Math. Proc. Camb. Phil. Soc. (1997), 121, 465 465

Printed in Great Britain

Topology of X! !-singular maps

By ANDRAS SZUCS!

Department of Analysis, Edtvos University, Budapest, Hungary 1088
e-mail : SZUCSANDRAS@]Iudens.elte.hu

(Received 28 January 1993 ; revised 11 September 1995)

0. Introduction

Morin[M] gave a local normal form for singular maps having almost maximal
rank, where almost maximal means maximal minus 1. The aim of the present paper
is to give a global version of his normal form. We concentrate here on the case of
¥1.1.0gingular maps. (For the definition see [Bo], [A-G-V], [G-G] and also here
below.) The case of X'? singular maps was considered by Haefliger in [Ha], see also
[Sz1] and [Sz2]. For the motivation in finding such a global normal form see [Sz1]
[Sz2], and the final remarks in this paper.

In order to formulate the result we recall some definitions and well-known facts,
and also fix the notation.

Given a smooth map f: M"—=N"** of a smooth manifold M" into a smooth
manifold N"** of codimension k& > 0, we shall denote by X¢(f) the set of points of the
source manifold M", where the kernel of the differential df is ¢ dimensional, i.e.

SU(f) = {xeM" | rank df(x) = n—i}.

The points of X'(f) will be called the X’-singular points of f.

For generic maps X'(f) is a submanifold of " and one can also define X"/(f) as the
set of X/ singular points of the restriction of f to X¥(f), i.e.

SI(f) = SIFIS(f)). -

The points if 2*7/(f) will be called the X*/-singular points of f.

Again for generic maps X%/(f) is a submanifold in M" and one can define
XEIE(f) = SF(f|Z5I(f)) ete. In this paper we shall not need more complicated
singularities than those of type X''. One has dimXZ'(f) = n—(k+1), dim Zt1(f) =
n—2(k+1), (see for example [A-G-V]).

In the next definition we describe the type of maps we shall deal with in this paper
(see also Remark 3 in Section 5).

Definition. Let M" and N"** be smooth (not necessarily compact) manifolds of
dimensions n and n+ k respectively and let f: M" —N"** be a proper smooth map.
We shall say that f is a simple X '-singular map if

(a) f has only X and X! singular points (it may not have them at all);

(b) the line bundle formed by the kernels of the differentials of fis a trivial bundle
over T 1(f);

(¢) the X! gingular points are not multiple (i.e. xe XV 1(f) =" (f(x)) = {x});

(d) the map is generic in the sense that at each X!-singular point Morin’s local
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normal form holds. (This is equivalent to some transversality condition for the 3-jet
of the map.)

From now on the codimension & will be fixed and we shall consider throughout this
paper simple X!-singular maps of codimension k. Actually we shall consider these
maps only in a tubular neighbourhood of the submanifold X'1(f), and by a global
description of the map f we mean a description of its restriction to such a
neighbourhood. (Perhaps it would be more correct to call the description we are going
to give not global but semi-global.)

Notation. Let us denote by ZV1(f) = N the image of X™'(f) under f and let 7" and
T denote some tubular neighbourhoods of X1(f) in M and S"'(f) in N respectively
such that f maps 7 into 7. So we have a commutative square

T ~
T —>f‘ T

l l (+

11 JIEM aa

) ),
where the vertical arrows are vector bundle projections with fibres R**% and R*#+2
respectively, and the bottom horizontal arrow is a diffeomorphism (due to conditions
(a) and (c)).

By giving a global description of simple X !-singular maps we mean that:

(a) we show that there is a ‘universal square’ of the type (*) (in the precise sense
given in the theorem below), and

(b) we give a concrete construction of this universal square.

1. Formulation of the theorem
THEOREM 1. There exist
(i) a space B,
(i) vector bundles £~ B and £ B with fibres R**2 and R¥¥*+2 respectively and
(iii) @ (nonlinear) fibrewise map ®: § £ such that Sfor any simple ' map f of
codimension k the square (x) fits into the following commutative cube:
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This means that there are fibrewise maps j: 7' ¢ and j: T—£ which are linear
isomorphisms on each fibre and ®oj = jo (f|,).

More interesting than the mere existence of the universal mapping ®: §— £ is that
it can be constructed in very concrete terms, as follows: the space B is the
Grassmann manifold BO(k), which is the base space of the universal t dimensional
vector bundle y,. Let us denote by ¢’ the i dimensional trivial vector bundle. Then
the bundles £ and £ are 2y, @ ¢* and 3y, @ €* respectively.

Before giving the description of the map ®: £ £ we first recall Morin’s normal
form for X' -maps.

Let ¢: (R*7%2,0)— (R**2,0) be the map given by the following formulas:

Writing the coordinates in R**% as ({,,4y, ..., ly4q, ) and in R3**2 as (y,,9,, ...,
Yor1: %1 - 2 Z4q) then

yiop=t, i=1,....2k+1,

200 =at, +a%t,,

20 =y g+ by,
%10 P = Ulyyyy + 27,
or equivalently
Dty by oo topn, @) = (tys oo toppy, X+ 2%, oo, Xy + X%y, Xty +2°).
TuarorEM (Morin [M]). If g: M" —N""* is a generic ' -singular map then for any

peXtY(q) there exist neighbourhoods of peM™ and g(p)eN"* with local coordinates

(t1> tz: LR t2k+1> X, Uy Ugs - ’un—zk—z)
and

(15 Yo o Yorrrs 210 Zas voes 210 s By U Uy s Uy o)

in which the map g has the form ¢ x 1, where 1 is the identity map of the space R" 272
with the coordinates (U, Uy, ..., Uy _g_s)-

Now we define a 2k + 2 and a 3k + 2 dimensional representation of the group O(k),
closely related to the above map ¢, as follows. We decompose the space R**2 with
coordinates t;,t,, ...,y q, & a8

R2k+2 — Rllc @ R‘]zc @ Rz,

where R? i3 the coordinate space {(fy,,,, )} (i.e. on R? all the other coordinates are

zero), R¥ is the ‘odd’ coordinate space {(f;,fs...,t;_1)} and RE is the ‘even’
coordinate space {(t,,¢,, ..., 1)}
Similarly we decompose the space R* ¥ = {(y,, ..., Yspi1s 21> -+ » 25> Zps1)} QS

R = RE D RED RE D R,

where }?2 = {(y2k+1’ Zk+1>}: ch = {(?/D?/S: "':y2k71)}> }?312C = {(?/2:.7/4’ teeo Z/zk)} and Rli‘f =
{(215 29y -5 21)}

Given an orthogonal k x k matrix 4 € O(k), let us denote by «(4) the map R***%
R**2 acting on R¥ and on R%Y¥ as A and as the identity on R? (i.e. a(4) is the
blockdiagonal matrix {4,4,1,1)). Denote by £(A4) the map R**2 - R3*2 acting on
the spaces R¥, RE, R¥ as A and as the identity on B2, (i.e. f(4d) = (4,4, 4,1,1)).



468 ANDRAs Szes

Then o: Ok)—>O0Q2k+2), A—>a(d) and f:O0k)—0Bk+2), A—p(4) are rep-
resentations of the group O(k) of dimensions 2k+2 and 3k +2 respectively.

Now the description of the map ®: £ £ is the following: let us consider the map
id x ¢p: BO(k) x R***2 — FO(k) x R***2. Here EO(k) is the usual contractible space with
free O(k) action, ud is its identity map and ¢ is the Morin map we have just described.
The map id x ¢ is O(k)-equivariant with respect to the diagonal actions. (The actions
on the euclidean factors are defined by the representations « and f respectively.)
Factoring out by the O(k) actions, we obtain the induced map of quotient spaces
denoted @, i.e.

O =id X o4y P-

Note that the total space of the bundle § = 2y, @ ¢* coincides with the quotient
space KO(k) X oy R**2, and the total space of £ = 3y, @ €* is the space BO(k) x o)
R3*2 therefore the map ® we have just defined is indeed a map from the bundle £
into £ as promised.

The theorem can be reformulated briefly as follows:

THEOREM 1. Let [ be a simple ' -singular map, and let T and T be as above (the
tubular neighbourhoods of the set of X' 1-singular points and its image respectively). Then
the map

fIT: T,

is a ‘bundle of mappings with fibre ¢ : R**2 — R3¥*2 and with structure group G =~ O(k)’.
Here G acts on R*2 by the above representation o and on R3%2 by B.

In order to give a precise meaning to this brief formulation we define the notion
of ‘bundle of maps’ with a given map as fibre and with a given structure group.

Definition. Let ¢ be a topological group, let P—B be a principal ¢-bundle, let X
and X be G-spaces and let ¢: X - X be a (-equivariant map. Then the map
idpx¢: PxX—>PxX
is G-equivariant if we let the group @ act on X x P and X x P by the diagonal actions.
The induced map of the quotient spaces
O:Px X>Px, X

will be called the canonical bundle map with fibre ¢ associated to the principal
bundle P—B. A map f: V-V will be called a bundle of maps with fibre ¢ and
structure group (¢ if there exist:

(a) a principal G-bundle P— B, and

(b) homeomorphisms H: V—Px X, H: VP x ;X such that ®oH = Hof.

A second reformulation of the theorem which we shall use is:

TurorEM 17. Let f, T and T be as in Theorem 1. Then

(i) there are local coordinate systems (U, o), ..., (U, e0,) in T, where {U,,U,, ..., U}
is an open covering of T, o; is a diffeomorphism of U, onto R" and
(ii) there are local coordinate systems (U,,a,), (U,, &), ..., (U, &), where {U,, ..., U}

is an open covering of T, &, is a diffeomorphism of U, onto R"™* and the following
conditions are satisfied :

(a) f(U,) = U,
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(b) &;o(flU;)oa;* has the normal form given by Morin,

(¢) these local coordinates define vector-bundle structures on T and T with
structure groups a(O(k)) ={K4,4,1,1)|A€0(k)} and F(Ok)) ={{4,4,4,
1,1> |4 € O(k)} respectively.

Here condition (¢) means the following: decompositions of R” and R"** are fixed
into the products R" = R?¥*2x R""2672 gnd R"** = R3+2 x R"~2~2 pegpectively. For
any w€R" 72 the products R**2x {u} and R**2 x {u} can be identified with R***2
and R**2 regpectively. Now the requirement is that the restrictions of the transition

maps a;00; " and &; 0&; " to R¥*2 x {u} and R**2 x {u} are block diagonal matrices of
the forms (A4,4,1,1) and {4,4,4,1,1) respectively, where 4 € O(k).

2. Preparations for the proof
Definition. Let us denote by Diff (R™, 0) the germ of diffeomorphisms of R™ at the
origin. An automorphism of the map ¢ is a pair (a,b) where

aeDiff (R*+2.0),  be Diff (R*+2,0),

and ¢goa =bo¢. An automorphism (a,b) will be called reduced if the differential
da(0) keeps the orientation of the line kerd¢ at any point. We shall denote by ./ the
group of reduced automorphisms of ¢. Therefore
of < Diff (R¥*1) x Diff (R***2)
of = {(a,b) € Diff (R**1) x Diff (R***2) |da| ker df keeps the orientation}

and the index of o/ in the whole automorphism group Aut¢ is 2.
Notice that for any 4 € O(k) the pair (a(4), f(4)) is a reduced automorphism of ¢.

Remark 1. Let H be any subgroup of the reduced automorphism group .»/. Then
analogues of the bundles £, £ and of the map ® can be defined as follows:

£, =EHx ,R*? £, =EHx,R¥*2 and ®,=idx,d¢.

Remark 2. Let us define the group G as follows: G = {(a(4), ((4))|4€0(k)}.
Obviously ¢ is a subgroup of the reduced automorphism group .o/ and it is
isomorphic to the orthogonal group O(k). Then &, = ®.

Let us denote by p, and p, the projections of Diff (R**2,0) x Diff (R***2,0) onto the
first and second factors respectively.

LeMma 1. The projection p, restricted to the group of reduced automorphisms of ¢ is
monomorphic.

Proof. The set of non-multiple points of ¢ in R***2 forms a dense subset, because
the codimension of ¢ is positive. Suppose then that 0 € .o/ is an automorphism of the
form 0 = (a,id), where a e Diff (R?**2 0) and id € Diff (R®**2,0) is the identity. Then
poa = ¢. If x is a non-multiple point of ¢, i.e. ¢~ (¢(x)) = {x}, then p(a(x)) = p(x)
implies a(x) = x, i.e. a is fixed on the set of non-multiple points of ¢. Since this set
is dense and « is continuous the map «a is the identity.

CoroLLARY. For any subgroup o of the group o/ we have p,(o) = o.
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3. Proof of the theorem

In [Sz3] we have shown that the local coordinate systems can be chosen to satisfy
(a) and (b) of Theorem 1”. This implies that the following weaker form of (c) is also
satisfied : (¢yeq) the restrictions of the transition maps a;0a;"' and &;04d;" to the
spaces R¥**2x{y} and R¥**2x{u} respectively form a pair that defines an
automorphism of the map ¢: R?**+2— R3+2,

Lemya 2. If f: M"—=N"" jis a simple ='*-singular map then the local coordinate
systems above can be chosen in such a way that the above defined automorphisms of ¢ are
reduced.

Proof of Lemma 2. Suppose the transition map o;00; " changes the orientation of
ker df. Then we can change the signs of the variables x,#;,¢,. ... {,,_; in the source and
of Y1, Y5, -, Yap_1,2p41 tO get coordinate systems satisfying the requirement. More
precisely: we start with sets of local coordinate systems {(U,,a,), ..., (U,,a,)} and
(U,.4,).....U,. &, satisfying (a) and (b) in Theorem 17, and take the first pair (U,
a,), (U,.d,). then we take the second pair and check whether the transition map
o, 005, keeps the orientation of the kernel or not. If it does then we do not change
anything, but go to the third pair of local coordinates. If it does change the
orientation of kerdf then we replace (U,,a,) and (U,.d,) by (U,.a}) and (U,. &)
respectively, where o is the composition of a, with the map s: R” -~ R" given by

Sty vve s bopyqs X, Up, Ugy v, Upy_spo—s)
= (=t ty, =ty oo, o g g — X Uy g, oo Uy g )

and &} is the composition of &, with the map §: R"** — R"** given by

S(Y1: Yoo oo Yorwrs 21 Zas oo By Uy U v Uy g )
= (=1 Ya = Yso oo s =Yoo Yors Yarr1s 210 Zas oo s~ Zppns U Uy s Uy o).

Then we go to the third pair of local coordinate systems and do the same alteration
if necessary, etc.

Now a theorem of Jénich and Wall (see [J] and [W]) says that the automorphism
group of a finitely determined stable germ has a maximal compact subgroup,
moreover any compact subgroup is contained in a maximal one, and finally a
maximal compact subgroup is homotopically equivalent to the whole automorphism
group in a suitable sense, in particular any fibre bundle whose structure group is the
whole automorphism group can be reduced to any maximal compact subgroup. It is
not hard to see that these claims also remain true for the index 2 subgroup of reduced
automorphisms.

This means that the coordinate systems (U, ;) and (U, &) can be chosen in such
a way that the transition maps a;00;" and &;0&;" restricted to R**2x {u} and
R332 % {u} respectively give a pair of diffcomorphisms forming an element of any
given maximal compact subgroup o of 7.

Therefore in order to prove the theorem it remains to show that the structure
group o can be further reduced to the group G = {(a(4),(A4))|A€0(k)}. Let us
choose o as a maximal compact subgroup containing .

Lemma 3. G itself is a maximal compact subgroup of the group of reduced
automorphisms of the Morin map ¢: R*2 — R+ je. o =(.
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Proof. 1t is enough to show that the inclusion ¢ < ¢ is a homotopy equivalence. (A
compact Lie group o cannot be homotopy equivalent to a proper subgroup ¢.
Indeed, since their top dimensional homology groups are isomorphic they have the
same dimension. Therefore, the space o/G is 0-dimensional. Because of the
isomorphism on the 0-dimensional homologies this space consists of one single point
and so o = ()

Now in order to show that the inclusion map (¢ < o is a homotopy equivalence it
is enough to show that it induces a homotopy equivalence of the classifying spaces
i: BG— Bo, since ¢ =~ QBG ~ QBo =~ o, where & means “homotopically equivalent’.
It remains to construct a homotopy inverse j: Bo— BG of the map ¢: BG — Bo.

We shall construct j on each finite dimensional approximation of Bo. Given a
natural number q let us consider the ¢ times join of o with itself: Kl = o*o*...* 0
provided with the diagonal o-action. Let B?% be the quotient space Eio/o.
According to Milnor’s construction the space Bo is the limit of the spaces Bl :

Bo = lim Blo.
g0
Let us denote by &2 the space Bl x , R**2 by £ the space % x , R**+2 and by
DY: 2 ¢£9 the map induced by the o-equivariant map id(£%) X ¢, where 1d(E%0)
denotes the identity of the space E%.

LemMA 4. For any codimension k simple ' 1-singular map g denote by v(g) and v(qg)
the normal bundles of the submanifold of ' singular points T'1(q) in the source and
of its image SV(g) in the target manifold respectively. Then

(a) there exists a k dimensional vector-bundle 5 over -'(g) such that ¥(g) ~ €* ® 37,
and

(b) if we denote by y the pull-back (g| X" (g))*(7}) then v(g) =~ ¢ @ 2.

The proof of this lemma will be given in Section 4.

Key remark. Note that each map ®¢ itself is a simple X*-map. Therefore we can
apply Lemma 4 to the map g = ®2.

In this case !(g) is the zero section of £2 and £'!(g) is the zero section of £2.
Therefore the normal bundles v(g) and p(g) are the bundles £2 and fg respectively. By
the statement of Lemma 4 there is a bundle map

53 — 37, ® ¢

|,

q Ja
Blo —— BO(k)

which is an isomorphism on each fibre.

The bundle 3y, @ €? is the same as gG»BG = BO(k). (See Remark 1 in Section 2
with H = (7.) In Lemma 5 below we will prove that the maps j, can be chosen in such
a way that j ., | B = j,. Therefore they define a map j: Bo— B@, which is similarly
covered by a bundle map &, &, that is a linear isomorphism on each fibre.

To finish the proof of the statement (¢ = ¢ we show that ¢ and j are each other’s
homotopy inverses.
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Notice that by construction the bundles £, and £ are the universal 3k+2-
dimensional bundles with structure groups p,(G)) and p,(o) respectively and
P,(G) & @; py(0r) & o by the Corollary in Section 1. Universality of the bundles &,
and g} means in particular that if a bundle (with fibre R3*2) over a space X can be
induced from g} or 5 by a map X —B(@ or X — Bo respectively, then the homotopy
class of this map is uniquely defined. The composition jo¢ induces the bundle gG
from itself (since the map joi is covered by a mapping of the total space gGagG
which is a linear isomorphism on each fibre). Since the identity map also obviously
induces the bundle £, from itself, by the universality of £, the map joi is homo-
topic to the identity. Similar reasoning using the universality of the bundle g}
gives 10j = 1.

Lemma 5. The maps j,: Blo — BG can be defined in such a way that j,., | Blo = j, and
therefore they define a map j: Bo— BG.

Proof. The space Bo is well-defined only up to homotopy. We shall replace Bo =
lim, . (B%) by the so called telescope construction, a homotopically equivalent
space Bo’ for which we shall obtain a map j': Bo”— B covered by a bundle map of
the bundles.

Let i2: Bl < B¢ be the natural inclusion. Let C'(i%) be the cylinder of this map.
This cylinder contains both B% and B?*'g. Attach C(i%"') to (%) by identifying
B™g < O(i?) with B™'o < C(19"). After having done this for each ¢ we get a
‘telescope ’-space homotopically equivalent to Bo. Now we define the map j on this
telescope space as j, on B% and as the homotopy between j, and j ., |B% on the gth
cylinder.

It remains to show Lemma 4. We shall do this by performing a rather laborious
analysis of the local normal form and finding some invariantly defined subsets in the
source and their images in the target.

4. The proof of Lemma 4

4.1. Sets and bundles in the source manifold of g. Below we give the equations of
certain sets intrinsically associated with the map ¢ in Morin’s normal coordinates. In
this section we shall denote the coordinates u; from Section 1 by t,,,,,, fori =1, ...,
n—2k—2. The source and target manifolds of ¢ will be denoted by M" and N"**
respectively (like those for f, but f will not occur anymore).

1. The set of singular points

Sl(g) = {peM|rankdg(p) = n—1}
={p=(t1,-..; n— ]7 |t +2.’Lt = =t2k_l+2xt2k=t2k+1+3x220}_

Since the map ¢ will be fixed from now on it will be omitted from the notation of
the subsets defined here. For example the set X!(g) will be denoted simply as =!.

2. The lines kerdg are the tangent lines of the x-curves (Vi {, = constant).

3. The set of the double points is:

={peM|Ip"p+p" and g(p)=ygp)}
={(t;,.... o) FF wda* = -1 /t, = =1, /L,

=...=—ly [ty and —iy,, = F+axt+a}
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4. The set of points that are both double and singular is
S'NA={peM|rankdg(p) = n—1 and Ip” + p such that g(p) = g(p’)}
={(ty, ..., ty_, )|t =1, = ... =ty, = 0 and t,,,, = —32%}.

5. The set of those nonsingular points which have the same image as a singular
point will be denoted by A X!

AxXt ={peM|rankdg(p) =
and
dp” % p such that ¢(p) = g(p”) and rank dg(p’) = n—1}
=1t Loy x) |ty =ty = ... =ty =0and t,,, =—3/4-2%.

6. The triple points will be denoted by . The closure of this set T will be denoted
by T. It is the union
T=TUE'NA)UA=IY

In the local normal coordinates the set T is given by the following equalities and

inequalities:
T=1peM|3p.p":p *¥p" and p*p.p”

such that

g(p) =9(p') = ( ) or peXinAj

{(t,. s, .. Ja) |ty =1, = ... =1y, =0and Ja*: —t,,,, =2 +ax¥ 4 ¥
={(ty by oo by, @) [ty =1y = ... =1y, = 0 and 3a® < —4iy,, .}
A point (¢,x) of T belongs to the set T if
— (v +a*) + x,a*
7. The set of £! singular points is:
YL =3Ng| XY ={(t,,....t,_,x)|lx=0andt, =t,= ... =t,, =ty =0}

OO?QSQQ’LL@TL(}@S

(1) X1 is an n—2k—2 dimensional closed manifold with local coordinates

(t2k+27 o tn—l)'

(2) Z'nA is an n—2k—1 dimensional manifold containing ='!. The normal
bundle of X! in X' N A is the kernel of the differential dg.

(2') A%X! is also an n—2k—1 dimensional manifold containing =!!. The two
manifolds A = X' and X' N A are tangent along the manifold ™! and have no further
common points.

(3) The set of triple points T is a manifold with boundary A n X'

(4) At every point of T, A has two branches. These two branches get closer and
closer to each other as the point tends to the boundary and finally they coincide at
the points of the boundary. Let us denote by &, and &, the normal bundle of T in the
first and the second branch respectively. (These are & dimensional bundles over X.)
We shall denote by v, the restriction of & (or &,) over X' In Morin’s normal
coordinates the fibres of v, are parallel to the coordinate space (t,,¢;, ;. ..., ).
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(5) The normal bundle of A in M" along X! will be denoted by »,. (In Morin’s
normal coordinates the fibres are parallel to the coordinate space (t,,¢,, ..., t,;).) So we
have the following sequence of embeddings

Sl AxX =0T cT c A M
The normal bundles of these embeddings restricted to X! will be denoted by
Vo, V1. Vs, Vg
respectively and the corresponding coordinate directions are

(@), (bagra)s (s by s bopy)  and (Ey, 8y, o0 tyy)
respectively.

Remarks

(1) The line bundle », is trivial because it coincides with the bundle kerdg
restricted to X!, and ¢ is a simple X! map. (See condition (b) in the definition of
simple X! singular map.)

(2) The bundle v, is the restriction to X! of the normal bundle of the boundary
of T in T, and so this bundle is also trivial. Fix an orientation on the trivial bundle
kerdg. We can choose Morin’s local coordinates ({1, %y, ..., lypiqs @, U, g,y oo, Upy_gp_p) IN
a neighbourhood of any point in X! in such a way that the derivative of the
coordinate 2 in the positive direction of kerdg will be always positive. Such a
coordinate system will be called admissible. (Notice that if for a certain Morin local
coordinate system this does not hold, then we can change the sign of x if we change
the signs of all the ¢; coordinates with odd ¢ as well, and also change the signs of the
corresponding y coordinates and of z,,; in the target.)

Now the set Z*NA can be decomposed into the union of Z'NA, and Z'NA_,
according to the sign of the x coordinate in an admissible Morin’s local coordinate
system. (This decomposition will help us to show the triviality of a certain line bundle
(named ¢) in the target manifold.)

Lemma 6. The k-dimensional vector bundles vy, — X" and v, X1 are isomorphic.

Proof. Let us consider a short nonzero inward normal vector field » of 0T in T along
311 Given a real number ¢ such that 0 < ¢ < 1 —and having identified the tubular
neighbourhood of ! in M" with the corresponding normal bundle — the endpoints
of the vector field ev will be identified with a submanifold of T diffeomorphic to X1,
Let us denote this submanifold by X%;'. Then the bundles &, and &, restricted to ;!
are isomorphic. (Recall that £, and £, are the normal bundles of the set of triple points
T in the first and the second branch of the set of double points respectively.)

Indeed, on decreasing ¢ continuously from 1 to 0 both restrictions tend to the
bundle v,— X1 (Recall that v, was the normal bundle of T in the single branch of
the double point-set A over =!'!. As we have mentioned above, the two branches of
A coincide over 0T, so in particular over X! too.)

We can suppose that for ¢ =1 the restrictions of the bundles £ and &, are
orthogonal. Therefore, if we denote by & the orthogonal complement of &, i = 1,2,
in the normal bundle of T in M"”, then we have

EIZ A& |E) and £|E) ~ & | X0
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Now as € tends to zero the orthogonal complements will tend to the bundle v,.
Therefore v, = v,. I

This implies the first part of Lemma 4 (i.e. v(g) & ¢ @ 25%).

4.2. Sets and bundles in the target manifold.

1. The restriction of f to 2! is a diffeomorphism onto X'. In Morin’s normal
coordinates a point (yy. ..., Y, 1s 21 ---2p4,) belongs to L1 if and only if y, = ... =
Yorr1 =21 = oo = 2, = 0. .

2. The image of the set of triple points, which will be denoted by T, belongs to the
n—2k dimensional subspace of R"** defined by the equations:

NW=Ya= T Yy =5 == ... =2, =0
and it forms a topological manifold with non-smooth (‘cuspidal’) boundary.
3. This cuspidal boundary is the image of the set X' N A and it is given by the union
of ‘semicubic parabolas’ which have the following parametric equation:

e =—2°%% Yopp=—32% (andy,=...=y,, =2 =...=2,=0).

The cuspidal boundary of T consists of two n—2k—1 dimensional manifolds with
boundary g(=' N A), and ¢(Z' N A)_ respectively. Notice that these two manifolds can
not interchange by going to another local coordinate system if we restrict ourselves
to admissible Morin local coordinates. They have the common boundary ! =
g(Z*1) and their tangent spaces coincide at the common boundary.

4. The image of the vector field v under the differential dg will be denoted by 7.
This is an inward normal vector field along the boundary X' in g(2' N A), (and also
in g(X'nA)_). Having identified the normal bundle of X! with its tubular
neighbourhood the endpoints of the vector field # will define a submanifold of T
which we denote by i;l N

5. Let {g,} be a sequence of points of T converging to a point ge="'. Then the
tangent spaces of T at the points ¢, will converge to a well-defined subspace 0, of
T,N"** (dim 0, = n—2k). Let us denote by 0 the n—2k dimensional vector bundle
over X! formed by the vector spaces 6,, ge =11, The bundle # contains the vector
field 7.

6. Notice that TSV! < 6, where TSV is the tangent space of 31,

Denote by ¢ the orthogonal complement of 751 @y in 6.

Notice that the vector field  and the globally defined sets g(X* N A), and (X' N A)_
define an orientation of the line bundle { and so this line bundle is trivial. (Indeed,
7 and 6 define at each point pe X! a plane, which is divided by the line of 3 into a
positive half whose germ at p intersects the set X' n A, and a negative half. Now ¢
is clearly trivial.)

7. Any interior point @ of T has exactly three preimage points

g1 (Q) = {P(Q). Fy(Q). Py(@)}.

Let &8 and £ be the fibres of the bundles &, and &, at P, = P(Q), i = 1,2, 3.

The six vector spaces &, £8i i = 1,2,3 are mapped by dg pairwise into the same
subspace of T, N"**:

dg(&) = dg(&3%);  dg(&:h) = dg(&);  dg(&:s) = dg(&T).

We obtain three vector spaces in T, N*** and we shall denote them by £, £9, £9.

These vector spaces are k-dimensional and together they span the 3k-dimensional
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normal space of T in T, N"*. Now let the point @ run over the manifold i}z’l. Then
the points P,, P,, P, will run over three submanifolds of T naturally diffeomorphic to
Y11 Let us consider the restrictions of the bundles £, and &, to these submanifolds
and denote them by &, where ¢ = 1,2 and j = 1,2, 3. The union of the vector spaces
579 considered for each ¢ € i;’INforms a vector bundle g}, for each j =1,2,3. These
three vector bundles §,, &, and &; restricted to X1'! are isomorphic to each other since
they are isomorphic images of the isomorphic bundles &; i =1,2;j=1,2,3.

Therefore the normal bundle of i;’l (which can be naturally identified with the
normal bundle of £'1) is isomorphic to the direct sum of the trivial 2-dimensional
bundle (= the normal bundle in ¥) and the direct sum of three isomorphic k-
dimensional bundles (g}, j=1,2,3).

This proves Lemma 4.

5. Final remarks

1. The analogue of Theorem 1 has been proved for ? singular maps in [Sz1] and
[Sz2].

2. Theorem 1 has been formulated with a sketch of the proof in [Sz3].

3. Theorem 1 is one of the main ingredients for the construction of the classifying
space for the cobordism groups of those X! singular maps, which are projections of
immersions (or embeddings) in euclidean spaces of one dimension higher. (It is not
hard to see that for such a map f the kernels of the differentials at the singular points
form a trivial line bundle over the set of singular points, and hence f is simple X' 1-
singular maps if n < 3k.) These latter cobordism groups have been used in the
computations of the cobordism groups of immersions and embeddings in [Sz4] and
[Sz5].

4. If the source and the target manifolds are oriented then the group O(k) can be
replaced by the group SO(k).

5. If we drop condition (b) in the definition of simple X !-singular map (see the
Introduction), then the theorem still holds if we replace the group ¢ with its suitable
Z, extension.

6. The method of this paper applies more generally than the formulated result.
For example this method works for any Morin singularities. This fact will allow us
to construct models for loop-spaces of Thom spaces, analogous to the ‘James
product” model for the loop space of a suspension.

I thank Peter Zvengrowski for a careful reading of an earlier version of this paper.
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