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ANALOGS OF DIRICHLET L-FUNCTIONS
IN CHROMATIC HOMOTOPY THEORY

NINGCHUAN ZHANG

ABSTRACT. The relation between Eisenstein series and the J-homomorphism is an important topic in chro-
matic homotopy theory at height 1. Both sides are related to the special values of the Riemann (-function.
Number theorists have studied the twistings of the Riemann (-functions and Eisenstein series by Dirichlet
characters.

Motivated by the Dirichlet equivariance of these Eisenstein series, we introduce the Dirichlet J-spectra in
this paper. The homotopy groups of the Dirichlet J-spectra are related to the special values of the Dirichlet
L-functions. Moreover, we find Brown-Comenetz duals of the Dirichlet J-spectra, whose formulas resemble
functional equations of the corresponding Dirichlet L-functions. In this sense, the Dirichlet J-spectra we
constructed are analogs of Dirichlet L-functions in chromatic homotopy theory.
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Bernoulli numbers show up in many seemingly unrelated areas of mathematics, as observed in [Maz08].

They are the special values of the Riemann (-function at negative integers:

¢(1- k)——*

Another two such occasions are g-expansions of normalized Eisenstein series in number theory

4k .
Eou(q) =1-—— > oar-1(n)q",
Bak p31

and the images of the J-homomorphisms in the stable homotopy groups of spheres in algebraic topology:

Im(Jyg-1) ~ Z/ Doy, Doy, = the denominator of Boy/4k.

The connections between the congruences of the normalized Eisenstein series Fs) and images of the Jy;_1 have
been explained in [Bak99; Lau99; Hop02; Beh09] in different ways since the invention of elliptic cohomology

and topological modular forms (TMF).

Date: June 23, 2020.
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Number theorists have studied the twistings of the Riemann (-functions and Eisenstein series by Dirichlet
characters. Let x : (Z/N)* — C* be a primitive Dirichlet character of conductor N. Leopoldt defined
generalized Bernoulli numbers By, ,, associated to x (1.1.3) in [Leo58]. These numbers are algebraic numbers
in Q(x). Moreover, they are related to the special values of the Dirichlet L-functions L(s,x) at negative
integers:

Brx

P
As in the classical case, By, appears in the g-expansion of Ej, (1.2.7), the normalized Eisenstein series
assoicated to y when (=1)% = x(-1):

L(1-k;x) =~

2k & n
ng—l,x(”)q .

Er(g;x) =1~
( ) Bk,Xn:l

. . By,
Denote the ideal of Z[x] = Z[Im x] generated by the denominator of =;* by Dy, when (-1)% = x(-1).1
One may now wonder what is the object in homotopy theory that completes the analogy below:

L-functions Modular forms Homotopy theory
C(1-2k)=-22 Eyp =1 mod Doy ImJy—y = Z/ Doy,
L(1-k;x)=-2x By, =1 mod Dy, ?

TABLE 1. Analogy of L-functions, modular forms and homotopy theory

In this paper, we construct analogs of Dirichlet L-functions in homotopy theory, called the Dirichlet J-
spectra, that fit in the table above. We further compute their homotopy groups and study their properties.
The relations between homotopy groups of the Dirichlet J-spectra and congruences of Ej, , will be explained
in a subsequent paper in preparation.

The motivation of our construction of the Dirichlet J-spectra is the Dirichlet equivariance of the Eisenstein
series Ej ,. This Eisenstein series is a modular form of weight & and level I';(/V). Moreover, it satisfies
an automorphic equation (1.2.4) for a larger congruence subgroup I'g(N) that translates into a Dirichlet
equivariance with respect to the action of the quotient group T'o(N)/T'1(N) =~ (Z/N)™:

By € Hom(z)nyx_rep (Cyt, H' (Men(T1(N)), w®*)).
Imitating this formula, we define the Dirichlet J-spectrum in Construction 3.4.1 by
J(N)"™ := Map (M(Z[x]), J(N)" ™"
In this formula,
e The notation (-)"X stands for the “homotopy Y-eigen-spectrum”.
e 7Z[x] is the Z-subalgebra of C generated by the image of y. The character x induces a (Z/N)*-action on
Z[x] where a € (Z/N)™ acts by multiplication by x(a). M(Z[x]) is the Moore spectrum of Z[x] with a
(Z/N)™-action such that the induced (Z/N)*-action on 7 is equivalent to that on Z[x]. The existence

of such actions on the Moore spectra is non-trivial since the taking Moore spectra is NOT functorial. In
Section 3.3, we give an explicit construction of M (Z[x]) with (Z/N)*-action suggested by Charles Rezk.
B,y

2k
and has non-trivial unit group. But since Z[x] is a Dedekind domain, its fractional ideals have unique factorizations. As a

1A priori, the denominator of

is not well-defined since the ring Z[x] is in general not a unique factorization domain

Br.x

result, the principal fractional ideal generated by —z

can be uniquely written as the difference of two actual ideals of Z[x].
Thus the “denominator ideal” makes sense.
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o J(N) is the “J-spectrum with uy-level structure”. It is defined as the homotopy pullback of the arithmetic
fracture square (3.2.8):

J(N) —— 1, 8%y, (97

4
l lRationalization

S(% Hurewicg (Hp S?(U/p (pUp(N)))Q

Here, Speyy, (p") = (KUPA)h(Hp %) is a (Z/p")"-Galois extension of the K (1)-local sphere Sg;),. J(IN)

is endowed with a (Z/N)™-action by assembling the Galois actions of (Z/p'“P(N ))X for each prime p | N.
In particular, J := J(1) is equivalent to S%U, the Bousfield localization of the sphere spectrum S at

KU, as discussed in [Bou79]. We call it the J-spectrum, because its Hurewicz map detects the image of

the stable J-homomorphism. The details of this construction are explained in Section 3.2.
Proposition. (3.4.7) There is a variant of the homotopy fized point spectral sequence to compute m,(J(N)"X):
B3 = Bty (20 m (I (V) = mey (J(NY).

As the Ea-page consists of derived x-eigenspaces of wi(J(N)), it is appropriate to call this spectral sequence
the “homotopy eigen(-spectrum) spectral sequence”.

This computation is carried out p-adically. For a p-adic Dirichlet character x : (Z/N)™ — C,,, we construct
the Dirichlet K (1)-local sphere Sg((l) (p”)hx in a similar fashion. We show in Proposition 3.5.3 that the

p-completion of .J(N)"X decomposes into a wedge sum of Dirichlet K (1)-local spheres. When N = p > 2 or 4,
the summands in this decomposition represent elements of finite order in the K(1)-local Picard group, first
defined in [HMS94]. Moreover, we notice the definitions of the Dirichlet J-spectra and K (1)-local spheres
depend on the group actions on the Moore spectra. In the case when N =4 and p = 2, we observe in
Remark 4.2.11 that the Dirichlet K (1)-local spheres constructed using different group actions on the Moore
spectra are differed by the the exotic element in the K (1)-local Picard group at p = 2.

The homotopy groups of these Dirichlet K (1)-local spheres are computed by a homotopy fixed point
spectral sequence (HFPSS), whose Es-page consists of continuous group cohomology.

Corollary. (3.5.7) Write N =p”-N', where p + N'. Then x factorizes as x = xp - X" where x, and x' have
conductors p¥ and N', respectively. Then there is a HFPSS:

E;?t = EXt%p[[ng(Z/N')X]](ZP[XLZ;N) ~ H(Zy x (ZIN")" ;Z;?t[x"l]) = M2t-s (S?(@)(pv)hx) )

x (a,0)=xp(a)x’(b)a’

where Z8*[x] is the representation associated to the character Z% x (Z|N') (Zp[x])*-

In a subsequent paper, we will relate the group cohomology H_ (Zxx(Z/N")" ;Zg’k[x‘l]) in Corollary 3.5.7
to congruences of the p-adic Eisenstein series Ej, ,-1, using Dieudonné theory of height 1 formal groups and
formal A-modules.

Assembling the computations of homotopy groups of the Dirichlet K(1)-local spheres in Section 4, we
record the homotopy groups of the Dirichlet J-spectra in Theorem 5.1.1. These homotopy groups are related
to the special values of the corresponding Dirichlet L-functions:

Theorem. (5.1.2) Assume N =p® > 1. For all integers k satisfying (-1)* = x(~1), we have
_— (J(pv)hX [ ¢, if [Im(y)| is a power of a prime £ # p;

1
E(X)]) =7 [X]/I‘kl’w’ where £(y) = { 1, otherwise.
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where the possible multiplicative difference of the ideals Iy, and Dy of Z[x] contains the principal ideal
(2) in Z[x]-

This computation of Dirichlet J-spectra allows us to compare the spectrum J(N) with the Dedekind
¢-function attached to Q({n). The comparison does not work directly, as the latter has only zero special
values. Instead, we focus on totally real abelian extensions of Q.

Definition. (5.2.4) Let K/Q be a finite abelian extension and N be the smallest integer such that K ¢ Q({x).
We define:

J(K) := J(N)hGal(@(CN)/K)
Here, we identify Gal(Q({x)/K) € Gal(Q(¢n)/Q) ~ (Z/N)™.

Theorem. (5.2.6) Let K/Q be a totally real finite abelian extension and p¥ be the smallest integer such that
K cQ(¢pv). Denote the Galois group Gal(Q(¢{n)/K) by G. Then

ol ol o

where D 91 € Zsq is the denominator of (g (1 - 2t).

The special values of (x are closely related to the algebraic K-theory of Ok, the ring of integers of K.
The precise formula of this connection is given by the Lichtenbaum-Quillen Conjecture, which is proved by
Voevodsky-Rost. By comparing the spectra J(K) and K(Qx), we propose the following questions:

Question. (5.2.10) Let K/Q be a finite abelian extension. Is there a natural Gal(K/Q)-equivariant map of
KU-local Eo-ring spectra h(K) : J(K) > Lxy K(Ok) extending the KU -local Hurewicz map hxy ?

Jh(K)?
JK) - Ly K (0%)

I [

J=8%, 5 Ly K(Z)
In addition, for an arbitrary number field K, how can we extract a “J-spectrum” from Ly K(Ok)?

Moreover, we find the Brown-Comenetz duals of the Dirichlet J-spectra and K (1)-local spheres in Sec-
tion 5.3. This duality phenomenon resembles functional equations of the corresponding Dirichlet L-functions.

Theorem. (5.3.14) Let p be an odd prime. Then we have:

(0 g ) =0 75| = o) (o G5 )

We also find the Brown-Comenetz dual of J(N). The formula resembles the functional equation of the
corresponding Dedekind (-function.

Proposition. (5.3.16,5.3.18) IxyJ(N) =~ X2Exy A J(N) A M(Z), where & is a finite CW-spectrum
E=%2(5"urely, e?),
and M(Z) is the Moore spectrum of the group of profinite integers Z. Moreover, we have
IguJ(AN) = X2 J(AN)AM(Z) =  m(J(4N))" ~ Homgz(m_o_¢(J(4N)),Q/Z),
where (=)" is the profinite completion of an abelian group.

It is because of these observations that the Dirichlet J-spectra constructed in this paper are analogs
of Dirichlet L-functions in chromatic homotopy theory. We end the introduction with a table of analogy
between homotopy theory and L-functions.
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Chromatic Homotopy Theory L-functions
J:=8%, ¢(s)
J(K) := J(N)hGal@Cx) /) Cx(s)
JN)! L(s:x)
-1
Sty (P")"™ Ly(s:X)
Homotopy Groups Denominators of Special Values
Brown-Comenetz Duality Functional Equation

TABLE 2. Comparisons of chromatic homotopy theory and L-functions

Notations and conventions.

e Denote the Teichmiiller character by the Greek letter w and denote the sheaf of invariant differentials on
various stacks by the boldface version of the same Greek letter w.

e (), is the cyclic group of order n and o is the sign representation of Cs.

e Denote the suspension spectrum »*° X, of a based space X, also by X,.

e X and LgX are the Bousfield localization of a spectrum X at a homology theory E. In particular, we
denote Lg(1y by L1. Spg is the category of E-local spectra.

e KU is the topological complex K-theory, KO is the topological real K-theory, and KR is Atiyah’s genuine
Cs-equivariant Real K-theory in [Ati66]. K(R) is the algebraic K-theory spectrum for a ring R.

e K(1) is the Morava K-theory of height 1 at a prime p. When the prime needs to be specified, we write
Xyuyp for the K (1)-localization of X .2

o We write Sg for the p-complete sphere spectrum. When p > 2, we write SY. for the p-complete sphere
spectrum with an action of (Z/p)” induced by the character w?, where 0 < a < p - 2.

e C, is the analytic completion of @, the algebraic closure of the rational p-adics.
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1. DIRICHLET CHARACTERS AND MODULAR FORMS

1.1. Dirichlet L-functions and Dedekind (-functions. Definitions and statements in this subsection
are from [Iwa72, §1, §2], unless otherwise specified.

Definition 1.1.1. A multiplicative map x : Z — C is called a Dirichlet character of modulus N if it is
nonzero only at integers coprime to N and it only depends on the residue class modulo N. Alternatively,

2When p = 2, K(1) ~ KU/2. When p is odd, K (1) and KU/p are related by the Adams splitting : KU/p =~ Vf;()? S2K(1).
As a result, K(1) and KU/p are Bousfield equivalent.
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a Dirichlet character is equivalent to a group homomorphism x : (Z/N)* - C*. A Dirichlet character

X : Z - C of modulus N is said to be primitive if it is not of modulus M for any M < N. This N is called

the conductor of x. Denote the trivial Dirichlet character that maps every nonzero integer to 1 by x°.
The Dirichlet L-function associated to x is defined to be the series:

L(s;x) = 2 X(TSL)

n
By definition, L(s;x") = ((s). Like the Riemann (-function, L(s;x) has a Euler factorization:
L(six) =TT -x(p™) ™"
P

As a function of s, L(s, x) converges absolutely for all s with Re(s) > 0 and non-absolutely for Re(s) > 0 when
x # X°. Thus L(s;x) defines a holomorphic function on the half plane Re(s) > 0 (Re(s) > 1 if x = x°) and it
admits an analytic continuation to the whole complex plane (minus s = 1 if xy = x°). Just as the Riemann
¢ function, L(s;x) takes special values at negative integers. These values are related to the generalized
Bernoulli numbers.

Definition 1.1.2. The ordinary Bernoulli numbers are defined to by

tet [eS) tk,‘
F(t) = = B —.
®) et -1 ,;0 Rl

Let x be a Dirichlet character with conductor N. We define the generalized Bernoulli numbers associated
to x by setting

N at oo k

x(a)te t
(1.1.3) F(t) = Zmz ZBkyxE-
a=1 n=0 :

Remark 1.1.4. Notice that the conductor of the trivial character x° is 1. So we have Fyo(t) = F(t) and
Byyo = Br.

Proposition 1.1.5. By, =0 unless (-1)¥ = x(=1). In particular, By, =0 when k is odd.

Proposition 1.1.6. Let k be a positive integer. For any Dirichlet character x : (Z/N)* - C*, we have
Br.x
o

It now follows from (1.1.3) that L(1-k;x) € Q(x), where Q(x) is the field extension of Q by the image of
X. In particular, ((1-k) € Q.

L(1-Fk;x) =~

Arithmetic properties of By and By, are summarized below:

Theorem 1.1.7 (Clausen-von Staudt, von-Staudt). [MS74, Theorem B.3, B.4]
(1) The denominator of By, expressed as a fraction in the lowest term is equal to the product of all primes
p with (p—1) | 2k.
By

(2) A prime divides the denominator of 5 if and only if it divides the denominator of By,.

Theorem 1.1.8. [Car59, Theorem 1 and 3] Let x : (Z/N)* — C* be a primitive Dirichlet character of
conductor N.
(1) If N is divisible by at least two distinct prime numbers, then ==X is an algebraic integer. When N = p*,

the ideal of Z[x] generated by the denominator of BZ‘X contains only prime ideal factors of (p).

By
k
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2) If N =p",p>2, let g be a primitive ¢(IN)-th root of unity mod p. Brx s integral unless p = (p,1 —
k
x(9)g¥) # (1). In this case, when v =1,

(119) ka’X =p- 1 mod p”p(k)Jrl;

when v>1,

By
(1.1.10) (1-x(1+p)) . =1 mod p.
(3) If N =4, then
B k

(1.1.11) ]’ZX = mod1

If N=2"v>2 then BZ’X s an algebraic integer.

We also define Dedekind (-functions attached to number fields.

Definition 1.1.12. [Lan94, page 160] Let K be a number field. We define
1
() =[] 577
p 1- |OK/ plis
where p ranges over all nonzero prime ideals of Ok.

When K/Q is a finite abelian extension, K ¢ Q({y) for some N by the Kronecker-Weber Theorem.
Gal(Q(¢w)/K) is a subgroup of Gal(Q({x)/Q). The latter is isomorphic to (Z/N)™ by Lemma A.2.1.

Theorem 1.1.13. [Was97, Theorem 4.3] Let K/Q be a finite abelian extension. Then (x and Dirichlet
L-functions are related by:

Ck(s) = [I L(s,x).
x:(Z/N)*—-C*
Gal(Q(¢n)/K)cker x

1.2. Eisenstein series. One way to study the Dirichlet L-functions is through modular forms, more pre-
cisely the Eisenstein series. Here, we give a brief review of the basic theory of modular forms from [Sil94].

Definition 1.2.1. A subgroup I' of SLo(Z) is called a congruence subgroup if it contains all matrices
congruent to N1 in SLo(Z) for some integer N > 0. Examples of congruence subgroups are

. F(N):{(‘CZ Z)GSLg(ZHaEdEl,bECEO modN},

. FO(N):{(Z g)eSLQ(ZHCEO mod N},

e I'/(N) = {(Z Z) €SLy(Z) |a=d=1,¢=0 mod N}.

Let T' < SLo(Z) be a congruence subgroup. I' = SLy(Z) when N = 1. A modular form of level I" and weight
k is a holomorphic function over the complex upper half plane b satisfying the functional equation:

(1.2.2) f(vz) = (cz+d)*f(z) forall y= (CCL Z) el',Imz > 0.

and is holomorphic at all cusps. The space of such modular forms is denoted by My (T), where T is omitted
if it is SLo(Z).
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Recall that the classical Eisenstein series of weight & attached to a lattice A € C is defined by
1
Gr(A)= ) —.
weA\{0} W
This formal power series is absolutely convergent when k > 2. Let z € h be a complex number in the upper
half plane and denote the lattice (z2Z @ Z) ¢ C by A(z). Define
1

(m,n)#(0,0) (mz+n)k

Gr(2) = Gr(A(2)) =

This is a modular function of weight k& and level SLa(Z). It is easy to see Gi(z) = 0 when k is odd. As
Gor(z +1) = Gar(2) by (1.2.2), Goy, is a function of g = e*™*:

\2k oo
Gor(q) = 2C(2k) + ((22]:?1)' n; oak-1(n)q", where o, (n) = og’\n am.

This is the g-expansion of Ga,. As Gar(q) is a power series of ¢, it is holomorphic at the only cusp ¢ =0
and thus a modular form. Dividing G, by the constant term in its g-expansion, we get the normalized
Eisenstein series Fy of weight 2k:

G 4k &
Esi(q) = 25?;:; =1- Tk;azk—l(n)qn-

Let x: (Z/N)* — C* be a primitive Dirichlet character of conductor N. We are now going to introduce the
twisting of Gy, by x following [Hid93, §5.1].

Definition 1.2.3. The Eisenstein series associated x of weight k is defined to be

Ge(zix)= ), X (n)

(maya(0.0) (MNz+n)F

This series is nonzero only when x(-1) = (=1)*. Tt is not hard to see G1(2;x) € My(I'1(N)). Moreover,
it also satisfies an automorphic equation for v € T'o(NV):

(1.2.4) Gilr - zx) = x(d) (e + )Gz x),  for o = (Z g) e To(V).

Definition 1.2.5. M (T'o(N),x) = {f € Mp(T1(N)) | f satisfies (1.2.4)}. In particular, My (To(N),x°) =
Mg (To(N)).

2miz

Proposition 1.2.6. Set g=e and assume (-=1)¥ = x(=1). The g-ezpansion of Gy  is

(_Qﬁi)k k-1 _nm
n)n
(k - 1)' mZOZ,':rQOX( ) e
(n,N)=1

N 27
Gron(g) = 2L(k ) + 2N (lemw‘)
=1

When Y is primitive or x = x°, one can use the functional equation of L(s;x™!) to normalize the constant
term of Gy, (2). We define

Grx(219) 2k &
1.2.7 Ey(q) = —2& =1- Ok-1,x(n)q", where 0., ,(n) = x(d)d™.
127)  Bex@= 5 R =1 g S o) o= % @)
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Remark 1.2.8. Eyj, and Ej ,, can be expressed in terms of z as:
1 x"'(n)
Eop(z) = s Er(zix) = yarC—
(m,n):zl,m>0 (mZ + n)2k (m,n):zl,m>0 (mNZ + n)]C
It is straight forward to check from these formulas that
Gak(2) = 2¢(2k) o (2), Gr(zix) =2L(k, x ") Ex(2:X).

1.3. Moduli interpretations of modular forms. Modular forms are closely related to moduli stacks of
elliptic curves with level structures over C.

Definitions 1.3.1. Let M., be the moduli stack of generalized elliptic curves over C. That is, cubic
curves with possible nodal singularities. Let N be a positive integer. Define the following moduli stacks:

o M (To(N)) is the moduli stack for the pairs (C, H), where C' is a generalized elliptic curve and H ¢ C
is a subgroup of order N.

o My (T'1(INV)) is the moduli stack for the triples (C, H,n), where C is a generalized elliptic curve, H ¢ C
is a subgroup of order N, and n:Z/N — H is an isomorphism.

Remark 1.3.2. M (T) = Mgy when N = 1.
Proposition 1.3.3. For the stacks above, denote the sheaves of invariant differentials by w. Then we have
My (D) = HO(Mey(T), w®").

It is not hard to see the forgetful map My (L'1(N)) = M (To(N)) is a (Z/N) -torsor: g € (Z/N)™ =~
Aut(Z/N) acts by (C, H,n) ~ (C,H,nog). As a result, there is a natural action of (Z/N)™ on

H°(Men(T1(N)),w®) = My(T1(N)).
Proposition 1.3.4. Let x : (Z/N)"* — C* be a Dirichlet character. My(To(N),x) defined in Definition 1.2.5
is isomorphic to Homznyx_yep (Cy-1, Mg (T'1(N))).

Proof. Tt suffices to rephrase the automorphic equation (1.2.4) in terms of the (Z/N)*-action on the moduli
stack My (T'1(N)). Consider the lattice A(z) = 2Z @& Z. There is a triple (C, H,n) associated to A(z):

C =C/A(2),H = A(2/N)/A(2) € C,n: (Z|/N) — H,1+ z/N.
For v = (CCL 2) eTg(N), its actions on the lattices are:

A(z) » Z(az+b) ® Z(cz +b) = A(2),
A(z/N) > Z(az/N +b) ® Z(cz/N +b) = A(az/N) = A(z/N) mod A(z),

2/N = az/N +b=az/N mod A(z).
Here the second line uses the facts ¢ =0 mod N and a is invertible mod N. From this formula, the action
of v is trivial when a =1 mod N, i.e. yeI'1(N). For [y] e o(N)/T1(N) ~ (Z/N)*, its action on the triple
(C,H,n) is:

(C,H,ii 1m 2/N) v— (C,Hyno[7] 10 a s az/N).

Thus for f(Z) € Mk(FO(N)7X) = Hom(Z/N)X—rep(Cx‘l7Mk(rl(N)))7 we have

f(r-2)=x"(a)(ez +d)* f(2) = x(d)(ez + d)* f(2).
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2. FROM THE J-HOMOMORPHISM TO THE K (1)-LOCAL SPHERE

2.1. The J-homomoprhism and the e-invariant. The J-homomorphism is a group homomorphism
Jin : T (SO(n)) = mnek (S™). This map passes to a stable J-homomorphism Jj : 7 (SO) — 7 (S°).

Definitions 2.1.1. The (unstable) J-homomoprhism is defined in the following ways:

(1) Loop spaces. An linear isometry of R™ restricts to a boundary preserving isometry of the unit ball D"
and thus induces a selfmap S™ — S™. From this, we get a continuous map g, : SO(n) - Q"S™. We
define

Jem = Tr(gn) : T (SO(n)) — m(Q"S™) = mpyr (S™).

(2) Framed cobordism. Geometrically, the image of the J-homomorphism identifies the framed k-dimensional
submanifolds of S"** whose underlying submanifolds are S*. As the normal bundle of S* < §™** ig
trivial, a framing of this embedding is equivalent a map f : S¥ - O(n). One can further show two
framings of the embedding S* < S™** are equivalent iff the associated maps are homotopical. Thus we
get a map Jy p : 1 (0O(n)) = ek (S™).

(3) Thom space. A map f € m,(SO(n)) =~ 71 (BSO(n)) induces a n-dimensional oriented vector bundle &
over S¥*1. The Thom space of &; is a two-cell complex Th(&;) = S™ ue™™**1. Define J, ,,(f) to be the
gluing map of Th(¢y), i.e.

Sn+k _ 6€n+k+1 Jen () g Th(ff)

Proposition 2.1.2. The definitions above are equivalent up to a sign.
Proposition 2.1.3. The J-homomorphisms Ji , are compatible under stabilization. More precisely, let
in : SO(n) = SO(n + 1) be the map that sends an n x n orthogonal matriz A to (A 1). The following
diagram commutes:

e (SO(n)) — 2" k(5%

lﬂ'k(in) lz

e (SO(n +1)) 224 1 (S5

Definition 2.1.4. We define the stable J-homomorphism to be the colimit:
Ji = colim Jy, , : m(SO) — 7:(S%)

Remark 2.1.5. Jy , stabilizes when n >k + 1.

Remark 2.1.6. The definitions of the J-homomorphism above can be phrased stably:
(1) The colimit of the maps g, in the first definition is a map g: SO — Q5. The induced map

m(9) : T (SO) — m, (27 5%) = 71,(S)

is then the k-th stable J-homomorphism.

(2) In terms of framed cobordism, the stable homotopy group 7 (SY) classifies the framed-cobordism classes
of k-dimensional manifolds with a framing on its stable normal bundle, when embedded in R*. A framing
on the stable normal bundle of S* is then a map f:S* - SO. Again if f1, f2: S* - SO are homotopic,
then the corresponding stably framed k-dimensional manifolds are framed cobordant. From this point
view we get the stable J-homomorphism Jj, : 74 (SO) - 7, (S°).
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(3) fem(SO) = 741 (BSO) induces a virtual vector bundle &; of dimensional 0 on S**!. The Thom space
of &5 is a two-cell complex Th(&s) = e®uef*l. Again, J(f) is defined to be the gluing map of the stable
two-cell complex Th(&y).

Remark 2.1.7. The three definitions of the J-homomorphisms above lead to different directions in homotopy
theory. (1) leads to the units of ring spectra, studied in [ABG"14]. (2) is related to the work of Kervaire
and Milnor in [KM63]. (3) leads to the computation of the image of the J-homomorphism by Adams in
[Ada66], which we explain below.

Define the e-invariant of a stable map f : S2*"! - S% as below. Consider the cofiber sequence:
SO —— SO0y e —— §%,
Apply complex K-theory homology KU to this sequence. As KU, is concentrated in even degrees, we get a
short exact sequence:
0 —— KUp(S%) —— KUy(S°uy e?*) —— KUy(S**) —— 0.
This is not only an extension of abelian groups, but also of KUyKU-comodules. As such, this short exact
sequence corresponds to an element
e(f) € Extiey, o (KU(S%), KU(S*)).
This is the e-invariant of f: S$2¢~1 - §0,

Remark 2.1.8. KU,KU is computed in [AHS71, Theorem 2.3]:
1
KUKU = {f(u,v) c (@((u,v))‘ F(ht, kt) e Z[t,t-l, ﬂ] ke Z},

where t € KU (KU). In particular,
KUKU ~{f(w) e Q((w)) | f(Z) < Z}.

Theorem 2.1.9. [Ada66, Theorem 1.1-1.6] The image of the stable J-homomorphism Jy : m,(SO) — 74 (S°)

s described below:

(1) Ji is injective when k =0,1 mod 8.

(2) The image of Jsk+s is a cyclic group of order Dyg.o, the denominator of
a cyclic group of order Dy, or 2Dyy.

(3) The image of Jap—1 in ma-1(S°) is a direct summand. The direct sum splitting is accomplished by the
homomorphism €' o Jy_1 : max—1(SO) - Z/Day, associated to the e-invariant.

Bak+2
8k+4 °

The image of Jgi-1 s

2.2. K-theory and formal groups of height 1. In this subsection, we will discuss the relation between
complex K-theory and formal groups of height 1. In the end, we will identify Ext}(UOKU(KU(SO), KU(S%*))
to a group cohomology. References on formal groups and chromatic homotopy theory can be found in [Ada95;
Hop99; Lur10].

Definition 2.2.1. A cohomology theory FE is called complex oriented if it is multiplicative and it satisfies
the Thom isomorphism theorem for complex vector bundles. It is even periodic if F, is concentrated in
even degrees and there is a 3 € E~2(pt) such that 3 is invertible in E,.

Proposition 2.2.2. Let E be a complex oriented evenly periodic cohomology theory, then

(1) E*(CP%) =~ E,[t] where t € E*>(CP*) is the first Chern class of the tautological line bundle & over CP™.
(2) Let p; : CP® x CP” — CP* be the projection map of the i-th component for i = 1,2. Then E*(CP™ x
CP*) ~ E,[t1,t2], where t; = pfci(§).
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(3) The tensor product of line bundles over CP% induces a Ey-formal group structure on Spf E(CP).
Denote this formal group associated to a complex-oriented cohomology theory E by Gk. _
(4) E(S?k) is identified with w®, the k-th tensor power of the sheaf of invariant differentials on G g.

Examples 2.2.3. Here are two examples of complex oriented cohomology theories and their associated
formal groups:

(1) For ordinary cohomology theory H, Gp ~ G, is the additive formal group.

(2) For complex K-theory, Gru =~ G,, is the multiplicative formal group.

Theorem 2.2.4 (Quillen). The formal group associated to the periodic complex cobordism MP :=\/ S2MU
i€Z

is the universal formal group. More precisely, the pair (M Py, MPy(MP)) classifies formal groups and

isomorphisms between formal groups.

As Gprp is the universal formal group, one might wonder given a formal group over a ring R classified
by a map M Py — R, is MP.(-) ®p, R a cohomology theory? The answer is yes when the map M Py > R
satisfies certain flatness conditions. In particular, we have

Theorem 2.2.5 (Conner-Floyd). Let 6 : MPy — KU, be the map that classifies Gy,. Then KU,(X) =
MPO(X) AMmp, KU, and
KUoKU ~ KUy ® 315, MPo(MP) @15, KUs.

The map of Hopf algebroids 6 : (M Py, M Po(MP)) — (KUy, KUyKU) induces a map of comodule ext-

groups:
0. : Extiyp,ap(MP(S®), MP(S%*)) - Extjcy, i (KU(S®), KU(S%*))
The e-invariant lives in the target and the source is on the Fs-page of the Adams-Novikov spectral
sequence (ANSS):
Ey" = Extiyparp(MP(S%), MP(S")) = m-(5°).

Theorem 2.2.6. The e-invariant map e : wop_1(S°) — Ext}(UOKU(KU(S’O),KU(S%)) factors through 0.,.
Moreover, 0, is an isomorphism when restricted the image of the J-homomorphism.

Remark 2.2.7. The computation of the 1-line in the ANSS and its comparison with the images of the J-
homomorphisms can be found in [Rav86, Section 5.3].

Thus, the image of the J-homomorphism is computed by its image under the e-invariant map in the
KUy KU-Ext groups. Completed at a prime p, these Ext-groups are identified with group cohomology.

Corollary 2.2.8. As M Py(MP) classifies isomorphisms between formal group, Spec KUygKU s isomorphic
to the group scheme Aut(G,,) over Z.

Theorem 2.2.9. [Hov02] Let (A,T") be a Hopf algebroid.

(1) (Spec A,SpecT) is a groupoid scheme.

(2) There is an equivalence of abelian categories between (A,T")-comodules and quasicoherent sheaves over
the quotient stack Spec A//SpecT.

Corollary 2.2.10. The stack associated to the pair (KUy, KUgKU) is the classifying stack
BAut(G,,) := SpecZ//Aut(G,, ).
As a result, the e-invariant lives in
Extyey, kv (KU (S%), KU(S*")) :RlHochoh(BAut(ém)) (0,0%")
~H'(BAut(G,,),w®").
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The group scheme Aut(@m) is not a constant group scheme over Z. However, it becomes one when
restricted to the closed points SpeclF, € SpecZ. This is even true over SpfZ,, the formal neighborhood of
SpeclF,, in SpecZ.

Lemma 2.2.11. Over Fy, or Z,, Aut(@m) ~Z, as a constant pro-group scheme.

Thus for the p-adic e-invariant, it suffices to compute
(2.2.12) e e H' (BAuW(Gp)p,w®) = H' (BZy,w®") ~ H(Z3; (KU),,),
where KU, is the p-completion of the complex K-theory and Z; acts on (KU, )ax, by the k-th power map.
2.3. The homotopy fixed point spectral sequence. Let G be a finite group. Recall that the group
cohomology of G is the derived functor of G-fixed points. If G acts on a spectrum E, then the group

cohomology of G with coefficients in 7, (F) computes homotopy groups of E"  the homotopy fixed
point spectrum of F under the G-action.

Definition 2.3.1. Let G4* A E be the group action cosimpicial spectrum. The homotopy fixed points of
this action is defined to be the totalization of this cosimplicial spectrum:

E"G = Map(S*EG,, E)° ~ (Tot [Map(G*, E)])“ .
The Bousfield-Kan spectral sequence associated to this cosimpicial spectrum is called the homotopy fixed
point spectral sequence (HFPSS), whose Es-page is identified with
(2.3.2) E;t = H*(G;m(E)) = m_s (E"9).
In (2.2.12), we showed that the p-adic e-invariant is in H! (Z;; (KUQ)%), where Z; acts on the p-adic

K-theory spectrum by the Adams operations. In [DH04], Devinatz and Hopkins defined E"® for pro-finite
groups and showed that the Es-page of the associated HFPSS consists of continuous group cohomology of
G. Moreover, they proved

Theorem 2.3.3. Let Z; acts on the p-adic K-theory spectrum by Adams operation. Then the homotopy fized

points (KUﬁ)hZ” is equivalent to S?((l), the K(1)-local sphere. Here, S?(u) is the Bousfield localization
of the sphere spectrum S° at the Morava K -theory K (1) = KU /p.

For a purpose of this paper, we need to study finite Galois extensions of S?(u) in the sense of [Rog08].

)h(1+p”Zp)

Definition 2.3.4. Define Slo((l)(p”) to be the homotopy fixed point spectrum (KUZQ under the

Adams operations. This notation was used in [LN12, Definition 5.10].

S?{(l)(p”) is a (Z/p*)*-Galois extension of S?((l)' This shows that there is a Galois correspondence
between open subgroups of Z; and finite Galois extensions of S?{@)- We consider the following family of
open subgroups of Z; nested in a descending chain for p > 2:

Zy 21+ pZy21+p°Zy 2 1+p°Zy 2+,

and for p = 2:
Zy=1+22,21+2°7,21+2°Z,2 -

Now we are going to compute 7, (S?((l)(p”)) using HFPSS, whose Es-page is
(2.3.5) Byt = H (1+p°Zy; (KU,),) = mi-s (S 1y (")) -
One reference of this computation (and also the HFPSS at height n) is [Hen17]. There are two cases.
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Case I: p>2orp=2andv22. In this case, Z, and 1+4Zy are pro-cyclic. Let g be a topological generator
in Z;, for p > 2 and in 1+4Zy for p = 2. Then for p > 2, 1+p*Z, = (g(p’l)PWl) and for p=2, 1+2VZy = (92”72>.
Let n=1if G=7Z; and n=(p- Dp ' if G=1+p“Z, for p>2, and n=2""2if G = 1+2"Zy. The minimal
continuous projective resolution for Z, in Z,[G] is

(2.3.6) 0 —— 2,]6] =5 z,[6] L5 7, —— 0.

Since the length of the resolution is 1, the HFPSS collapses on Fs-page. The p-adic Adams operations on
KU, realize (K U$)2 , as the t-th power representation of G. From this we get when G = Z for p > 2:

L, s=0,1and t=0;
(2.3.7) H(Zy; (KUZ/)\)t) =1 Z/p»®* s=1andt=2(p-1)k;
0, otherwise.
Ly, i=0,-1;
2.3.8 — 1 (S%y) =1 Z/p»WH i=2(p-1)k-1;
K(1)
0, otherwise.
and when G=1+p"Z, (v>1ifp=2):
Ly, s=0,1and t=0;
H(1+p'Zy; (KUp),) =1 Z[p"r™*, s=1and t =2k # 0;
0, otherwise.
L, 1=0,-1;
(2.3.9) = m (Shy (@) =4 Zfpr®* i=2k-12-1;
0, otherwise.

Case II: p=2 and G =7Z;. In this case, Z3 is not pro-cyclic. Rather, we have
75 ~ {1} x (1 +4Z>).
Notice (KU4)"/? ~ KO}, where Z/2 acts by complex conjugation on KUj. The homotopy groups of KO

are given by:

(2.3.10)

i mod8| 0| 1 | 2 |3|4]5]|6]|7
mi(KO3) | Zo | Z[2 | Z[2 |0 | Zy [0 ][0 [0

Let g € 1 +4Z, be a topological generator. g acts on 7y by multiplication by g2l and on mg;+1 and mg;4o by
identity. The Es-page of the HFPSS is

Zs, $=0,1and t =0;
72 s=0,1and t=1,2 mod §&;
s,t _ S . A _ I ) ) )
(2.3.11) Ey' = Hi(1+4Zy;m(KO0j)) = 7j22(0%8 g~ 1 and t = 4k % 0
0, otherwise.

Proposition 2.3.12. The extension problems of this spectral sequence are trivial.

Proof. We need to solve the extension problems when t—s=0or t—s=1 mod 8. The following explanation

is from Mark Behrens.

The extension when ¢ — s = 0 is trivial, because there is no non-trivial extension of Z/2 by Z,.
When t—s =1 mod 8, we recall that the Hopf element 1 € m; (SO) has order 2. 7 is represented in (2.3.11)
by the non-zero element of H°(1 + 4Zy;m (KO%)) = Z/2. If the extension at t — s = 1 were nontrivial, then
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m (S?((l)) ~ Z/4. From the short exact sequence
0 — HE(1+4Z5;m0(KO3)) — 1 (8% 1)) — HO(1 +4Zo;m1 (KO3)) — 0,

1 would then have order 4 in m; (S?((l)). This contradicts the fact that the order of € 7, (S°) is 2.

For the general t—s = 8k+1 case, replace n by 8¥-1) € mgp41 (K O) in the argument above, where 3 € mg(KO)
is the Bott element. |

In conclusion, we get when p = 2,
Zoo®Z[2, 1i=0;
Lo, i=-L;
AP K(1) 72, 1=0,2 mod 8 and i # 0;
7,202 ()3 = 4k — 1 % -1;
0, otherwise.

(2.3.13)

Alternatively, we can apply HFPSS on G = Z; directly. The Fs-page is computed using the Hochschild-
Serre spectral sequence (HSSS) whose Es-page is

(2.3.14) EYY = HY(1+4%Z4; H1(Z)2; (KUY),)) = HIY(Z3;(KUY),).
This spectral sequence collapses on the Fs-page and we have
Zs, s=0,1and t =0;
Z)22®)*3 s =1 and t = 4k # 0;
H(Z3;(KUY),) = Z/2, s=1and t =4k +2;
Z7/2, s$>2 and t even;
0, otherwise.

3. CONSTRUCTIONS OF THE DIRICHLET J-SPECTRA AND K (1)-LOCAL SPHERES

Let x : (Z/N)* - C* be a primitive Dirichlet character of conductor N. In this section, we construct

J(N)", the Dirichlet .J-spectrum in three steps:

(1) Identify an integral model of the J-spectrum, a ring spectrum whose Hurewicz map detects the image
of the J-homomorphism in m(S°).

(2) Define J(N), “the J-spectrum with ppy-level structure” using local structures of the finite group scheme
pun and the Hopkins-Miller theorem. J(N) comes with a natural (Z/N)*-action by assembling the
(Z/p®)”-Galois action at each prime.

(3) Construct a Moore spectrum M (Z[x]) with a (Z/N)*-action that lifts the (Z/N)”-action on Z[x]
induced by x. Here Z[x] is the subalgebra of C generated by the image of x. This construction is
non-trivial since taking Moore spectrum is not functorial. We give an explicit construction of the Moore
spectra with group actions suggested by Charles Rezk.

From these data, we define the Dirichlet J-spectrum associated to x by
(N = Map (M (Z[x]), T (V)" )"
This definition leads to a spectral sequence whose Es-page consists of derived y-eigenspaces of 7, (J(N)):
E3" = Exty g nyq (ZIX], m(J(N))) = ms (J(N)™X).

The actual computation of J(N)"X is carried out by studying its local structures. Rationally, the Dirichlet
J-spectra are contractible unless x is trivial. Completed at each prime, the J(N)"X splits into a wedge sum



16 NINGCHUAN ZHANG

of Dirichlet K (1)-local spheres. The Dirichlet K (1)-local spheres are constructed in a similar way as the
Dirichlet J-spectra, but the p-adic Moore spectra with a prescribed (Z/N)*-action induced x is constructed
by Cooke’s obstruction theory in [Coo78]. This splitting of p-completion of integral Moore spectra uses the
uniqueness part of Cooke’s obstruction theory.

3.1. An integral model of the J-spectrum. In the previous section, we have explained the relations
between the images of the stable J-homomorphisms and the K (1)-local spheres:

Im(J4k_1)§ N Thk—1 (S?((l)) s k> 0.
We are now going to define an integral J-spectrum by assembling the K (1)-local spheres at each prime.
Theorem 3.1.1. [Bou79, Corollary 4.5, 4.6] Let J = S%U, the Bousfield localization of the sphere spectrum

SO at complex K -theory.
(1) The J-spectrum and the KU [p-local spheres are related by the arithmetic fracture square:

J::S(I)(U } HPS?(U/p

(3.1.2) l ’ lL@

S(% h—Q> (Hp SIO(U/p)Q

Here hg is the rational Hurewicz map and Lg is the rationalization map.
(2) Denote the denominator of Bay[4k by Daoy. We have:

ZoZ[2, i=0;
Q/Z7 i= _2;
Z/D‘Qk‘, 1=4k -1+ -1,
Z2&7Z/2, i=1 mod §;
Z/2, i=0,2 mod 8 and i # 0;
0, otherwise.

(3.1.3) mi(J) =

Corollary 3.1.4. J, =~ S?(U/p and J,y = 5109(1) is the Bousfield localization of S° at E(1):= BP(1).
Remark 3.1.5. J = S%, is an Ee-ring spectrum since it is the localization of an Ee-ring spectrum by
[EKM*97].

Proof. (3.1.2) is the almost same homotopy pullback diagram for S%; as in the proof of [Bou79, Corollary
4.7, except for the lower left corner — the rationalization of S%,; is a priori S?(UQ, where KUQ := KU AMQ
is the rational K-spectrum. Now it remains to show KUQ and HQ are Bousfield equivalent. This follows
from the facts that KUQ and the periodic HPQ := \; ¥ HQ are equivalent cohomology theories via the
Chern character map and that H PQ is Bousfield equivalent to HQ.

The computation of 7. (.J) is the integral version of that of the =, (S(‘)Eu)) in [Lurl0, Theorem 6, Lecture

35]. The arithmetic fracture square (3.1.2) induces a long exact sequence of homotopy groups:

= mi(J) — i (Sg) @ [1m (Skuyp) — (H ue (S?{U/p)) ®Q—mi1(J) = -
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Notice that (]'[p m(S?{U/p)) ®Q =0 unless i = 0 or -1 and 71','(5(%) = 0 unless i = 0, we have m;(J) =
[, m S%U/p) unless ¢ € {-2,-1,0}. In those three cases, there is an exact sequence:

0-mo(J) > Qe [[Z,0Z/2 2% [[Qy » 71 (J) > [[Zp 225 [[Qp » 7-2(J) > 0.
p P p

P
As hg is surjective and h_; is injective, we have

mo(J)~Z&Z[2, w1(J)=0, 7m_o(J)~Q/Z.
For i # 0,-1, -2, we recover 7;(J) from Section 2.3 and Theorem 1.1.7. |
Remark 3.1.6. We call S?{U the J-spectrum because the Hurewicz map (also the KU-localization map)
S% — SY..; detects the image of Jy,—1. But 71, (J) is not the same as the image of the stable J-homomorphism

in general. The spectrum J is non-connective and has an extra Z/2-summand in 7o(J) and mgg.1(J) for
k> 0. For details, see [Ada66].

3.2. J-spectra with level structures. We will now add level structures to the J-spectrum. Let puy be
the N-torsion sub-group scheme of G,,. Define M,,,1:(N) to be the moduli stack of globally height 1 formal
groups with py-level structures. R-points of M, (IN) are given by:

Minuit(N)(R) = {(6777 N — G[N])

G is a formal group over R
that has height 1 at all primes

The local structures of M,,,;:(N) are determined by the local behaviors of .

Lemma 3.2.1. G,, has no non-trivial finite subgroup over Q. Over Zy, finite subgroups of G are of the
form pyv for some v>0. As a result, (un)g =0 for all N and (uN); % fip, where v = vp(N).

Proof. This follows from the facts that Endg(G,,) ~ Q and EndZP(@m) ~ L. O
Proposition 3.2.2. (M,,,:(N))g = (Mpmui)g- Fiz a prime p and let v =v,(N), we have
Mot (N)y = Mot (p?), = B(1+p°Zy).
Corollary 3.2.3. Mut(N) ¥ Mt (2N) for any odd number N.
Proof. This follows from the fact (Z/2N)™ is canonically isomorphic (Z/N)™ if N is odd. O

Theorem 3.2.4 (Hopkins-Miller, Goerss-Hopkins). [Rez98, Theorem 2.1] Let FG denote the category whose
objects are pairs (k,T') where T is a finite height formal group over a finite field k of characteristic p and
whose morphisms are pairs of maps (i, f) : (k1,T1) = (k2,T'2), where i : k1 > Ko 18 a Ting homomorphism
and f: Ty — i*Ty is an isomorphism of formal groups.

Then there exists a functor (k,I') - E, r from FG°P to the category of E-ring spectra, such that
(1) E.r is a commutative ring spectra.
(2) There is a unit in mo(Ex ).
(8) TodaaEx,r =0, which implies E\ 1 is complex-oriented.
(4) The formal group associated to E, r is the universal deformation of (k,T").

N

Proposition 3.2.5. There is a sheaf (9??1(’1) of K(1)-local Eeo-ring spectra over the stack H(1) =~ BZ, :=
Spf Zy,/|Z,, such that

t X 0 t v 0 VY ._ h(1+p“Zp)
F(OISZ(DH,BZP) ~ Sk F(OI?](DDaB(l +p Zp)) =Sk (P") = (KU}) '
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Remark 3.2.6. Let H(h) be the moduli stack of formal groups over p-complete local rings with height A
reductions modulo the maximal ideal. The Hopkins-Miller theorem and the Goerss-Hopkins theorem imply
there is a sheaf of K (h)-local Es-ring spectra (9;?{’ ) OVer H(h) whose global section is the K (h)-local sphere

S([)((h). For the algebro-geometric properties of the stack H(h), see [Goe08, Chapter 7].

Corollary 3.2.9 implies Mynuii(N), = Mot (p¥); = (M), is a (Z[p®)”-torsor for each prime p.

Thus by Proposition 3.2.5 we can define J(N), the J-spectrum with uy-level structure by setting
J(N)y = O;??l)(Mmult(p“)) ~ S?(U/p(p“) and J(N)g = S(% as follows:

Construction 3.2.7. J(N) is the homotopy pullback of the following arithmetic fracture square as in
(3.1.2):

J(N) SN Hp S?(U/p (p’Up(N))

(3.2.8) l ’ lL@

58— (T Sk, (077 ),

Here hg is the rational Hurewicz map and Lq is the rationalization map. hg exists because the lower right
corner in the diagram is a rational ring spectrum.

The J(N) defined above satisfies the prescribed local properties:
Corollary 3.2.9. J(N)g =~ S& for all N and J(N), = S’(I){(l)(p”), where v = v,(N). Moreover, J(N) =~
J(2N) for any odd number N.
Proposition 3.2.10. J(N) admits a natural (Z/N)™-action such that
e (Z/N)* acts on J(N)q trivially.
e (ZIN)* acts on J(N)) = S?((l)(p”) by the Galois action of its quotient group (Z/p®)”.
Proof. Since the spectrum S?((l)(p”) is a (Z/p¥)”-Galois extension of S?(u)’ it admits a natural (Z/p®)"-
action. As a result the product [], S?(U/p (p”P(N)) admits a natural (Z/N)" =~ [Ty~ (Z/p®)”-action. (When

p+ N, (Z/N)" acts on S%U/p trivially). The spectrum (Hp S(I)(U/p (p”P(N)))Q in the lower right corner of

(3.2.8) then inherits a (Z/N)"-action from that on [T, Sk, (prr ™).

We now need to check the rational Hurewicz map hq in (3.2.8) is (Z/N)”-equivariant. As both spectra are
rational, it suffices to check the induced maps on homotopy groups are equivariant by Cooke’s obstruction the-
ory (see Section 3.3). Since 7, (S(%) is concentrated in 7y and (Z/N)™ acts on it trivially, it reduces to checking

(Z|N)™ acts o (S?(U/p (p”p(N))@) trivially. Recall from Definition 2.3.4, S’(I){U/p(p”) = (KUZ;\)h(HPUZP). The
HFPSS in Section 2.3 shows
o (S?(U/p (p”)Q) ~ HY (1+p*Zy; mo (KUY)))®Q.
As the Adams operation 9 acts on 7 (KU;) trivially for all a € Z, the residual (Z/p”)*-action on the
group cohomology H* (1 + p“Z,; o (KUQ)) is also trivial. Hence (Z/p®)™ acts trivially on g (S?(U/p (p”)(@).
We have shown the rational Hurewicz map hg is (Z/N)”-equivariant. Then J(N) as the homotopy

pullback in (3.2.8) of a diagram of (Z/N)”-equivariant maps of spectra has a natural (Z/N)*-action with
the prescribed local properties. O
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Proposition 3.2.11. J(N) is a KU-local Eu-ring spectrum, with (Z/N)™ acting on it by Ee-ring auto-
morphisms as described in Proposition 3.2.10.

Proof. This proposition contains three parts:

(1) J(N) is an Ec-ring spectrum since it is the homotopy pullback of a diagram of E. maps between
E-ring spectra.

(2) J(N) is KU-local since JSN)Q ~ S?(U/p (p”P(N)) is KU /p-local for all primes p by Corollary 3.2.9.

(3) The action of (Z/p”P(N)) on J(N), = S?(U/p (p”P(N)) is Ee by the Goerss-Hopkins theorem. Thus
the action of (Z/N)™ =~ [T~ (Z/p“P(N))X is Eo, on the upper right corner of (3.2.8). This implies the
induced (Z/N)”-action on lower right corner is also Eo,. The trivial (Z/N)*-action on S(% is Ee. We
conclude (Z/N)™ acts by Ee-ring maps on J(N) in Proposition 3.2.10, since the action is assembled
from Eo.-actions on the other three corners of (3.2.8).

O

Remark 3.2.12. The homotopy fixed points J(N)h(Z/N)X is not equivalent to J, unless N is a power of 2.
As a result, J(N) is in general NOT a (Z/N)*-Galois extension of J. One explicit example is when N =3,
we have
h(z/3)<\" h(Z[3)*
(J(3) ) )2 = (S?(U/2) = (S?{U/2)h(z/3)x = (BXg)kup2 # S?{U/2 2 Jy.

Here we use the following facts:

Homotopy fixed points commute with p-completion.

J(3)5 ~ S?{U/2 by Corollary 3.2.9.

e Homotopy fixed points of finite group actions in Sp k(1) are equivalent to homotopy orbits.
(Z/3)" acts on Sgyy, trivially and (Z/3)" = Cy = Dy

(BX))+ = S?(U/p x S?(U/p in Spg 1y by [Hopl4, Lemma 3.1].

In general, J(N)*Z/N)" is equivalent to J after inverting [Tyn(p-1).
Parallel to (3.1.3), we now compute 7, (J(N)).

Proposition 3.2.13. The computation of w.(J(N)) has two cases: 4| N and N is odd (since J(N) ~ J(2N)
for odd N ). Define Doy n by

NDQk/(2H), Zf4 | N;

Do N = { NDoIL, if2 4 N, where II = H p.

pIN,(p-1)|(2k)

When 4 | N, we get

7, 1=0;
Q/Z, 1= _27
(3214) WZ(J(N)) = Z/D\2k\,N7 i1=4k -1 +-1;
i=1 mod 4;

7

0, otherwise.
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When N is odd, we get

Ze7/2, i=0;
Q/Za 1= _2;
Z/D|2k|,N7 1=4k -1+ -1;
mi(J(N))={ ZIN®Z[287Z]2, i=1 modS§;
Z|N, 1=5 mod §;
Z7/2, 1=0,2 mod 8 and 7 # 0;
0, otherwise.

Remark 3.2.15. One can check from (3.2.14) that
Hom(m;(J(4N)),Q/Z) = (m—2-i(J(4N)))"
holds for all N and i, where (-)” is the profinite completion of a group. The formula is true up to summands
of Z/2 for J(N) when N is odd. We will see in Corollary 5.3.18 that this isomorphism is the result of
Brown-Comenetz duality Iy (J(4N)) = $2J(4N) A M(Z). In particular, map_1 (J(4)) = map-1(J) = 7| Dyay,
whose order is equal to the denominator of {(1-2k) (expressed as a fraction in lowest terms). The suggested
Brown-Comenetz duality for J(4) is similar to the functional equation of the Riemann (-function:
(2mi)%*

2(2k - 1)!
3.3. Constructing Moore spectra with group actions. Another ingredient needed to construct the

Dirichlet J-spectra and K (1)-local spheres is a Moore spectrum with a (Z/N)”-action induced by a (p-adic)
Dirichlet character x : (Z/N)™ - C* (or C)). The first observation is following:

C(2k) = C(1-2k).

Lemma 3.3.1. There is a unique number n such that x factorizes as
x:(ZI|N)" — C, — (Z[¢,])* — C*, when x is C-valued;
X: (ZIN) — Cn —— (Zp[¢a])* —— C5, when x is Cp-valued,

where Cy, is the cyclic group of order n and the second maps send a generator g € Cy, to a primitive n-th root
of unity C,.

Then it suffices to construct the Moore spectra M (Z[(,]) and M(Z,[¢,]) with C,-actions such that the
induced Cj-action on Hy (equivalently 7o) is equivalent to that on Z[(, ] and Z,[(,]. The latter is called the
integral /p-adic cyclotomic representation of C,,. Properties of such representations needed in this subsection
are summarized in Appendix A.

We can further reduce to cases n = p” by noting from Lemma A.1.2:

Z[Gn] = @Z[vamm] Zp[Cn] = (?Zp[ﬁqvqw],
e e M(Z[Ga) AMEyneo]) MEZLG]) = AMEplao)

The constructions now split into three cases:

(1) In the integral case, we give an explicit construction suggested by Charles Rezk.

(2) The p-adic case where n = p” is the p-completion of the corresponding integral case.

(3) The p-adic case where (n,p) =1 uses Cooke’s obstruction theory [Coo78] to lift group actions on homo-
topy groups to the homotopy category of spectra. The comparison of this case with the integral case
uses the obstruction theory to uniqueness of the lifting.

The integral case.
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Construction 3.3.2 (Charles Rezk). From the short exact sequence of Cpv-representations in Lemma A.1.3:
(3.3.3) 0 —— Z[(pr] — Z[Cpe] —— Z[Cpo-1] —— 0,

we define M (Z[(p»]) as the de-suspension of the cofiber of the quotient map Cpv - Cpo-1. That is, there is
a cofiber sequence:

(334) SO /\(Cp'l7)+ —_— SO /\(va—1)+ — EM(Z[va])
M (Z[(,»]) inherits a natural (Z/p®)*-action from its suspension as the cofiber of a Cjv-equivariant map.

Proposition 3.3.5. M(Z[(,w]) constructed above is a Moore spectrum for Z[(y»]. The induced (Z[p®)"-
action on Ho(M(Z[p]);Z) is equivalent to the cyclotomic action of Cpv on Z[(po].

Proof. Applying H.(—;Z) to the cofiber sequence (3.3.4), we can show that M (Z[(,»]) is a Moore spectrum.
The rest follows from (3.3.3). O

Below are some examples of the Cpv-equivariant cell structures of XM (Z[(pv ]):

\\\\ [1]\4 \1\/4/ [/0]4 6/[0;3%
12345 ;>_*_<S 1/q\l/’_\8

/// A ST AN NN

h 2]l — =Bl [l —7 *—[2]s

FIGURE 1. Cpv-cell structures of XM (Z[(,»]) for p¥ =2,3,7,8,9

= is the base point and is fixed by the C,-action.

[a]p := (@ mod b) is the label of (non-equivariant) 0-cells.

a:= (a mod n) is the label of (non-equivariant) 1-cells.

g € Cp, 2 Z/n acts on the labels by mapping (¢ mod b) to (a+ ¢ mod b).

Here is another description of this construction:

(1) M(Z[(2]) =~ S°1, where o is the sign representation of Cs.
(2) C, acts on C by multiplication by n-th roots of unity. Denote the associated C,,-representation by peycio
and the representation sphere by S?e¥<°. When n = p, the C)-cell structure of XM (Z[(,]) above shows

§eereo = SM(Z[G]) U (Cp x D).

As a result, M(Z[(,]) is the 1-skeleton in this equivariant cell structure of the representation sphere
GPeyclo

(3) Foling Zou has observed and proved the following relation between M (Z[(,»]) and M(Z[(,]) via private
conversations with the author:

Proposition 3.3.6 (Foling Zou). There is a Cpv-equivariant equivalence:

M(Z[Cp”]) = (Cp”)+ é\M(Z[Cp])

where a € Z[p ~ C, acts on Z[p® ~ Cpv by sending (b mod p*) to (b+ap'"" mod p¥).
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Proof. Notice that Cpv-1 ~ Cpe /C), we can rewrite this quotient as pointed sets by
(Cpo-1)y = S° é\(cpv)+,
P

where C), acts on Cpv as described in the proposition. From this we get:

M (Z[Ge 1) =Cofib (S° A(Cpr ) — 8° A(Cpo-t)-)

~Cofib (SO A(Cp)+ C/'\(Cp“ )+ — S ASY A(Cpe )+)

P p

~Cofib (S° A(Cp)+ — S® A S) A(Cpe )+
CP
~EM(Z[Gp]) é\(va )+

]
Taking external smash product of M(Z[(,~]) with the prescribed Cp»-actions over all p | n, we have
constructed a Moore spectrum M(Z[(,]) with a C,-action such that the induced action on H®(—;Z) is

equivalent to the cyclotomic action of C,,. We now give an explicit description of the C,,-equivariant simplicial
structure of M(Z[¢,]).

Write n = pi*--pim. X, := ¥ M(Z[(,]) is constructed as follows:

(1) Set the 0-th skeleton by skoX,, := * [1 C,,/Cp,...p..., Where * is the base point fixed by the (Z/N)-action.
(2) Assuming we have defined skg_1 X, for k < m, then define the k-th skeleton to be:

Skan = Skk—an U( H Cn/cpil"'pim_k) X Ak

11 <<k

The attaching map of an equivariant k-simplex C,, /Cpil'“Pim_k x A¥ is described by the following:
e The 0-th face C,/Cp, p, % Afo] is attached to the base point x.
e Let {j1 <+ <} be the complement of {41, ik} € {1,-,m}. Then thel-th face C,,/C, ..p, xA’[“l]

for 1 <1<k is attached to the equivariant (k- 1)-complex

CofCppyopr oy x AT
via the quotient map of orbits.
(3) The top simplex is C,, x A™. The 0-th face C, x A’[g] is attached to the base point . The [-th face

Cp x A for 1 <1 <m is attached to the (m - 1)-equivariant simplex C,/Cp, x A™™* via the quotient
map C,, » C,/C,,.

Remark 3.3.7. The non-equivariant Euler number of X,, = X™ M (Z[(,]) is equal to 1+ (-1)™¢(n) since it

is non-equivariantly a wedge sum of ¢(n) many copies of S™. On the other hand, by counting the number
of non-equivariant simplices in each dimension from the above construction, we get

m—1 n
L+ (-1)"p(n) =e(Xy) =1+ ((—1)’@ 3 )+(—1)mn

k=0 i1<<img Pi1" Pipog

— ¢(n)=n+é((—1)k D i )

i1<<ip PirPig

This is precisely the formula of ¢(n) := {a € N| 1 < a < n,(a,n) = 1}| via the Inclusion and Exclusion
Principle.



ANALOGS OF DIRICHLET L-FUNCTIONS IN CHROMATIC HOMOTOPY THEORY 23

Remark 3.3.8. The construction above is not unique. For example when n = 2, M(Z[(z]) is by definition
SY with a Cy-action such that the induced action of Cy on 7,(S?) is the sign representation in all degrees.
Figure 1 shows our model for M (Z[(2]) is S7~*. But one can check S*=D(=1) also satisfies the assumptions
for all k € Z and these are non-equivalent Cy-actions on S°.

The p-adic case when n =p”. By Corollary A.3.1, (Z[(p])
the Moore spectrum with a Cpv-action by setting

(3.3.9) M(Zp[Cpr]) = M(Z[Cpr 1)y

The p-adic case when p + n. In this case, Proposition A.2.3 implies that (Z[(,]); # Z,[(a], since the
two sides have different ranks as Z,-modules. As a result, the construction in the n = p” case does not apply.
Instead, we use Cooke’s obstruction theory in [Coo78] to lift the Cy-action on Z,[(,] = mo(M (Zy[(n])) to
the Moore spectrum M (Z[(,]).

Let X be a spectrum and hAut(X) be the group of self-homotopy equivalences of X. hAut(X) is an
associative H-space. Then mo(hAut(X)) is the group of homotopy classes of homotopy equivalences of X.
Denote the identity component of hAut(X) by hAut;(X). There is an short exact sequence of H-spaces:

; ~ Zp[Cpv]. From this we can simply define

1 —— hAut; (X)) —— hAut(X) —— mo(hAut(X)) —— 1.
This induces a fiber sequence by taking classifying spaces:
BhAut; (X) —— BhAut(X) —— Bmo(hAut(X)).
An action of a group G on 7y(X) is then a group homomorphism « : G — mp(hAut(X)).
Theorem 3.3.10. [Coo78, Theorem 1.1] There is an obstruction theory to lift « to an action on X :

BhAut(X)

T l

The obstruction classes to the existence of such liftings live in
H"(G;{mn-2(hAut;(X))}), n=>3.

In particular, one can always lift a G-action on 7, (X) to X if G is finite and |G| is invertible in m, (hAuty (X))
for allm > 1.

Corollary 3.3.11. When p + n, any of Cy-action on w, of a p-complete spectrum can be lifted to an action
on the spectrum itself.

Proof. As n is invertible in Z,, group cohomology of C,, with coefficients in Z,-modules vanishes in positive
degrees. As a result, the obstruction classes in Theorem 3.3.10 all vanish. O

As a result, there exists a Cp-action on the p-adic Moore spectrum M (Z,[(,]) such that the induced
action on 7y agrees with p-adic cyclotomic representation of C,,.

One last thing to check is the compatibility of the constructions in the integral and p-adic cases when
p + n. Fix an embedding ¢ : Z[(,] = Z,[{,]. ¢ induces a map of Galois groups:

v Gal(Qp(6n)/Qp) —— Gal(Q(¢n)/Q).
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By Proposition A.3.4, there is an equivalence of p-adic C,,-representations:

(3.3.12) Z[Cn] ® Ly ~ @ (Zp[gn])wm

[o]eCoker ¢*

where C), acts on the summand (Z,[(,]) .00 by
Cn —— (Z[G]) — = (Z[GD" —— (Zp[G])™.

By Corollary 3.3.11, there is a C,,-action on M (Z,[¢,])"! Coker | gyich that the induced Cy-action on 7 agrees
with the right hand side of (3.3.12). On the other hand, the Cy-action M(Z[(,]); induces an equivalent
C,-representation on my. To check the two C),-actions on the p-adic Moore spectrum are equivalent, we use
the uniqueness part of Cooke’s obstruction theory.

Proposition 3.3.13. In Theorem 3.3.10, the obstruction classes to the uniqueness of the liftings live in
H"(G;{mp-1(hAut1(X))}), n=>2.

Corollary 3.3.14. Let X be a p-complete spectrum. When p + n, any two lifts of a Cp-action from m,(X)
to X are Cy-equivariantly equivalent.

As a result, there is a Cy-equivalence:

MZ[G Dy =V (M(Zp[¢n])) oo

[o]eCoker ¢*

Remark 3.3.15. When n = p", there could be non-equivalent Cpv-actions on M (Z,[(,»]) inducing the same
action on my. One counterexample in the integral case is Cy-equivariant spheres $2°~2 and S° — both induce
trivial action on the homotopy groups.

Pre-composing with the map (Z/N)* = C,, in Lemma 3.3.1, we have shown in this subsection:

Theorem 3.3.16. Let x : (Z/N)" - C* or C} be a Dirichlet character.

(1) There is a Moore spectrum M (Z[x]) or M(Z,[x]) with a (Z]N)*-action such that the induced action
on my 18 equivalent to that induced by x.
(2) Let 1:Z[x] = Zy[x] be an embedding. There is a (Z]N )" -equivariant equivalence:

(3.3.17) MZxDy= NV M(Zy[teoex]).
[o]eCoker ¢*

3.4. The homotopy eigen spectra. Now we are ready to twist the J-spectrum and the K (1)-local spheres
with a Dirichlet character. Analogous to Proposition 1.3.4, the twisting is realized as the “homotopy x-eigen-
spectrum”.

Construction 3.4.1. Let x : (Z/N)* — C* be a primitive Dirichlet character of conductor N. We define
the Dirichlet J-spectrum by:

(3.4.2) J(NY = Map(M(Z[x]), J (N)) "V,

Let x: (Z/N)* - C,, be a primitive p-adic Dirichlet character of conductor N and set v = v,(N). We define
the Dirichlet K(1)-local sphere to be

(3.4.3) Sy (") = Mapg, (M(Zy[x]), Sg (1) (2"))

The (Z/N)*-actions on the Moore spectrum and J(N) are described in Theorem 3.3.16 and Proposi-
tion 3.2.10, respectively. (Z/N)" acts on Sp. ;) (p") through the Galois action of its quotient group (Z/p")".

h(Z/N)*
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Remark 3.4.4. The spectra J(N)"™ and S?((l)(p”)hx depend on the constructions of the (Z/N)*-actions on
M(Z[x]) and M(Zy[x]), which is not unique in general as illustrated in Remark 3.3.8. When N =4,p =2
and x : (Z/4)" ~ Cy - C3, different models of M (Zy[x]) lead to different Sg((l)(él)hx. We will explain the
differences in more detail in Remark 4.2.11.

One immediate consequence of this construction is

Proposition 3.4.5. If x1 and x2 are Dirichlet characters of conductor N with isomorphic induced repre-
sentations, then J(N)"™Xt « J(N)™X2. In particular, J(N)" = J(N)M7°X) for any o € Gal(Q(x)/Q).

Remark 3.4.6. As Sg((l)(p”) is K (1)-local, we have

v vy \R(Z/N)*
Sy (@)™ = Map g1y 10c (M (Zp[X]) K (1)> Sk 1) (P"))

is also K (1)-local.

Proposition 3.4.7. The Es-pages of the HFPSS to compute . ((J(N))hx) and T, (S?((l)(p“)hx) are
identified with

(3.4.8) E3" = Extyr gnyq (ZIX], m(J(N))) = ms (J(N)™)

(3.4.9) Byt~ Exty vy (Zo[x)me (Sky(8Y))) = ot (Sk 1y (®")"™)

where a € (Z/N)* acts on Z[x] and Zy[x] by multiplication by x(a).

Proof. We give a proof of (3.4.8). The proof of (3.4.9) is similar. By construction, the Fs-page of the HFPSS
for (3.4.2) is
Ey' = H*((Z/N)"; m(Map(M(Z[x]), J(N))))-

Denote the rank of Z[x] as a free Z-module by 7. Then M (Z[x]) is non-equivariantly equivalent to (S?)
The Atiyah-Hirzebruch spectral sequence:

Byt = H(M(Z[X)): m(J(N))) = maer(Map(M(Z[x]), (V)

collapses on the Fs-page since H*(M(Z[x]);-) is concentrated in degree 0. Together with the universal
coefficient theorem, this implies:

m(Map(M (Z[x]), J(N))) =H* (M (Z[x]); m(J(N)))
~Homgz (H° (M (Z[x]);Z),m(J(N)))
~Homg (Z[x],m(J(N))).

By Theorem 3.3.16, (Z/N)™ acts on Z[x] ~ H*(M(Z[x]);Z) by x. Since Z[x] is a finite free Z-module, the
Grothendieck spectral sequence

Ey' = H*((Z/N)"; Extz(Z[x], 7 (J(N)))) == Ext7{(z/ny (Z[x], 7 (J(N)))
collapses on the Fs-page, yielding
H*((Z|N)" s Homgz (Z[x], 7 (J(N)))) = Extyyzyny< (ZIx] me(J(N))) -

vr

O

Remark 3.4.10. The Es-page of (3.4.8) consists of the derived y-eigenspaces of 7. (J(N)). Moreover, J(N)"x
is defined as the homotopy x-eigen-spectrum of J(N). In this sense, we will call (3.4.8) the homotopy
eigen spectral sequence (HESS). *

3The alternative name “homotopy eigen-spectrum spectral sequence” would be too redundant.
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3.5. Local structures of the Dirichlet J-spectra. While it is not hard to compute the Es-page of
(3.4.8) directly, the differentials are non-trivial as the cohomological dimension of (Z/N)" with coefficients
in Z-modules is infinite. Instead, we will compute 7, (J(N ))hx rationally and completed at each prime p.

Over Q, the spectral sequence is concentrated in the O-th line, since (Z/N)™ is a finite group. By
Corollary 3.2.9, J(N)q = S(% and (Z/N)™ acts on it trivially. We conclude from these facts:

Proposition 3.5.1. The homotopy groups of (J(N)hX)Q are given by

_ my Y. ) @ i=0and x = x%

i ((J(N) )Q) _{ 0, otherwise.

Corollary 3.5.2. (J(N)hX)Q is contractible unless x = X° is trivial. In that case, N = 0 and J(N)&X ~
JQ =~ S(%

Proof. By Corollary 3.2.9, J(N)q =~ S&. Then E5*®Q =0 for all (s,t) # (0,0) (3.4.8). The remaining entry
EY? = Q(x )N is zero unless x = x° is trivial, yielding the claim. O

Proposition 3.5.3. Fiz an embedding ¢ : Q(x) = C,. The p-completion of the Dirichlet J-spectrum decom-
poses as

A oco
(J(N)hx)p = V S?{(l)(pv)hu X)7
[o]eCoker ¢*

where * : Gal(Q,(¢,)/Qp) = Gal(Q((,)/Q) is defined in (A.3.3).

Proof. Since homotopy fixed points and p-completions commute and that the p-completion of J(N) is
S(I){(l)(pv)

A vy \P(Z/N)*

(J(N)™), = Mapg, (M(Z[X])p, Sk 1y ("))

The rest follows from (3.3.17). O
Now we give explicit descriptions of how (J (N )hx)2 decomposes when N = p*.

Examples 3.5.4. Let x : (Z/N)* - C* be a Dirichlet character of conductor N = p*. Fix an embedding

t:Z[x] = C,. There are two cases.

e p=2. The v =1 case is trivial. For v > 1, (Z/2°)" ~ {+1} x Z/2°72. When v = 2, x is primitive when it is
non-trivial, i.e. x(-1) =-1. When v > 2, x is primitive of conductor 2V iff Z[x] ~ Z[{3+-2]. In both cases,
we have by Proposition A.2.3, (Z[(3v-2])% ~ Za[(av-2]. As a result,

(J(20)X)) = 8% (1 (27)0),

Notice for any two 2-adic Dirichlet characters x; and x2 of conductor 2¥ with the same parity, there is
a o € Gal(Q2({30-2)/Q2) such that x; = 0 o x2. By Proposition 3.4.5, the above isomorphism does not
depend on ¢, since ¢ o x(-1) is independent of the choice of «.

e p>2. In this case, (Z/p¥)* ~ (Z/p)* x Z/p*~t. When v = 1, x is primitive iff it is non-trivial. When v > 1,
X is primitive iff (o1 € Z[x], i.e. X|z/po-1 is injective. By Corollary A.3.6, there is an isomorphism of
p-adic (Z/p®)”-representations:

(Z[xD), = SY Zp[Xal,

0<a<p-2
ker w®=ker x|(z/p)x
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where x4 = w® - (L0 X|z/po-1) and w: (Z[p)” — Z5 is the Teichmiiller character. This implies a decompo-
sition of the p-completion of the Dirichlet J-spectrum as in Proposition 3.5.3:

v A v o
(3.5.5) (J(")"™), = Voo Skay®)e.
0<a<p-2
ker w®=ker x|(z/p)x

Now we need to compute the homotopy groups of the Dirichlet K (1)-local spheres. Like the integral case,

while the Es-page of (3.4.9) are not hard to compute in general, there are infinitely many differentials unless
p+ d(N)=|(Z/N)*|. We now set up another spectral sequence that we will use in Section 4.
Proposition 3.5.6. Let x: (Z/N)* - C,, be a p-adic Dirichlet character of conductor N. Write N =p”-N'
where p + N'. There is an equivalence of K(1)-local spectra:
v W(Zyx(Z/N'))

Sk ") = Map, (M (Zy[x]), KU}) :
where Z,, x (ZJN")* acts on the Moore spectra through the action of (ZJN)™ described in Section 3.3 via the
quotient map Z% x (Z{N')* - (Z[p")* x (Z|N')* = (Z/N)"; and on KU} via the Adams operations by the
factor Zj.

h(1+p*Z
) (+p p). From this, we have

Proof. Recall from Definition 2.3.4 that S?(u)(pv) = (KU)

. o\ \A(ZIN)”
Sy ()™ =Map;_ (M(Z,[X]), S (1,(»"))

)h(1+vap))h(Z/N)x

~Mapy, (M(Z,,[X]), (KU}
=Mapy, (M (Z,[x]), KUp)"

where G is an extension of 1+p" by (Z/N)*. The subgroup 1+p“Z, acts trivially on the Moore spectrum and
by the Adams operations on KU,. Notice that the (Z/p”)"-action on S%(l)(p“) = (KUA)MHPUZP) is via
the residual Adams operations by viewing (Z/p®)" as a group group of Z,- The group G is then isomorphic

to Zy x (Z/N')”, with actions on M(Z,[x]) and KU} as claimed. O

Corollary 3.5.7. Write x = x, - X' where x, and x' have conductors p* and N', respectively. There is
another spectral sequence to compute homotopy groups of Dirichlet K (1)-local spheres:

(3.5.8) E;Qt = EXtép[[Z;x(Z/N’)X]] (Zp[XLZ?t) ~ HZ(Zy x (ZIN")" §Z§t[X_1D = T2t-s (S?(u)(pv)hx) )

% (a,b)>xp(a)x’(b)a’

where Z8*[x] is the 7 x (Z|N'")"-representation associated to the character Zy x (Z|N")
(Zp[xD)*

Remark 3.5.9. When N =p>2or N =4 and p = 2, M(Z,[x]) is non-equivariantly equivalent to Sg and
X = w? for some a. Proposition 3.5.6 identifies the Dirichlet K (1)-local spheres S’(I)((l)(p)h“a and S(;((l)(él)h“’
with elements of finite order in the K(1)-local Picard group Picg 1), first defined in [HMS94].

4. COMPUTATIONS OF THE DIRICHLET K (1)-LOCAL SPHERES

In this section, we compute homotopy groups of the Dirichlet K(1)-local spheres and J-spectra. By
Proposition 3.5.3, we can recover the p-primary parts of the homotopy groups of Dirichlet J-spectra from
the corresponding summands of Dirichlet K (1)-local spheres. Let x : (Z/N)* - CJ be a p-adic Dirichlet

character of conductor N. The computations of . (S?{ (1)(p1))hx) break up into four cases:
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(1) N=1.

(2) N=p"andp>2.
(3) N=2v.

(4) N is not a p-power.

In the N =1 case, we recover the classical K (1)-local sphere, whose homotopy groups are computed in (2.3.8)
when p > 2, and in (2.3.13) when p = 2. When N is power of p, we use HFPSS/HESS (3.4.9) and (3.5.8)
to compute homotopy groups of the Dirichlet K (1)-local spheres. When N has prime factors other than p,
the character x factorizes as a product x = x, - X', where x,, has conductor p?»V) . The Dirichlet K (1)-local
spheres are contractible when |Imy’| is not a power of p. When |Imx’| is a power of p, we compute the
homotopy groups of the Dirichlet K (1)-local spheres from its construction.

4.1. The N =p" and p > 2 case. Let’s start with the N = p > 2 case. We will compute 7, (S%(l)(p)hx)

when p > 2 first using the homotopy eigen spectral sequence (HESS) (3.4.9). The Es-page of this spectral
sequence is:

(4.1.1) Ey' - Exty 1(z/p)] ((Zp)y: 71 (S 1y () = mims (ST 1y ()X)
where a € (Z/p)™ acts on (Z,), by multiplication by x(a).
Remark 4.1.2. When Y is the trivial character x°, we recover the HFPSS in (2.3.5).

Let g€ (Z/p)™ be a generator. A projective resolution of (Z,), as a Z,[(Z/p)”]-module is

<y X(Ex(9)7"g") xq x(g-x(9)) xq 9-x(9)
= Lp[(Z[p)") ————— Zy[(Z[p)"] ——— Zy[(Z[p)"] — (Zp)-
By (2.3.8), the homotopy groups of S°(p) are
Lo, t=0or-1;
T (Slo((l)(p)) ={ Z/prMH =92k 1% -1,
0, otherwise.

Descending from the Adams operations on (KUI/)‘)t, (Z/p)™ acts trivially on 7y and 7_; and by x = w* on
Tak-1 Of Sge(1y(p)- A direct computation shows

Proposition 4.1.3. When x =w®, a + 0, the Ey-page of (4.1.1) is

Esvt_ Z/pvp(k)+1’ S:O,t:2k‘—1, and (p—l) | (k—a);
2 = .
0, otherwise.

As the spectral sequence collapses on the Es-page, we conclude

1w Z[prr®* =2k -1, and (p-1) | (k - a);
(4.1.4) Tt (S?((l)(p)} ) - { v 0 otherwise. (=11 )

We can also use the HFPSS in (3.5.8) to compute 7, (S(IJ((l) (p)hm ) The Ey-page of this spectral sequence
is:
(4.1.5) B3 = Exty 1z (Zp)x: 25') = HI (2 Z3' [X']) = mat-s (S (™),

where (Z, )5 is the Z,-representation associated to the character X:

~ . x x X %
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The two approaches to compute 7, (S?{(l)(p)hx ) are related by the diagram:
Bxt, (myq (Zp)xo He (1+0Zy; (KUY),)) L1558 Exty iz (Zp)s: (KUp),)
(4.1.6) wepss| [ar
EXtEP[(Z/p)X] ((Zp)x,m_s (S?m)(p))) ? M—r—s (S%u)(p)hx)

Here, the top line is a Hochschild-Serre spectra sequence. Retrospectively from this diagram, we get when
x=w* a#0:

- Zlp O, s=1,(p-1) [ (t-a);
A ~ s X, 7@t 1 _ ) ) )
(417) EXt%p[Z;ﬂ ((ZP)Yv (KUp )2t) - Hc (Zpﬂ Zp [X ]) - { 0’ otherwise.
When N =p¥ > p> 2, we compute the homotopy groups of the Dirichlet K (1)-local spheres using (3.5.8).
The other spectral sequence (3.4.9) does not quite work in this case. This is because cd, ((Z/p”)x) = o0

when v > 1, whereas cd,, (Z;) =1. As in Proposition 3.5.6, there is an identification:

v hZ;
Sky (@)™ = Map; (M (Z,[x]), KU})"™",

Using the resolution in (2.3.6), we get the Es-page of the HESS:

52t _ppspmx merr 11y _ | ZpX] [(x(9) =g") » s=1;
(4.1.8) Ey™ = H(Z,Zy [x ])_{ 0, otherwise,

where g is a topological generator of Z;.

Lemma 4.1.9. Let x|z« =w®. Then

Proof. Since x is primitive, we have x(g) = x|(z/p)*(9) - (o1 = w*(g)pe-1. Rewrite x(g) -gt as

9" = x(9) = 9" = w(9) o1 =w(9) (1= 1) + g = w(g).

As 1-(po1 is a uniformizer of Zy[x] =~ Zp[(po-1], g* — x(g) is invertible whenever g* —w®(g) is. This happens
when ¢t #a mod (p—1). When ¢t =a mod (p-1), v,(g" —w*(g)) 21> vy(1 - pe-1), yielding

(9" -x(9)=(1-¢™) = Zp[x]1/(x(9) - ¢") = Z/p.

Again let x| z/py* =w*. The spectral sequence collapses at the E>-page and we conclude:

. Zlp, i=2(a+k(p-1))-1;
(4.1.10) 7Ti(S?((l)(p )hx):{ é, otherwise.( :

We can also compute 7, (S9 p”)"X) from the following identification:
K(1)

h | 7/ p)*
Proposition 4.1.11. S%(l)(pv)hx ~ Cofib (S%(l)(p”‘l) - S?((l)(p”)) Hemr
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Proof. As x is primitive of conductor p”, Zy[x] = Z,[(,w-1] as an algebra. Recall from (3.3.9), M ((Z,[(po-1])
is the p-completion of the integral Moore spectrum M (Z[(,.-1]) with a prescribed Cyv-1-action. As the Moore
spectrum is defined by

M(Z[Cp“‘l]) = %7 Cofib (SO /\(Op”‘l)+ — S /\(Cp”‘2)+) )
we have
0 v\hX ._ 0 v h(Z/P/u)x
SK(l)(p ) ~—Mapzp (M(ZP[X])aSK(l)(p ))

v hZ/pv71 h(Z/p)X
“Map, (S%(ZW Mapy, (M(Zy[Get1), 5% 1) (0)) )

0 v 0 NN 7 S CUCDY
= (COﬁb (Map((cpu—2)+, SK(1)(p )) = Map((Cpo-1)-+, SK(l)(p ))) )

)— hxl (zypyx
=Cofib (Sg 1y (p°™") = Sy () "
In the last step, we used the facts that
v -1 v -1 v-2 v v
Map((Cpo2) 4, Sgeqry ()P = Sy ()P ET) 2 SR (") P = S 1y (077
v-1 v—1 v-1
Map((cp’v*)ﬂS(I)((l)(]?v))hz/p = S(])((l)(pv)h(Z/p WEF™) o S?((l)(]?v)
O

Using the long exact sequence associated to this cofibration, we can recover (4.1.10) from m, (S?{(l)(p“))
in (2.3.9) and the spectral sequence (4.1.1). Another consequence of this identification is the following:

Corollary 4.1.12. (KUQ)* (S?{(l)(p”)hx) ~ Homgz,, (Z,[x], (KUI’)\)*) as Z;—(KUQ)*—modules,

Let x1 and x2 be two p-adic Dirichlet characters of conductors p** and p“?, respectively. From (4.1.10),
T (S(I)((l)(pvl)hm) ~ o (S?((l)(p”)hm) whenever X1,y = X2|(z/p)« and vi,v2 > 1. But this does NOT
imply S?((l)(p”l)th ~ S(I){(l)(p“?)h"2 as spectra.

Proposition 4.1.13. S(I)((l)(p’“)th o S(I)((l)(]f’?)hx2 iff X1lzpy< = Xal(z/py< and vi = va.
Proof. This follows from Corollary 4.1.12 and the lemma below. O

Lemma 4.1.14. Let X and Y be two K(1)-local spectra. X andY are equivalent iff (KUZ/,\)* X~ (KU]Q)* Y
as Z;—(KUZ’)\)*—modules.

Proof. The only if direction is clear. Let f : (KU;\)* X = (KUPA)* Y be an isomorphism of Z;—(KUIf)
modules. There is a HFPSS to compute 7, (Map(X,Y)):

E;t =H? (Z;; (KU;)t (Map(X,Y))) = m—s (Map(X,Y)).

*

The isomorphism f is an element of ES’O, since it is isomorphic to Hom(KUﬁ)* ((KUIQ)* X, (KUPA)* Y)Z;.
The HFPSS collapses on the Ey-page, as cd(Zy) = 1. This implies f € Eg,o is a permanent cycle, and is
represented by a map of spectra a: X — Y such that (KU;)* a=f.

We claim « is a weak equivalence. As f = (KUZ’)\)* « is an isomorphism of Z;—(KUPA)*—modules, « induces
an isomorphism on the Es-page of the HFPSS to compute 7, (X) and 7.(Y"). It now follows from [Boa99,
Theorem 5.3] that « is a weak equivalence. O
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4.2. The N =2Y case. We start with the NV =4 case, when the only non-trivial 2-adic Dirichlet character
of conductor 4 is the Teichmiiller character w : (Z/4)" — Z3. By Proposition 3.5.6, the Dirichlet K (1)-local
sphere is identified with

(4.2.1) S?((1)(4)hw ~Mapg, (M (Z [w]),KUZA)hZE
= (Mapy, (M(Zs[w]), KUZ )=ty 1)
hw
= ((xup)™)

Parallel to the computation of the classical K(1)-local sphere at p = 2 in Section 2.3, we will first identify
(K UQA)}W geometrically.

h(1+4Z5)

Proposition 4.2.2. Let o be the sign representation of Cy on Z Define KR" to be the homotopy o-eigen-
spectrum of Atiyah’s Co-equivariant KR-spectrum in [Ati66]. Then we have an identification:

KR" = Map(M (Z[c]), KR)"? ~ 22K O.
Proof. By Figure 1, M(Z[c]) is Cy-equivariantly equivalent to S°~*. Now using the (1 + o)-periodicity of
KR [Ati66, Theorem 2.1], we have a Cy-equivalence
Map(S°~ !, KR) ~ X' KR ~ ©2KR.
The claim now follows from the equivalence KR"“2 ~ KO. |
Remark 4.2.3. This statement depends on the actual model of M (Z[c]). If we started with S=7, where C
also acts by the sign representation on 7, (S°), we would have
Map (817, KR)"® ~ %72 K 0.

In terms of the HFPSS computations, the Eo-pages of Map(S°~1, KR)"“2 and Map(S*~7, KR)"“2 are the
same. The difference is the ds-differentials, which are invisible in algebra. Likewise, one can check the
HFPSS for

Map(52°~2, KR)"®2 » ©1KO ~ KSp
has the same Fy-page as that for KR"“? ~ KO. Again the difference is the ds-differentials that are invisible
in algebra.

Remark 4.2.4. A more explicit construction is the following. For any compact space X, KR" (X) consists
of virtual complex vector bundles [E] over X such that ¢"*([E]) = [E] = -[E]. For any such virtual vector
bundle, its tensor product with the complexification of a real vector also satisfies this condition. As a result,
KR" is a KO-module spectrum.

Let € be the tautological complex line bundle over CP* ~ S$2. Then [£]-[€] € KR (S?). Proposition 4.2.2

implies the external tensor product with & — € induces an isomorphism:
(-8 r(-)c: KO(X) — KR" (5% x X).
As elements in KR (X) satisfy [E] = -[E], KR" can be thought of as the purely imaginary K-theory,
compared to the real K-theory KO ~ KRz,
Corollary 4.2.5. (KUQA)hw ~ Y2K 0% and its homotopy groups are given by:
i mod8 |[O[1][ 2| 3 | 4 |5]6]|7
m (KUp)™) \ o\o\zg ‘Z/Q‘Z/Q‘O‘ZQ \ 0

Remark 4.2.6. The equivalence (KUQ’\)hw ~ $2K0% is NOT (1 + 4Zy)-equivariant.
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FIGURE 2. ds-differentials in the HFPSS for different Cs-actions on the K-theory spectrum
(Adams grading. 0 =7 and e =Z/2. (A) and (B) are the same as Figures 3 and 6 in [HS14].)

The next step is to compute the HFPSS:
Byt = 1 (1+4Z;m (KU$)™)) = mes (S 1y (0)).

Let g € 1+ 475 be a topological generator. Descending the Adams operations on KUZ to (K Ué\)hw, we
get g acts on gy o ((KUQA)hw) by g*'*1. The actions on the Z/2-terms are trivial since Z/2 has only trivial
automorphism. Using the continuous resolution (2.3.6), we compute the Fs-page of the HFPSS:
Z]4, s=1,t=2 mod 4;
(4.2.7) ESt=H? (1 + 47, ((KUQ)*”’)) =1 Z/2, s=0,1,t=3,4 mod &
0, otherwise.
Proposition 4.2.8. The extension problems of this spectral sequence are trivial.

Proof. We need solve the extension problems at t — s = 3 mod 8. The argument here is analogous to
Proposition 2.3.12. As (KUQA)}M ~ 3¥2KO04 is a KO4-module spectrum, we denote the non-zero element in

3 ((KUQ)}M) by ¥27. This is an element of order 2 and represents a permanent cycle in B of (4.2.7).
As X2 represents an element of order 2 in 3 (5‘}]{(1)(4)}‘“’)7 the extension problem is trivial. For general

t — s =8k + 3, replace ¥?n by B’ X% in the argument above, where 3 € mg(KO%) is the Bott element. [
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From this, we conclude:

Z/4, 1=1 mod 4;
0 hw Z/Q, 7= 2,4 mod 8,
(4.2.9) T Sk ™) =1 z907/2, i=3 mods;
0, otherwise,

We also record the Es-page of the HESS associated to (4.2.1):

Z/4, s=1,t=2 mod 4;
Z/2, s>1,t=2 mod 4;
Z[2, s>0,4]|t;

0, otherwise.

(4.2.10) Exty, 221 ((Z2)s, (KU3),) =

Remark 4.2.11. As explained in Remark 3.3.8, we could have chosen M(Z[(2]) = S'™° when defining the
Dirichlet J-spectra and K (1)-local spheres. Denote the resulting homotopy eigen-spectra by

X = Mapy, (57, X)"C2,

where w : Cy ~ (Z/4)" — Zj is the 2-adic Teichmiiller character. Then by Remark 4.2.3, (KUQA)h,w >
Y2K0}. A similar computation as above yields:

Z/4, i=1 mod 4;
’ Z/2 1=-2,0 mod §;
. 0 Rwy _ s ) )
7 (Shey (") 72672, i=-1 modS8;
0, otherwise,

Note that mag_1 (S(I){(l)(zl)hx) = Top_1 (S?((l)(él)h'x) when (-1)* = x(-1).
Both SE((I)(Zl)h“’ and S?(<1)(4)h’“’ are elements of order 4 in the K'(1)-local Picard group Picg () at prime
2. Their difference in Picg () is the exotic K (1)-local sphere £k (1), an element whose HFPSS has the

same Fy-page as that for the K (1)-local sphere.* One construction of this element is given in [F1S14, Section
9]. Tt is also the K (1)-localization of a finite CW-spectra &, described in Theorem 5.3.6. By identifying

Ex 1y with (KSpQ)h(l+4Z2), we can compute its homotopy groups as in (2.3.13):

Zs, i=0,-1;
Z/2, 1=4,6 mod 8;
(4.2.12) mi(Exay) =1 Z/2@Z[2, i=5 mod8;
72023 g = 4k — 1 % —1;
0, otherwise.

When p=2 and N =2Y >4, we apply Proposition 3.5.6 as before:
hZ
Sk (2)" = Mapg, (M(Z2[x]), KU3)"™..

0 vyhx AyX gy | EHAE)
Lemma 4.2.13. SK(l)(2 )X ~ Mapg, (M(Z2[x]), (KU3) ) :

4The spectrum €k (1) has been referred to by different letters (like P) in the literature. Here we use the letter £ since it
stands for exotic. In Theorem 5.3.9, we will see it is the “error term” in the K(1)-local Brown-Comenetz duality at prime 2.
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Proof. We prove the claim by breaking the Z3-homotopy fixed points into two steps.

v hZ3
St (1y(2°)"™ 2Mapy, (M (Z2[x]), KU3)

h(1+4Z5)

A h(Z]4)*
=Mapy, | M(Za[x]), Mapy, (Y . . KU3)

)h(1+422) .

0
Xl(zjay<?

=Map, (M(Za[X]). (KUZ)"™lero~
Here, S := 77! and Sgo := S0, In the third line, we used the fact - X|(Z/4)X is trivial when restricted to
(Z/4)™ and is equal to ¥ when restricted to 1 +4Z, . O

Let g be a topological generator of 1+4Zs. Denote by Ann (X(g) — 1) the ideal of annihilators of X(g) -1
in Zs[x]/(2). The computation now splits into two subcases depending on the parity of x:

e When x(-1) =1, (KUQA)WW“)X ~ KO%. By (2.3.6) and (2.3.10), Es-page of the HESS is:
B3 =Ext3, 11,47,] (Z2[x], 7 (KO3))
Za[X1[(R(9) - g*) s =11 =4k

(4.2.14) _]  Am(X(9)-1), s=0,t=1,2 mod §;
- T Z]/(2.%(9)-1), s=1,t=1,2 modS§;
0, otherwise.

e When x(-1) =-1, (KUgA)thZ/“’X ~ Y2 K0} by Proposition 4.2.2. The Es-page of the HESS is:
By =Bxty,1144z,1 (Z2[X] 7 (5K 03))
Zolx]/(X(g9) - g***1), s=1t=4k+2;

(4.2.15) - Ann (X(g) - 1), $=0,t=3,4 mod8§;
- 1 ZD]/(2%(9) 1), s=1,6=3,4 mod8;
0, otherwise.

In both cases, the spectral sequences collapse at the Fs-pages. Analogous to Proposition 2.3.12 (Proposi-
tion 4.2.8), the extension problems at t—s =1 mod 8 (t—s =3 mod 8, resp.) are trivial. We further simplify
the formulas using the following facts about Zs[x] from Proposition A.2.3.

Lemma 4.2.16. Let x be a primitive 2-adic Dirichlet character of conductor 2° > 8. Let g be a topological
generator of 1 +47Z.

(1) Zo[x] is a totally ramified extension of Zo of ramification index 2°73.

(2) 1-X(g) is a uniformizer of Zo[x] and Z2[x]/(1 - %X(g)) ~Z/2.
(8) The ideal of annihilators of X(g) — 1 € Z2[x]/(2) is isomorphic to Z/2.

(4) Za2[x1/(X(9) - 9*) = Z/2 for any k.

Proof. Only (4) needs a proof. Y(g) = Cyv-2 since x is primitive. Write X¥(g) — ¢* = X(g9) =1 +1 - g¢*. By (2),
X(g) -1 is a uniformizer. On the other hand v2(1 - ¢*) > 2 > vo(X(g) — 1), since g =1 mod 4. This implies:
(X(9) - ¢") = (X(9) - 1) = Za[x]/(X(9) - ¢") = Z/2.

]
Proposition 4.2.17. When x(-1) =1, we have
Z7/2, 1=0,2,3,7 mod 8§;
(4.2.18) i (S%@y(2°)) =1 Z/2@Z[2, i=1 mod8;
0, otherwise.
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When x(-1) = -1, we have

Z/2, 1=1,2,4,5 mod 8;
(4.2.19) mi (Sky(2)X) =3 Z/20Z[2, i=3 mod8§;
0, otherwise.
Remark 4.2.20. The computations above depend on the actual model of the Cs-actions on the Moore spectra:

e When x(-1) =1, if we choose S? 27 as a model for the Cy-action on S° with trivial induced action on .,
(4.2.18) becomes:
Z/2, 1=3,4,6,7 mod 8;
7 (Sky(@)"Y) =1 Z/26Z/2, i=5 mods;
0, otherwise.

e When x(-1) = -1, if we choose S'~7 as a model for the Cy-action on S° that induces sign representations
on 7., (4.2.19) becomes:

) Z/2, 1=0,1,5,6 mod 8§;
7 (Sky(@2)"Y) =1 Z/20Z/2, i=7 mods$;
0, otherwise.

Note that map_1 (S’?{(l)(Qv)hx) = op_1 (S?{(l)(2v)h’x) when (~1)% = x(~1).
Like the odd prime case, we can recover the results in Proposition 4.2.17 using the following identification:

Proposition 4.2.21. Let x be a primitive 2-adic Dirichlet character of conductor 2¥ > 4. When x(-1) =1,
we have

She(1y(2") = Cofib (K 05)" 12752 s (K 0p)h(1+2722))
If x(-1) = -1, then

w\R(1+2°71Z5) w\h(1+2°Z2)
S0 1y (20)X = coﬁb(((KUg)h ) U (™) ’ ) :
Proof. This is the same as proof of Proposition 4.1.11. O

Corollary 4.2.22. There is an equivalence of (1 + 4Z3)-(KO%),-modules:

A o\ hx Hom (Z>[x], (KO3),) x(-1)=1;
(KO3), (ng(l)(2 )’ )_{ Hom (ZQQ[X]a(KU;)iM) x(-1) =-1,

2

This computation leads to a p = 2 version of Proposition 4.1.13. Let x; and xs be two 2-adic Dirich-

12

let characters of conductors 2°* and 2%2, respectively. From Proposition 4.2.17, 771-(5?((1)(2”1)“1)

T (5’%(1)(2”2)"’(2) whenever y1(-1) = x2(-1) and vy,vy > 2. But this DOES NOT imply 5“?((1)(2”1)'”<1

12

S?((l)(2”2)hx"‘ as spectra. We have the p = 2 version of Proposition 4.1.13:
Proposition 4.2.23. S(I)((l)(2”1)th > S?((l)(T’?)hX2 iff x1(-1) = x2(-1) and v = vs.
Proof. This follows from Corollary 4.2.22 and the p = 2 version of Lemma 4.1.14. (]

Lemma 4.2.24. Let X and Y be two K(1)-local spectra and p=2. Then X ~Y iff (KO%), X ~(KO%),Y
as (1+4Z3)-(KO3), -modules.
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4.3. The N is not a p-power case. Write N = p”-N’, where p + N’ > 1. In this case, a primitive Dirichlet
character x : (Z/N)"* — C,, factorizes into a product x = x, - X', where x; has conductor p’ and x’ has

conductor N’. The subgroup (Z/N’)* of (Z/N)™ acts trivially on S?((l)(p”).
Proposition 4.3.1. S?{(l)(p”)hx is contractible when |Im x'| is not a power of p.

Proof. We claim that when |Im x’| is not a power of p, the Fs-page of spectral sequence (3.5.8) to compute
homotopy groups of S%(l)(p“)hx is zero. That is, the group cohomology

H(Zy x (ZIN") 525 [x7])
is zero for all s >0 and t € Z. Suppose (, € Imx’ and p + n. The (Z/N')” contains a subgroup C,, such that
X'|c,, is injective. We have a Hochschild-Serre spectral sequence to compute this group cohomology:
(4.3.2) Ey*t = HI(Zy x (ZIN')" [Cp; H* (C; 25 [x1])) = H(Zyy x (ZIN') 25 [x 7))

The group cohomology of C,, vanishes in positive degrees since its order is invertible in Z,. As a generator
g € C,, acts on Z?t[x_l] = Zy,[x] by multiplication by ¢!, the fixed points of this group action is zero. This

shows E5*" =0 for all s >0 in (4.3.2). Consequently, the Ep-page of (3.5.8) to compute ., (S?{(l)(p“)hx) is
zero and the Dirichlet K (1)-local sphere is contractible. (]

Corollary 4.3.3. Suppose x is primitive character of conductor N = p” - N’ as above. S’?{(l)(p”)hx 1
contractible when p + ¢(N'), in particular when:

(1) N =gq#p is a prime such that p + (¢—1).

(2) N =q">2q for any prime q not equal to p.

Proof. x' is a primitive character since y is. This guarantees Im x’ is not trivial. The assumption p + ¢(N”)
implies that Im x’ contains no p-power roots of unity. The claim now follows from Proposition 4.3.1. (Il

When Im x’ contains only p-power roots of unity, the spectral sequence (3.5.8) does not collapse on the

FEs-page. Instead, we compute 7, (S?( (1)(pv)h><) by identifying the spectrum from its construction.
Theorem 4.3.4. Suppose Imx' ~ Cyn for some n>1. Then we have:

5 (8% 1) (2p) 20 )V‘”, if p¥ < 2p; (Case T)
b (S?((l)(p)hxl(z/mx )Vp , in>v-1>0andp>2; (CaselIl)
S’?{(n(pv)hx =~ % (S?((l)(4)'”4(2/4)x )vp , ifn>v-2>0and p=2; (CaseIl)
D) (S?{(l)(pv—n)hx\(z/zo)X )Vp, ifn<v-1and p>2; (Case III)
z (S’?((l)(QU‘")hxl(z/m )vp , ifn<v-2andp=2. (Case IIT")

Here (Z/2p)™ is thought of as a subgroup of (Z|N)™ via the inclusions (Z/2p)" < (Z[p*)* € (Z|/N)".
Proof. We prove the cases when p > 2. The p = 2 cases are similar. Recall from Construction 3.4.1 that

Sy (@)™ = Mapy (M (Zp[x]), Sg(1)(P"))

We need to compare Zy[x,], Zp[x'], and Z,[x]. As x, is primitive, Z,[xp] = Zp[(pv-1] as an algebra. Our
assumption says Im x" = Cpn for some n > 1. As a result, Zy[x] = Zy[(pmax(o-1.1]. In particular, when p” < p,
Zy(xp] =Z, and Zpy[x] = Zp[x']. So there are three cases depending on n and v -1 (v -2 when p = 2).

h(Z/N)*
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In Case I when p¥ <p and p > 2, we have the following identification:

v h(Z[p)*x(Z{N")")
S?{(n(p )hx :=Mapy, (M (Z S?((l)( )) i )

=Mapy, (M(Zp G ) Map (59, Sy @)))
h(Z[p)*
(*) ZMaPZ ( p[Cpm )h(Z/N’)X Map(SX|(Z/ )% K(l)(p)) )

=2Mapy, (M(Zp[Con Dngzinrys Sty ()™ )
*Map g1y (M (Zp [ Digzyny )i (1) Sty ()7 -

In (*), we used the facts that (Z/p)” acts trivially on the source, and that (Z/N’)" acts trivially on the
target. Also, notice S’?{(l)(p)hxf’ o~ S’?{(l) when y,, is trivial. We now show:

h((Zp)*x(Z[N"))

(M(Zp[Cpn DNy ) x 1y = (Sf(l(l))vp

In (3.3.9), M((Zp[Cpn]) is defined to be the p-completion of the integral Moore spectrum M (Z[(yn]). The
p-completion commutes with the taking homotopy orbits, since it is equivalent to smashing with M(Z,) in
this case. As a result, we should first find M (Z[pn ])p(z/ny<- By (3.3.4), we have:

M(Z[¢pn]) = 7' Cofib ((Cpn )+ —> (Cpn-r)4)
(435) — M(Z[ ])h(Z/Nl)x ~ 37 1COﬁb(((C ) )h(Z/N’)X —_— ((C n— 1) )h(Z/N’)X) .
Lemma 4.3.6. Let H be a closed subgroup of G. Then (G/H)nc ~ BH.

The Lemma implies that ((C]gn)+)h(z/]\,,)x ~ (Bkerx'), and ((Cpnfl)Jr)h(Z/N,)x > (Bx"l(Cp))Jr. From
the short exact sequence of abelian groups:

0 > ker x’ > XN Cp) —— Cp —— 0,
we get a fiber sequence of classifying spaces:
Bkery' —— BX''(C,) —— BC,.

Together with (4.3.5), we have shown M (Z[(pr ])pz/nry = 71 (BCp)
identify (BC)), in Spg(1)-

, as a spectrum. It now remains to

Lemma 4.3.7. Let A be a finite abelian group and A,y be its Sylow p-subgroup. Then

VIA Gyl
(BA:) k(1) = (S?(u)) @

Proof. By [HKR00, Corollary 5.10], (KUIQ\)* (BA) = Fun(A(,), (KUIQ)*), where Z; acts on A, trivially.
The claim now follows from Lemma 4.1.14. O

vp
Corollary 4.3.8. (M (Zy[Gn Diziny)x = (Sikay) -
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In Case IT when p>2and n>v-1>0, Zy[x] = Z,[(pn]. From this, we have:

S8y (") =M, (M(Zy[x]), Stry ()"

~Mapy, (M (Zp[Con Dnzynnss Sy (PY)

=Mapz, (57 (BC,)., Sk ()"

~Mapg (1) ((Sklu))vp ,Shey (")

X X Vp .
The subgroup (Z/p)” < (Z/p”)" acts on (Sklu)) o (M(ZP[CZJ"])h(Z/N')X)K(l) by Xpl(zpy<- We claim the
other summand Z/p** ¢ (Z/p’)" acts on the homotopy orbit trivially. This is because both actions of
(Z/N')* and Z/p"~! on the Moore spectrum M (Z,[(,n]) factors through the action by Cpn. As (Z/N’)*
surjects onto Cpn via X', the action of Z/p*~! on M (Zp[Cpn D n(zynry> 1s trivial, yielding:

)h(Z/p“)X

)h(Z/p”)x

)h(Z/p'”)x .

U - v U
Sh1y (@)™ =Map g1 ((SKl(l)) p,S?(u)(P )

v—1 h(Z/P)X
N/
~(S")"P A Map (SO (Skay (@) v )

Xlzpyx?
=3 (5% 1y (p) et )7
In Case III when p > 2 and v — 1> n, Z,[x] = Zp[{y»-1]. By Proposition 3.3.6, there is a Cpv-1-equivalence:
M(Zp[Gpr]) = (Cpo1 )+ N\ (Cpr)e NM(Zp[G]) = (Cpoi) e N\ M(Zp[Gpr])-
Cpn Cyp Cpn
We have the identification:

S(I)((1)(Pv)hx ::Mapzp (M(Zp[XD7 S?(u)

= (Maps, (MZy[Ge-+ ). Sy )" ™)

o\ \P((Z/p" ) <(Z[N")")

h(Z[p")*

h(Z/p")"

R(Z/N")*
ﬁ(Mapzp ((va1)+ A M(Zp[cpn]),S%u)(p”)) )

Cpn

vy \P(Z/PY)*
:Mapr ((Cp“*l/cp" )+ /\ M(ZP[CP”])}L(Z/N’)X ) 5(1)((1) (p )) ?

- oy \H(Z/P")*
:MapK(l) ((Cp'vfl/cp”)Jr /\(5K1(1))vPa SIO((l)(p )) .
Like in the previous cases, the subgroup (Z/p)” ¢ (Z/p")” acts on (M(Zp[cpv—l])h(z/]v/)x)K(l) by Xpl(z/py*-

The other summand Z/p"~! ¢ (Z/p")™ acts on the source (Cpo-1/Cyn )+/\(S;<1(1) )VP via the projection Z/p? ™! ~
C

pv-1 = Cpo-1/Cpn, and on the target S(I){(l)(p“) by the Galois action. As the latter action is free, we have
SO vy\hx ~M C C Sfl \% 4 SO v h(z‘/pv)><
K(1)(p ) aP k(1) (( po-1/Cpn )+ /\( K(l)) ) K(l)(p ))
i@\
o 0 0 hz/
= (MapK(l) (SX\<Z/p>X’SK(1)(pU) ' ) )

~) (S?((l) (pv_n)hX‘(Z/P)’< )vp .
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This completes the proof. O

In Cases I and II (I") in Theorem 4.3.4, we can now compute (S?((l)(p”)hx) using (2.3.8) and (4.1.4)

when p > 2, and (2.3.13) and (4.2.9) when p = 2, respectively. Computations in Case III (IIT’) are similar.
Here we list the results below.

Corollary 4.3.9. When p > 2, suppose X|(Z/p)x =w? for some 0 <a<p-2. We have:

e, a=0and i=0or 1;
(Z/gz)”’)(’“)Jfl)eBp7 n>v-1,i=2k+0, and (p-1) | (k-a);

i SO v\ hx —
( k@) ) (Z/p”p(k)w—n)@p, n<v-1,9=2k+0,and (p-1)| (k- a);
0, otherwise.
When p =2, if X|(za)< is trivial, then
83, =0;
(Z2 @ Z/2)%2, 1;

)
1=
(Z]2@7/2)®%,  i=2 mod 8;
Wi(S?((l)(QU)hX) - (Z]2)®2, 1=1,3 mod 8 and i # 1;
(Z/Q”z(k)+3)®2 n>v-2andi=4k #0;
(z/202®v=n1)®2 ) 9 and i = 4k # 0;
0, otherwise.

If Xl(zjay< = w, then

(Z]2)®2, i=3,5 mod 8 and 7 # 1;
(Z]207/2)%%, i=4 mod 8§;

wi(S?((l)(Qv)hX) = (Z/4)€B2 n>v-2andi=2 mod 4;
(/2% np<v-2andi=2 mod 4;
0, otherwise.

5. COMPARISONS OF J-SPECTRA AND L-FUNCTIONS

In this section, we first compute homotopy groups of the Dirichlet J-spectra by assembling the results
in Section 4. From there, we compare these homotopy groups with the special values of the corresponding
Dirichlet L-functions in Theorem 5.1.2. This comparison allows to relate the spectrum J(N) and Dedekind
(-functions in Section 5.2. In addition, we find the Brown-Comenetz duals of the Dirichlet J-spectra and
K (1)-spheres, as well as J(N) in Section 5.3. This duality phenomenon is the similar to the functional
equations of the corresponding L-functions.

5.1. Dirichlet J-spectra and L-functions.

Theorem 5.1.1. Let x be a primitive Dirichlet character (Z/N)* — C* of conductor N.
(1) When N =p>2, if |[Imx|>1 is not a prime power, then

Z/pUr)*L i = 2k — 1 and kerw” = ker y;

J(p)hx = \/ Sg{(l)(p)hwa = T (‘](p)hx) = { 0 otherwise.

0<a<p-2
ker w®=ker x
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If |Im x| > 1 is a power of a prime £, then

L w?
J(ZD)hXE(Z (Skuye)” )\/ . V , Sk
<asp-—
ker w®=ker x

When £ > 2, we have

z?t, i=0;
VA i=1 and ker x # 0;
, Z|p ® Z.9* i=1and kery = 0;
) hx) _ v > )
i (J(p) ) - Z/p%(k)“7 i=2k-1#1and kerw® =kery;
(z/e @) =2k +0, and (0-1) | k;
0, otherwise.

When £ =2 (in particular whenever p = 22" +1 is a Fermat prime), we have

792, i=0;
(Zy @ Z[2)%*, i=1 and kery #0;
Zlp® (Zo®Z[2)®%, i=1and kery =0;
B\ _ (Z]2 0 7/2)%2, i=2 mod §;
T (J(p) ) ") z/prr P g (Z)2)92, i=2k-1%1,i=1,3 mod 8, and kerw” = ker;
Z[pUr ()1, i=2k-1,i=5,7 mod 8, and kerw” = ker y;
(z/20®0)+3)% G —ak 2 0;
0, otherwise.

(2) When N =p¥, v>1 and p>2, we have

] ) Zlp, i=2k-1and kerw® = ker x5
Ty 0<\</ 2 ng(l)(]f )Xo = m (J(pv)hx) - { ép otherwise Meesp
<a<p- 5 .
ker w*=ker x|(z/p)x

where xq = w* - (Lo X|g/p-1) and v: Q(x) = C, is an embedding as in Examples 3.5.4.
(8) When N =4, the only non-trivial character satisfies x(=1) = -1. We have:
74,  i=dk+1;
Z/2, 1=2,4 mod 8;
Z[28Z[2, i=3 mod§;
0, otherwise.

(4) When N =2° >4, J(4)"X ~ S?((l)(Zv)h(”X), where v: Q(x) = Cy is an embedding. If x(-1) =1, then

Z/2, 1=0,2,3,7 mod 8;
m(J(2)"™) =1 Z/20Z[2, i=1 mod 8
0, otherwise.

T4 2 %y (D) = 7 (J()™) =

If x(-1) = -1, then
72,  i=1,2,4,5 mod 8;
m(J(2)"™) =1 Z/20Z[2, i=3 mod 8
0, otherwise.
(5) Suppose N has more than one prime factors.
(a) J(N)'X is contractible unless there is a prime p such that |Tm Xl(zynryx| = p" where N' = N [p?rV),
In particular, J(N)"X is contractible whenever ve(N) > 2 for at least two distinct primes (.
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. . A )
(b) When there is such a prime p, then J(N)'X =~ (J(N)hx)p. When p is odd, we have

e, X|(z/py* is trivial and i =0 or 1;
(Z/p @) p> 1= 2k %0, and kerw! = ker x|(z/p)~;
(Z/p”p(’“)”’”‘”)@p , n<v-1,i=2k#0, and kerw” =ker Xl (z/p)*
0, otherwise.

Uy (J(N)hx) =

When p =2, if X|z1)~ is trivial, then
782, i =0;
(Zy®Z[2)®%,  i=1;

(Z]207/2)®%,  i=2 mod 8;
Wi(J(N)hX) - (Z]2)®2, 1=1,3 mod 8 and i # 1;
(Z/Z”Q(’“)J'?’)692 n>v-2andi=4k #0;
(Z/Q”z(k)“”"”)692 n<v-2and i=4k # 0;

0, otherwise.

If Xl(z/ay< = w, we have

(Z]2)%2, i=3,5 mod 8 and i # 1;
(Z]2@©7/2)%%, i=4 mod 8;

Wi(J(N)hX) = (7,/4)%? n>v-2and i=2 mod 4;
(Z/2”‘")$2 n<v-2andi=2 mod 4
0, otherwise.

Proof. By Proposition 3.5.1, J(N)(%X is contractible unless x is trivial. As a result, we can compute

Ty (J (N )hX) by assembling computations of the Dirichlet K (1)-local spheres in Section 4, via Proposi-
tion 3.5.3. -

Theorem 5.1.2. Let Dy, be the ideal of Z[x] generated by the denominator of BQ"',;X € Q(x). Set Dy =(1)
when (1) # y(-1) (i.e. when By, =0).
(1) Assume N =p>2 or N =4 when p =2. For all integers k satisfying (—l)k = x(-1), we have

1
s (3007 | 55 |) = 200D where e <
(x)
(2) When N =p¥ > 2p, w1 (J(p*)"X) = Z[x]/ Iy -1, where I, is an ideal of Z[x] such that its multi-
plicative difference with Dy, contains the principal ideal (2) in Z[x].

£, if |Im(x)| is a power of a prime ¢;
1, otherwise.

Remark 5.1.3. By Remark 4.2.11 and Remark 4.2.20, the statements above are independent of the models
of M(Z[x]) when (-1)F = x(-1).

Proof. In the first four cases in Theorem 5.1.1, the Dirichlet J-spectra are equivalent to their p-completions
after inverting ¢(x) by Corollary 3.5.2, Proposition 3.5.3 and Corollary 4.3.3. The only thing remains to
check is moy_y where (=1)* = x(~1) and N = p¥ > 1. For that, it suffices to compare the arithmetic properties
of By in Theorem 1.1.8 with computations in Section 4.1.

(1) N = p > 2. Comparing the decomposition in Examples 3.5.4 and computation in (4.1.4) with Theo-
rem 1.1.8, we need to check the following:
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e Let g be a primitive (p — 1)-st root of unity mod p. The ideal p := (p,1 - x(g)g*) of Z[x] is not
equal to (1) iff kery = kerw™. To see this, notice by Corollary A.3.5, there is an isomorphism of

(Z/p) ™ -representations:

ZIX)p= @ (Zlpee= @D (Z[p)®"
0<a<p-2 0<a<p-2
ker w”=ker x ker w®=ker x
Then 1 - x(g)g* is invertible in Z[x]/p iff 1 = g® - g* mod p for some a satisfying 0 < a < p -2 and
ker y = ker w®. Since g is a primitive (p—1)-st root of unity mod p, this condition is further equivalent
to saying (p—1)| (a + k) for such an a. From this we conclude ker y = kerw™*.
e When p # (1), the congruence (1.1.9) pBy =p—1 mod p*»®*! implies Z[x]/ Dy, = Z/p’»F)*L.

It suffices to check this formula holds p-adically and 2-adically since the denominator ideal of % is
p-primary by Theorem 1.1.8. As 2| (p - 1), Di,, has no 2-primary factors by (1.1.9). p-adically, p is
the same as (p) when it is not (1). Now (1.1.9) becomes

Bk a p—l
Bjws =p-1 mod prr(F+l — 597 o od Z,,,
PZkwe =p= 1 MO P ok opk OO

where a satisfies kerw® = ker y and (p—1) | (k+a). This implies

Z[X]/Dk,x-l ~ Z/pvp(k)+1 ~ TMok—1 (J(p)hx [ﬂ(lx)]) .

(2) N =p’ v>1and p>2 By Lemma 4.1.9, p = (p,1 - x(9)g") # (1) when ker X|(z/p)* = kerw™. In

that case, p = (1 - (po-1,p) = (1 = (pv-1). On the other hand, since 1+ p is a generator of the subgroup
Z/p*t c (Z/p®)" and Y is primitive, x(1+p) is also a primitive p*~!-th root of unity. As a result, (1.1.9)
translates into
B B 1
(1-x(p+1)=2X =1 modp = —X=——  mod Zp[Cpo-1].
k k 1=y

Thus Dy is either (1 - (pv-1) or (2(1 = (pv-1)). Whereas by Theorem 5.1.1, map_4 (J(p”)hx) ~Z[p =~
/(1 P,

(3) N =4. In this case x = x~! since (Z/4) ~ Cy. By (1.1.11), we have when k is odd:

B 1 B
ZEX 22 modl = X =4- mod 1.
k 2 2k 4
Thus D,y = Dy, is equal to the ideal (4) of Z[x] ~ Z. This matches the computation in (4.2.9) that

Top-1 (% 1) (") = Z/4 when k is odd.

(4) N =2">4. Theorem 1.1.8 says % is an algebraic integer. As a result, Dy, the denominator ideal of

BQ’“,;X contains (2) as a sub-ideal. By Theorem 5.1.1, mok_1 (J(2°)"X) ~ Z/2 =~ Z[x]/(1 - (ou-2). As both

Dy, and Zj, , contain the ideal (2) in Z[x], their difference contains the ideal (2).

O

5.2. J(N) and the Dedekind ¢(-function of Q(({x). In this subsection, we compare the spectrum J(N)
with Dedekind ¢(-function of the field Q({n). We will focus on the case when N = p” for some prime p. By
Theorem 1.1.13, Dedekind ¢-functions of Q(¢{x) and Dirichlet L-functions are related by:

(5.2.1) CQ(CN)(S) = H L(s,x).

x:(Z/N)*—Cx
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When N =p", this yields:
Caeen)(s) I

$@(¢e-(9) sz e

primitive

L(s,x)-

The formula above reminds us of Proposition 4.1.11 and Proposition 4.2.21.

Proposition 5.2.2. Let p > 2 be a prime and x : (Z/p*)”" — C,, be any primitive p-adic Dirichlet character
of conductor p°.

( \/p:2 S (p)h“’a v=1:
Cofib(J v-ly J(n?Y)) ~ a_—l K(1) l 5
( (p ) (p )) { P gs%(l)(pv)hxa’ v> 17

a=
where xq = w* - (X|z/pr-1)-

Proof. By Corollary 3.2.9, Cofib(J(p*~!) — J(p)) is equivalent to its p-completion, since the map is an
equivalence rationally, and when completed at a prime other than p. At prime p, we have

Cofib(J(p"™") = J(p")) = Cofib(J (p"~") = J(p*))p = Cofib (Sg (1) (") = Sk (1,(®")) -

When v = 1, taking this cofiber removes the a = 0 summand in the Adams splitting of S%(l)(p). When v > 1,
the claim follows from Proposition 4.1.13 and the Adams splittings. (Il

Corollary 5.2.3. Notations as above. When p>2 and v > 1, we have

Cofib(J(p* ™) = J(@*)) =\  J(")™Xe,

ae[0,p-2]/~
where a ~ b if ker w® = ker w?.

Proof. This follows from Proposition 5.2.2 and Case (2) in Theorem 5.1.1. O

One might now wonder if there is a connection between special values of (g(¢,) and homotopy groups of
J(N) as in Theorem 5.1.2. Notice in (5.2.1), both even and odd characters show up on the right hand side.
Also recall L(1-Fk,x) =0 unless (-1)* = x(~1). This implies (g(¢,)(1 - k) = 0 for all positive integers k. As
a result, a direct analogy of Theorem 5.1.2 does not exist in this case.

There are two ways one might try to fix this. The first one is to exclude odd characters in the product
formula (5.2.1). Let K be a totally real finite abelian extension of Q, and N be the smallest integer such
that K € Q(¢x). K being totally real is equivalent to Gal(Q((x)/K) containing complex conjugation, which
is identified with —1 € (Z/N)™ via Lemma A.2.1. This means in the product formula Theorem 1.1.13

C(s) = I1 L(s, %),
X:(Z/N)*-C*
Gal(@(Cw /K )ker x

only even characters show up on the right hand side and (x has non-zero special values as s = 1 — 2k.

Definition 5.2.4. Let K/Q be a finite abelian extension and let N be the smallest integer such that
KcQ(¢n). We define

J(K) := J(N)hGal(Q(CN)/K)_
Here, we identify Gal(Q(¢x)/K) ¢ Gal(Q(¢(n)/Q) =~ (Z/N)™. The action of (Z/N)" on J(N) was described
in Proposition 3.2.11.

Remark 5.2.5. The construction J(K) does not satisfy Galois descent, as observed in Remark 3.2.12.
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Theorem 5.2.6. Let K/Q be a totally real finite abelian extension and p¥ be the smallest integer such that
K cQ(¢pv). Denote the Galois group Gal(Q(¢n)/K) by G. Then

ol o

where D 9, € Zsq is the denominator of (g (1 —2t).

Proof. Tt suffices to compare the sides at primes not dividing |G|. We first show G < (Z/p)" < (Z/p®)” =
Gal(Q(¢pv)/Q). This is true when v = 1 since Gal(Q((,)/Q) ~ (Z/p)”*. Now assume v > 1 and suppose G
contains an element of order p. Then we have Gal(Q((p»)/Q((pv-1)) = € € G. By Galois correspondence
between subfields of Q((,) and subgroups of (Z/p*)”, this would imply K ¢ Q(¢pv-1), contradicting our
assumption.

It follows that p 4 |G|. Let £ be a prime such that ¢ 4 |G| and ¢ # p. By Corollary 3.2.9, we have

J(K)p = (J(pv)hG)z = S(I)(U/Z

This shows 741 (J(K)7) = Tas-1 (S‘;(U/Z) = Zy/ Doy Using the product formula Theorem 1.1.13 and Carlitz’s
Theorem 1.1.8, we get mas—1 (J(K)}) = Z¢/ Doy = Zy¢ | Dx 24

Completed at the prime p, we have by Corollary 3.2.9 and Theorem 5.1.1

v A v v\hw® v A
JEK)y = (J()"C) = Spey®)"“ =\ Sk (@)™ = V (J(p*)™)
! Osazp-2 xeHom((Z/p)* .C*)/~ !

cker w® Gcker x

where x1 ~ x2 iff they have the same images (thus differ by an element in the Galois group). Now we can
prove the claim by comparing Theorem 1.1.13 and Proposition 4.1.11 via Theorem 5.1.2. ]

A second approach to relate J(N) to (g(¢,) is to consider the Taylor expansion of the Dedekind ¢-functions
at zero special values.

Definition 5.2.7. For any number field K, we denote by (1 - k) the coefficient of the first non-zero term
in the Taylor expansion of (x(s) at s =1-k.

From the definition, (§(1-k) = (x(1-%) when the latter is not zero. This special value (z(1-k) is closely
related to the algebraic K-theory of Ok, the ring of integers of K.

Theorem 5.2.8 (Lichtenbaum-Quillen Conjecture, Voevodsky-Rost). [Kol04, pages 199 — 200] For all k > 2:

[ K 2r—2(Ok)|
[ K 2k-1 (OK ) tors|
up to powers of 2, where RkB(]K) is the k-th Borel regulator of K.

(R(1-Fk) ==+ R (K),

Let K/Q be a finite abelian extension. In the case when K is totally real, both w1 (J(K)) and Kog-1(Ok)
capture the denominator of (g(1 — k). We now want to compare J(K) and K(Ok). Recall in Proposi-
tion 3.2.11, we showed J(N) is a KU-local E.-ring spectrum, with a natural (Z/N)*-action by Ee.-maps.
This implies J(K) is a KU-local E-ring spectrum, with a natural Gal(K/Q)-action by E..-maps.

While K(Ok) is not a KU-local spectrum (since it is connective and is not a wedge sum of Eilenberg-
MacLane spectra), it is very close to one in the following sense:

Theorem 5.2.9 (Waldhausen). [Mit94, Conjecture 11.5] Fiz a prime £. Assuming Lichtenbaum-Quillen
Conjecture holds at £, the E(1)-localization map K(Og) - L1 K(Ox) is an £-local isomorphism on m, for
alln>1.
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This shows the KU-localization map to K(Ox) - LxyK(Ok) is an equivalence on the 1-connective
covers of the two spectra. K(Og) is an Ee-ring spectrum by a result of May [Mit94, 2.8], Since Quillen’s
construction of algebraic K-theory spectra is functorial, there is a natural Gal(K/Q)-action on K(Ok) by
Ec-maps. So just like J(K), LxyK(Ok) is a KU-local Ee-ring spectrum, with a natural Gal(K/Q)-action
by Ee-maps. When K=Q, J(Q) = J and Lxy(K(Z)) is connected by the KU-local Hurewicz map:

hiv:J =8%, — LxuK(Z).
A natural question to ask here is:
Question 5.2.10. Let K/Q be a finite abelian extension. Is there a natural Gal(K/Q)-equivariant map of
KU-local Ee-ring spectra h(K) : J(K) - Ly K(Ok) extending the KU -local Hurewicz map hyxy ?

Jh(K)?
J(K) ***(**)*> LKUK(O]K)

I [

J=8%, 5 Ly K(Z)
In addition, for an arbitrary number field K, how can we extract a “J-spectrum” from Ly K(Ok)?

5.3. Brown-Comenetz duality. From Remark 3.2.15 and the computations in Section 4 and Theorem 5.1.1,
we observe the following duality phenomena hold in many (but not all) cases:

T (J(N)) = 7o (J(N)), e (JN)X) 2wy (J(N)XT).
This duality resembles the functional equations of the Dedekind (-functions and Dirichlet L-functions. Let
X : (Z/N)* - C* be a primitive Dirichlet character of conductor N and k is a positive integer such that
(-1)* = x(~1). Then we have the following functional equation of L(k;x):

- i k N 2mia
Q(k(idl)'(Q) L= kX7, where m(x) = 3 x(a)e ¥

L(k;x) = ~

The duality in homotopy groups we observed is a result of Brown-Comenetz duality of the spectra. In
this subsection, we find the Brown-Comenetz duals for the Dirichlet J-spectra, K (1)-local spheres, and the
spectra J(N). Let’s first review the setup following [HG94].

Definitions 5.3.1. Let I be the spectrum that represents the cohomology theory X — Homy (7 (X),Q/Z).
The Brown-Comenetz dual of a finite type spectrum X is defined to be

IX :=Map(X,I) ~ A DX,

where DX := Map(X,SY) is the Spanier-Whitehead dual of X. In particular, I = I5° is the Brown-
Comenetz dual of S°.

It follows from the definition that m(IX) ~ Homgz(7_+(X),Q/Z).

Definition 5.3.2. Let I; := Map(L;5°,I) be the Brown-Comenetz dual of the F(1)-local sphere L;S°. The
K (1)-local Brown-Comenetz dual of S° is defined by I (1) = L (1)J1. Define the E(1)-local and K (1)-local
duals of a spectrum X to be

IlX = Map(X, Il) o Il A DE(I)X7 IK(])X = Map(X, IK(I)) o~ IK(I) A DK(l)(X)
Proposition 5.3.3. Homotopy groups of 1X and I 1yX are computed by:
(5.3.4) m(11.X) ~Homg, , (7_4(L1X),Q/Z,)) .
(5.3.5) T (Ire(1)X) *Homg, (7 (M1.X), Qp/Zy),



46 NINGCHUAN ZHANG

where M1 X :=hoFib(L1 X — Lo X).
Proof. (5.3.4) follows from the definition. (5.3.5) is in [HG94, page 84]. O

Theorem 5.3.6 (Hopkins). [Dev90, Remark 1.5], [MR99, Corollary 9.6] When p > 2, I} ~ ¥2L; (SS), where
5’2 is the p-complete sphere. When p=2, I ~ ¥2Ly (£5), where € is a finite CW-spectrum defined by
E=2(5"1urely, e?).

Remark 5.3.7. E(1)-localization does NOT commute with p-completion. On one hand, we have L, (Sg) ~
M(Zy) A L1 S, since Ly is smashing by [Rav02, Theorem 7.5.6]. One the other hand, (Lls’o); o S?((l). We
can then show M(Z,) A L1 S° # S?(u) by comparing their homotopy groups.

Localized at an odd prime p, £ is equivalent to the sphere spectrum. As a result, the formula I; ~ £2L4 (51’)‘)
holds for all primes p. This suggests:
Corollary 5.3.8. Iy = Map(LgyS°, 1) =~ X2 Ly (EM), where £ is the profinite completion of &.
Theorem 5.3.9 (Gross-Hopkins). When p>2, I () = Sf((l). When p=2, Iy~ EQSK(l) .

The Dirichlet J-spectra and K (1)-local spheres constructed in this paper are KU-local and K (1)-local,
respectively. The analysis above shows:

Ixu (J(N)"™) 22Dy (J(N)"™) A L (E7)
22Dk 1y (5?<<1>(p”)h’<), p>2
2Dy 1y (S?((l)(pv)hx)/\gKu), p=2.

To find Brown-Comenetz duals of these spectra, it now remains to identify their Spanier-Whitehead duals in
Spky and Spg(y), respectively. We start with the K (1)-local cases, which the KU-local cases depend on.

Ik (S?(u)(l’v)hx) = {

Proposition 5.3.10. Let x be a p-adic Dirichlet character of conductor p*. The Spanier- Whitehead dual
of the Dirichlet K (1)-local sphere attached to x is
S9 1y (@)X AEky, p=2and x(-1) = -1;

D SO v\ hx ~ -
K(l)( K(l)(p) ) { S‘I)((l)(pv)hX 1, otherwise.

Proof. When p > 2, by Lemma 4.1.14, it suffices to check the Z-action on the KU, -homology of the Dirichlet
K (1)-local spheres. In Corollary 4.1.12, we computed:

(KU;\)* (S(I)((l) (pv)hx) = HomZP (ZP[X]7 (KUI;\)*) )
where Z; acts on Z,[x] through the character x, and on (K UI’)\)* by the Adams operations. The dual
Zx-representation of Z,[x] is Z,[x']. Also notice (K Ulf)* is self dual as graded Z,-representations. We
have:

Hom ey ((KUp), (Sieey @0")™) . (KUp), ) = Home, (2,111 (KUp), ) = (KUp), (k@)™ )

This implies D (1) (S?((l)(p”)hx) : S'g((l)(;nv)h’(_1 when p > 2.
When p = 2, by Lemma 4.2.24, we need to check the (1+47Z5)-action on the KO5-homology of the Dirichlet
K (1)-local spheres. By Corollary 4.2.22, we have
(KO3). (8% (2)) = Hom (Z2[x], (K03),), x(-1)=1
2% A7) | Hom (Z[x], (KU$)™), x(-1) =-1.
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Here 1 +4Zy acts by the character x|zj0-» on Zy[x] and by Adams operations on (KO3), and (KUé‘)iM
Notice that Zs[x] is dual to Zs[y '], (KO3), is self-dual, and (KU2)"™ is dual to (KU$)"*, where

(KUé\)h’w := Map (Sl‘”,KRQ)h{il}. From this, we get

M (0 rouvhx N Hom (Zo[x7'],(K03),), x(-1)=1;
Hom(KOQ)* ((KOZ)*(SK(l)(2 )h )7(K02)*) E{ HOm(ZQ[X—l]’(KUZ/\)’l,UJ)7 Y(=1) = -1.

-1
[ (KO, (S @)Y, x(-1) =1
(KO3, (S%1) 2" AExny), x(-1)=-1.
This implies the claim at p = 2. O

Theorem 5.3.11. When the conductor of x is a power of p, the Brown-Comenetz dual of the Dirichlet
K (1)-local sphere attached to x is:

-1
EQS?((Q(QU)]IX ANEk@ay, p=2and x(-1)=1;

I SO v\ hx ~ _
k) (Skeay ()™) { £28% 1y ()X " otherwise.

Proof. We used the fact Ex 1y A Ex(1) = S?{(n in the case when p =2 and x(-1) = -1. |

From computations in Section 4, we know Lg (S?{(l)(p“)hx) =~ * whenever the conductor N of x is a power
of p. This implies MlS?((l)(p”)hX = S(I)((l)(p“)hx. Also, as the homotopy groups of the Dirichlet K (1)-local
spheres are finite p-groups, they are (non-canonically) isomorphic to their p-adic Pontryagin duals. Now
plugging Theorem 5.3.11 into (5.3.5), we get

e (S5 0y ()™ =Homiz, (m, (% (#°)"), @y/2,)  (non-canonically)
2Homzp(”t (MlS?(u) (Pv)hx) ) Qp/Zp)

7o (8%, @)™ Abk@)), p=2and x(-1) = 1;

- T 9 ¢ (S?{(l)(p“)hxil) , otherwise.

When the conductor N of the p-adic Dirichlet character x is not a p-power, the Brown-Comenetz dual of
the Dirichlet K (1)-local is slightly different.

Corollary 5.3.12. Let x be a p-adic Dirichlet character N =p”-N'. Write x = xp-X' as before. If [Im x'| > 1
is not a p-power, then

Ty (Sg(@)(PU)hX) = Treay(*) = *.
If |Im x| > 1 is a p-power, then
S(I){(l)(2v)hX71 ANEk (1), P=2and x|z« is trivial;

I SO v\hx ~ _
K(l)( K(l)(p) ) { S(;((l)(pv)hxl, otherwise.

Proof. When |Im x| > 1 is not a p-power, the claim follows from Proposition 4.3.1. The other cases follow
from Theorem 4.3.4 and Theorem 5.3.11. ([l

Now we identify the KU-local Spanier-Whitehead dual of the Dirichlet J-spectra J(N)"X. Similar to
(5.3.4), we have in Spy:

(5313) Wt(IKUX) :HomZ (W_t(LKUX),Q/Z).
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In this case, our strategy is to assemble duality formulas via the arithmetic fracture squares for KU-local
spectra. By Proposition 3.5.1, J(N)&X is contractible unless y is trivial. In Proposition 3.5.3, we described

how J(IN)"X decomposes upon p-completion. Now from Theorem 5.3.11 and Corollary 5.3.12, we have:

Theorem 5.3.14. Let x : (Z/N)* — C* be a primitive Dirichlet character of conductor N.

(1) Suppose N = p¥ and p is odd. If [Imx| > 1 is not a power of another prime (in particular whenever
v>1), then

e g ) s [z ] = mle g ) el ))

where £(x) is as in Theorem 5.1.2:

) = £, if [ ITm(x)| s a power of a prime £ # p;
X)Z1 1, otherwise.

(2) If N =2" >4, then

2 v hX_l _ =1-
N
. N F_Q—t(J(zv)hX_l/\gKU)v x(-1)=1;

m (72) )‘{ ma (J@YT). T (D)=L

Remark 5.3.15. In (1) above, it is necessary to invert (). This is because the degrees of suspensions are
different in Theorem 5.3.11 and Corollary 5.3.12.

We now identify the Brown-Comenetz dual of J(N). It is KU-local by Proposition 3.2.11. This means
Ixy(J(N)) 2= X2Lgy (EM) A Dy (J(N)) by Corollary 5.3.8.

Proposition 5.3.16. J(N) is Spanier- Whitehead self-dual in Spg. It follows that
Ixu(J(N)) 2 S2Lgp (EM) A J(N) = 228k A J(N) A M(Z).

Proof. This is because J(N)g = S& and J(N), = S?((n (p”P(N)) are both Spanier-Whitehead self-dual in
Spg and Spy(q), respectively. O

Lemma 5.3.17. J(4N)AEky ~ J(4N).

Proof. Since £ ~ S° when 2 is inverted, the equivalence holds rationally, and completed at an odd prime. At

prime 2, J(4N)j ~ S?{(l)(T’J'Q) by Corollary 3.2.9, where v = v2(N). The claim now follows from the fact

that S% 1) (4) A Ek(1) = S 1y (4)- O

Corollary 5.3.18. Iy (J(4N)) ~X2J(4N) A M(Z). By (5.3.13) and the Universal Coefficient Theorem,
m(J(AN))" = 1 (J(4N) A M(Z)) = mrsa(Icv (J(4N))) = Homg (m-2-(J (4N)), Q/Z),

as observed in Remark 3.2.15.

APPENDIX A. CYCLOTOMIC REPRESENTATIONS OF CYCLIC GROUPS

In the appendix, we study the integral and p-adic cyclotomic representations of the cyclic group C,.
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A.1. Integral cyclotomic representations. Let ®,(¢) be the n-th cyclotomic polynomial, i.e. the min-
imal polynomial of a primitive n-th root of unity (, over Q. The integral cyclotomic representation of C,
has underlying abelian group Z[(,] ~ Z[¢]/®(t) and g € C,, acts by multiplication by a primitive n-th root
of unity (or ¢ € Z[t]/®(t)). The rank of Z[({,] as a free abelian group is equal to deg ®,,(t) = ¢(n).

Examples A.1.1. We consider the following examples:

(1) When n = 5, Z[(5] is a free Z-module of rank 4 as ¢(5) = 4. {1,(5,¢2,¢2} form a basis of Z[(5]. The
minimal polynomial of (5 is ®5(t) = t* + 3> + 12+t + 1. Let g € C5 be a generator that acts on Z[(5] by
multiplication by ¢,. Then the matrix representation of g € C5 with respect the basis {1,(s, (2, (2} of
Z[(s] is

-1

HE -1
A [ TR |
1 -1

(2) When n =6, Z[(s] is a free Z-module of rank 2 as ¢(6) =2. {1,(s} form a basis of Z[(s]. The minimal
polynomial of (g is ®¢(t) =t> —t+ 1. Let g € Cs be a generator that acts on Z[(s] by multiplication by
Cn- Then the matrix representation of g € Cg with respect the basis {1,(s} of Z[(s] is

)

Lemma A.1.2. The cyclotomic representation of C, is equivalent to the external tensor product of the
cyclotomic representations of vap<n), i.e. there is an equivalence of C),-representations:

Z[¢n] = Q@ Z [ punem |

p|n

Lemma A.1.3. There is a short exact sequence of Cpv-representations:
(A1.4) 0 *) Z[va] H‘ Z[va] *) Z[Cpu—l] H 0

where Cpo acts on Z[Cpv-1] via the quotient map Cpo - Cpo-1.

Proof. This follows from the observations that ®,.(t) = -1 and Z[Cy] = Z[t]/(t" - 1). O

Ul

A.2. p-adic cyclotomic representations. From now on, let x : (Z/N)* - C,, be a p-adic Dirichlet charac-
ter of conductor N and Z,[x] be the Z,-subalgebra of C,, generated by the image of x. Again, Zy[x] = Zp[(,]
for some n. Write n = p¥-n' with p + n/, we have Zy[(,] ~ Zy[(pe ] ®2z, Zp[Cnr]. Now it suffices to analyze
Cy-actions on Zy[(,] in the cases when n = p” or p + n. Let’s first recall some basic facts of cyclotomic
extensions of Q:

Lemma A.2.1. [Was97, Theorem 2.5, 2.6] We recall the following basic facts of the cyclotomic extension
Q(¢n)/Q.
(1) Q(¢,)/Q is a Galois extension of degree ¢p(n) and Gal(Q((,)/Q) =~ (Z/n)™, with a € (Z/n)” acting by
Cn = G-
(2) The ring of integers of Q((n) is Z[Cn]. Consequently, for any o € Gal(Q((,)/Q), o(Z[¢n]) = Z[¢n]-
As a result of this lemma, we can extract the action of (Z/N)™ on Z[(,] from that on Q((,).

Proposition A.2.2. For any o € Gal(Q(x)/Q), the (Z/N)*-representation induced by the Dirichlet char-
acter o o x is isomorphic to that induced by x.
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Proof. Let Z[x] = Z[(,], where (, is a primitive n-th root of unity. For any o € Gal(Q(x)/Q), ¢(¢,) is also
a primitive n-th root of unity. As a result, the minimal polynomials of (,, and ¢((,) are both ®,(t). It
follows that the matrix representations of x and o o x are differed by a change of basis induced by ¢. Thus,
the integral representations induced by x and o o x are isomorphic. O

Proposition A.2.3. Write n=p"-n/, where p+n' and let m be the multiplicative order of p mod n', i.e.
m=min{k>0|p"=1 modn'}.

Then Q,(¢,)/Q, is a Galois extension of local fields of residue index m and ramification index ¢(pv).
Moreover,

Gal(Qp(6n)/Qp) = Gal(Qp(Cur)/Qp) x Gal(Qp(Gpr )/Qp) = (Zfm) x (Z[p")"
where a generator @ € Z/m acts on Q,(¢,r) by the lift of the Frobenius (p-th power map) from Z,[(n]/(p) =
Fpm to Qp(Gur) =~ W(Fpm). In particular, ¢((nr) = ¢,

A.3. p-completions of integral cyclotomic representations. We conclude this appendix with a discus-
sion on how Z[x] decomposes upon p-completion. The simplest case is

Corollary A.3.1. Z,[C ] = Z[Cpr | ©2 Zyp ~ (Z[(pr])

A
o
Proof. By Proposition A.2.3, Q,(¢,)/Q, is a totally ramified extension of local fields of rank ¢(p¥). This
means Z,[(pv ] is a free Zy-module of rank ¢(p), which is equal to the rank of Z[(,»] as a free Z-module.
This implies Z[{p» ] does not split upon p-completion. O

Comparing Lemma A.2.1 and Proposition A.2.3, we have shown:

Proposition A.3.2. Fiz an embedding v : Q[¢,] = Cp,. For any o € Gal(Qu((,)/Qp), 00 1(Q((r)) =
1(Q(&)). In addition, the restriction map on the Galois group induced by t

(A.3.3) v Gal(Qy (6n)/Qp) — Gal(Q(¢n)/Q)
is injective. More precisely, rewrite Q((,) = Q(pr) ®9 Q(Cnr) and ¢ = 1y ® Ly, where
lp: Q(va) =>Cp, tp: Q(¢w) = C,.
Then we have
o 1} Gal(Qp(Gpr)/Qp) — Gal(Q(Gpr)/Q) is an isomorphism.
o 15 Gal(Qy(¢u)/Qp) = Gal(Q(¢nr)/Q) is the inclusion of the subgroup of (Z/n')" generated by p €
(Z[n")".
Proposition A.3.4. Pick a representative o € Gal(Q((,)/Q) for each coset in
Coker " = Gal(Q(¢n)/Q)/Gal(Qp(¢n)/Qp)-
Z[(n]) ® Z,, decomposes as a Zy-algebra by
2lealy = T Zlel= @ Ll

[o]eCoker ¢* [o]eCoker v*

Proof. The minimal polynomial of (,, over Z is
P (t) = [[ (-0
0eGal(Q(¢n)/Q)
We have an isomorphism Z[(, ] ®z Z, =~ Zy[t]/(®,(t)). Over Z,, ®,,(¢) factorizes as
D, (t) = [T @no(t), where ®,,(t):= I1 (t=71otoo((n))-

[o]eCoker t* 7€Gal(Qp(¢n)/Qp)
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For each o € Gal(Q((,)/Q), ®,,,»(t) is the minimal polynomial of to o ((,) over Z,. As ®,, ,(t) are coprime
to each other for different cosets [o] € Cokert* and Z,[t]/(Pn.o(t)) = Z,[¢,] for all o, the claim now follows
from the Chinese Reminder Theorem. (]

Corollary A.3.5. Let x: (Z/N)* - C* be a Dirichlet character with Z[x] = Z[(,]. Z[x] ®zZ, decomposes
as a p-adic (Z]N)™ -representation by
Zlxl®nlp= @D  Zp[tooox],
[o]eCoker v*

where Lo oo x is the p-adic Dirichlet character defined by
(ZINY = (2Z[\]) —2 (Z[)* —— T
Proof. This is done by forcing the isomorphism in Proposition A.3.4 to be (Z/N)”-equivariant. ]

Corollary A.3.6. When x: (Z/N)* — C* is a primitive Dirichlet character of conductor N = p® and p > 2,
there is an equivalence of (Z/p®)" -representations:
Z[x]p = D Zp[Xal,

0<a<p-2
ker w®=ker x|(z/p)x

where xq = w®- (to X|zpo-1) and w: (Z[p)* — Zy is the Teichmiiller character.
Proof. By Corollary A.3.5, we need show the following two sets of characters are the same:
(A.3.7) {tooox|[o]eCokert™} = {w” (tox|z/r1)|0<a<p-2kerw® =kerx|z/)«}-

We first prove the v = 1 case. A p-adic character of conductor p is necessarily of the form w® for some a, since
Z, contains all (p—1)-st roots of unity. As ¢ and o are injections, kercoo oy = ker y. Now it suffices to check
the two sets have the same size. Since Z,[¢ o x] = Z,,, we have | Coker *| = |Gal(Q(x)/Q)| = rankz(Z[x]). x
factorizes as (Z/p)”* = Cpnr = (Z[(nr])* for some n'|(p—1). Then Z[x] has rank ¢(n’). Let g € (Z/p)™ be a
generator, then ker x is the subgroup of (Z/p)™ generated by g",. We have

{a|0<a<p-2kerw® =kery = (g") < (Z/p)*} = {a|0<a<p-2, the order of a e (Z/p)" is (p—1)/n'}.

The size of this set is ¢(n’), which is equal to | Coker ¢t*|, from which we conclude the two sets of characters
in (A.3.7) are the same when v = 1.

When v > 1, write Z[x] = Z[x|(z/p)<] ® Z[X|z/p»-1]- X being primitive implies x|z,»-1 is injective and
Z[X|zjpo-1] = Z[(pe-1]. By Corollary A.3.1, Z[X|z/pe-1 1, = Zp[toX|z/pe-1]. On the other hand , write ¢ = /-1y,
as in Proposition A.3.2, where ¢}, : Q((po-1) = C, is a field extension. Proposition A.3.2 says ¢y is an
isomorphism, which implies Coker.* = Coker¢;,. The analysis above shows:

ZIX]p ~Z[X|(zsp1p (Zgzp[bp ° X|z/pv-1]

@ Zpltooox]= @ Zp[tns OJOX|(Z/p)X] (ZX>ZP[LPOX|Z/1)”*1]
P

[o]eCoker ¢* [o]eCoker ¥,

Now we have reduced this case to the v =1 situation for the character x|z/)x- ]
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