. O

Appendix: pointwise Poincare inequalities

This is a little more technical than the preceding and we will omit some details.
We prove a frequently used pointwise estimate for a function in terms of integrals of its
gradient, which plays a similar role that the mean value inequality plays in calculus. Then
we prove a generalization involving higher derivatives which includes Lemma 2.3. Let w
be the volume of the unit ball.

Lemma A1l Suppose that f is C'. Then
1 \Y
s -2 [ swas [ L,
D(z,1)

w Dy [T —y[mt

Proof Applying the fundamental theorem of calculus to the function

t— flr+ily —x))
shows that )
1) = £@I < e =l [ V(o 4y =)t
Integrate this with respect to y over D(z, 1) and divide by w. Thus

1
@) -+ /D ol < /D ICROI

w w

1
< / 21y / V1 (e + tly — 2))|dedy
D(z,1) 0

-/ LIVt =l (19

Make the change of variables z = x + t(y — ), and then reverse the order of integration
again. This leads to

1
d
19) = [ [ el G
t=0 J D(a,t) t
1
= [ Je-alvie)
D(z,1) t=|z—z|
[N RO
D(zx,1)

+= D dtdz

A

as claimed.

11



Lemma A.2 Suppose that f is C*. Then

S |z =" PAL @)y 1<k <n-1,
F@IS Y 1Al +  Joen 108 w2 AL v)dy if k= n, (20)
0<j<k AT 1l (o)) if k=n+1

The case k =n + 1 is Lemma 2.2’.

Proof The case k = 1 follows immediately from Lemma A.1, so it has already been
proved. To pass to general k we use induction based on the inequalities (here a > 0,b >
0, |z — x| < constant)

Clz — 2|~ if g + b < n,

/ 2 — |~z — gy < { log E ifa+b=n, (21)
yeD(x,C) C ifa+b>n,
and 1
[ ey g Sy <0 (22)
yeD(x,C) |z — vl

In fact, (21) may be proved by subdividing the region of integration in the three
regimes |y — x| < L[z — ], |y — 2| < |z — 2| and “the rest”, and noting that on the third
regime the integrand is comparable to |y — z|~37=%7%_ (22) may be proved similarly.

We now prove (20) by induction on k. We have done the case k = 1. Suppose that
2 <k <n—1 and that the cases up to and including k£ — 1 have been proved. Then

P S 3 Il + [ e AL )y

j<k—2 D(z,1

< D ||Af||L1(D<x,1>>+/ |$—y|_("_k+”/ A]_(z)dzdy
D(z,1) D(y,1)

j<k—2

o[ eyl [y 0 0A ey
D(z,1) D(y,1)

DY HAﬂ’LI(D(w@)W/( & — 2|7 P AL (2)dz.

j<k—1 D(,2)

For the first two inequalities we used (20) with k replaced by k£ — 1 and 1 respectively,
and for the last inequality we reversed the order of integration and used (21). The disc
D(z,2) can be replaced by D(x,1) using rescaling, so we have proved (20) for £ <n — 1.

To pass from k = n — 1 to k = n we argue similarly using the second case of (21), and
to pass from k =n to k = n + 1 we argue similarly using (22). O

3. Fourier inversion and Plancherel

12



Convolution of ¢ and f is defined as follows:

o+ f(x) = / o) f(x — y)dy (23)

We assume the reader has seen this definition before but will summarize some facts,
mostly without giving the proofs. There is an issue of the appropriate conditions on ¢
and f under which the integral (23) makes sense. We recall the following.

1.If¢p e Lt and f € LP, 1 < p < 0o, then the integral (23) is an absolutely convergent
Lebesgue integral for a.e. x and

16 fllp < lllll 1l (24)

2. If ¢ is a continuous function with compact support and f € Lj, ., then the integral

(23) is an absolutely convergent Lebesgue integral for every x and ¢  f is continuous.
3.Ifpe LPand f € LV, %+I% = 1, then the integral (23) is an absolutely convergent
Lebesgue integral for every z, and ¢ * f is continuous. Furthermore,

16 flloo < lllull.f 1l (25)

The absolute convergence of (23) in 2. is trivial, and (25) follows from Cauchy-
Schwarz. Continuity then follows from the dominated convergence theorem. 1. is obvious
when p = oco. It is also true for p = 1, by Fubini’s theorem and a change of variables.
The general case follows by interpolation, see the Riesz-Thorin theorem in Section 4.

In any of the above situations convolution is commutative: the integral defining f * ¢
is again convergent for the same values of x, and f *x ¢ = ¢ * f. This follows by making
the change of variables y — x — y. Notice also that

supp(¢ * f) C supp¢ + suppf,

where the sum F + F means {vr+y:z € E,y € F}.
In many applications the function ¢ is fixed and very “nice”, and one considers con-
volution as an operator

f—=oxf

Lemma 3.1 If ¢ € C5° and f € L}, then ¢ * f is C* and

loc

D¢ x [) = (D) * f. (26)

Proof It is enough to prove that ¢ * f is C* and (26) holds for multiindices of length
1, since one can then use induction. Fix j and consider difference quotients

() = 3 (6% ) + hey) — (6% D))

13



Using (23) and commutativity of convolution, we can rewrite this as

dh) = [ 36l + hes =) = 6w ~ ) Wi

The quotients

Anly) = (6 + hes —y) = oz — )

are bounded by ||%||C>O by the mean value theorem. For fixed = and for |h| < 1, the
] _—
support of Ay is contained in the fixed compact set £ = D(z, 1)+ supp ¢. Thus the inte-

grands Ay, f are dominated by the L' function H% leoX2|f|- The dominated convergence
J

theorem implies

tiw () = [ £(0) i Au(w)dy = [ £6) 555~ )iy

This proves (26) (when |o| = 1). The continuity of the partials then follows from 2.
above. O

Corollary 3.1' If f,g € S then fxg e S.

Proof By Lemma 3.1 it suffices to show that if (1 + |z)" f(z) and (1 + |z|)Vg(z)
are bounded for every N then so is (1 + |2])V f x g(x). This follows by writing out the
definitions and using (15); the details are left to the reader. 0

Convolution interacts with the Fourier transform as follows: Fourier transform con-
verts convolution to ordinary pointwise multiplication. Thus we have the following for-
mulas:

frg=Ffi fgel (27)
fg=1f*g, f.g€S. (28)

(27) follows from Fubini’s theorem and is in many textbooks; the proof is left to the
reader. (28) then follows easily from the inversion theorem, so we defer the proof until
after Theorem 3.4.

Let ¢ € S, and assume that [¢ = 1. Define ¢¢(z) = e "¢(¢ 'z). The family of
functions {¢¢} is called an approximate identity. Notice that [ ¢¢ = 1 for all e. Thus
one can regard the ¢¢ as roughly convergent to the Dirac mass dy as € — 0. Indeed, the
following fact is basic but quite standard; see any reasonable book on real analysis for the
proof.

Lemma 3.2 Let ¢ € S and [ ¢ = 1. Then:

1. If f is a continuous function which goes to zero at oo then ¢€ * f — f uniformly as
e — 0.

2. If feIP, 1 <p<oothen ¢ x f — fin LP as e — 0.

14



Let us note the following corollary:

Lemma 3.3 Suppose f € L] .. Then there is a fixed sequence {gx} C C§° such that if
p € [l,00) and f € LP, then g, — f in LP. If f is continuous and goes to zero at co, then
gr — f uniformly.

The reason for stating the lemma in this way is that one sometimes has to deal with
several notions of convergence simultaneously, e.g., L' and L? convergence, and it is
convenient to be able to approximate f in both norms simultaneously.

Proof Let ¢ € C§°, f@b =1, ¢ >0, and let ¢ be as in Lemma 1.5. Fix a sequence
i 1 0. Let gu(w) = o(2) - (6% = f).

If f € LP, then for large k the quantity ||t  f|| 1o (z>k) is bounded by || f|| Le(js>k-1)
using (24) and that suppty®* is contained in D(0,1). Accordingly, ||gx — ¥ * f]|, — 0 as
k — oo. On the other hand, |9 * f — f||, — 0 by Lemma 3.2. If f is continuous and
goes to zero at oo, then one can argue the same way using the first part of Lemma 3.2.
Smoothness of g, follows from Lemma 3.1, so the proof is complete. OJ

Theorem 3.4 (Fourier inversion) Suppose that f € L', and assume that f is also in
L'. Then for a.e. z,

o) = [ feremende (29)
Equivalently, R
f(x) = f(—=x) for ae. . (30)

The proof uses Lemma 3.2 and also the following facts:

A. The gaussian I'(z) = e ™*!" satisfies T' = T, and therefore also satisfies (30). So at
any rate there is one function f for which Theorem 3.4 is true. In fact this implies that
there are many such functions. Indeed, if we form the functions

Le(z) = 67%2‘3:‘27

then we have )

Te(§) = e me et (31)

Applying this again with € replaced by €', one can verify that I'¢ satisfies (30). See the
discussion after formula (5).

B. The duality relation for the Fourier transform, i.e., the following lemma.

15



Lemma 3.5 Suppose that p € M(R") and v € M(R"™). Then

/udu— /Vdu (32)
In particular, if f, g € L, then

[ F@g@is = [ gt

Proof This follows from Fubini’s theorem:

[ = [ [ermeau@ane)
= [ [ererangaut
_ / by,

Proof of Theorem 3.4 Consider the integral in (29) with a damping factor included:

- / (eI e, (33)

We evaluate the limit as € — 0 in two different ways.

OJ

1. Ase — 0, Ie(z) — [ f £)e?mi&ed¢ for each fixed x. This follows from the dominated
convergence theorem since f 6 L.

2. With z and € fixed, define g(¢) = e "€kl 2miéx  Thyg

- / F()i(y)dy

by Lemma 3.5. On the other hand, we can evaluate § using the fact that g(¢) = e, (£)'e(€)
and (4), (31). Thus

9(y) =Tely —z) =I'(x —y),
where T'¢(y) = ¢ "T'(%) is an approximate identity as in Lemma 3.2, and we have used
that I' is even.

Accordingly,
-[6 = f * Pe,

and we conclude by Lemma 3.2 that
Ie— f
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in L' as € — 0. .
Summing up, we have seen that the functions /¢ converge pointwise to [ f(£)e*™4dg,
and converge in L' to f. This is only possible when (29) holds. O

Corollaries of the inversion theorem

The first corollary below is not really a corollary, but a reformulation of the proof
without the assumption that f € L'. This is the form the inversion theorem takes
for general f. Notice that the integrals I¢ are well defined for any f € L', since the
Gaussian e €17 ig integrable for each fixed e. Corollary 3.6 is often stated as “the
Fourier transform of f is Gauss-Weierstrass summable to f”, and can be compared to the
theorem on Cesaro summability for Fourier series.

Corollary 3.6 1. Suppose f € L' and define I¢(x) via (33). Then I¢ — f in L' as
e — 0.

2. If 1 < p < oo and additionally f € L?, then I¢ — f in L” as € — 0. If instead f is
continuous and goes to zero at oo, then I¢ — f uniformly.

Proof This follows from the preceding argument showing that I¢ = I'¢ * f, together
with Proposition 3.2. U

Corollary 3.7 If f € L* and f = 0, then f = 0.
This is immediate from Theorem 3.4. O

Theorem 3.8 The Fourier transform maps S onto S.

Proof Given f € S, let F(z) = f(—z) and let ¢ = F. Then g € S by Theorem 2.3,
and (30) implies

O
Let us also prove formula (28). Let f,g € S. Then
fxg(-2) = f(=2)i(—x)
= [f(x)g(z)
by (27) and Theorem 3.4. Using Theorem 3.4 again, it follows that fxg= E OJ

Theorem 3.9 (Plancherel theorem, first version) If u,v € S then

/%:/w (34)
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Proof By the inversion theorem,

/ u(z)v(z)dz

I
>
|
=
S|
8
S~—
QL
S
I
=g
8
S~—
4
|
=
QL
S

ie.,

0.

S
>

Jo- )

Applying the duality relation to the right-hand side we obtain

/ uv = / mﬁ,
and now (34) follows from (6). O

Theorem 3.9 says that the Fourier transform restricted to Schwartz functions is an
isometry in the L? norm. Since S is dense in L? (e.g., by Lemma 3.3) this suggests a way
of extending the Fourier transform to L?.

Theorem 3.10 (Plancherel theorem, second version) There is a unique bounded op-
erator F : L? — L? such that Ff = f when f € S. F has the following additional
properties:

1. F is a unitary operator.

2. Ff=fif fe L'n L2

Proof The existence and uniqueness statement is immediate from Theorem 3.9, as is
the fact that ||Ff|l2 = || fl|l2. In view of this isometry property, the range of F must be
closed, and unitarity of F will follow if we show that the range is dense. However, the
latter statement is immediate from Theorem 3.8 and Lemma 3.3.

It remains to prove 2. For f € S, 2. is true by definition. Suppose now that f € L'NL2.
By Lemma 3.3, there is a sequence {g} C S which converges to f both in L! and in L2
By Proposition 1.1, g5 converges to f uniformly. On the other hand, g, converges to F f
in L? by boundedness of the operator F. It follows that Ff = f . O

Statement 2. allows us to use the notation f for Ff if f € L? without any possible
ambiguity. We may therefore extend the definition of the Fourier transform to L' + L2

(in fact to o-finite measures of the form p+ fdz, p € M(R"), f € L?) via f/+\g = f+q.

Corollary 3.12 The following form of the duality relation is valid:

/ﬁ@bz/@@du,weé‘,
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if v=p+ fdx,ne€ M(R"), f e L

Proof We have already proved this in Lemma 3.5 if f = 0, so it suffices to prove it

when p = 0, i.e., to show that
[ o= [ 1o

if f € L? 1 € 8. This is true by Lemma 3.5 if f € L' N L2. Therefore it is also true for
f € L?, since for fixed 1 both sides depend continuously on f (in the case of the left-hand
side this follows from the Plancherel theorem). O

Theorem 3.13 If € M(R"), f € L* and
f+a=0,

then y = — fdx. In particular, if u € M(R") and i € L?, then p is absolutely continuous
with respect to the Lebesgue measure with an L? density.

Proof By the Riesz representation theorem for measures on compact sets, the measure
1+ fdx will be zero provided

/qbd,u—irqﬁfdxzo (35)

for continuous ¢ with compact support.

If ¢ € C§° then (35) follows from Corollary 3.12. In general, we choose (e.g., by
Proposition 3.2) a sequence ¢, in C5° which converges to ¢ uniformly and in L*. We
write down (35) for the ¢;’s and pass to the limit. This proves (35).

To prove the last statement, suppose that i € L?, and choose (by Theorem 3.10) a
function g € L? with ¢ = fi. Then du — gdz has Fourier transform zero, so by the first
part of the proof du = gdzx. OJ

All the basic formulas for the L! Fourier transform extend to the L' + L?-Fourier
transform by approximation arguments. This was done above in the case of the duality
relation. Let us note in particular that the transformation formulas in Section 1 extend.
For example, in the case of (5), one has

Fol =|det(T)|foT (36)

if f € L'+ L?. Since we already know this when f € L!, it suffices to prove it when
f € L?. Choose {fi} C L* N L?, fi — fin L% Composition with T is continuous on L?,
as is Fourier transform, so we can write down (36) for the { fi} and pass to the limit.
The L'+ L? domain for the Fourier transform is wide enough to include many natural
examples. Note in particular that L? C L' + L? if p € (1,2). Furthermore, certain
homogeneous functions belong to L' 4 L? although none of them can belong to L? for any
fixed p. For example, |z|~® belongs to L + L?* if 5 < a < mn, since it belongs to L' at the
origin and to L? at infinity. However, the L' 4+ L? domain is not always sufficient. The
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most natural way to proceed would be to develop the idea of tempered distributions, but
we don’t want to do this explicitly. Instead, we further broaden the definition of Fourier
transform as follows: a tempered function is a function f € Lj (R™) such that

/ﬁﬂlﬂYﬂﬂ@Wx<m>

for some constant N. Roughly, f has at most polynomial growth in the sense of L'
averages.

It is clear that if f is tempered and ¢ € S, then [|¢f| < co. Furthermore, the map
¢ — [¢f is continuous on S. It follows that ¢ x f is well defined if ¢ € S and f is
tempered, and a simple estimation shows that ¢ * f is again tempered.

If f and g are tempered functions, we say that g is the distributional Fourier transform

of f if
[oo= [ 56 (37)

for all ¢ € §. For given f, such a function g is unique using the density properties of S
as in several previous arguments. We denote g by f . Notice also that if f € L' + L2,
then its L' + L?-Fourier transform coincides with its distributional Fourier transform by
Proposition 3.12.

All the basic formulas, in particular (3), (4), (5), (6), extend to the case of distri-
butional Fourier transforms, e.g., if ¢ is the distributional Fourier transform of f, then
|det T|~1f o T~ is the distributional Fourier transform of f o 7. This may be seen by
making appropriate changes of variable in the integrals in (37). We indicate how these
arguments are carried out by proving the extended version of formula (27). Namely, if f
is tempered, ¢ € S, and f has a distributional Fourier transform, then so does ¢ x f and

Gxf=0f (38)
The proof is as follows. Let ¢ be another Schwartz function. Then
[wns = [iwo

= [ rio

= [0

= [ @) [ v~ = p)ity)dyda

= [t
The second line followed from the definition of distributional Fourier transform, the third
line from (28), and the next to last line used the inversion theorem for . Comparing

with the definition (37), we see that we have proved (38).
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Let us note also that the inversion theorem is true for distributional Fourier transforms:
if f is tempered and has a distributional Fourier transform f, then f has the distributional
Fourier transform f(—x). Here is the proof. If ¢ € S, then

/ f(—2)o(a)dz = / /(@
- [ x >$s<x>dx
- [ i@tz

We used a change of variables, the inversion theorem for ¢, and the definition (37) of f.
Comparing again with (37), we have the stated result. O

4. Some specifics, and L? for p < 2

We first discuss a couple of basic examples where the Fourier transform can be calcu-
lated, namely powers of the distance to the origin and complex Gaussians.

Proposition 4.1 Let h,(x) = V(‘;@ |z|~*. Then he = hn_o in the sense of L' + L?
Fourier transforms if § < Re (a) < n, and in the sense of distributional Fourier transforms
if 0 < Re (a) <n.

Here ~ is the gamma function, i.e.,
v(s) = / e 57 1dt.
0

Proof Suppose that a is real and 3 < a < n. Then h, € L' + L*. The functions
of the form f(z) = c|z|™® with ¢ constant may be characterized by the following two
transformation properties:

1. f is radial, i.e., f o p = f for all linear p: R" — R™ with p'p =identity.
2. f is homogeneous of degree —a, i.e.,

flex) =€ f(z) (39)
for each ¢ > 0.
We will use the notation
fe(z) = f(ex), (40)
fé(@) = (). (41)
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Let f(x) = |z|7%, § < a < n. Taking Fourier transforms we obtain from 1. and 2. the

following (see the dlscussmn in Section 1 regardmg special cases of (5)): f is radial, and
j‘"6 =€ f which is equivalent to fe = ¢~ (n—9) f Hence f = c|z|~ ™= and it remains to
evaluate the constant c. For this we use the duality relation, taking the Schwartz function
1 to be the Gaussian I'. Thus

/\x|“e”x2da: = c/\:c|("“)e”|m|2dx. (42)

To evaluate the left hand side, change to polar coordinates and then make the change of
variable t = wr2. Thus, if o is the area of the unit sphere, we get

o
—aq — 2 2 7d7“
/\x| vy = a/ e T —
0 r
e

= 7 ( 2 )fy< ; )7

and similarly the right hand side of (42) is ¢Zn(2)y(%). Hence
=225
T2 (5)

and the proposition is proved in the case § < a <n.
For the general case, fix ¢ € S and consider the two integrals

AG) = [ 1o,
B@:/mm.

Both A and B may be seen to be analytic in z in the indicated regime: since + is analytic,

this reduces to showing that
[ lal ot@te

is analytic when ¢ € S, which may be done by using the dominated convergence theorem
to justify complex differentiation under the integral sign.

By Proposition 3.14, A and B agree for z in (3,n). So they agree everywhere by the
uniqueness theorem. This proves that the distributional Fourier transform of h, exists
and is hy,_q. If Rea > 4, then h, € L'+ L2, so that its L' + L? and distributional Fourier
transforms coincide. OJ
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Let T be an invertible n x n real symmetric matrix. The signature of T' is the quantity
k. — k_ where k, and k_ are the numbers of positive and negative eigenvalues of T,
counted with multiplicity. We also define

GT(ZL') — e—m(TJ:,J:)’
and observe that G'7 has absolute value 1 and is therefore tempered.

Proposition 4.2 Let T' be an invertible n x n real symmetric matrix with signature o.
Then G has a distributional Fourier transform, which is equal to

e T |det T|_%G_T71

Remark This can easily be generalized to complex symmetric 7' with nonnegative
imaginary part (the latter condition is needed, else G is not tempered). See [17], Theorem
7.6.1. If n =1, we do this case in the course of the proof.

Proof We need to show that

/e_”<T$’$>gz§(x)dx = e_Tﬂa|det T|_% /GMTlx’x)Qf)@)dx (43)

if » € § and T is invertible real symmetric.

First consider the n = 1 case. Let y/z be the branch of the square root defined on the
complement of the nonpositive real numbers and positive on the positive real axis. Thus
VEi = et . Accordingly, (43) with n = 1 is equivalent to

[t = wa ! [ o (44)

if ¢ € § and z is pure imaginary and not equal to zero. We prove this formula by analytic
continuation from the real case.

Namely, if z = 1 then (44) is Example 2 in Section 1, and the case of z real and
positive then follows from scaling, i.e., the fact that the Fourier transform of f¢ is f €. see
(5). Both sides of (44) are easily seen to be analytic in z when Re z > 0 and continuous
in z when Rez > 0,2z # 0, so (44) is proved.

Now consider the n > 2 case. Observe that if (43) is true for a given 7' (and all ¢),
it is true also when T is replaced by UTU ™! for any U € SO(n). This follows from the
fact that f/o\U = f o U. However, since we did not give an explicit proof of the latter
fact for distributional Fourier transforms, we will now exhibit the necessary calculations.
Let S = UTU!. Thus S and T have the same determinant and the same signature.
Accordingly, if (43) holds for T" then

/em'(Sm,@(%(x)dx — /€7ri<TU_1x’U_1x>(£<.I‘)dI‘
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e’”<T:”’x><;§>\U(a:)da:

= / e ™ T22) (U ) da:
/

= e_%a|detT|_%/e”<T_1$’$>¢oU(:E)d:E
_ _—Iig -1 mi(T~ U 1e, U~ La)
= e 17 |detT| 2/6 o(z)dz

= eya\detS\é/e”“s_lx’x)(b(x)dx.

We used that q@ = ngSo U for Schwartz functions ¢, see the comments after formula (5)
in Section 1.

It therefore suffices to prove (43) when T is diagonal. If T' is diagonal and ¢ is a
tensor function, then the integrals in (43) factor as products of one variable integrals
and (43) follows immediately from (44). The general case then follows from Proposition
2.1 and the fact that integration against a tempered function defines a continuous linear
functional on S. U

We now briefly discuss the LP Fourier transform, 1 < p < 2. The most basic result is
the Hausdorff-Young theorem, which is a formal consequence of the Plancherel theorem
and Proposition 1.1 via the following.

Riesz-Thorin interpolation theorem. Let T be a linear operator with domain LP° 4 LP*,
1 < pp < p; < oo. Assume that f € LP* implies

1T fllgo < Aoll.f 1o (45)
and f € LP* implies
1T fllg < Arll flp (46)
for some 1 < qo, ¢1 < 0o. Suppose that for a certain 6 € (0, 1),
1 1-60 6
- = + — (47)
p Po b1
and 1 10 ¢
- = + —. (48)
q do 5t

Then f € LP implies
ITfllg < A" ALl F -

For the proof see [20], [34], or numerous other textbooks.
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We will adopt the convention that when indices p and p’ are used we must have

1 1
p p

Proposition 4.3 (Hausdorff-Young) If 1 < p < 2 then

11l < 11l (49)

Proof We interpolate between the cases p = 1 and 2, which we already know. Namely,

apply the Riesz-Thorin theorem with py = 1,90 = o0, p1 = ¢1 = 2, Ag = A; = 1. The
hypotheses (45) and (46) follow from Proposition 1.1 and Theorem 3.10 respectively. For
given p, q, existence of 6 € (0,1) for which (47) and (48) hold is equivalent to 1 < p < 2

and ¢ = p’. The result follows. O

For later reference we insert here another basic result which follows from Riesz-Thorin,
although this one (in contrast to Hausdorff-Young) could also be proved by elementary

manipulation of inequalities.

Proposition 4.4(Young’s inequality) Let ¢ € LP, ¢ € L", where 1 < p,r < oo and

% + % > 1. Let % = % — % Then the integral defining ¢ * ¢ is absolutely convergent for

a.e. x and

16 % g < NllplI4]lr-
Proof View ¢ as fixed, i.e., define
Ty = ¢ ).

Inequalities (24) and (25) imply that
T:L'+ 1" — I[P+ L™

with
1T, < @llpll]h
1TY oo < |lIpll%]lp-
If 2 = » — 5 then there is 0 € [0,1] with
1 1-6 ¢
ro1 P
1 1-60 9
q p '



The result now follows from Riesz-Thorin. OJ

Remarks 1. Unless p = 1 or 2, the constant 1 in the Hausdorff-Young inequality is
not the best possible; indeed the best constant is found by testing the Gaussian function
I". This is much deeper and is due to Babenko when p’ is an even integer and to Beckner
[1] in general. There are some related considerations in connection with Proposition 4.4,
due also to Beckner.

2. Except in the case p = 2 the inequality (49) is not reversible, in the sense that
there is no constant C such that || f||,, > || f|l, when f € S. Equivalently (in view of the
inversion theorem) the result does not extend to the case p > 2. This is not at all difficult
to show, but we discuss it at some length in order to illustrate a few different techniques
used for constructing examples in connection with the LP Fourier transform. Here is the
most elementary argument.

Exercise Using translation and multiplication by characters, construct a sequence of
Schwartz functions {¢, } so that

1. Each ¢, has the same LP norm.

2. Each gbn has the same . L* norm.

3. The supports of the gbn are disjoint.

4. The supports of the ¢,, are “essentially disjoint” meaning that

N N
1> dnllb =D llenlls (= N
n=1 n=1

uniformly in N.
Use this to disprove the converse of Hausdorff-Young.

Here is a second argument based on Proposition 4.2. This argument can readily be
adapted to show that there are functions f € LP for any p > 2 which do not have a
distributional Fourier transform in our sense. See [17], Theorem 7.6.6.

Taken = 1 and f)(z) = ¢(x)e ~mida® where ¢ € Cge is fixed. Here A is a large positive
number. Then || f)|[, is independent of A for any p. By the Plancherel theorem, ||f )\||2
is also 1ndependent of A. On the other hand, f \ is the convolution of gb which is in L!,

with (ViX) ™! ’”)‘ , which has L* norm A\~ 2. Accordingly, if p < 2 then

N N
(Y VY E A IR SN Eo

< AT,

Since || fy ||, is independent of A, this shows that when p < 2 there is no constant C'
such that C| f|,, > || f]|, for all f € S. O
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Here now is another important technique (“randomization”) and a third disproof of
the converse of Hausdorff-Young.

Let {w, })_, be independent random variables taking values +1 with equal probability.
Denote expectation (a.k.a. integral over the probability space in question) by E, and
probability (a.k.a. measure) by Prob. Let {a,}"_, be complex numbers.

Proposition 4.5 (Khinchin’s inequality)

E(] Z anwn|’) ~ Z |an ) % (50)

for any 0 < p < oo, where the implicit constants depend on p only.

Most books on probability and many analysis books give proofs. Here is the proof in
the case p > 1. There are three steps.

(i) When p = 2 it is simple to see from independence that (50) is true with equality:
expand out the left side and observe that the cross terms cancel.

(ii) The upper bound. This is best obtained as a consequence of a stronger ( “subgaus-
sian”) estimate. One can clearly assume the {a,} are real and (52) below is for real {a,}.
Let t > 0. We have

E t>, anwn HE tanwn :H%(etan+e—tan)’

where the first equality follows from independence and the fact that e**¥ = e%e¥. Use the
numerical inequality

1
5(6”3 +e ) <er (51)

to conclude that

therefore

for any t > 0 and A > 0. Taking ¢t = ﬁ gives

2

A
Prob Zanwn >)\) <e 2Tnek, (52)

hence ,

A
Prob(| Zanwn\ > \) <2 2Tnei,
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From this and the formula for the L? norm in terms of the distribution function,

E(f) = p / X~1Prob(|f| > A)dA

one gets
2

A
|Zanwn| <2p/)\p le 2Tnaf d\ = 22+2p7 Za g.

This proves the upper bound.

(iii) The lower bound. This follows from (i) and (ii) by duality. Namely

Z‘an‘Q = E(‘Zanwn|2>

n
< |Zanwn| |Zanwn| )
< Z|an| iE |Zanwn| v,

so that

1 1
B 2 ansonl’)? 2 (3 lanl)?

as claimed. .

To apply this in connection with the converse of Hausdorff-Young, let ¢ be a Cg°
function, and let {k;}}_, be such that the functions ¢; = ¢(- — k;) have disjoint support.
Thus ¢, (€) = €™ #n¢(¢). The LP norm of Y <y Wnon is independent of w in view of the
disjoint support, indeed

I~ wntull, = CN, (53)

n<N

where C' = ||¢||,-
Now consider the corresponding Fourier side norms, more precisely the expectation of
their p’ powers:

E( > wadall?. (54)

n<N

We have by Fubini’s theorem

(54) = E(| D wne™ SN, e,
n<N
= [ OB Y ety
n<N
R N%,
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where at the last step we used Khinchin. -
It follows that we can make a choice of w so that || Y-,y wn@nlly S N2. If p <2 and
if N is large, this is much smaller than the right hand side of (53), so we are done.

5. Uncertainty Principle

The uncertainty principle is! the heuristic statement that if a measure y is supported
on R, then for many purposes & may be regarded as being constant on any dual ellipsoid
R

The simplest rigorous statement is

Proposition 5.1 (L? Bernstein inequality) Assume that f € L? and f is supported in
D(0, R). Then f is C* and there is an estimate

1D fll2 < 27 R) | f]l2. (55)

Proof Essentially this is an immediate consequence of the Plancherel theorem, see the
calculation at the end of the proof. However, there are some details to take care of if one
wants to be rigorous.

The Fourier inversion formula

f(a) = / f(e)ermitag (56)

is valid (in the naive sense). Namely, note that the support assumption implies f c L,
and choose a sequence of Schwartz functions ¢ which converges to f both in L! and
in L?. Let ¢, € S satisfy ¢, = 1. The formula (56) is valid for ¢,. As k — oo, the
left sides converge in L? to f by Theorem 3.10 and the right sides converge uniformly to
[ f(€)e¥™=¢de, which proves (56) for f.

Proposition 1.3 applied to f now implies that f is C* and that D®f is obtained by
differentiation under the integral sign in (56). The estimate (55) holds since

1D fllo = | Dol = [|(2mi€)* fll2 < (27 R)| fll2 = @ R) | fo. O

A corresponding statement is also true in LP norms, but proving this and other related
results needs a different argument since there is no Plancherel theorem.

Lemma 5.2 There is a fixed Schwartz function ¢ such that if f € L' + L? and fis
supported in D(0, R), then

f=¢" " xf.

I This should be qualified by adding “as far as we are concerned”. There are various more sophisticated
related statements which are also called uncertainty principle; see for example [14], [15] and references
there.
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Proof Take ¢ € S so that ¢ is equal to 1 on D(0,1). Thus qﬂ‘:(f) = g(R_lf) is equal
to 1 on D(0, R), so (¢® " % f — f) vanishes identically. Hence ¢ '« f = f. O

Proposition 5.3 (Bernstein’s inequality for a disc) Suppose that f € L' + L? and f is
supported in D(0, R). Then

1. For any « and p € [1, 0o,
1D fllp < (CR)| f]],-
2. Forany 1 <p<¢q< o0

Iflly < CR™ T2 f .

Proof The function 1) = ¢® " satisfies
Il = CRv (57)
for any r € [1, 00|, where C' = ||¢||. Also, using the chain rule

IVY[[r = R|o]]:. (58)

We know that f = ¢ f. In the case of first derivatives, 1. therefore follows from (57)
and (24). The general case of 1. then follows by induction.

For 2., let r satisfy % = % — % Apply Young’s inequality obtaining

1l = llv= fllg
(1

<
< RVl
1

(i1
= R"573||f],.
O

We now extend the LP — L9 bound to ellipsoids instead of balls, using change of
variable. An ellipsoid in R" is a set of the form

E:{xeR”:ZWSH (59)

for some a € R™ (called the center of ), some choice of orthonormal basis {e;} (the axes)
and some choice of positive numbers 7; (the axis lengths). If £ and E* are two ellipsoids,
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then we say that E* is dual to E if E* has the same axes as F and reciprocal axis lengths,
i.e., if F is given by (59) then E* should be of the form

{zeR": ) ri|(z—b)-e” <1

J

for some choice of the center point b.

Proposition 5.4 (Bernstein’s inequality for an ellipsoid) Suppose that f € L' + L? and

~

f is supported in an ellipsoid E. Then

1_1
1l S 1EI"211f 1

if 1 <p<gqg<oo.

One could similarly extend the first part of Proposition 5.3 to ellipsoids centered at
the origin, but the statement is awkward since one has to weight different directions
differently, so we ignore this.

Proof Let k be the center of E. Let T be a linear map taking the unit ball onto £ — k.
Let S =T7% thus T = S~! also. Let fi(x) = e 2% f(x) and g = f; 0 S, so that

9 = ldet S| A(ST(©)
= et S| F(SE + )
= et TIF(T(E) + B)).

Thus g is supported in the unit ball, so by Proposition 5.3
lgllq < llgllp-
On the other hand,
lgllq = [det S|™a [ fllg = |det T« [| fllg = [E]<[[f]lq
and likewise with ¢ replaced by p. So
[Elllfllq S TEL £l

as claimed. O

For some purposes one needs a related “pointwise statement”, roughly that if supp f C
E, then for any dual ellipsoid E* the values on E* are controlled by the average over E*.
To formulate this precisely, let N be a large number and let ¢(z) = (1 + |z|*)~V.
Suppose an ellipsoid R* is given. Define ¢p«(x) = ¢(T(x — k)), where k is the center
of E* and T is a selfadjoint linear map taking E* — k onto the unit ball. If T} and T5
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are two such maps, then 77 o T, ! is an orthogonal transformation, so ¢g- is well defined.
Essentially, ¢p+ is roughly equal to 1 on E* and decays rapidly as one moves away from
E*. We could also write more explicitly

orto) = (14 =)

T

Proposition 5.5 Suppose that f € L' + L? and f is supported in an ellipsoid E. Then
for any dual ellipsoid £* and any z € E*,

1
) < O [ F@lopd. (60

Proof Assume first that E is the unit ball, and E* is also the unit ball. Then f is the
convolution of itself with a fixed Schwartz function 1. Accordingly

Gl < [ @I
< O [ 1@+ o —af) ™
< o [If@l+ ).
We used the Schwartz space bounds for ¢ and that 1+ |z — z|* 2 1 + |z|? uniformly in x
when |z| < 1. This proves (60) when £ = E* =unit ball.

Suppose next that F is centered at zero but E and E* are otherwise arbitrary. Let k
and 71" be as above, and consider

g(z) = [(T"z + k).

Its Fourier transform is supported on 7-'E, and if T maps E* onto the unit ball, then
T—! maps E onto the unit ball. Accordingly,

o) < / o) g ()|
if y € D(0,1), so that
FT 4 k) < / ()| [(T 1z + K)|dz = |det T| / bp-(2)|f ()| dz

by changing variables. Since |detT'| = ﬁ, we get (60).
If E isn’t centered at zero, then we can apply the preceding with f replaced by
e~2mke f () where k is the center of E. O
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Remarks 1. Proposition 5.5 is an example of an estimate “with Schwartz tails”. It is
not possible to make the stronger conclusion that, say, | f(z)| is bounded by the average
of f over the double of E* when x € E*, even in the one dimensional case with £ = E* =
unit interval. For this, consider a fixed Schwartz function g whose Fourier transform is
supported in the unit interval [—1,1]. Consider also the functions

Since fN are linear combinations of ¢ and its derivatives, they have the same support as
g. Moreover, they converge pointwise boundedly to zero on [—2, 2], except at the origin.
It follows that there can be no estimate of the value of fy at the origin by its average
over [—2,2].

2. All the estimates related to Bernstein’s inequality are sharp except for the values
of the constants. For example, if E'is an ellipsoid, E* a dual ellipsoid, N < oo, then there
is a function f with suppf C E* and with

1l = £, (61)

|f(2)] < Cop(z), (62)

where ¢p = ¢SEN) was defined above. In the case ¥ = E* =unit ball this is obvious: take f
to be any Schwartz function with Fourier support in the unit ball and with the appropriate
L' norm. The general case then follows as above by making changes of variable.

The estimates (61) and (62) imply that || f]|, = |E|% for any p, so it follows that
Proposition 5.4 is also sharp.

6. Stationary phase

Let ¢ be a real valued C*° function, let a be a C§° function, and define
I(\) = /e‘”i)‘qb(x)a(x)dx.

Here )\ is a parameter, which we always assume to be positive. The issue is the
behavior of the integral I(\) as A — +o0.

Some general remarks 1. |I())| is clearly bounded by a constant depending on a only.
One may expect decay as A — oo, since when A is large the integral will involve a lot of
cancellation.

2. On the other hand, if ¢ is constant then |/(\)| is independent of A. So one needs to
put nondegeneracy hypotheses on ¢. As it turns out, properties of a are less important.
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Note also that one can always cut up a with a partition of unity, which means that the
question of how fast I(\) decays can be “localized” to a small neighborhood of a point.

3. Suppose that ¢; = ¢2 o G where G is a smooth diffeomorphism. Then
/ewi)\@(r)a(aj)dx — /e“)‘m(c’_lm)a(x)dx
- / TN W (Gy)d(Gy)
_ / AW o (G| ()| dy

where Jg is the Jacobian determinant. The function y — a(Gy)|Ja(y)| is again C§°, so we
see that any bound for 7(\) which is independent of choice of a will be “diffeomorphism
invariant”.

4. Recall from advanced calculus [23] the normal forms for a function near a regular
point or a nondegenerate critical point:

Straightening Lemma Suppose 2 C R" is open, f : Q@ — R is C*, p € Q and
Vf(p) # 0. Then there are neighborhoods U and V of 0 and p respectively and a C'*
diffeomorphism G : U — V with G(0) = p and

foG(x) = f(p) + xn.

Morse Lemma Suppose 2 C R" is open, f: Q — Ris C®, p € Q, Vf(p) = 0, and

suppose that the Hessian matrix Hy(p) = ( a;??aj; , (p)) is invertible. Then, for a unique &
i0%j

(= number of positive eigenvalues of Hy; see Lemma 6.3 below) there are neighborhoods
U and V of 0 and p respectively and a C'*° diffeomorphism G : U — V with G(0) = p and

k n
foG(z) = f(p) +Zx§ - Z .

j=k+1

We consider now [(\) first when a is supported near a regular point, and then when
a is supported near a nondegenerate critical point. Degenerate critical points are easy
to deal with if n = 1, see [33], chapter 8, but in higher dimensions they are much more
complicated and only the two-dimensional case has been worked out, see [36].

Proposition 6.1 (Nonstationary phase) Suppose 2 C R" is open, ¢ : Q — Ris C® p €
2 and V¢(p) # 0. Suppose a € C§° has its support in a sufficiently small neighborhood
of p. Then

VYN 3Cx : [I(N)] < CyA7Y,
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and furthermore C'y depends only on bounds for finitely many derivatives of ¢ and a and
a lower bound for |V¢(p)| (and on N).

Proof The straightening lemma and the calculation in 3. above reduce this to the case
¢(z) = x, + c. In this case, letting e, = (0,...,0,1) we have

, A
1) = e Na(Fen).
and this has the requisite decay by Proposition 2.3. 0

Now we consider the nondegenerate critical point case, and as in the preceding proof
we first consider the normal form.

Proposition 6.2 Let T' be a real symmetric invertible matrix with signature o, let a be
Cge (or just in S), and define

I(\) = /e_”)‘<Tx’x>a(x)dx.
Then, for any N,

I(\) = e F|det 7|73\~ ( +Z/\ ID;a(0) + O(A~ N+1>)>.

Here D; are certain explicit homogeneous constant coefficient differential operators of
order 27, depending on 7T only, and the implicit constant depends only on 7' and on
bounds for finitely many Schwartz space seminorms of a.

Proof Essentially this is just another way of looking at the formula for the Fourier
transform of an imaginary Gaussian. By Proposition 4.2, the definition of distributional
Fourier transform, and the Fourier inversion theorem for a we have

o L
I(\) :e—m%)\_5|detT|_%/d(_g)em)\ e e

We can replace a(—¢) with a(—¢) by making a change of variables, since the Gaussian
is even. To understand the resulting integral, use that A™* — 0 as A — 00, so the Gaussian
term is approaching 1. To make this quantitative, use Taylor’s theorem for e:

i
+O( e )

ewi)\_1<T’1§,§) — i (7”.)\71<T_1§7 £>>j

§=0 J

uniformly in £ and A. Accordingly,

/d(f)eWi)\_l<T1£’£>d£ — / 1+Z WZ)\ 16 €>) ) g
2N+2
+o( [ i) |'§'N+1
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Now observe that [ a(£)d¢ = a(0) by the inversion theorem, and similarly

[ TS0

4!
is the value at zero of D;a for an appropriate differential operator D;. This gives the
result, since

/ a(6) €PN e

is bounded in terms of Schwartz space seminorms of a, and therefore in terms of derivatives
of a. 0

Now we consider the case of a general phase function with a nondegenerate critical
point. It is clear that this should be reducible to the Gaussian case using the Morse lemma
and remark 3. above. However, there is more calculation involved than in the proof of
Proposition 5.1, since we need to obtain the correct form for the asymptotic expansion.
We recall the following formula which follows from the chain rule:

Lemma 6.3 Suppose that ¢ is smooth, V¢(p) = 0 and G is a smooth diffeomorphism,
G(0) = p. Then
Hyu(0) = DG(0)! Hy(p) DG(0).

Thus Hy(p) and Hyo(0) have the same signature and
det <H¢Og(0)) = Jg<0)2det (H¢(p))
Proposition 6.4 Let ¢ be C* and assume that V¢ (p) = 0 and H,(p) is invertible. Let

o be the signature of Hy(p), and let A = 27"|det (H,(p)|. Let a be C§° and supported in
a sufficiently small neighborhood of p. Define

I\ = / e~ miAG@NT G ().

Then, for any N,

N
I(A) = e ™A@ T A3 )\ (a(p) +> A7 Dja(p) + O()\(N“>)> .
j=1

Here D; are certain differential operators of order® < 2j, with coefficients depending on
¢, and the implicit constant depends on ¢ and on bounds for finitely many derivatives of
a.

2 Actually the order is exactly 25 but we have no need to know that.
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Proof We can assume that ¢(p) = 0; else we replace ¢ with ¢ — ¢(p). Choose a C™
diffeomorphism G by the Morse lemma and apply remark 3. Thus

Iy= [ e NGy,

where T is a diagonal matrix with diagonal entries +1 and with signature o. Also
|Jz(0)] = A~2 by Lemma 6.3 and an obvious calculation of the Hessian determinant
of the function y — (T'y, y). Let D; be associated to this 7" as in Proposition 5.2 and let

b(y) = a(Gy)|Ja(y)|. Then

N
I\ = e ™A% (b(O) +) O ATID;b(0) + (’)()\‘(N“)))
j=1
by Proposition 6.2. Now b(0) = |.J¢(0)]a(p) = A~za(p), so we can write this as

N
I = T A\ (a(p) + Z)\‘jA%Djb(O) + O()\—(N—i—l))) .

j=1

Further, it is clear from the chain rule and product rule that any 2j-th order derivative of
b at the origin can be expressed as a linear combination of derivatives of a at p of order
< 2j with coefficients depending on G, i.e., on ¢. Otherwise stated, the term A%Djb(())
can be expressed in the form ﬁja(p), where ﬁj is a new differential operator of order < 2j
with coefficients depending on ¢. This gives the result. O

In practice, it is often more useful to have estimates for I(\) instead of an asymptotic
expansion. Clearly an estimate [I(A)] < A™2 could be derived from Proposition 6.4, but
one also sometimes needs estimates for the derivatives of I(\) with respect to suitable
parameters. For now we just consider the technically easiest case where the parameter is

A itself.

Proposition 6.5 (i) Assume that V¢(p) # 0. Then for a supported in a small neigh-
borhood of p, ’dizl)(\?\)’ < CjN)\_N for any N.

(ii) Assume that Ve (p) = 0, and Hy(p) is invertible. Then, for a supported in a small
neighborhood of p,

dF A\ n
‘W@” YRI(N)] < CrA TR,

Proof We only prove (ii), since (i) follows easily from Proposition 6.1 after differenti-
ating under the integral sign as in the proof below. For (ii) we need the following.

Claim. Let {¢;}}, be real valued smooth functions and assume that ¢;(p) = 0,
Vi(p) = 0. Let ® = ITM,¢;. Then all partial derivatives of ® of order less than 2M also
vanish at p.
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Proof By the product rule any partial D“® is a linear combination of terms of the

form
M

[[D7:

i=1
with >, 8; = a. If |a| < 2M, then some 3; must be less than 2, so by hypothesis all such
terms vanish at p.

To prove the proposition, differentiate 7(\) under the integral sign obtaining

dH(em AW I())
A"
Let b(z) = (¢(z) — ¢(p))*a(z). By the above claim all partials of b of order less than 2k

vanish at p. Now look at the expansion in Proposition 6.4 replacing a with b and setting
N =k — 1. By the claim the terms D;b(p) must vanish when j < k, as well as b(p) itself.

Hence Proposition 5.4 shows that %(e”)“?(”)[()\)) = O\ ™M) as claimed. O

= (-mi)t [ (9(a) = 6(p)) aa)e N

As an application we estimate the Fourier transform of the surface measure o on the
sphere S"~! C R™. For this and for other similar calculations one wants to work with an
integral over a submanifold instead of over R". This is not significantly different since it
is always possible to work in local coordinates. However, things are easier if one uses the
local coordinates as economically as possible. Recall then that if ¢ : R" — R is smooth
and if M is a k-dimensional submanifold, p € M, and if F: U — M is a local coordinate
(more precisely the inverse map to one) near p, then ¢o F will have a critical point at F'~1p
iff Vo(p) is orthogonal to the tangent space to M at p; in particular this is independent
of the choice of F.

Notice that ¢ is a radial function, because the surface measure is rotation invariant
(exercise: prove this rigorously), and is smooth by Proposition 1.3. It therefore suffices
to consider 7 (Ae,,) where e, = (0,...,0,1) and A > 0.

Put local coordinates on the sphere as follows: the first “local coordinate” is the map

r = (2, /1= [z?),

1

The second is the map

r— (%—\/ I |l‘|2),
R™! 5 D(0, %) -

and the remaining ones map onto sets whose closures do not contain {4e,}. Let {g;} be
a suitable partition of unity subordinate to this covering by charts. Define ¢(x) = e, - x,
¢ : R" — R. Thus the gradient of ¢ is e, and is normal to the sphere at +e, only.
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a_()\en) — /e—Qni)\en.a:dO.(:L,)

:/ 6727ri)\\/17|m|2 ¢ (z) dSL’—l—/ 627ri)\\/17|m|2 g () du
D(O,4) V1= |z D(0,3) V1= |z?

+Z/6_2m)‘¢’“(x)ak(:p)dx, (63)

k>3

where the dz integrals are in R" ™!, and the phase functions ¢, for & > 3 have no critical
points in the support of ay. The Hessian of 24/1 — |z|? at the origin is —2 times the
identity matrix, and in particular is invertible. It is also clear that the first and second
terms are complex conjugates. We conclude from Proposition 6.5 that

5(Men) = Re(a(N)e?™) + y(A)

with A
]
dad) o ey (64)
dN
ax

for any N. In fact o is real and even and therefore 6 must be real valued. Multiplying y
by e~2mA does not affect the estimate (65), so we can absorb y into a and rewrite this as

&(Aen) = Re(a(A)e*™),
where a satisfies (64). Since ¢ is radial, we have proved the following.

Corollary 6.6 The function ¢ (is a C*° function and) satisfies

6(z) = Re(a(|z|)e2™ =), (66)
where for large r
dja _(n—=1_ :
|51 <Cr . (67)

Furthermore, looking at the first term in (63), and using the expansion of Proposition
6.4, with N = 0, we can obtain the leading behavior at oo. Namely, for the first term in
(63) at its critical point © = 0 we have a phase function 24/1 — |z|? with ¢(0) =2, A =1
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—-1/2

and signature —(n — 1), and an amplitude g(z)(1 — |z|?) which is 1 at the critical

point. By Proposition 6.4 the integral is
e IAH N L o),

The second term is the complex conjugate and the others are O(A™") for any N. Hence
the quantity (63) is
n — 1 n+1

20T cos(2m(A — )+ O\ )

and we have proved

Corollary 6.7 For large ||

1 n+1

&(x) = 2z~ *F cos(2m(|z| — ”%)) +O(|z]7).

Remarks Of course it is possible to consider surfaces other than the sphere, see for
example [17], Theorem 7.7.14. The main point in regard to the latter is that the nondegen-
eracy of the critical points of the phase function which arises when calculating the Fourier
transform is equivalent to nonzero Gaussian curvature, so a hypersurface with nonzero
Gaussian curvature everywhere behaves essentially the same as the sphere, whereas if there
are flat directions the decay becomes weaker. Obtaining derivative bounds like Corollary
6.6 in the above manner requires a somewhat more complicated version of Proposition
6.5 with ¢ and a depending on an auxiliary parameter z, which we now explain without
giving the proofs.

Suppose that ¢(z, z) is a C* function of z and z, where x € R", and z € R* should
be regarded a parameter. Assume that for a certain p and zy we have V,¢(p, z9) = 0 and
that the matrix of second x-partials of ¢ at (p, zp) is invertible.

1. Prove that there are neighborhoods U of 2z, and V' of p and a smooth function
k : U — V with the following property: if z € V, then V,¢(z,2) = 0 if and only if
T = K(2).

2. Let a(x, z) be C§° and supported in a small enough neighborhood of (p, z9). Define

I\ 2) = /e‘”i)‘qb(x’z)a(x, z)dx.

Prove the following;:

dj+k(67ri)\¢(n(z)7z)](>\, Z))

AN dok < OpA~ 21,
z

This is the analogue of Proposition 6.5 for general parameters.
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7. Restriction problem

We now suppose given a function f : S" ! — C and consider the Fourier transform

fdo(€) = @ do @), (68)

If f is smooth, then one can use stationary phase to evaluate f/d; to any desired degree
of precision, just as with Corollary 6.6. In particular this leads to the bound

Fdo(€)] < Cllflle=(1+ |~

say, where || f[|c2 = Zoga\g | D | poe.
On the other hand there can be no similar decay estimate for functions f which are

just bounded. The reason for this is that then there is no distinguished reference point in
Fourier space. Thus, if we let fi.(z) = €2™** and set ¢ = k, we have

|Frdo(€)] = o(S™Y) ~ 1.

Taking a sum of the form f =}, 772 fx,, where |k;| — oo sufficiently rapidly, we obtain
a continuous function f such that there is no estimate

|fdo(€)] < C(1+[¢])~¢

for any € > 0.
On the other hand, if we consider instead L? norms then the issue of a distinguished
origin is no longer relevant. The following is a long standing open problem in the area.

Restriction conjecture (Stein) Prove that if f € L°(S"™!) then

[fdolly < Coll fllso (69)
for all ¢ > %

The example of a constant function shows that the regime ¢ > % would be best

possible. Namely, Corollary 6.7 implies that 6 € L? if and only if ¢ - ”Tfl > n.
The corresponding problem for L? densities f was solved in the 1970’s:

Theorem 7.1 (P. Tomas-Stein) If f € L?(S™!) then

[fdolly < Clfllzacsn1) (70)
for ¢ > 27?:2, and this range of ¢ is best possible.
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Remarks 1. Notice that the assumptions on ¢ in (70) and (69) are of the form ¢ > g
or ¢ > qo. The reason for this is that there is an obvious estimate

1fdolleo < II.f I

by Proposition 1.1, and it follows by the Riesz-Thorin theorem that if (69) or (70) holds
for a given ¢, then it also holds for any larger q.

2. The restriction conjecture (69) is known to be true when n = 2; this is due to C.
Fefferman and Stein, early 1970’s. See [12] and [33].

3. Of course there is a difference in the L? exponent in (70) and the one which
is conjectured for L*° densities. Until fairly recently it was unknown (in three or more
dimensions) whether the estimate (69) was true even for some ¢ less than the Stein-Tomas
exponent % This was first shown by Bourgain [3], a paper which has been the starting
point for a lot of recent work.

4. The fact that g > 27’%12 is best possible for (70) is due I believe to A. Knapp. We
now discuss the construction. Notice that in order to distinguish between L? and L
norms, one should use a function f which is highly localized. Next, in view of the nice
behavior of rectangles under the Fourier transform discussed e.g. in our section 5, it is
natural to take the support of f to be the intersection of S®! with a small rectangle.
Now we set up the proof.

Let

C(;:{xGS”*l:l—x-enchQ},

where e, = (0,...,0,1). Since |x — e,]|> =2(1 — z - ¢,), it is easy to show that
[z —en| <C o= aeCs= |z —e| <CH (71)

for an appropriate constant C. Now let f = fgs be the indicator function of Cs. We

calculate || f{|12(sn—1y and ||j/’d\a|| - All constants are of course independent of 9.
In the first place, ||f||2 is the square root of the measure of Cs, so by (71) and the
dimensionality of the sphere we have

1fll2 072 (72)

The support of fdo is contained in the rectangle centered at e, with length about 6% in
the e, direction and length about § in the orthogonal directions. We look at fdo on the
dual rectangle centered at 0. Suppose then that |&,| < C;'972 and that || < C; 167!
when j < n; here (] is a large constant. Then

/ €f2m'm-§d0_<x)
“

fdo(€)] =
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/ €f2m'(:vfen)-§do_(x)
“

> /05 cos(2m(z — e,) - §)do(x).

Our conditions on ¢ imply if C; is large enough that |(z —e,)-§| < %, say, for all x € Cy.
Accordingly,

— 1 -
Fdo(©)] > 5|C51 = 5"

n+1)

Our set of € has volume about 6~V so we conclude that

|fdoll, > 6"

Comparing this estimate with (72) we find that if (70) holds then

+1 —1
st < gt

~Y

uniformly in § € (0,1]. Hence n — 1 — "TH >n-lje g> 2::?.

N

For future reference we record the following variant on the above example: if f is as
above and g = e*™@ 1T f, where n € R” and T is a rotation mapping e, to v € S~ !, then

g is supported on
{res" ' 1—2-v<o},

and -
lgdo] 2, 6"

on a cylinder of length C; 62 and cross-section radius C;'6~', centered at n and with
the axis parallel to v.

Before giving the proof of Theorem 7.1 we need to discuss convolution of a Schwartz
function with a measure, since this wasn’t previously considered. Let p € M(R"); assume
1 has compact support for simplicity, although this assumption is not really needed.
Define

¢*uuw=/¢@—ymmw.

Observe that ¢ % p is C'*°, since differentiation under the integral sign is justified as in
Lemma 3.1.

It is convenient to use the notation i for ji(—z). We need to extend some of our
formulas to the present context. In particular the following extends (28) since if p € S
then the Fourier transform of /i is p by Theorem 3.4:

Oft = ¢+ ju when ¢ € S, (73)
@:q@*ﬂwhengbé& (74)
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Notice that (73) can be interpreted naively: Proposition 1.3 and the product rule
imply that ¢/ is a Schwartz function. To prove (73), by uniqueness of distributional
Fourier transforms it suffices to show that

[doii= [ wéem

if 1 is another Schwartz function. This is done as follows. Denote T'x = —x, then
[iwp@it-oiz = [ d(-a)s-op)d
= [ Woemi
= / (1) o T) d by the duality relation
~ [GoT)xGoT)d
— [vxGoT)dn
= [ [v@it=s+ viyin(o)
= [ 6w nwi.
For (74), again let ¢ be another Schwartz function. Then
/ oupdr = / Dédu by the duality relation
= / cﬁ/*\wdu
= / (¢ * ) idx by the duality relation
= [+

The last line may be seen by writing out the definition of the convolution and using
Fubini’s theorem. Since this worked for all ¢ € S, we get (74).

Lemma 7.2 Let f,g € S, and let  be a (say) compactly supported measure. Then
[ faau= [(x9) san (75)

Proof Recall that

Qv
Il
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so that

by the inversion theorem. Now apply the duality relation and (74), obtaining

/ fodp = / o (gu) dx
= [ (g
as claimed. O

Lemma 7.3 Let p be a finite positive measure. The following are equivalent for any q
and any C.

L |lfdully < Cllfll2, £ € L2(dp).

2. gl < Cligllys g € S,

3.l fllg < C*[ fllgs f €S

Proof Let g € S, f € L*(du). By the duality relation
[ asau= [ Fau- gz (76)

If 1. holds, then the right side of (76) is < Hqu/Hf/deq < Cllgllg |l fllL2(apy for any
f € L?(du). Hence so is the left side. This proves 2. by duality. If 2. holds then the left
side is < [|g]| 2w | fll z2(apwy < Cllgllg |l fll2(aw) for g € S. Hence so is the right side. Since
S is dense in L7, this proves 1. by duality.

If 3. holds, then the right side of (75) is < C?||f[|?, when f = g € S. Hence so is
the left side, which proves 2. If 2. holds then, for any f,g € S, using also the Schwartz
inequality the left side of (75) is < C?||f|+llglly- Hence the right side of (75) is also
< C¥|fll¢llgllgs which proves 3. by duality. O

Remark One can fit lemma 7.3 into the abstract setup
T: I’ a7 L S[PaTT: L7 — LA

This is the standard way to think about the lemma, although it is technically a bit easier
to present the proof in the above ad hoc manner. Namely, if T is the operator f — fdo
then T™ is the operator f — f , where we regard f as being defined on the measure space
associated to p, and TT™ is convolution with /.

Proof of Theorem 7.1 We will not give a complete proof; we only prove (70) when
q > 22 instead of >. For the endpoint, see for example [35], [9], [32], [33].
We will show that if ¢ > 222 then

1
|6 * qu < Cq”f”q’v (77)
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which suffices by Lemma 7.3.
The relevant properties of o will be

o(D(z,r)) S, (78)
which reflects the n — 1-dimensionality of the sphere, and the bound

6(e)] S (1 +e))~ " (79)

from Corollary 6.6.
Let ¢ be a C'*° function with the following properties:

Such a function may be obtained as follows: let y be a C'*° function which is equal to
1 when |z| > 1 and to 0 when |z| < 3, and let ¢(z) = x(2z) — x(z).
We now cut up ¢ as follows:

where

Then K_ is a C§° function, so

1K o fllg S 1 fll

by Young’s inequality, provided ¢ > p. In particular, since ¢ > 2 we may take p = ¢'.
We now consider the terms in the sum. The logic will be that we estimate convolution
with K as an operator from L' to L* and from L? to L?, and then we use Riesz-Thorin.
We have
1Kl £ 27775

by (79). Using the trivial bound ||Kj * fllec < [[Klloc|[f]l1 we conclude our L' — L
bound,

n—

_gn=1
G # fllee S 2772 (1 £ 11 (80)

Y

On the other hand, we can use (78) to estimate I/(\J Namely, let ¢ = ¢. Note also that
0 = 7, since o and therefore ¢ are invariant under the reflection x — —x. Accordingly,
we have

Kj :?/}2_j * 0,
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using (73) and the fact that 5; = ¢€. Since ¥ € S, it follows that

K@)l < o2 [+ 27l = ) Vo)

for any fixed N < oo. Therefore

Ko < Qﬂ”(émT41+TK—MVMMW)

+ / (1+ 27 — ) Ndo(n)
k>0 Y D(E2FT1=)\D(€,2k~7)
< CW"( )+ Y 2 Mha(D(E, 2 IND(E, 2 J)))
k>0
< 2 <2j(”1) + ZQng(nl)(kj)>
k>0
< 2

where we used (78) at the next to last line, and at the last line we fixed IV to be equal to
n and summed a geometric series. Thus

1500 S 2. (81)
Now we mention the trivial but important fact that
1K fll2 < [ Kool f]]2 (82)

if say K and f are in §. This follows since

K5 fl: = 1K Tl
— &Sl
< & ol 1
= Kol A2
Combining (81) and (82) we conclude
15 fll2 < 271 £l (83)

Accordingly, by (80), (83) and Riesz-Thorin we have

1K flly S 27°2777 20 £

if g + %ﬂ = %. This works out to
1K % fllg S 255 2| £l (84)
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for any g € [2,00]. If ¢ > ?%12 then the exponent "T“ — =1 §g negative, so we conclude

2
that
DG fllg S 1l
J
Since f is a Schwartz function, the sum

K qxf+Y Kixf

is easily seen to converge pointwise to ¢ x f. We conclude using Fatou’s lemma that
|6 fllg S I fllgs as claimed. 5

Further remarks 1. Notice that the L? estimate in the preceding argument was based
only on dimensionality considerations. This suggests that there should be an L? bound
for fdo valid under very general conditions.

Theorem 7.4 Let v be a positive finite measure satisfying the estimate
v(D(z,r)) < Cre. (85)
Then there is a bound

I fdvl|z2po.r)y < CRZ || fll12aw)- (86)

The proof uses the following “generic” test for L? boundedness.

Lemma 7.5 (Schur’s test) Let (X, ) and (Y, v) be measure spaces, and let K(z,y) be
a measurable function on X x Y with

/ | K (x,y)|du(x) < A for each y, (87)
X

/Y |K (z,y)|dv(y) < B for each . (88)

Define Tk f(z) = [ K(z,y)f(y)dv(y). Then for f € L?(dv) the integral defining Tk f
converges a.e. (du(x)) and there is an estimate

| Tk fll 2y < VAB fl£2(aw)- (89)

Proof Tt is possible to use Riesz-Thorin here, since (88) implies ||Tk f|loc < Bl f]|c
and (87) implies ||Tx fll1 < Al f||1-

A more “elementary” argument goes as follows. If @ and b are positive numbers then
we have

1
Vab = min 5(6a+e_1b), (90)

€€(0,00)
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since < is the arithmetic-geometric mean inequality and > follows by taking ¢ = \/g )
To prove (89) it suffices to show that if || f|| 24 < 1, [|9]|22a) < 1, then

/ / K (.|| (@)l |g()|dp(x)dv(y) < VAB. (91)
To show (91), we estimate

[ 1K@ @ lg)ldu)duy)
— guin (< [ [ 1K@ ls) Pautoianty

/) \m,y>||f<x>|2dv<y>d“<x>)
smin (4 [ lowParty) + 15 [ 1Rt
1

<1 _
< 2mgn(eA—l—e 'B)

IN

AB.
UJ

To prove Theorem 7.4, let ¢ be an even Schwartz function which is > 1 on the unit disc
and whose Fourier transform has compact support. (Exercise: show that such a function
exists.) In the usual way define ¢pr-1(x) = ¢(R*x). Then

HdeHLQ(D(QR)) < "QsR*l(x)de(_x)HLQ(dx)
= |l¢r-1 * (fdv)|l2

by (73) and Plancherel.
The last line is the L?*(dx) norm of the function

/ RYO(R(x — y))f (y)dvly).

We have estimates
[ 1RO = )i = 6] < o0

for each fixed y, by change of variables, and
[ IR G(R @ y)lavty) £ B
for each fixed z, by (85) and the compact support of gb By Lemma 7.5

I [ BBl = ) F)dv )l S R o,
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and the proof is complete. O]

2. Another remark is that it is possible to base the whole proof of Theorem 7.1 on the
stationary phase asymptotics in section 6, instead of explicitly using the dimensionality
of . This sort of argument has the obvious advantage that it is more flexible, since it
works also in other situations where the “convolution kernel” &(x — y) is replaced by a
kernel K (z,y) satisfing appropriate conditions. See for example [29], [32], [33]. On the
other hand, it is more complicated and is not as relevant in connection with more delicate
questions such as the restriction conjecture, which is known to be false in most of the
more general situations (see [5], [26], [30]). We give a brief sketch omitting details. The
basic result is the so-called variable coefficient Plancherel theorem, due to Hormander
[16].

Let ¢ be a real valued C* function defined on R" x R", let a € C{°(R" x R") and
consider the “oscillatory integral operators”

Ty f(z) = / e NED oz, ) f () dy. (92)

Since a has compact support, it is obvious that these map L*(R") to L*(R™) with a
norm bound independent of A, but we want to show that the norm decays in a suitable
way as A — o0o. As with the oscillatory integrals of section 6, this will not be the case if
¢ is too degenerate. In the present situation, note that if ¢ depends on x only, then the
factor e~™% in (92) may be taken outside the integral sign, so the norm is independent
of A. Similarly, if ¢ depends on y only, then the factor e~ TiAG may be incorporated into
f. We conclude in fact that if ¢(z,y) = a(z) + b(y), then || T ||z2— 1> is independent of .
This strongly suggests that the appropriate nondegeneracy condition should involve the

“mixed Hessian” o2 .
i, - (22
&xi Oyj

1,j=1

since the mixed Hessian vanishes identically if ¢(z,y) = a(x) + b(y).

Theorem A (Hérmander) Assume that
det (I1y(w,y)) #0
at all points (z,y) € suppa. Then
1Ty ||z < CA72.

Sketch of proof This is evidently related to stationary phase, but one cannot apply
stationary phase directly to the integral (92), since f isn’t smooth. Instead, one looks at
T)\TS‘\ which is an integral operator Ty with kernel

K(z,y) = / NG00 oz, 2)alg, 2)d-=. (93)
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The assumption about the mixed Hessian guarantees that the phase function in (93) has
no critical points if  and y are close together. Using a version® of “nonstationary phase”
one can obtain the estimate

VN 30y : |K(z,y)] < On(1+ Nz —y|)~7,

provided |z — y| is less than a suitable constant. It follows that if a has small support
then

/ K (2, y)ldy S A

for each fixed x, and similarly

[ 1K yde g3

for each y. Then Schur’s test shows that ||T)\T;\||L2HL2 SAT so [Ty ez S A"2. The

small support assumption on a can then be removed using a partition of unity. .
It is possible to generalize this to the case where the rank of Hy is > k, where
k € {1,...,n}; just replace the exponent by g Furthermore, the compact support

assumption on a may be replaced by “proper support” (see the statement below), and fi-
nally one can obtain LY — L? estimates by interpolating with the trivial |7 ||p1— = < 1.
Here then is the variable coefficient Plancherel, souped up in a manner which makes it
applicable in connection with Stein-Tomas. See the references mentioned above.

Theorem B (Hormander) Assume that a is a C*° function supported on the set {(z,y) €
R™ x R" : |z — y| < C'} whose all partial derivatives are bounded. Let ¢ be a real valued
C* function defined on a neighborhood of suppa, all of whose partial derivatives are
bounded, and such that the rank of f]¢(x, y) is at least k everywhere. Assume further-
more that the sum of the absolute values of the determinants of the £ by £ minors of ﬁ¢
is bounded away from zero. Then there is a bound

_k
1T\ g —opa < CA™

when 2 < ¢ < o0.

Now look back at the proof we gave for Theorem 7.1. The main point was to obtain
the bound (84). Now, K;(z) is the real part of

Kj(x) < p(277x)a(|z])e 2,

where a satisfies the estimates in Corollary 6.6. Accordingly, it suffices to prove (84) with
K replaced by K. Let T; be convolution with K, and rescale by 27; thus we consider
the operator

[ — Tj(fzj)z—ﬂ'-

30ne needs something a bit more quantitative than our Proposition 6.1; the necessary lemma is best
proved by integration by parts. See for example [32].
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This is an integral operator S; whose kernel is
2"z — y)a(2]x — yl)e I,

We want to apply Theorem B to Sj; toward this end we make the following observa-
tions.

(i) From the estimates in Corollary 6.6, we see that the functions

27 p(x — y)a(2|z — y])

have derivative bounds which are independent of j, and clearly they are supported in
< le—yl<1
; < <1

(ii) The mixed Hessian of the function |x — y| has rank n — 1. This is a calculation
which we leave to the reader, just noting that the exceptional direction corresponds to
the direction along the line segment 7.

It follows that the operators 9= "4 S; satisfy the hypotheses of Theorem B with k =
n — 1, uniformly in j, if we take A = 2/*1. Accordingly,

1Si£1la S 2°F T £l
and therefore using change of variables
27T fllg S 2% T £l

ie.
1731l S 2557 £l
which is (84). O

Exercise: Use Theorem A for an appropriate phase function, and a rescaling argument
of the preceding type, to prove the bound

1ll2 < ClI 12

This explains the name “variable coefficient Plancherel theorem”.

8. Hausdorff measures

Fix a > 0, and let E C R". For € > 0, one defines
= inf(z 5),
j=1
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where the infimum is taken over all countable coverings of E by discs D(z;, r;) with r; < e.
It is clear that HS(F) increases as € decreases, and we define

H.(E) = lim HE(E).

€—0

It is also clear that HE(E) < HS(FE) if a > 3 and € < 1; thus

H,(FE) is a nonincreasing function of a. (94)

Remarks 1. If H(F) = 0, then H,(F) = 0. This follows readily from the definition,
since a covering showing that H!(F) < § will necessarily consist of discs of radius < & c

2. It is also clear that H,(E) = 0 for all E if a > n, since one can then cover R" by
discs D(xj, ;) with 3, r$ arbitrarily small.

Lemma 8.1 There is a unique number «g, called the Hausdorff dimension of E or
dimF, such that H,(F) = 0 if @ < op and H,(E) = 0 if a > «p.

Proof Define o to be the supremum of all & such that H,(F) = co. Thus H,(E) = oo
if o < o, by (94). Suppose a > «ap. Let 5 € (ag, ). Define M =1+ Hg(E) < oo. If
€ > 0, then we have a covering by discs with Zj rf < M and rj <e. So

ZT?‘ < eO‘_Ber < PM

J J
which goes to 0 as € — 0. Thus H,(F) = 0. O.

Further remarks 1. The set function H, may be seen to be countably additive on Borel
sets, i.e. defines a Borel measure. See standard references in the area like [6], [10], [25].
This is part of the reason one considers H,, instead of, say, H}. Notice in this connection
that if £ and F are disjoint compact sets, then evidently H,(F U F) = H,(F) + H,(F).
This statement is already false for H!.

2. The Borel measure H, coincides with % times Lebesgue measure, where w is the
volume of the unit ball. If a < n, then H, is non-sigma finite; this follows e.g. by
Lemma 8.1, which implies that any set with nonzero Lebesgue measure will have infinite
H,-measure.

Examples The canonical example is the usual %—Cantor set on the line. This has a

covering by 2" intervals of length 37", so it has finite Hig2-measure. It is not difficult to
log 3

show that in fact its Hi.z2-measure is nonzero; this can be done geometrically, or one can
log 3

apply Proposition 8.2 below to the Cantor measure. In particular, the dimension of the

. log2
Cantor set is =22,
log 3
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Now consider instead a Cantor set with variable dissection ratios {¢,}, i.e. one starts
with the interval [0, 1], removes the middle ¢; proportion, then removes the middle ey
proportion of each of the resulting intervals and so forth. If we assume that €,,1 < €,,
and let € = lim,, ., €,, then it is not hard to show that the dimension of the resulting set

E will be ; glz’gi 7 In particular, if €, — 0 then dimFE = 1.
o8\1"€

On the other hand, H;(E) will be positive only if »_ €, < 0o, so this gives examples
of sets with zero Lebesgue measure but “full” Hausdorff dimension.

There are numerous other notions of dimension. We mention only one of them, the
Minkowski dimension, which is only defined for compact sets. Namely, if £ is compact
then let 9 = {z € R": dist(z, F) < 0}. Let oy be the supremum of all numbers « such
that, for some constant C,

0| > o

for all § € (0,1]. Then ayp is called the lower Minkowski dimension and denoted dr(F).
Let a; be the supremum of all numbers « such that, for some constant C,

|E5| Z ol e

for a sequence of §’s which converges to zero. Then «a; is called the upper Minkowski
dimension and denoted dy (E).

It would also be possible to define these like Hausdorff dimension but restricting to
coverings by discs all the same size, namely: define a set S to be §-separated if any two
distict points x,y € S satisfy |z —y| > §. Let E5(E) (“d-entropy on E”) be the maximal
possible cardinality for a J-separated subset? of E. Then it is not hard to show that

log E5(E
41(E) = lim inf 228 E0LE).
0—0 log 5
log E5(E
dy(F) = limsup L&E)'
0—0 log g

Notice that a countable set may have positive lower Minkowski dimension; for example,

the set {2}°2, U {0} has upper and lower Minkowski dimension 1.

If £ is a compact set, then let P(E) be the space of the probability measures supported
on F.

Proposition 8.2 Suppose £ C R" is compact. Assume that there is a yp € P(E) with

p(D(z,r)) < Cr® (95)

for a suitable constant C' and all z € R", » > 0. Then H,(F) > 0. Conversely, if
H,(E) > 0, there is a € P(E) such that (95) holds.

4Exercise: show that Es(E) is comparable to the minimum number of é-discs required to cover £

o4



Proof The first part is easy: let {D(x;,7;)} be any covering of E by discs. Then
L= p(B) < pu(Dlwjr) <CY s,
J J

which shows that H,(E) > CL.

The proof of the converse involves constructing a suitable measure, which is most easily
done using dyadic cubes. Thus we let Qj, be all cubes of side length £(Q) = 2% whose
vertices are at points of 27¥Z". We can take these to be closed cubes, for definiteness.
It is standard to work with these in such contexts because of their nice combinatorics: if
Q € Q. then there is a unique @ € Q1 with Q C @; furthermore if we fix Q1 € Qj_1,
then Q; is the union of those Q € Q) with Q = Q1, and the union is disjoint except for
edges. A dyadic cube is a cube which is in Oy for some k.

If @ is a dyadic cube, then clearly there is a disc D(z,r) with @ C D(z,r) and
r < CU(Q). Likewise, if we fix D(z, ), then there are a bounded number of dyadic cubes
Q1 ...Qc with ¢(Q;) < Cr and whose union contains D(x,r). From these properties, it
is easy to see that the definition of Hausdorff measure and also the property (95) could
equally well be given in terms of dyadic cubes. Thus, except for the values of the constants,

w satisfies (95) < p(Q) < CL(Q)” for all dyadic cubes Q.

Furthermore, if we define

hE(E) =inf( Y (Q)*:Ec [ Q)
QeF QeF

where F runs over all coverings of E by dyadic cubes of side length ¢(Q)) < €, and

ho(E) = lim 7€ (E),

€—0

then we have
CTUHE(E) < hE(E) < CHE(E),
therefore
ho(E) >0« H,(E) > 0.

We return now to the proof of Proposition 8.2. We may assume that E is contained
in the unit cube [0,1] x ... x [0,1]. By the preceding remarks and Remark 1. above we
may assume that hl(F) > 0, and it suffices to find u € P(E) so that u(Q) < Cl(Q)* for
all dyadic cubes @ with ¢(Q) < 1. We now make a further reduction.

Claim It suffices to find, for each fixed m € Z™, a positive measure p with the following
properties:

1 is supported on the union of the cubes @) € Q,,, which intersect (96)
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lull > C7 (97)
w(Q) < Q) for all dyadic cubes with £(Q) > 27™. (98)

Here C' is independent of m.

Namely, if this can be done, then denote the measures satisfying (96), (97), (98) by
tm- (98) implies a bound on gy, so there is a weak™ limit point p. (96) then shows
that p is supported on E, (98) shows that u(Q) < £(Q)* for all dyadic cubes, and (97)
shows that ||u|| > C~!. Accordingly, a suitable scalar multiple of ;1 gives us the necessary
probability measure.

There are a number of ways of constructing the measures satisfying (96), (97), (98).
Roughly, the issue is that (97) and (98) are competing conditions, and one has to find a
measure g with the appropriate support and with total mass roughly as large as possible
given that (97) holds. This can be done for example by using finite dimensional convexity
theory (exercise!). We present a different (more constructive) argument taken from [6],
Chapter 2.

We fix m, and will construct a finite sequence of measures v,,, ..., vy, in that order;
vy will be the measure we want.

Start by defining v, to be the unique measure with the following properties.

1. On each Q € 9,,, v, is a scalar multiple of Lebesgue measure.
2.IfQ € Q,, and QN E =, then v,,(Q) = 0.
3. Q€ Q,, and QN E # (), then v,,(Q) = 27™.

If we set k = m, then 1, has the following properties: it is absolutely continuous to
Lebesgue measure, and

ve(Q) < L(Q)* if Q is a dyadic cube with side 277, k < j < m; (99)

if @, is a dyadic cube of side 27%, then there is a covering Fg, of @ N E by
dyadic cubes contained in @1 such that vx(Qr) > EQefQ Q). (100)

Assume now that 1 < k < m and we have constructed an absolutely continuous
measure v, with properties (96), (99) and (100). We will construct v,_; having these
same properties, where in (99) and (100) & is replaced by k — 1. Namely, to define v;_;
it suffices to define vy_1(Y’) when Y is contained in a cube @ € Qr_;1. Fix Q € Qp_;.
Consider two cases.

(1) ve(Q) < £(Q)*. In this case we let v,_; agree with 14 on subsets of Q).

(ii) vx(Q) > £(Q)“. In this case we let v,_; agree with cvy on subsets of @), where c is
9—(k—1)a

ve(Q) -

the scalar
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Notice that vx_1(Y) < (YY) for any set Y, and furthermore v_1(Q) < £(Q)* if
Q € Q1. These properties and (99) for v give (99) for 141, and (96) for v follows
trivially from (96) for vg. To see (100) for vy_q, fix @ € Qi—;. If Q is as in case (ii), then
ve-1(Q) = €(Q)%, so we can use the covering by the singleton {@Q}. If @ is as in case (i),
then for each of the cubes (); € Qi whose union is () we have the covering of ); N E
associated with (100) for v,. Since v, and v,_; agree on subsets of (), we can simply
put these coverings together to obtain a suitable covering of ) N E. This concludes the
inductive step from v, to vg_1.

We therefore have constructed 1. It has properties (96), (98) (since for vq this is
equivalent to (99)), and by (100) and the definition of A} it has property (99). O

Let us now define the a-dimensional energy of a (positive) measure p with compact
support® by the formula

L) = [ [ o=yl duta)dnty)

We always assume that 0 < a < n. We also define

Vew) = [ o=yl du(o)

Thus
L = [ Vidn (101)

The “potential” V* is very important in other contexts (namely elliptic theory, since
it is harmonic away from supp g when a = n — 2) but less important than the energy
here. Nevertheless we will use it in a technical way below. Notice that it is actually the
convolution of the function |z|~® with the measure p.

Roughly, one expects a measure to have I,(u) < oo if and only if it satisfies (95); this
precise statement is false, but we see below that nevertheless the Hausdorff dimension of
a compact set can be defined in terms of the energies of measures in P(E).

Lemma 8.3 (i) If y is a probability measure with compact support satisfying (95), then
I3(p) < oo for all § < a.

(ii) Conversely, if p is a probability measure with compact support and with I, (u) <
00, then there is another probability measure v such that v(X) < 2u(X) for all sets X
and such that v satisfies (95).

Proof (i) We can assume that the diameter of the support of u is < 1. Then

V@) S 3 2 (Dl 2))

j=0

5The compact support assumption is not needed; it is included to simplify the presentation.
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Accordingly, if u satisfies (95), and 5 < «, then

V.2 (x) S ZQJBQ*JO
S L

It follows by (101) that I, () < oo.

(i) Let F be the set of points « such that V*(x) < 2I,(p). Then u(F) > 1 by (101).
Let xr be the indicator function of F" and let v(X) = u(X N F)/u(F). We need to show
that v satisfies (95). Suppose first that z € F. If r > 0 then

rv(D(z,r)) < V() <2V (2) < 4a(p).

This verifies (95) when € F. For general z, consider two cases. If r is such that
D(z,r) N F = then evidently v(D(x,r)) = 0. If D(z,r)NF # 0, let y € D(z,r) N F.
Then v(D(z,r)) < v(D(y,2r)) < r* by the first part of the proof. O

Proposition 8.4 If F is compact then the Hausdorff dimension of E coincides with the
number

sup{a : Ju € P(F) with I,(u) < oo}.

Proof Denote the above supremum by s. If § < s then by (ii) of Lemma 8.3 F supports
a measure with p(D(z,7)) < Crf. Then by Proposition 8.2 Hz(E) > 0, so 8 < dim E.
So s < dim E. Conversely, if 3 < dim E then by Proposition 8.2 F supports a measure
with p(D(x,r)) < CrP*€ for € > 0 small enough. Then I5(u) < oo, so 3 < s, which
shows that dim F < s. O

The energy is a quadratic expression in p and is therefore susceptible to Fourier trans-
form arguments. Indeed, the following formula is essentially just Lemma 7.2 combined

with the formula for the Fourier transform of |z|~¢.

Proposition 8.5 Let p be a positive measure with compact support and 0 < a < n.

Then
/ [ o= vl dut@)duty) = o [ @) Plel (102)

Proof Suppose first that f € L! is real and even, and that du(z) = ¢(z)dx with ¢ € S.
Then we have

where ¢, =

[ e = pdu@auty) = [ 1@ PF©) (103)

This is proved like Lemma 7.2 using (73) instead of (74). Now fix ¢. Then both sides
of (103) are easily seen to define continuous linear maps from f € L? to R. Accordingly,
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(103) remains valid when f € L' + L?, ¢ € S. Applying Proposition 4.1, we conclude
(102) if du(x) = ¢(x)dx, ¢ € S. To pass to general measures, we use the following fact.

Lemma 8.6 Let ¢ be any radial decreasing Schwartz function with L! norm 1, and let
0 < a < n. Then

/ & — g (y)dy < |2,

where the implicit constant depends only on «, not on the choice of ¢.

We sketch the proof as follows: one can easily reduce to the case where ¢ = mX D(O,R)>
and this case can be done by explicit calculation.

Now let ¢(x) = e ™. We have then ¢€ %y € S, so
SIS e = ylm6 (@ = )¢ (y — w)dady) dp(z)dp(w)

= co [ 1(E)[?|(e€)|2[€| ) de.

Now let ¢ — 0. On the left side of (104), the expression inside the parentheses
converges pointwise to |z —w|~® using a minor variant on Lemma 3.2. If [, (¢) < oo then
the convergence is dominated in view of the preceding lemma, so the integrals on the left
side converge to I,(p). If I,(u) = oo, then this remains true using Fatou’s lemma. On
the right hand side of (104) we can argue similarly: the integrands converge pointwise
to |a(&)PIEI . T [ |a(€)[?€]7("¥dE < oo then the convergence is dominated since
the factors ¢(ef) are bounded by 1, so the integrals converge to [1a©)P1E|-—>de. 1f
[1a(&)P1€]"9d¢ = oo then this remains true by Fatou’s lemma. Accordingly, we can
pass to the limit from (104) to obtain the proposition. O

(104)

Corollary 8.7 Suppose p is a compactly supported probability measure on R" with

(6)] < Clgl~? (105)
for some 0 < 3 < n/2, or more generally that (105) is true in the sense of L? means:
[ lnlopds < onm, (106)
D(0,N)

Then the dimension of the support of p is at least 2.

Proof It suffices by Proposition 8.4 to show that if (106) holds then I, (¢) < oo for all
a < 203. However,

I 21g|~nmge < N 9—i(n—a) . 2
[ e < > L o

S 3 prinelgitn-29)
j=0

~

< o0
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if &« < 20 and (106) holds. Observe also that the integral over |£| < 1 is finite since
|(£)] < ||p]| = 1. This completes the proof in view of Proposition 8.5. O

One can ask the converse question, whether a compact set with dimension o must
support a measure p with

(€)] < Ce(1+[¢])2 "€ (107)

for all € > 0. The answer is (emphatically) no®. Indeed, there are many sets with positive
dimension which do not support any measure whose Fourier transform goes to zero as
|€] — oo. The easiest way to see this is to consider the line segment E = [0, 1] x {0} C R
E has dimension 1, but if u is a measure supported on E then () depends on & only,
so it cannot go to zero at oo. If one considers only the case n = 1, this question is
related to the classical question of “sets of uniqueness”. See e.g. [28], [40]. One can show
for example that the standard % Cantor set does not support any measure such that f
vanishes at oo.

Indeed, it is nontrivial to show that a “noncounterexample” exists, i.e. a set E with
given dimension « which supports a measure satisfying (107). We describe a construction
of such a set due to R. Kaufman in the next section.

As a typical application (which is also important in its own right) we now discuss a
special case of Marstrand’s projection theorem. Let e be a unit vector in R" and F C R"
a compact set. The projection P,(F) is the set {x-e: x € E}. We want to relate the
dimensions of E and of its projections. Notice first of all that dim P.E < dim E; this
follows from the definition of dimension and the fact that the projection P, is a Lipschitz
function.

A reasonable example, although not very typical, is a smooth curve in R%. This is
one-dimensional, and most of its projection will be also one-dimensional. However, if the
curve is a line, then one of its projections will be just a point.

Theorem 8.8 (Marstrand’s projection theorem for one-dimensional projections) As-
sume that £ C R" is compact and dim F = «. Then

(i) If & < 1 then for a.e. e € S"! we have dimP.E = «.

(ii) If & > 1 then for a.e. e € S"! the projection P,E has positive one-dimensional
Lebesgue measure.

Proof If ;1 is a measure supported on E, e € S"!, then the projected measure p, is
the measure on R defined by

[ fine= [ s crduta)
for continuous f. Notice that fi, may readily be calculated from this definition:
i) = [ )

50n the other hand, if one interprets decay in an L? averaged sense the answer becomes yes, because
the calculation in the proof of the above corollary is reversible.
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= jike).

Let @ < dim F, and let pu be a measure supported on E with I,(x) < oco. We have
then

L/quke)ﬁ\k\1+adkda(e)<:oo (108)

by Proposition 8.5 and polar coordinates. Thus, for a.e. e we have

(/mewlm%<m.

It follows by Proposition 8.5 with n = 1 that for a.e. e the projected measure p. has
finite a-dimensional energy. This and Proposition 8.4 give part (i), since p. is supported
on the projected set P,E. For part (ii), we note that if dim £ > 1 we can take a = 1 in
(108). Thus fi, is in L? for almost all e. By Theorem 3.13, this condition implies that
fte has an L? density, and in particular is absolutely continuous with respect to Lebesgue
measure. Accordingly P,F must have positive Lebesgue measure. O

Remark Theorem 8.8 has a natural generalization to k-dimensional instead of 1-
dimensional projections, which is proved in the same way. See [10].

9. Sets with maximal Fourier dimension, and distance sets

A. Sets with maximal Fourier dimension
Jarnik’s theorem is the following Proposition 9A1. Fix a number o > 0, and let

E, = {z € R : 3 infinitely many rationals ¢ such that [z — 2‘ < g @,
4q

Proposition 9A1 The Hausdorff dimension of F, is equal to 2%1

Proof We show only that dim F, < 2—}—% The converse inequality is not much harder
(see [10]) but we have no need to give a proof of it since it follows from Theorem 9A2
below using Corollary 8.7.

It suffices to prove the upper bound for E, N [—N, N]. Consider the set of intervals
Tog = (% — q ), ot ¢~ ?t®), where 0 < a < Ngq are integers. Then

SN o’ =Y q- g7,
q>qo0 a 9>qo

which is finite and goes to 0 as gy — oo if § > QJ%Q For any given qo the set {l,, : ¢ > qo}

covers E,N[—N, N], which therefore has Hz(EoN[—N, N]) = 0 when 8 > 52— as claimed.
.
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Theorem 9A2 (Kaufman [21]). For any o > 0 there is a positive measure p supported
on a subset of E, such that )
|1(€)] < Celg]~zrae (109)

for all € > 0.

This shows then that Corollary 8.7 is best possible of its type.

The proof is most naturally done using periodic functions, so we start with the fol-
lowing general remarks concerning “periodization” and “deperiodization”. Let T™ be the
n-torus which we regard as [0, 1] x ... x [0, 1] with edges identified; thus a function on T"
is the same as a function on R" periodic for the lattice Z".

If f € L*(T") then one defines its Fourier coefficients by

fk)= [ fla)e > 2de, ke
'I[‘n

and one also makes the analogous definition for measures. If f is smooth then one has
|f(E)| < Onlk|~Y for all N and 37, 7 f(k)e*™* = f(x).
Also, if f € L*(R") one defines its periodization by

fper(z) = Z flx=v).
vel"

Then fuer € L'(T™), and we have

Lemma 9A3 If k € Z" then ]Tp;(k) = f(k).

Proof
]E k _ f T 6727rik-mdx
(k) - (x)
— Z / f(:p)edmk'xdx
v [0,1]x...x[0,1]4+v
_ Z / f(ZL‘ o V)ef2m'k-(mfu)dx
UGZ” [0,1]><...><[0,1]
_ / Z f(.l’ _ V>€f2m'k-(:rfu)dx
[0,1]><...><[0,1] yEZn
= / foer(@)e 2%y
[0,1]x...x[0,1]
At the last line we used that e 27 = 1, O
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Suppose now that f is a smooth function on T"; regard it as a periodic function on
R"™. Let ¢ € S and consider the function F(z) = ¢(z)f(x). We have then

o) = Ejfuo/E*“@ﬂwaMx
VEZn
= Y fwdE-v).
ved,"

This formula extends by a limiting argument to the case where the smooth function
f is replaced by a measure; we omit this argument”. Thus we have the following: let p
be a measure on T", let ¢ € S, and define a measure v on R" by

dv(z) = ¢(x)du({x}), (110)
where {z} is the fractional part of . Then for £ € R"
(&) = Y ak)o(E — k). (111)
keZ"

A corollary of this formula by simple estimates with absolutely convergent sums, using
the Schwartz decay of ¢, is the following.

Lemma 9A4 If i is a measure on T", satisfying
(k)] < C(1 +[k[)™
for a certain o > 0, and if v € M(R") is defined by (110), then
(O < "1+ [E)

This can be proved by using (111) and considering the range | — k| < |£|/2 and its
complement separately. The details are left to the reader.

We now start to construct a measure on the 1-torus T, which will be used to prove
Theorem 9A2.

Let ¢ be a nonnegative C§° function on R supported in [—1,1] and with [¢ = 1.
Define ¢€(z) = e '¢(e ') and let ®€ be the periodization of ¢€.

Let P(M) be the set of prime numbers which lie in the interval (%,M] By the
prime number theorem, |P(M)| ~ bgLM for large M. If p € P(M) then the function

®)(z) = ®°(pr) is again 1-periodic® and we have

= oek) ifp |k,
OE(k) = P 112
p(k) { 0 otherwise. (112)

"It is based on the fact that every measure on T" is the weak* limit of a sequence of absolutely
continuous measures with smooth densities, which is a corollary e.g. of the Stone-Weierstrass theorem.
80f course for fixed p it is p~!-periodic
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To see this, start from the formula

D€ (k) = ¢¢ (k) = o(ck)
which follows from Lemma 9A3. Thus

Z ¢ 27rzk x
_ Z a(ek)GQWikpw’
k

which is equivalent to (112).
Now define

Z<“
pEP
Then F' is smooth, 1-periodic, and fol F =1 (cf (113)). Of course F' depends on € and
M but we suppress this dependence.

Lemma The Fourier coefficients of F' behave as follows:

A

F(0) =1, (113)
F(k)=0if 0 < |k| < (114)
for any N there is C'y such that
log k| /. e[\~
< —_— .
Bk < O3 (+M) for all k # 0 (115)

Proof Both (113) and (114) are selfevident from (112). For (115) we use that a given
integer £ > 0 has at most C} logk different prime divisors in the interval (M /2, M]. Hence,

by (112) and the Schwartz decay of &,

- log M log |k| elk|\—
Fk)| < : : ( _>
Fl < =37 gl N\ g

as claimed. O

We now make up our mind to choose e = M~U+% and denote the function F by Fy;.
Thus we have the following

suppFy C {z: |z — g\ < p~@* for some p € Py, a € [0,p]}, (116)
p
—~ log || K[\
Fub) < o2 (14 25 ) (117)
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and furthermore F), is nonnegative and satisfies (113) and (114).
It is easy to deduce from (117) with N = 1 that

1

|Fai(k)| < k|72 log || (118)

uniformly in M. In view of (116) we could now try to prove the theorem by taking a
weak limit of the measures Fj;dz and then using Lemma 9A4. However this would not be
correct since the set E, is not closed, and ((116) notwithstanding) there is no reason why
the weak limit should be supported on E,. Indeed, (114) and (113) imply easily that the
weak limit is the Lebesgue measure. The following is the standard way of getting around
this kind of problem. It has something in common with the classical “Riesz product”
construction; see [25].

I. First consider a fixed smooth function ¢ on T. We claim that if M has been chosen
large enough then

o R loglk\(l + |§\a)—100 when |k:| > M
GRu(k) — o) <9 M y (119)
M0 when |k| < &
To see this, we write using (111) and (114), (113)
VFu(k) = (k) =X, z0(0) Ex(k = 1) — (k) (120)

= Zl;\k_l\ZM/Q @Z(l)fj\\/[(k —1).

Since 1 is smooth, [¢(1)] < ex|l|™™ for any N. Hence the right side of (120) is bounded
by
C max |Fy(k—1).

1:|k—1|>M/2

Using (117), we can estimate this by

log|k—l|<1 |k:—l|)—N.

121
1:|k—1)>M /2 M M2t (121)

For any fixed N the function

0550 i)

is decreasing for ¢ > M/10, provided that M is large enough. Thus (121) is bounded by

O B 0M/2) (1+ M2 )N

M M2Fa
—100
S M,

which proves the second part of (119). To prove the first part, we again use (120) and
consider separately the range |k — | > |k|/2 and its complement. For |k — 1| > |k|/2 we
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argue as above, replacing |k — | by |k|/2 in (121). For |k — | < |k|/2 we have |I| > |k|/2,
hence the estimate follows easily using the decay of the Fourier coefficients of ¢ and the
fact that |Fis (k)] < 1. The details are left to the reader.

I1. Let 1
r~2+alogr  when r > rg,

gir)=<5 |

ro 2 logrg  when r < r,

where 7y > 1 is chosen so that g(r) < 1 and g(r) is nonincreasing for all ». Then for any
€ C™(T), e > 0, and My > 10ry we can choose N large enough and a rapidly increasing
sequence My < My < My < ... < My so that

[WG(k) — (k)| < eg(|k]), (122)

where G = N~ Y(Fy, + ...+ Fu). This can be done as follows. Denote Ey (k) =
|WFy (k) — (k)| for M > M;. We will need the following consequences of (119):

Ear(k) < Colkl) if [k] = M/4, (123)
. En(k)

lim = 0 for any fixed M, 124

[ki—oo g(|k[) 2
Ey (k) < OMif |k < M/4, (125)

with the constant in (123), (125) independent of k, M.
Fix N so that % < 155- Observe that for all M large enough

CM1 « _C o). 12
< <Eg(M) (126)

We now choose M, My, ..., My inductively so that (126) holds, M;, > 4M; and

1 J € .
D0 BR) < (K i ] > M, (127)
i=1

which is possible by (124). We claim that (122) holds for this choice of M;. To show this,
we start with

GG — D] < D7 Bk, (128)

Assume that M; < |k| < M;,; (the cases |k| < M; and |k| > My are similar and are left
to the reader). By (127) we have

7j—1
€

O ER) < 1K)

i=1
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We also see from (123), (125) that

1 C
—F;(k —q(|k —q(|k
B (k) < g(k]) < gk,
1 C c. C
N Eini(k) < a(lk]) + M < og(1k]) + 5 M
iEZ-(/g) < QM;“]O for j+2<i<N.

N N
Thus the right side of (128) is bounded by

~ MIOO
o+ 3

i=j+1
By (126), we can estimate the last sum by
N
O, 2 < To59(Myi1) < Josa(lk]),

which proves (122).
We note that the support properties of GG are similar to those of the F’s. Namely, it
follows from (116) that

(2+a)

M
supp G C {z: |x—%|§p ) for some p € ( 21,MN), a€[0,p}. (129)

ITI. We now construct inductively the functions G,, and H,,, m = 1,2,..., as fol-
lows. Let Go = 1. If GG,, has been constructed, we let G,,.1 be as in step II with
V= GoGy...Gm, My > 10rg +m, and € = 2=™ 2. Then the functions H,, = G;...G,,
satisfy

< H,(0) <

DO | =
Do W

for each m and moreover the estimate (118) holds also for the H’s, i.e.

@

[Ho ()| S |k 7 log ||

IV. Now let p be a weakx limit point of the sequence {H,,dz}. The support of p will
be contained in the intersection of the supports of the {G,,}, hence by (129) it will be a

compact subset of F,. From step III, we will have |u(k)| < |k|_2J+a log |k|. The theorem
now follows by Lemma 9A4. O

B. Distance sets
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If F is a compact set in R? (or in R™), the distance set A(E) is defined as
A(E) ={|z —y| 2,y € E}.
One version of Falconer’s distance set problem is the conjecture that
ECR? dimFE > 1= |A(E)| > 0.

One can think of this as a version of the Marstrand projection theorem where the nonlinear
projection (z,y) — |z — y| replaces the linear ones. In fact, it is also possible to make the
stronger conjecture that the “pinned” distance sets

{lz—yl:ye B}

should have positive measure for some x € F, or for a set of x € F with large Hausdorff
dimension. This would be analogous to Theorem 8.8 with the nonlinear maps y — |z — y|
replacing the projections P..

Alternately, one can consider this problem as a continuous analogue of a well known
open problem in discrete geometry (Erdés’ distance set problem): prove that for finite sets
F C R? there is a bound |A(F)| > CZHF|'~¢, € > 0. The example F' = Z> N D(0, N),
N — oo can be used to show that in Erdos’ problem one cannot take ¢ = 0, and a
related example [11] shows that in Falconer’s problem it does not suffice to assume that
Hi(E) > 0. The current best result on Erdés’ problem is € = £ due to Solymosi and Téth
[31] (there were many previous contributions), and on Falconer’s problem the current best
result is dim £ > % due to myself [37] using previous work of Mattila [24] and Bourgain
[4].

The strongest results on Falconer’s problem have been proved using Fourier transforms
in a manner analogous to the proof of Theorem 8.8. We describe the basic strategy, which
is due to Mattila [24]. Given a measure p on E, there is a natural way to put a measure
on A(FE), namely push forward the measure p x g by the map A : (z,y) — |z —y|. If one
can show that the pushforward measure has an L? Fourier transform, then A(E) must
have positive measure by Theorem 3.13.

In fact one proceeds slightly differently for technical reasons. Let u be a measure in
R?, then [24] one associates to it the measure v defined as follows. Let vy = A(u x p), i.e.

[ fiv= [ 502 = shauta)anty),

Observe that

/ t-3dv(t) = I1 ().

Thus if I 1 (1) < oo, as we will always assume, then the measure we now define will be in
M(R). Namely, let

™ 1

dv(t) = €5t 2 duy(t) + e T |t 2dvg(—t). (130)
Since vy is supported on A(FE), v is supported on A(E) U —A(E).
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Proposition 9B1 (Mattila [24]) Assume that [,(p) < oo for some o > 1. Then the
following are equivalent:
(i) i € LX(R),

(ii) the estimate

/R Ool( / i(Re®)[2d0)2 RAR < o. (131)

Corollary 9B2 [24] Suppose that a > 1 is a number with the following property: if u
is a positive compactly supported measure with I,(px) < oo then

/ |i(Re®)[?do < C,R~(7). (132)

Then any compact subset of R? with dimension > « must have a positive measure distance
set.

Here and below we identify R? with C in the obvious way.

Proof of the corollary Assume dim £ > «. Then E supports a measure with [, (u) <
0o. We have

/ (/ AR}’ RAR. < / ( / [A(Re™)2d0) R~ RdR
R=1 R—1

< 0oQ.

On the first line we used (132) to estimate one of the two angular integrals, and the last
line then follows by recognizing that the resulting expression corresponds to the Fourier
representation of the energy in Proposition 8.5. By Proposition 9B1 A(E) U —A(E)
supports a measure whose Fourier transform is in L?, which suffices by Theorem 3.13.0.

At the end of the section we will prove (132) in the easy case o = % where it follows
from the uncertainty principle; we believe this is due to P. Sjélin. It is known [37] that
(132) holds when a > %, and this is essentially sharp since (132) fails when a < §. The
negative result follows from a variant on the Knapp argument (Remark 4. in section 7);
this is due to [24], and is presented also in several other places, e.g. [37]. The positive

result requires more sophisticated LP type arguments.

Before proving the proposition we record a few more formulas. Let or be the angular
measure on the circle of radius R centered at zero; thus we are normalizing the arclength
measure on this circle to have total mass 27. Let p be any measure with compact support.

We then have
[ 1atre a0 = [ & v pa (133)
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This is just one more instance of the formula which first appeared in Lemma 7.2 and was
used in the proof of Proposition 8.5. This version is contained in Lemma 7.2 if i has a
Schwartz space density, and a limiting argument like the one in the proof of Proposition
8.4 shows that it holds for general u. We also record the asymptotics for gz which of
course follow from those for g7 (Corollary 6.7) using dilations. Notice that the passage
from o, to op preserves the total mass, i.e. essentially op = (01)f. We conclude that

_ 1 1 3
Tr(x) = 2(Rla])"* cos(2n(Rlz| — 2)) + O((Rla))~*) (134)
when R|z| > 1, and || is clearly also bounded independently of R.

Proof of the proposition From the definition of v we have

o) = T [ o=yl e T dua)duty
+ e / | — y[ 22 M dp (1) dpa(y)
_1 1
= 2 [ fo g} cos(en((blle — ] - 5))dula)dty).
On the other hand, by (133) and (134) we have
~ i 1 _1 1
Jlateypds = k174 [ 2l — ol cos(zr(ltlle ~ o] = )du(e)dn(y)
so( [ (e =y tdu@)duty))
lz—y|>|k|~!
o[ (ke =) ddu(eiuty)).
z—y|<|k|~1

The last error term arises by comparing o, which is bounded, to the main term on the
1

right side of (134), which is O((R|z|)~2), in the regime R|z| < 1. We may combine the

two error terms to obtain

[lateypds = k174 [ 2l =yl cos(z(lblle — o] = )du()dn(y)
+0( [ (Hlle =y “du(a)duty)
for any a € [, 3]. Therefore
o(0k) = K1 [ 3(ke®)Pd9 + Ol 1 1)

The error term here is evidently bounded by |k|2=*I,(u) for any a € (1, 2), and
therefore belongs to L*(|k| > 1). We conclude then that 2 belongs to L* on |k| > 1 if
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and only if [k|2 [ |i(ke)|2df does. This gives the proposition, since i (being the Fourier
transform of a measure) clearly belongs to L? on [—1,1]. O

Proposition 9B3 If o > 1 and if p is a positive measure with compact support? then

[ itre s < 1o,

where the implicit constant depends on a bound for the radius of a disc centered at 0
which contains the support of u. In particular, (132) holds if o = %

Corollary 9B4 (originally due to Falconer [11] with a different proof) If dim F > 2
then the distance set of F has positive measure.

Proofs The corollary is immediate from the proposition and Corollary 9B2. The proof
of the proposition is very similar to the proofs of Bernstein’s inequality and of Theorem
7.4. We can evidently assume that R is large. Let ¢ be a radial C3° function whose

Fourier transform is > 1 on the support of u. Let dv(z) = (gg(x))*ld,u(x). Then it is
obvious (from the definition, not the Fourier representation) that I,(v) < I,(u). Also
it = ¢ *x . Accordingly

/ (R ) = / 6% D(Re) 26
< / 6(Re™ — )| o) PdxdB

_ /|a(x)\ /\(b(:c—Rew)\dﬁd:c
-1 / |$|_Rl<c|ﬁ(x)\2d:c

R1+2a/|x‘ (2— a| ( )‘ dr
~ R'I(u).

AN

AN

Here the second line follows by writing

o xo(Re")| < [ V16— )] GRT = ) |o(z)

and applying the Schwartz inequality. The fourth line follows since for fixed = the set of
0 where ¢(x — Re') # 0 has measure < B!, and is empty if |x| — R is large. The proof
is complete. O

9Here, as opposed to in some previous situations, the compact support is important.
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Remark The exponent o — 1 is of course far from sharp; the sharp exponent is § if
a>1Tifae(j,]and aif a < 1.

Exercise Prove this in the case o < 1. (This is a fairly hard exercise.)

Exercise Carry out Mattila’s construction (formula (130) and the preceding discussion)
in the case where y is a measure in R™ instead of R?, and prove analogues of Proposition
9A1, Corollary 9A2, Proposition 9A3. Conclude that a set in R™ with dimension greater
than "T“ has a positive measure distance set. (See [24]. The dimension result is also due
originally to Falconer. The conjectured sharp exponent is 7.)

10. The Kakeya Problem

A Besicovitch set, or a Kakeya set, is a compact set £ C R" which contains a unit
line segment in every direction, i.e.

11
Vec S" 1 3r eR": z+tec EVte [—5,5]. (135)

Theorem 10.1 (Besicovitch, 1920) If n > 2, then there are Kakeya sets in R" with
measure zero.

There are many variants on Besicovitch’s construction in the literature, cf. [10], Chap-
ter 7, or [39], Section 1.

There is a basic open question about Besicovitch sets which can be stated vaguely as
“How small can this really be?” This can be formulated more precisely in terms of fractal
dimension. If one uses the Hausdorff dimension, then the main question is the following.

Open question (the Kakeya conjecture) If E C R" is a Kakeya set, does F necessarily
have Hausdorff dimension n?

If n = 2 then the answer is yes; this was proved by Davies [8] in 1971. For general n,
what is known at present is that dim(E) > min(2$2, (2 —/2)(n —4) 4 3); the first bound
which is better for n = 3 is due to myself [38], and the second one is due to Katz and
Tao [19]. Instead of the Hausdorff dimension one can use other notions of dimension, for
example the Minkowski dimension defined in Section 8. The current best results for the
upper Minkowski dimension are due to Katz, Laba and Tao [18], [22], [19].

There is also a more quantitative formulation of the problem in terms of the Kakeya

maximal functions, which are defined as follows. For any § > 0, e € S"~! and a € R", let
§ n 1 1
To(a)={z eR":[(z —a) ¢f < 5, [(x —a)7| < 3},

where 2 = x — (z - e)e. Thus TP(a) is essentially the d-neighborhood of the unit line
segment in the e direction centered at a. Then the Kakeya maximal function of f &
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Ll

loc

(R™) is the function f7 : S"™' — R defined by

1
fi(e) = sup
’ weR™ | T2(@)] Jrs(a)

|f]- (136)

The issue is to prove a “0~" estimate for f;, i.e. an estimate of the form
VE3C, ¢ [ vy < C6~ Il (137)

for some p < oco.

Remarks 1. It is clear from the definition that

175 lloe < 1S llces (138)
13 1loe < 0~V £]1. (139)

2. If n > 2 and p < oo, there can be no bound of the form

15 llg < ClLFlp, (140)

with C' independent of . This can be seen as follows. Consider a zero measure Kakeya
set E. Let Es be the d-neighborhood of E, and let f = xg,. Then fy(e) = 1 for all
e € S" 1 so that || ff]l; & 1. On the other hand, lims_¢ |Es| = 0, hence lim;_q || f5]|, = 0
for any p < oo.

3. Let f = Xp(os). Then for all e € S"7! the tube T°(0) contains D(0,4), so that

file) = \‘IT’gO(vO‘?I‘ > 6. Hence || ff]l, = §. However, ||f||, ~ §™/P. This shows that (137)
cannot hold for any p < n.

Open problem (the Kakeya maximal function conjecture): prove that (137) holds with
p=n, li.e.

Ve 3. ¢ | fllunsno) < C6 £l (141)

When n = 2, this was proved by Cérdoba [7] in a somewhat different formulation
and by Bourgain [3] as stated. These results are relatively easy; from one point of view,
this is because (141) is then an L? estimate. In higher dimensions the problem remains
open. There are partial results on (141) which can be understood as follows. Interpolat-
ing between (139), which is the best possible bound on L', and (141) gives a family of
conjectured inequalities

1f5llg S C5 N fllps a = alp). (142)

Note that if (142) holds for some py > 1, it also holds for all 1 < p < py (again by
interpolating with (135)). The current best results in this direction are that (142) holds
with p = min((n + 2)/2, (4n + 3)/7) and a suitable ¢ [38], [19].
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Proposition 10.2 If (137) holds for some p < oo, then Besicovitch sets in R" have
Hausdorft dimension n.

Remark The inequality
|Es| > Co° (143)
for any Kakeya set E follows immediately from (137) by the same argument that showed
(140). (143) says that Besicovitch sets in R™ have lower Minkowski dimension n.

Proof of the proposition Let E be a Besicovitch set. Fix a covering of E by discs
D; = D(z;,r;j); we can assume that all r;’s are < 1/100. Let

Je={j: 27" <r; <270y
For every e € S"~!, E contains a unit line segment I, parallel to e. Let

1

nl.
S,={ees |IﬂUD|_1OOk2

JE€Jk

2

Since Y, oo < Land >, |1 N Ujes, Dil > L] = 1, it follows that [J;Z, S, = S"".
Let
f = XF» Fk = U D(ZL‘j, ]_07"]‘).
J€Jk

Then for e € S;, we have

T2 (ac) N Fy 727 (ac)l.

Iz 100/’{:2

where a, is the midpoint of I, so that Tf_k(ae) is a tube of radius 27% around I.. Hence
1 fs-ellp Z k20 (Sk)'72. (144)
On the other hand, (137) implies that
1f5-ellp < C2%| fll, < C2%(| | - 27 Dme) Ve, (145)
Comparing (144) and (145), we see that

O'(Sk) S 2kp€7knk2p|t]k| g 27k(n72p€)‘¢]k|.

ST s S o ke > 3 o(s,) 2 1
% k

J

Therefore

We have shown that » r$ 2 1 for any a < n, which implies the claimed Hausdorff
dimension bound. a
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Remark By the same argument as in the proof of Proposition 10.2, (142) implies that
the dimension of a Kakeya set in R" is at least p.

A. The n = 2 case

Theorem 10.3 If n = 2, then there is a bound

1/5]l2 < C(log < )WHfH

We give two different proofs of the theorem. The first one is due to Bourgain [3] and
uses Fourier analysis. The second one is due to Cérdoba [7] and is based on geometric
arguments.

Proof 1 (Bourgain) We can assume that f is nonnegative. Let p§(z) = (20) " x7s(0),
then

f5(e) = sup (p§ * f)(a).
acR?

Let ¢ be a nonnegative Schwartz function on R such that 8 has compact support and
#(z) > 1 when |z| < 1. Define ¢ : R* — R by

() = ¢(1)0 " P(6  wa).

Note that ¢ > p§ when e = ey, so that f;(e;) < sup,(¢ * f)(a). Similarly

fs(e) < Slip(i/ie + f)(a),

where 1), = 1) o p, for an appropriate rotation p.. Hence

F3€) < Il < 0Tl = [ 2001 i)l (116)
By Holder’s inequality,

[ I 1F©)lde

< (JI@NTE©RQ + jehde) " ( tlag) "

Note that ¢, = % o p, and ¢ = 8(:1:1)(5(5:52), so that \;b;\ < 1 and ¢ is supported on a
rectangle R, of size about 1 x 1/J. Accordingly,

), K a1
1+\£\£</R61+|£|”/1 5 = loe(): (148)

(147)
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Using (146), (147) and (148) we obtain

1/2
1513 < los(h) J BN FOR + lehde)

< log(3) fige IF@ P+ 1D ([ [9(8)Ide) d
S log § Je 1£(6)2d¢
= log §1 113

Here the third line follows since for fixed € the set of e € S™ ! where @(f) # 0 has
measure < 1/(1 4 [£]). The proof is complete. O

Remark For n > 3, the same argument shows that

1512 S 677221 £z, (149)

which is the best possible L? bound.

Proof 2 (Cérdoba) The proof uses the following duality argument.

Lemma 10.4 Let 1 < p < oo, and let p’ be the dual exponent of p: %Jrl% = 1. Suppose

that p has the following property: if {e;} C S™ ! is a maximal d-separated set, and if

oy, yil < 1, then for any choice of points a; € R" we have

137 s, o e < A.
k

Then there is a bound
1 £5 | zesn-1y S All flp-

Proof. Let {ex} be a maximal d-separated subset of S™"~!. Observe that if |e — €| < §
then fy(e) < Cfi(e'); this is because any T?(a) can be covered by a bounded number of
tubes T2 (a’). Therefore

|!f§|!,’§ < Zkfp(eka)‘fa e)[Pde
< @ (e )
= 0" unlfy (en)]

for some sequence y; with ), yp "1 = 1. On the last line we used the duality between
l, and l,y. Hence

If51E < 6 12% |f]

| T, (ak)
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for some choice of {ay}. Since |T? (az)| &~ 6"~', it follows that

150 5 [ (Zykmkm)) f
k

< | ZkaTgk () lpr - [1f|lp (Holder’s inequality)
k
< Alflly

as claimed. O

We continue with Cérdoba’s proof. In view of Lemma 10.4, it suffices to prove that
for any sequence {y;} with 6 >_y? = 1 and any maximal J-separated subset {e;} of S*

we have
1
H ZkaTgk(ak) ) S \/ log 5 (150)
k

The relevant geometric fact is

52
T (a)NT2(b)] S ——. 151
@) VTS0 S o (151)
Using (151) we estimate
| ZkaTgk(ak)H% = Z?/k?/l|Te6k(ak) NI ()|
k
<
~ Z?/k?/l 61| I
< \f Vo ———
(152)
Observe that for fixed k
4] ) 1 1
- ___ < _— = E—— S | _
2. e, — ex| + 0 S s ey
! I<3 <3
and similarly for fixed [
J 1
—— <log-.
zk: ler—e| 0~ 8%
Applying Schur’s test (Lemma 7.5) to the kernel §/(|ex — €| + ) we obtain that
1 1
| ZkaTgk(ak)H% S log 5 > (Voyr)? < log 5 (153)
k k
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which proves (150). O

B. Kakeya Problem vs. Restriction Problem

Recall that the restriction conjecture states that

— . 2n
ol < Collf ey if p > ——.
In fact, the stronger estimate
— ) 2n
1fdolly < Cpllfllzo(sn-r) i p > — (154)

can be proved to be formally equivalent, see e.g. [3].

It is known that the restriction conjecture implies the Kakeya conjecture. This is
due to Bourgain [3], although a related construction had appeared earlier in [2]; both
constructions are variants on the argument in [13].

Proposition 10.5. (Fefferman, Bourgain) If (154) is true then the conjectured bound

1£5 1l < Ceo™|| £l

is also true.

Proof We will use Lemma 10.4. Accordingly, we choose a maximal d-separated set
{e;} on S™1; observe that such a set has cardinality ~ §~™~Y. For each j pick a tube
Tfj (a;), and let 7; be the cylinder obtained by dilating Tfj (a;) by a factor of 6~2 around
the origin. Thus 7; has length §2, cross-section radius 6~!, and axis in the e; direction.
Also let

S;={ec S :1—ece; <C8.

Then S is a spherical cap of radius approximately C~'4, centered at e;. We choose the
constant C' large enough so that the S;’s are disjoint. Knapp’s construction (see chapter
7) gives a smooth function f; on S"! such that f; is supported on S; and

| fill Lo (sn-1y = 1,

fdo| > 6™ on 7.
‘f] ~ J

We consider functions of the form

fw = ijyjfja
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where y; are nonnegative coefficients and w; are independent random variables taking
values £1 with equal probability. Since f; have disjoint supports, we have

waHLq(Sn 1y = Z”yjfj”%q(sn—l)

J
S (159
J

Q

On the other hand,
—_— q . —_—
E(| Fodo|?, ) = /RnEufwda(x)w)da:

/ Z Y; |fwd0 2)4/2dg (Khinchin’s inequality)

Q

> gy / 13 v (@) (156)
R
Assume now that (154) is true. Then for any ¢ > 2% it follows from (155) and (156)

that
S M) SEIRTES S

Let z; = y]2 and p’ = ¢/2, then the above inequality is equivalent to the statement

if 0"~ Iqu/z <1, then || Z%Xr g2 S 672070 (157)

for any p’ > . We now rescale this by 62 to obtain

if "1y "2 <1, then || zixylly S 62,

J J

Observe that - — (n—1) \,0as p' \, 5. Thus for any £ > 0 we have
if 71 "2 <1 then || Y 2y Iy S 0°° (158)
J J

if p is close enough to —"~. By Lemma 10.4, this implies that for any € > 0

151l S 0 W £l

provided that p < n is close enough to n. Interpolating this with the trivial L* bound,
we conclude that

151l < 075 [1f [l
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as claimed. O

We proved that the restriction conjecture is stronger than the Kakeya conjecture.
Bourgain [3] partially reversed this and obtained a restriction theorem beyond Stein-
Tomas by using a Kakeya set estimate that is stronger than the L? bound (153) used in
the proof of (149). It is not known whether (either version of) the Kakeya conjecture
implies the full restriction conjecture.

Theorem 10.6 (Bourgain [3]) Suppose that we have an estimate

||Z><Ta (apllg < Coo (a7 (159)

for any given € > 0 and for some fixed ¢ > 2. Then

Ifdally < Cpll fll Loe(sn—1) (160)

2n+42

for some p < ==,

Remark The geometrical statement corresponding to (159) is that Kakeya sets in R"
have dimension at least q.

We will sketch the proof only for n = 3. Recall that in R® we have the estimates

1fdolls S 1 f [ e2es2) (161)
from the Stein-Tomas theorem, and
Ifdoll2mo.ry S BY(1F 2 (162)

from Theorem 7.4 with @« = n — 1 = 2. Interpolating (161) and (162) yields a family of
estimates

A 2 1
| fdo|lLr(po,r) S B2~ 2 || fllz2(s2) (163)

for 2 < p < 4. Below we sketch an argument showing that the exponent of R in (163)
can be lowered if the L? norm on the right side is replaced by the L norm.

Proposition 10.7 Let n = 3, 2 < p < 4, and assume that (159) holds for some ¢ > 2.
Then

| fdollzep.my S B fllogsn-r,

N[

where a(p) <

bS]

This of course implies (160) for all p such that a(p) < 0; in particular, there are p < 4
for which (160) holds.
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Heuristic proof of the proposition Assume that || f||zec(gn-1) = 1, and let § = R~ We
cover S? by spherical caps

S;={e€S?:1—ece; <3},

where {e;} is a maximal v/d-separated set on S2. Then
F=>
J

where each f; is supported on S;. Let G = f&a and G; = ijZU, sothat G = Ej G;. By the

uncertainty principle |G| is roughly constant on cylinders of length R and diameter VR
pointing in the e; direction. To simplify the presentation, we now make the assumption'”
that G is supported on only one such cylinder 7;.

Next, we cover D(0, R) with disjoint cubes @ of side v/R. For each @ we denote by
N(Q) the number of cylinders 7; which intersect it. Note that G|o = ), Gjlq, where we
sum only over those j’s for which 7; intersects (). Using this and (163), we can estimate
|Gl zrq) for 2 < p < 4:

IG5 VR D 6|
]TJOQ
S f"a(N( Q) - 18:)'?
~ §TTEN(Q)Y2. (164)

Summing over (), we obtain

IGIpory S 6171 NQP?

3p 1 2
~ SN 17
J

(165)
On the last line we used that

2 _
1> X 175 = ZN QP 1Ql =672 N(Q)P2.
J Q

We now let p = 2¢/, where ¢ is the exponent in (159), and assume that p is sufficiently
close to 4 (interpolate (159) with (149) if necessary). We have from (159)

—(3—1+4¢)
I ZXTQJ/.E(%)HQ’ <CVo T .
J

10Tt is because of this assumption that our proof is merely heuristic. Of course the Fourier transform
of a compactly supported measure cannot be compactly supported; the rigorous proof uses the Schwartz
decay of G; instead.
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Rescaling this inequality by 6! we obtain

_ 3_1 )
DR A S LS
J

We combine this with (164) and conclude that
P L_1¢—¢
||G||LP(Q) SO01TO,

ie.,

1
4
)

B =

= _p
if

.
S

|.fdo | Le(po.ry) S0
<

which proves the proposition since % —

< 4.

3

1
2

N

1
4
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