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THE Isoperimetric
Inequality
L2

—1 o4
A

¥ For a plane object the length of the
bounday squaed is at least as hig 48
times the aea. Equality Is obtaineaf the
circle.

¥ In two dimensions -- manproofs in adlition
to symmetrization.In higher dimensions th
anaytic proofs ae missing.




|.D.
the Isoperimetric Debci

L2 _
T! 4 = | .D.

¥By estimating the I.jyou can determine
how farOavayO fom a cicle you are:




A Bonnesen inequality

¥ When the ID is small
the object Is trapped
between two circles
of neary the same
radius.

¥ Only the circcle has zev
ID



Plan

¥Some iIntegral geomeatr(geometric
probability)

¥ Derive the Santalo wof of the
Isoperimetric and Bonnesen inequalities

¥ Goal: ObestO pof of %! | 12 ds
for convex cunes. |

¥ Used inOcuve shottening® mblem




Plan

¥ Prove gpal br symmetric cures

¥ Symmetrization trickdr non-symmetric
curves

¥ Positive centers
¥ Minimal anolus
¥ averaging trick

¥ extension to Minkwski geometries




Suppot function h

¥ h can be consided as
as a function of either
| or the arclength s

¥ h depends on the choice of
the origin




Area flom suppot
function

2A = hds 2dA = hds

¥ Integrating the
suppot function
against ar length
gives twice the
area.

¥ The red triangle has basisand heighty




Crofton formula

n drd!

¥ Twice length is the
expected value of the
number of intersections
with random lines

¥L= h(d w N\
¥ lengthis times

the arerage width




Poincare formula

4L1L, = ndxdyd!

1 1S rumber of intersection
points of boundaries

of a random object with
d one




Blasch& formula

I dxdy" = 2#(A1+ Ay) + L1l
IS the rumber of components In
the intersection of interiors




Topology => Geometly

g dxdyd! = 2L,L,

| dxdyd" = 2#(A1+ Ay) + Ll

¥Assume the two objects ae congruent and
subtract

"1 dxdyd" = (L2" 4#A)

o




Bonnesen functional

¥ Take the second body to be a die of radiu:
r.  Write the area and length in terms of
the radius and simplify to get

#

| dxdy =rLy! Al "r?




INnradius and outradiu

¥n! 2! will be non-
negatie for circles with
radius

r! [Fin,rout]
¥ some pats of the
bounday circle hae to be
iInside the object and som

outside If the disk and the
object intersect at all outradi




Bonnesen functional

#

0! 5" L dxdy=rlyt Ay "2

When ! [rin,lout]

¥ Since the pghomial has agal oot the
discriminant mast be positie:

L5 4A" O




Bonnesen functional

B(r)=rL! Al 12 /\

|
/ 'lin [ (l)ut \

¥ Roots lie outside the intaral[l'in , l'out ]

L2141 A
|

(rout ! rin) ™ (r2l rq)”

hence
L2 AA" %(roue ! Fin)?




Topology Pictu

¥ In orange egion L=

11 =0

5
I
nere 2

e Is too small or too large then

by EII<O
5 .




Symmetric cuve

¥ For a convex curve symmetric though the
origin the inradius cale and the outradius
circle ae both centeed at the origin.

¥ In this case the suppobfunction h fom the
origin satisbes rin ! h! rgyt




Goal: | h2ds

Which we can obtain P integrating

hL! A! 1h%ds" O

toget 2AL ! AL ! ! h2ds

which pioves the esult br any convex curve
that has concentric inradius and outradius
circles.




Counterexample dr
NnoN-corvex curnves

I / /\




Symmetrizatjon trick

¥ Choose pointsL/ <
gpart on bounday
¥ Move unti

are paral
¥ (Intermec

the tangents

el ‘
late value the@m) I‘



¥ We can cut this to ceate two
symmetric corex objects with
continuous tangents andoaly
the previous theoem,then adl.

2LA 1 |
O

2LA 5 |
O

h?ds
2C1q

h?ds
2C»

L(A1+ Az) |
! |

h2ds
C.1 C,




¥ Can yu bnd a smaller r than the inradius
that ensues that B(r) is posite?




Inradius symmetr point

¥ The inradius at cfin (C) is the radius of
the largest inscribed ate centeed at ¢

¥cis aninr adius symmetry point  ifitis
the midpoint of a secant and the inradius
circle touches the boundgron both sides.

¥ If an object has an inradius symmepoint
hen B(rn () ! C




0IC)

original Left half Right half
before taking

convesx hull

Fig 3

b

Jriginal




Inradius symmetr point

¥ Facts to check:

¥ After symmetrizing (€) is the inradiuerf
each halthence B, (r(c)) + B1(r(c)) ! O

¥ One half will not be covex,but this
doesnOnatter.

¥ A similar esult is true 6r outradius.

¥ Theorem:
For all convex plane cuves

B(r)! Oforallr?” [mCin lin (C), m(?xrout (d)]



Positive centers

¥Is It possible to choose the origin poirdrf
non-symmetric cwes so that

> B(hy=hL! Al Th*" 0

¥We(~)II call such a point a positoenter

¥ A point which is both inradius symmetanc
outradius symmety Is a positig center




Mininum width anmilu

¥ 1t6 unique

1
¥ 1t6 equivalent to choosing
a,b and c to gie the
best gproximation of the

suppot function in the brmula

max|acog!) + bsin(!) + c! h(!)|

¥ One can bnd 4 boundgrcontacts with the
iInner and outer cicles whichalternate

¥ Intermediate value the@m implies that the
center IS a posit@ center




Bonnesen functional

B(r)=rL! Al Ir?
llll II[2

Min
B(r)! Oforallr" [Vin,!outl

¥ Roots lie outside the interal
the radii br the minimal anolus of ag
convex curve.

(out- -m) (2I rl)"

L21 4"A




B(r)! Oforallr™ [Vih,!out]

¥ B(h)! O forthe minimal analus so ve
can pove the gpal,BUT

¥ The proof still requires cutting the original
Pgue Into pieces and symmetrizing.

¥ Can one see déctly that the Bonnesen
functional Is avays positie for the minimal
anrulus?




Averaging trick

[

sk H 67 \\\

2
The geen and ed //
regions ag congruent
So they cancel to gw a

a non-negateg quantity

Hence the integral is posigv

#

dxdy=rL;" A;" "r?




If the circle center Is In ed alea then the cile Is

completeY inside the hullf thecircle center is In ggen
area cicle intersects hull boundgrin at least 4 points.
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If the circle center Is In ed alea then the cile Is

completeY inside the hullf thecircle center is In ggen
area cicle intersects hull boundgrin at least 4 points.




Outcircle pictue

Green aea guarantees 4 points of
Intersection
Circles with O points of intersection can
only have centers which lie within thead
area




Only the inradius crle and the tangency points and line
are needed to construct theagions.




Minkowskl geomety

¥ The theorem extends to Minkwski
geometries whee the unit ball is a comx
set centeed at the origin and th@distance
rulersO change with @iction. .

¥ e.g. Otaxicab geometO




Example of unit ball ar
Isoperimetrix

Isoperimetrix

¥ The isoperimetrix has least Miowski
bounday length ér a given aea




Bonnesendrmula

n LEB
0! 2" | dxdy=rL" A;" "r?
¥ Where L is the length meased in

Minkowski geomety

¥ The hexagn is the isoperimetrixpot the
unit ball




Averaging still holds




Pentag)n

¥ What hgppens if
the Isoperimetrix
IS not /

symmetric?

¥ Averaging faqls ;1

to be positie
for inradius |

¥ open
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