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Introduction

This book introduces a context for global homotopy theory. Here ‘global’ refers to simultaneous and
compatible actions of compact Lie groups. It has been noticed since the beginnings of equivariant homotopy
theory that certain theories naturally exist not just for a particular group, but in a uniform way for all
groups in a specific class. Prominent examples of this are equivariant stable homotopy, equivariant K-
theory or equivariant bordism. Various ways to formalize this idea and to obtain a category that is the
home of global stable homotopy types have been explored in [90, Ch. II], [64, Sec. 5], [22]. We use a
different approach: we work with the well-known category of orthogonal spectra, but use a much finer
notion of equivalence, the global equivalences, then what is traditionally considered. The basic underlying
observation is that every orthogonal spectrum gives rise to an orthogonal G-spectrum for every compact
Lie group G, and the fact that all these individual equivariant objects come from one orthogonal spectrum
implicitly encodes strong compatibility conditions as the group G varies. An orthogonal spectrum thus
has G-equivariant homotopy groups for every compact Lie group, and a global equivalence is a morphism
of orthogonal spectra that induces isomorphisms for all equivariant homotopy groups for all compact Lie
groups (compare Definition III.1.14). For the experts we should add here that the equivariant homotopy
groups that we consider are based on ‘complete G-universes’.

The structure on the equivariant homotopy groups of an orthogonal spectrum gives an idea of the
information contained in a global homotopy type in our sense: the equivariant homotopy groups πGk (X) are
contravariantly functorial for continuous group homomorphisms (‘restriction maps’), and they are covari-
antly functorial for inclusions of closed subgroups (‘transfer maps’). The restriction and transfer maps enjoy
various transitivity properties and interact via a double coset formula. This kind of algebraic structure has
been studied under different names (e.g., ‘global Mackey functor’, ‘inflation functor’,. . . ). From a purely
algebraic perspective, there are various parameters here than one can vary, namely the class of groups to
which a value is assigned and the classes of homomorphisms to which restriction maps respectively transfer
maps are assigned, and lots of variations have been explored algebraically. However, the decision to work
with orthogonal spectra and equivariant homotopy groups on complete universes dictates a canonical choice:
we prove in Theorem III.3.5 that the algebra of natural operations between the equivariant homotopy groups
of orthogonal spectra is freely generated by restriction maps along continuous group homomorphisms and
transfer maps along subgroup inclusion, subject to explicitly understood relations.

We define the global stable homotopy category GH by localizing the category of orthogonal spectra at the
class of global equivalences. Every global equivalence is in particular a non-equivariant stable equivalence,
so there is a ‘forgetful’ functor U : GH −→ SH on localizations, where SH denotes the traditional non-
equivariant stable homotopy category. By Theorem IV.4.1 this forgetful functor has a left adjoint L and a
right adjoint R, both fully faithful, that participate in a recollement of triangulated categories:

GH+ i∗ // GH U //

i!

hh

i∗

vv
SH

R

gg

L
vv

Here GH+ denotes the the full subcategory of the global homotopy category spanned by the orthogonal
spectra that are stably contractible in the traditional, non-equivariant sense.

The global sphere spectrum and suspension spectra are in the image of the left adjoint (Exam-
ple IV.4.12). Global Borel cohomology theories are the image of the right adjoint (Example IV.4.26). The
‘natural’ global versions of Eilenberg-Mac Lane spectra (Construction V.3.21), Thom spectra (Section V.4),
or topological K-theory (Section V.7) are not in the image of either of the two adjoints. Periodic global
K-theory, however, is right induced from finite cyclic groups i.e., in the image of the analogous right adjoint
from an intermediate global homotopy category GHcyc based on finite cyclic groups (Example V.7.28).
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Looking at orthogonal spectra through the eyes of global equivalences is a bit like using a prism:
the latter breaks up white light into a spectrum of colors, and global equivalences split a traditional,
non-equivariant homotopy type into many different global homotopy types. The first example of this
phenomenon that we will encounter refines the classifying space of a compact Lie group G. On the one
hand, there is the constant orthogonal space with value a non-equivariant model for BG; and there is
the global classifying space BglG (see Definition I.2.11). The global classifying space is analogous to the
‘geometric classifying space’ of a linear algebraic group in motivic homotopy theory, compare [103, 4.2].
After reading Chapter I, most readers will probably agree that the global classifying space is the more
interesting object.

Another good example is the splitting up of the non-equivariant homotopy type of the classifying
space of the infinite orthogonal group O. Again there is the constant orthogonal space with value BO,
the Grassmannian model BO, the restricted Grassmannian model bO, the bar construction model BO◦,
and finally a certain ‘cofree’ orthogonal space R(BO). The restricted Grassmannian model bO is also a
homotopy colimit, as n goes to infinity, of the global classifying spaces BglO(n), We discuss these different
global forms of BO is some detail in Section II.5; they are related by various highly structured morphisms,
compare (5.1) of Chapter II. The different global form of BO have corresponding Thom spectra, and we
discuss these in Section V.4).

In the stable global world, every non-equivariant homotopy type has two extreme global refinements, the
‘left induced’ (the global analog of a constant orthogonal space, see Example IV.4.11) and the ‘right induced’
global homotopy type (representing Borel cohomology theories, see Example IV.4.26). Many important
stable homotopy types have other natural global forms. The non-equivariant Eilenberg-Mac Lane spectrum
of the integers has a ‘free abelian group functor’ model (Construction V.3.21), and another incarnation as
the Eilenberg-Mac Lane spectrum of the constant global functor with value Z (see Remark IV.3.12). These
two global refinements of the integral Eilenberg-Mac Lane spectrum agree on finite groups, but differ for
compact Lie groups of positive dimensions; the author is uncertain which of the two is the ‘better’, or the
more useful, global homotopy type.

As already indicated, there is a great variety of orthogonal Thom spectra, in real (or unoriented) flavors
as mO and MO, as complex (or unitary) versions mU and MU, and there are periodic versions mOP,
MOP, mUP and MUP of these; we discuss these spectra in Section V.4. The theories represented by mO
and mU have the closest ties to geometry; for example, the equivariant homotopy groups of mO receive
Thom-Pontryagin maps from equivariant bordism rings, and these are isomorphisms for products of finite
groups and tori (compare Theorem V.5.32). The theories represented by MO are tom Dieck’s homotopical
bordism, isomorphic to ‘stable equivariant bordism’.

Connective topological K-theory also has two fairly natural global refinements (in addition to the left
and right induced ones). The ‘orthogonal subspace’ model ku (Construction V.6.11) represents connective
equivariant K-theory on the class of finite groups; on the other hand, global connective K-theory kuc (Con-
struction V.7.29) is the global synthesis of equivariant connective K-theory in the sense of Greenlees [63].

The global equivalences are part of a closed model structure (see Theorem IV.1.25), so the methods
of homotopical algebra can be used to study the global homotopy category. This works more generally
relative to a class F of compact Lie groups, where we define F-equivalences by requiring that πGk (f) is
an isomorphism for all integers and all groups in F . We call a class F of compact Lie groups a global
family if it is closed under isomorphism, subgroups and quotients. For global families we complement the
F-equivalences to a stable model structure, the F-global model structure, see Theorem IV.1.19) These model
structure is useful for showing that the forgetful functor

(F-global homotopy category) −→ (stable homotopy category)

has both a left and a right adjoint, and both are fully faithful. Besides all compact Lie groups, interesting
global families are the classes of all finite groups, or all abelian compact Lie groups. The class of trivial
groups is also admissible here, but then we just recover the ‘traditional’ stable category. If the family F
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is multiplicative, then the F-global model structure is monoidal with respect to the smash product of
orthogonal spectra and satisfies the ‘monoid axiom’ (Proposition IV.2.6). Hence this model structure lifts
to modules over an orthogonal ring spectrum and to algebras over an ultra-commutative ring spectrum
(Corollary IV.2.7).

Relation to other work. The idea of global equivariant homotopy theory is not at all new and has
previously been explored in different contexts. For example, in Chapter II of [90], Lewis and May define
coherent families of equivariant spectra; these consists of collections of equivariant coordinate free spectra
in the sense Lewis, May and Steinberger, equipped with comparison maps involving change of groups and
change of universe functors.

The approach closest to ours are the global I∗-functors introduced by Greenlees and May in [64, Sec. 5].
These objects are ‘global orthogonal spectra’ in that they are indexed on pairs (G,V ) consisting of a compact
Lie group and a G-representation V . The corresponding objects with commutative multiplication are called
global I∗-functors with smash products in [64, Sec. 5] and it is for these that Greenlees and May define and
study multiplicative norm maps. Clearly, an orthogonal spectrum gives rise to a global I∗-functors in
the sense of Greenlees and May. In the second chapter of her thesis [21], A. M. Bohmann compares the
approaches of Lewis-May and Greenlees-May; in the paper [22] she also relates these to orthogonal spectra.

Symmetric spectra in the sense of Hovey, Shipley and Smith [75] are another prominent model for
the (non-equivariant) stable homotopy category. Much of what we do here with orthogonal spectra can
also be done with symmetric spectra, if one is willing to restrict to finite groups (as opposed to general
compact Lie groups). This restriction arises because only finite groups embed into symmetric groups, while
every compact Lie group embeds into an orthogonal group. M. Hausmann [66, 67] has established a global
model structure on the category of symmetric spectra, and he showed that the forgetful functor is a right
Quillen equivalence from the category of orthogonal spectra with the Fin-global model structure to the
category of symmetric with the global model structure. While some parts of the symmetric and orthogonal
theories are similar, there are serious technical complications arising from the fact that for symmetric
spectra the naively defined equivariant homotopy groups are not ‘correct’, a phenomenon that is already
present non-equivariantly.

Organization. In Chapter I we set up the unstable global homotopy theory using orthogonal spaces,
i.e., continuous functor from the category of finite-dimensional inner product spaces and linear isometric
embeddings to spaces. We introduce global equivalences (Definition I.1.2), discuss global classifying spaces
of compact Lie groups (Definition I.2.11), set up the global model structures on the category of orthogonal
spaces (Theorem I.5.10) and investigate the box product of orthogonal spaces from a global equivariant
perspective. In Section I.8 we add two additional perspectives on the unstable global homotopy theory:
we identify the global homotopy theory orthogonal spaces with the homotopy theory of ‘spaces with an
action of the universal compact Lie group’, and with the homotopy theory of ‘orbispaces with compact
Lie isotropy’. Here the ‘universal compact Lie group’ (which is neither compact nor a Lie group) is the
topological monoid L of linear isometric self-embedding of R∞, and we establish global model structure on
the category of L-spaces. By ‘orbispaces’ we mean the category of contravariant continuous functors from
the global orbit category Ogl to spaces. The formal comparison of these homotopy theories in contained in
the Quillen equivalences of Theorems I.8.20 and I.8.37.

Chapter II is devoted to ultra-commutative monoids (a.k.a. commutative monoids with respect to the
box product, or lax symmetric monoidal functors), which we want to advertise as a rigidified notion of
‘global E∞-space’. We give plenty of examples, establish the global model structure and study global units
and global group completions.

Chapter III sets the stage for stable global homotopy theory: we recall orthogonal spectra and equivari-
ant homotopy groups along with their natural structure and global functors. We also discuss free orthogonal
spectra and global Ω-spectra (Definition III.7.2), the natural concept of a ‘global infinite loop object’ in our
setting. Two main results in Chapter III are the calculation of algebra of natural operations on equivariant
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homotopy groups (Theorem III.3.5) and the identification of certain morphisms between free orthogonal
spectra as global equivalences (Theorem III.5.6).

In Chapter IV, we complement the global equivalences of orthogonal spectra by a stable model structure.
Here we work more generally relative to a global family F and consider the F-equivalences (i.e., equivariant
stable equivalences for all compact Lie groups in the family F). We follow the familiar outline: a certain F-
level model structure is Bousfield localized to an F-global model structures (see Theorem IV.1.19). We
use the F-global model structure to construct and study left and right adjoints to the forgetful functors
associated to a change of global family (Theorem IV.4.1). We develop some basic theory around the
global stable homotopy category; since it comes from a stable model structure, this category is naturally
triangulated and we show that the suspension spectra of global classifying spaces form a set of compact
generators (Theorem IV.3.2). As an application of Morita theory for stable model categories [123], we can
then deduce that rationally the global homotopy category for finite groups has an algebraic model, namely
the derived category of rational global functors (Theorem IV.5.2).

Chapter V focuses on ultra-commutative ring spectra, i.e., commutative orthogonal ring spectra under
multiplicative global equivalences. We establish the global model structure for ultra-commutative ring
spectra (Theorem V.1.17), and make the algebraic structure that arises explicit as global power functors
(Definition V.1.4). In this section we also discuss important examples of ultra-commutative ring spectra,
such as Eilenberg-Mac Lane spectra (see Construction V.3.21). Section V.4 discusses two orthogonal Thom
spectra mO and MO that are closely related to equivariant bordism. The Thom-Pontryagin construction
maps the unoriented G-equivariant bordism ring NG

∗ to the equivariant homotopy ring πG∗ (mO), and that
map is an isomorphism when G is a product of a finite group and a torus, see Theorem V.5.32. The Thom
spectrum MO was first considered by tom Dieck and it represents ‘stable’ equivariant bordism, without
any restriction on the compact Lie group G. We discuss global K-theory in Section V.7, which comes in
three interesting flavors as connective global K-theory ku, global connective K-theory kuc and periodic
global K-theory KU (and in the real versions ko, koc and KO).

Acknowledgments. I would like to thank John Greenlees for patiently explaining various questions in
equivariant stable homotopy theory to me; Johannes Ebert and Michael Joachim for tutorials on equivariant
K-theory, and Benjamin Böhme, Markus Hausmann, Lars Hesselholt, Matthias Kreck, Jacob Lurie, Steffen
Sagave, Neil Strickland, Karol Szumi lo, Peter Teichner, Andreas Thom and Mahmoud Zeinalian for various
helpful discussions, comments and suggestions.



CHAPTER I

Unstable global homotopy theory

1. Orthogonal spaces and global equivalences

Before we start, let us fix some notation and conventions. By a ‘space’ we mean a compactly generated
space in the sense of [102], i.e., a k-space (also called Kelley space) that satisfies the weak Hausdorff
condition. We review the definition and some basic properties of these spaces in Section A.1. We denote by
T the category of compactly generated spaces. Later we will also consider based spaces, and T∗ will denote
the category of based compactly generated spaces.

An inner product space is a finite dimensional real vector space equipped with a scalar product, i.e.,
a positive definite symmetric bilinear form. We denote by L the category with objects the inner product
spaces and morphisms the linear isometric embeddings. The category L is a topological category in the
sense that the morphism spaces come with a preferred topology: if ϕ : V −→ W is one linear isometric
embedding, then the action of the orthogonal group O(W ), by postcomposition, induces a bijection

O(W )/O(ϕ⊥) ∼= L(V,W ) , A ·O(ϕ⊥) 7−→ A ◦ ϕ ,

where ϕ⊥ = W −ϕ(V ) is the orthogonal complement of the image of ϕ. We topologize L(V,W ) so that this
bijection is a homeomorphism, and this topology is independent of ϕ. If (v1, . . . , vk) is an orthonormal basis
of V , then for every linear isometric embedding ϕ : V −→W the tuple (ϕ(v1), . . . , ϕ(vk)) is an orthonormal
k-frame of W . This assignment is a homeomorphism from L(V,W ) to the Stiefel manifold of k-frames in W .

An example of an inner product spaces is the vector space Rn with the standard scalar product

〈x, y〉 =

n∑
i=1

xiyi .

In fact, every inner product space V is isometrically isomorphic to the inner product space Rn, for n the
dimension of V . So the full topological subcategory with objects the Rn is a small skeleton of L.

Definition 1.1. An orthogonal space is a continuous functor Y : L −→ T to the category of spaces. A
morphism of orthogonal spaces is a natural transformation. We denote by spc the category of orthogonal
spaces.

The use of continuous functors from the category L to spaces has a long history in homotopy theory.
The systematic use of inner product spaces (as opposed to numbers) to index objects in stable homotopy
theory seems to go back to Boardman’s thesis [18]. The category L (or its extension that also contains
countably infinite dimensional inner product spaces) is denoted I by Boardman and Vogt [19], and this
notation is also used in [98]; other sources [91] use the symbol I. Accordingly, orthogonal spaces are
sometimes referred to as I -functors, I -spaces or I-spaces. Our justification for using yet another name is
twofold: on the one hand, our use of orthogonal spaces comes with a shift in emphasis, away from a focus
on non-equivariant homotopy types, and towards viewing an orthogonal space as representing compatible
equivariant homotopy types for all compact Lie groups. Secondly, we want to stress the analogy between
orthogonal spaces and orthogonal spectra, the former being an unstable global world with the latter a
corresponding stable global world.

7
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Now we define our main new concept, the notion of ‘global equivalence’ between orthogonal spaces.
We let G be a compact Lie group. By a G-representation we mean a finite dimensional orthogonal rep-
resentation, i.e., a real inner product space equipped with a continuous G-action by linear isometries. In
other words, a G-representation consists of an inner product space V and a continuous homomorphism
ρ : G −→ O(V ). In this context, and throughout the book, we will often use without explicit mentioning
that continuous homomorphisms between Lie groups are automatically smooth, compare [ref]. For every
orthogonal space Y and every G-representation V , the value Y (V ) inherits a G-action from the G-action
on V and the functoriality of Y . For a G-equivariant linear isometric embedding ϕ : V −→W the induced
map Y (ϕ) : Y (V ) −→ Y (W ) is G-equivariant.

We denote by

Dk = {x ∈ Rk : 〈x, x〉 ≤ 1} and ∂Dk = {x ∈ Rk : 〈x, x〉 = 1}
the unit disc in Rk respectively its boundary, a sphere of dimension k − 1. In particular, D0 = {0} is a
one-point space and ∂D0 = ∅ is empty.

Definition 1.2. A morphism f : X −→ Y of orthogonal spaces is a global equivalence if the fol-
lowing condition holds: for every compact Lie group G, every G-representation V , every k ≥ 0 and all
continuous maps α : ∂Dk −→ X(V )G and β : Dk −→ Y (V )G such that β|∂Dk = f(V )G ◦ α, there is
a G-representation W , a G-equivariant linear isometric embedding ϕ : V −→ W and a continuous map
λ : Dk −→ X(W )G such that λ|∂Dk = X(ϕ)G ◦ α and such that f(W )G ◦ λ is homotopic, relative to ∂Dk,
to Y (ϕ)G ◦ β.

In other words, for every commutative square on the left

∂Dk α //

incl

��

X(V )G

f(V )G

��

∂Dk α //

incl

��

X(V )G
X(ϕ)G // X(W )G

f(W )G

��
Dk

β
// Y (V )G Dk

β
//

λ

33

Y (V )G
Y (ϕ)G

// Y (W )G

there exists the lift λ on the right hand side that makes the upper left triangle commute on the nose, and
the lower right triangle up to homotopy relative to ∂Dk. In such a situation we will often refer to the
pair (α, β) as a ‘lifting problem’ and we will say that the pair (ϕ, λ) solves the lifting problem.

Example 1.3. If X = A and Y = B are the constant orthogonal spaces with values the spaces A
respectively B, and f = g the constant morphism associated to a continuous map g : A −→ B, then g is a
global equivalence if and only if for every commutative square

∂Dk //

incl
��

A

g

��
Dk //

λ

99

B

there exists the lift λ that makes the upper left triangle commute, and the lower right triangle up to
homotopy relative to ∂Dk. But this is one of the equivalent ways of characterizing weak equivalences of
spaces. So g is a global equivalence if and only if g is a weak equivalence.

Remark 1.4. The notion of global equivalence is meant to capture the idea that for every compact Lie
group G, some induced morphism

hocolimV f(V ) : hocolimV X(V ) −→ hocolimV Y (V )

is a G-weak equivalence, where ‘hocolimV ’ is a suitable homotopy colimit over all G-representations V along
all equivariant linear isometric embeddings. This is a useful way to think about global equivalences, and it
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could be made precise by letting V run over the poset of finite dimensional subrepresentations of a complete
G-universe and using the Bousfield-Kan construction of a homotopy colimit over this poset. However, the
actual definition that we work with has the advantage that we do not have to make precise what we mean
by ‘all’ G-representations and we do not have to define or manipulate homotopy colimits. Since the ‘poset
of all G-representations’ has a cofinal subsequence, called an exhaustive sequence in Definition 1.5, we can
conveniently model the ‘homotopy colimit over all G-representations’ as the mapping telescope over an
exhaustive sequence.

In many examples of interest, all the structure maps of an orthogonal space Y are closed embeddings.
When this is the case, the actual colimit (over the subrepresentations of a complete universe) of the G-spaces
Y (V ) serves the purpose of a ‘homotopy colimit over all representations’, and it can be used to detect global
equivalences, compare Proposition 1.20 below.

Now we establish a useful criterion for detecting global equivalences.

Definition 1.5. Let G be a compact Lie group. An exhaustive sequence is a nested sequence

V1 ⊂ V2 ⊂ . . . ⊂ Vn ⊂ . . .

of finite dimensional G-representations such that every finite dimensional G-representation admits a linear
isometric G-embedding into some Vn.

Given an exhaustive sequence {Vi}i≥1 of G-representations and an orthogonal space X, the values of X
at the representations and their inclusions form a sequence of G-spaces and G-equivariant continuous maps.

X(V1) −→ X(V2) −→ . . . −→ X(Vn) −→ . . . .

We denote by

teliX(Vi)

the mapping telescope of this sequence of G-spaces; this telescope inherits a natural G-action.

Proposition 1.6. For every morphism of orthogonal spaces f : X −→ Y , the following are equivalent.

(i) The morphism f is a global equivalence.
(ii) For every compact Lie group G, every G-representation V , every finite G-CW-pair (B,A) and all

continuous G-maps α : A −→ X(V ) and β : B −→ Y (V ) such that β|A = f(V ) ◦ α, there is a G-
representation W , a G-equivariant linear isometric embedding ϕ : V −→W and a continuous G-map
λ : B −→ X(W ) such that λ|A = X(ϕ) ◦ α and such that f(W ) ◦ λ is G-homotopic, relative to A, to
Y (ϕ) ◦ β.

(iii) For every compact Lie group G and every exhaustive sequence {Vi}i≥1 of G-representations the induced
map

teli f(Vi) : teliX(Vi) −→ teli Y (Vi)

is a G-weak equivalence.
(iv) For every compact Lie group G there is an exhaustive sequence {Vi}i≥1 of G-representations such that

the induced map

teli f(Vi) : teliX(Vi) −→ teli Y (Vi)

is a G-weak equivalence.

Proof. (i)=⇒(ii) We argue by induction over the number of the relative G-cells in (B,A). If B = A,
then λ = α solves the lifting problem, and there is nothing to show. Now we suppose that A is a proper
subcomplex of B. We choose a G-CW-subcomplex B′ that contains A and such that (B,B′) has exactly
one equivariant cell. Then (B′, A) has strictly fewer cells, and the restricted equivariant lifting problem
(α : A −→ X(V ), β′ = β|B′ : B′ −→ Y (V )) has a solution (ϕ : V −→ W ′, λ′ : B′ −→ X(W ′)) by the
inductive hypothesis.
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We choose characteristic maps for the last cell, i.e., a pushout square of G-spaces

G/H × ∂Dk χ //

incl

��

B′

incl

��
G/H ×Dk

χ
// B

in which H is a closed subgroup of G. We arrive at the non-equivariant lifting problem on the left:

∂Dk
(λ′)H◦χ̄ //

incl

��

X(W ′)H

f(V )H

��

∂Dk
(λ′)H◦χ̄ //

incl

��

X(W ′)H
X(ψ)H // X(W )H

f(W )H

��
Dk

βH◦χ̄
// Y (W ′)H Dk

βH◦χ̄
//

λ

33

Y (W ′)H
Y (ψ)H

// Y (W )H

Here χ̄ = χ(H,−) : Dk −→ BH . Since f is a global equivalence, there is an H-equivariant linear isometric
embedding ψ : W ′ −→W and a continuous map λ : Dk −→ X(W )H such that λ|∂Dk = X(ψ)H ◦ (λ′)H ◦ χ̄
and f(W )H ◦ λ is homotopic, relative ∂Dk to Y (ψ)H ◦ βG ◦ χ̄, as illustrated by the diagram on the right
above. By enlarging W , if necessary, we can assume without loss of generality that W is underlying a
G-representation and ψ is even G-equivariant.

The G-equivariant extension of λ

G/H ×Dk −→ X(W ) , (gH, x) 7−→ g · λ(x)

and the map X(ψ) ◦ λ′ : B′ −→ X(W ) then agree on G/H × ∂Dk, so they glue to a G-map

λ : B −→ X(W ) .

Then pair (ψϕ : V −→W,λ : B −→ X(W )) then solve the original lifting problem (α, β).
(ii)=⇒(iii) We suppose that f satisfies (ii), and we let G be any compact Lie group and {Vi}i≥1 and

exhaustive sequence of G-representations. We consider an equivariant lifting problem, i.e., a finite G-CW-
pair (B,A) and a commutative square:

A
α //

incl

��

teliX(Vi)

teli f(Vi)

��
B

β
// teli Y (Vi)

Since B and A are compact, there is an n ≥ 0 such that α has image in the truncated telescope tel[0,n]X(Vi)
and β has image in the truncated telescope tel[0,n] Y (Vi). There is a natural equivariant homotopy from
the identity of the truncated telescope tel[0,n]X(Vi) to the composite

tel[0,n]X(Vi)
proj−−→ X(Vn)

incl−−→ tel[0,n]X(Vi)

Naturality means that this homotopy is compatible with the same homotopy for the telescope of the G-
spaces Y (Vi). Lemma 1.7 applies to these homotopies, so instead of the original lifting problem we may
solve the homotopic lifting problem

A
α′ //

incl

��

X(Vn)
in //

f(Vn)

��

teliX(Vi)

teli f(Vi)

��
B

β
// Y (Vn)

in
// teli Y (Vi)
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where α′ is the composite of the projection tel[0,n]X(Vi) −→ X(Vn) with α, viewed as a map into the
truncated telescope, and similarly for β′.

Since f is a global equivalence, the lifting problem (α′ : A −→ X(Vn), β : B −→ Y (Vn)) has a solution
after enlarging Vn along some linear isometric G-embedding. Since the sequence {Vi}i≥1 is cofinal, we
can take this embedding as the inclusion i : Vn −→ Vm for some m ≥ n, i.e., there is a continuous map
λ : Dk −→ X(Vm) such that λ|∂Dk = X(i)G ◦ α′ and such that f(Vm)G ◦ λ is homotopic, relative ∂Dk, to
Y (i)G ◦ β′, compare the diagram:

A
α′ //

incl

��

X(Vn)
f(Vn)

��

X(i) // X(Vm)

f(Vm)

��
B

β′
//

λ

33

Y (Vn)
Y (i)

// Y (Vm)

The composite

X(Vn)
X(i) // X(Vm)

im // teliX(Vi)

does not agree with in : X(Vn) −→ teliX(Vi); so the composite in◦λ : B −→ teliX(Vi) does not quite solve
the (modified) lifting problem (in ◦α′, in ◦β′). But there is a G-equivariant homotopy H : X(Vn)× [0, 1] −→
teliX(Vi) between im ◦X(i) and in, and a similar homotopy K : Y (Vn)× [0, 1] −→ teli Y (Vi) for Y instead
of X. These homotopies satisfy

K ◦ (f(Vn)× [0, 1]) = (teli f(Vi)) ◦H ,

so Lemma 1.7 implies that the modified lifting problem, and hence the original lifting problem, has a
solution.

Condition (iii) clearly implies condition (iv).
(iv)=⇒(i) We let G be a compact Lie group, V a G-representation, k ≥ 0 and and (α : ∂Dk −→

X(V )G, β : Dk −→ Y (V )G) a lifting problem, i.e., such that β|∂Dk = f(V )G ◦ α. Since the sequence {Vi}
is exhaustive we can embed V into some Vn by a linear isometric G-map and thereby assume without loss
of generality that V = Vn.

We let in : X(Vn) −→ teliX(Vi) and in : Y (Vn) −→ teli Y (Vi) be the canonical maps. Since teli f(Vi) :
teliX(Vi) −→ teli Y (Vi) is a G-weak equivalence, there is a continuous map λ : Dk −→ (teliX(Vi))

G such
that λ|∂Dk = iGn ◦α and (teli f(Vi))

G ◦ λ is homotopic, relative ∂Dk, to iGn ◦ β. Since fixed points commute
with mapping telescopes and since Dk is compact, there is an m ≥ n such that λ and the relative homotopy
that witnesses the relation (teli f(Vi))

G ◦ λ ' iGn ◦ β both have image in tel[0,n]X(Vi)
G, the truncated

telescope of the G-fixed points. [project onto X(Vm)G...] �

Lemma 1.7. Let A ⊂ B be an inclusion that is a cofibration [relax to an h-cofibration...]. Let f : X −→
Y a continuous map and

H : A× [0, 1] −→ X and K : B × [0, 1] −→ Y

homotopies such that K|A×[0,1] = fH. Then the lifting problem (H0,K0) has a solution if and only if the
lifting problem (H1,K1) has a solution.

Proof. The problem is symmetric, so we only show one direction. We suppose that the lifting problem
(H0,K0) has a solution consisting of a continuous map λ : B −→ X such that λ|A = H0 and a homotopy G :
B × [0, 1] −→ Y such that

G0 = f ◦ λ , G1 = K0 and (Gt)|A = f ◦H0

for all t ∈ [0, 1]. The homotopy extension property provides a homotopy H ′ : B × [0, 1] −→ X such that

H ′0 = λ and H ′|A×[0,1] = H .



12 I. UNSTABLE GLOBAL HOMOTOPY THEORY

Then the map λ′ = H ′1 : B −→ X satisfies

λ′|A = (H ′1)|A = H1 .

We define a continuous map J : B × [0, 3] −→ Y by

Jt =


f ◦H ′1−t for 0 ≤ t ≤ 1,

Gt−1 for 1 ≤ t ≤ 2, and

Kt−2 for 2 ≤ t ≤ 3.

In particular,

J0 = f ◦ λ′ and J3 = K1 ;

so J almost witnesses the fact that λ′ solves the lifting problem (H1,K1), except that J is not a relative
homotopy.

We improve J to a relative homotopy from f ◦ λ′ to K1. We define a continuous map L : A × [0, 3] ×
[0, 1] −→ Y by

L(−, t, s) =


f ◦H1−t for 0 ≤ t ≤ s,
f ◦H1−s for s ≤ t ≤ 3− s, and

f ◦Ht−2 for 3− s ≤ t ≤ 3.

Then L(−,−, 0) is the constant homotopy at the map f ◦H1, and

L(−,−, 1) = J |A×[0,3] : A× [0, 3] −→ Y .

Since the inclusion of A into B is a cofibration, the pushout product with the inclusion

([0, 3]× {1}) ∪ ({0, 3} × [0, 1]) −→ [0, 3]× [0, 1]

is an acyclic cofibration. The map L and the map

J ∪ constfλ ∪ constK1
: B × ([0, 3]× {1} ∪ {0, 3} × [0, 1]) −→ Y

agree on A× ([0, 3]×{1}∪{0, 3}× [0, 1]), so there is a continuous map L̄ : B× [0, 3]× [0, 1] −→ Y such that

L̄(−,−, 1) = J , L̄|A×[0,3]×[0,1] = L ,

and

L̄(−, 0, s) = f ◦ λ and L̄(−, 1, s) = K1

for all s ∈ [0, 1]. The map J̄ = L̄(−,−, 0) : B × [0, 3] −→ Y then satisfies

J̄ |A×[0,3] = L̄(−,−, 0)|A×[0,3] = L(−,−, 0) ,

which is the constant homotopy at the map f ◦H1; so J̄ is a homotopy (parametrized by [0, 3] instead of
[0, 1]) relative to i. Because

J̄0 = L̄(−, 0, 0) = f ◦ λ and J̄3 = L̄(−, 3, 0) = K1 ,

the homotopy J̄ witnesses that λ′ solves the lifting problem (H1,K1). �

We establish some basic facts about the class of global equivalences. We emphasize that the proofs in
next proposition are completely elementary (albeit a bit lengthy). We need some new vocabulary.

Definition 1.8. A morphism f : X −→ Y of orthogonal spaces is a strong level equivalence if for
every compact Lie group G and every G-representation V the map f(V )G : X(V )G −→ Y (V )G is a weak
equivalence.



1. ORTHOGONAL SPACES AND GLOBAL EQUIVALENCES 13

There is yet another important homotopical notion of equivalence for orthogonal spaces. A homotopy
between two morphisms of orthogonal spaces f, f ′ : X −→ Y is a morphism

H : [0, 1]×X −→ Y

such that H(−, 0) = f and H(−, 1) = f ′. In this situation the maps f(V )G, f ′(V )G : X(V )G −→ Y (V )G

are homotopic for every compact Lie group G and every G-representation V .
A morphism f : X −→ Y is a homotopy equivalence if there is a morphism g : Y −→ X such that gf

and fg are homotopic to the respective identity morphisms. If this is the case, then the map f(V )G :
X(V )G −→ Y (V )G is a homotopy equivalence (with homotopy inverse g(V )G) for every compact Lie
group G and every G-representation V . So every homotopy equivalence is in particular a strong level
equivalence. So schematically:

homotopy equivalence +3 strong level equivalence +3 global equivalence

A continuous map ϕ : A −→ B is a closed embedding if it is injective and a closed map. Such a map
is then a homeomorphism of A onto the closed subspace ϕ(A) of B. If a compact Lie group G acts on two
spaces A and B and ϕ : A −→ B is a G-equivariant closed embedding, then the restriction ϕG : AG −→ BG

to G-fixed points is also a closed embedding. In particular, for every closed orthogonal space Y and every
G-equivariant linear isometric embedding ϕ : V −→ W of G-representations, the induced map on G-fixed
points Y (ϕ)G : Y (V )G −→ Y (W )G is also a closed embedding.

Some of our arguments will use the notion of an ‘h-cofibration’ of orthogonal spaces; we will also need
h-cofibrations in other contexts later, so we discuss them more generally now.

h-cofibrations. The h-cofibrations are the morphisms with the homotopy extension property. We
will use this concept in various categories, for example in the category of G-spaces, orthogonal spaces
and orthogonal spectra. So we recall some basic properties of h-cofibrations in the context of categories
enriched over the category of spaces. The arguments are all standard and well-known, and we include them
for completeness and convenient reference.

For the discussion of h-cofibrations we work in a cocomplete category C that is tensored and cotensored
over the category T of compactly generated spaces. We write ‘×’ for the pairing and XK for the cotensor
of an object X with a compact Hausdorff space K. A homotopy is then a morphism H : [0, 1] × A −→ X
defined on the pairing of the unit interval with a C-object. For a homotopy and any t ∈ [0, 1] we denote by
Ht : A −→ X the composite morphism

A ∼= {t} ×A incl×A−−−−→ [0, 1]×A H−−→ X .

Definition 1.9. Let C be a category tensored over the category of spaces. A C-morphism f : A −→ B
is an h-cofibration if it has the homotopy extension property, i.e., given a morphism ϕ : B −→ X and a
homotopy H : [0, 1] × A −→ X such that H0 = ϕf , there is a homotopy H̄ : [0, 1] × B −→ X such that
H̄ ◦ ([0, 1]× f) = H and H̄0 = ϕ.

There is a universal test case for the homotopy extension problem, namely when X is the pushout:

A

f

��

0∧− // [0, 1]×A

H

��
B

ϕ
// B ∪f ([0, 1]×A)

So a morphism f : A −→ B is an h-cofibration if and only if the canonical morphism

(1.10) B ∪f ([0, 1]×A) −→ [0, 1]×B
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has a retraction. Also, the adjunction between [0, 1]×− and (−)[0,1] lets us rewrite any homotopy extension
data (ϕ,H) in adjoint form as a commutative square:

A

f

��

Ĥ // X [0,1]

ev0

��
B

ϕ̂
// X

A solution to the homotopy extension problem is adjoint to a lifting, i.e., a morphism λ : B −→ X [0,1] such
that λf = Ĥ and ev0 λ = ϕ̂. So a morphism f : A −→ B is an h-cofibration if and only if it has the left
lifting property with respect to the morphisms ev0 : X [0,1] −→ X for all objects in C.

The three equivalent characterizations of h-cofibrations quickly imply various closure properties.

Corollary 1.11. Let C be a cocomplete category tensored and cotensored over the category of spaces.

(i) The class of h-cofibrations in C is closed under retracts, cobase change, coproducts, sequential compo-
sitions and transfinite compositions.

(ii) Let C′ be another category tensored and cotensored over the category of spaces, and F : C −→ C′ a
continuous functor that commutes with colimits and tensors with [0, 1]. Then F takes h-cofibrations
in C to h-cofibrations in C′.

(iii) If C is a topological model category in which every object is fibrant, then every cofibration is an h-
cofibration.

Proof. (i) Every class of morphisms that can be characterized by the left lifting property with respect
to some other class has the closure properties listed.

(ii) Let f : A −→ B be a cofibration in C and r : [0, 1] × B −→ B ∪f ([0, 1] × A) a retraction to the
canonical morphism. The composite

[0, 1]× FB ∼= F ([0, 1]×B)
Fr−−−→ F (B ∪f ([0, 1]×A)) ∼= FB ∪Ff ([0, 1]× FA)

is then a retraction to the canonical morphism for Ff : FA −→ FB. So Ff is an h-cofibration.
(iii) Since the model structure is topological, for every cofibration f : A −→ B the canonical mor-

phism (1.10) is an acyclic cofibration. Since every object is fibrant, this morphism has a retraction, and
so f is an h-cofibration. �

Proposition 1.12. (i) Every strong level equivalence is a global equivalence.
(ii) The composite of two global equivalences is a global equivalence.
(iii) If f, g and h are composable morphisms of orthogonal spaces such that gf and hg are global equiva-

lences, then f, g, h and hgf are also global equivalences.
(iv) Every retract of a global equivalence is a global equivalence.
(v) A coproduct of any set of global equivalences is a global equivalence.
(vi) A finite product of global equivalences is a global equivalence.

(vii) Let fn : Yn −→ Yn+1 be a global equivalence of orthogonal spaces that is objectwise a closed embedding,
for n ≥ 0. Then the canonical morphism f∞ : Y0 −→ Y∞ to the colimit of the sequence {fn}n≥0 is a
global equivalence.

(viii) Let

C

γ

��

A
goo

α

��

f // B

β

��
C ′ A′

g′
oo

f ′
// B′
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be a commutative diagram of orthogonal spaces such that g and g′ are h-cofibrations. If the morphisms
α, β and γ are global equivalences, then so is the induced morphism of pushouts

γ ∪ β : C ∪A B −→ C ′ ∪A′ B′ .
(ix) Let

A
f //

g

��

B

h
��

C
k
// D

be a pushout square of orthogonal spaces such that f is a global equivalence. If in addition f or g is
an h-cofibration, then the morphism k is a global equivalence.

(x) Let

P
k //

g

��

X

f

��
Z

h
// Y

be a pullback square of orthogonal spaces in which f is a global equivalence. If in addition one of the
morphisms f or h is a strong level fibration, then the morphism g is also a global equivalence.

Proof. (i) We let f : X −→ Y be a strong level equivalence, G a compact Lie group, V a G-
representation and α : ∂Dk −→ X(V )G and β : Dk −→ Y (V )G continuous maps such that f(V )G ◦ α =
β|∂Dk . Since f is a strong level equivalence, the map f(V )G : X(V )G −→ Y (V )G is a weak equivalence, so
there is a continuous map λ : Dk −→ X(V )G such that λ|∂Dk = α and f(V )G ◦λ is homotopic to β relative
∂Dk. So the pair (IdV , λ) solves the lifting problem, and hence f is a global equivalence.

(ii) We let f : X −→ Y and g : Y −→ Z be global equivalences, G a compact Lie group, (B,A) a
finite G-CW-pair, V a G-representation and α : A −→ X(V ) and β : B −→ Z(V ) continuous G-maps such
that (gf)(V ) ◦ α = β|A. Since g is a global equivalence, the equivariant lifting problem (f(V ) ◦ α, β) has a
solution (ϕ : V −→W, λ : B −→ Y (W )) such that

λ|A = Y (ϕ) ◦ f(V ) ◦ α = f(W ) ◦X(ϕ) ◦ α ,
and g(W ) ◦ λ is homotopic to Z(ϕ) ◦ β relative A. Since f is a global equivalence, the equivariant lifting
problem (X(ϕ) ◦ α, λ) has a solution (ψ : W −→ U, λ′ : B −→ X(U)) such that

λ′|A = X(ψ) ◦X(ϕ) ◦ α
and such that f(U)◦λ′ is G-homotopic to Y (ψ)◦λ relative A. Then (gf)(U)◦λ′ is G-homotopic, relative A,
to

g(U) ◦ Y (ψ) ◦ λ = Z(ψ) ◦ g(W ) ◦ λ
which in turn is G-homotopic to Z(ψϕ) ◦ β, also relative A. So the pair (ψϕ, λ′) solves the original lifting
problem for the morphism gf : X −→ Z.

(iii) Step 1: We let f : X −→ Y , g : Y −→ Z and h : Z −→ Q be the three composable morphisms
such that gf : X −→ Z and hg : Y −→ Q are global equivalences. We show that f is a global equivalence.
We let G be a compact Lie group, V a G-representation, (B,A) a finite G-CW-pair, and α : A −→ X(V )
and β : B −→ Y (V ) continuous G-maps such that β|A = f(V ) ◦ α. Since gf is a global equivalence and

(gf)(V ) ◦ α = g(V ) ◦ β|A = (g(V ) ◦ β)|A ,

the equivariant lifting problem (α, g(V ) ◦ β) has a solution (ϕ : V −→ W, λ : B −→ X(W )) such that
λ|A = X(ϕ) ◦ α and (gf)(W ) ◦ λ is G-homotopic to Z(ϕ) ◦ g(V ) ◦ β relative A. We let

H : B × [0, 1] −→ Z(W )
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be a relative G-homotopy that witnesses the latter fact. We arrive at the following commutative square:

(A× [0, 1]) ∪ (B × {0, 1})
K∪(f(W )◦λ)∪(Y (ϕ)◦β) //

��

Y (W )

(hg)(W )

��
B × [0, 1]

h(W )◦H
// Q(W )

Here K : A × [0, 1] −→ Y (W ) is the constant homotopy of the map f(W ) ◦X(ϕ) ◦ α = Y (ϕ) ◦ f(V ) ◦ α.
Since (B× [0, 1], A× [0, 1]∪B×{0, 1}) admits the structure of a finite G-CW-pair, and since hg is a global
equivalence, there is a G-equivariant linear isometric embedding ψ : W −→ U and a continuous G-map
λ′ : B × [0, 1] −→ Y (U) such that

λ′|A×[0,1]∪B×{0,1} = Y (ψ) ◦ (K ∪ (f(W ) ◦ λ) ∪ (Y (ϕ) ◦ β)) .

So λ′ is a G-homotopy, relative A, from

Y (ψ) ◦ f(W ) ◦ λ = f(U) ◦X(ψ) ◦ λ

to Y (ψϕ) ◦ β. So the pair (ψϕ,X(ψ) ◦ λ) solves the original lifting problem for the morphism f : X −→ Y ,
and thus f is a global equivalence.

Step 2: We let f : X −→ Y and g : Y −→ Z be two composable morphisms such that gf and f
are global equivalences. We show that g is a global equivalence. We let G be a compact Lie group, V a
G-representation, (B,A) a finite G-CW-pair and α : A −→ Y (V ) and β : B −→ Z(V ) continuous G-maps
such that g(V ) ◦ α = β|A. Since f is a global equivalence and (A, ∅) is a finite G-CW-pair, there is a
G-equivariant linear isometric embedding ϕ : V −→ W and a continuous G-map λ : A −→ X(W ) and a
G-homotopy H : A × [0, 1] −→ Y (W ) from f(W ) ◦ λ to Y (ϕ) ◦ α. Since g(V ) ◦ α = β|A, the equivariant
homotopy extension property of the pair (B,A) provides a G-homotopy K : B × [0, 1] −→ Z(W ) from
g(W ) ◦ f(W ) ◦ λ to β that restrict to g(W ) ◦H on A× [0, 1].

We define

β′ = K(−, 0) : B −→ Z(W ) .

Then β′|A = g(W )◦H(−, 0) = (gf)(W )◦λ. Since gf is a global equivalence, there is a G-equivariant linear
isometric embedding ψ : W −→ U and a continuous G-map λ̄ : B −→ X(U) such that λ̄|A = X(ψ) ◦ λ
and (gf)(U) ◦ λ̄ is homotopic to Z(ψ) ◦ β′ relative A. This means that the pair (ψ, f(U) ◦ λ̄) solves the
equivariant lifting problem on the left:

(1.13)

A
f(U)◦X(ψ)◦λ //

incl

��

Y (U)

g(U)

��

A
Y (ψϕ)◦α //

incl

��

Y (U)

g(U)

��
B

Z(ψ)◦(gf)(W )◦λ
//

f(U)◦λ̄

66

Z(U) B
Z(ψ)◦β

//
λ′

66

Z(U)

If we feed the homotopies

Y (ψ) ◦H : A× [0, 1] −→ Y (U) and Z(ψ) ◦K : B × [0, 1] −→ Z(U)

into Lemma 1.7, we conclude that also the equivariant lifting problem on the right has a solution λ′ : B −→
Y (U). The pair (ψϕ, λ′) then solves the original equivariant lifting problem.

Step 3: Now we prove the 2-out-of-6 property. We let f : X −→ Y , g : Y −→ Z and h : Z −→ Q be the
three composable morphisms such that gf : X −→ Z and hg : Y −→ Q are global equivalences. Then f is
a global equivalence by Step 1, and hence g is a global equivalence by Step 2. Applying Step 2 to g and h
(instead of f and g) shows that h is a global equivalence. Finally, hgf is a global equivalence by part (ii).
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(iv) Let g be a global equivalence and f a retract of g. So there is a commutative diagram

X
i //

f

��

X̄
r //

g

��

X

f

��
Y

j
// Ȳ

s
// Y

such that ri = IdX and sj = IdY . We let G be a compact Lie group, V a G-representation, (B,A) a finite
G-CW-pair and α : A −→ X(V ) and β : B −→ Y (V ) continuous maps such that f(V ) ◦ α = β|A. Since g
is a global equivalence and

g(V ) ◦ i(V ) ◦ α = j(V ) ◦ f(V ) ◦ α = (j(V ) ◦ β)|A ,

there is a G-equivariant linear isometric embedding ϕ : V −→W and a continuous G-map λ : B −→ X̄(W )
such that λ|A = X̄(ϕ) ◦ i(V ) ◦ α and g(W ) ◦ λ is G-homotopic to Ȳ (ϕ) ◦ j(V ) ◦ β relative A. Then

(r(W ) ◦ λ)|A = r(W ) ◦ X̄(ϕ) ◦ i(V ) ◦ α = X(ϕ) ◦ r(V ) ◦ i(V ) ◦ α = X(ϕ) ◦ α

and

f(W ) ◦ r(W ) ◦ λ = s(W ) ◦ g(W ) ◦ λ
is G-homotopic to

s(W ) ◦ Ȳ (ϕ) ◦ j(V ) ◦ β = Y (ϕ) ◦ s(V ) ◦ j(V ) ◦ β = Y (ϕ) ◦ β

relative A. So the pair (ϕ, r(W ) ◦ λ) solves the original lifting problem for the morphism f : X −→ Y ;
thus f is a global equivalence.

Part (v) holds because the disc Dk is connected, so any lifting problem for a coproduct of orthogonal
spaces is located in one of the summands.

For part (vi) is suffices to consider a product of two global equivalences f : X −→ Y and f ′ : X ′ −→ Y ′.
Because global equivalences are closed under composition (part (ii)) and f × f ′ = (f × Y ′) ◦ (X × f ′), it
suffices to show that for every global equivalence f : X −→ Y and every orthogonal space Z the morphism
f × Z : X × Z −→ Y × Z is a global equivalence. But this is straightforward: we let G be a compact Lie
group, V a G-representation, (B,A) a finite G-CW-pair and α : A −→ (X×Z)(V ) and β : B −→ (Y ×Z)(V )
continuous G-maps such that (f × Z)(V ) ◦ α = β|A. Because

(X × Z)(V ) = X(V )× Z(V )

and similarly for (Y ×Z)(V ), we have α = (α1, α2) and β = (β1, β2) for continuousG-maps α1 : A −→ X(V ),
α2 : A −→ Z(V ), β1 : B −→ Y (V ) and β2 : B −→ Z(V ). The relation (f × Z)(V ) ◦ (α1, α2) = (β1, β2)|A
shows that α2 = (β2)|A. Since f is a global equivalence, the equivariant lifting problem (α1, β1) for f(V )
has a solution (ϕ : V −→ W, λ : B −→ X(W )) such that λ|A = X(ϕ) ◦ α1 and f(W ) ◦ λ is G-homotopic
to Y (ϕ) ◦ β1 relative A. Then the pair (ϕ, (λ, Z(ϕ) ◦ β2)) solves the original lifting problem, so f × Z is a
global equivalence.

(vii) We let G be a compact Lie group, V a G-representation, (B,A) a finite G-CW-pair and α :
A −→ Y0(V ) and β : B −→ Y∞(V ) continuous G-maps such that f∞(V ) ◦ α = β|A : A −→ Y∞(V ).
Since B is compact and Y∞(V ) is a colimit of a sequence of closed embeddings, the map β factors through
a map β̄ : B −→ Yn(V ) for some n ≥ 0, see for example [74, Prop. 2.4.2]. Since the canonical map
Yn(V ) −→ Y∞(V ) is injective, β̄ is again G-equivariant and restricts to (fn−1 ◦ · · · ◦ f0)(V ) ◦ α on A.

The composite fn−1 ◦ · · · ◦ f0 : Y0 −→ Yk is a global equivalence by part (ii), so there is a G-equivariant
linear isometric embedding ϕ : V −→W and a continuousG-map λ : B −→ Y0(W ) such that λ|A = Y0(ϕ)◦α
and (fn−1 ◦ · · · ◦ f0)(W ) ◦ λ is G-homotopic to β̄ relative A. So the pair (ϕ, λ) is also a solution for the
original lifting problem, and hence f∞ : Y0 −→ Y∞ is a global equivalence.
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(xiii) Let G be a compact Lie group. We choose an exhaustive sequence {Vi}i≥1 of finite dimensional G-
subrepresentations of the complete universe UG. Since α, β and γ are global equivalences, the three vertical
maps in the following commutative diagram of G-spaces are G-weak equivalences, by Proposition 1.6:

teli C(Vi)

tel γ(Vi)

��

teliA(Vi)
tel g(Vi)oo

telα(Vi)

��

tel f(Vi) // teliB(Vi)

tel β(Vi)

��
teli C

′(Vi) teliA
′(Vi)

tel g′(Vi)

oo
tel f ′(Vi)

// teliB
′(Vi)

Since mapping telescopes also commute with product with [0, 1] and retracts, the maps teli g(Vi) and
teli g

′(Vi) are h-cofibrations of G-spaces. The induced map of the horizontal pushouts is thus a G-weak
equivalence by Proposition A.2.18. Since formation of mapping telescopes commutes with pushouts, the
map

teli(γ ∪ β)(Vi) : teli(C ∪A B)(Vi) −→ teli(C
′ ∪A′ B′)(Vi)

is a G-weak equivalence. The claim thus follows by another application of the telescope criterion for global
equivalences, Proposition 1.6.

(ix) In the commutative diagram

C A
goo A

f

��
C A

g
oo

f
// B

all vertical morphisms are global equivalence. If g is an h-cofibration, we can apply part (i) to this square
to get the desired conclusion. If f is an h-cofibration, we apply part (i) after interchanging the roles of left
and right horizontal morphisms.

(x) We let G be a compact Lie group G, V a G-representation, (B,A) a finite G-CW-pair and α : A −→
P (V ) and β : B −→ Z(V ) continuous G-maps such that g(V ) ◦ α = β|A. Since f is a global equivalence,
there is a G-equivariant linear isometric embedding ϕ : V −→W and a continuous G-map λ : B −→ X(W )
such that λ|A = X(ϕ) ◦ k(V ) ◦α and such that f(W ) ◦ λ is G-homotopic, relative to A, to Y (ϕ) ◦ h(V ) ◦ β.
We let H : B × [0, 1] −→ Y (W ) be a relative G-homotopy from Y (ϕ) ◦ h(V ) ◦ β = h(W ) ◦ Z(ϕ) ◦ β to
f(W ) ◦ λ. Now we distinguish two cases.

Case 1: The morphism h is a strong level fibration. We can choose a lift H̄ in the square

B × 0 ∪A×0 A× [0, 1]

∼
��

(Z(ϕ)◦β)∪K // Z(W )

h(W )
����

B × [0, 1]
H

//
H̄

33

Y (W )

where K : A× [0, 1] −→ Z(W ) is the constant homotopy from g(W ) ◦P (ϕ) ◦α to itself. Since the square is
a pullback and h(W )◦ H̄(−, 1) = H(−, 1) = f(W )◦λ, there is a unique continuous G-map λ̄ : B −→ P (W )
that satisfies

g(W ) ◦ λ̄ = H̄(−, 1) and k(W ) ◦ λ̄ = λ .

The restriction of λ̄ to A satisfies

g(W ) ◦ λ̄|A = H̄(−, 1)|A = g(W ) ◦ P (ϕ) ◦ α and

k(W ) ◦ λ̄|A = λ|A = X(ϕ) ◦ k(V ) ◦ α = k(W ) ◦ P (ϕ) ◦ α .

The pullback property thus implies that λ̄|A = P (ϕ) ◦ α.
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Finally, the composite g(W ) ◦ λ̄ is homotopic, relative A and via H̄, to H̄(−, 0) = Z(ϕ) ◦ β. This is the
required lifting data, and we have verified the defining property of a global equivalence for the morphism g.

Case 2: The morphism f is a strong level fibration. The argument is similar as in the first case. Now
we can choose a lift H ′ in the square

B × 1 ∪A×1 A× [0, 1]

∼
��

λ∪K′ // X(W )

f(W )
����

B × [0, 1]
H

//
H′

33

Y (W )

where K ′ : A × [0, 1] −→ X(W ) is the constant homotopy from X(ϕ) ◦ k(V ) ◦ α to itself. Since the
square is a pullback and f(W ) ◦H ′(−, 0) = H(−, 0) = h(W ) ◦ Z(ϕ) ◦ β, there is a unique continuous map
λ̄ : B −→ P (W ) that satisfies

g(W ) ◦ λ̄ = Z(ϕ) ◦ β and k(W ) ◦ λ̄ = H ′(−, 0) .

The restriction of λ̄ to A satisfies

g(W ) ◦ λ̄|A = Z(ϕ) ◦ g(V ) ◦ α = g(W ) ◦ P (ϕ) ◦ α and

k(W ) ◦ λ̄|A = H ′(−, 0)|A = X(ϕ) ◦ k(V ) ◦ α = k(W ) ◦ P (ϕ) ◦ α .

The pullback property thus implies that λ̄|A = P (ϕ) ◦ α. Since g(W ) ◦ λ̄ = Z(ϕ) ◦ β, this is the required
lifting data, and we have verified the defining property of a global equivalence for the morphism g. �

� The restriction to finite products is essential in part (vi) of the previous Proposition 1.12, i.e., an
infinite product of global equivalences need not be a global equivalence. The following simple example

illustrates this. We let Xn denote the orthogonal space with

Xn(V ) =

{
{0, 1} if dim(V ) ≤ n, and

{0} if dim(V ) > n.

The structure maps of Xn are either the identity of {0, 1} or the unique map to {0}. The unique mor-
phism Xn −→ ∗ to a terminal orthogonal space (i.e., constant with value any one-point space) is a global
equivalence for every n ≥ 0. Still, the product∏

n≥0

Xn −→
∏
n≥0

∗ ∼= ∗

of these global equivalences is not a global equivalence. To see this we consider the map

α : ∂D1 = {−1, 1} −→
∏
n≥0

Xn(0) =
∏
n≥0

{0, 1}n

such that α(−1) = (0, 0, 0, . . . ) and α(1) = (1, 1, 1, . . . ). Then no matter how large we choose the inner
product space W , the composite

∂D1 α−−→
∏
n≥0

Xn(0)

∏
n≥0 Xn(ϕ)

−−−−−−−−→
∏
n≥0

Xn(W ) =
∏
n≥0

{0, 1}n

never admits a continuous extension to D1.
The following proposition provides a lot of flexibility for changing an orthogonal space into a globally

equivalent one by modifying the input variable. We will use it multiple times in this book.
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Proposition 1.14. Let F : L −→ L be a continuous endofunctor of the linear isometries category L
and i : Id −→ F a natural transformation. Then for every orthogonal space Y the morphism

Y ◦ i : Y −→ Y ◦ F

is a global equivalence of orthogonal spaces.

Proof. In a first step we show an auxiliary statement. We let V be an inner product space and z ∈
F (V ) an element that is orthogonal to the subspace iV (V ), the image of the linear isometric embedding iV :
V −→ F (V ). We claim that for every linear isometric embedding ϕ : V −→W the element F (ϕ)(z) of F (W )
is orthogonal to the subspace iW (W ). To prove the claim we write any given element of W as ϕ(v) + y for
some v ∈ V and y ∈W orthogonal to ϕ(V ). Then on the one hand we have

〈F (ϕ)(z), iW (ϕ(v))〉 = 〈F (ϕ)(z), F (ϕ)(iV (v))〉 = 〈z, iV (v)〉 = 0

by the hypotheses on z.
Now we define A ∈ O(W ) as the linear isometry that is the identity on ϕ(V ) and the negative of the

identity on the orthogonal complement of ϕ(V ). Then A ◦ ϕ = ϕ and

〈F (ϕ)(z), iW (y)〉 = 〈F (A)(F (ϕ)(z)), F (A)(iW (y))〉 = 〈F (Aϕ)(z), iW (A(y))〉 = −〈F (ϕ)(z), iW (y)〉

and hence 〈F (ϕ)(z), iW (y)〉 = 0. Altogether this show that 〈F (ϕ)(z), iW (ϕ(v) + y)〉 = 0, which establishes
the claim.

Now we consider a compact Lie group G, a G-representation V , a finite G-CW-pair (B,A) and a lifting
problem α : A −→ Y (V ) and β : B −→ Y (F (V )) for (Y ◦ i)(V ). Then β|A = Y (iV ) ◦ α by hypothesis, and
we claim that Y (iF (V )) ◦ β is G-homotopic to Y (F (iV )) ◦ β = (Y ◦ F )(iV ) ◦ β, relative A; granting this for
the moment, we conclude that the pair (iV : V −→ F (V ), β) solves the lifting problem.

It remains to construct the relative homotopy. The two embeddings

F (iV ) , iF (V ) : F (V ) −→ F (F (V ))

are homotopic, relative to iV : V −→ F (V ), through G-equivariant isometric embeddings, via

H : F (V )× [0, 1] −→ F (F (V ))

(v, w, t) 7−→ F (iV )(v) + t · iF (V )(w) +
√

1− t2 · F (iV )(w) ,

where v ∈ iV (V ) and w is orthogonal to iV (V ). The verification that H(−, t) : F (V ) −→ F (F (V )) is indeed
a linear isometric embedding for every t ∈ [0, 1] uses that iF (V ) = F (iV ) on the subspace iV (V ) of F (V ),
and that iF (V )(w) is orthogonal to F (iV )(w), by the claim proved above. The continuous functor Y takes
this homotopy of equivariant linear isometric embeddings to a G-equivariant homotopy Y (H(−, t)) from
Y (F (iV )) to Y (iF (V )), relative to Y (iV ). Composing with β gives the required relative G-homotopy from
Y (F (iV )) ◦ β to Y (iF (V )) ◦ β. �

Example 1.15 (Additive and multiplicative shift). Here are some typical examples where the previous
proposition applies. Every inner product space W defines an ‘additive shift functor’ and a ‘multiplicative
shift functor’ on the category of orthogonal spaces, defined by respective precomposition with the continuous
endofunctors

−⊕W : L −→ L and −⊗W : L −→ L.

In other words, the additive respectively multiplicative W -shift of an orthogonal space Y have values

(shW⊕ Y )(V ) = Y (V ⊕W ) respectively (shW⊗ Y )(V ) = Y (V ⊗W ) .

Here, and in the rest of the book, we endow the tensor product V ⊗W of two inner product spaces V
and W with the inner product characterized by

〈v ⊗ w, v̄ ⊗ w̄〉 = 〈v, v̄〉 · 〈w, w̄〉
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for all v, v̄ ∈ V and w, w̄ ∈W . Another way to say this is that for every orthonormal basis {bi}i∈I of V and
every orthonormal basis {dj}j∈J of W the family {bi ⊗ dj}(i,j)∈I×J forms an orthonormal basis of V ⊗W .

Proposition 1.14 then shows that the morphism Y −→ shW⊕ Y given by applying Y to the first summand
inclusions V −→ V ⊕W is a global equivalence. To get a similar statement for the multiplicative shift we
have to assume that W 6= 0; then for every vector w ∈W of length 1 the map

V −→ V ⊗W , v 7−→ v ⊗ w
is a natural linear isometric embedding. So Proposition 1.14 shows that the morphism Y (− ⊗ w) : Y −→
shW⊗ Y is a global equivalence.

Definition 1.16. Let G be a compact Lie group. A G-universe is an orthogonal G-representation U
of countably infinite dimension with the following two properties:

• the representation U has non-zero G-fixed points,
• if a finite dimensional G-representation V embeds into U , then a countable infinite direct sum of

copies of V also embeds into U .

A G-universe is complete if every finite dimensional G-representation embeds into it.

A G-universe is characterized, up to equivariant isometry, by the set of irreducible G-representations
that can be embedded into it. We let Λ = {λ} be a complete set of pairwise non-isomorphic irreducible
G-representations that embed into U . The first condition says that Λ contains a trivial 1-dimensional
representation, and the second condition is equivalent to the requirement that

U ∼=
⊕
λ∈Λ

⊕
N
λ .

Moreover, U is complete if and only if Λ contains (representatives of) all irreducible G-representations. In
the following we fix, for every compact Lie group G, a complete G-universe UG. We let s(UG) denote the
poset, under inclusion, of finite dimensional G-subrepresentations of UG.

Definition 1.17. For an orthogonal space Y and a compact Lie group G we define the underlying
G-space as

Y (UG) = colimV ∈s(UG) Y (V ) ,

the colimit, in the category of compactly generated G-spaces, of the G-spaces Y (V ).

Remark 1.18. The underlying G-space Y (UG) can always be rewritten as a sequential colimit of values
of Y . Indeed, we can choose a nested sequence of finite dimensional G-subrepresentations

V0 ⊆ V1 ⊆ V2 ⊆ · · ·
whose union is all of UG. Since the subposet {Vn}n≥0 is cofinal in s(UG), the colimit of the functor
V 7→ Y (V ) over s(UG) is also a colimit over the subsequence Y (Vn).

If the group G is finite, then we can define a complete universe as

UG =
⊕
N
ρG ,

a countably infinite sum of copies of the regular representation ρG = R[G] (with G as orthonormal basis).
Then UG is filtered by the finite sums n · ρG, and we get

Y (UG) = colimn Y (n · ρG) ,

where the colimit is taken along the inclusions n · ρG −→ (n+ 1) · ρG that miss the last summand.

Definition 1.19. An orthogonal space Y is closed if it takes every linear isometric embedding ϕ :
V −→W of inner product spaces to a closed embedding Y (ϕ) : Y (V ) −→ Y (W ).
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Proposition 1.20. Let f : X −→ Y be morphism between closed orthogonal spaces. Then f is a global
equivalence if and only if for every compact Lie group G the map

f(UG)G : X(UG)G −→ Y (UG)G

is a weak equivalence.

Proof. The poset s(UG) has a cofinal subsequence, so all colimits over s(UG) can be realized as
sequential colimits. The claim is then a straightforward consequence of the fact that compact spaces such
as Dk and ∂Dk are finite with respect to sequences of closed embeddings, compare [74, Prop. 2.4.2]. We
should recall here that the weak Hausdorff condition guarantees that points in compactly generated spaces
are always closed, so the T1-separation property holds. �

2. Global classifying spaces

In this section we discuss free orthogonal spaces. Important special cases of this construction are the
‘global classifying spaces’ of compact Lie groups. These global classifying spaces are the basic building
blocks of global homotopy theory; we will show in Proposition 6.12 below that in the unstable global
homotopy category, the global classifying space BglG represents the functor πG0 .

Free orthogonal spaces are made from spaces of linear isometric embeddings, so we start by establishing
various properties of certain spaces of linear isometric embeddings. We consider two compact Lie groups G
and K, a finite dimensional G-representation V , and a K-representation U , possibly of countably infinite
dimension. The space L(V,U) of linear isometric embeddings inherits a continuous left K-action and a
compatible continuous right G-action from the actions on the target and source, respectively. We turn
these two actions into a single left action of the group K ×G by defining

(2.1) ((k, g) · ϕ)(v) = k · ϕ(g−1 · v)

for ϕ ∈ L(V,U) and (k, g) ∈ K ×G.

Proposition 2.2. Let G and K be compact Lie groups, V a finite-dimensional G-representation, U a
K-representation of finite or countably infinite dimension.

(i) For every finite-dimensional K-subrepresentation U of U , the morphism of (K ×G)-spaces

L(V,U) −→ L(V,U)

induced by the inclusion is a (K ×G)-cofibration. The induced map of orbit spaces

L(V,U)/G −→ L(V,U)/G

is a K-cofibration.
(ii) The (K ×G)-space L(V,U) is (K ×G)-cofibrant. The K-space L(V,U)/G is K-cofibrant.

Proof. (i) The space L(V,Rn+m) is homeomorphic to the Stiefel manifold of dim(V )-frames in Rn+m,
hence a compact smooth manifold, and the action of O(n) × O(m) × G is smooth. Illman’s theorem [77,
Cor. 7.2] thus provides an (O(n)× O(m)×G)-CW-structure on L(V,Rn+m). In particular, L(V,Rn+m) is
cofibrant as an (O(n) × O(m) × G)-space. The group N = e × O(m) × e is a closed normal subgroup of
O(n)×O(m)×G, so the inclusion of the N -fixed points into L(V,Rn+m) is an (O(n)×O(m)×G)-cofibration
(compare Proposition A.2.24 (ii)). The map (2.3)

(2.3) L(V,Rn) −→ L(V,Rn+m) ,

induced by the embedding Rn −→ Rn+m as the first n coordinates, is a homeomorphism from L(V,Rn) to
the N -fixed points of L(V,Rn+m); so the map (2.3) is a (O(n)×O(m)×G)-cofibration.

Now we can prove the proposition when U (and hence U) is finite dimensional. We can assume that
the underlying inner product space of U is Rn+m with the standard scalar product, and that U is the
subspace of U = Rn+m where the last m coordinates vanish. The K-action on U is given by a continuous
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homomorphism ψ : K −→ O(n+m). Since U is a K-subrepresentation, the image of ψ must be contained
in the subgroup O(n)×O(m). The (K ×G)-action on the map (2.3) is then obtained by restriction of the
(O(n)×O(m)×G)-action along the homomorphism

ψ × Id : K ×G −→ O(n)×O(m)×G .

Restriction along any continuous homomorphism between compact Lie groups preserves cofibrations by
Proposition A.2.23 (i), so the map (2.3) is a (K ×G)-cofibration by the first part.

Now we treat the case when the dimension of U is infinite. We choose an exhausting nested sequence
of K-subrepresentations

U = U0 ⊂ U1 ⊂ U2 ⊂ . . .
Then all the morphisms L(V,Un−1) −→ L(V,Un) are (K×G)-cofibrations by the above. Since cofibrations
are closed under sequential composite, the morphism

L(V,U0) −→ colimn L(V,Un) = L(V,U)

is also a (K ×G)-cofibration.
Applying Proposition A.2.23 (iii) to the normal subgroup e×G of K ×G shows that the functor

(e×G)\− : (K ×G)T −→ KT

takes (K ×G)-cofibrations to K-cofibrations. This proves the second claim.
(ii) This is the special case U = {0}. The space L(V, 0) is either empty or consists of a single point;

in any case L(V, {0}) is (K × G)-cofibrant. Part (i) then implies that L(V,U) is (K × G)-cofibrant and
L(V,U)/G is K-cofibrant. �

The following fundamental contractibility property goes back, at least, to Boardman and Vogt [19].

Proposition 2.4. Let G be a compact Lie group, V a G-representation and U a G-universe such that V
embeds into U . Then the space L(V,U), equipped with the conjugation action by G, is G-equivariantly
contractible.

Proof. We start by showing that the space LG(V,U) of G-equivariant linear isometric embeddings is
weakly contractible. We let U be a G-representation of finite or countably infinite dimension. Then the
map

H : [0, 1]× LG(V,U) −→ LG(V,U ⊕ V )

defined by

H(t, ϕ)(v) = (t · ϕ(v),
√

1− t2 · v)

is a homotopy from the constant map with value i2 : V −→ U ⊕V to the map i1 ◦− (postcomposition with
i1 : U −→ U ⊕ V ).

Since V embeds into U and U is a G-universe, it contains infinitely many orthogonal copies of V . In
other words, we can assume that

U = U ′ ⊕ V∞

for some G-representation U ′. Then

LG(V,U) = LG(V,U ′ ⊕ V∞) = colimn≥0 LG(V,U ′ ⊕ V n) ;

the colimit is formed along the postcomposition maps with the direct sum embedding U ′⊕V n −→ U ′⊕V n+1.
Every map in the colimit system is a closed embedding and homotopic to a constant map, by the previous
paragraph. So the colimit is weakly contractible.

By applying the previous paragraph to a closed subgroupH ofG, we see that the fixed point space LH(V,U)
is weakly contractible; in other words, L(V,U) is G-weakly contractible. The space L(V,U) comes with a
(G×G)-action as in (2.1), and it is (G×G)-cofibrant by Proposition 2.2 (ii). Then L(V,U) is also cofibrant
as a G-space for the diagonal action, by Proposition A.2.23 (i). Since L(V,U) is G-cofibrant and weakly
G-contractible, it is actually equivariantly contractible. �
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Now we turn to free orthogonal spaces.

Construction 2.5. Given a compact Lie group G and a G-representation V , the functor

evG,V : spc −→ GT

that sends an orthogonal space Y to the G-space Y (V ) has a left adjoint

(2.6) LG,V : GT −→ spc .

To construct the left adjoint we observe that G-acts on the right on L(V,W ) by

(ϕ · g)(v) = ϕ(gv)

for ϕ ∈ L(V,W ), g ∈ G and v ∈ V . Given a G-space A, the value of the free orthogonal space LG,VA at an
inner product space W is

(LG,VA)(W ) = L(V,W )×G A = (L(V,W )×A) /(ϕg, a) ∼ (ϕ, ga) .

We refer to LG,VA as the free orthogonal space generated by A at (G,V ). By a slight abuse of notation,
we also denote by LG,V the orthogonal space with

LG,V (W ) = L(V,W )/G .

So LG,V is isomorphic to LG,V ∗, the free orthogonal space generated at (G,V ) by a one-point G-space.

The ‘freeness’ property of LG,VA means: for every orthogonal space Y and every continuous G-map

f : A −→ Y (V ) there is a unique morphism f̂ : LG,VA −→ Y of orthogonal spaces such that the composite

A
[Id,−]−−−−−→ L(V, V )×G A = (LG,VA)(V )

f̂(V )−−−→ Y (V )

is f . Indeed, the morphism f̂ is given at W as the composite

L(V,W )×G A
Id×Gf−−−−→ L(V,W )×G Y (V )

◦−−→ Y (W ) .

Example 2.7. For every compact Lie group G, every G-representation V and every G-space A the free
orthogonal space LG,VA is closed. To see that we let ϕ : W −→ U be a linear isometric embedding. By
Proposition 2.2 the map of G-spaces

L(V, ϕ) : L(V,W ) −→ L(V,U)

is a G-cofibration. Every G-cofibration is in particular an h-cofibration of G-spaces, and the functor −×GA
takes h-cofibrations of G-spaces to h-cofibrations of spaces. So the map

L(V, ϕ)×G A : L(V,W )×G A −→ L(V,U)×G A

is an h-cofibration, hence a closed embedding.

The next proposition identifies the fixed point spaces of a free orthogonal space LG,V . A certain family
F(K;G) of subgroups of K ×G arises naturally, which we call ‘graph subgroups’.

Definition 2.8. Let K and G be compact Lie groups. The family F(K;G) of graph subgroups consists
of those subgroups Γ of K ×G that intersect 1×G only in the neutral element (1, 1).

The name ‘graph subgroup’ is justified by the observation that F(K;G) consists precisely of the graphs
of all ‘subhomomorphisms’, i.e., continuous homomorphisms α : L −→ G from a closed subgroup L of K.
Clearly, the graph Γ(α) = {(l, α(l)) | l ∈ L} of every such homomorphism belongs to F(K;G). Conversely,
for Γ ∈ F(K;G) we let L ≤ K be the image of Γ under the projection K ×G −→ K. Since Γ ∩ (1×G) =
{(1, 1)}, every element l ∈ L then has a unique preimage (l, α(l)) under the projection, and the assignment
l 7→ α(l) is a continuous homomorphism from L to G whose graph is Γ.
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If V and W are G-representations, then restriction of a linear isometry from V ⊕W to V defines a
G-equivariant morphism of orthogonal spaces

(2.9) ρV,W : LV⊕W −→ LV .

If U is a K-representation, then we combine the left K-action and the right G-action on L(V,U) into a left
action of K ×G as in (2.1).

Proposition 2.10. Let K and G be compact Lie groups and V a faithful G-representation.

(i) The (K×G)-space LV (UK) = L(V,UK) is a universal space for the family F(K;G) of graph subgroups.
(ii) If W is another G-representation, then the restriction map

ρV,W (UK) : L(V ⊕W,UK) −→ L(V,UK) ,

is a (K ×G)-homotopy equivalence. For every G-space A, the map

(ρV,W ×G A)(UK) : (LG,V⊕WA)(UK) −→ (LG,VA)(UK)

is a K-homotopy equivalence and the morphism of orthogonal spaces

ρV,W ×G A : LG,V⊕WA −→ LG,VA

is a global equivalence.

Proof. (i) We let Γ be any closed subgroup of K×G. Since the G-action on V is faithful the induced
right G-action on L(V,UK) is free. So if Γ intersects 1×G non-trivially, then L(V,UK)Γ is empty. On the
other hand, if Γ∩(1×G) = {(1, 1)}, then Γ is the graph of a unique continuous homomorphism α : L −→ G,
where L is the projection of Γ to K. Then

L(V,UK)Γ = LL(α∗V,UK)

is the space of L-equivariant linear isometric embeddings from the L-representation α∗V to the underlying
L-universe of UK . Since UK is a complete K-universe, the underlying L-universe is also complete, and so the
space LL(α∗V,UK) is contractible by Proposition 2.4. The space L(V,UK) is cofibrant as a (K ×G)-space
by Proposition 2.2 (ii).

(ii) Every equivariant map between universal spaces for the same family of subgroups is an equivariant
homotopy equivalence. Since G acts faithfully of V , and hence also on V ⊕W , the (K ×G)-spaces L(V ⊕
W,UK) and L(V,UK) are universal spaces for the same family F(K;G), by part (i). So the map ρV,W (UK) :
L(V ⊕W,UK) −→ L(V,UK) is a (K×G)-equivariant homotopy equivalence. The functor −×GA preserves
homotopies, so the restriction map (ρV,W ×G A)(UK) is K-homotopy equivalence.

The orthogonal spaces LG,V⊕WA and LG,VA are closed by Example 2.7, so Proposition 1.20 applies
and shows that ρV,W ×G A is a global equivalence. �

Definition 2.11. The global classifying space BglG of a compact Lie group G is the free orthogonal
space

BglG = LG,V = L(V,−)/G ,

where V is any faithful G-representation.

The global classifying space BglG is well-defined up to preferred zigzag of global equivalences of orthog-
onal spaces. Indeed, if V and V̄ are two faithful G-representations, then V ⊕ V̄ is yet another one, and the
two restriction morphisms

LG,V ←−− LG,V⊕V̄ −−→ LG,V̄

are global equivalences by Proposition 2.10 (ii).
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Example 2.12. We make the global classifying space more explicit in the smallest non-trivial example,
i.e., for the cyclic group C2 of order 2. The sign representation σ of C2 is faithful, so we can take BglC2 to
be the free orthogonal space generated by (C2, σ); its value at an inner product space W is

(BglC2)(W ) = LC2,σ(W ) = L(σ,W )/C2 .

Evaluation at any of the two unit vectors in σ is a homeomorphism L(σ,W ) ∼= S(W ) to the unit sphere
of W , and the C2-action on the left becomes the antipodal action on S(W ). So the map descends to a
homeomorphism between L(σ,W )/C2 and P (W ), the projective space of W , and hence

(BglC2)(W ) ∼= P (W ) .

So for a compact Lie group K, the K-space represented by BglC2 is P (UK), the projective space of a
complete K-universe. In particular, the underlying non-equivariant space is homeomorphic to RP∞.

Remark 2.13 (BglG globally classifies principal G-bundles). The term ‘global classifying space’ is
justified by the fact that BglG ‘globally represents principal G-bundles’. We recall that a (K,G)-bundle,
also called a K-equivariant G-principal bundle, is a principal G-bundle in the category of K-spaces, i.e., a
G-principal bundle p : E −→ B that is also a morphism of K-spaces and such that the actions of G and K
on the total space E commute (see for example [153, Ch. I (8.7)]). For every compact Lie group K, the
quotient map

L(V,UK) −→ L(V,UK)/G = LG,V (UK) = (BglG)(UK)

is a principal (K,G)-bundle, and it is universal in the sense that every principal (K,G)-bundle over a
numerable K-space B is isomorphic to the pullback of the universal one along a continuous K-map B −→
(BglG)(UK). In other words, the K-space (BglG)(UK) is a classifying space for principal (K,G)-bundles. In
particular, the underlying non-equivariant homotopy type of BglG is that of the ordinary classifying space
for G.

The total space of any universal principal (K,G)-bundle can be characterized up to (K×G)-homotopy
equivalence as a universal (K ×G)-space for the family the family F(K;G) in the sense of Definition 2.8.
In other words, if E is any cofibrant (K × G)-space with free G-action and such that the fixed point set
E(K,G)H is contractible for every subgroup Γ of K ×G with Γ ∩ (1×G) = {(1, 1)}, then the projection

E −→ G\E

is a universal principal (K,G)-bundle, and G\E is a classifying space for principal (K,G)-bundle, and hence
K-homotopy equivalent to (BglG)(UK).

As an example we look at the caseG = O(n), the n-th orthogonal group. The category of principalO(n)-
bundles is equivalent to the category of euclidean vector bundles of rank n, via the associated frame bundle.
By the same construction, principal (K,O(n))-bundles can be identified with K-equivariant euclidean vector
bundles of rank n over K-spaces. Since O(1) is a cyclic group of order 2, this gives another perspective on
Example 2.12.

Global classifying spaces are defined from faithful orthogonal representations of compact Lie groups.
As we shall now explain, we can also use faithful unitary representations instead.

Construction 2.14. To define the next example we introduce some notation for going back and forth
between euclidean inner product spaces of R and hermitian inner product spaces over C. For a real inner
product space V we let

VC = C⊗R V

be the complexification; the euclidean inner product 〈−,−〉 on V induces a hermitian inner product (−,−)
on the complexification VC defined as the unique hermitian inner product that satisfies

(1⊗ v, 1⊗ w) = 〈v, w〉



3. MONOIDAL STRUCTURE 27

for all v, w ∈ V . For a hermitian inner product space W we let uW denote the underlying R-vector space
of W , equipped with the euclidean inner product

〈v, w〉 = Re(v, w) ,

the real part of the given hermitian inner product. Every C-linear isometric embedding is in particular an
R-linear isometric embedding of underlying euclidean vector spaces; so U(W ) ⊆ O(uW ), i.e., the unitary
group of W is a subgroup of the orthogonal group of uW . We thus view a unitary representation on W
as an orthogonal representation on uW . If V and W are two finite dimensional C-vector spaces equipped
with hermitian inner products, we denote by LC(V,W ) the space of C-linear isometric embeddings. We
topologize this as a complex Stiefel manifold, i.e., homeomorphic to the space of dimC(V )-frames in W .

Now we can define complex versions of free orthogonal spaces. Now we let G be a compact Lie group
and W a finite dimensional unitary G-representation. We define an orthogonal space LC

G,W by

LC
G,W (V ) = LC(W,VC)/G .

We define a morphism of orthogonal spaces

f : LG,uW −→ LC
G,W

as follows. The map

j : W −→ C⊗R W = (uW )C , j(w) = i⊗ w + 1⊗ (iw)

is a U(W )-equivariant (and hence G-equivariant) C-linear isometric embedding. At a real inner product
space V , we can thus define

f(V ) : L(uW, V )/G −→ LC(W,VC)/G by f(V )(ϕ ·G) = (ϕC ◦ j) ·G .

Proposition 2.15. Let G be a compact Lie group and W a unitary G-representation. Then the mor-
phism f : LG,uW −→ LC

G,W is a global equivalence. So if G acts faithfully on W , then LC
G,W is a global

classifying space for G.

Proof. By dividing by the kernel of the representation we can assume without loss of generality
that G acts faithfully on W . Both source and target of f are closed orthogonal spaces, so it suffices (by
Proposition 1.20) to show that for every compact Lie group K the map

f(UK) : L(uW,UK)/G −→ LC(W,C⊗R UK)/G

is a K-weak equivalence. We consider the (K ×G)-equivariant continuous map

f̃ : L(uW,UK) −→ LC(W,C⊗R UK) , ϕ 7−→ ϕC ◦ j

that ‘covers’ f(UK). The source of f̃ is a universal (K × G)-space for the family F(K;G) of graph sub-
groups, by Proposition 2.10 (i). Since C ⊗R UK is a complete complex G-universe, the complex analog of

Proposition 2.10 (i), proved in much the same way, shows that the target of f̃ is also such a universal space

for the same family of subgroups of K × G. So f̃ is a (K × G)-equivariant homotopy equivalence. The

map f(UK) = f̃/G induced on G-orbit spaces is thus a K-equivariant homotopy equivalence. �

3. Monoidal structure

In this section we recall the box product of orthogonal spaces and prove its invariance under global
equivalences. We define a bimorphism b : (X,Y ) −→ Z from a pair of orthogonal spaces (X,Y ) to another
orthogonal space Z as a collection of continuous maps

bV,W : X(V )× Y (W ) −→ Z(V ⊕W ),
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for all inner product spaces V and W , such that for all linear isometric embeddings ϕ : V −→ V ′ and ψ :
W −→W ′ the following square commutes:

X(V )× Y (W )
bV,W //

X(ϕ)×Y (ψ)

��

Z(V ⊕W )

Z(ϕ⊕ψ)

��
X(V ′)× Y (W ′)

bV ′,W ′
// Z(V ′ ⊕W ′)

We define a box product of X and Y as a universal example of an orthogonal space with a bimorphism
from X and Y . More precisely, a box product for X and Y is a pair (X � Y, i) consisting of an orthogonal
space X � Y and a universal bimorphism i : (X,Y ) −→ X � Y , i.e., a bimorphism such that for every
orthogonal space Z the map

(3.1) spc(X � Y,Z) −→ Bimor((X,Y ), Z) , f 7−→ fi = {f(V ⊕W ) ◦ iV,W }V,W

is bijective. Very often only the object X�Y will be referred to as the box product, but one should keep in
mind that it comes equipped with a specific, universal bimorphism. We will often refer to the bijection (3.1)
as the universal property of the box product of orthogonal spaces.

The existence of a universal bimorphism out of any pair of orthogonal spaces X and Y , and thus of a
box product X � Y , is a special case of the existence of Day type convolution products on certain functor
categories; the construction is an enriched Kan extension of the ‘pointwise’ cartesian product of X and Y
along the direct sum functor ⊕ : L×L −→ L (see Proposition A.3.5), or more explicitly an enriched coend
(see Remark A.3.6).

Also by the general theory of convolution products, the box product X�Y is a functor in both variables
(Construction A.3.8) and it supports a preferred symmetric monoidal structure (see Theorem A.3.12); so
there are specific natural associativity respectively symmetry isomorphisms

(X � Y )� Z −→ X � (Y � Z) respectively X � Y −→ Y �X

and a strict unit, i.e., such that 1 �X = X = X � 1. The upshot is that the associativity and symmetry
isomorphisms make the box product of orthogonal spaces into a symmetric monoidal product with the
terminal orthogonal space 1 as unit object.

The box product of orthogonal spaces is closed symmetric monoidal in the sense that the box product
is adjoint to an internal Hom orthogonal space. We recall the construction: For orthogonal spaces X and
Y we define an orthogonal space Hom(X,Y ) by

Hom(X,Y )(W ) = map(X, shW⊕ Y ) ,

where shW⊕ Y is the additive shift as defined in Example 1.15, so that

(shW Y )(V ) = Y (V ⊕W ) .

The structure map associated to a linear isometric embedding ψ : W −→ U is the map

Hom(X,Y )(ψ) = map(X, shψ⊕ Y ) : map(X, shW⊕ Y ) −→ map(X, shU⊕ Y ) ,

where shψ⊕ Y : shW⊕ Y −→ shU⊕ Y is the morphism whose value at an inner product space V is

Y (V ⊕ ψ) : (shW⊕ Y )(V ) = Y (V ⊕W ) −→ Y (V ⊕ U) = (shU⊕ Y )(V ) .

We omit the construction of the adjunction isomorphism

Hom(X � Y,Z) ∼= Hom(X,Hom(Y, Z)) .
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A natural isomorphism of orthogonal spaces Hom(LW , Y ) ∼= shW⊕ Y is given at V by the composite

Hom(LW , Y )(V ) = map(LW , sh
V
⊕ Y ) ∼= (shV⊕ Y )(W )

= Y (W ⊕ V )
Y (τV,W )−−−−−→ Y (V ⊕W ) = (shW⊕ Y )(V ) .

Example 3.2 (Box product of free orthogonal spaces). We show that the box product of two free
orthogonal spaces is another free orthogonal space. This can be deduced from the general fact that a
convolution product of two representable functors is again representable (see Propositions A.3.13); however,
the argument is simple enough that we make it explicit for orthogonal spaces.

We consider two compact Lie groups G and K, representations V and W of G respectively K, a
G-space A and a K-space B. Then V ⊕W is a (G×K)-representation via

(g, k) · (v, w) = (gv, kw) ,

and A×B is a (G×K)-space in much the same way. The map

A×B (IdV ·G,−)×(IdW ·K,−)−−−−−−−−−−−−−−−→ (LG,VA)(V )× (LK,WB)(W )
iV,W−−−→ ((LG,VA)� (LK,WB))(V ⊕W )

is (G×K)-equivariant, so it extends freely to a morphism

LG×K,V×W (A×B) −→ (LG,VA)� (LK,WB) .

The maps

(L(V,U)×G A)× (L(W,U ′)×K B) −→ L(V ⊕W,U ⊕ U ′)×G×K (A×B)

([ϕ, a], [ψ, b]) 7−→ [ϕ⊕ ψ, (a, b)]

form a bimorphism from (LG,VA,LK,WB) to LG×K,V⊕W (A × B) as the inner product spaces U and U ′

vary. The universal property of the box product translates this into a morphism

(LG,VA)� (LK,WB) −→ LG×K,V⊕W (A×B) .

These two morphisms are mutually inverse isomorphisms, i.e., the box product (LG,VA) � (LK,WB) is
isomorphic to LG×K,V×W (A×B).

A special case of this shows that the box product of two global classifying space is another global
classifying space. Indeed, if G acts faithfully on V and K acts faithfully on W , then the (G ×K)-action
on V ⊕W is also faithful, and hence

(3.3) (BglG)� (BglK) = LG,V � LK,W ∼= LG×K,V⊕W = Bgl(G×K) .

The next result shows that up to global equivalence, the box product of orthogonal spaces coincides
with the categorical product. Given two orthogonal spaces X and Y , the maps

X(V )× Y (W )
X(i1)×Y (i2)−−−−−−−−→ X(V ⊕W )× Y (V ⊕W ) = (X × Y )(V ⊕W )

form a bimorphism (X,Y ) −→ X × Y as V and W vary through all inner product spaces; here i1 : V −→
V ⊕W and i2 : W −→ V ⊕W are the two direct summand embeddings. This bimorphism is represented
by a morphism

ρX,Y : X � Y −→ X × Y
of orthogonal spaces that is natural in both variables.

Theorem 3.4. Let X and Y be orthogonal spaces.

(i) The morphism ρX,Y : X � Y −→ X × Y is a global equivalence.
(ii) The functor X �− preserves global equivalences.
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Proof. (i) For an orthogonal space A we denote by sh(A) the orthogonal space defined by

(shA)(V ) = A(V ⊕ V ) and (shA)(ϕ) = A(ϕ⊕ ϕ) ;

thus sh(A) is isomorphic to shR2

⊗ (A), the multiplicative shift of A by R2 as defined in Example 1.15. We
define a morphism of orthogonal spaces

λ : X × Y −→ sh(X � Y )

at an inner product space V as the composite

(X × Y )(V ) = X(V )× Y (V )
iV,V−−−→ (X � Y )(V ⊕ V ) = (sh(X � Y ))(V ) .

Now we consider the two composites λ ◦ ρ and sh(ρ) ◦ λ:

X � Y
ρ
//

'
%%

X × Y λ //

'

88
sh(X � Y )

sh(ρ) // sh(X × Y )

We claim that the composite λ ◦ ρ : X � Y −→ sh(X � Y ) is homotopic to the morphism (X � Y ) ◦ i1,
where i1 is the natural linear isometric embedding V −→ V ⊕ V as the first summand. Indeed, for every
t ∈ [0, 1] we define a natural linear isometric embedding

jt : V ⊕W −→ V ⊕W ⊕ V ⊕W by jt(v, w) = (v, t · w, 0,
√

1− t2 · w) .

Then the maps

X(V )× Y (W )
iV,W−−−→ (X � Y )(V ⊕W )

(X�Y )(jt)−−−−−−−→ (X � Y )(V ⊕W ⊕ V ⊕W ) = (sh(X � Y ))(V ⊕W )

form a bimorphism as V and W vary; this corresponds to a morphism

ft : X � Y −→ sh(X � Y )

of orthogonal spaces, by the universal property of the box product. The linear isometric embeddings jt
vary continuously with t, hence so do the morphisms ft. Moreover, f0 = λ ◦ ρ and f1 = (X � Y ) ◦ i1, so
this is the desired homotopy. The morphism (X �Y ) ◦ i1 is a global equivalence by Proposition 1.14, hence
so is the morphism λ ◦ ρ.

The shift functor preserves products, and under the canonical isomorphism sh(X×Y ) ∼= (shX)×(shY )
the morphism sh(ρ) ◦ λ becomes the product of the two morphisms

X ◦ i1 : X −→ shX and Y ◦ i2 : Y −→ shY

where i1 and i2 are the natural linear isometric embeddings V −→ V ⊕ V as the first respectively sec-
ond summand. The morphisms X ◦ i1 and Y ◦ i2 are global equivalences by Proposition 1.14, hence so
is their product (by Proposition 1.12 (vi)). The global equivalences satisfy the 2-out-of-6 property by
Proposition 1.12 (iii); since λ ◦ ρ and sh(ρ) ◦ λ are global equivalences, so is the morphism ρ.

The cartesian product X × − preserves global equivalences by Proposition 1.12 (vi). Together with
part (i) this implies part (ii). �

A special case of Theorem 3.4 is that global classifying spaces preserve products (up to global equiv-
alence), i.e., the product of global classifying spaces for two compact Lie groups G and K is a global
classifying space for the G×K:

(BglG)× (BglK) 'gl Bgl(G×K) .
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To see this we let V be a faithful G-representation and W be a faithful K-representation. Then V ⊕W is
a faithful representation of the product group G×K via the action

(g, k) · (v, w) = (gv, kw) .

Moreover, as U runs through all real inner product spaces, the restriction maps

L(V ⊕W,U)×G×K (A×B) −→ (L(V,U)×G A)× (L(W,U)×K B)

[ϕ; a, b] 7−→
(
[ϕ|V , a], [ϕ|W , b]

)
form a morphism of orthogonal spaces

(3.5) LG×K,V⊕W (A×B) −→ (LG,VA)× (LK,WB) .

The orthogonal space LG×K,V⊕W (A×B) is isomorphic to the box product of LG,VA and LK,WB in such a
way that ρLG,V A,LK,WB becomes the morphism (3.5), compare Example 3.2. So Theorem 3.4 (i) specializes
to:

Corollary 3.6. Let G and K be compact Lie groups, V and W faithful representations of G respec-
tively K, A a G-space and B a K-space. Then the restriction morphism (3.5) is a global equivalence of
orthogonal spaces.

4. Strong level model structure for orthogonal spaces

In this section we start the discussion of model structures for orthogonal spaces. Ultimately we are after
the global model structure, compare Theorem 5.10. Towards this aim we first discuss a ‘strong level model
structure’ for orthogonal spaces, which we then localize. There is a functorial way to write an orthogonal
space as a sequential colimit of orthogonal spaces which are made from the information below a fixed level.
We refer to this as the skeleton filtration of an orthogonal space. The word ‘filtration’ should be used with
caution because the maps from the skeleta to the orthogonal space need not be injective.

The skeleton filtration is in fact a special case of a more general skeleton filtration on certain enriched
functor categories that we discuss in Section A.3.2. Indeed, if we specialize the base category to V = T, the
category of spaces under cartesian product, and the index category to D = L, then the functor category D∗
becomes the category spc of orthogonal spaces. The dimension function needed in the construction and
analysis of skeleta is the vector space dimension.

We denote by L≤m the full topological subcategory of the linear isometries category L with objects all
inner product spaces of dimension at most m. We denote by spc≤m the category of continuous functors
from L≤m to T. The restriction functor

spc −→ spc≤m , Y 7−→ Y ≤m = Y |L≤m

has a left adjoint

lm : spc≤m −→ spc

given by an enriched Kan extension as follows. The extension lm(Z) of a continuous functor Z : L≤m −→ T
is a coequalizer of the two morphisms of orthogonal spaces

(4.1)
∐

0≤j≤k≤m L(Rk,−)× L(Rj ,Rk)× Z(Rk)
V
//

U // ∐
0≤i≤m L(Ri,−)× Z(Ri) // lm(Z)

The morphism U arises from the composition morphisms

L(Rk,−)× L(Rj ,Rk) −→ L(Rj ,−)

and the identity on Z(Rk); the morphism V arises from the action maps

L(Rj ,Rk)× Z(Rj) −→ Z(Rk)
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and the identity on the free orthogonal space L(Rk,−). Colimits in the category of orthogonal spaces are
created objectwise, so the value lm(Z)(V ) at an inner product space V can be calculated by plugging V
into the variable slot in the coequalizer diagram.

It is a general property of Kan extensions along a fully faithful functor (such as the inclusion L≤m −→ L)
that the values do not change on the given subcategory. More precisely, the adjunction unit

Z −→ (lm(Z))≤m

is an isomorphism for every continuous functor Z : L≤m −→ T.

Definition 4.2. The m-skeleton, for m ≥ 0, of an orthogonal space Y is the orthogonal space

skm Y = lm(Y ≤m) ,

the extension of the restriction of Y to L≤m. It comes with a natural morphism im : skm Y −→ Y , the
counit of the adjunction (lm, (−)≤m). The m-th latching space of Y is the O(m)-space

LmY = (skm−1 Y )(Rm) ;

it comes with a natural O(m)-equivariant map

νm = im−1(Rm) : LmY −→ Y (Rm) ,

the m-th latching map.

We also agree to set sk−1 Y = ∅, the empty orthogonal spaces, and L0Y = ∅, the empty space. The
value

im(V ) : (skm Y )(V ) −→ Y (V )

of this morphism is an isomorphism for all inner product spaces V of dimension at most m.
Now we consider 0 ≤ l ≤ m. The two morphisms il : skl Y −→ Y and im : skm Y −→ Y both restrict

to isomorphisms on L≤l, so there is a unique morphism jl,m : skl Y −→ skm Y such that im ◦ jl,m = il.
These morphisms satisfy

jl,m ◦ jk,l = jk,m

for all 0 ≤ k ≤ l ≤ m. The sequence of skeleta stabilizes to Y in a very strong sense. For every inner
product space V , the maps jm,m+1(V ) and im(V ) are isomorphism as soon as m ≥ dim(V ). In particular,
Y (V ) is a colimit, with respect to the morphisms im(V ), of the sequence of maps jm,m+1(V ). Since colimits
in the category of orthogonal spaces are created objectwise, we deduce that the orthogonal space Y is a
colimit, with respect to the morphisms im, of the sequence of morphisms jm,m+1.

Example 4.3 (Latching objects of free orthogonal spaces). Let G be a compact Lie group, V a G-
representation of dimension n and A a G-space. Then the free orthogonal space (2.6) generated by A in
level V is ‘purely n-dimensional’ in the following sense. The evaluation functor

evG,V : spc −→ GT

factors through the category L≤n as the composite

spc −→ spc≤n
evG,V−−−−→ GT .

So the left adjoint free functor LG,V can be chosen as the composite of the two individual left adjoints

LG,V = ln ◦ lG,V .

Here lG,V = (−)≤n ◦ LG,V : GT −→ spc≤n is given at a G-space A and an inner product space W of
dimension at most n by

(lG,VA)(W ) =

{
L(V,W )×G A if dim(W ) = n,

∅ if dim(W ) < n.
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The space (LG,VA)m is trivial for m < n, and hence the latching space Lm(LG,VA) is trivial for m ≤ n. For
m > n the latching map νm : Lm(LG,VA) −→ (LG,VA)m is an isomorphism. So the skeleton skm(LG,VA)
is trivial for m < n and skm(LG,VA) = LG,VA is the entire orthogonal space for m ≥ n.

We denote by

Gm : O(m)T −→ spc

the left adjoint to the functor Y 7→ Y (Rm). So Gm is a shorthand notation for LO(m),Rm , the free func-
tor (2.6) indexed by the tautological O(m)-representation. As a special case of the previous example, the
orthogonal space GmA = LO(m),RmA is purely m-dimensional for every O(m)-space A. Proposition A.3.20
specializes to:

Proposition 4.4. For every orthogonal space Y and every m ≥ 0 the commutative square

(4.5)

GmLmY
Gmνm //

��

GmY (Rm)

��
skm−1 Y

jm−1,m

// skm Y

is a pushout of orthogonal spaces. The two vertical morphisms are adjoint to the identity of LmY respec-
tively Y (Rm).

Example 4.6. As an illustration of the definition, we describe the skeleta and latching objects for small
values of m. We have

sk0 Y = const(Y (0)) ,

the constant orthogonal space with value Y (0) with trivial O(1)-action; the latching map

ν1 : L1Y = (sk0 Y )(R) = Y (0)
Y (u)−−−→ Y (R)

is the map induced by the unique linear isometric embedding u : 0 −→ R. Now we evaluate the pushout
square (4.5) for m = 1 at an inner product space V ; the results is a pushout square of O(1)-spaces

P (V )× Y (0) //

proj

��

L(R, V )×O(1) Y (R)

��
Y (0) // (sk1 Y )(V )

where P (V ) is the projective space of V . The upper horizontal map sends (ϕ(R), y) to [ϕ, Y (u)(y)]. Here
we exploited that O(1) acts trivially in L1Y = Y (0) and we can thus identify

(G1L1Y )(V ) = L(R, V )×O(1) Y (0) ∼= P (V )× Y (0) , [ϕ, y] 7−→ (ϕ(R), y)

Now we determine the skeleta, and hence the latching spaces, for the orthogonal space LG,V × LK,W ,
the product of the free orthogonal spaces. To this end we establish a useful sufficient condition for detecting
when the latching maps are closed embeddings; the criterion is inspired by a flatness criterion for I-spaces
proved by Sagave and Schlichtkrull in [115, Prop. 3.11].

Proposition 4.7. Let Y be an orthogonal space with the following properties.

(i) For every inner product space W the space Y (W ) is compact.
(ii) For linear isometric embedding ϕ : V −→W the induced map Y (ϕ) : Y (V ) −→ Y (W ) is injective.
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(iii) For every inner product space W and all subspaces V, V ′ of W the commutative square

Y (V ∩ V ′) //

��

Y (V ′)

��
Y (V ) // Y (W )

is a pullback, where all maps are induced by the respective inclusions.

Then the morphism im : skm Y −→ Y is objectwise a closed embedding. In particular, for every m ≥ 0 the
latching map νm : Lm(Y ) −→ Y (Rm) is a closed embedding.

Proof. We let W be any inner product space and consider the composite

(4.8)
∐

0≤i≤m

L(Ri,W )× Y (Ri) −→ (skm Y )(W )
im(W )−−−−→ Y (W ) ,

where the first map is from the definition of skm Y as a coequalizer (4.1). The first map in (4.8) is a quotient
map, and its source is compact by hypothesis (i) and because the spaces L(Ri,W ) are all compact. So the
space (skm Y )(W ) is quasi-compact. Since the space Y (W ) is Hausdorff, the map im(W ) is a closed map.
So all that remains is to show that the map im(W ) is injective.

We consider two pairs

(ϕ, x) ∈ L(Ri,W )× Y (Ri) and (ϕ′, x′) ∈ L(Rj ,W )× Y (Rj)

with i, j ≤ m, such that

Y (ϕ)(x) = Y (ϕ′)(x′) ∈ Y (W ) .

We show that the two pairs represent the same elements in the coequalizer (skm Y )(W ). We set V = ϕ(Ri)
and V ′ = ϕ′(Rj), two linear subspaces of W , and let ψ : Ri −→ V and ψ′ : Rj −→ V ′ be the linear
isometries given by the same maps as ϕ respectively ϕ′, but with different targets. Then the elements
Y (ψ)(x) ∈ Y (V ) and Y (ψ′)(x′) ∈ Y (V ′) have the same image in Y (W ). Hypothesis (iii) on Y provides an
element y ∈ Y (V ∩ V ′) that maps to Y (ψ)(x) under the inclusion V ∩ V ′ −→ V and to Y (ψ′)(x′) under
the inclusion V ∩ V ′ −→ V ′.

We set

k = dim(V ∩ V ′)
and let h : Rk −→ Ri be any linear isometric embedding such that ϕ(h(Rk)) = V ∩ V ′. We let k : Rk −→
V ∩ V ′ be the unique linear isometric embedding (necessarily bijective) such that iWV ∩V ′ ◦ k = ϕ ◦ h. We
define h′ : Rk −→ Rj by the requirement

ψ′ ◦ h′ = iV
′

V ∩V ′ ◦ k .

Then

ϕ′ ◦ h′ = iWV ′ ◦ ψ′ ◦ h′ = iWV ∩V ′ ◦ k = ϕ ◦ h .
We set

z = Y (k−1)(y) ∈ Y (Rk) .

Then

Y (ϕ)(Y (h)(z)) = Y (iWV ∩V ′)(Y (k)(z)) = Y (iWV ∩V ′)(y) = Y (iWV )(Y (ψ)(x)) = Y (ϕ)(x) .

This implies Y (h)(z) = x by hypothesis (ii). The same argument show that also Y (h′)(z) = x′. Then

(ϕ, x) = (ϕ, Y (h)(z)) ∼ (ϕh, z) = (ϕ′h′, z) ∼ (ϕ′, Y (h′)(z)) = (ϕ′, x′) .

So the pairs (ϕ, x) and (ϕ′, x′) describe the same elements in (skm Y )(W ). �
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Proposition 4.9. Let G and K be compact Lie groups and we let V and W be representations of G
respectively K. Then for every m ≥ 0 and every inner product space U the map

im(U) : (skm(LG,V × LK,W ))(U) −→ (LG,V × LK,W )(U)

is a closed embedding whose image consists of those pairs

(ϕG,ψK) ∈ L(V,U)/G × L(W,U)/K

such that dim(ϕ(V ) + ψ(W )) ≤ m.

Proof. We use Proposition 4.7 to show that the map im(U) is a closed embedding. Conditions (i)
and (ii) of that proposition are clearly satisfied for the orthogonal space LG,V × LK,W . For condition (iii)
we need to show that for every inner product space U and all subspaces U1, U2 of U the commutative square

(LG,V × LK,W )(U1 ∩ U2) //

��

(LG,V × LK,W )(U2)

��
(LG,V × LK,W )(U1) // (LG,V × LK,W )(U)

is a pullback. We consider two pairs

(ψG, κK) ∈ L(V,U1)/G× L(W,U1)/K

and

(ψ′G, κ′K) ∈ L(V,U2)/G× L(W,U2)/K

that have the same image in L(V,U)/G × L(W,U)/K. There are then group elements g ∈ G and k ∈ K
such that

ψ ◦ lg = ψ′ and κ ◦ lk = κ′

as elements of L(V,U) respectively L(W,U). But then ψ◦ lg, ψ′, κ◦ lk and κ′ must all have image in U1∩U2,
and the element

(ψG, κK) = (ψ′G, κ′K) ∈ L(V,U1 ∩ U2)/G× L(W,U1 ∩ U2)/K

maps to the original pairs.
Now we identify the image of the map im(U). For every triple

(ϕ,ψG, κK) ∈ L(Ri, U)× L(V,Ri)/G× L(W,Ri)/K

with i ≤ m the space (ϕψ)(V ) + (ϕκ)(W ) is contained in ϕ(Ri), so its dimension is at most m. So the
image of im(U) is contained in the relevant subspace of (LG,V × LK,W )(U).

Conversely, if (ψ̄G, κ̄K) is a pair in L(V,U)/G × L(W,U)/K such that dim(ψ̄(V ) + κ̄(W )) = i ≤ m,
then there is a ϕ ∈ L(Ri, U) such that ψ̄(V ) + κ̄(W ) = ϕ(Ri). Then we can write ψ̄ = ϕ ◦ ψ and κ̄ = ϕ ◦ κ
for suitably chosen ψ ∈ L(V,Ri) and κ ∈ L(W,Ri). So the pair (ψ̄G, κ̄K) is the image under im(U) of the
element of (skm(LG,V × LK,W ))(U) represented by the triple (ϕ,ψG, κK). �

Example 4.10. We make the skeleton filtration of LG,V × LK,W explicit in the simplest non-trivial
example, i.e., for G = K = e the trivial group and V = W = R. For every inner product space U we use
the homeomorphism

LR(U) = L(R, U) ∼= S(U) , ϕ 7−→ ϕ(1)

to the unit sphere of U . Then L0(LR × LR) = L1(LR × LR) = ∅, sk0(LR × LR) = ∅, and

sk1(LR × LR) = G1((LR × LR)(R)) = G1(O(1)×O(1)) = LO(1),R(O(1)×O(1)) ;
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since O(1)×O(1) is a free O(1)-set with two orbits, sk1(LR×LR) is isomorphic to the disjoint union of two
copies of LO(1),RO(1) ∼= LR. By Proposition 4.9 the latching map ν2 identifies the second latching space of
LR × LR with the subspace

L2 = {(x, x) , (x,−x) : x ∈ S(R2)} ,
of L(R,R2)2 = S(R2)× S(R2), the disjoint union of the diagonal and the ‘anti-diagonal’. The space (LR ×
LR)(R2) can be obtained from L2 by attaching one O(2)-free equivariant 1-cell. Indeed, the square

(4.11)

O(2)× {−1, 1} //

��

O(2)× [−1, 1]

χ̄

��
L2 ν2

// S(R2)× S(R2)

is an O(2)-equivariant pushout, where the right vertical characteristic map is the O(2)-equivariant extension
of the map

χ : [−1, 1] −→ S(R2)× S(R2) , t 7−→
((

1

0

)
,

(
t√

1− t2

))
.

This shows explicitly that the latching map ν2 is an O(2)-cofibration. For m ≥ 3 the latching map νm is
an isomorphism (again by Proposition 4.9), and so the skeleton filtration stops, i.e.,

sk2(LR × LR) = sk3(LR × LR) = . . . = LR × LR .

If we concatenate the pushout (4.5) for A = LR × LR and m = 2 and the pushout square obtained by
applying LO(2),R2 to the square (4.11), then we obtain the pushout square of orthogonal spaces:

{−1, 1} × LR2 //

��

[−1, 1]× LR2

��
LO(1),R(O(1)×O(1)) // LR × LR

The right vertical map is adjoint to the characteristic map χ and the lower horizontal map is adjoint to the
identity of (LR × LR)(R) = O(1)×O(1).

Now we work our way towards the strong level model structure of orthogonal spaces.

Proposition 4.12. Let

A
f //

g

��

B

h
��

C
k
// D

be a pushout square of orthogonal spaces such that f is a strong level equivalence. If in addition f or g is
an h-cofibration, then the morphism k is a strong level equivalence.

Proof. We let G be a compact Lie group and V a G-representation. Then the square

A(V )
f(V ) //

g(V )

��

B(V )

h(V )

��
C(V )

k(V )
// D(V )
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is a pushout square ofG-spaces such that f(V ) or h(V ) is an h-cofibration ofG-spaces (by Corollary 1.11 (ii)).
Since h-cofibrations are in particular closed embeddings (compare Proposition A.1.9), the square yields a
pushout square of spaces

A(V )G
f(V )G //

g(V )G

��

B(V )G

h(V )G

��
C(V )G

k(V )G
// D(V )G

upon taking G-fixed points. The map (f(V ))G or (h(V ))G is an h-cofibration of spaces (again by Corol-
lary 1.11 (ii)), and f(V )G is a weak equivalence. The gluing lemma for weak equivalences and pushout
along h-cofibrations (see for example [20, Appendix, Prop. 4.8 (b)]) shows that then k(V )G is also a weak
equivalence. Hence the morphism k is a strong level equivalence. �

Proposition A.3.28 is a fairly general recipe for constructing level model structures on a category such
as orthogonal spaces. We specialize the general construction to the situation at hand. We recall that strong
level equivalences were defined in Definition 1.8.

Lemma 4.13. For every morphism f : X −→ Y of orthogonal spaces, the following are equivalent.

(i) The morphism f is a strong level equivalence.
(ii) For every compact Lie group G and every faithful G-representation V the map f(V )G : X(V )G −→

Y (V )G is a weak equivalence.
(iii) The map f(Rm) : X(Rm) −→ Y (Rm) is an O(m)-weak equivalence for every m ≥ 0.

Proof. Clearly, condition (i) implies condition (ii), and that implies condition (iii) (because the tau-
tological action of O(m) on Rm is faithful). So we suppose that f(Rm) is an O(m)-weak equivalence
for every m ≥ 0, and we show that f is a strong level equivalence. Given a G-representation V of di-
mension m, we choose a linear isometry ϕ : V ∼= Rm; conjugation by ϕ turns the G-action on V into a
homomorphism ρ : G −→ O(m), i.e.,

ρ(g) = ϕ ◦ lg ◦ ϕ−1 ,

and the homeomorphism X(ϕ) : X(V ) −→ X(Rm) restricts to a homeomorphism

X(V )G ∼= X(Rm)ρ(G) .

This homeomorphism is natural for morphisms of orthogonal spaces, so the hypothesis that f(Rm)ρ(G) :
X(Rm)ρ(G) −→ Y (Rm)ρ(G) is a weak equivalence implies that also the map f(V )G : X(V )G −→ Y (V )G is
a weak equivalence. �

Definition 4.14. A morphism f : X −→ Y of orthogonal spaces is a strong level fibration if for every
compact Lie group G and every G-representation V the map f(V )G : X(V )G −→ Y (V )G is a Serre fibration.

The same kind of reasoning as in Lemma 4.13 shows:

Lemma 4.15. For every morphism f : X −→ Y of orthogonal spaces, the following are equivalent.

(i) The morphism f is a strong level fibration.
(ii) For every compact Lie group G and every faithful G-representation V the map f(V )G : X(V )G −→

Y (V )G is a Serre fibration
(iii) The map f(Rm) : X(Rm) −→ Y (Rm) is an O(m)-fibration for every m ≥ 0.

Definition 4.16. A morphism f : X −→ Y of orthogonal spaces is a flat cofibration if the latching
morphism

νmf = f(Rm) ∪ νYm : X(Rm) ∪LmX LmY −→ Y (Rm)
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is an O(m)-cofibration for all m ≥ 0. An orthogonal space Y flat if the unique morphism from the empty
orthogonal space to Y is a flat cofibration. Equivalently, for every m ≥ 0 the latching map νm : LmY −→
Y (Rm) is an O(m)-cofibration.

We are ready to establish the strong level model structure.

Proposition 4.17. The strong level equivalences, strong level fibrations and flat cofibrations form a
model structure, the strong level model structure, on the category of orthogonal spaces. The strong level
model structures is proper, topological and cofibrantly generated.

Proof. We apply Proposition A.3.28 as follows. We let C(m) be the projective model structure on the
category of O(m)-spaces (with respect to the family of all closed subgroups of O(m)), compare Proposi-
tion A.2.19. With respect to these choices of model structures C(m), the classes of level equivalences, level
fibrations and cofibrations in the sense of Proposition A.3.28 precisely become the strong level equivalences,
strong level fibrations and flat cofibrations. The consistency condition (Definition A.3.27) is the special
case of Corollary A.2.28 with K = O(m + n), G = O(m), A = L(Rm,Rm+n) and the family of all closed
subgroups of O(m+ n).

We describe explicit sets of generating cofibrations and generating acyclic cofibrations. We let Istr be
the set of all morphisms Gmi for m ≥ 0 and for i in the set of generating cofibrations for the projective
model structure on the category of O(m)-spaces specified in (2.20) of Section A.2. Then the set Istr detects
the acyclic fibrations in the strong level model structure by Proposition A.3.28 (iii). Similarly, we let J str

be the set of all morphisms Gmj for m ≥ 0 and for j in the set of generating acyclic cofibrations for the
projective model structure on the category of O(m)-spaces specified in (2.21) of Section A.2. Again by
Proposition A.3.28 (iii), J str detects the fibrations in the strong level model structure.

The model structure is topological by Proposition A.2.9, where we take G as the set of orthogonal
spaces LH,Rm for all m ≥ 0 and all closed subgroups H of O(m). Limits in the category of orthogonal
spaces are constructed objectwise (i.e., evaluation at V preserves limits). Since weak equivalences and
fibrations are also defined levelwise, right properness is inherited levelwise. The projective model structure
on the category of O(m)-spaces is right proper for all m ≥ 0, so right properness of the strong level model
structure follows.

We already know that the strong level model structure is topological, and clearly every orthogonal
space is fibrant. So flat cofibrations are h-cofibrations (by Corollary 1.11 (iii)). Left properness is then a
special case of Proposition 4.12. �

For easier reference we make the generating (acyclic) cofibrations of the strong level model structure
even more explicit. Using the isomorphism

Gm(O(m)/H) = L(Rm,−)×O(m) (O(m)/H) ∼= L(Rm,−)/H = LH,Rm .

for a closed subgroup H of O(m), we can identify Istr with the set of all morphisms

ik × LH,Rm : ∂Dk × LH,Rm −→ Dk × LH,Rm

for all k,m ≥ 0 and all closed subgroup H of O(m). The tautological action of H on Rm is faithful;
conversely every pair (G,V ) consisting of a compact Lie group and a faithful representation is isomorphic
to a pair (H,Rm) for some closed subgroup H of Rm. We conclude that Istr is a set of representatives of
the isomorphism classes of morphisms

ik × LG,V : ∂Dk × LG,V −→ Dk × LG,V

for G a compact Lie group, V a faithful G-representation and k ≥ 0. Similarly, J str is a set of representatives
of the isomorphism classes of morphisms

jk : Dk × {0} × LG,V −→ Dk × [0, 1]× LG,V

for G a compact Lie group, V a faithful G-representation and k ≥ 0.
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We conclude this section with an interesting example of a flat cofibration.

Proposition 4.18. Let G and K be compact Lie groups and let V and W be representations of G
respectively K. Then the orthogonal space LG,V × LK,W is flat and the morphism

ρLG,V ,LK,W : LG,V � LK,W −→ LG,V × LK,W

is a flat cofibration.

Proof. We show first that the orthogonal space LG,V ×LK,W is flat. We use the identification of the
latching spaces of LV × LW given in Proposition 4.9: the latching map identifies Lm(LV × LW ) with the
subspace of (LV × LW )(Rm) consisting of the pairs

(ϕ,ψ) ∈ L(V,Rm) × L(W,Rm)

such that ϕ(V ) +ψ(W ) 6= Rm, i.e., the images of ϕ and ψ do not span all of Rm. An equivalent way to say
this is that (ϕ,ψ) belongs to the latching space Lm(LV ×LW ) if and only if there is a non-identity element
A ∈ O(m) such that Aϕ = ϕ and Aψ = ψ.

We let the group O(m)×G×K act on L(V,Rm)× L(W,Rm) via

(A, g, k) · (ϕ,ψ) = (A ◦ ϕ ◦ l−1
g , A ◦ ψ ◦ l−1

k ) .

This is a smooth action on a a smooth manifold, so Illman’s theorem [77, Cor. 7.2] provides an equivariant
CW-structure. In particular, L(V,Rm) × L(W,Rm) is cofibrant as an (O(m) × G × K)-space. We let C
denote the cofamily of those subgroups

H ≤ O(m)×G×K
that intersect O(m)× e× e non-trivially. By the previous paragraph, an element of L(V,Rm)× L(W,Rm)
belongs to the m-th latching space if and only if its stabilizer group is in the cofamily C, i.e.,

Lm(LV × LW ) = (L(V,Rm)× L(W,Rm))(C) .

The inclusion of the latching space is thus a cofibration of (O(m)×G×K)-spaces, by Proposition A.2.24.
Now we can pass to orbits of the closed normal subgroup G ×K; Proposition A.2.23 (iii) shows that the
map on orbit spaces

Lm(LG,V × LK,W ) = (G×K)\(Lm(LV × LW )) −→
(G×K)\(L(V,Rm)× L(W,Rm)) = (LG,V × LK,W )(Rm)

is an O(m)-cofibration. Altogether this shows that the orthogonal space LG,V × LK,W is flat.
Now we prove that ρLG,V ,LK,W is a flat cofibration. The orthogonal space LG,V � LK,W is isomorphic

to LG×W,V⊕W and hence purely (dim(V ) + dim(W ))-dimensional, in the sense that the latching morphism
νm : Lm(LG,V � LK,W ) −→ (LG,V � LK,W )(Rm) is an isomorphism for all m 6= dim(V ) + dim(W ). So for
such m, the canonical map

Lm(LG,V × LK,W ) −→ (LG,V � LK,W )(Rm) ∪Lm(LG,V �LK,W ) Lm(LG,V × LK,W )

is an isomorphism and the ‘relative’ latching condition for the morphism ρLG,V ,LK,W boils down to the
‘absolute’ m-latching condition for the orthogonal space LG,V × LK,W ; this latching condition holds since
LG,V × LK,W is flat.

It remains to treat the case m = dim(V ) + dim(W ). As above we consider L(V,Rm) × L(W,Rm) as
an (O(m) × O(V ) × O(W ))-space. The stabilizer of a pair (ϕ,ψ) ∈ L(V,Rm) × L(W,Rm) surjects onto
O(V )×O(W ) if any only if the images ϕ(V ) and ψ(W ) are orthogonal inside Rm. So the image of the map
ρLV ,LW (Rm) is the subspace of those pairs (ϕ,ψ) whose stabilizer surjects onto O(V )×O(W ). We make a
similar argument as above and consider the cofamily C′ of those closed subgroups

H ≤ O(m)×O(V )×O(W )



40 I. UNSTABLE GLOBAL HOMOTOPY THEORY

that intersect O(m)× e× e non-trivially or surjects onto O(V )×O(W ). Then

(L(V,Rm)× L(W,Rm))(C′) = Lm(LV × LW ) q LV⊕W (Rm) .

The inclusion of this subspace into (LG,V × LK,W )(Rm) is thus a cofibration of (O(m) × O(V ) × O(W ))-
spaces, again by Proposition A.2.24. We restrict the action to (O(m) × G × K) via the representation
homomorphisms G −→ O(V ) and K −→ O(W ). With respect to the restricted action, the inclusion is a
cofibration of (O(m) × G ×K)-spaces by Proposition A.2.23 (i). Now we can pass to orbits of the closed
normal subgroup G×K; Proposition A.2.23 (iii) shows that the map on orbit spaces

Lm(LG,V × LK,W )q LG×K,V⊕W (Rm) = (G×K)\(Lm(LV × LW )q LV⊕W (Rm)) −→
(G×K)\(L(V,Rm)× L(W,Rm)) = (LG,V × LK,W )(Rm)

is an O(m)-cofibration. Altogether this shows that latching condition for the morphism ρLG,V ,LK,W in the
critical dimension m = dim(V ) + dim(W ). �

5. Global model structure for orthogonal spaces

In this section we construct the main model structure of interest for us, the global model structure on
the category of orthogonal spaces, see Theorem 5.10. The weak equivalences in this model structure are
the global equivalences and the cofibrations are the flat cofibrations. The fibrations in the global model
structure are defined as follows.

Definition 5.1. A morphism f : X −→ Y of orthogonal spaces is a global fibration if it is a strong
level fibration and for every compact Lie group G, every faithful G-representation V and every equivariant
linear isometric embedding ϕ : V −→W of G-representations, the map

(f(V )G, X(ϕ)G) : X(V )G −→ Y (V )G ×Y (W )G X(W )G

is a weak equivalence.
An orthogonal space X is static if for every compact Lie group G, every faithful G-representation V ,

and every G-equivariant linear isometric embedding ϕ : V −→W the structure map

X(ϕ) : X(V ) −→ X(W )

is a G-weak equivalence.

Equivalently, a morphism f is a global fibration if and only if f is a strong level fibration and for every
compact Lie group G, every faithful G-representation V and equivariant linear isometric embedding ϕ :
V −→W the square of G-fixed point spaces

(5.2)

X(V )G

f(V )G

��

X(ϕ)G // X(W )G

f(W )G

��
Y (V )G

Y (ϕ)G
// Y (W )G

is homotopy cartesian.
Clearly, an orthogonal space X is static if and only if the unique morphism from X to a terminal

orthogonal space is a global fibration; the static orthogonal spaces will thus turn out to be the fibrant
objects in the global model structure. The static orthogonal spaces are those which, roughly speaking,
don’t change the equivariant homotopy type once a faithful representation has been reached.

Proposition 5.3. (i) Every global equivalence that is also a global fibration is a strong level equiva-
lence.

(ii) Every global equivalence between static orthogonal spaces is a strong level equivalence.
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Proof. (i) We let f : X −→ Y be a morphism of orthogonal spaces that is both a global fibration and
a global equivalence. We consider a compact Lie group G, a faithful G-representation V , a finite G-CW-pair
(B,A) and a commutative square:

A
α //

incl

��

X(V )

f(V )

��
B

β
// Y (V )

We will exhibit a continuous G-map µ : B −→ X(V ) such that µ|A = α and such that f(V )◦µ is homotopic,
relative A, to β. This shows that the map f(V ) is a weak equivalence, so f is a strong level equivalence.

Since f is a global equivalence, there is a G-equivariant linear isometric embedding ϕ : V −→ W
and a continuous G-map λ : B −→ X(W ) such that λ|A = X(ϕ) ◦ α : A −→ X(W ) and such that
f(W ) ◦ λ : B −→ Y (W ) is G-homotopic, relative to A, to Y (ϕ) ◦ β. Since f is a strong level fibration, we
can improve λ into a continuous G-map λ′ : B −→ X(W ) such that λ′|A = λ|A = X(ϕ) ◦ α and such that
f(W ) ◦ λ′ is equal to Y (ϕ) ◦ β.

Since f is a global fibration the G-map

(f(V ), X(ϕ)) : X(V ) −→ Y (V )×Y (W ) X(W )

is a G-weak equivalence. So we can find a continuous G-map µ : B −→ X(V ) such that µ|A = α and
(f(V ), X(ϕ)) ◦ µ is G-homotopic, relative A, to (β, λ′) : B −→ Y (V )×Y (W ) X(W ):

A
α //

incl

��

X(V )

(f(V ),X(ϕ))

��
B

(β,λ′)

//

µ

66

Y (V )×Y (W ) X(W )

This is the desired map.
(ii) We let f : X −→ Y be a global equivalence between static orthogonal spaces. We letG a compact Lie

group, V a faithful G-representation, (B,A) a finite G-CW-pair and α : A −→ X(V ) and β : B −→ Y (V )
continuous G-maps such that f(V )◦α = β|A. Since f is a global equivalence, there is a G-equivariant linear
isometric embedding ϕ : V −→ W and a continuous G-map λ : B −→ X(W ) such that λ|A = X(ϕ) ◦ α
and f(W ) ◦ λ is G-homotopic to Y (ϕ) ◦ β relative A. Since X is static, the map X(ϕ) : X(V ) −→ X(W )
is a G-weak equivalence, so there is a continuous map λ̄ : B −→ X(V ) such that λ̄|A = α and X(ϕ) ◦ λ̄ is
G-homotopic to λ relative A. The two G-maps f(V ) ◦ λ̄ and β : B −→ Y (V ) then agree on A and become
G-homotopic, relative A, after composition with Y (ϕ) : Y (V ) −→ Y (W ). Since Y is static, the map Y (ϕ)
is a G-weak equivalence, so f(V ) ◦ λ̄ and β : B −→ Y (V ) are already G-homotopic relative A. This shows
that f(V ) : X(V ) −→ Y (V ) is a G-weak equivalence, and hence f is a strong level equivalence. �

Construction 5.4. We let j : A −→ B be a morphism in a topological model category. We factor j
through the mapping cylinder as the composite

A
c(j)−−−→ Z(j) = ([0, 1]×A) ∪j B

r(j)−−−−→ B ,

where c(j) is the ‘front’ mapping cylinder inclusion and r(j) is the projection, which is a homotopy equiva-
lence. In our applications we will assume that both A and B are cofibrant, and then the morphism c(j) is
a cofibration by the pushout product property. We then define Z(j) as the set of all pushout product maps

ik�c(j) : Dk ×A ∪∂Dk×A ∂Dk × Z(j) −→ Dk × Z(j)

for k ≥ 0, where ik : ∂Dk −→ Dk is the inclusion.



42 I. UNSTABLE GLOBAL HOMOTOPY THEORY

Proposition 5.5. Let C be a topological model category, j : A −→ B a morphism between cofibrant
objects and f : X −→ Y a fibration. Then the following two conditions are equivalent:

(i) The square of spaces

(5.6)

map(B,X)
map(j,X) //

map(B,f)

��

map(A,X)

map(A,f)

��
map(B, Y )

map(j,Y )
// map(A, Y )

is homotopy cartesian.
(ii) The morphism f has the right lifting property with respect to the set Z(j).

Proof. The square (5.6) maps to the square

(5.7)

map(Z(j), X)
map(c(j),X) //

map(Z(j),f)

��

map(A,X)

map(A,f)

��
map(Z(j), Y )

map(c(j),Y )
// map(A, Y )

via the map induced by r(j) : Z(j) −→ B on the left part and the identity on the right part. Since r(j) is
a homotopy equivalence, the map of squares is a weak equivalence at all four corners. So the square (5.6)
is homotopy cartesian if and only if the square (5.7) is homotopy cartesian.

Since A is cofibrant and f a fibration, map(A, f) is a Serre fibration. So the square (5.7) is homotopy
cartesian if and only if the map

(5.8) (map(Z(j), f),map(c(j), X)) : map(Z(j), X) −→ map(Z(j), Y )×map(A,Y ) map(A,X)

is a weak equivalence. Since c(j) is a cofibration and f is a fibration, the map (5.8) is always a Serre
fibration. So (5.8) is a weak equivalence if and only if it is an acyclic fibration, which is equivalent to the
right lifting property for the inclusions ik : ∂Dk −→ Dk for all k ≥ 0. By adjointness, the map (5.8) has
the right lifting property with respect to the maps ik if and only if the morphism f has the right lifting
property with respect to the set Z(j). �

The set J str was defined in the proof of Proposition 4.17 as the set of morphisms Gmj for m ≥ 0
and for j in the set of generating acyclic cofibrations for the projective model structure on the category of
O(m)-spaces specified in (2.21) of Section A.2. The set J str detects the fibrations in the strong level model
structure. We add another set of morphism K that detects when the squares (5.2) are homotopy cartesian.
Given any compact Lie group G and G-representations V and W , the restriction morphism

ρG,V,W : LG,V⊕W −→ LG,V

was defined in (2.9). If the representation V is faithful, then this morphism is a global equivalence by
Proposition 2.10 (ii). We set

K =
⋃

G,V,W

Z(ρG,V,W ) ,

the set of all pushout products of boundary inclusions ∂Dk −→ Dk with the mapping cylinder inclusions
of the morphisms ρG,V,W ; here the union is over a set of representatives of the isomorphism classes of
triples (G,V,W ) consisting of a compact Lie group G, a faithful G-representation V and an arbitrary G-
representationW . The morphism ρG,V,W represents the map ofG-fixed point spacesX(iV,W )G : X(V )G −→
X(V ⊕W )G; every G-equivariant linear isometric embedding is isomorphic to a direct summand inclusion
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iV,W , so by Proposition 5.5, the right lifting property with respect to the union J str ∪K characterizes the
global fibrations, i.e., we have shown:

Proposition 5.9. A morphism of orthogonal spaces is a global fibration if and only if it has the right
lifting property with respect to the set J str ∪K.

Now we are ready for the main result of this section.

Theorem 5.10 (Global model structure). The global equivalences, global fibrations and flat cofibrations
form a model structure, the global model structure on the category of orthogonal spaces. The fibrant objects
in the global model structure are the static orthogonal spaces. The global model structure is proper, topological
and compactly generated.

Proof. We refer the reader to [50, 3.3] for the numbering of the model category axioms. The category
of orthogonal spaces is complete and cocomplete, so axiom MC1 holds. Global equivalences satisfy the 2-
out-of-6 property by Proposition 1.12 (iii); the 2-out-of-6 property specializes to the model category axiom
MC2 (2-out-of-3) by letting one of the respective maps f , g or h be an identity. Global equivalences are
closed under retracts by Proposition 1.12 (iv); it is straightforward that cofibrations and global fibrations
are closed under retracts, so axiom MC3 (closure properties under retracts) holds.

The strong level model structure shows that every morphism of orthogonal spaces can be factored as
a flat cofibration followed by a strong level equivalence. Since strong level equivalences are in particular
global equivalences, this provides one of the factorizations as required by MC5. For the other half of the
factorization axiom MC5 we apply the small object argument (see for example [50, 7.12] or [74, Thm. 2.1.14])
to the set J str∪K. All morphisms in J str are flat cofibrations and strong level equivalences. Since LG,V⊕W
and LG,V are flat, the morphisms in K are also flat cofibrations, and they are global equivalences because the
morphisms ρG,V.W are (Proposition 2.10 (ii)). The small object argument provides a functorial factorization
of every morphism ϕ : X −→ Y of orthogonal spaces as a composite

X
i−−→ W

q−−→ Y

where i is a sequential composition of cobase changes of coproducts of morphisms in K, and q has the
right lifting property with respect to J str ∪K. Since all morphisms in K are flat cofibrations and global
equivalences, the morphism i is a flat cofibration and a global equivalence by the closure properties of
Proposition 1.12. Moreover, q is a global fibration by Proposition 5.9.

Now we show the lifting properties MC4. By Proposition 5.3 (i) a morphism that is both a global
equivalence and a global fibration is a strong level equivalence, and hence an acyclic fibration in the strong
level model structure. So every morphism that is simultaneously a global equivalence and a global fibration
has the right lifting property with respect to flat cofibrations. Now we let j : A −→ B be a flat cofibration
that is also a global equivalence and we show that it has the left lifting property with respect to all global
fibrations. We factor j = q ◦ i, via the small object argument for J str ∪ K, where i : A −→ W is an
(J str ∪K)-cell complex and q : W −→ B a global fibration. Then q is a global equivalence since j and i
are, and hence an acyclic fibration in the strong level model structure, again by Proposition 5.3 (i). Since
j is a flat cofibration, a lifting in

A
i //

j

��

W

q∼
��

B

>>

B

exists. Thus j is a retract of the morphism i that has the left lifting property with respect to global
fibrations. But then j itself has this lifting property. This finishes the verification of the model category
axioms. Alongside we have also specified sets of generating flat cofibrations Istr and generating acyclic
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cofibrations J str∪K. Sources and targets of all morphisms in these sets are small with respect to sequential
colimits of flat cofibrations. So the global model structure is compactly generated.

Left properness of the global model structure follows from Proposition 1.12 (ix) and the fact that flat
cofibrations are h-cofibrations (Corollary 1.11 (iii)). Right properness follows from Proposition 1.12 (x)
because global fibrations are in particular strong level fibrations.

It remains to show that the global model structure is topological. The cofibrations in the global
model structure coincide with the cofibrations in the strong level model structure, so the pushout product
of a cofibration of spaces with a flat cofibration is a flat cofibration by Proposition 4.17. Similarly, the
pushout product of an acyclic cofibration of spaces with a flat cofibration is a strong level equivalence by
Proposition 4.17, hence a global equivalence. Finally, we have to show that pushout products of cofibrations
of spaces with flat cofibrations that are also global equivalences are again global equivalences. It suffices
to consider a generating cofibration ik : ∂Dk −→ Dk of spaces and a generating acyclic cofibration in the
set J str ∪K. The morphisms in J str are strong level equivalences, hence taken care of by Proposition 4.17
again. The pushout product of ik and a morphism im�c(j) in Z(ρG,V,W ) is isomorphic to ik+m�c(j), hence
again a flat cofibration and global equivalence. �

Corollary 5.11. Let f : A −→ B be a morphism of orthogonal spaces. Then the following conditions
are equivalent.

(i) The morphism f is a global equivalence.
(ii) For some (hence any) flat approximation f [ : A[ −→ B[ in the strong level model structure and every

static orthogonal space X the induced map

[f [, X] : [B[, X] −→ [A[, X]

on homotopy classes of morphisms is a bijection.

Proof. Since strong level equivalences are global equivalences, the morphism f is a global equivalence
if and only if the flat approximation f [ : A[ −→ B[ is a global equivalence. Since A[ and B[ are flat,
they are cofibrant in the global model structure. So by general model category theory [ref], f [ is a global
equivalence if and only if the induced map [f [, X] is bijective for every fibrant object in the global model
structure. By Theorem 5.10 these fibrant objects are precisely the static orthogonal spaces. �

Remark 5.12. We can relate the unstable global homotopy category of orthogonal spaces to the
homotopy theory of G-spaces for a fixed compact Lie group G. We fix a faithful G-representation V . Then
evaluation at V and the free functor at (G,V ) are a pair of adjoint functors

GT
LG,V // spc
evV

oo

between the categories of G-spaces and orthogonal spaces. This adjoint pair is a Quillen pair with respect
to the global model structure of orthogonal spaces and the ‘genuine’ model structure of G-spaces (i.e., the
projective model structure with respect to the family of all subgroups, compare Proposition A.2.19). The
adjoint total derived functors

Ho(GT)
L(LG,V ) // Ho(spc)
R(evV )
oo

are independent of the faithful representation V up to preferred natural isomorphism (by Proposition 2.10 (ii)).
Every G-space is G-weakly equivalent to a G-CW-complex, and these are built from the orbits G/H.

So the derived left adjoint L(LG,V ) : GT −→ spc is essentially determined by its values on the coset
spaces G/H. Since LG,V (G/H) is isomorphic to LH,V = BglH, the derived left adjoint takes the orbit
space G/H to a global classifying space of H.
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Now we check the compatibility of the strong level and the global model structure with the box product
of orthogonal spaces. Given two morphisms f : A −→ B and g : X −→ Y of orthogonal spaces we denote
by f�g the pushout product morphism defined as

f�g = (f � Y ) ∪ (A� g) : A� Y ∪A�X B �X −→ B � Y .

We recall that a model structure on a symmetric monoidal category satisfies the pushout product property
if the following two conditions hold:

• for every pair of cofibrations f : A −→ B and g : X −→ Y the pushout product morphism f�g is
also a cofibration;

• if in addition f or g is a weak equivalence, then so is the pushout product morphism f�g.

and satisfies the pushout product property with respect to the box product.

Proposition 5.13. (i) The strong level model structure of orthogonal spaces satisfies the pushout
product property with respect to the box product.

(ii) The pushout product of a flat cofibration that is also a global equivalence with any morphism of or-
thogonal spaces is a global equivalence.

(iii) The global model structure of orthogonal spaces satisfies the pushout product property with respect to
the box product.

(iv) For every flat orthogonal space A the functor Hom(A,−) preserves static orthogonal spaces.

Proof. (i) We starting by showing that the pushout product of two flat cofibrations is a flat cofibration.
It suffices to show the claim for a set of generating flat cofibrations, for example the morphisms

ik × LG,V : ∂Dk × LG,V −→ Dk × LG,V

for G a compact Lie group, V a faithful G-representation and k ≥ 0. The pushout product ik�im of two
sphere inclusions is isomorphic to the inclusion ik+m : ∂Dk+m −→ Dk+m, so the pushout product of two
such generators is isomorphic to the map

ik+m × LG×K,V⊕W ,

by Example 3.2. This pushout product morphism is another generating flat cofibration.
Now we show that the pushout product of a flat cofibration with a flat cofibration that is also a strong

level equivalence is again a strong level equivalence. Again it suffices to check the pushout product with a
generating acyclic cofibration J str, i.e., a morphism of the form

jm × LK,W : Dm × {0} × LK,W −→ Dm × [0, 1]× LK,W

for K a compact Lie group, W a faithful K-representation and m ≥ 0. The pushout product ik�jm is
isomorphic to the inclusion jk+m, so the pushout product of two such generators is isomorphic to the map

jk+m × LG×K,V⊕W ,

by Example 3.2. This pushout product morphism is a flat cofibration and strong level equivalence.
(ii) We let f : A −→ B and g : X −→ Y be morphisms of orthogonal spaces such that f is a flat

cofibration and a global equivalence. Then f � X and f � Y are global equivalences by Theorem 3.4.
Moreover, i is an h-cofibration by Corollary 1.11 (iii), hence so is i�K : A�K −→ B�K. Thus its cobase
change, the canonical morphism

A� L −→ A� L ∪A�K B �K

is a global equivalence by Proposition 5.3 (i). Since i�L : A�L −→ B �L is also a global equivalence, so
is the pushout product map f�g, by 2-out-of-6, compare Proposition 1.12 (iii).

(iii) The pushout product of two flat cofibrations is a flat cofibration by part (i). The pushout product
of two flat cofibrations one of which is also a global equivalence is another global equivalence by part (ii).
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(iv) Since A is flat the functor A � − is a left Quillen endofunctor for the global model structure.
So the right adjoint Hom(A,−) is a right Quillen endofunctor for the same model structure. In particu-
lar, Hom(A,−) preserves fibrant objects; by Theorem 5.10, these fibrant objects are precisely the static
orthogonal spaces. �

The unit object for the box product is the constant one-point orthogonal space 1, which is flat. So
with respect to the box product, the global model structure is a symmetric monoidal model category in the
sense of [74, Def. 4.2.6]. A corollary is that the unstable global homotopy category, i.e., the localization of
the category of orthogonal spaces at the class of global equivalences, inherits a closed symmetric monoidal
structure, compare [74, Thm. 4.3.3]. This ‘derived box product’ is nothing new, though: since the mor-
phism ρX,Y : X � Y −→ X × Y is a global equivalence for all orthogonal space X and Y , the derived box
product is just a categorical product in Ho(spc).

We let i : A −→ B and j : D −→ E be two morphisms of orthogonal spaces and consider the
commutative cube:

(5.14)

A�D
A�j //

ρA,D

&&
i�D

��

A� E
ρA,E

&&

i�E
��

A×D
A×j //

i×D

��

A× E

i×E

��

B �D

ρB,D &&

B�j // B � E
ρB,E

&&
B ×D

B×j
// B × E

We let Q(i, j) denote the colimit of the punctured cube (i.e., the cube with terminal vertex removed), and
we denote by

i ? j : Q(i, j) −→ B × E
the canonical morphism to the terminal vertex.

Theorem 5.15. Let i : A −→ B and j : D −→ E be two flat cofibrations of orthogonal spaces. Then
the morphism i ? j : Q(i, j) −→ B × E flat cofibration and a global equivalence.

Proof. We start with the special case where both cofibrations are from the generating set Istr con-
sisting of the morphisms

ik × LG,V : ∂Dk × LG,V −→ Dk × LG,V

for all k ≥ 0, all compact Lie groups G and all G-representations V . Product with a space T is associative
over the box product and the cartesian product of orthogonal spaces, in the sense of coherent isomorphisms

T × (B � E) ∼= (T ×B)� E ∼= B � (T × E)

and

T × (B × E) ∼= (T ×B)× E ∼= B × (T × E)

for all orthogonal spaces B and E. The morphism (ik × LG,V ) ? (im × LK,W ) is thus isomorphic to the
pushout product of the cofibration of spaces

ik�im = (Dk × im) ∪ (ik ×Dm) : Dk × ∂Dm ∪∂Dk×∂Dm ∂Dk ×Dm −→ Dk ×Dm

and the morphism of orthogonal spaces ρLG,V ,LK,W . Since ρLG,V ,LK,W is a flat cofibration by Proposi-
tion 4.18, and a global equivalence (by Theorem 3.4 (i)) and since the global model structure of orthogonal
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spaces is topological (Theorem 5.10), the morphism (ik × LG,V ) ? (im × LK,W ) is a flat cofibration and a
global equivalence.

Now we reduce the general case to the special case of generating cofibrations. For this purpose we
rephrase the claim as a statement about a morphism in an arrow category. We denote by Ar(C) the
category of morphisms in a category C; morphisms in Ar(C) from i : A −→ B to i′ : A′ −→ B′ are
‘commutative squares’, i.e., pairs (α : A −→ A′, β : B −→ B′) of morphisms such that i′α = βi. If C comes
with a model structure, we call a morphism (α, β) in Ar(C) a semi-acyclic cofibration if α is a cofibration
and the morphism

i′ ∪ β : A′ ∪A B −→ B′

is an acyclic cofibrations in C. Since β is the composite of i′ ∪ β with the cobase change of α along i, the
morphism β is then also a cofibration. The semi-acyclic cofibrations are characterized by the left lifting
property with respect to the class of those morphism (δ, ε) in Ar(C) such that δ is an acyclic fibration
and ε is a fibration. So the class of semi-acyclic cofibrations is closed under retracts, cobase change, and
composition. We use this for C = spc, the category of orthogonal spaces with respect to the global model
structure of Theorem 5.10.

We consider the functor

ρ : spc× spc −→ Ar(spc) , (X,Y ) 7−→ (ρX,Y : X � Y −→ X × Y ) .

For every pair of morphisms i : A −→ B and j : D −→ E of orthogonal spaces, the colimit Q(i, j) of the
punctured cube (5.14) can be calculated as a pushout:

(5.16)

B �D ∪A�D A� E
(B�j)∪(i�E) //

ρB,D∪ρA,E
��

B � E

��
B ×D ∪A×D A× E // Q(i, j)

The cube (5.14) is a commutative square in Ar(C):

ρA,D
ρA,j //

ρi,D

��

ρA,E

ρi,E

��
ρB,D ρB,j

// ρB,E

Since the box product satisfies the pushout product property for flat cofibrations (Proposition 4.17), our
claim precisely mean that the induced morphism

(5.17) ρB,j ∪ ρi,E : ρB,D ∪ρA,D ρA,E −→ ρB,E

is a semi-acyclic cofibration in Ar(C). Since the functor ρ : spc × spc −→ Ar(spc) preserves colimits in
both variables and the semi-acyclic cofibration in Ar(C) are closed under retracts, cobase change, and
composition, the claim for generating flat cofibrations implies the claim in general. �

The next corollary illustrates the power of Theorem 5.15.

Corollary 5.18. (i) Let i : A −→ B and j : D −→ E be two flat cofibrations of orthogonal spaces.
Then the pushout product morphism

(B × j) ∪ (i× E) : B ×D ∪A×D A× E −→ B × E
is a flat cofibration.

(ii) For every pair of flat orthogonal spaces B and E the orthogonal spaces B�E and B×E are flat and
the morphism ρB,E : B � E −→ B × E is a flat cofibration and a global equivalence.
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Proof. (i) The colimit Q(i, j) of the punctured cube (5.14) can be calculated as a pushout (5.16).
So the ×-pushout product morphism (B × j) ∪ (i × E) is the composite of a cobase change of the �-
pushout product morphism (B � j) ∪ (i� E) with the morphism i ? j. The former is a flat cofibration by
Proposition 4.17, the latter by Theorem 5.15.

(ii) This is the special case of Theorem 5.15 when A = D = ∅ are empty orthogonal spaces. �

Construction 5.19 (Cofree orthogonal spaces). For every compact Lie group K, we will now define
and study a right adjoint to the functor that takes an orthogonal space Y to the ‘underlying’ K-space Y (UK).
We refer to the right adjoint RK as the cofree functor. We consider the continuous functor

L(−,UK) : Lop −→ KT , V 7−→ L(V,UK) ,

with functoriality by precomposition with linear isometric embeddings. The group K acts on the values of
this functor through the action on the complete universe UK . The cofree orthogonal space RK(A) associated
to a K-space A is then the composite

L
L(−,UK)op

−−−−−−−−→ KTop mapK(−,A)−−−−−−−→ T .

A left adjoint to RK is given by an enriched coend, sending an orthogonal space Y to the K-space

L(−,UK)⊗L Y =

∫
V ∈L

L(V,UK)× Y (V ) .

We have already seen this functor under a different name. Indeed, the continuous evaluation maps

L(V,UK)× Y (V ) −→ Y (UK) , (ϕ, y) 7−→ Y (ϕ)(y)

are compatible as V varies through the objects of the category L. The universal property of a coend
produces a natural continuous map

L(−,UK)⊗L Y −→ Y (UK) .

Both sides of this map preserve colimits in Y and commute with products with spaces. Moreover, the map
is a homeomorphism when Y = LV is a free orthogonal space. Since every orthogonal space is a coend of
orthogonal spaces of the form LV × Y (V ), this map is a homeomorphism in general. In other words, the
functors

spc
(−)(UK) // T
RK

oo

form an adjoint pair. The unit of the adjunction is the morphism of orthogonal spaces

ηY : Y −→ RK(Y (UK))

whose value at an inner product space V is the adjoint of the action map

L(V,UK)× Y (V ) −→ Y (UK) , (ϕ, y) 7−→ Y (ϕ)(y) .

We can endow the cofree functor with a lax symmetric monoidal transformation

µA,B : RK(A)�RK(B) −→ RK(A×B) .

To construct µA,B we start from the continuous maps

mapK(L(V,UK), A)×mapK(L(W,UK), B)
×−−→ mapK(L(V,UK)× L(W,UK), A×B)(5.20)

(resV,W )∗−−−−−−→ mapK(L(V ⊕W,UK), A×B)

that constitute a bimorphism from (RK(A), RK(B)) to RK(A×B). Here

resV,W : L(V ⊕W,UK) −→ L(V,UK)× L(W,UK)
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is the map that takes an embedding of V ⊕W to the pair of its restrictions to V and W . The morphism
µA,B is associated to this bimorphism via the universal property of the box product. Since the cofree
functor RK is lax symmetric monoidal with respect to the maps µA.B , it takes topological G-space monoids
to orthogonal monoid spaces, in a way preserving commutativity.

Proposition 5.21. Let K be a compact Lie group.

(i) The adjoint functor pair ((−)(UK), RK) is a Quillen pair for the global model structure of orthogonal
spaces and the projective model structure of K-spaces.

(ii) For every K-space A the orthogonal space RK(A) is static.
(iii) For every closed orthogonal space Y the map

Ho(KT)(Y (UK), A)
(ηY )∗◦RK−−−−−−−→ Ho(spc)(Y,RK(A))

is bijective.

Proof. (i) We let f : X −→ Y be a fibration of K-spaces. We let G be another compact Lie group
and V a faithful G-representation. Then the K-space L(V,UK)/G is K-cofibrant by Proposition 2.2 (ii).
The projective model structure on K-spaces is topological, so mapK(L(V,UK)/G,−) takes fibrations of
K-spaces to fibrations of spaces. Because

mapK(L(V,UK)/G,X) = (RK(X)(V ))G ,

this means that RK takes fibrations of K-spaces to strong level fibrations of orthogonal spaces. By the same
argument, RK takes acyclic fibrations of K-spaces to acyclic fibrations in the strong level model structure,
which coincide with the acyclic fibrations in the global model structure of orthogonal spaces.

Now we let ϕ : V −→W be a G-equivariant linear isometric embedding. Then the map

ρV,W (UK)/G : L(V ⊕W,UK)/G −→ L(V,UK)/G

is a K-homotopy equivalence by Proposition 2.10 (ii). So the induced map

(RK(X)(ϕ))G : (RK(X)(V ))G −→ (RK(X)(V ⊕W ))G

is a homotopy equivalence of non-equivariant spaces. So in the commutative square

(RK(X)(V ))G
RK(X)(ϕ)G //

��

(RK(X)(V ⊕W ))G

��
(RK(Y )(V ))G

RK(Y )(ϕ)G
// (RK(Y )(V ⊕W ))G

both vertical maps are Serre fibrations and both horizontal maps are weak equivalences. The square is then
homotopy cartesian, and so the morphism RK(f) : RK(X) −→ RK(Y ) is a global fibration of orthogonal
spaces. Altogether this shows that the right adjoint RK preserves fibrations and acyclic fibrations, so
((−)(UK), RK) is a Quillen pair.

(ii) In the projective model structure of K-spaces every object A is fibrant. So RK(A) is fibrant in the
global model structure of orthogonal spaces; by Theorem 5.10 these fibrant object are precisely the static
orthogonal spaces.

(iii) We choose a global equivalence f : Y c −→ Y with flat source. Then Y c and Y are both closed,
so the map f(UK) : Y c(UK) −→ Y (UK) is a K-weak equivalence by Proposition 1.20. So the morphism
f induces bijections on both sides of the map in question, hence it suffices to prove the claim for Y c

instead of Y . But Y c is cofibrant and A is fibrant, so in this case the claim is just the derived adjunction
isomorphism. �
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For K = e the trivial group we drop the decoration and abbreviate the cofree functor to R. In this case
the unit of the adjunction is the morphism of orthogonal space

ηY : Y −→ R(Y (R∞))

whose value at an inner product space V is the adjoint of the action map

L(V,R∞)× Y (V ) −→ Y (R∞) , (ϕ, y) 7−→ Y (ϕ)(y) .

Definition 5.22. An orthogonal space Y is cofree if it is closed and the adjunction unit εY : Y −→
R(Y (R∞)) is a global equivalence.

We include the condition ‘closed’ as part of ‘cofree’ because it guarantees that the weak homotopy type
of Y (R∞) is an invariant of the global homotopy type of Y , by Proposition 1.20.

Lashof, May and Segal show in [84] that for abelian compact Lie groups G and any compact Lie
group K the mapping space map(EK,BG) is a classifying space for principal G-bundles over K-spaces. A
corollary is that for all K-spaces X the isomorphism classes of principal (K,G)-bundles over X biject with
isomorphism classes of principal G-bundles over EK ×K X. In our present language, their results has the
following reformulation:

Theorem 5.23. The global classifying space BglG of every abelian compact Lie group G is cofree.

Proof. We let V be any faithful G-representation. The free orthogonal space BglG = LG,V is closed,
so it remains to show that the morphism

ηLG,V : LG,V −→ R(L(V,R∞)/G)

is a global equivalence of orthogonal spaces. We let K be another compact Lie group, and consider the
K-equivariant map

LG,V (UK) = L(V,UK)/G −→ colimW∈s(UK) map(L(W,R∞),L(V,R∞)/G) = R(L(V,R∞)/G)(UK) .

The faithful K-representations are cofinal in the poset s(UK), so we may restrict to those for the colimit
on the right hand side. Whenever K acts faithfully on W , then L(W,R∞) is a model for EK. So in the
cofinal subposet, all morphisms are K-equivariant homotopy equivalence, and hence so are the maps

R(L(V,R∞)/G)(W ) −→ R(L(V,R∞)/G)(W ′) .

Since L(V,R∞)/G is model for BG,
We compare both with

map(L(W,R∞),L(V,R∞)/G) −→ map(L(W,R∞),L(V,UK)/G) ←−− L(V,UK)/G .

The left map is induced by any linear isometric embedding of R∞ into the K-fixed points (UK)K of the
given complete K-universe. Then

L(V,R∞)/G −→ L(V,UK)/G

is a K-equivariant map (with trivial action on the source) and a non-equivariant equivalence. So it induces
a K-weak equivalence after applying map(L(W,UK)). The right map sends any element of L(V,UK)/G to
the constant map with this value. This map is a K-weak equivalence when G is abelian, by the main result
[84, Thm. 2] of Lashof, May and Segal. �

Remark 5.24. Corollary 5.23 fails when we drop the hypothesis that the Lie group under consideration
is abelian. A specific example isG = U(2); as we shall explain, there is a continuous map f : BΣ3 −→ BU(2)
that is not homotopic to Bα for any continuous homomorphism α : Σ3 −→ U(2). So the adjunction unit

η : BglU(2) −→ R(BglU(2)) is not surjective on πΣ3
0 .
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To construct the map f we use the arithmetic square:

BU(2) //

��

∏
p prime (BU(2))∧p

��

(BU(2))Q //
(∏

p prime (BU(2))∧p

)
Q

Here (−)∧p is p-completion, the horizontal maps are induced by the p-completion maps BU(2) −→ (BU(2))∧p ,
and (−)Q and the two vertical maps are rationalization. Since BU(2) is simply connected, the arithmetic
square is homotopy cartesian, see for example [47, Thm. 4.1]. For every finite group K the space BK is
rationally equivalent to a one-point space, and so is the p-completion (BK)∧p for all primes p that do not
divide the order of G. So postcomposition with the completion maps is a bijection

(5.25) [BK,BU(2)] ∼=
∏

p divides |G|

[BK, (BU(2))∧p ] .

We let

β : Σ3 −→ U(2) and γ : Σ3 −→ U(2)

be the group homomorphisms that classify the 2-dimensional complex sign representation respectively the
complex reduced natural representations of Σ3. In terms of matrices, these are given by

β(g) =

(
sgn(g) 0

0 sgn(g)

)
respectively

γ((12)) =

(
0 1
1 0

)
, γ((123)) =

(
0 −1
1 −1

)
.

For K = Σ3 the bijection (5.25) shows that there is a continuous map f : BΣ3 −→ BU(2), unique up to
homotopy, such that

• after 2-completion, f becomes homotopic to Bβ : BΣ3 −→ BU(2), and
• after 3-completion, f becomes homotopic to Bγ : BΣ3 −→ BU(2).

By (5.25) for K = Σ2, the restriction of f to BΣ2 is homotopic to B(β|Σ2) : BΣ3 −→ BU(2); similarly,
by (5.25) for K = A3, the restriction of f to BA3 is homotopic to B(γ|A3) : BA3 −→ BU(2). However,
because the image of β is central in U(2), there is no group homomorphism α : Σ3 −→ U(2) whose restriction
to Σ2 is conjugate to β|Σ2

and whose restriction to A3 is conjugate to γ|A3
. So f is not homotopic to Bα

for any homomorphism α.

6. Equivariant homotopy sets

In this section we define the equivariant homotopy sets πG0 (X) of orthogonal spaces and relate them by
restriction maps defined from continuous homomorphisms between compact Lie groups. We show that the
global classifying space of a compact Lie group G represents the functor πG0 and use that to identify the
category of all natural operations with the category Rep of conjugacy classes of continuous homomorphisms.

We recall that for every compact Lie group G, UG is a chosen complete G-universe and s(UG) denotes
the poset, under inclusion, of finite dimensional G-subrepresentations of UG.

Definition 6.1. Let Y be an orthogonal space, G be a compact Lie group and A a G-space. We define

[A, Y ]G = colimV ∈s(UG) [A, Y (V )]G ,

the colimit over the poset s(UG) of the sets of G-homotopy classes of G-maps from A to Y (V ).
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The canonical G-maps Y (V ) −→ Y (UG) induce maps [A, Y (V )]G −→ [A, Y (UG)]G and hence a canon-
ical map

[A, Y ]G −→ [A, Y (UG)]G .

In general there is no reason for this map to be injective or surjective. If Y is closed and A is compact, the
situation improves:

Proposition 6.2. Let G be a compact Lie group.

(i) For every closed orthogonal space Y and every compact G-space A the canonical map

[A, Y ]G −→ [A, Y (UG)]G

is bijective.
(ii) Let f : X −→ Y be a global equivalence of orthogonal spaces. Then for every finite G-CW-complex A

the induced map

[A, f ]G : [A,X]G −→ [A, Y ]G

is bijective.

Proof. (i) Since the poset s(UG) contains a cofinal subsequence, Y (UG) is a sequential colimit of values
of Y along closed embeddings. The colimit in the category of compactly generated spaces is thus given by
the colimit of the underlying sequence of sets endowed with the weak topology. Since compactly generated
spaces have the T1-separation property, every continuous G-map A −→ Y (UG) thus factors through Y (V )
for some finite dimensional V ∈ s(UG), which shows surjectivity. Injectivity follows by the same argument
applied to the compact G-space A× [0, 1].

(ii) We let β : A −→ Y (V ) be a continuous G-map, for some V ∈ s(UG), that represents an element of
[A, Y ]G. Together with the unique map from the empty space this specifies an equivariant lifting problem
on the left:

∅ //

��

X(V )

f(V )

��

∅ //

��

X(V )
X(ϕ) // X(W )

f(W )

��
A

β
// Y (V ) A

β
//

λ

44

Y (V )
Y (ϕ)

// Y (W )

Since (A, ∅) is a finite G-CW-pair and f a global equivalence, there is a G-equivariant linear isometric
embedding ϕ : V −→ W and a continuous G-map λ on the right hand side such that f(W ) ◦ λ is G-
homotopic to Y (ϕ) ◦β. We choose a G-equivariant linear isometric embedding j : W −→ UG extending the
inclusion of V . Then the class in [A,X]G represented by the G-map

X(j) ◦ λ : A −→ X(j(W ))

is taken to [β] by the map [A, f ]G. This shows that [A, f ]G is surjective.
For injectivity we consider two G-maps g, g′ : A −→ X(V ), for some V ∈ s(UG), such that [A, f ]G[g] =

[A, f ]G[g′]. By enlarging V , if necessary, we can assume that two composites f(V ) ◦ g and f(V ) ◦ g′ are
G-homotopic. A choice of such a homotopy specifies an equivariant lifting problem on the left:

A× {0, 1}
g,g′ //

��

X(V )

f(V )

��

A× {0, 1}
g,g′ //

��

X(V )
X(ϕ) // X(W )

f(W )

��
A× [0, 1]

β
// Y (V ) A× [0, 1]

β
//

λ

33

Y (V )
Y (ϕ)

// Y (W )

There is thus a G-equivariant linear isometric embedding ϕ : V −→ W and a lift λ on the right hand side
such that λ(−, 0) = g, λ(−, 1) = g′ and f(W )◦λ is G-homotopic, relative A×{0, 1}, to Y (ϕ)◦β. As in the
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first part, we use a G-equivariant linear isometric embedding j : W −→ UG, extending the inclusion of V ,
to transform λ into the G-homotopy

X(j) ◦ λ : A× [0, 1] −→ X(j(W ))

that connects the images of g and g′ in X(j(W )). This shows that [g] = [g′] in [A,X]G, so [A, f ]G is also
injective. �

Now we specialize the equivariant homotopy sets [A, Y ]G to the case A = {∗} of a one-point G-space,
and then give it a new name.

Definition 6.3. Let G be a compact Lie group. The G-equivariant homotopy set of an orthogonal
space Y is the set

(6.4) πG0 (Y ) = colimV ∈s(UG) π0(Y (V )G) .

Specializing Proposition 6.2 to a one-point G-spaces yields:

Corollary 6.5. Let G be a compact Lie group.

(i) For every closed orthogonal space Y the canonical map

πG0 (Y ) −→ π0(Y (UG)G)

is bijective.
(ii) Let f : X −→ Y be a global equivalence of orthogonal spaces. Then the induced map

πG0 (f) : πG0 (X) −→ πG0 (Y )

of equivariant homotopy sets is bijective.

As the group varies, the homotopy sets πG0 (Y ) have contravariant functoriality in G: every continuous
group homomorphism α : K −→ G between compact Lie groups induces a restriction map α∗ : πG0 (X) −→
πK0 (X), as we shall now explain. We denote by α∗ the restriction functor from G-spaces to K-spaces (or
from G-representations to K-representations) along α, i.e., α∗Z (respectively α∗V ) is the same topological
space as Z (respectively the same inner product space as V ) endowed with K-action via

k · z = α(k) · z .

Given an orthogonal space Y , we note that for every G-representation V , the K-spaces α∗(Y (V )) and
Y (α∗V ) are equal (not just isomorphic).

The restriction α∗(UG) is a K-universe, but if α has a non-trivial kernel, then this K-universe is not
complete. When α is injective, then α∗(UG) is a complete K-universe, but typically different from the
chosen complete K-universe UK . To deal with this we explain how a G-fixed point y ∈ Y (V )G for an
arbitrary G-representation V , gives rise to an unambiguously defined element 〈y〉 in πG0 (Y ). The point here
is that V need not be a subrepresentation of the chosen universe UG and the resulting class does not depend
on any additional choices.

To construct 〈y〉 we choose a G-equivariant linear isometry j : V −→ V̄ onto a G-subrepresentation V̄
of UG. Then Y (j)(y) is a G-fixed point of Y (V̄ ), so we obtain an element

〈y〉 = [Y (j)(y)] ∈ πG0 (Y ) .

It is crucial, but not completely obvious, that 〈f〉 does not depend on the choice of isometry j. To show
this we need an auxiliary lemma:

Lemma 6.6. Let G be a compact Lie group, V and W two G-representations and j, j′ : V −→ W two
G-equivariant linear isometric embeddings. If the images j(V ) and j′(V ) are orthogonal, then j and j′ are
homotopic through G-equivariant linear isometric embeddings.
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Proof. The desired homotopy H : V × [0, 1] −→W from j to j′ is given by

H(v, t) =
√

1− t2 · j(v) + t · j′(v) . �

Proposition 6.7. Let Y be an orthogonal space, G a compact Lie group, V a G-representation and
y ∈ Y (V )G a G-fixed point.

(i) The class 〈y〉 in πG0 (Y ) is independent of the choice of linear isometry from V to a subrepresentation
of UG.

(ii) For every G-equivariant linear isometric embedding ϕ : V −→W the relation

〈Y (ϕ)(y)〉 = 〈y〉 holds in πG0 (Y ).

Proof. (i) We let j : V −→ V̄ and j′ : V −→ V̄ ′ be two G-equivariant linear isometries, with V̄ , V̄ ′ ∈
s(UG). We choose a third G-equivariant linear isometry j̄ : V −→ U such that U ∈ s(UG) and U is
orthogonal to both V̄ and V̄ ′. We let W be the span of V̄ , V̄ ′ and U inside UG. We can then view j, j′

and j̄ as equivariant linear isometric embedding from V to W . Then j and j′ are homotopic to j̄ through
G-equivariant linear isometric embeddings into W , by Lemma 6.6. In particular, j and j′ are homotopic
to each other; if H(−, t) : V −→ W is a continuous 1-parameter family of G-equivariant linear isometric
embeddings from j to j′, then

t 7−→ Y (H(−, t))(y)

is a path in Y (W )G from Y (j)(y) to Y (j′)(y), so [Y (j)(y)] = [Y (j′)(y)] in πG0 (Y ).
(ii) If j : W −→ W̄ is an equivariant linear isometry with W̄ ∈ s(UG), we define V̄ = j(ϕ(V )) and we

let k : V −→ V̄ be the equivariant linear isometry that is defined by k(v) = j(ϕ(v)) (i.e., k is essentially j◦ϕ,
but with range V̄ instead of W̄ ). Then

〈Y (ϕ)(y)〉 = [Y (j)(Y (ϕ)(y))] = [Y (jϕ)(y)] = [Y (k)(y)] = 〈y〉 . �

We can now define the restriction map associated to a continuous group homomorphism α : K −→ G
by

(6.8) α∗ : πG0 (Y ) −→ πK0 (Y ) , [y] 7−→ 〈y〉 .

This makes sense because every G-fixed point of Y (V ) is also a K-fixed point of α∗(Y (V )) = Y (α∗V ). For
a second continuous group homomorphism β : L −→ K we have

β∗ ◦ α∗ = (αβ)∗ : πG0 (Y ) −→ πL0 (Y ) .

Clearly, restriction along the identity homomorphism is the identity, so we have made the collection of
equivariant homotopy sets πG0 (Y ) into a contravariant functor in the group variable.

An important special case of the restriction homomorphisms are conjugation maps. Here we consider
a closed subgroup H of G, an element g ∈ G and denote by

cg : gH −→ H , cg(h) = g−1hg

the conjugation homomorphism. As any group homomorphism, cg induces a restriction map

(6.9) c∗g : πH0 (Y )
c∗g−−→ π

gH
0 (Y )

of equivariant homotopy sets. For g, ḡ ∈ G we have cgḡ = cḡ ◦ cg : gḡH −→ H and thus

c∗gḡ = c∗g ◦ c∗ḡ : πH0 (Y ) −→ π
gḡH
0 (Y ) .

A key fact is that inner automorphisms act trivially, i.e., the restriction map c∗g is the identity on πG0 (Y ).

So the action, by the restriction maps, of the automorphism group of G on πG0 (Y ) factors through the outer
automorphism group.
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Proposition 6.10. For every orthogonal space Y , every compact Lie group G, and every g ∈ G, the
restriction map c∗g : πG0 (Y ) −→ πG0 (Y ) is the identity.

Proof. We consider a finite dimensional G-subrepresentation V of UG and a G-fixed point y ∈ Y (V )G

that represents an element in πG0 (Y ). Then the map lg : c∗g(V ) −→ V given by left multiplication by g is a
G-equivariant linear isometry. So

c∗g[y] = [Y (lg)(y)] = [g · y] = [y] ,

by the very definition of the restriction map. The second equation is the definition of the G-action on Y (V )
through the G-action on V . The third equation is the hypothesis that y is G-fixed. �

We denote by Rep the category whose objects are the compact Lie groups and whose morphisms are
conjugacy classes of continuous group homomorphisms. We can summarize the discussion thus far by saying
that for every orthogonal space Y the restriction maps make the equivariant homotopy sets {πG0 (Y )} into
a functor

π0(Y ) : Repop −→ (sets) .

We will refer to such a contravariant functor as a Rep-functor. As we indicate in Remark 8.34 below, this
structure is the π0-shadow of a more refined relationship. Indeed, every orthogonal space Y gives rise to a
‘orbispace’, i.e., a continuous functor

Φ(Y (R∞)) : Ogl −→ T

on a certain topological index category Ogl, the ‘global orbit category’. The objects of Ogl are (certain
representatives of) all compact Lie groups and

Φ(Y (R∞))(G) ∼= Y (UG)G .

Moreover, the category π0(Ogl) of components is equivalent to the category Rep.

Since the functor πG0 takes global equivalences of orthogonal spaces to bijections, it factors uniquely
through the localization functor spc −→ Ho(spc); we abuse notation slightly and denote the resulting
functor on the unstable global homotopy category by the same symbol

πG0 : Ho(spc) −→ (sets) .

For every representation V of a compact Lie group G we define the tautological class

(6.11) uG,V ∈ πG0 (LG,V )

as the path component of the G-fixed point

IdV ·G ∈ (L(V, V )/G)G = (LG,V (V ))G ,

the G-orbit of the identity of V .

Proposition 6.12. For every compact Lie group G and every faithful G-representation V , the pair
(LG,V , uG,V ) represents the functor πG0 : Ho(spc) −→ (sets).

Proof. We need to show that for every orthogonal space Y the map

Ho(spc)(LG,V , Y ) −→ πG0 (Y ) , f 7−→ f∗(uG)

is bijective. Since both sides take global equivalences in Y to bijections, we can assume that Y is fibrant in
the global model structure. The free orthogonal space LG,V is flat, and hence cofibrant in the global model
structure. So the localization functor induces a bijection

spc(LG,V , Y )/homotopy −→ Ho(spc)(LG,V , Y )
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from the set of homotopy classes of morphisms of orthogonal spaces to the set of morphisms in Ho(spc).
By the freeness property, morphisms from LG,V to Y biject with G-fixed points of Y (V ), and homotopies
of morphisms biject with paths between fixed points. The composite

π0(Y (V )G)
∼=−−→ Ho(spc)(LG,V , Y )

f 7→f∗(uG,V )−−−−−−−−→ πG0 (Y )

is bijective because Y is static. Since the left map and the composite are bijective, so is the evaluation map
at the unstable tautological class. �

Remark 6.13. The global classifying space BglG represents the functor πG0 , and it is also characterized
by this property up to global equivalence. More precisely, we suppose that X is an orthogonal space and
u ∈ πG0 (X) a class such that (X,u) also represents the functor πG0 : Ho(spc) −→ (sets). Then in the
homotopy category Ho(spc) there is a unique morphism f : BglG −→ X such that f∗(uG) = u, and f is an
isomorphism. Since BglG is cofibrant, there is a chain of two global equivalences

BglG −−→∼ X f q←−−
∼

X ,

that realizes f , where q : X −→ X f is any global equivalence with static (i.e., globally fibrant) target.

Since the functor πG0 is representable, the calculation of the algebra of natural operations reduces to
the calculation of the equivariant homotopy sets of the representing object. The next proposition carries
this out, and shows in particular that the restriction maps along continuous group homomorphisms are the
only natural operations between equivariant homotopy sets of orthogonal spaces.

Proposition 6.14. Let G and K be compact Lie groups and V a faithful G-representation.

(i) The K-fixed point space (LG,V (UK))
K

is a disjoint union, indexed by conjugacy classes of continuous
group homomorphisms α : K −→ G, of classifying spaces of the centralizer of the image of α.

(ii) The map
Rep(K,G) −→ πK0 (LG,V ) , [α : K −→ G] 7−→ α∗(uG,V )

is bijective.
(iii) Every natural transformation πG0 −→ πK0 of set valued functors on the category of orthogonal spaces

is of the form α∗ for a unique conjugacy class of continuous group homomorphism α : K −→ G.

Proof. Part (i) works for any universal (K × G)-space E for the family F(K;G), for example for
E = L(V,UK). The argument can be found in Proposition 5 of [89]; we repeat it for the convenience of the
reader. For a continuous homomorphism α : K −→ G we set

Eα = {x ∈ E | (k, α(k)) · x = x for all k ∈ K} ,
the space of fixed points of the graph of α. Since the G-action on this universal space E is free, Corol-
lary A.2.34 provides a homeomorphism∐

α[ :
∐
〈α〉

Eα/C(α) −→ (E/G)K ,

where the coproduct is indexed by conjugacy classes of continuous homomorphisms. The graph of α belongs
to the family F(K;G), so Eα is a contractible space. The action of C(α) on Eα is a restriction of the G-
action on E, hence free. So for every homomorphism α the space Eα/C(α) is a classifying space for the
group C(α). This shows part (i).

(ii) Since the classifying space of a topological group is connected, part (i) identifies the path components

of (LG,V (UK))
K

with the conjugacy classes of continuous homomorphisms α : K −→ G. The bijection sends
the class of α to α∗(uG,V ). The claim then follows by applying Corollary 6.5 (i).

(iii) We let V be any faithful G-representation. The composite

Rep(K,G)
[α]7→α∗−−−−−→ Nat(πG0 , π

K
0 )

ev−−→ πK0 (LG,V )
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is bijective by part (ii), where the second map is evaluation at the tautological class uG,V . Because we use
the notation πG0 for the functor on the category of orthogonal spaces and also for the induced functor on
the homotopy category, there is a deliberate ambiguity here as to which kind of natural transformations we
consider. Since πG0 takes all global equivalences to bijections, the map

− ◦ γ : NatHo(spc)→(sets)(π
G
0 , π

K
0 ) −→ Natspc→(sets)(π

G
0 ◦ γ, πK0 ◦ γ)

given by precomposition with localization functor γ : spc −→ Ho(spc) is bijective; so the ambiguity does
not cause any harm. The evaluation map is bijective by Proposition 6.12 and the Yoneda Lemma. So the
first map is bijective as well. �

Our next aim is to show that every Rep-functor is realized by an orthogonal space. More is true: the
next theorem effectively constructs a right adjoint functor

(−)] : (Rep-functors) −→ Ho(spc)

to the functor π0 such that the adjunction counit is an isomorphism π0(F ]) ∼= F of Rep-functors. The
orthogonal space F ] has a special property that we introduce now. We recall that a topological space T
is weakly equivalent to a discrete topological space (namely to π0(T ) with discrete topology) if and only if
every continuous map ∂Dk −→ T for k ≥ 2 has a continuous extension to Dk.

Definition 6.15. An orthogonal space Y is globally discrete if the following condition holds: for every
compact Lie group G, every G-representation V , every k ≥ 2 and all continuous maps α : ∂Dk −→ Y (V )G,
there is a G-equivariant linear isometric embedding ϕ : V −→ W such that the composite Y (ϕ)G ◦ α :
∂Dk −→ Y (W )G admits a continuous extension to Dk.

Proposition 6.16. Let Y be a globally discrete, static orthogonal space. Let i : A −→ B be a flat
cofibration of orthogonal spaces, f : A −→ Y a morphism of orthogonal spaces and ψ : π0(B) −→ π0(Y )
a morphism of Rep-functors such that ψ ◦ π0(i) = π0(f). Then there is a morphism of orthogonal spaces
g : B −→ Y such that π0(g) = ψ and gi = f .

Proposition 6.17. Let

π : C −→ A
be a functor and Y an object of A. Let X denote the class of C-morphisms i : A −→ B with the following
property: for every C-morphism f : A −→ Y and every A-morphism ψ : π(B) −→ π(Y ) such that ψ ◦π(i) =
π(f), there is a C-morphism g : B −→ Y such that π(g) = ψ and gi = f .

(i) The class X is closed under retracts.
(ii) Let

A′
α //

i′

��

A

i

��
B′

β
// B

be a pushout in C such that i′ belongs to X and the morphism

π(β) + π(i) : π(B′)q π(A) −→ π(B)

is an epimorphism in A. Then i belongs to the class X .
(iii) If π0 preserves coproducts, then the class X is closed under coproducts.
(iv) Let ik be a composable sequence of morphisms in X whose colimit exists and is preserved by π0. Then

the sequential composite belongs to X .
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Proof. (i) We consider a commutative diagram in C

A
s //

i

��

A′
α //

i′

��

A

i

��
B

t
// B′

β
// B

expresses i as a retract of i′, i.e., αs = IdA and βt = IdB . We suppose that where i′ belongs to X . We
consider a morphism f : A −→ Y and ψ : π(B) −→ π(Y ) such that ψ ◦ π(i) = π(f). Then

ψ ◦ π(β) ◦ π(i′) = ψ ◦ π(i) ◦ π(α) = π(fα) ,

so the hypothesis on i′ provides a morphism g′ : B′ −→ Y such that π(g′) = ψ ◦ π(β) and g′i′ = fα. The
morphism g = g′t : B −→ Y then satisfies

π(g) = π(g′) ◦ π(t) = ψ ◦ π(β) ◦ π(t) = ψ

and gi = g′ti = g′i′s = fαs = f .
(ii) We let f : A −→ Y and ψ : π(B) −→ π(Y ) be morphisms such that ψ ◦ π(i) = π(f). Then

ψ ◦ π(β) ◦ π(i′) = ψ ◦ π(i) ◦ π(α) = π(fα) ,

so by the hypothesis on i′ there is a morphism g′ : B′ −→ Y such that π(g′) = ψ ◦ π(β) and g′i′ = fα.
The universal property of a pushout provides a morphism g : B −→ Y such that gβ = g′ and gi = f . This
implies that

π(g) ◦ π(β) = ψ ◦ π(β) and π(g) ◦ π(i) = ψ ◦ π(i) .

The epimorphism assumption on π(i) + π(β) then implies that π(g) = ψ.
Parts (iii) and (iv) are straightforward. �

Proof of Proposition 6.16. The functor

π0 : spc −→ (sets)

preserves coproducts and sequential colimits along flat cofibrations, since these are levelwise closed embed-
dings [ref]. Moreover, for every pushout square of orthogonal spaces on the left

A′
α //

i′

��

A

i

��

A′(V )G
α(V )G //

i′(V )G

��

A(V )G

i(V )G

��
B′

β
// B B′(V )G

β(V )G
// B(V )G

where i′ is a flat cofibration, then π0(B) is the union of the images of π0(β) and π0(i). Said differently,
the morphism π0(β) + π0(i) : π0(B′)q π0(A) −→ π0(B) is an epimorphism of Rep-functors. Indeed, we let
b ∈ B(V )G represent any given element of πG0 (Y ), where V is some G-representation. Since flat cofibrations
are levelwise closed embeddings, the square of fixed point spaces on the right is also a pushout. In particular,
b is in the image of β(V )G or in the image of i(V )G, which shows that claim.

Proposition 6.17 then shows that the class of cofibrations i : A −→ B of orthogonal spaces that satisfy
the claim of the proposition is closed under coproducts, cobase change, retract and countable composites.
These closure properties reduce the proof to the showing the conclusion for the generating flat cofibrations

ik × LG,V : ∂Dk × LG,V −→ Dk × LG,V ,

where G is a compact Lie group and V a faithful G-representation.
We start with the case k = 0. Since Y is static and G acts faithfully on V , the class ψ(uG,V ) ∈ πG0 (Y )

is represented by a fixed point y ∈ Y (V )G. The freeness property of LG,V provides a unique morphism
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g : LG,V −→ Y such that g(V )(IdV ·G) = y. Then π0(g) and ψ agree on the universal element uG,V ∈
πG0 (LG,V ), hence π0(g) = ψ. The condition gi = f is automatically satisfies because the orthogonal space
∂D0 × LG,V is empty.

Now we consider the case k = 1. Since ∂D1 is a discrete space with two points, the orthogonal space
∂D1 × LG,V is freely generated by the two G-fixed points

a− = (−1, IdV ·G) , a+ = (+1, IdV ·G) ∈ ∂D1 × L(V, V )/G .

Since π0 commutes with coproducts, π0(∂D1 × LG,V ) then freely generated, as a Rep-functor, by the
classes of a− and a+ in πG0 (∂D1×LG,V ). These two classes have the same image in πG0 (D1×LG,V ); so the
hypothesis that π0(f) = ψ ◦ π0(i1 × LG,V ) implies that

πG0 (f)(〈a−〉) = πG0 (f)(〈a+〉)
in πG0 (Y ). This means that for some G-equivariant linear isometric embedding ϕ : V −→ W the fixed
points Y (ϕ)(f(V )(a−)) and Y (ϕ)(f(V )(a+)) lie in the same path component of Y (W )G. Since Y is static
and G acts faithfully on V , the map Y (ϕ)G : Y (V )G −→ Y (W )G is a weak equivalence. So the fixed
points f(V )(a+) and f(V )(a−) already lie in the same path component of Y (V )G. A choice of path D1 −→
Y (V )G from f(V )(a−) to f(V )(a+) is adjoint to a morphism

g : D1 × LG,V −→ Y

such that g ◦ (i1 × LG,V ) = f . Since the morphism π0(i1 × LG,V ) is an epimorphism of Rep-functors, the
relation π0(g) ◦ π0(i1 × LG,V ) = π0(f) = ψ ◦ π0(i1 × LG,V ) forces π0(g) = ψ.

For k ≥ 2, finally, the morphism f : ∂Dk × LG,V −→ Y is adjoint to a continuous map f̃ : ∂Dk −→
Y (V )G. Since Y is globally discrete, there is a G-equivariant linear isometric embedding ϕ : V −→ W

such that Y (ϕ)G ◦ f̃ is null-homotopic. Since Y is static, the map Y (ϕ)G : Y (V )G −→ Y (W )G is a weak

equivalence, so f̃ itself is already null-homotopic. We can thus choose a continuous extension of f̃ to the
disc Dk, and the adjoint of that extension is a morphism g : Dk×LG,V −→ Y such that g ◦(ik×LG,V ) = f .
For k ≥ 2 the morphism π0(ik × LG,V ) is an isomorphism of Rep-functors, so again the relation π0(g) ◦
π0(ik × LG,V ) = π0(f) = ψ ◦ π0(ik × LG,V ) forces π0(g) = ψ. �

In the following proposition, Ho(spc) denotes the homotopy category of orthogonal spaces, taken with
respect to global equivalences. Since the functor π0 : spc −→ (Rep-functors) takes global equivalences to
isomorphisms, it descends to a functor on the homotopy category Ho(spc) for which we use the same name.

Proposition 6.18. For every orthogonal space X and every globally discrete orthogonal space Y the
map

π0 : Ho(spc)(X,Y ) −→ (Rep-functors)(π0(X), π0(Y ))

is bijective.

Proof. Both sides of the map in question take global equivalences in either variable to bijections.
Moreover, if Y −→ Y ′ is a global equivalence and Y is globally discrete, then Y ′ is also globally discrete. So
we can assume without loss of generality that X is cofibrant and Y is fibrant in the global model structure,
i.e., static. Then the set Ho(spc)(X,Y ) can be calculated as the set of morphisms of orthogonal spaces
from X to Y , modulo homotopy.

For surjectivity we let ψ : π0(X) −→ π0(Y ) be a morphism of Rep-functors and apply Proposition 6.16
to the case A = ∅ and B = X (and the unique morphism f : ∅ −→ Y ). The proposition provides a
morphism of orthogonal spaces g : X −→ Y with π0(g) = ψ. For injectivity we consider two morphisms of
orthogonal spaces f0, f1 : X −→ Y such that π0(f0) = π0(f1). We apply Proposition 6.16 to A = {0, 1}×X,
B = [0, 1] × X, for i the inclusion and f : {0, 1} × X −→ Y the disjoint union of f0 and f1. We define
ψ : π0([0, 1]×X) −→ π0(Y ) as the composite

π0([0, 1]×X)
π0(i0)−1

−−−−−→ π0(Y )
π0(f0)
−−−−→ π0(Y ) .
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Because π0(i0) = π0(i1) : π0(X) −→ π0([0, 1] × X) and π0(f0) = π0(f1), the relation ψ ◦ π0(i) = π0(f)
holds. The proposition provides a morphism of orthogonal spaces g : [0, 1] ×X −→ Y that is a homotopy
from f0 to f1. �

Proposition 6.19. (i) Every orthogonal space Y admits a morphism κ : Y −→ Ydis such that π0(κ)
is an isomorphism of Rep-functors and Ydis is globally discrete.

(ii) For every Rep-functor F there is a globally discrete orthogonal space F ] and an isomorphism of Rep-
functors.

π0(F ]) ∼= F .

(iii) The functor

π0 : Ho(spc) −→ (Rep-functors)

has a right adjoint which is also right inverse.

Proof. (i) We ‘kill all higher homotopy groups’ in a global fashion. We choose a set J of repre-
sentatives of the isomorphism classes of pairs (G,V ) consisting of compact Lie groups G and faithful
G-representations V . For example, all pairs (H,Rn) for all n ≥ 0 and all closed subgroups H of O(n) would
do the job. We apply the small object argument (see for example [50, 7.12] or [74, Thm. 2.1.14]), in the
category of orthogonal spaces, to the morphism Y −→ ∗ to the terminal orthogonal space, with respect to
the set of closed embeddings

ik × LG,V : ∂Dk × LG,V −→ Dk × LG,V

for all k ≥ 2 and all (G,V ) ∈ J . The resulting morphism of orthogonal spaces is the desired morphism
[expand].

(ii) We sketch the proof (and intend to add full details later). We choose an index set I, compact Lie
groups Gi and elements xi ∈ F (Gi), for i ∈ I, that altogether generate F as a Rep-functor. We start with
the orthogonal space

T = qi∈I BglGi ,

the disjoint union of global classifying spaces. The functor π0 takes disjoint union of orthogonal spaces to
disjoint union of Rep-functors. So by Proposition 6.14 (ii), π0(T ) is the free Rep-functor generated by the

classes ei ∈ πGi0 (T ), defined as the images of the unstable tautological classes uGi ∈ π
Gi
0 (BglGi). So there

is a unique morphism of Rep-functors

ε : π0(T ) −→ F

sending ei to xi, and this morphism is an epimorphism. [‘kill kernel’ to turn ε into an isomorphism]
Part (i) lets us choose a morphism g : T −→ T ′ such that T ′ globally discrete without changing the
Rep-functor π0(T ). We can then take F ] = Tdis, where κ : T −→ Tdis is as in part (i).

(iii) To show the existence of a right adjoint it suffices to prove that for every Rep-functor F the functor

π0 : Ho(spc) −→ (sets) , X 7−→ (Rep-functors)(π0(X), F )

is representable. But that follows by combining part (ii) and Proposition 6.18. �

Construction 6.20. Given two orthogonal spaces X and Y , we endow the equivariant homotopy sets
with an external pairing

(6.21) × : πG0 (X) × πK0 (Y ) −→ πG×K0 (X � Y ) ,

where G and K are compact Lie groups. We suppose that V and W are representations of G respectively K
and x ∈ X(V )G and y ∈ Y (W )K are fixed points that represent classes in πG0 (X) respectively πK0 (Y ). We
view V ⊕W as a representation of the product group G ×K via (g, k) · (v, w) = (gv, kw). We denote by
x× y the image of the (G×K)-fixed point (x, y) under the (G×K)-map

iV,W : X(V )× Y (W ) −→ (X � Y )(V ⊕W )
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that is part of the universal bimorphism. If ϕ : V −→ V ′ and ψ : W −→W ′ are equivariant linear isometric
embeddings, then

X(ϕ)(x)× Y (ψ)(y) = iV ′,W ′(X(ϕ)(x), Y (ψ)(y))

= (X � Y )(ϕ⊕ ψ)(iV,W (x, y)) = (X � Y )(ϕ⊕ ψ)(x× y) .

So by Proposition 6.7 the classes 〈x× y〉 and 〈X(ϕ)(x)× Y (ψ)(y)〉 coincide in πG×K0 (X � Y ). The upshot
is that the assignment

[x]× [y] = 〈x× y〉 ∈ πG×K0 (X � Y )

is well-defined.

The pairings of equivariant homotopy sets have several expected properties that we summarize in the
next proposition.

Proposition 6.22. Let G,K and L be compact Lie groups and X,Y and Z orthogonal spaces.

(i) (Unitality) Let 1 ∈ πe0(1) be the unique element. Then 1× x = x = x× 1 for all x ∈ πG0 (X) under the
identifications e×G ∼= G ∼= G× e.

(ii) (Associativity) For all classes x ∈ πG0 (X), y ∈ πK0 (Y ) and z ∈ πL0 (Z) the relation

a∗((x× y)× z) = α∗(x× (y × z))

holds in π
(G×K)×L
0 (X�(Y �Z)), where a : (X�Y )�Z ∼= X�(Y �Z) and α : (G×K)×L ∼= G×(K×L)

are the associativity isomorphisms.
(iii) (Commutativity) For all classes x ∈ πG0 (X) and y ∈ πK0 (Y ) the relation

τX,Y∗ (x× y) = τ∗G,K(y × x)

holds in πG×K0 (Y � X), where τX,Y : X � Y −→ Y � X is the symmetry isomorphism of the box
product and τG,K : G×K −→ K ×G interchanges the factors.

(iv) (Restriction) For all classes x ∈ πG0 (X) and y ∈ πK0 (Y ) and all continuous homomorphisms α : Ḡ −→
G and β : K̄ −→ K the relation

α∗(x)× β∗(y) = (α× β)∗(x× y)

holds in πḠ×K̄0 (X � Y ).

Proof. The unitality property (i), the associativity property (ii) and compatibility with restriction (iv)
are straightforward from the definitions. Part (iii) exploits that the square

X(V )× Y (W )
iV,W //

twist

��

(X � Y )(V ⊕W )

τX,Y ◦(χV,W )∗

��
Y (W )×X(V )

iW,V
// (Y �X)(W ⊕ V )

commutes. The image of (x, y) under the upper right composite represents x×y, whereas the image of (y, x)

under the lower left composite represents y × x, so τX,Y∗ (x× y) = τ∗G,K(y × x). �

By taking G = K and restricting along the diagonal embedding ∆G : G −→ G × G we obtain an
internal product as the composite

(6.23) πG0 (X)× πG0 (Y )
×−−→ πG×G0 (X � Y )

∆∗G−−→ πG0 (X � Y ) .

Theorem 3.4 (i) and the fact that the functor πG0 commutes with finite products imply:



62 I. UNSTABLE GLOBAL HOMOTOPY THEORY

Corollary 6.24. For every compact Lie group G, and all orthogonal spaces X and Y the maps

πG0 (X)× πG0 (Y )
∆∗G◦×−−−−→ πG0 (X � Y )

(ρX,Y )∗−−−−−→ πG0 (X × Y )
((p1)∗,(p2)∗)−−−−−−−−→ πG0 (X)× πG0 (Y )

are bijections, where p1 : X × Y −→ X and p2 : X × Y −→ Y are the projections. Moreover, the composite
is the identity.

Remark 6.25. The external products (6.21) can be recovered from the internal products (6.23), as we
now explain. More generally, we argue that bimorphisms of Rep-functors can be identified with another
kind of structure that we call ‘diagonal products’.

We let M,N and Z be Rep-functors. A diagonal product is a natural transformation M × N −→ Z
of contravariant Rep-functors, where M × N is the objectwise cartesian product. So a diagonal product
consists of maps

νG : M(G)×N(G) −→ Z(G)

for every compact Lie group G that are natural for restriction along homomorphisms α : K −→ G.
Any bimorphism µ : (M,N) −→ Z gives rise to a diagonal product as follows. For a group G we

define νG as the composite

M(G)×N(G)
µG,G−−−→ Z(G×G)

∆∗G−−→ Z(G) .

For a group homomorphism α : K −→ G we have ∆G ◦ α = (α× α) ◦∆K , so the diagram

M(G)×N(G)
µG,G //

α∗⊗α∗

��

Z(G×G)
∆∗G //

(α×α)∗

��

Z(G)

α∗

��
M(K)×N(K)

µK,K
// Z(K ×K)

∆∗K

// Z(K)

commutes.
Conversely, given a diagonal product ν, we define a bimorphism as follows. For compact Lie groups G

and K we define the component µG,K as the composite

M(G)×N(K)
p∗G×p

∗
K−−−−−−→ M(G×K)×N(G×K)

νG×K−−−−−→ Z(G×K) ,

where pG : G×K −→ G and pK : G×K −→ K are the projections. Given homomorphisms α : G −→ G′

and β : K −→ K ′, we have pG′(α× β) = αpG and pK′(α× β) = βpK , so the left part of the diagram

M(G)×N(K)
p∗G×p

∗
K //

α∗⊗β∗

��

M(G×K)×N(G×K)
νG×K //

(α×β)∗×(α×β)∗

��

Z(G×K)

(α×β)∗

��
M(G′)×N(K ′)

p∗G×p
∗
K

// M(G′ ×K ′)×N(G′ ×K ′)
νG′×K′

// Z(G′ ×K ′)

commutes. The right part commutes by naturality of the diagonal product ν.

7. Global families

In this section we explain a variant of unstable global homotopy theory based on a global family, i.e., a
class of compact Lie groups with certain closure properties. This gives relative versions of level and global
model structures.

Definition 7.1. A global family is a non-empty class of compact Lie groups that is closed under
isomorphism, closed subgroups and quotient groups.
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Some relevant examples of global families are: all compact Lie groups; all finite groups; all abelian
compact Lie groups; all finite abelian groups; all topologically cyclic groups; all finite cyclic groups; all
finite p-groups; all finite p′-groups. Another example is the global family 〈G〉 generated by a compact Lie
group G, i.e., the class of all compact Lie groups isomorphic to a quotient of a closed subgroup of G. A
degenerate case of a global family is the class 〈e〉 of all trivial groups. In this case our theory specializes to
the non-equivariant homotopy theory of orthogonal spaces.

For a global family F and a compact Lie group G we write F∩G for the family of those closed subgroups
of G that belong to F . We also write F(m) for F ∩ O(m), the family of closed subgroups of O(m) that
belong to F . The following definitions of F-level equivalences of orthogonal spaces are direct relativizations
of the strong level equivalences.

Definition 7.2. Let F be a global family. A morphism f : X −→ Y of orthogonal spaces is

• an F-level equivalence if for every compact Lie group G in F and every G-representation V the
map f(V )G : X(V )G −→ Y (V )G is a weak equivalence;

• an F-level fibration if for every compact Lie group G in F and every G-representation V the map
f(V )G : X(V )G −→ Y (V )G is a Serre fibration;

• an F-cofibration if the latching morphism νmf : X(Rm) ∪LmX LmY −→ Y (Rm) is an F(m)-
cofibration or all m ≥ 0.

Every inner product space V is isometrically isomorphic to Rm with the standard scalar product,
where m is the dimension of V . So a morphism f : X −→ Y of orthogonal spaces is an F-level equivalence
(respectively F-level fibration) precisely if for every m ≥ 0 the map f(Rm) : X(Rm) −→ Y (Rm) is an F(m)-
equivalence (respectively F(m)-projective fibration). The formal argument is analogous to Lemmas 4.13
and 4.15 which treat the case F = All. Clearly, the class of F-level equivalences is closed under composition,
retracts and coproducts.

For the minimal global family 〈e〉 of all trivial groups, the notion of 〈e〉-level equivalence specializes to
the non-equivariant level equivalences and the 〈e〉-level fibrations are the non-equivariant level fibrations.
Thus we have the following implications for the various kinds of cofibrations:

〈e〉-cofibration =⇒ F-cofibration =⇒ flat cofibration =⇒ h-cofibration

When F is not the minimal or the maximal global family, then the first two containments are strict.
Now we discuss the F-level model structures on orthogonal spaces. When F = All is the global family

of all compact Lie groups, then All(m) is the family of all closed subgroups of O(m). For this maximal global
family, an All-level equivalence is just a strong level equivalence in the sense of Definition 1.8. Moreover,
the All-level fibrations coincide with the strong level fibrations in the sense of Definition 4.14. The All-
cofibrations coincide with the flat cofibrations. So for the global family of all compact Lie groups theAll-level
model structure on orthogonal spaces specializes to the strong level model structure of Proposition 4.17.

Proposition 7.3. Let F be a global family. The F-level equivalences, F-level fibrations and F-
cofibrations form a model structure, the F-level model structure, on the category of orthogonal spaces.
The F-level model structure is proper, topological and cofibrantly generated.

Proof. We specialize Proposition A.3.28 as follows. We let C(m) be the F(m)-projective model
structure on the category of O(m)-spaces, compare Proposition A.2.19. With respect to these choices of
model structures C(m), the classes of level equivalences, level fibrations and cofibrations in the sense of
Proposition A.3.28 precisely become the F-level equivalences, F-fibrations and F-cofibrations. Since every
F-cofibration is in particular a flat cofibration, so the consistency condition (Definition A.3.27) is the special
case of Corollary A.2.28 withK = O(m+n), G = O(m), A = L(Rm,Rm+n) and the family F∩K = F(m+n)
of subgroups of O(m + n). The corollary applies because the closure properties of a global family under
passage to subgroups and quotients implies that every F(m)-weak equivalence of O(m)-spaces becomes

˜F(m+ n)-weak equivalence of (O(m+ n)×O(m))-spaces when we let O(m+ n) act trivially.
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We describe explicit sets of generating cofibrations and generating acyclic cofibrations for the F-level
model structure. We let IF be the set of all morphisms Gmi for m ≥ 0 and for i in the set of generating
cofibrations for the F(m)-projective model structure on the category of O(m)-spaces specified in (2.20)
of Section A.2. Then the set IF detects the acyclic fibrations in the F-level model structure by Propo-
sition A.3.28 (iii). Similarly, we let JF be the set of all morphisms Gmj for m ≥ 0 and for j in the set
of generating acyclic cofibrations for the F(m)-projective model structure on the category of O(m)-spaces
specified in (2.21) of Section A.2. Again by Proposition A.3.28 (iii), JF detects the fibrations in the F-level
model structure.

The F-level model structure is topological by Proposition A.2.9, where we take G as the set of orthogonal
spaces LH,Rm for all m ≥ 0 and all H ∈ F(m).

Limits in the category of orthogonal spaces are constructed levelwise (i.e., evaluation at level m preserves
limits). Since weak equivalences and fibrations are also defined levelwise, right properness is inherited
levelwise. The F(m)-projective model structure on the category of O(m)-spaces is right proper for all
m ≥ 0, so right properness of the F-level model structure follows.

Since the F-level model structure is topological and every orthogonal space is fibrant, the F-cofibrations
are h-cofibrations (by Corollary 1.11 (iii)). Left properness is then a special case of Proposition 4.12, or
rather its analog for F-level equivalence, which is proved in the same way. �

Now we proceed towards the construction of the F-global model structure, see Theorem 7.7 below. The
weak equivalences in this model structures are the F-equivalences of the following definition, the direct
generalization of global equivalences in the presence of a global family.

Definition 7.4. Let F be a global family. A morphism f : X −→ Y of orthogonal spaces is an F-
equivalence if the following condition holds: for every compact Lie group G in F , every G-representation V ,
every k ≥ 0 and all maps α : ∂Dk −→ X(V )G and β : Dk −→ Y (V )G such that f(V )G ◦ α = β|∂Dk there
is a G-representation W , a G-equivariant linear isometric embedding ϕ : V −→ W and a continuous map
λ : Dk −→ X(W )G such that λ|∂Dk = X(ϕ)G ◦ α and such that f(W )G ◦ λ is homotopic, relative to ∂Dk,
to Y (ϕ) ◦ β.

When F = All is the maximal global family of all compact Lie groups, then All-equivalences are
precisely the global equivalences. For the minimal global family 〈e〉 of all trivial groups, the notion of
〈e〉-equivalence specializes to the non-equivariant weak equivalences of orthogonal spaces, i.e., the mor-
phisms that become (non-equivariant) weak equivalences after taking homotopy colimit over the indexing
category L. The following diagram collects various notions of equivalences and their implications:

homotopy equivalence +3 strong level equivalence +3

��

global equivalence

��
F-level equivalence +3

��

F-equivalence

��
level equivalence +3 weak equivalence

Definition 7.5. A morphism f : X −→ Y of orthogonal spaces is a F-global fibration if it is an F-level
fibration and for every compact Lie group G in the family F , every faithful G-representation V and every
equivariant linear isometric embedding ϕ : V −→W of G-representations, the map

(f(V )G, X(ϕ)G) : X(V )G −→ Y (V )G ×Y (W )G X(W )G

is a weak equivalence.

The next proposition contains various properties of F-equivalences that generalize Proposition 1.12 and
certain parts of Proposition 5.3.

Proposition 7.6. Let F be a global family.
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(i) Every F-level equivalence is an F-equivalence.
(ii) The composite of two F-equivalences is an F-equivalence.
(iii) If f, g and h are composable morphisms of orthogonal spaces such that gf and hg are F-equivalences,

then f, g, h and hgf are also F-equivalences.
(iv) Every retract of an F-equivalence is an F-equivalence.
(v) A coproduct of any set of F-equivalences is an F-equivalence.
(vi) A finite product of F-equivalences is an F-equivalence.

(vii) Let fn : Yn −→ Yn+1 be an F-equivalence and a closed embedding of orthogonal spaces, for n ≥ 0.
Then canonical morphism f∞ : Y0 −→ Y∞ to the colimit of the sequence {fn}n≥0 is an F-equivalence.

(viii) Let

C

γ

��

A
goo

α

��

f // B

β

��
C ′ A′

g′
oo

f ′
// B′

be a commutative diagram of orthogonal spaces such that g and g′ are h-cofibrations. If the morphisms
α, β and γ are F-equivalences, then so is the induced morphism of pushouts

γ ∪ β : C ∪A B −→ C ′ ∪A′ B′ .
(ix) Let

A
f //

g

��

B

h
��

C
k
// D

be a pushout square of orthogonal spaces such that f is an F-equivalence. If in addition f or g is an
h-cofibration, then the morphism k is an F-equivalence.

(x) Let

P
k //

g

��

X

f

��
Z

h
// Y

be a pullback square of orthogonal spaces in which f is an F-equivalence. If in addition one of the
morphisms f or h is an F-level fibration, then the morphism g is also an F-equivalence.

(xi) Every F-equivalence that is also an F-global fibration is an F-level equivalence.
(xii) The box product of two F-equivalences is an F-equivalence.

Proof. The proofs of (i) through (x) are almost verbatim the same as the corresponding parts of
Proposition 1.12, and we omit them. Part (xi) is proved in the same way as Proposition 5.3 (i).

(xii) The product of orthogonal spaces preserves F-equivalences in both variables by part (vi). The
morphism ρX,Y : X � Y −→ X × Y is a global equivalence, hence an F-equivalence, for all orthogonal
spaces X and Y , by Theorem 3.4 (i); this implies the claim. �

Now we establish the F-global model structures on the category of orthogonal spaces. For easier
reference we spell out explicit sets of generating cofibrations and generating acyclic cofibrations for the
F-global model structures. In Proposition 7.3 we introduced IF as the set of all morphisms Gmi for m ≥ 0
and for i in the set of generating cofibrations for the F(m)-projective model structure on the category of
O(m)-spaces specified in (2.20) of Section A.2. The set IF detects the acyclic fibrations in the F-level
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model structure, which coincide with the acyclic fibrations in the F-global model structure. In particular,
the set IAll, which was denoted Istr in Proposition 4.17, detects the acyclic fibrations in the strong level
model structure, which are also the acyclic fibrations in the flat F-level model structure.

Also in Proposition 7.3 we defined JF as the set of all morphisms Gmj for m ≥ 0 and for j in the set
of generating acyclic cofibrations for the F(m)-projective model structure on the category of O(m)-spaces
specified in (2.21) of Section A.2. The set JF detects the fibrations in the F-level model structure.

We add another set of morphism KF that detects when the squares (5.2) are homotopy cartesian for
G ∈ F . We set

KF =
⋃

G,V,W : G∈F
Z(ρG,V,W ) ,

the set of all pushout products of sphere inclusions ik : ∂Dk −→ Dk with the mapping cylinder inclusions
of the morphisms ρG,V,W ; here the union is over a set of representatives of the isomorphism classes of
triples (G,V,W ) consisting of a compact Lie group G in F , a faithful G-representation V and an arbitrary
G-representation W . By Proposition 5.5, the right lifting property with respect to the union JF ∪KF thus
characterizes the F-global fibrations.

The proof of the following theorem proceeds by mimicking the proof in the special case F = All, and all
arguments in the proof of Theorem 5.10 go through almost verbatim. Whenever the small object argument
is used, it now has to be taken with respect to the set JF ∪KF (as opposed to the set J str ∪K).

Theorem 7.7 (F-global model structure). Let F be a global family.

(i) The F-equivalences, F-global fibrations and F-cofibrations form a model structure, the F-global model
structure, on the category of orthogonal spaces.

(ii) The fibrant objects in the F-global model structure are the F-static orthogonal spaces, i.e., those
orthogonal spaces X such that for every compact Lie group G in F , every faithful G-representation V
and every G-equivariant linear isometric embedding ϕ : V −→W the map of G-fixed point spaces

X(ϕ)G : X(V )G −→ X(W )G

is a weak equivalence.
(iii) A morphism of orthogonal spaces is:

• an acyclic fibration in the F-global model structure if and only if it has the right lifting property
with respect to the set IF ;

• a fibration in the F-global model structure if and only if it has the right lifting property with
respect to the set JF ∪KF .

(iv) The F-global model structure is cofibrantly generated, proper and topological.

Example 7.8. In the case F = 〈e〉 of the minimal global family of trivial groups, the 〈e〉-global
homotopy theory of orthogonal spaces just another model for the (non-equivariant) homotopy theory of
spaces. Indeed, the evaluation functor ev0 : spc −→ T is a right Quillen equivalence with respect to the
〈e〉-global model structure. So the total derived functor

Ho〈e〉(ev0) : Ho(spc) −→ Ho(T)

is an equivalence of homotopy categories.
In fact, for the global family F = 〈e〉, most of what we do here has already been studied before:

The 〈e〉-global model structure and the fact that it is Quillen equivalent to the model category of spaces
were established by Lind [91, Thm. 1.1]; in [91], orthogonal spaces are called ‘I-spaces’ and 〈e〉-global
equivalences are called ‘weak homotopy equivalences’ and are defined as those morphisms that induce weak
equivalences on homotopy colimits.

Corollary 7.9. Let f : A −→ B be a morphism of orthogonal spaces and F a global family. Then the
following conditions are equivalent.
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(i) The morphism f is an F-equivalence.
(ii) The morphism can be written as f = w2◦w1 for an F-level equivalence w2 and a global equivalence w1.
(iii) For some (hence any) F-cofibrant approximation f c : Ac −→ Bc in the F-level model structure and

every F-static orthogonal space Y the induced map

[f c, Y ] : [Bc, Y ] −→ [Ac, Y ]

on homotopy classes of morphisms is a bijection.

Proof. (i)⇐⇒(ii) The F-equivalences contain the global equivalences by definition and the F-level
equivalences by Proposition 7.6 (i), and are closed under composition by Proposition 7.6 (ii), so all compos-
ites w2 ◦w1 as in the claim are F-equivalences. On the other hand, every F-equivalence f can be factored
in the global model structure of Theorem 5.10 as f = qj where j is a global equivalence and q is a global
fibration. Since f and j are F-equivalences, so is q by Proposition 7.6 (iii); so q is an F-equivalence and a
global fibration, hence an F-level equivalence by Proposition 7.6 (xi).

(i)⇐⇒(iii) The morphism f is an F-equivalence if and only if the F-cofibrant approximation f c :
Ac −→ Bc is an F-equivalence. Since Ac and Bc are F-cofibrant, they are cofibrant in the F-global model
structure. So by general model category theory, f c is an F-equivalence if and only if the induced map
[f c, X] is bijective for every fibrant object in the F-global model structure. By Theorem 7.7 (ii) these
fibrant objects are precisely the F-static orthogonal spaces. �

Remark 7.10 (Mixed global model structures). Cole’s ‘mixing theorem’ for model structures [39,
Thm. 2.1] allows to construct many more F-model structures on the category of orthogonal spaces. We will
concentrate on the ‘mixed’ F-global model structures, but the same kind of mixing can also be performed
with the F-level model structures.

We consider two global families such that F ⊆ E . Then every E-equivalence is an F-equivalence
and every fibration in the E-global model structure is a fibration in the F-global model structure. By
Cole’s theorem [39, Thm. 2.1] the F-equivalences and the fibrations of the E-global model structure are
part of a model structure, the E-mixed F-global model structure on the category of orthogonal spaces.
By [39, Prop. 3.2] the cofibrations in the E-mixed F-global model structure are precisely the retracts of all
composite h◦g in which g is an F-cofibration and h is simultaneously an E-equivalence and an E-cofibration.
In particular, an orthogonal space is cofibrant in the E-mixed F-global model structure if it is E-cofibrant
and E-equivalent to an F-cofibrant orthogonal space [39, Cor. 3.7]. The E-mixed F-global model structure
is again proper (Propositions 4.1 and 4.2 of [39]).

When F = 〈e〉 is the minimal family of trivial groups, this provides infinitely many E-mixed model
structure on the category of orthogonal spaces that are all Quillen equivalent to the model category of
(non-equivariant) spaces, with respect to weak equivalences.

The next topic is the compatibility of the F-global model structure with the box product of orthogonal
spaces. We let E and F be two global families. We denote by E ×F the smallest global family that contains
all groups of the form G ×K for G ∈ E and K ∈ F . So a compact Lie group H belongs to E × F if and
only if H is isomorphic to a closed subgroup of a group of the form (G×K)/N for some groups G ∈ E and
K ∈ F , and some closed normal subgroup N of G×K.

Proposition 7.11. Let E and F be two global families.

(i) The pushout product of an E-cofibration with an F-cofibration is an (E × F)-cofibration.
(ii) The pushout product of a flat cofibration that is also an F-equivalence with any morphism of orthogonal

spaces is an F-equivalence.
(iii) Let F be a multiplicative global family, i.e., F × F = F . Then the F-global model structure satisfy

the pushout product property with respect to the box product of orthogonal spaces.
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Proof. (i) It suffices to show the claim for sets of generating cofibrations. The E-cofibrations are
generated by the morphisms

ik × LG,V : ∂Dk × LG,V −→ Dk × LG,V

for G ∈ E , V a G-representation and k ≥ 0. Similarly, the F-cofibrations are generated by the morphisms

(7.12) im × LK,W : ∂Dm × LK,W −→ Dm × LK,W

for K ∈ F , W a K-representation and m ≥ 0. The pushout product of two such generators is isomorphic
to the map

ik+m × LG×K,V⊕W : ∂Dk+m × LG×K,V⊕W −→ Dk+m × LG×K,V⊕W ,

compare Example 3.2. Since G × K belongs to the family E × F , this pushout product morphism is an
(E × F)-cofibration.

(ii) We let i : A −→ B and j : K −→ L be morphisms of orthogonal spaces such that i is a flat
cofibration and an F-equivalence. Then i � K and i � L are F-equivalences by Proposition 7.6 (xii).
Moreover, i is an h-cofibration by Corollary 1.11 (iii), hence so is i�K : A�K −→ B�K. Thus its cobase
change, the canonical morphism

A� L −→ A� L ∪A�K B �K

is an F-equivalence by Proposition 7.6 (ix). Since i � L : A � L −→ B � L is also an F-equivalence, so is
the pushout product map, by 2-out-of-6 (Proposition 7.6 (iii)).

(iii) The part of the pushout product property that refers only to cofibrations is true by part (i) with
with E = F and the hypothesis that F × F = F . Every cofibration in the F-global model structure
is in particular a flat cofibration, so the part of the pushout product property that also refers to acyclic
cofibrations in the F-global model structure is a special case of (ii). �

We let F be a multiplicative global family, i.e., F ×F = F . The constant one-point orthogonal space 1
is the unit object for the box product of orthogonal spaces, and it is ‘free’, i.e., 〈e〉-cofibrant. So 1 is
cofibrant in the F-global model structure. So with respect to the box product, the F-level model structure
and the F-global model structure are symmetric monoidal model categories in the sense of [74, Def. 4.2.6].

Finally, we will discuss another important relationship between the F-global model structures and the
box product, namely the monoid axiom [122, Def. 3.3].

Proposition 7.13 (Monoid axiom). We let F be a global family. For every flat cofibration j : A −→ B
that is also an F-equivalence and every orthogonal space Y the morphism

j � Y : A� Y −→ B � Y

is an h-cofibration and an F-equivalence. Moreover, the class of h-cofibrations that are also F-equivalences
is closed under cobase change, coproducts and sequential and transfinite compositions.

Proof. Every flat cofibration is an h-cofibration (Corollary 1.11 (iii) applied to the flat All-level model
structure), and h-cofibrations are closed under box product with any orthogonal space (Corollary 1.11 (ii)),
so j � Y is an h-cofibration. Since j is an F-equivalence, so is j � Y by Proposition 7.6 (xii).

Proposition 7.6 shows that the class of h-cofibrations that are also F-equivalences is closed under cobase
change, coproducts and sequential compositions. �

Definition 7.14. An orthogonal monoid space is an orthogonal space R equipped with unit mor-
phism η : 1 −→ R and a multiplication morphism µ : R � R −→ R that are unital and associative in the
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sense that the square

(R�R)�R ∼=

associativity //

µ�R

��

R� (R�R)
R�µ // R�R

µ

��
R�R

µ
// R

commutes. An orthogonal monoid space R is commutative if moreover µ◦τR,R = µ, where τR,R : R�R −→
R�R is the symmetry isomorphism of the box product.

A morphism of orthogonal monoid spaces is a morphism of orthogonal spaces f : R −→ S such that
f ◦ µR = µS ◦ (f � f) and f ◦ ηR = ηS .

We will later refer to commutative orthogonal monoid spaces as ultra-commutative monoids. One can
expand the data of an orthogonal monoid space into an ‘external’ form as follows. The unit morphism
η : 1 −→ R is determined by a unit element 0 ∈ R(0), the image of the map η(0) : 1(0) −→ R(0). The
multiplication map corresponds to continuous maps µV,W : R(V ) × R(W ) −→ R(V ⊕ W ) for all inner
product spaces V and W that form a bimorphism as (V,W ) varies and such that

µV,0(x, 0) = x and µ0,W (0, y) = y .

Put another way, the data of an orthogonal monoid space in external form is that of a lax monoidal functor.
The commutativity condition can be expressed in terms of the external multiplication as the commutativity
of the diagrams

R(V )×R(W )
µV,W //

twist

��

R(V ⊕W )

R(τV,W )

��
R(W )×R(V )

µW,V
// R(W ⊕ V )

where τV,W : V ⊕W −→ W ⊕ V interchanges the summands. So commutative orthogonal monoid spaces
in external form are lax symmetric monoidal functors.

Every F-cofibration is in particular a flat cofibration, so the monoid axiom in the F-global model
structure holds. If the global family F is closed under products, Theorem 4.1 of [122] applies to the
F-global model structure of Theorem 7.7 and shows:

Corollary 7.15. Let R be an orthogonal monoid space and F a multiplicative global family.

(i) The category of R-modules admits the F-global model structure in which a morphism is an equivalence
(respectively fibration) if the underlying morphism of orthogonal spaces is an F-equivalence (respec-
tively F-global fibration). If R is commutative, then this is a monoidal model category that satisfies
the monoid axiom.

(ii) If R is commutative, then the category of R-algebras admits the F-global model structure in which
a morphism is an equivalence (respectively fibration) if the underlying morphism of orthogonal spaces
is an F-equivalence (respectively F-global fibration). Every cofibrant R-algebra is also cofibrant as an
R-module.

Strictly speaking, Theorem 4.1 of [122] does not apply verbatim to the F-global model structure
because the hypothesis that every object is small (with respect to some regular cardinal) is not satisfied.
However, in our situation the sources of the generating cofibrations and generating acyclic cofibrations are
small with respect to sequential compositions of flat cofibrations, and this suffices to run the small object
argument (compare also Remark 2.4 of [122]).
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8. Orthogonal spaces, L-spaces and orbispaces

We close this chapter by providing two additional perspectives on the unstable global homotopy theory
of orthogonal spaces: we interpret it as the homotopy theory of ‘spaces with an action of the universal
compact Lie group L’, and as the homotopy theory of ‘orbispaces with compact Lie isotropy’. More
formally, we establish two Quillen equivalences of model categories

spc
Q⊗L− // LT

mapL(Q,−)

oo
Φ

// orbispc
Λoo

Here L = L(R∞,R∞) is the topological monoid of linear isometric embeddings of R∞ into itself, and LT is
the category of L-spaces, i.e., spaces (compactly generated and weakly Hausdorff, as usual), equipped with
a continuous left L-action. Both orthogonal spaces and L-spaces are equipped with global model structures.
The right most category is the category of orbispaces, i.e., the category of contravariant continuous functors
from the global orbit category Ogl to spaces. Orbispaces are equipped with a ‘pointwise’ model structure.

Before we go into details we explain how one can think of the two alternative models. The category of
L-spaces has been much studied, for example in [17, 19, 91, 98]; in some of these source the symbol L refers
to the linear isometries operad, so the monoid we denote L is then the monoid L(1) of unary operations. The
underlying space of L is contractible, so the homotopy theory of L-spaces with respect to ‘underlying’ weak
equivalences is just another model for the homotopy theory of spaces. However, we shift the perspective on
the homotopy theory that L-spaces represent, and use a notion global equivalences of L-spaces that is much
finer than the notion of ‘underlying’ weak equivalence that has so far been studied. When viewed through
the eyes of global equivalences, one should think of L as a ‘universal compact Lie group’ and hence of an
L-space as a ‘global space’ on which all compact Lie groups act simultaneously and in a compatible way.
Such a statement is of course not literally correct: the topological monoid L is neither compact, nor a group,
much less a compact Lie group. However, L contains a copy (in fact, many conjugate ones) of every compact
Lie group in a certain way: we may choose a continuous isometric linear G-action on R∞ that makes R∞
into a complete G-universe. This action is a continuous injective group homomorphism ρ : G −→ L, and we
call the images ρ(G) of such homomorphisms completely universal subgroups of L (compare Definition 8.9
below). Because any two complete G-universes are equivariantly isometrically isomorphic, the group ρ(G)
is independent, up to conjugacy by an invertible linear isometry, of the choice of ρ. So in this way every
compact Lie group determines a specific conjugacy class of subgroups of L, abstractly isomorphic to G.
In this section we define a global model structures on the category of L-spaces and establish a Quillen
equivalence to the global model category of orthogonal spaces, compare Theorem 8.20.

The Quillen equivalence (Λ,Φ) between L-spaces and orbispaces is then an analog of Elmendorf’s
theorem [51] saying that the passage from G-spaces to functors on the orbit category that collects the fixed
point spaces of the various closed subgroups of G is an equivalence of homotopy theories. Indeed, the global
orbit category Ogl is the direct analog for the ‘universal compact Lie group L’ of the orbit category of a
single compact Lie group: the objects of Ogl are the completely universal subgroups of L and the morphism
spaces in Ogl are defined by

Ogl(K,G) = mapL(L/K,L/G) ∼= (L(R∞G ,R∞K )/G)K .

As we explain in Theorem 8.37, the Quillen equivalence between L-spaces (with the global model structure)
and orbispaces is a special case of a generalization of Elmendorf’s theorem to a context of topological
monoids relative to certain collections of closed submonoids, compare Proposition A.2.16.

We should probably justify the terminology ‘orbispaces’ for functors on the global orbit category. For
this we refer to the paper [60] of Gepner and Henriques, who compare the homotopy theories of ‘Orb-spaces’
with homotopy theories of topological stacks and of topological groupoids. The setup of [60] is relative to a
specified class of ‘allowed isotropy group’, and Gepner and Henriques then construct a topological category
whose objects are the allowed isotropy groups and such that the morphism space Orb(K,G) from a group K
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to a group G has the weak homotopy type of the homotopy orbit space of G acting by conjugation on the
space of continuous homomorphisms from K to G. An orbispace, or Orb-space, is then a continuous functor
from the category Orb to spaces. Our global orbit category Ogl is such a category for the class of compact
Lie groups, whence the terminology. So a more precise, but too lengthy name would be ‘orbispaces with
compact Lie group isotropy’.

After this attempt to provide motivation, we go into the details. We start by making various topologies
we use explicit and explain why certain composition and action maps are continuous. We let V and U be
real inner product spaces of countable infinite dimension, for example V = U = R∞. A map from V to U is
a linear isometric embedding if and only if its restriction to every finite dimensional subvector space of V is
a linear isometric embedding. So the set L(V,U) linear isometric embeddings is an inverse limit of the sets
L(V,U) as V runs over the poset s(V) of finite dimensional subvector spaces of V, and we endow L(V,U)
with the inverse limit topology.

Construction 8.1. We let Y be an orthogonal space. We extend the action maps

L(V,W )× Y (V ) −→ Y (W )

which are part of the structure of an orthogonal space to the situation where V and W are allowed to be
of countably infinite dimension. If W is an product spaces of countably infinite dimension, then as before
we define

Y (W) = colimW∈s(W) Y (W )

with colimit topology. If V is a finite dimensional inner product space, we define the action map

L(V,W)× Y (V ) −→ Y (W)

by sending (ϕ, y) to the image of
Y (ϕ̄)(y) ∈ Y (ϕ(V ))

under the canonical map Y (ϕ(V )) −→ Y (W), where ϕ̄ : V −→ ϕ(V ) is ϕ with different range. If V is also
of countably infinite dimension, then L(V,W) × Y (V) is the colimit of L(V,W) × Y (V ) for V ∈ s(V); so
the compatible maps

L(V,W)× Y (V )
ρVV ×Id−−−−→ L(V,W)× Y (V )

act−−→ Y (W)

assemble into an action map.

Proposition 8.2. Let U ,V andW be real inner product spaces of finite or countably infinite dimension.

(i) Then for every orthogonal space Y the action map

L(V,W)× Y (V) −→ Y (W) , (ϕ, y) 7−→ Y (ϕ)(y)

is continuous.
(ii) The composition map

◦ : L(V,W)× L(U ,V) −→ L(U ,W)

is continuous.

Proof. (i) There is nothing to show when both V and W are finite dimensional. Now we suppose
that V is finite dimensional andW is infinite dimensional. Since −×Y (V) is a left adjoint, L(V,W)×Y (V)
has the colimit topology of L(V,W )×L(V) for W ∈ s(W). So it suffices to show that the restriction of the
action map to L(V,W )× Y (V) is continuous for each finite dimensional W inside W. But this restriction
factors as

L(V,W )× Y (V)
act−−→ Y (W ) −→ Y (W) ,

and is thus continuous.
Finally, we assume that both V and W are infinite dimensional. Since L(V,W) × − is a left adjoint,

L(V,W)× Y (V) has the colimit topology of L(V,W)× Y (V ) for V ∈ s(V). So it suffices to show that the
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restriction of the action map to L(V,W)× Y (V ) is continuous for each finite dimensional V inside V. But
this restriction factors as

L(V,W)× Y (V )
ρVV ×Id−−−−→ L(V,W)× Y (V )

◦−−→ L(U ,W) ,

where ρVV is the (continuous!) restriction from V to V . This composite is continuous by the previous case.
(ii) If U is finite dimensional, then the claim is the special case of part (i) for the free orthogonal

space L(U ,−). It remains to treat the case when U is infinite dimensional. Since L(U ,W) has the inverse
limit topology, it suffices to show that the composite of the composition map with the restriction map
L(U ,W) −→ L(U,W) is continuous for each finite dimensional U inside U . But this composite factors as

L(V,W)× L(U ,V)
Id× res−−−−−→ L(V,W)× L(U,V)

◦−−→ L(U,W)

which is continuous by the previous case. �

The special case U = V = W = R∞ of the previous proposition shows that L = L(R∞,R∞) is a
topological monoid with respect to the inverse limit topology.

Definition 8.3. An L-space is a space equipped with a continuous action of the topological monoid L.

Example 8.4. Every orthogonal space Y gives rise to an L-space by evaluation at R∞. Indeed,
for V = W = R∞, Proposition 8.2 (i) precisely says that the action maps make Y (R∞) into an L-space.
This includes trivial L-spaces obtained by equipping any space with the trivial L-action.

If V is an inner product spaces of finite or countably infinite dimension. Then the space L(V,R∞)
becomes an L-space by postcomposition, by Proposition 8.2 (ii). If V is infinite dimensional, then L(V,R∞)
does not arise from an orthogonal space by evaluation at R∞.

We let V be a finite dimensional subspace of V. Then the continuous restriction map

ρ : L(V,R∞) −→ L(V,R∞) , ψ 7−→ ψ|V

is a morphism of L-spaces.

Proposition 8.5. We let V be a real inner product spaces of finite or countably infinite dimension
and V a finite dimensional subspace of V. Then the restriction map ρ : L(V,R∞) −→ L(V,R∞) is a locally
trivial fiber bundle with fiber homeomorphic to the space L(V − V,R∞).

Proof. This is well known when V is finite dimensional, and the classical argument also works in our
present generality. For a linear isometric embedding ϕ : V −→ R∞ we denote by Uϕ the open subset of
L(V,R∞) defined as

Uϕ = {ψ ∈ L(V,R∞) : ψ(V ) ∩ ϕ(V )⊥ = 0} ,

where ϕ(V )⊥ is the orthogonal complement of the image of ϕ. We claim that the restriction map is
trivial over the open set Uϕ. To write the preimage of Uϕ as a product we need the Gram-Schmidt
orthonormalization. We choose an orthonormal basis e1, . . . , en of V and extend it to a (finite or countable)
orthonormal basis {ei}i≥1 of V. We view the Gram-Schmidt process as a continuous map

GS : Mono(V,R∞) −→ L(V,R∞)

from the space of R-linear monomorphism to the space of linear isometric embeddings. Given a linear
monomorphism f : V −→ R∞, the map GS(f) is defined on the orthogonal basis by sending ek to

(GS(f))(ek) =
ek − pk−1(ek)

|ek − pk−1(vk)|
,
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where pk−1 is the orthogonal projection onto the span of f(e1), . . . , f(ek−1). We use without proof that
the Gram-Schmidt orthonormalization map is continuous [...]. We note that if f is already isometric on V ,
then GS(f) and f agree on V . We can now define a continuous map

F : Uϕ × L(V − V, ϕ(V )⊥) −→ ρ−1(Uϕ) by F (ψ, g) = GS(ψ + g) .

A continuous map in the other direction is given by

G : ρ−1(Uϕ) −→ Uϕ × L(V − V, ϕ(V )⊥) by ψ 7−→ (ρ(ψ), P ◦ ψ|V−V ) ,

where P : R∞ −→ ϕ(V )⊥ is the orthogonal projection away from ϕ(V ). �

We let V be a finite dimensional inner product space. The monoid L acts from the right on the
space L(V ⊕ R∞,R∞) by

L(V ⊕ R∞,R∞)× L −→ L(V ⊕ R∞,R∞) , (ψ, f) 7−→ ψ ◦ (V ⊕ f) .

This action commutes with the left action by postcomposition, i.e., it is through morphisms of L-spaces.
Similarly, we can define a right action of L2 by morphisms of L-spaces on L(V ⊕ R∞ ⊕ R∞,R∞) by

L(V ⊕ R∞ ⊕ R∞,R∞)× L2 −→ L(V ⊕ R∞ ⊕ R∞,R∞) , (ψ, f, g) 7−→ ψ ◦ (V ⊕ f ⊕ g) .

The next proposition says, loosely speaking, that restriction to V induces isomorphisms of L-spaces

L(V ⊕ R∞,R∞)/L ∼= L(V,R∞) ∼= L(V ⊕ R∞ ⊕ R∞,R∞)/L2 .

Proposition 8.6. Let V be a finite dimensional inner product space.

(i) The diagram

L(V ⊕ R∞,R∞)× L
act //
proj
// L(V ⊕ R∞,R∞)

ρ // L(V,R∞)

is a coequalizer diagram in the category of L-spaces.
(ii) The diagram

L(V ⊕ R∞ ⊕ R∞,R∞)× L2
act //
proj
// L(V ⊕ R∞ ⊕ R∞,R∞)

ρ // L(V,R∞)

is a coequalizer diagram in the category of L-spaces.

Proof. (i) The restriction map ρ is a locally trivial fiber bundle by Proposition 8.5. Every fiber
bundle projection is in particular a quotient map, i.e., L(V,R∞) carries the quotient topology induced by
the surjective continuous map ρ. On the other hand, two maps ϕ,ψ ∈ L(V ⊕ R∞,R∞) agree on the first
summand V if and only if they are equivalent in the equivalence relation generated by the right L-action.
One direction is obvious. On the other hand, if ϕ|V = ψ|V , then we choose a linear isometry α : V ⊕R∞ ∼=
R∞ that agrees with ϕ and ψ on the summand V . Then α−1ϕ is the identity on V , so α−1ϕ = V ⊕ κ for a
unique element κ ∈ L. Hence

ϕ = α ◦ (α−1ϕ) = α ◦ (V ⊕ κ) ,

so ϕ is equivalent to κ; analogously, ψ is also equivalent to κ, and hence ϕ and ψ are equivalent.
We have thus shown that the quotient, in the category of all topological spaces, of the equivalence

relation coming from the L-action maps homeomorphically to L(V,R∞). Since L(V,R∞) is compactly gen-
erated and Hausdorff, L(V,R∞) is then automatically a coequalizer of the right L-action in the category T
of compactly generated spaces. Colimits of L-spaces are created in the underlying category T, which proves
the claim.

(ii) This is roughly similar to the first part, but the identification of the equivalence relation generated by
the right L2-action is more involved. We consider the equivalence relation ∼ on the set L(V ⊕R∞⊕R∞,R∞)
generated by

ψ ∼ ψ ◦ (V ⊕ f ⊕ g)
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for all f, g ∈ L. We claim that two elements are equivalent if and only if they agree on the first summand V .
One direction is clear from the definition because ψ and ψ ◦ (V ⊕ α⊕ β) agree on V .

Conversely, suppose that ψ,ψ′ ∈ L(V ⊕R∞⊕R∞,R∞) agree on V ; we want to show that then ψ ∼ ψ′.
The special case V = 0 is treated in [52, I Lemma 8.1], and we reduce the general case to this special case.
Since V is finite dimensional, we can choose a linear isometry κ : V ⊕ R∞ ∼= R∞ that satisfies

κ(v, 0) = ψ(v, 0, 0) = ψ′(v, 0, 0)

for all v ∈ V . Then

(κ−1ψ)(v, 0, 0) = (v, 0) = (κ−1ψ′)(v, 0, 0) ,

so

κ−1ψ = V ⊕ µ and κ−1ψ′ = V ⊕ µ′

for two linear isometric embeddings µ, µ′ ∈ L(R∞⊕R∞,R∞). By [52, I Lemma 8.1] all elements of L(R∞⊕
R∞,R∞) = L(2) are equivalent under the equivalence relation generated by ψ ∼ ψ ◦ (f ⊕ g) for f, g ∈ L; in
particular, µ and µ′ are related by a finite sequence of such elementary relations. If

µ′ = µ ◦ (f ⊕ g) ,

then

ψ′ = κ ◦ (V ⊕ µ′) = κ ◦ (V ⊕ µ) ◦ (V ⊕ f ⊕ g) = ψ ◦ (V ⊕ f ⊕ g) ,

and so ψ′ is equivalent to ψ. In general there is a finite sequence of such elementary relations connecting µ′

and µ, and this gives a finite sequence of elementary relations between ψ′ and ψ. This proves the claim.
The rest of the argument is as in part (i). Since the restriction map

ρ : L(V ⊕ R∞ ⊕ R∞,R∞) −→ L(V,R∞)

is a fiber bundle projection, it makes L(V,R∞) a quotient space of L(V ⊕ R∞ ⊕ R∞,R∞). Since the
equivalence relation induced by restriction is the same as the equivalence relation from the L2-action,
L(V,R∞) is a coequalizer, in the category T and hence also in LT, of the L2-action. �

For the following proposition and for the model structures on L-spaces we need a slight generalization
of the notion of a G-universe.

Definition 8.7. Let G be a compact Lie group. A G-preuniverse is an orthogonal G-representation
U of countably infinite dimension with the following property: if a finite dimensional G-representation V
embeds into U , then a countable infinite direct sum of copies of V also embeds into U .

The only difference between a preuniverse and a universe is that a preuniverse may have trivial fixed
points; in contrast, a G-universe always has a non-zero G-fixed point, and hence contains a copy of R∞
with trivial G-action. In the same way as universes, G-preuniverses are characterized, up to equivariant
isometry, by which irreducible G-representations can be embedded into them (but now the trivial irreducible
representation need not be among these).

Proposition 8.8. Let G and K be compact Lie groups, V a faithful G-preuniverse and UK a complete
K-universe.

(i) For every faithful finite dimensional G-subrepresentation V of V the restriction morphism

ρVV : L(V,UK) −→ L(V,UK)

is a (K ×G)-homotopy equivalence.
(ii) The (K ×G)-space L(V,UK) is a universal space for the family F(K;G) of graph subgroups.

(iii) In the special case K = G, the space L(V,UG), viewed as a G-space under the conjugation action, is
G-equivariantly contractible.



8. ORTHOGONAL SPACES, L-SPACES AND ORBISPACES 75

Proof. (i) We choose an exhausting nested sequence

V = V0 ⊂ V1 ⊂ V2 . . .

of finite-dimensional G-subrepresentations of V, starting with the given faithful representation. We claim
that all the restriction maps

ρn : L(Vn,UK) −→ L(Vn−1,UK)

are (K ×G)-acyclic fibrations, i.e., for every closed subgroup Γ ≤ K ×G the fixed point map

(ρn)Γ : L(Vn,UK)Γ −→ L(Vn−1,UK)Γ

is a weak equivalence and Serre fibration. Since G acts faithfully on Vn, the Γ-fixed points of source and
target are empty whenever Γ∩ (1×G) = {(1, 1)} . Otherwise Γ is the graph of continuous homomorphism
α : L −→ G with L ≤ K. So the fixed point map (ρn)Γ is the restriction map

(ρn)Γ : LL(α∗(Vn),UK) −→ LL(α∗(Vn−1),UK) .

Source and target of this map are contractible by Proposition 2.4 (ii), so the map (ρn)Γ is a weak equivalence.
But (ρn)Γ is also a locally trivial fiber bundle, hence a Serre fibration.

Since ρn is a (K × G)-acyclic fibration and L(V,UK) is (K × G)-cofibrant by Proposition 2.2 (ii), we
can choose a (K ×G)-equivariant section sn : L(Vn−1,UK) −→ L(Vn,UK) to ρn and a homotopy

Hn : [0, 1]× L(Vn,UK) −→ L(Vn,UK)

from the identity to sn ◦pn such that pn ◦Hn : [0, 1]×L(Vn,UK) −→ L(Vn−1,UK) is the constant homotopy
from pn to itself. The maps

sn ◦ sn−1 ◦ · · · ◦ s1 : L(V,UK) −→ L(Vn,UK)

are then compatible, so they assemble into a continuous map

s∞ : L(Vn,UK) −→ limn L(Vn,UK) = L(V,UK)

to the inverse limit, and s∞ is a section to ρVV .
We claim that the composite s∞ ◦ ρVV is homotopic to the identity. To prove the claim we construct

compatible homotopies

Kn : [0, 1]× L(V,UK) −→ L(Vn,UK)

by induction on n satisfying

(i) pn ◦Kn = Kn−1,

(ii) Kn(t,−) = p
(n)
∞ , the restriction from V to Vn, for all t ∈ [0, 1

n+1 ], and

(iii) Kn(1,−) = sn ◦ sn−1 ◦ · · · s1 ◦ ρVV .

The induction starts by defining K0 as the constant homotopy from ρVV : L(V,UK) −→ L(V,UK) to itself.
Now we assume n ≥ 1 and suppose that the homotopies K0, . . . ,Kn−1 have already been constructed. We
define Kn by

Kn(t,−) =


p

(n)
∞ for t ∈ [0, 1

n+1 ],

Hn(n(n+ 1)t− n, −) ◦ p(n)
∞ for t ∈ [ 1

n+1 ,
1
n ], and

sn ◦Kn−1(t,−) for t ∈ [ 1
n , 1].

This is well-defined at the intersections of the intervals because

Hn

(
n(n+ 1)

1

n+ 1
− n, −

)
◦ p(n)
∞ = Hn(0,−) ◦ p(n)

∞ = p(n)
∞
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and

Hn

(
n(n+ 1)

1

n
− n, −

)
◦ p(n)
∞ = Hn(1,−) ◦ p(n)

∞ = sn ◦ pn ◦ p(n)
∞

= sn ◦ p(n−1)
∞ = sn ◦Kn−1(1/n,−)

Then condition (i) holds because

pn ◦Kn(t,−) =


pn ◦ p(n)

∞ for t ∈ [0, 1
n+1 ],

pn ◦Hn(n(n+ 1)t− n, −) ◦ p(n)
∞ for t ∈ [ 1

n+1 ,
1
n ], and

pn ◦ sn ◦Kn−1(t,−) for t ∈ [ 1
n , 1],

=

{
p

(n−1)
∞ for t ∈ [0, 1

n ],

Kn−1(t,−) for t ∈ [ 1
n , 1],

= Kn−1(t,−) .

Now we can finish the proof. By condition (i) the homotopies Kn are compatible, so they assemble into a
continuous map K∞ : [0, 1]×L(V,UK) −→ L(V,UK). Property (ii) shows that K∞ starts with the identity
of L(V,UK) and property (iii) ensures that K∞ ends with the morphism s∞ ◦ ρVV . So s∞ is a homotopy
inverse to ρVV .

Part (ii) follows from (i) and the fact that the target of the restriction morphism ρVV is a universal
(K ×G)-space for the family F(K;G) by Proposition 2.10 (i).

(iii) We let V be a finite dimensional faithful G-subrepresentation of V. By part (i) the restriction
map ρVV : L(V,UG) −→ L(V,UG) is a (G × G)-homotopy equivalence, hence a G-homotopy equivalence
for the conjugation action on both sides. The target space L(V,UG) is G-equivariantly contractible by
Proposition 2.4, hence so is L(V,UG). �

Now we come to a key definition.

Definition 8.9. A compact subgroup G of the topological monoid L is a universal subgroup if it admits
the structure of a Lie group (necessarily unique) such that the tautological G-action makes R∞ into a G-
preuniverse. A universal subgroup is a completely universal subgroup if the tautological G-action makes R∞
into a complete G-universe.

When G is a universal subgroup of L we write R∞G for the G-preuniverse given by the tautological G-
action on R∞. The G-action on R∞G is automatically faithful. The next proposition shows that conjugacy
classes of completely universal subgroups of L biject with isomorphism classes of compact Lie groups.

Proposition 8.10. Every compact Lie group is isomorphic to a completely universal subgroup of L.
Every isomorphism between completely universal subgroups is given by conjugation by an invertible linear
isometry in L. In particular, isomorphic completely universal subgroups are conjugate in L.

Proof. Given a compact Lie group G we can choose a continuous isometric linear action of G on R∞
that makes R∞ into a complete G-universe. Such an action is a continuous monomorphism ρ : G −→ L
and the image ρ(G) is a completely universal subgroup of L, isomorphic to G via ρ.

Now we let G,G′ ≤ L be two completely universal subgroups and α : G −→ G′ an isomorphism. Then
R∞G and α∗(R∞G′) are two complete G-universes, so there is a G-equivariant linear isometry ψ : R∞G −→
α∗(R∞G′). This ψ is an invertible element of the monoid L and the G-equivariance means that ψ◦g = α(g)◦ψ
for all g ∈ G. Hence α coincides with conjugation by ψ. �
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� The topological monoid L contains many other compact Lie subgroups that are not universal sub-
groups: any continuous, faithful linear isometric action of a compact Lie group G on R∞ provides such

a compact Lie subgroup. However, with respect to this action, R∞ need not be a G-preuniverse, because
some irreducible G-representations may occur with non-zero finite multiplicity.

Definition 8.11. A morphism f : X −→ Y of L-spaces is

• a universal equivalence if for every universal subgroup G of L the induced map

fG : XG −→ Y G

is a weak homotopy equivalence;
• a strong universal equivalence if for every universal subgroup G of L, the underlying G-map of f

is a G-equivariant homotopy equivalence;
• a universal fibration if for every universal subgroup G of L the induced map fG is a Serre fibration;
• a global equivalence if for every completely universal subgroup G of L the induced map fG is a

weak homotopy equivalence.
• a strong global equivalence if for every completely universal subgroup G of L, the underlying G-map

of f is a G-equivariant homotopy equivalence.

In other words, f : X −→ Y is a strong universal equivalence (respectively strong global equivalence)
if for every universal subgroup G of L (respectively every completely universal subgroup) there is a G-
equivariant continuous map g : Y −→ X such that g ◦ f : X −→ X and f ◦ g : Y −→ Y are G-equivariantly
homotopic to the respective identity maps. However, there is no compatibility requirement on the homotopy
inverses g and the equivariant homotopies. Clearly, the following implications hold between various kinds
of equivalences of L-spaces:

L-homotopy equivalence +3 strong universal equivalence +3

��

universal equivalence

��
strong global equivalence +3 global equivalence

��
underlying weak equivalence

Example 8.12 (Induced L-spaces). We let G be a universal subgroup of L and A a left G-space. Then
we can form the induced L-space

L ×G A = (L ×A)/(ϕg, a) ∼ (ϕ, ga) .

The functor L ×G − is left adjoint to the restriction functor from L-spaces to G-spaces.

When A is a one-point space, the previous construction specializes to the ‘orbit L-space’ L/G ∼= L×G ∗.
Because

(L/G)K = (L(R∞G ,R∞K )/G)
K
,

the following proposition shows that L/G is the incarnation, in the world of L-spaces, of the global classifying
space of the group G. So for every completely universal subgroup K of L, the underlying K-space of L/G
is a classifying space for principal G-bundles over K-spaces. In particular, the underlying non-equivariant
space of L/G is a classifying space for G.

We showed in Proposition 2.10 (i) that for every finite-dimensional faithful G-representation V and
every compact Lie group K the (K × G)-space L(V,UK) is a universal space for the family F(K;G) of
graph subgroups of K × G. We will now show that this is still true if we replace the finite-dimensional
representation V by a faithful G-universe V. The main difference between the finite-dimensional and the
universe situation is that L(V,UK) is (K×G)-cofibrant, whereas L(V,UK) is not; still L(V,UK) is (K×G)-
homotopy equivalent to a cofibrant (K ×G)-space.
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Proposition 8.13. Let G be a universal subgroup of the monoid L, V a faithful G-subrepresentation
of R∞G and A a G-space. Then the restriction morphism

ρV ×G A : L ×G A = L(R∞G ,R∞)×G A −→ L(V,R∞)×G A = (LG,VA)(R∞)

is a strong universal equivalence of L-spaces.

Proof. We let K be a completely universal subgroup of the monoid L. Then ρV : L(R∞G ,R∞K ) −→
L(V,R∞K ) is a (K ×G)-homotopy equivalence by Proposition 8.8 (ii); so the map

ρV ×G A : L(R∞G ,R∞K )×G A −→ L(V,R∞K )×G A
is a K-homotopy equivalence. �

In Appendix A.2 we establish projective model structures for equivariant spaces with an action of a
topological monoid, relative to a collection of biclosed submonoids. The following proposition is a special
case of the more general Proposition A.2.10 for the topological monoid L and the collection Cu of universal
subgroups.

Proposition 8.14 (Universal model structure). The universal equivalences and universal fibrations are
part of a proper topological closed model category structure on the category of L-spaces, the universal model
structure. The cofibrations and acyclic cofibrations are generated by the morphisms by the morphisms

ik×L/G : ∂Dk×L/G −→ Dk×L/G respectively jk×L/G : Dk×{0}×L/G −→ Dk× [0, 1]×L/G
for all universal subgroups G of L and all k ≥ 0.

Let consider two universal subgroups G, Ḡ of L, a continuous homomorphism α : G −→ Ḡ and a
G-equivariant linear isometric embedding ϕ : α∗(R∞

Ḡ
) −→ R∞G . So explicitly, we have

ϕ ◦ α(g) = g ◦ ϕ
for all g ∈ G, and hence ϕ determines the homomorphism α.

Then for every L-space Y the map
ϕ · − : Y −→ Y

satisfies
g · (ϕ · x) = (g · ϕ) · x = (ϕ · α(g)) · y = ϕ · (α(g) · y)

for all g ∈ G and y ∈ Y ; hence it restricts to a map

ϕ · − : Y Ḡ −→ Y G

from the Ḡ-fixed points to the G-fixed points. Any two G-equivariant linear isometric embeddings from
α∗(R∞

Ḡ
) to R∞G are homotopic through G-equivariant linear isometric embeddings, so up to homotopy, the

comparison maps between the fixed points does not depend on the choice of ϕ.

Definition 8.15. An L-space Y is injective if for every pair of universal subgroup G, Ḡ of L, every
isomorphism α : G −→ Ḡ of Lie groups, and every G-equivariant linear isometric embedding ϕ : α∗(R∞

Ḡ
) −→

R∞G the map

ϕ · − : Y Ḡ −→ Y G

is a weak equivalence.

Remark 8.16. If Y is an injective L-space, then for every universal subgroup G of L, the homotopy type
of the fixed point space Y G only depends on the isomorphism class of G as an abstract Lie group. Indeed,
if G and Ḡ are isomorphic universal subgroups, and if G is even completely universal, then there always
exists G-equivariant linear isometric embedding ϕ : α∗(R∞

Ḡ
) −→ R∞G because the target is a complete

universe; the G-fixed points and Ḡ-fixed points can then be compared via ϕ. If neither G nor Ḡ are
completely universal, then there exists another completely universal subgroup G′ of L that is abstractly
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isomorphic to G and Ḡ, and the G-fixed points can be compared to the Ḡ-fixed points through the G′-fixed
points.

The universal model structure on L-space has ‘too many homotopy types’ for our purposes, i.e., it is
not Quillen equivalent to the global model structure on orthogonal spaces. We fix this by performing a
Bousfield localization on the universal model structure, with the injective L-spaces as the local objects.
The following proposition provides the necessary localization functor.

Proposition 8.17. There is an endofunctor Q of the category of L-spaces with values in injective
L-spaces and a natural global equivalence jX : X −→ QX.

Proof. For every pair of universal subgroups G, Ḡ of L, every homomorphism α : G −→ Ḡ of Lie
groups and every G-equivariant linear isometric embedding ϕ : α∗(R∞

Ḡ
) −→ R∞G , the morphism

ϕ] : L/G −→ L/Ḡ , ψ ·G 7−→ (ψ ◦ ϕ) · Ḡ
represents the natural transformation

ϕ · − : Y Ḡ −→ Y G .

If α is an isomorphism, then the morphism ϕ] is a global equivalence by Proposition 8.13 [fix this], but it
is not a cofibration in any sense.

We factor ϕ] through the mapping cylinder as the composite

L/G cG,V−−−→ Z(ϕ]) = ([0, 1]× L/G) ∪ϕ] L/Ḡ
rϕ]−−→ L/Ḡ ,

where cϕ] is the ‘front’ mapping cylinder inclusion and rϕ] is the projection, which is a homotopy equiva-
lence. We then define

K =
⋃

(G,Ḡ,ϕ)

Z(ρϕ])

as the set of all pushout product maps with the inclusions ∂Dm −→ Dm, compare Construction 5.4. Here
(G, Ḡ, ϕ) runs through all triples consisting of a universal subgroups G, Ḡ ⊂ L and G-equivariant linear
isometric embeddings ϕ : α∗(R∞

Ḡ
) −→ R∞G . Proposition 5.5 (with Y a one-point L-space) shows that the

right lifting property with respect to the set K is equivalent to being injective.
Now we apply the countable small object argument with respect to the set K to the unique morphism

from a given L-space Y to the terminal L-space. A countable version (i.e., with sequential colimits) of
Quillen’s original argument which works in our case can be found in [50, Prop. 7.17]. Dwyer and Spalinski
assume that the sources of all morphisms in the set K are sequentially small, which is not the case here.
However, what is really needed is only that the sources of all morphisms in the set K are sequentially
small for cobase changes of coproducts of morphisms in K, compare the more general version of the small
object argument in [74, Thm. 2.1.14]. In our situation, all morphisms in K are h-cofibrations, hence so are
all cobase changes of coproducts, and the sources of morphisms in are small with respect to sequences of
h-cofibrations.

In any case, the small object argument produces an endofunctor Q on the category of L-spaces and a
natural transformation jY : Y −→ QY with the following properties:

(i) The object QY has the right lifting property with respect to all morphisms in K, i.e., it is injective.
(ii) The morphism jY is a sequential composite of cobase changes of coproducts of morphisms in K.

All morphisms in K are simultaneously h-cofibrations and global equivalences; the class of h-cofibrations
that are also global equivalences is closed under coproducts, cobase change and sequential composition. So
the morphism jY : Y −→ QY is an h-cofibration and a global equivalence. �

Now we have all the ingredients to localize the universal model structure into a second ‘global’ model
structure on the category of L-spaces.
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Theorem 8.18 (Global model structure for L-spaces). The Cu-cofibrations and global equivalences are
part of a cofibrantly generated proper topological model structure on the category of L-spaces, the global
model structure. The fibrant objects in the global model structure are the injective L-spaces.

Proof. We construct the global model structure by applying Bousfield’s localization theorem [28,
Thm. 9.3] to the universal model structure. We use the localization functor Q given by Proposition 8.17.
By the very definition of ‘injective’, a global equivalence between injective L-spaces is already a universal
equivalence. So the Q-equivalences in the sense of [28, Thm. 9.3] are precisely the global equivalences.

Now we verify the hypotheses (A1)–(A3) of Bousfield’s theorem. The universal model structure is
proper. If f is a universal equivalence, then Qf is a global equivalence between injective L-spaces, hence a
universal equivalence. This shows (A1).

The morphism jQX is a global equivalence between injective L-spaces, hence a universal equivalence.
On the other hand, Q(jX) : QX −→ QQX is a universal equivalence since Q takes all global equivalences
to universal equivalences. So jQX and Q(jX) are also universal equivalences, and this proves axiom (A2).

In axiom (A3) we are given a pullback square

V
k //

g

��

X

f

��
W

h
// Y

of L-spaces in which f is a universal fibration such that jX : X −→ QX, jY : Y −→ QY and Qh are
universal equivalences. We have to show that then Qk is a universal equivalence. These hypothesis can be
reformulated as follows: the L-spaces X and Y are injective, f is a universal fibration and h is a global
equivalence. We have to show that then k is a global equivalence. But this is straightforward: for every
completely universal subgroup G of L the square

V G
kG //

gG

��

XG

fG

��
WG

hG
// Y G

is a pullback, fG is a Serre fibration and hG is a weak equivalence. Since the model structure of topological
spaces is right proper, the map kG is again a weak equivalence. Hence k is a global equivalence.

This proves (A3), and thus Bousfield’s theorem applied to the universal model structures provides
a proper model structures with global equivalences as weak equivalences and with Cu-cofibrations as the
cofibrations. Bousfield’s theorem also provides the characterization of the fibrations in this global model
structure. For Y = ∗ the criterion specializes to the fact that X is fibrant if and only if it is Cu-fibrant (an
empty condition) and the morphism jX : X −→ QX is a universal equivalence. Since QX is injective, the
fibrancy is equivalent to X being injective.

The cofibrations in the global model structures are the same as the cofibrations in the universal model
structure, so the part of the pushout product property that involves only cofibrations (but not equivalences)
holds because the universal model structure is topological [fill in the rest] �

We want to show that the global model structures of orthogonal spaces and of L-spaces are Quillen
equivalent. We use the adjoint functor pair

Q⊗L − : spc // LT : mapL(Q,−)oo
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introduced by Lind in [91, Sec. 8]; Lind denotes the functor Q ⊗L − by Q. The adjoint pair arises from a
continuous functor

Q : Lop −→ LT , V 7−→ L(V ⊗ R∞,R∞) .

Here L acts on L(V ⊗ R∞,R∞) by postcomposition. A linear isometric embedding ϕ : V −→ W induces
the homomorphism of L-spaces

Q(ϕ) = L(ϕ⊗ R∞,R∞) : L(W ⊗ R∞,R∞) −→ L(V ⊗ R∞,R∞) , ψ 7−→ ψ ◦ (ϕ⊗ R∞) .

Since orthogonal spaces are defined as the continuous functor from L, and since the category of L-spaces is
tensored and cotensored over spaces, any continuous functor from Lop induces an adjoint functor pair by
an enriched end-coend construction. Indeed, the value of the left adjoint on an orthogonal space Y is given
by

Q⊗L Y =

∫
V ∈I

L(V ⊗ R∞,R∞)× Y (V ) ,

the enriched coend of the continuous functor

Lop × L −→ LT , (V,W ) 7−→ L(V ⊗ R∞,R∞)× Y (W ) .

The functor Q⊗L − has a right adjoint mapL(Q,−) whose value at an L-space Z is given by

map(Q,Z)(V ) = mapL(Q(V ), Z) ,

the mapping space of L-equivariant maps from Q(V ) to Z. The covariant functoriality in V comes from
the contravariant functoriality of Q.

The coend of contravariant functor with a representable covariant functor returns the representing
object, i.e.,

Q⊗L LV = Q(V ) = L(V ⊗ R∞,R∞) .

So the value on the free orthogonal space LG,V generated by a G-representation V comes out as

(8.19) Q⊗L LG,V = Q⊗L (LV /G) ∼= (Q⊗L LV )/G ∼= Q(V )/G = L(V ⊗ R∞,R∞)/G .

Theorem 8.20. The adjoint functor pair

spc
Q // LT

mapL(Q,−)

oo

is a Quillen equivalence with respect to the positive global model structures on orthogonal spaces and the
global model structures on L-spaces.

Proof. We let G be a compact Lie group and V a non-trivial faithful G-representation. Then V ⊗R∞ is
a faithful G-preuniverse. So there is a universal subgroup Ḡ of L, an isomorphism of Lie groups α : G −→ Ḡ
and a G-equivariant linear isometry ϕ : V ⊗R∞ ∼= α∗(R∞

Ḡ
). This data induces an isomorphism of L-spaces

Q(V )/G = L(V ⊗ R∞,R∞)/G ∼= L(R∞Ḡ ,R
∞)/Ḡ .

Taking L-equivariant maps out of this isomorphism gives a homeomorphism(
mapL(Q,Z)(V )

)G
=
(
mapL(Q(V ), Z)

)G ∼= mapL(Q(V )/G,Z)

∼= mapL(L(R∞Ḡ ,R
∞)/Ḡ, Z) ∼= ZḠ .

This homeomorphism is natural in Z, so the functor mapL(Q,−) takes universal fibrations of L-spaces to
positive strong level fibrations of orthogonal spaces. Similarly, mapL(Q,−) takes acyclic fibrations in the
universal model structure of L-spaces to acyclic fibrations in the positive strong level model structure of
orthogonal spaces. [finish]

We have now shown that the adjoint functor pair (Q⊗L −,mapL(Q,−)) is a Quillen pair with respect
to the two global model structures. Now we suppose that A is a flat orthogonal space and Z is an injective
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L-space. Since Z is injective, the orthogonal space mapL(Q,Z) is positively static. [...] This shows that
the adjoint functor pair (Q⊗L −,mapL(Q,−)) is a Quillen equivalence. �

Remark 8.21 (F-global model structure of L-spaces). Our Theorem 8.20 and the non-equivariant
Quillen equivalence of [91, Thm. 9.9] are both special cases of a version with respect to a global family F .
We only indicate what goes into this, and leave the details to interested readers. The universal model
structure of L-space (see Proposition 8.14) has a straightforward version relative to the family F : A
morphism f : X −→ Y of L-spaces is an F-universal equivalence (respectively F-universal fibration) if for
every universal subgroup G of L that belongs to F the induced map

fG : XG −→ Y G

is a weak homotopy equivalence (respectively a Serre fibration). We can apply Proposition A.2.10 to the
topological monoid L and the collection of those universal subgroups that belong to F ; we conclude that the
F-universal equivalences and F-universal fibrations are part of a proper topological closed model category
structure on the category of L-spaces, the F-universal model structure.

We call a morphism f : X −→ Y of L-spaces is an F-equivalence if for every completely universal
subgroup G of L that belongs to F the induced map

fG : XG −→ Y G

is a weak homotopy equivalence. In a second step we then perform the same kind of Bousfield localization
as in Theorem 8.18, using the same functor Q from Proposition 8.17, to get from the the F-universal to the
F-global model structure. The outcome is that the cofibrations of the F-universal model structure and the
F-equivalences are part of a cofibrantly generated proper topological model structure on the category of
L-spaces, the F-global model structure. Theorem 8.20 also has a relative version, with the same proof: for
every global family F , the adjoint functor pair (Q⊗L−,mapL(Q,−)) is a Quillen equivalence with respect
to the F-global model structures on orthogonal spaces and on L-spaces.

We claim that when F = 〈e〉 is the global family of trivial groups, we recover the Quillen equivalence
established by Lind in [91, Thm. 9.9]. To make the connection, we recall that orthogonal spaces are called
I-spaces in [91], and the category of I-spaces is denoted IU Moreover, our L-spaces are called L-spaces
in [91], where L stands for the monad whose underlying functor sends A to L×A; the category of L-spaces
is denoted U [L]. For the trivial global family there is no difference between 〈e〉-universal equivalences and
〈e〉-equivalences, and both specialize to the morphisms of L-spaces that are weak equivalences on underlying
non-equivariant spaces. So in this case, no Bousfield localization is necessary, and the 〈e〉-universal and
〈e〉-global model structure coincide and become the non-equivariant model structure. So for the trivial
global family we recover the Quillen equivalence established by Lind.

Remark 8.22. The adjoint functor pair ((−)(R∞), u) also shows up in Lind’s paper, again under a
different name: In Section 9, Lind defines a functor O : spc −→ LT by another enriched coend as

OY =

∫
V ∈I

Y (V )× L(V,R∞) ,

which is naturally isomorphic, as an L-space, to Y (R∞) (see [91, Lemma 9.6]). Lind points out the
symmetric monoidal structure (8.27) on this functor, but there is no mentioning that the monoidal structure
is strong monoidal (i.e., that Proposition 8.28 holds).

The functors Q⊗R − and O = (−)(R∞) are closely related: A choice of unit vector u ∈ R∞ gives rise
to a linear isometric embedding − ⊗ u : W −→ W ⊗ R∞ that is natural for linear isometric embeddings
in W . So taking enriched coends over the transformation

Y (V )× L(−⊗ u,R∞) : Y (V )× L(W ⊗ R∞,R∞) −→ Y (V )× L(W,R∞)

provides a natural map
ξ : Q⊗L Y −→ OY = Y (R∞) .
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Lind shows in [91, Lemma 9.7] that for every flat orthogonal space (i.e., cofibrant I-space in his
terminology) the map ξ : Q⊗L Y −→ Y (R∞) is a weak equivalence. We generalize this as follows:

Proposition 8.23. For every flat orthogonal space Y the map ξ : Q ⊗L Y −→ Y (R∞) is a global
equivalence of L-spaces.

Remark 8.24 (Monoidal properties). The Quillen equivalence between orthogonal spaces and L-spaces
of Theorem 8.20 also has nice monoidal properties. Indeed, the category of L-spaces can be endowed with
the operadic product �L, defined as follows. We denote by

L(2) = L(R∞ ⊕ R∞, R∞)

the space of binary operations in the linear isometries operad. It comes with a left action of L and a right
action of L2 by

L × L(2)× L2 −→ L(2) , (f, ψ, (g, h)) 7−→ f ◦ ψ ◦ (g ⊕ h) .

Given two L-spaces X and Y we can coequalize the right L2-action on L(2) with the left L2-action on the
product X × Y and form

X �L Y = L(2)×L×L (X × Y ) .

The left L-action on L(2) by postcomposition descends to an L-action on this operadic product. Some care
has to be taken when analyzing this construction: because the monoid L is not a group, it may be hard to
figure out when two elements of L(2)×X × Y become equal in the coequalizer. The operadic product �L
is coherently associative and commutative, but it does not have a unit object. The functor Q ⊗L − from
orthogonal spaces to L-spaces is strong symmetric monoidal by Lemma 8.3 of [91].

Given two L-spaces X and Y , we define a natural L-linear map

ρX,Y : X �L Y −→ X × Y by [ϕ, x, y] 7−→ ((ϕi1) · x, (ϕi2) · y) .

Here i1, i2 : R∞ −→ R∞ ⊕ R∞ are the two direct summand embeddings. In the special case Y = ∗ this
transformation specializes to a natural L-linear map

λX : X �L ∗ −→ X defined by [ϕ, x, ∗] 7−→ (ϕi1) · x ;

the map λX is, however, is not always an isomorphism. The monoids (respectively commutative monoids)
with respect to �L are essentially A∞-monoids (respectively E∞-monoids). We refer the reader to [17,
Sec. 4] for details.

Proposition 8.25. The universal model structure and the global model structure of L-spaces both satisfy
the pushout product property with respect to the operadic box product.

Proof. The key observation is the following. We let G and K be compact Lie groups and V respec-
tively U faithful preuniverses of G respectively K. Then V ⊕ U is a faithful preuniverse of G ×K and the
map

L(V,R∞)/G�L L(U ,R∞)/K −→ L(V ⊕ U ,R∞)/(G×K)

[ϕ,ψG, κK] 7−→ (ϕ ◦ (ψ ⊕ κ))(G×K)

is an isomorphism of L-spaces [justify]. Hence for every pair of universal subgroups G and K of L the
product

L/G�L L/K
is isomorphic to L/H where H is a universal subgroup of L isomorphic to G × K. The explicit set of
generating cofibrations for the universal model structure specified in Proposition 8.14 is thus closed under
pushout product (up to isomorphism). Similarly, any pushout product of a generating cofibration with a
generating acyclic cofibration is (isomorphic to) another generating acyclic cofibrations. This proves the
pushout product property for the universal model structure of L-spaces.
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The cofibrations coincide in the universal and the global model structure, so we have also shown the part
of the pushout product property in the global model structure that involves only cofibrations. [finish] �

The next result shows that up to global equivalence, the box product of L-spaces coincides with the
categorical product. This result has a non-equivariant precursor: Blumberg, Cohen and Schlichtkrull
show in [17, Prop. 4.23] that for certain L-spaces (those that are cofibrant in the model structure of [17,
Thm. 4.15]), the morphism ρX,Y is a non-equivariant weak equivalence. The following theorem shows that
a much stronger conclusion holds without any hypothesis on X and Y .

Theorem 8.26. For all L-spaces X and Y , the morphism ρX,Y : X �L Y −→ X × Y is a strong global
equivalence. In particular, the morphism λX : X �L ∗ −→ X is a strong global equivalence.

Proof. We let G be a universal subgroup of L. We choose a G-equivariant linear isometry

ψ : R∞G ⊕ R∞G ∼= R∞G
and define a continuous map

ψ∗ : X × Y −→ X �L Y by ψ∗(x, y) = [ψ, x, y] .

The G-equivariance means explicitly that ψ(g ⊕ g) = gψ for all g ∈ G, and so the map ψ∗ is G-equivariant
(but not L-linear).

The composite ρX,Y ◦ ψ∗ : X × Y −→ X × Y is given by

ρX,Y (ψ∗(x, y)) = ((ψi1) · x, (ψi2) · y) .

By Proposition 8.8 (iii) the space of G-equivariant linear isometric self-embeddings of R∞G is contractible,
so ψi1 can be linked to the identity of R∞G by a path of G-equivariant linear isometric self-embeddings. Such
a path induces a G-equivariant homotopy from the map (ψi1) · − : X −→ X to the identity of X; similarly,
(ψi2) · − is G-homotopic to the identity of Y . So altogether we conclude that ρX,Y ◦ ψ∗ is G-homotopic to
the identity.

To analyze the other composite we define a continuous map

H : [0, 1]× L(R∞ ⊕ R∞,R∞) −→ L(R∞ ⊕ R∞,R∞ ⊕ R∞)

by H(t, ϕ)(v, w) =
(
ϕ(v, tw), ϕ(0,

√
1− t2 · w)

)
.

Then
H(0, ϕ) = (ϕi1)⊕ (ϕi2) and H(1, ϕ) = i1ϕ .

Moreover, for every t ∈ [0, 1] the map H(t,−) equivariant for the left L-action (with diagonal action on the
target) and for the right L2-action. So we can define a homotopy of G-equivariant maps (which are not
L-linear)

K : [0, 1]× (X �L Y ) −→ X �L Y by K(t, [ϕ, x, y]) = [ψH(t, ϕ), x, y] .

Then

K(0, [ϕ, x, y]) = [ψH(0, ϕ), x, y] = [ψ((ϕi1)⊕ (ϕi2)), x, y]

= [ψ, (ϕi1) · x, (ϕi2) · y] = ψ∗(ρX,Y [ϕ, x, y])

and

K(1, [ϕ, x, y]) = [ψH(1, ϕ), x, y] = [ψi1ϕ, x, y] = (ψi1) · [ϕ, x, y] .

As in the first part of this proof, ψi1 can be linked to the identity of R∞G by a path of G-equivariant
linear isometric self-embeddings, and such a path induces another G-equivariant homotopy from the map
(ψi1) · − : X �L Y −→ X �L Y to the identity of X �L Y . So altogether we have exhibited a G-homotopy
between ψ∗ ◦ ρX,Y and the identity. Since the universal subgroup G was arbitrary, this shows that ρX,Y is
a strong global equivalence. �
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The functor (−)(R∞) from orthogonal spaces to L-spaces can be made into a strong symmetric monoidal
functor as follows. For this we let X and Y be two orthogonal spaces. By simultaneous colimit over V ∈
s(R∞) and W ∈ s(R∞), the constituents iV,W : X(V ) × Y (W ) −→ (X � Y )(V ⊕ W ) of the universal
bimorphism give rise to a continuous map

i∞,∞ : X(R∞)× Y (R∞) −→ (X � Y )(R∞ ⊕ R∞) .

The composite

L(2)×X(R∞)× Y (R∞)
L(2)×i∞,∞−−−−−−−→ L(2)× (X � Y )(R∞ ⊕ R∞)

act−−→ (X � Y )(R∞)

is L-equivariant and coequalizes the action of L × L, so it factors over a homomorphism of L-spaces

(8.27) ψX,Y : X(R∞)�L Y (R∞) −→ (X � Y )(R∞) .

We omit the verification that the maps ψ are coherently commutative and associative.

Proposition 8.28. The map ψX,Y : X(R∞) �L Y (R∞) −→ (X � Y )(R∞) is an isomorphism of L-
spaces for all orthogonal spaces X and Y .

Proof. We start with the special case X = LV and Y = LW of the free orthogonal spaces represented
by two inner product spaces V and W . The isomorphism between LV � LW and LV⊕W constructed in
Example 3.2 turns the map ψLV ,LW into the morphism of L-spaces

(8.29) ψV,W : L(V,R∞)�L L(W,R∞) −→ L(V ⊕W,R∞) , [ϕ, α, β] 7−→ ϕ ◦ (α⊕ β) .

We rewrite the left hand side: we choose linear isometries

α : V ⊕ R∞ ∼= R∞ and β : W ⊕ R∞ ∼= R∞

and claim that the map

L(V ⊕ R∞ ⊕W ⊕ R∞,R∞)/L2 −→ L(V,R∞)�L L(W,R∞)(8.30)

[ψ] 7−→ [ψ ◦ (α−1 ⊕ β−1), α|V , β|W ]

is an isomorphism of L-spaces, where the right L2-action is through the two R∞-summand. Granting this
for the moment, this proves the special case because the composite

L(V ⊕ R∞ ⊕W ⊕ R∞,R∞)/L2 −→ L(V,R∞)�L L(W,R∞)
ψV,W−−−−→ L(V ⊕W,R∞)

is restriction to V ⊕W , and hence an isomorphism by Proposition 8.6 (ii) (with V ⊕W instead of V ).
A tautological isomorphism of L-spaces is given by

L(V ⊕ R∞ ⊕W ⊕ R∞,R∞)/L2 −→ (L(V ⊕ R∞,R∞)/L)� (L(W ⊕ R∞,R∞)/L)

[ψ] 7−→ [ψ ◦ (α−1 ⊕ β−1), [α], [β]]

and with explicit inverse given by

(L(V ⊕ R∞,R∞)/L)� (L(W ⊕ R∞,R∞)/L) −→ L(V ⊕ R∞ ⊕W ⊕ R∞,R∞)/L2

[ϕ, [f ], [g]] 7−→ [ϕ ◦ (f ⊕ g)] .

Moreover, the coequalizer diagram of Proposition 8.6 (i) provides an isomorphism

(L(V ⊕ R∞,R∞)/L)� (L(W ⊕ R∞,R∞)/L) ∼= L(V,R∞)� L(W,R∞) .

The composite agrees with the map (8.30), so this proves the claim.
Now we prove the general case of the proposition. As functors of X and of Y , source and target of ψX,Y

preserve colimits and products with spaces. Every orthogonal space Y is a coend of a functor with values
Y (W )× LW , so the general case follows formally from the special case. �
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Remark 8.31 (Global model structures for ?-modules). Since the unit transformation λX : X�L ∗ −→
X is not always an isomorphism, certain L-spaces are distinguished. A ?-module is an L-space X for which
the morphism λX is an isomorphism. The category of ?-modules is particularly relevant because on it,
the one-point L-space is a unit object for �L (by definition); so when restricted to the full subcategory of
?-modules, the operadic product �L is symmetric monoidal.

For Y = ∗, a terminal orthogonal space, Y (R∞) is a one-point L-space and Z � Y is isomorphic to Z.
Under these identifications the map ψZ,∗ specializes to the unit transformation λZ(R∞) : Z(R∞) � ∗ −→
Z(R∞). So Proposition 8.28 in particular shows that for every orthogonal space Z, the L-space Z(R∞) is a
?-module. On the other hand, L-spaces of the form L/G for a universal subgroup G of L are not ?-modules.

The category of ?-modules admits a (non-equivariant) model structure with weak equivalences defined
after forgetting the L-action, cf. [17, Thm. 4.16]; with this model structure the composite

M?
incl−−−→ LT

F�(∗,−)−−−−−→ LT

is a right Quillen equivalence, where F�(∗,−) is right adjoint to −�L ∗.
In his master thesis [23], Böhme constructed a monoidal model structures on the category of ?-modules

that has the global equivalences of ambient L-spaces are its weak equivalences; he also showed that with
these global model structures, L-spaces and ?-modules are Quillen equivalent, and that the global model
structure on ?-modules lifts to associative monoids (with respect to �L). This effectively provides a global
model structure on the category of A∞-monoids, i.e., algebras over the linear isometries operad (considered
as a non-symmetric operad). It remains to be seen to what extent the global model structure lifts to
commutative monoids with respect to �L (i.e., to E∞-monoids).

We close this section by giving rigorous meaning to the slogan that unstable global homotopy theory
is the homotopy theory of ‘orbispaces with compact Lie group isotropy’. In Appendix A.2 we establish a
version of Elmendorf’s theorem, saying that an equivariant homotopy type can be reassembled from fixed
point data; our generalization works for topological monoids relative to a collection of biclosed submonoids.
The identification of the global homotopy theory of L-spaces with the homotopy theory of orbispaces is just
a special case of this. Indeed, the global orbit category defined in the following construction is simply the
orbit category, in the sense of Construction A.2.15, of the topological monoid L relative to the collection of
completely universal subgroups.

Construction 8.32 (Global orbit category). We define a topological category Ogl, the global orbit
category. The object of Ogl are all completely universal subgroups of the monoid L, and the space of
morphisms from K to G is the space

Ogl(K,G) = (L/G)
K

= (L(R∞G ,R∞K )/G)K .

Here the (K × G)-action on L is by pre- and postcomposition. Then Ogl(K,G) is the space of K-fixed
points of the G-orbit space. Composition in Ogl is induced by composition of linear isometric embeddings.
Indeed, the continuous L-action

(8.33) L × L/G −→ L/G
is compatible with fixed points: If ϕ ∈ L is a linear isometric embedding whose orbit ϕG is K-fix, then the
relation

(ψk) ◦ (ϕG) = ψ ◦ (kϕG) = ψ ◦ ϕG = ψϕG

shows that the G-orbit of ψϕ only depends on the K-orbit of ψ. So the restriction of (8.33) to L× (L/G)K

factors over a well-defined map

(L/K)× (L/G)K −→ L/G .

Finally, if the K-orbit ψK is L-fix and the G-orbit ϕG is K-fix, then the relation

l(ψϕG) = (lψ) ◦ (ϕG) = (ψk) ◦ (ϕG) = ψ ◦ (kϕG) = ψ ◦ ϕG = ψϕG
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shows that the G-orbit of ψϕ is L-fix. So the composition map indeed passes to a well-defined continuous
composition map

Ogl(L,K)×Ogl(K,G) = (L/K)L × (L/G)K −→ (L/G)L = Ogl(L,G) .

Remark 8.34. The global orbit category refines the category Rep of compact Lie groups and conjugacy
classes of continuous homomorphisms in the following sense. For all completely universal subgroups G and
K, the components π0(Ogl(K,G)) biject functorially with Rep(K,G). Indeed, by Proposition 8.8 the
(K × G)-space L(R∞G ,R∞K ) is a universal space for the family F(K;G) of graph subgroups. So the space
Ogl(K,G) = (L/G)K is a disjoint union, indexed by conjugacy classes of continuous group homomorphisms
α : K −→ G, of classifying spaces of the centralizer of the image of α, compare Proposition 6.14 (i). In
particular, the path component category π0(Ogl) of the global orbit category is isomorphic to the category
Rep of compact Lie groups and conjugacy classes of continuous homomorphisms. The preferred bijection

Rep(K,G) −→ π0(Ogl(K,G))

sends the conjugacy class of α : K −→ G to the G-orbit of any K-equivariant linear isometric embedding
of the K-universe α∗(R∞G ) into the complete K-universe R∞K .

Definition 8.35. An orbispace is a continuous functor Y : Oop
gl −→ T from from the opposite of

the global orbit category to the category of spaces. We denote the category of orbispaces and natural
transformations by orbispc.

It would be somewhat more precise (but too lengthy) to speak of ‘orbispaces with compact Lie isotropy’,
but no confusion should arise because will not consider more general classes of allowed isotropy groups.

Construction 8.36. We introduce a fixed point functor

Φ : LT −→ orbispc

from the category of L-spaces to the category of orbispaces that will turn out to be a right Quillen equivalence
with respect to the projective global model structure on the left hand side. Given an L-space Y we define
the value of the orbispace Φ(Y ) at a completely universal subgroup G as the G-fixed points

Φ(Y )(G) = Y G ∼= mapL(L/G, Y ) .

The restriction of the action map L × Y −→ Y to Y G factors over a morphism of L-spaces

L/G× Y G −→ Y

(with trivial L-action on Y G). So for a second completely universal subgroup K of L, the restriction to
K-fixed points is the action map

Ogl(K,G)× Φ(Y )(G) = (L/G)K × Y G −→ Y K = Φ(Y )(K) .

As an example of this construction we note that

Φ(L/G) = Ogl(−, G) ,

i.e., the fixed points of the orbit L-space L/G form the orbispace represented by G.

As for continuous functors out of any topological category, the category of orbispaces supports a well-
known ‘projective’ model structure in which the weak equivalences (respectively fibrations) are those natural
transformations that are weak equivalences (respectively Serre fibrations) at every object, see for exam-
ple [100, VI Thm. 5.2]. By general arguments, the fixed point functor Φ just defined has a left adjoint Λ.
The following is then the special case of Proposition A.2.16 for the topological monoid L with respect to
the family Cu of universal subgroups. [fix this ]
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Theorem 8.37. The adjoint functor pair

LT
Φ
// orbispc

Λoo

is a Quillen equivalence between the category of L-spaces with the global model structure and the category
of orbispaces.

As Proposition A.2.16 also shows, for every cofibrant orbispace F the adjunction unit F −→ Φ(ΛF ) is
even an isomorphism.

The Quillen equivalence is also well-behaved from a monoidal perspective. We endow the category
of orbispaces with the cartesian monoidal structure, i.e., the objectwise product of orbispaces. Since the
morphism ρX,Y : X �L Y −→ X × Y is a strong global equivalence for all orthogonal spaces X and Y , the
morphisms of orbispaces

Φ(ρX,Y ) : Φ(X �L Y ) −→ Φ(X × Y ) ∼= Φ(X)× Φ(Y )

is a weak equivalence. Moreover, this morphism makes the right adjoint into a lax symmetric comonoidal
functor.

Construction 8.38. The fixed point Quillen equivalence can be used to push any continuous and
functorial construction for spaces to L-spaces. In more detail, let us consider a continuous functor

F : T −→ T

from the category of spaces to itself. Given an L-space Y , we take its fixed point functor ΦY and postcom-
pose it with F . The result is the continuous composite functor

F ◦ (ΦY ) : Repop −→ T .

We take a cofibrant replacement (F ◦ (ΦY ))c −→ F ◦ (ΦY ) in the model category of orbispaces (which can
be done functorially by the small object argument). Then

F̄ (Y ) = Λ((F ◦ (ΦY ))c)

is an L-space. We obtain a chain of two weak equivalences of orbispaces

F ◦ (ΦY ) ←−− (F ◦ (ΦY ))c
η−−→ Φ(F̄ (Y )) ,

where η is the adjunction unit.

This shows:

Proposition 8.39. Let F : T −→ T be a continuous functor from the category of spaces to itself.
Then there is a functor F̄ from the category of L-spaces to itself and a natural chain of weak equivalences
of orbispaces

F ◦ (ΦY ) and Φ(F̄ (Y )) .

� We emphasize that the L-space F̄ (Y ) is not in general obtained by applying F to the underlying space
of Y with the induced L-action, because F need not commute with fixed points of group actions.

However, there is a natural map relating these two constructions. For every universal subgroup G of L the
map F (incl) : F (Y G) −→ F (Y ) has image in F (Y )G, and as G varies these maps define a morphism of
orbispaces

ι : F ◦ (ΦY ) −→ Φ(F (Y )) .

Precomposition with the cofibrant replacement and forming of adjoint is a morphism of L-spaces

F̄ (Y ) = Λ((F ◦ (ΦY ))c) −→ F (Y ) .



CHAPTER II

Ultra-commutative monoids

Orthogonal monoid spaces are the lax monoidal continuous functors from the category L to the category
of spaces, compare Definition I.7.14. Orthogonal monoid spaces with strictly commutative multiplication
(i.e., the lax symmetric monoidal continuous functors) play a special role: a strictly commutative multipli-
cation is what is needed to ‘globally deloop’ an orthogonal space. We will introduce a special terminology
and refer to commutative orthogonal monoid spaces as ultra-commutative monoids.

The study of orthogonal monoid spaces goes back to Boardman and Vogt [19], who introduce them
as a ‘delooping machine’ (in a non-equivariant context). More precisely, they show that for every ultra-
commutative monoid R the space R(R∞) has the structure of an ‘E-space’ (nowadays called an E∞-space)
and, if in addition π0(R(R∞)) is a group, then R(R∞) is an infinite loop space. Ultra-commutative monoids
also appear, with an extra pointset topological hypothesis and under the name I∗-prefunctor, in [98, IV
Def. 2.1]. We are going to study orthogonal monoid spaces from a global perspective, with the aim of
ultimately producing a global delooping machine.

I want to comment on the use of the adjective ‘ultra-commutative’. In various contexts of homotopy
theory, highly structured multiplications that are only associative or commutative up to higher coherence
homotopies can in fact be rigidified to multiplications that are strictly associative or possibly strictly
commutative [give specific references]. Our use of the word ‘ultra-commutative’ is intended as a warning
that the slogan ‘E∞=commutative’ is no longer true in equivariant or global contexts. More specifically, one
can consider orthogonal monoid spaces with an action of an E∞-operad; up to non-equivariant equivalence,
these objects model E∞-spaces, and they can can be replaced by equivalent strictly commutative orthogonal
monoid spaces. The analogous statement for global equivalences is false, i.e., E∞-orthogonal spaces cannot
in general be replaced by globally equivalent strictly commutative orthogonal monoid spaces. In fact, the
definition of power operations and transfer maps requires strict commutativity of the multiplication, and
Remark 5.21 illustrates how the lack of transfers obstructs ultra-commutativity.

Definition 0.40. An ultra-commutative monoid is a commutative orthogonal monoid space.

As we explained after Definition I.7.14, the data of an ultra-commutative monoid is the same as that
of a lax symmetric monoidal continuous functor from the category L (under orthogonal direct sum) to the
category T (under cartesian product).

Remark 0.41. One can think about an ultra-commutative monoid as encoding a collection of E∞
G-spaces, one for every compact Lie group G, compatible under restriction. If R is a closed orthogonal
space and G a compact Lie group, then the G-equivariant homotopy type encoded in R can be accessed as
the ‘underlying G-space’

R(UG) = colimV ∈s(UG) R(V ) .

The additional structure of an ultra-commutative monoid on R gives rise to an action of a specific E∞
G-operad on this G-space, namely the linear isometries operad L(UG) of the complete G-universe UG. The
n-th space of this operad is the space L(UnG,UG) of linear isometric embedding (not necessarily equivariant)
of UnG into UG. The group G acts on L(UnG,UG) by conjugation and the operad structure is by direct sum
and composition of linear isometric embeddings.

89
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The space L(UnG,UG) has the (G × Σn)-equivariant homotopy type of a universal space for (G,Σn)-
bundles, where G acts by conjugation and Σn permutes the summands in the source. Indeed, the action
of G×Σn on UnG is faithful, so by Proposition I.8.8 (ii), L(UnG,UG) is a universal G× (G×Σn)-space for the
family F(G;G×Σn) is graph subgroups of G× (G×Σn). When we restrict the action along the diagonal
map

G× Σn −→ G× (G× Σn) , (g, γ) 7−→ (g, g, γ)

we obtain a universal space for the family F(G; Σn) is graph subgroups of G × Σn. So by Remark I.2.13,
L(UnG,UG) is a universal space for G-equivariant Σn-principal bundles.

By simultaneous passage to colimit over s(UG) in all n variables, the iterated multiplication maps

R(V1)× · · · ×R(Vn) −→ R(V1 ⊕ · · · ⊕ Vn)

give rise to a multiplication map µ(n) : (R(UG))n −→ R(UnG). As we explained in Construction I.8.1, a linear
isometric embedding ψ : U −→ U ′ between countably infinite dimensional inner product spaces induces a
map Y (ψ) : Y (U) −→ Y (U ′); the resulting ‘action map’

L(U ,U ′)× Y (U) −→ Y (U ′) , (ψ, y) 7−→ Y (ψ)(y)

is continuous by Proposition I.8.2. The operadic action map is then simply the composite

L(UnG,UG)×R(UG)n
L(UnG,UG)×µ(n)

−−−−−−−−−−→ L(UnG,UG)×R(UnG)
act−−−→ R(UG) .

1. Free ultra-commutative monoids

In this section we formally define ultra-commutative monoids and study the free ultra-commutative
monoid generated by an orthogonal space.

Example 1.1 (Free ultra-commutative monoids). For every orthogonal space Y we denote by

P(Y ) =
∐
m≥0

Y �m/Σm

the free ultra-commutative monoid generated by Y . We look in more detail at the case Y = BglG of the
global classifying space of a compact Lie group G. For every G-representation V , Example I.3.2 provides
an isomorphism of orthogonal spaces

L�m
G,V

∼= LGm,Vm .

At an inner product space W , the permutation action of Σm on the left hand side becomes the action on

LGm,Vm(W ) = L(V m,W )/Gm

by permuting the summands in V m. So passage to Σm-orbits gives an isomorphism

L�m
G,V /Σm

∼= LGm,Vm/Σm ∼= LΣmoG,Vm .

Thus

P(LG,V ) =
∐
m≥0

LΣmoG,Vm .

If G acts faithfully on V and V 6= 0, then the action of Σm oG on V m is again faithful. So in terms of global
classifying spaces the free ultra-commutative monoid generated by BglG is given by

(1.2) P(BglG) =
∐
m≥0

Bgl(Σm oG) .
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Free ultra-commutative monoids are disjoint unions of symmetric powers, formed with respect to the
box product of orthogonal spaces. To analyze these symmetric powers homotopically we first study the
powers, with respect to the box product. Theorem I.3.4 implies that for every orthogonal space Y the
morphism

ρYm = ρY,...,Y : Y �m −→ Y ×m

is a global equivalence. This morphism is also Σm-equivariant for the permutation of factors on source an
target. We will now show that the morphism ρYm is actually a much stronger kind of equivalence, namely a
‘Σm-global equivalence’, see Theorem 1.8 below.

Now we generalize the notion of global equivalence to a situation where a compact Lie group G acts on
an orthogonal space. An orthogonal G-space is a continuous functor from the category L to the category of
G-spaces; equivalently, an orthogonal G-space is an orthogonal space equipped with a continuous action of
G by automorphisms of orthogonal spaces.

Definition 1.3. Let G be a compact Lie group. A G-equivariant morphism f : X −→ Y of orthogonal
G-spaces is a G-global equivalence if for every compact Lie group K and every continuous homomorphism
γ : K −→ G, every K-representation V , every k ≥ 0 and all continuous maps α : ∂Dk −→ X(V )Γ and
β : Dk −→ Y (V )Γ such that f(V )Γ ◦ α, there is a K-representation W , a K-equivariant linear isometric
embedding ϕ : V −→ W and a continuous map λ : Dk −→ X(W )Γ such that λ|∂Dk = X(ϕ)Γ ◦ α and such
that f(W )Γ ◦ λ is homotopic, relative to ∂Dk, to Y (ϕ)Γ ◦ β. Here Γ = {(k, γ(k)) | k ∈ K} ≤ K ×G is the
graph of γ.

When the group G is trivial, the previous definition reduces to the definition of a global equivalence
of Definition I.1.2. We emphasize that the notion of G-global equivalence is stronger than a G-equivariant
morphism whose underlying morphism of orthogonal spaces is a global equivalence.

When source and target f : X −→ Y are closed orthogonal G-spaces, then there is a useful criterion for
detecting G-global equivalences. The following proposition is proved in the same way as Proposition I.1.20,
to which it reduces for G = e.

Proposition 1.4. Let G be a compact Lie group and f : X −→ Y a G-equivariant morphism between
closed orthogonal G-spaces. Then f is a G-global equivalence if and only if for every compact Lie group K
and every continuous homomorphism γ : K −→ G the map

(f(UK))Γ : (X(UK))Γ −→ (Y (UK))Γ

is a weak equivalence, where Γ = {(k, γ(k)) | k ∈ K} ≤ K ×G is the graph of γ.

Example 1.5. Let G be a compact Lie group, V a faithful G-representation and W another G-
representation. The free orthogonal spaces L(V,−) and L(V ⊕W,−) are closed, so Proposition 1.4 and
Proposition I.2.10 together show that the restriction morphism

ρV,W : L(V ⊕W,−) −→ L(V,−)

is a G-global equivalence.

In Example I.1.15 we defined the ‘multiplicative shift’ shW⊗ Y of an orthogonal space Y by an inner
product space W . The value of this shift at an inner product space V is

(shW⊗ Y )(V ) = Y (V ⊗W ) .

If a compact Lie group acts onW by linear isometries, then this induces aG-action on shW⊗ Y by functoriality,
making it into an orthogonal G-space.

As we explain in Example I.1.15, multiplicative shift with a non-zero inner product space does not
change the global homotopy type. The following proposition generalizes this fact.
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Proposition 1.6. Let G be a compact Lie group, W a G-representation and w ∈ WG a G-invariant
vector of length 1. Then for every orthogonal G-space Y the morphism

Y ◦ i : Y −→ shW⊗ Y

is a G-global equivalence of orthogonal G-spaces, where iV : V −→ V ⊗W is given by i(v) = v ⊗ w, and

where shW⊗ Y is endowed with the diagonal G-action.

Proof. We consider a compact Lie group K, a K-representation V , a continuous homomorphism
γ : K −→ G and a lifting problem

α : ∂Dk −→ Y (V )Γ and β : Dk −→ ((shW⊗ Y )(V ))Γ

for (Y ◦ i)(V )Γ. We exploit that

((shW⊗ Y )(V ))Γ = Y (V ⊗W )Γ = Y (V ⊗ γ∗(W ))Γ .

The map iV : V −→ V ⊗γ∗(W ) is a linear isometric embedding of G-representations, and β|∂Dk = Y (iV )◦α
by hypothesis. We claim that moreover Y (iV⊗W )Γ ◦β is homotopic to Y (iV ⊗W )Γ ◦β = (shW⊗ Y )(iV )Γ ◦β,

relative ∂Dk; granting this for the moment, we conclude that the pair (iV : V −→ V ⊗γ∗(W ), β) solves the
lifting problem. The following diagram is meant to illustrate the situation:

∂Dk α //

incl

��

Y (V )Γ
Y (iV )Γ

//

Y (iV )Γ

��

Y (V ⊗ γ∗(W ))Γ

Y (iV⊗W )Γ

��
Dk

β
//

β

11

((shW⊗ Y )(V ))Γ

(shW⊗ Y )(iV )Γ

// (shW⊗ Y )(V ⊗ γ∗(W ))Γ

It remains to construct the relative homotopy. The two embeddings

iV ⊗W , iV⊗W : V ⊗W −→ V ⊗W ⊗W

are homotopic, relative to iV : V −→ V ⊗W , through (K ×G)-equivariant isometric embeddings, via

H : V ⊗W × [0, 1] −→ V ⊗W ⊗W

(v ⊗ w + x, t) 7−→ v ⊗ w ⊗ w + t · x⊗ w +
√

1− t2 · (iV ⊗W )(x) ,

where v ∈ V and x ∈ V ⊗ W ′ with W ′ the orthogonal complement of w ∈ W . The verification that
H(−, t) : V ⊗W −→ V ⊗W ⊗W is indeed a linear isometric embedding for every t ∈ [0, 1] uses that the
three subspaces

iV⊗W (iV (V )) = V ⊗ w ⊗ w , iV⊗W (V ⊗W ′) = V ⊗W ′ ⊗ w and (iV ⊗W )(V ⊗W ′) = V ⊗ w ⊗W ′

are pairwise orthogonal inside V ⊗W ⊗W . The continuous functor Y takes this homotopy of equivariant
linear isometric embeddings to a (K×G)-equivariant homotopy Y (H(−, t)) from Y (iV ⊗W ) = (shW⊗ Y )(iW )
to Y (iV⊗W )), relative to Y (iV ). Restricting to Γ-fixed points and composing with β gives the required

relative homotopy from ((shW⊗ Y )(iV )Γ ◦ β to Y (iV⊗W )Γ ◦ β. �

We let Y be an orthogonal G-space and V any G-representation. Then we can form the orthogonal
space LV ×G Y by equalizing the right G-action on the free orthogonal space LV with the left G-action on
Y . So the value of this orthogonal space at an inner product space W is

(LV ×G Y )(W ) = L(V,W )×G Y (W ) .

Theorem 1.7. Let G be a compact Lie group, and f : X −→ Y a G-global equivalence of orthogonal
G-spaces.
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(i) Let A be an orthogonal G-space such that for every inner product space W the value A(W ) is G-free
and cofibrant as a (G×O(W ))-space. Then the morphism of orthogonal spaces

A×G f : A×G X −→ A×G Y

is a global equivalence.
(ii) For every faithful G-representation V the morphism of orthogonal spaces

LV ×G f : LV ×G X −→ LV ×G Y

is a global equivalence.

Proof. (i) We let K be another compact Lie group and choose an exhaustive sequences {Wi}i≥1

of K-subrepresentations of the complete K-universe UK . Since f is a G-global equivalence, the map
telj f(Wj) : telj X(Wj) −→ telj Y (Wj) is an F(K;G)-equivalence of (K × G)-spaces by the generaliza-
tion of Proposition I.1.6 [spell out]. The space A(Wi) is (O(Wi)×G)-cofibrant by hypothesis, so it is also
(K ×G)-cofibrant by Proposition 2.23 (i). Since G acts freely, the map

A(Wi)×G telj X(Wj) : A(Wi)×G telj X(Wj) −→ A(Wi)×G telj X(Wj)

is a K-weak equivalence Corollary A.2.28. So the induced map on double telescopes

teli (A(Wi)×G telj X(Wj)) : teli (A(Wi)×G telj X(Wj)) −→ teli (A(Wi)×G telj X(Wj))

is a K-weak equivalence. The diagonal inclusion map

teln (A(Wn)×G X(Wn)) −→ teli (A(Wi)×G telj X(Wj))

is a K-weak equivalence by cofinality [reference]. So in the commutative square

teln (A(Wn)×G X(Wn)) //

tel(A(Wn)×Gf(Wn))

��

teli (A(Wi)×G telj X(Wj))

tel(A(Wi)×Gtel f(Wn))

��
teln (A(Wn)×G Y (Wn)) // teli (A(Wi)×G telj Y (Wj))

both horizontal maps and the right vertical map are K-weak equivalences. So the left vertical map is also
a K-weak equivalence; Proposition I.1.6 then says that A×G f is a global equivalence.

(ii) The space L(V,W ) is (O(W ) ×G)-cofibrant (by Proposition I.2.2 (i)) and G-free (because G acts
faithfully on V ); so part (ii) is a special case of (i). �

Now we can formulate and prove a refinement of the global invariance property of the box product of
orthogonal spaces. Indeed, if we ignore the Σm-action, then the next theorem reduces to Theorem I.3.4 (i).

Theorem 1.8. For every orthogonal space Y and every m ≥ 1 the morphism

ρYm = ρY,...,Y : Y �m −→ Y ×m

is a Σm-global equivalence and the morphism

LRm ×Σm ρYm : LRm ×Σm Y �m −→ LRm ×Σm Y m

is a global equivalence.

Proof. The proof is an equivariant refinement of the proof of Theorem I.3.4 (i). For an orthogonal

space A we denote by shm(A) = shRm
⊗ (A) the multiplicative shift of A by Rm as defined in Example I.1.15.

So explicitly, this is defined by

(shmA)(V ) = A(V ⊗ Rm) and (shmA)(ϕ) = A(ϕ⊗ Rm) .
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The orthogonal space comes with an action of the symmetric group Σm by permuting the coordinates of
Rm, and this action is natural in A. The action even extends to an action of O(m), but we shall only use
the restriction to permutation matrices.

We define a morphism of Σm-orthogonal spaces

λYm : Y m −→ shm(Y �m) ;

here the Σm-action on the target is diagonally, from the permutation action on Y �m and on the shift
factor Rm. The value λYm(V ) at an inner product space V is the composite

Y (V )m
iV,...,V−−−−→ (Y �m)(V m) ∼= (Y �m)(V ⊗ Rm) = shm(Y �m)(V ) .

Now we consider the two composites λYm ◦ ρYm and shm(ρYm) ◦ λYm:

Y �m

ρYm

//

'
''

Y m
λYm //

'

66
shm(Y �m)

shm(ρYm) // shm(Y m)

We claim that the composite λYm◦ρYm : Y �m −→ shm(Y �m) is Σm-equivariantly homotopic to the morphism
Y �m ◦ j, where j : V −→ V ⊗ Rm is the natural linear isometric embedding given by

j(v) = v ⊗
(

1√
n
· (1, . . . , 1)

)
.

The embedding j is thus an isometry from V onto the Σm-fixed subspace of V ⊗ Rm.
Indeed, for every t ∈ [0, 1] we define a Σm-linear isometric embedding

jt : V1 ⊕ · · · ⊕ Vm −→ (V1 ⊕ · · · ⊕ Vm)⊗ Rm by

jt(v1, . . . , vm) =

m∑
i=1

(0, . . . , 0, vi, 0 . . . , 0)⊗

t · ei +

√
1− t2
n− 1

·
∑
j 6=i

ei

 ,

where ei = (0, . . . , 0, 1, 0, . . . , 0) is the i-th vector of the standard basis of Rm. The relevant features of this
formula are the following:

• the vector t · ei +
√

1−t2
n−1 ·

∑
j 6=i ei has length 1, so the map indeed preserves the scalar product;

• the map jt is Σm-equivariant in the following sense: for every permutation σ ∈ Σm the following
square commutes:

(1.9)

V1 ⊕ · · · ⊕ Vm

σ∗

��

jt // (V1 ⊕ · · · ⊕ Vm)⊗ Rm

σ∗⊗σ∗
��

Vσ(1) ⊕ · · · ⊕ Vσ(m) jt
// (Vσ(1) ⊕ · · · ⊕ Vσ(m))⊗ Rm

The maps

Y (V1)× · · · × Y (Vn)
iV1,...,Vm−−−−−−→ (Y �m)(V1 ⊕ · · · ⊕ Vm)

Y �m(jt)−−−−−→ (Y �m)((V1 ⊕ · · · ⊕ Vm)⊗ Rm) = (shm Y
�m)(V1 ⊕ · · · ⊕ Vm)

are natural in all m variables, so they this corresponds to a morphism of orthogonal spaces

ft : Y �m −→ shm Y
�m ,

by the universal property of the box product. The linear isometric embeddings jt vary continuously with t,
hence so do the morphisms ft. Moreover, f1/

√
n = Y �m◦j and f1 = λYm◦ρYm, so this is the desired homotopy
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(parametrized by [1/
√
n, 1] instead of the unit interval). The commutativity of the square (1.9) translates

into the property that each ft is Σm-equivariant. The morphism Y �m ◦ j is a Σm-global equivalence by
Proposition 1.6, hence so is the morphism λYm ◦ ρYm.

Now we show that the composite shm(ρYm)◦λYm is a Σm-global equivalence. [avoid passing to colimit
UK ...] We let K be a compact Lie group and α : K −→ Σm a continuous homomorphism, and let
Γ = {(k, α(k)) | k ∈ K} ≤ K × Σm be the graph of α. We let a1, . . . , ak ∈ {1, . . . ,m} be a set of
representatives of the orbits of the K-action on {1, . . . ,m} through α. We let Hi ≤ K be the stabilizer
group of ai. Then projection to the factors indexed by a1, . . . , ak is a homeomorphism

(Y m(UK))Γ =

k∏
j=1

(Y (UK))Hi .

The shift functor preserves products, and we similarly have

(shm(Y m)(UK))Γ ∼= ((shm Y )m(UK))Γ =

k∏
j=1

((shm Y )(UK))Γi ,

where Γi = (Hi × Σm) ∩ Γ is the graph of the restriction of α to Hi. Under these identifications, the
morphism shm(ρYm) ◦ λYm becomes the product, for i = 1, . . . , k of the morphisms

(Y (UK))Hi −→ ((shm Y )(UK))Γi = ((sh
α|∗Hi (R

m)

⊗ Y )(UK))Hi

induced by applying Y to the linear isometric embeddings

V −→ V ⊗ α∗(Rm) , v 7−→ v ⊗ eai
that lands in the Hi-fixed subspace. Since UK is also a complete universe for the subgroup Hi, this map is
a weak equivalence by Proposition 1.6.

The Σm-global equivalences satisfy the 2-out-of-6 property (by the analog of Proposition (1.12) (iii));
since λYm ◦ ρYm and shm(ρYm) ◦ λYm are Σm-global equivalences, so is the morphism ρYm.

The second claim follows from the first by applying Theorem 1.7 (ii), for the natural Σm-representation
on Rm. �

Proposition 1.10. Let f : X −→ Y be a global equivalence of orthogonal spaces. Then for every m ≥ 1
the Σm-equivariant morphisms

fm : Xm −→ Y m and f�m : X�m −→ Y �m

are Σm-global equivalences.

Proof. We show the claim for the cartesian power fm; the claim for the box power f� is then a
consequence of Theorem 1.8. We let K be a compact Lie group, V a K-representation, and γ : K −→ Σm
a continuous homomorphism. We let a1, . . . , ak ∈ {1, . . . ,m} be a set of representatives of the orbits of the
K-action on {1, . . . ,m} through γ, and we let Hi ≤ K denote the stabilizer group of ai. Then projection
to the factors indexed by a1, . . . , ak is a homeomorphism

(Y m(V ))Γ =

k∏
j=1

Y (V )Hi ,

where Γ is the graph of γ. There is a similar product decomposition for (Xm(V ))Γ.
Via this product decomposition, any given lifting problem α : ∂Dk −→ (Xm(V ))Γ and β : Dk −→

(Y m(V ))Γ such that (fm(V ))Γ ◦ α translates into k different lifting problems for the factors. Since f is
a global equivalence, each of these lifting problems can be solved after a K-equivariant linear isometric
embedding ϕi : V −→ Wi. There is this a single K-equivariant linear isometric embedding ϕ : V −→ W
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that solves all k lifting problems simultaneously. The homeomorphism above translates this back into a
solution for the original lifting problem. [more details?] �

The orthogonal Σm-space LRm = L(Rm,−) can be thought of as a ‘global universal space’ for the
symmetric group Σm; in the same spirit, LRm ×Σm Y �m can be thought of as the m-th ‘global homotopy-
symmetric power’ of the orthogonal space Y . For the study of free ultra-commutative monoids we are more
interested in the strict symmetric powers. The next proposition relates the homotopy-symmetric and strict
symmetric powers. We call an orthogonal space Y reduced if the space Y (0) is empty.

Proposition 1.11. Let Y be a reduced flat orthogonal space.

(i) The Σm-action on Y �m by permutation of the factors is levelwise free.
(ii) The projection

LRm ×Σm Y �m Σm\proj−−−−−→ Σm\Y �m = PmY
is a global equivalence.

(iii) Let f : X −→ Y be a global equivalence between reduced flat orthogonal spaces. Then the morphism
Pmf : PmX −→ PmY is a global equivalence for every m ≥ 0, and the morphism Pf : PX −→ PY is
a global equivalence.

Proof. (i)
(ii) Source and target of the projection maps are flat [ref], hence closed, so we can check global equiv-

alences on the underlying K-spaces for every compact Lie group K.
Since the Σm-action on (Y �m)(UK) is free by part (i) and L(Rm,UK) is a universal (K × Σm)-space

for the family of graph subgroups (Proposition I.2.10 (i)), the projection

L(Rm,UK)× (Y �m)(UK) −→ (Y �m)(UK)

is a (K×Σm)-weak equivalence between cofibrant (K×Σm)-spaces, hence a (K×Σm)-homotopy equivalence.
So the induced map on Σm-orbit spaces is a K-homotopy equivalence.

(iii) In the commutative square of orthogonal spaces

LRm ×Σm X�m Σm\proj //

LRm×Σmf
�m

��

PmX

Pmf
��

LRm ×Σm Y �m
Σm\proj

// PmY

both horizontal morphisms are global equivalences by part (ii). The left vertical morphism is a global
equivalence by Proposition 1.10 and Theorem 1.7 (ii), applied to the natural Σm-representation of Rm.
So the morphism Pmf is also a global equivalence. Any disjoint union of global equivalences is a global
equivalence, hence so is Pf : PX −→ PY . �

2. Global power monoids

In this section we investigate the structure that an ultra-commutative multiplication produces on
the Rep-functor π0(R). Besides an abelian monoid structure on πG0 (R) for every compact Lie group G,
this structure includes power operations and transfer maps. We formalize this algebraic structure under
the name ‘global power monoid’, see Definition 2.8. Theorem 2.24 then says that global power monoids
are precisely the natural algebraic structure, i.e., they parametrize all natural operations on π0(R) for
ultra-commutative monoids.

Given an orthogonal monoid space R and compact Lie groups G and K, we define an external pairing

(2.1) ⊕ : πG0 (R)× πK0 (R) −→ πG×K0 (R)
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on the equivariant homotopy sets of R as the composite

πG0 (R)× πK0 (R)
×−−→ πG×K0 (R�R)

µ∗−−−→ πG×K0 (R) .

We also define an internal pairing

(2.2) + : πG0 (R)× πG0 (R) −→ πG0 (R) by x+ y = ∆∗G(x⊕ y) ,

where ∆G : G −→ G×G is the diagonal. We denote by 0 ∈ πe0(R) the class of the unit 0 ∈ R(0).

� We write the internal pairing on the equivariant homotopy sets of R additively because we will mostly
be interested in commutative orthogonal monoid spaces. Another reason for using the symbol ‘+’ is

that we will later consider orthogonal ring spaces that come with a second operation that we think of as
‘multiplication’; it will then be convenient to still have the symbol ‘·’ available. Obviously, the additive
notation is slightly dangerous for non-commutative orthogonal monoid spaces, because there the internal
pairing need not by commutative.

The following properties of these pairings are direct consequences of the corresponding properties of
the external pairings, compare Proposition I.6.22.

Corollary 2.3. Let R be an orthogonal monoid space and G,K and L compact Lie groups.

(i) (Unitality) The unit 0 ∈ πe0(R) satisfies 0 + x = x = x+ 0 for all x ∈ πG0 (R).
(ii) (Associativity) For all classes x ∈ πG0 (R), y ∈ πK0 (R) and z ∈ πL0 (R) the relation

(x⊕ y)⊕ z = α∗(x⊕ (y ⊕ z))

holds in π
(G×K)×L
0 (R), where α : (G×K)× L ∼= G× (K × L) is the associativity isomorphism. If in

addition G = K = L, then also (x+ y) + z = x+ (y + z) in πG0 (R).
(iii) (Commutativity) If the multiplication of R is commutative, then for all classes x ∈ πG0 (R) and y ∈

πK0 (R) the relation

x⊕ y = τ∗G,K(y ⊕ x)

holds in πG×K0 (R), where τG,K : G ×K −→ K × G interchanges the factors. If in addition G = K,
then also x+ y = y + x in πG0 (R).

(iv) (Restriction) For all classes x ∈ πG0 (R) and y ∈ πK0 (R) and all continuous homomorphisms α : Ḡ −→
G and β : K̄ −→ K the relation

α∗(x)⊕ β∗(y) = (α× β)∗(x⊕ y)

holds in πḠ×K̄0 (R). If in addition G = K, Ḡ = K̄ and α = β, then also α∗(x) + α∗(y) = α∗(x + y)
in πG0 (R).

If the multiplication on an orthogonal monoid space R is commutative, then this does not only imply
commutativity of the induced products on π0(R); strict commutativity of the multiplication also gives
rise to additional power operations that we discuss now. An important special case will later be the
multiplicative ultra-commutative monoid Ω•R arising from an ultra-commutative ring spectrum R; in this
situation the power operations satisfy further compatibility conditions with respect to the addition and the
transfer maps on π0(Ω•R) = π0(R); altogether this structure makes altogether makes the 0-th equivariant
homotopy groups of an ultra-commutative ring spectrum into a global power functor.

Construction 2.4. We let R be an ultra-commutative monoid, G a compact Lie group and m ≥ 0.
We construct a natural power operation

(2.5) [m] : πG0 (R) −→ πΣmoG
0 (R)

that is an equivariant refinement of the map x 7−→ m · x.
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For every G-representation V we consider V m as a (Σm oG)-representation with action given by

(σ; g1, . . . , gm) · (v1, . . . , vm) = (gσ−1(1)vσ−1(1), . . . , gσ−1(m)vσ−1(m)) .

We let

µV,...,V : R(V )× · · · ×R(V ) −→ R(V ⊕ · · · ⊕ V )

denote the (V, . . . , V )-component of the multiplication map of R, and we observe that this map is (Σm oG)-
equivariant because the multiplication of R is commutative. If x ∈ R(V )G is a G-fixed point representing
a class in πG0 (R), then (x, . . . , x) ∈ R(V )m is a (Σm oG)-fixed point. So its image under the map µV,...,V is
a (Σm oG)-fixed point of R(V m), representing an element

[m]([x]) = 〈µV,...,V (x, . . . , x)〉 ∈ πΣmoG
0 (R) .

If we stabilize x along a G-equivariant linear isometric embedding ϕ : V −→W to R(ϕ)(x) ∈ R(W )G, then
µV,...,V (x, . . . , x) changes into

µW,...,W (R(ϕ)(x), . . . , R(ϕ)(x)) = R(ϕm)(µV,...,V (x, . . . , x))) ∈ R(Wm)ΣmoG .

Since ϕm : V m −→ Wm is a (Σm o G)-equivariant linear isometric embedding, this element represents the

same class in πΣmoG
0 (R) as µV,...,V (x, . . . , x), so the class [m]([x]) only depends on the class of x in πG0 (R).

So we have constructed a well-defined power operation (2.5).
The power operations are clearly natural for homomorphisms ϕ : R −→ S of ultra-commutative

monoids, i.e., for every compact Lie group G, every m ≥ 0 and all x ∈ πG0 (R) the relation

[m](ϕ∗(x)) = ϕ∗([m](x))

holds in πΣmoG
0 (S).

The power operations [m] satisfy various properties reminiscent of the map x 7→ m · x in an abelian
monoid. We formalizes these properties into the concept of a global power monoid. In the definition we need
certain morphisms between different wreath products, so we fix notation for these now. An embedding of
an iterated wreath product is

Ψk,m : Σk o (Σm oG) −→ Σkm oG(2.6)

(σ; (τ1; h1), . . . , (τk; hk)) 7−→ (σ(τ1 + · · ·+ τk); h1 + · · ·+ hk) .

Another embedding of a product of wreath products is

Φi,j : (Σi oG) × (Σj oG) −→ Σi+j oG(2.7)

((σ; g1, . . . , gi), (σ′; gi+1, . . . , gi+j)) 7−→ (σ + σ′; g1, . . . , gi+j) .

Definition 2.8. A global power monoid is a functor

M : Repop −→ (abelian monoids)

from the opposite of the category Rep of compact Lie groups and conjugacy classes of homomorphisms to
the category of abelian monoids, equipped with monoid homomorphisms

[m] : M(G) −→ M(Σm oG)

for all compact Lie groups G and m ≥ 1, called power operations, that satisfy the following relations.

(i) (Identity) The operation [1] is restriction along the preferred isomorphism Σ1 oG ∼= G, (1; g) 7→ g.
(ii) (Naturality) For every continuous homomorphism α : K −→ G between compact Lie groups and

m ≥ 1 the relation

[m] ◦ α∗ = (Σm o α)∗ ◦ [m]

holds as homomorphism M(G) −→M(Σm oK).
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(iii) (Transitivity) For all compact Lie groups G, all k,m ≥ 1 the relation

Ψ∗k,m ◦ [km] = [k] ◦ [m]

holds as homomorphisms M(G) −→M(Σk o (Σm oG)), where Ψk,m is the monomorphism (2.6).
(iv) (Additivity) For all compact Lie groups G, all m > i > 0 and all x ∈M(G) the relation

Φ∗i,m−i([m](x)) = [i](x)⊕ [m− i](x)

holds in M((Σi oG)× (Σm−i oG)) where Φi,m−i is the monomorphism (2.7).

Remark 2.9. The relations of the power operations in a global power monoid have various other
properties.

(a) The power operations are additive with respect to the external product: for all compact Lie groups G
and K and all m ≥ 1, and all classes x ∈M(G) and y ∈M(K) the relation

[m](x⊕ y) = ∆∗([m](x)⊕ [m](y))

holds in M(Σm o (G×K)), where ∆ is the ‘diagonal’ monomorphism

∆ : Σm o (G×K) −→ (Σm oG)× (Σm oK)(2.10)

(σ; (g1, k1), . . . , (gm, km)) 7−→ ((σ; g1, . . . , gm), (σ; k1, . . . , km)) .

Indeed, the external product ⊕ is the composite

M(G)×M(K)
p∗G×p

∗
K−−−−−−→ M(G×K)×M(G×K)

+−−→ M(G×K) ,

where pG : G×K −→ G and pK : G×K −→ K are the projections. So

[m](x⊕ y) = [m](p∗G(x) + p∗K(y)) = [m](p∗G(x)) + [m](p∗K(y))

= (Σm o pG)∗([m](x)) + (Σm o pK)∗([m](y))

= ∆∗Σmo(G×K)((Σm o pG)∗([m](x))⊕ (Σm o pK)∗([m](y)))

= ∆∗Σmo(G×K)(((Σm o pG)× (Σm o pK))∗([m](x)⊕ [m](y))) = ∆∗([m](x)⊕ [m](y)) .

Here we exploit that ∆ factors as the composite

Σm o (G×K)
∆Σmo(G×K)−−−−−−−−→ (Σm o (G×K))× (Σm o (G×K))

(ΣmopG)×(ΣmopK)−−−−−−−−−−−−→ (Σm oG)× (Σm oK) .

(b) The class [m](x) is an equivariant refinement of m ·x = x+ . . .+x (m summands) in the following sense.
Applying the restriction property (iii) repeatedly shows that [m](x) restricts to the external m-fold sum

x⊕ . . .⊕ x ∈ M(Gm)

on the normal subgroup Gm ≤ Σm o G. Restricting further to the diagonal takes the m-fold external
sum to m · x in M(G).

Proposition 2.11. Let R be an ultra-commutative monoid. Then the internal products (2.2) and the
power operations (2.5) make the functor π0(R) into a global power monoid.

Proof. The fact that [m] is additive is a consequence of the fact that for all G-representations V and
W the diagram

(R(V )×R(W ))m
µmV,W //

∼=
��

R(V ⊕W )m
µV⊕W,...,V⊕W // R((V ⊕W )m)

R(α)

��
R(V )m ×R(W )m

µV,...,V ×µW,...,W
// R(V m)×R(Wm)

µVm,Wm
// R(V m ⊕Wm)
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commutes, where the left vertical bijection and the linear isometry α : (V ⊕W )m −→ V m ⊕Wm reorder
factors according to

((x1, y1), . . . , (xm, ym)) 7−→ ((x1, . . . , xm), (y1, . . . , ym)) .

Given G-fixed points x ∈ R(V )G and y ∈ R(W )G, the image of

((x, y), . . . , (x, y)) ∈ (R(V )×R(W ))m

in R((V ⊕W )m)G represents the class [m]([x] · [y]), whereas its image in R(V m ⊕Wm)G represents the
class [m]([x]) + [m]([y]). Since the two representatives differ by the effect of an equivariant isometry, the
two classes coincide by Proposition I.6.7 (ii).

The identity condition (i), the naturality (ii), the transitivity condition (iii) and the additivity prop-
erty (iv) are straightforward from the definition. �

Example 2.12. We letM be a commutative topological monoid. Then the constant orthogonal spaceM
is naturally an ultra-commutative monoid. Moreover, the equivariant homotopy functor π0(M) is constant
with value π0(M), and monoid structure induced from the multiplication of M . The power operation

[m] : π0(M) = πG0 (M) −→ πΣmoG
0 (M) = π0(M)

then sends an element x to m · x.

Here is another family of global power monoids, with underlying Rep-functor the one represented by
an abelian compact Lie groups.

Proposition 2.13. For every abelian compact Lie group A, the functor Rep(−, A) has a unique struc-
ture of global power monoid. In this structure the external product is given by

⊕ : Rep(G,A)× Rep(K,A) −→ Rep(G×K,A) , (α, β) 7−→ µ ◦ (α× β) ,

where µ : A×A −→ A is the multiplication of A. The internal product on Rep(G,A) is pointwise multipli-
cation of homomorphisms. The power operation

[m] : Rep(G,A) −→ Rep(Σm oG,A)

is given by

([m](α))(σ; g1, . . . , gm) = α(g1) · · · · · α(gm) .

Proof. Since A is abelian, conjugate homomorphisms into A are already equal, i.e., we can ignore
the difference between homomorphisms and their conjugacy classes. We establish the description of the
external products and power operations first, which also shows the uniqueness. Since Rep(e,A) has only one
element, it is the additive unit. Since restriction maps are homomorphisms for the internal multiplication,
the trivial homomorphism is the neutral element of Rep(G,A). The external product

IdA⊕ IdA ∈ Rep(A×A,A)

of the identity with itself is a homomorphism from A × A to A whose restriction along the two maps
(−, 1), (1,−) : A −→ A × A is the identity. The only such homomorphism is the multiplication µ :
A×A −→ A of A, so we conclude that

IdA⊕ IdA = µ .

Naturality now gives

α⊕ β = α∗(IdA)⊕ β∗(IdA) = (α× β)∗(IdA⊕ IdA) = (α× β)∗(µ) = µ ◦ (α× β) .

The formula for internal multiplication follows by taking G = K and restricting along the diagonal.
Since power operations refine power maps, the element

[m](IdA) ∈ Rep(Σm oA,A)
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restricts to the homomorphism Id×mA on Am ≤ Σm oA. By the previous paragraph, Id×mA : Am −→ A is the
iterated multiplication of A. We define a homomorphism ϕm as the composite

Σm o e
Σmo0−−−→ Σm oA

[m](IdA)−−−−−→ A ,

where 0 : e −→ A is the unique homomorphism. Then

ϕm = [m](IdA) ◦ (Σm o 0) = (Σm o 0)∗([m](IdA)) = [m](0∗(IdA)) = [m](0) = 0 ,

using that the operation [m] is a monoid homomorphism. Thus ϕm is the trivial homomorphism, and thus

([m](IdA))(σ; a1, . . . , am) = ([m](IdA))(σ; 1, . . . , 1) · ([m](IdA))(1; a1, . . . , am) = a1 · · · am .

Naturality now gives

[m](α) = [m](α∗(IdA)) = (Σm o α)([m](IdA)) .

Evaluating this on elements of Σm oG yields the desired formula for the homomorphism [m](α).
It remains to show the existence of the global power monoid structure. Clearly, pointwise multiplication

of homomorphisms makes Rep(G,A) into an abelian monoid (even an abelian group), and the monoid
structure is contravariantly functorial in G. When we define [m](α) by the formula of the proposition,
then the remaining axioms of a global power monoid (compare Definition 2.8) are similarly straightforward.
Identity property (i) is clear, and naturality (ii) follows from the relation

[m](α) = (Σm o α)∗([m](IdA)) .

The transitivity relation (iii) holds by inspection:

Ψ∗k,m([km](α))(σ; (τ1;h1), . . . , (τk, h
k)) = ([km](α))(Ψk,m(σ; (τ1;h1), . . . , (τk, h

k)))

=

k∏
i=1

 m∏
j=1

hij

 =

k∏
i=1

([m](α))(τ1;hi))

= ([k]([m](α)))(σ; (τ1;h1), . . . , (τk, h
k)) ,

and so does the additivity relation (iv):

Φ∗i,m−i([m](α))((σ; g1, . . . , gi), (σ
′; gi+1, . . . , gm)) = ([m](α))(σ + σ′; g1, . . . , gm)

= α(g1) · · · · · α(gm)

= ([i](α))(σ; g1, . . . , gi) · ([m− i](α))(σ′; gi, . . . , gm)

= ([i](α)⊕ [m− i](α))((σ; g1, . . . , gi), (σ
′; gi+1, . . . , gm)) . �

Example 2.14. The tautological class uG ∈ πG0 (BglG) is represented by the orbit of the identity of V
in

(LG,V (V ))G = (L(V, V )/G)G ,

compare 6.11. So the class [m](uG) ∈ πΣmoG
0 (P(BglG)) is represented by the orbit of the identity of V m in

(LΣmoG,Vm(V m))G = (L(V m, V m)/Σm oG)ΣmoG ;

so with respect to the identification (1.2) we have

(2.15) [m](uG) = uΣmoG .

Example 2.16 (Naive units of an orthogonal monoid space). Every orthogonal monoid space R contains
an interesting orthogonal monoid subspace Rn×, the naive units of R. The value of Rn× at an inner product
space V is the union of those path components of R(V ) that are taken to invertible elements, with respect
to the monoid structure on π0(R), under the map

R(V ) −→ π0(R(V )) −→ π0(R) .
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In other words, a point x ∈ R(V ) belongs to Rn×(V ) if and only if there is an inner product space W and
a point y ∈ R(W ) such that

µV,W (x, y) ∈ R(V ⊕W ) and µW,V (y, x) ∈ R(W ⊕ V )

are in the same path component as the respective unit elements. We omit the verification that the subspaces
Rn×(V ) indeed form an orthogonal monoid subspace of R as V varies. The induced map

π0(Rn×) −→ π0(R)

is also an inclusion, and the value πe0(Rn×) at the trivial group is, by construction, the set of invertible
elements of πe0(R). For a general compact Lie group G,

πG0 (Rn×) = {x ∈ πG0 (R) | resGe (x) is invertible in πe0(R)}
is the submonoid of πG0 (R) of elements that become invertible when restricted to the trivial group. So
contrary to what one could suspect at first sight, πG0 (Rn×) may contain non-invertible elements and the
orthogonal monoid space R× is not necessarily ‘group-like’; this is why we use the adjective ‘naive’.

Example 2.17 (Units of a global power monoid). Every global monoid M has a global submonoid M×

of units. The value M×(G) at a compact Lie group G consists of the set of invertible elements of M(G).
Since the restriction maps are multiplicative, the sets M×(G) are closed under restriction maps. Since the
external product map

⊕ : M(G)×M(K) −→ M(G×K)

is a monoid homomorphism, it takes M×(G) ×M×(K) into M×(G ×K). So the subsets M×(G) indeed
form a global submonoid of M . If f : N −→M is a homomorphism of global monoids and N is group-like
(i.e., all monoids N(G) are groups), then the image of f is contained in M×. So the functor M 7→ M× is
right adjoint to the inclusion of the full subcategory of group-like global monoids. If M is even a global
power monoid, then [m] takes M×(G) into M×(Σm oG) because power operations are additive. So in this
situation, M× is even a global power submonoid of M .

Example 2.18 (Group completion of a global power monoid). Every global power monoid M has a
group completion M?, as we now explain. We call a global power monoid M group-like if the abelian
monoid M(G) is a group for every compact Lie group G. A morphism j : M −→ M? of global power
monoids is a group completion if for every group-like global power monoid N the map

j∗ : GPM(M?, N) −→ GPM(M,N)

is bijective. Since the pair (M?, j) represents a functor, it is unique up to preferred isomorphism under M ,
if it exists.

Now we show that every global power monoid M has a group completion, and that can be constructed
‘group-wise’. We define a global power monoid M? at a compact Lie group G by letting M?(G) be a group
completion (Grothendieck construction) of the abelian monoid M(G), with j(G) : M(G) −→ M?(G) the
universal homomorphism. Since the restriction maps α∗ : M(G) −→M(K) and the power operations [m] :
M(G) −→M(Σm oG) are monoid homomorphisms, the universal property provides unique homomorphisms
α∗ : M?(G) −→M?(K) and [m] : M?(G) −→M?(Σm oG) such that

α∗ ◦ j(G) = j(K) ◦ α∗ and [m] ◦ j(G) = j(Σm oG) ◦ [m] .

The functoriality of the restriction maps α∗ and the additional relations required of a global power monoid
are relations between monoid homomorphism; so they are inherited by M? via the universal property of
group completion of monoids.

Construction 2.19. We are now going to calculate the natural operations between the 0-th equi-
variant homotopy sets of ultra-commutative monoids. We organize the book keeping in two different (but
isomorphic) ways, using power operations and using bispaces. We denote by Natumon the category whose
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objects are all compact Lie groups and where the morphism set Natumon(G,K) is the set of all natural
transformations, of functors from the ultra-commutative monoids to sets, from πG0 to πK0 . We define two
algebraic categories P (for power operations) and A+ (the ‘effective Burnside category’) that will turn out to
be isomorphic to Natumon. All three categories Natumon, P and A+ are ‘pre-preadditive’ in the sense that
all morphism sets are abelian monoids and composition is biadditive. In Natumon, the monoid structure is
objectwise addition of natural transformations.

Both categories P and A+ have the same objects as Natumon, namely all compact Lie groups.

• The morphisms in the category P are defined by

P (G,K) =
∐
m≥0

Rep(K,Σm oG) ;

in other words, morphisms from G to K are the pairs (m,α) where α is a conjugacy class of
continuous homomorphisms K −→ Σm oG. Composition in the category P is defined by

(k, β) ◦ (m,α) = (km, Ψk,m ◦ (Σk o α) ◦ β) ,

where the embedding Ψk,m : Σk o (Σm oG) −→ Σkm oG was defined in (2.6). The identity of G is
the pair (1, G ∼= Σ1 oG). The monoid structure on the set P (G,K) is given by

(k, β) + (m,α) = (k +m, Φk,m ◦ (β, α)) ,

where the embedding Φk,m : (Σk oG)× (Σm oG) −→ Σk+m oG was defined in (2.7).
• In the effective Burnside category, the morphism set A+(G,K) is the set of isomorphism classes

of those K-G-spaces that are a disjoint unions of finitely many free right G-orbits. This set is an
abelian monoid via disjoint union of K-G-spaces. Composition

◦ : A+(K,L)× A+(G,K) −→ A+(G,L)

is induced by the balanced product over K:

[T ] ◦ [S] = [T ×K S] .

Here T has a left L-action and a commuting free right K-action, whereas S has a left K-action
and a commuting free right G-action. The balanced product T ×K S than inherits a left L-action
from T and a free right G-action from S.

The three categories Natumon, P and A+ are related by functors

(2.20) Natumon P
Aoo B // A+

defined as follows. The functors are the identity on objects; on morphisms, they are given by

A : P (G,K) −→ Natumon(G,K) , A(m,α) = α∗ ◦ [m]

B : P (G,K) −→ A+(G,K) , B(m,α) = [α∗({1, . . . ,m} ×G)G] .

In the definition of B, we consider {1, . . . ,m}×G as a rightG-space by translation; the wreath product ΣmoG
acts from the left on {1, . . . ,m} ×G by

(2.21) (σ; g1, . . . , gm) · (i, γ) = (σ(i), gσ(i)γ) .

Then we let K act by restriction of the (Σm oG)-action along α.

Now we are going to show that the restriction maps along a group homomorphism and the power
operations give all natural operations between equivariant homotopy sets of ultra-commutative monoids.
The strategy is the same as in Proposition I.6.14: the functor πG0 is representable, this time by the ‘symmetric
algebra’ P(BglG) of the global classifying space of G, so we have to determine the equivariant homotopy
sets πK0 (P(BglG)) of these representing objects.
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We will want to use similar representability arguments several other times in this book, so we generalize
Proposition I.6.12 to a more general context of a model category C related to the category of orthogonal
spaces by a Quillen adjoint functor pair. Proposition I.6.12 is the degenerate case C = spc and the identity
functors. Right now we are interested in C = umon of ultra-commutative monoids with the free and forgetful
functor pair (P, U); later we will also consider the case C = Sp of orthogonal spectra with the adjoint functor
pair (Σ∞+ ,Ω

•), and the combination of these two cases, where C is the category of ultra-commutative ring
spectra.

Proposition 2.22. Let C be a model category and

spc
Λ // C
U
oo

a Quillen adjoint functor pair with respect to the positive global model structure on the category of orthogonal
spaces. Suppose that the right adjoint U takes all weak equivalences in C to global equivalences of orthogonal
spaces. Let G be a compact Lie group, V a non-zero faithful G-representation and

uCG = η∗(uG,V ) ∈ πG0 (U(Λ(LG,V ))) ,

where η : LG,V −→ U(Λ(LG,V )) is the adjunction unit.

(i) The pair (Λ(LG,V ), uCG) represents the composite functor

Ho(C) Ho(U)−−−−−→ Ho(spc)
πG0−−−→ (sets) .

(ii) Let Ψ : C −→ (sets) be a functor that takes all weak equivalences to bijections. Then evaluation at the
class uCG is a bijection

NatC→(sets)(π
G
0 ◦ U, Ψ) −→ Ψ(Λ(LG,V )) , τ 7−→ τ(uCG)

between the set of natural transformations, from the functor πG0 ◦Ho(U) to Ψ, and the set Ψ(Λ(LG,V )).

Proof. (i) We need to show that for every object X of C the map

(2.23) Ho(C)(Λ(LG,V ), X) −→ πG0 (UX) , f 7−→ (Ho(U)(f))∗(u
C
G)

is bijective. Since both sides take weak equivalences in X to bijections, we can assume that X is fibrant in
the given model structure of C.

Since (Λ, U) is a Quillen adjoint pair, the total left derived functor LΛ and the total right derived
functor RU exist and form an adjoint functor pair

Ho(spc)
LΛ // Ho(C)
RU
oo

between the homotopy categories. Since U takes all weak equivalences to global equivalence, we can in fact
take RU = Ho(U), and this is given on objects by U . The free orthogonal space LG,V is flat, and hence
cofibrant in the global model structure; so the object Λ(LG,V ) calculates the value of the total left derived
functor of Λ on LG,V . By definition of the class uCG, the map (2.23) factors as the composite

Ho(C)(Λ(LG,V ), X)
∼=−−→ Ho(spc)(LG,V , UX)

f 7→f∗(uG)−−−−−−−→ πG0 (UX)

where the first map is the derived adjunction, hence bijective. The second map is bijective by Proposi-
tion 6.12, hence the map (2.23) is bijective.

(ii) We let γ : C −→ Ho(C) denote the localization functor. Since Ψ takes all weak equivalences to
bijections, there is a unique functor Ψ̄ : Ho(C) −→ (sets) such that Ψ = Ψ̄ ◦ γ. It is a general property of
localization [ref?] that the map

− ◦ γ : NatHo(C)→(sets)(π
G
0 ◦Ho(U), Ψ̄) −→ NatC→(sets)(π

G
0 ◦ U, Ψ)
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given by precomposition with γ is bijective; the claim is then simply the combination of part (i) and the
Yoneda lemma for the functor Ψ̄. �

Theorem 2.24. Let G and K be compact Lie groups.

(i) Every natural transformation πG0 −→ πK0 of set valued functors on the category of ultra-commutative
monoids is of the form α∗ ◦ [m] for a unique m ≥ 0 and a unique conjugacy class of continuous group
homomorphism α : K −→ Σm oG.

(ii) The functors A and B of (2.20) are additive and isomorphisms of categories.

Proof. (i) We let V be any faithful G-representation and write BglG = LG,V for the global classifying
space of G based on V and uG = uG,V for the associated tautological class. We denote by uumonG ∈
πG0 (P(BglG)) the image of uG under the adjunction unit BglG −→ P(BglG) (i.e., the embedding as the
summand indexed by m = 1). We apply the representability result of Proposition 2.22 (ii) to the category
of ultra-commutative monoids, the free and forgetful adjoint functor pair

spc
P // umon
U

oo

and the functor πK0 ◦ U . We conclude that the evaluation at the tautological class is a bijection

Natumon(πG0 , π
K
0 ) −→ πK0 (P(BglG)) , τ 7−→ τ(uumonG )

to the 0-th K-equivariant homotopy set of ultra-commutative monoid P(BglG). The square∐
m≥0 Rep(K,Σm oG)

∐
evuΣmoG // ∐

m≥0 π
K
0 (Bgl(Σm oG))

��

P (G,K)

A ��
Natumon(πG0 , π

K
0 )

evuumon
G

// πK0 (P(BglG))

commutes, the evaluation map is bijective by Proposition I.6.14 (ii) and the right vertical map is bijective
by Example 1.1. So the left vertical map A is bijective as well.

(ii) The compatibility of A with identities is part (i) of Definition 2.8; compatibility with composition
follows from the naturality and transitivity relations of a global power monoid (parts (ii) and (iii) of
Definition 2.8). So A is a functor. The functor A is bijective on objects by definition, and fully faithful
by (i); hence A is an isomorphism of categories. The additivity of A is the additivity relation of a global
power monoid, Definition 2.8 (iv).

The G-bispace Id∗G({1}×G)G is isomorphic to G under left and right translation; since the isomorphism
class of GGG is the identity of G in A+, the construction B preserves identities. The compatibility of B
with composition amounts to the isomorphism of M -G-spaces

β∗({1, . . . , k} ×K)×K α∗({1, . . . ,m} ×G) ∼= (Ψk,m ◦ (Σk o α) ◦ β)∗({1, . . . , km} ×G)

given by
[(j, k), (i, g)] 7−→ ((j − 1)m+ i− 1, α(k)[i] · g) ,

where α(k)[i] denotes the i-th element of G in α(k) ∈ Σm o G. [check the formula...] So B is a functor,
which again is bijective on objects by definition. To see that B is full we let S be any K-G-space that is a
disjoint union of m free right G orbits. We choose a G-equivariant homeomorphism

ψ : S −→ {1, . . . ,m} ×G .

We transport the left K-action from S to {1, . . . ,m} × G along ψ, so that ψ becomes an isomorphism of
K-G-spaces. The (Σn oG)-action on {1, . . . ,m}×G defined in (2.21) identifies the wreath product with the
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group of G-equivariant automorphism of {1, . . . ,m} × G; so the K-action on {1, . . . ,m} × G corresponds
to a homomorphism α : K −→ Σm oG. Altogether, S is isomorphic to α∗({1, . . . ,m} ×G)G.

If the K-G-spaces constructed from (m,α), (n, β) ∈ P (G,K) are isomorphic, then we must have m = n.
Moreover, a K-G-isomorphism

α∗({1, . . . ,m} ×G)G ∼= β∗({1, . . . ,m} ×G)G

is given by the action of a unique element ω ∈ Σm oG, and then the homomorphisms α, α′ : K −→ Σm oG
are conjugate by ω. So B is faithful.

It remains to show that the map B : P (G,K) −→ A+(G,K) is additive. The map

({1, . . . , k} ×G) q ({1, . . . ,m} ×G) −→ Φ∗k,m({1, . . . , k +m} ×G)

that is the inclusion on the first summand and given by (j, g) 7→ (k + j, g) on the second summand is an
isomorphism of ((Σk o G) × (Σm o G))-G-bispaces. Restriction along the homomorphism (β, α) : K −→
(Σk oG)× (Σm oG) provides an isomorphism of K-G-spaces between

β∗({1, . . . , k} ×G)G q α∗({1, . . . ,m} ×G)G and (Φk,m ◦ (β, α))∗({1, . . . , k +m} ×G)G .

This shows that B(k, β) +B(m,α) = B((k, β) + (m,α)). �

Remark 2.25 (Natural n-ary operations). By similar arguments as in the previous proposition we can
also identify the natural n-ary operations on equivariant homotopy sets of ultra-commutative monoids. For
every n-tuple G1, . . . , Gn of compact Lie groups the functor

Ho(umon) −→ (sets) , X 7−→ πG1
0 (X)× · · · × πGn0 (X)

is represented by the free ultra-commutative monoid P(BglG1 q . . . q BglGn). So the set of natural trans-

formations from the functor πG1
0 × · · · × πGn0 to the functor πK0 , for another compact Lie group K, bijects

with the K-equivariant homotopy set of this representing object. Because

P(BglG1 q . . .qBglGn) ∼= P(BglG1)� · · ·� P(BglGn)

∼=
∐

j1,...,jn≥0

Bgl(Σj1 oG1)� · · ·�Bgl(Σjn oGn)

∼=
∐

j1,...,jn≥0

Bgl((Σj1 oG1)× · · · × (Σjn oGn)) ,

the group πK0 (P(BglG1 q . . .qBglGn)) bijects with the disjoint union of the sets

πK0 (Bgl((Σj1 oG1)× · · · × (Σjn oGn)) ∼= Rep(K, (Σj1 oG1)× · · · × (Σjn oGn)) .

So every natural operation from the functor πG1
0 × · · · × πGn0 to the functor πK0 is of the form

(x1, . . . , xn) 7−→ α∗([j1](x1)⊕ · · · ⊕ [jn](xn))

for a unique tuple (j1, . . . , jn) of non-negative integers and a unique conjugacy class of continuous homo-
morphisms α : K −→ (Σj1 o G1) × · · · × (Σjn o Gn). In particular, all n-ary operations are generated by
unary operations and external sum.

Now we define transfer maps trKL : M(L) −→M(K) in global power monoids, for every subgroup L of
a compact Lie group K of finite index. As we will see in Proposition 2.27 below, the set of operations from
πG0 to πK0 is a free abelian monoid with an explicit basis involving transfers.
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Construction 2.26 (Transfer maps). In the following we let M be a global power monoid, G a
compact Lie group and H a closed subgroup of G of finite index m. We choose a ‘H-basis’ of G, i.e., an
ordered m-tuple ḡ = (g1, . . . , gm) of elements in disjoint H-orbits such that

G =

m⋃
i=1

giH .

The wreath product Σm oH acts freely and transitively from the right on the set of all such H-bases of G.
We obtain a continuous homomorphism Ψḡ : G −→ Σm oH by requiring that

γ · ḡ = ḡ ·Ψḡ(γ) .

We define the transfer trGH : M(H) −→M(G) as the composite

M(H)
[m]−−−→ M(Σm oH)

Ψ∗ḡ−−−→ M(G) .

Any other H-basis is of the form ḡω for a unique ω ∈ Σm oH. We have Ψḡω = cω ◦Ψḡ as maps G −→ Σm oH,
where cω(γ) = ω−1γω. Since inner automorphisms induce the identity in any Rep-functor, we have

Ψ∗ḡ = Ψ∗ḡω : M(Σm oH) −→ M(G) .

So the transfer trGH does not depend on the choice of basis ḡ.

The various properties of the power operations imply corresponding properties of the transfer maps.
Moreover, the last item of the following proposition show that power operations in a global power monoid
are determined by the transfer and restriction maps.

Proposition 2.27. The transfer homomorphisms of a global power monoid M satisfy the following
relations, where H is any subgroup of finite index in a compact Lie group G.

(i) (Transitivity) We have trGG = IdM(G) and for nested subgroups H ⊆ G ⊆ F of finite index the relation

trFG ◦ trGH = trFH

holds as maps M(H) −→M(F ).
(ii) (Double coset formula) For every subgroup K of G (not necessarily of finite index) the relation

resGK ◦ trGH =
∑

[g]∈K\G/H

trKK∩gH ◦c∗g ◦ resHKg∩H

holds as homomorphisms M(H) −→ M(K). Here [g] runs over a set of representatives of the finite
set of K-H-double cosets.

(iii) (Epimorphic restriction) For every continuous epimorphism α : K −→ G of compact Lie groups the
relation

α∗ ◦ trGH = trKL ◦(α|L)∗

holds as maps from M(H) to M(K), where L = α−1(H).
(iv) For every m ≥ 1 the power m-th power operation can be recovered as

[m] = trΣmoG
K ◦q∗ ,

where K is the subgroup of Σm oG consisting of all (σ; g1, . . . , gm) such that σ(m) = m and q : K −→ G
is defined by q(σ; g1, . . . , gm) = gm.

Proof. (i) For G = H we can choose the unit 1 as the G-basis, and with this choice Ψ1 : G −→ Σ1 oG
is the preferred isomorphism that sends g to (1; g). The restriction of [1](x) along this isomorphism is x, so
we get trGG(x) = x.
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For the second claim we choose a G-basis f̄ = (f1, . . . , fk) of F and an H-basis ḡ = (g1, . . . , gm) of G.
Then

f̄ ḡ = (f1g1, . . . , f1gm, f2f1, . . . , f2gm, . . . , fkg1, . . . , fkgm)

is an H-basis of F . With respect to this basis, the homomorphism Ψf̄ ḡ : F −→ Σkm oH equals the composite

F
Ψf̄−−−→ Σk oG

ΣkoΨḡ−−−−→ Σk o (Σm oH)
Ψk,m−−−−→ Σkm oH

where the monomorphism Ψk,m was defined in (2.6). So

trFH = Ψ∗f̄ ḡ ◦ [km] = Ψ∗f̄ ◦ (Σk oΨḡ)
∗ ◦Ψ∗k,m ◦ [km]

= Ψ∗f̄ ◦ (Σk oΨḡ)
∗ ◦ [k] ◦ [m] = Ψ∗f̄ ◦ [k] ◦Ψ∗ḡ ◦ [m] = trFG ◦ trGH .

(ii) We generalize the transfer construction slightly. We let S be a K-H-bispace that consists of finitely
many free H-orbits. We choose an ‘H-basis’, i.e., an ordered m-tuple s̄ = (s1, . . . , sm) of elements in disjoint
H-orbits such that

S =

m⋃
i=1

siH .

Again the wreath product Σm oH acts freely and transitively from the right on the set of all such H-bases
of S. We obtain a continuous homomorphism Ψs̄ : K −→ Σm oH by requiring that

k · s̄ = s̄ ·Ψs̄(k) .

In this generality, Ψs̄ need not be injective anymore. We define a generalized transfer map 〈S|−〉 : M(H) −→
M(K) as the composite

M(H)
[m]−−−→ M(Σm oH)

Ψ∗s̄−−−→ M(K) .

When S = G with left G-action by translation, then 〈G|−〉 specializes to the transfer map trGH . As in this
special case, the homomorphism Ψs̄ is independent up to conjugacy of the choice of H-basis, so the map
〈S|−〉 does not depend on the choice. Moreover, 〈S|−〉 depends only on the isomorphism class of S as a
K-H-bispace.

We let T be another K-H-bispace that consists of finitely many free H-orbits, and t̄ = (t1, . . . , tn)
an H-basis of T . Then s̄+ t̄ = (s1, . . . , sm, t1, . . . , tn) is an H-basis of the disjoint union S q T . Moreover,
the associated homomorphism Ψs̄+t̄ is the composite

K
(Ψs̄,Ψt̄)−−−−−→ (Σm oH)× (Σn oH)

Φm,n−−−−→ Σm+n oH ,

where the monomorphism Φm,n was defined in (2.7). So we conclude that

〈S q T |−〉 = Ψ∗s̄+t̄ ◦ [m+ n] = (Ψs̄,Ψt̄)
∗ ◦ Φ∗m,n ◦ [m+ n](2.28)

= (Ψs̄,Ψt̄)
∗ ◦ ⊕ ◦ ([m], [n]) = (Ψ∗s̄ ◦ [m]) + (Ψ∗t̄ ◦ [n]) = 〈S|−〉+ 〈T |−〉 .

Now we let L be a subgroup of finite index of K and α : L −→ H a continuous homomorphism. We let
k̄ = (k1, . . . , km) be an L-basis of K, so that m = [K : L]. Then the K-H-bispace

K ×α H = (K ×H)/(kl, h) ∼ (k, α(l)h)

consists of m free H-orbits, and s̄ = ([k1, 1], . . . , [km, 1]) is an H-basis of K×αH. Moreover, the associated
homomorphism Ψs̄ is the composite

K
Ψk̄−−→ Σm o L

Σmoα−−−→ Σm oH .

So we conclude that

〈K ×α H|−〉 = Ψ∗s̄ ◦ [m] = Ψ∗k̄ ◦ (Σm o α)∗ ◦ [m] = Ψ∗k̄ ◦ [m] ◦ α = trKL ◦α∗ .(2.29)



2. GLOBAL POWER MONOIDS 109

Now we can prove the double coset formula. We let R ⊂ G be a set of double coset representative, so
that G is the disjoint union of the K-H-double cosets KgH for g ∈ R. Moreover, KgH is isomorphic, as a
K-H-space, to K ×cg H, where cg : K ∩ gH −→ H is conjugation by g. So we deduce

resGK(trGH(x)) = resGK〈GGH |x〉 = 〈KGH |x〉 =(2.28)

∏
g∈R
〈KgH|x〉

=
∏
g∈R
〈K ×cg H|x〉 =(2.29)

∏
g∈R

trKK∩gH(c∗g(resHKg∩H(x))) .

(iii) If k̄ = (k1, . . . , km) is an L-basis of K, then α(k̄) = (α(k1), . . . , α(km)) is an H-basis of G. With
respect to these bases we have

(Σm o α|L) ◦ Φk̄ = Φα(k̄) ◦ α : K −→ Σm oH .

So

α∗ ◦ trGH = α∗ ◦ Φ∗α(k̄) ◦ [m] = Φ∗k̄ ◦ (Σm o α|L)∗ ◦ [m] = Φ∗k̄ ◦ [m] ◦ (α|L)∗ = trKL ◦(α|L)∗ .

(iv) The subgroupK has indexm in ΣmoG and aK-basis of ΣmoG is given by the elements ((1i); 1, . . . , 1)
for i = 1, . . . ,m. If Ψ : Σm oG −→ Σm oK denotes the associated monomorphism, then (Σm o q) ◦Ψ is the
identity of Σm oG [show]. So

trΣmoG
K ◦q∗ = Ψ∗ ◦ [m] ◦ q∗ = Ψ∗ ◦ (Σm o q)∗ ◦ [m] = ((Σm o q) ◦Ψ)∗ ◦ [m] = [m] . �

Proposition 2.30. The monoid Natumon(πG0 , π
K
0 ) is a free abelian monoid generated by the operations

trKL ◦α∗ where (L,α) runs over all (K ×G)-conjugacy classes of pairs consisting of

• a subgroup L ≤ K of finite index, and
• a continuous group homomorphism α : L −→ G.

Proof. This a straightforward algebraic consequence of the calculation of the category Natumon given
in Theorem 2.24. Every K-G-space with finitely many free G-orbits is the disjoint union of transitive K-G-
spaces with the same property. So A+(G,K) is a free abelian monoid with basis the isomorphism classes
of the transitive K-G-spaces. A transitive K-G-space with finitely many free G-orbits is isomorphic to one
of the form

K ×L,α G = (K ×G)/(kl, g) ∼ (k, α(l), g)

for a pair (L,α : L −→ G), with L of finite index in K. Moreover, K ×L,α G is isomorphic to K ×L′,α′ G
if and only if (L,α) is conjugate to (L′, α′) by an element of K × G. So is A+(G,K) freely generated by
the classes of the K-G-spaces K ×L,α G, where (L,α) runs through the (K × G)-conjugacy classes of the
relevant pairs.

The claim then follows from the verification that the isomorphism A ◦B−1 takes the class of K ×L,αG
to the operation trKL ◦α∗. Indeed, if (k1, . . . , km) is an L-basis of K and Ψ : K −→ Σm o L the classifying
homomorphism, then

A(m, (Σm o α) ◦Ψ) = (Σm o α)∗ ◦Ψ∗ ◦ [m] = (Σm o α)∗ ◦ trKL = trKL ◦α∗ .
On the other hand, the map

((Σm o α) ◦Ψ)∗({1, . . . ,m} ×G)G = Ψ∗({1, . . . ,m} × α∗(G))G −→ K ×L,α G , (i, g) 7−→ [ki, g]

is an isomorphism of K-G-bispaces, so B(m, (Σm o α) ◦Ψ) = [K ×L,α G] in A+(G,K). �

The next proposition says that for certain orthogonal spaces Y the global power monoid π0(PY ) of a
free ultra-commutative monoid is freely generated by the Rep-functor π0(Y ). For a subgroup H of G, the
normalizer NGH acts on H by conjugation, and hence on πH0 (Y ) by restriction along the conjugation maps.
Restriction along inner automorphisms is the identity, so the action of NGH factors over an action of the
Weyl group WGH = NGH/H on πH0 (Y ). After application of the unit map ηH∗ : πH0 (Y ) −→ πH0 (PY ), we
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can then transfer from H to G, as long as the index of H in G is finite. For an element g ∈ NGH and a
class x ∈ πH0 (Y ) we have

trGH(ηH∗ (c∗gx)) = trGH(c∗g(η
H
∗ (x))) = c∗g(tr

G
H(ηH∗ (x))) = trGH(ηH∗ (x))) .

because transfer commutes with restriction along epimorphisms (see Proposition 2.27 (iii)). So transferring
from H to G in the global power monoid π0(PY ) annihilates the action of the Weyl group on πH0 (Y ).

Proposition 2.31. Let Y be a reduced flat orthogonal space and G a compact Lie group.

(i) The G-fixed point space ((PY )(UG))G is weakly equivalent to the disjoint union, indexed over isomor-
phism classes of finite G-sets A, of the spaces

EAutG(A)×AutG(A) mapG(A, Y (UG)) .

(ii) As an abelian monoid πG0 (PY ) is freely generated by the classes trGH(η∗(x)) as H runs through a set
of representatives of the conjugacy classes of subgroups of finite index in G, and x runs through a set
of representatives of the WGH-orbits of πH0 (Y ).

(iii) The morphism of Rep-functors

π0(η) : π0(Y ) −→ π0(PY )

expresses π0(PY ) as the free global power monoid generated by the Rep-functor π0(Y ).

Proof. (i) Theorem 1.8 and Proposition 1.11 (ii) exhibit a chain of two natural weak equivalences
between ((PmY )(UG))G and the space(

L(Rm,UG)×Σm Y (UG)m
)G

.

The (G×Σm)-space L(Rm,UG) is a universal space for the family F(G; Σm) of graph subgroups of G×Σm,
by Proposition I.2.10 (i). By Corollary A.2.34 these G-fixed points split as a disjoint union∐

[α:G−→Σm]

(
(L(Rm,UG)× Y (UG)m)

Γ(α)
)
/C(α)

indexed by conjugacy classes of continuous homomorphisms α : G −→ Σm.
The α-summand can be rewritten as(

LG(α∗(Rm),UG)×mapG(α∗(m), Y (UG))
)
/C(α) .

The group C(α) is precisely the automorphism group of α∗(m) as a G-set, and it acts freely on the
contractible, cofibrant C(α)-space LG(α∗(Rm),UG). So the α-summand is a homotopy orbit space

EAutG(A)×AutG(A) mapG(A, Y (UG))

for the G-set A = α∗(m). As α runs through a set of representatives of the conjugacy classes of homomor-
phisms G −→ Σm, α∗(m) runs through a set of representatives of all isomorphism classes of G-sets with m
elements. So by taking disjoint union over all m ≥ 0 we arrive at the claim.

(ii) Part (i) shows that the set πG0 (PY ) = π0((PY (UG))G) bijects with the disjoint union, indexed by
isomorphism classes of finite G-sets A, of the sets

π0(
(
EAutG(A)×AutG(A) mapG(A, Y (UG))

) ∼= AutG(A)\ [A, Y (UG)]G .

We choose a set {Hi}i∈I of representatives of the conjugacy classes of finite index subgroups of G. Then A
is isomorphic to ∐

i∈I
G/Hi q · · · qG/Hi︸ ︷︷ ︸

ni

for a unique I-tuples of multiplicities, almost all of which are 0. Then

[A, Y (UG)]G ∼=
∏
i∈I

π0((Y (UG)Hi)ni) ∼=
∏
i∈I

(πHi0 (Y ))ni .
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and

AutG(A) ∼=
∏
i∈I

AutG(G/Hi q · · · qG/Hi︸ ︷︷ ︸
ni

) ∼=
∏
i∈I

Σni oWG(Hi) .

So the orbit set of the AutG(A)-action bijects with∏
i∈I

(
(Σni oWG(Hi))\(πHi0 (Y ))ni

)
∼=
∏
i∈I

(
WG(Hi)\πHi0 (Y )

)
.

The disjoint union over all multi-indices is then indeed the free abelian monoid generated by the disjoint
union of the orbit set WG(Hi)\πHi0 (Y ). We omit the verification that the bijection is really given by the
maps trGHi ◦η∗.

(ii) We need to show the following property: for every global power monoid M and every morphism f :
π0(Y ) −→ uM to the underlying Rep-functor uM of M , there is a unique morphism of global power

monoids f̂ : π0(PY ) −→M such that f = π0(η) ◦ (uf̂).

The relation f = π0(η) ◦ (uf̂) forces the value of f̂ at a compact Lie group G to satisfy

(2.32) f̂(G)(trGH(η∗(x))) = trGH(f̂(H)(η∗(x))) = trGH(f(H)(x))

for every finite index subgroup H and every element x ∈ πH0 (Y ). By part (i) the abelian monoid πG0 (PY ) is

freely generated by the classes trGH(η∗(x)), so there can be at most one morphism of global power monoids f̂
that extends f . This show uniqueness.

For the existence we define f̂(G) : πG0 (PY ) −→M(G) as the unique monoid homomorphism that satis-

fies (2.32). Now we need to show that the maps f̂(G) thus defined really form a morphism of global power

monoids. Since f̂(G) is additive by definition, it remains to show that as G varies, these homomorphisms
commute with restriction maps along epimorphisms, restriction to closed subgroups and power operations.

For a continuous epimorphism α : K −→ G we have

α∗ ◦ f̂(G) ◦ trGH ◦ηH∗ = α∗ ◦ trGH ◦f(H) = trKL ◦(α|L)∗ ◦ f(H)

= trKL ◦f(L) ◦ (α|L)∗ = f̂(K) ◦ trKL ◦ηL∗ ◦ (α|L)∗

= f̂(K) ◦ trKL ◦(α|L)∗ ◦ ηH∗ = f̂(K) ◦ α∗ ◦ trGH ◦ηH∗ .

as maps πH0 (Y ) −→ M(K). Then α∗ ◦ f̂(G) = f̂(K) ◦ α∗ because both sides of this equation are monoid
homomorphisms and πG0 (PY ) is generated by the image of trGH ◦ηH∗ .

For a subgroup K of G we have

resGK ◦f̂(G) ◦ trGH ◦ηH∗ = resGK ◦ trGH ◦f(H) =
∑

trKK∩gH ◦c∗g ◦ resHKg∩H ◦f(H)

=
∑

trKK∩gH ◦f(K ∩ gH) ◦ c∗g ◦ resHKg∩H

=
∑

f̂(K) ◦ trKK∩gH ◦ηK∩
gH

∗ c∗g ◦ resHKg∩H

=
∑

f̂(K) ◦ trKK∩gH c
∗
g ◦ resHKg∩H ◦ηH∗ = f̂(K) ◦ resGK ◦ trGH ◦ηH∗ .

as maps πH0 (Y ) −→ M(K), where the sums are indexed by K-H-double coset representatives. The last

equation uses that f̂ is additive. Then again resGK ◦f̂(G) = f̂(K) ◦ resGK because both sides are monoid
homomorphisms and πG0 (PY ) is generated by the image of trGH ◦ηH∗ .

If G is a closed subgroup of finite index in another compact Lie group F , then

trFG ◦f̂(G) ◦ trGH ◦ηH∗ = trFG ◦ trGH ◦f(H) = trFH ◦f(H) = f̂(F ) ◦ trFH ◦ηH∗ = f̂(F ) ◦ trFG ◦ trGH ◦ηH∗ .

One more time we conclude that trFG ◦f̂(G) = f̂(F ) ◦ trFG because both sides are monoid homomorphisms
and πG0 (PY ) is generated by the image of trGH ◦ηH∗ . Since power operations are composites of transfers
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and restrictions (by Proposition 2.27 (iv)), this compatibility with transfers also implies compatibility with
power operations. �

3. Global model structure

In this section we construct a model structure on the category of ultra-commutative monoids with
global equivalences as the weak equivalences. As is well-known from similar contexts (for example, the
stable model structure for commutative orthogonal ring spectra), model structures cannot be lifted naively
to multiplicative objects with strictly commutative products. For orthogonal monoid spaces, one way to
see this from properties of power operations is as follows.

Remark 3.1. The power operations for an ultra-commutative monoid R give obstructions for an ele-
ment πe0(R) to arise from the initial space R(0). Indeed, any class y ∈ πe0(R) represented by a point in R(0)
satisfies

[m](y) = m · p∗(y) in πΣm
0 (R),

where p : Σm −→ e is the unique homomorphism. In a static orthogonal space Y all elements of πe0(Y )
are in the image of π0(Y (0)); so if R is an ultra-commutative monoid with an element y ∈ πe0(R) such
that [m](y) 6= m · p∗(y), then the underlying orthogonal space of R cannot be static. Examples of such
ultra-commutative monoids abound, for example Gr, BO, BOP, F or Ω•S. So such ultra-commutative
monoids also do not have ‘static replacements’, i.e., there does not exist a morphism of ultra-commutative
monoids R −→ R′ that is a global equivalence with static target.

The solution, as usual, is to lift a ‘positive’ version of the global model structure in which the values at
the trivial inner product space are homotopically meaningless and where the fibrant objects are the ‘positive
static’ orthogonal spaces. There is a positive version of the flat F-global model structure for every global
family F , and it lifts to a flat F-global model structure on the category of ultra-commutative monoids. To
simplify the exposition we only discuss the case F = All of the maximal global family.

Definition 3.2. A morphism f : A −→ B of orthogonal spaces is a positive cofibration if it is a flat
cofibration and the map f(0) : A(0) −→ B(0) is a homeomorphism. An orthogonal space Y is positively
static if for every compact Lie group G, every faithful G-representation V with V 6= 0 and an arbitrary
G-representation W the structure map

Y (iV,W ) : Y (V ) −→ Y (V ⊕W )

is a G-weak equivalence.

If G is a non-trivial compact Lie group, then any faithful G-representation is automatically non-trivial.
So a positively static orthogonal space is static (in the absolute sense) if the structure map Y (0) −→ Y (R)
is a non-equivariant weak equivalence.

Proposition 3.3 (Positive global model structure). The global equivalences and positive cofibrations
are part of a proper topological model structure, the positive global model structure on the category of
orthogonal spaces. A morphism f : X −→ Y of orthogonal spaces is a fibration in the positive global model
structure if and only if for every compact Lie group G, every faithful G-representation V with V 6= 0 and
every equivariant linear isometric embedding ϕ : V −→ W the map f(V )G : X(V )G −→ Y (V )G is a Serre
fibration and the square of G-fixed point spaces

X(V )G

f(V )G

��

X(ϕ)G // X(W )G

f(W )G

��
Y (V )G

Y (ϕ)G
// Y (W )G
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is homotopy cartesian. The fibrant objects in the positive global model structure are the positively static
orthogonal spaces. The model structure is monoidal with respect to the box product of orthogonal spaces.

Proof. We start by establishing a positive strong level model structure. We call a morphism f : X −→
Y of orthogonal spaces a positive strong level equivalence (respectively positive strong level fibration) if for
every inner product space V with V 6= 0 the map f(V ) : X(V ) −→ Y (V ) is an O(V )-weak equivalence
(respectively an O(V )-fibration). Then we claim that the positive strong level equivalences, positive strong
level fibrations and positive cofibrations form a model structure on the category of orthogonal spaces.

The proof is another application of the general construction method for level model structures in Propo-
sition A.3.28. Indeed, we let C(0) be the degenerate model structure on the category T of unbased spaces in
which every morphism is a weak equivalence and a fibration, but only the isomorphisms are cofibrations. For
m ≥ 1 we let C(m) be the projective model structure (for the family of all closed subgroups) on the category
of O(m)-spaces, compare Proposition A.2.19. With respect to these choices of model structures C(m), the
classes of level equivalences, level fibrations and cofibrations in the sense of Proposition A.3.28 become the
positive strong level equivalences, positive strong level fibrations and positive cofibrations. The consistency
condition (Definition A.3.27) is now strictly weaker than for the strong level model structure, so it holds.
The verification that the model structure is proper and topological is the same as for the strong level model
structure in Proposition I.4.17. The positive strong level model structure is cofibrantly generated; we can
simply take the same sets of generating cofibrations and generating acyclic cofibrations as for the strong
level model structure, except that we omit all morphisms freely generated in level 0.

We obtain the positive global model structure for orthogonal spaces by ‘mixing’ the positive strong level
model structure with the global model structure of Theorem I.5.10. Every positive strong level equivalence
is a global equivalence and every positive cofibration is a flat cofibration. The global equivalences and the
positive cofibrations are part of a model structure by Cole’s mixing theorem [39, Thm. 2.1], which is our
first claim. By [39, Cor. 3.7] (or rather its dual formulation), an orthogonal space is fibrant in the positive
global model structure if and only if it is weakly equivalent in the positive strong level model structure to
a static orthogonal space; this is equivalent to being positively static. The positive global model structure
is again proper (Propositions 4.1 and 4.2 of [39]). The proof that this model structure is topological and
monoidal is similar as for the global model structure. �

Now we work towards the main result of this section, the global model structure for ultra-commutative
monoids. We will establish this model structure as a special case of a lifting theorem for model structures
to categories of commutative monoids that was formulated by White [159, Thm. 3.2]. Like its predecessor
for associative monoids [122, Thm. 4.1 (3)], the input is a cofibrantly generated symmetric monoidal model
category that satisfies the monoid axiom. However, lifting a model structure to commutative monoids is
more subtle and needs extra hypotheses; the essence of the additional condition is that, loosely speaking,
‘symmetric powers must be homotopy invariant’. Before White, Gorchinskiy and Guletskii [62] have also
studied symmetric power constructions in a symmetric monoidal model category, and there is a substantial
overlap in the arguments of [62] and [159].

We consider a symmetric monoidal model category C with monoidal product � and unit object I. To
simplify the exposition we follow the common abuse to suppress the associativity and unit isomorphisms
from the notation, i.e., we pretend that the underlying monoidal structure is strict (i.e., a permutative
structure). We let i : A −→ B be a C-morphism and arrange the n-fold smash power of i into an n-
dimensional cube Kn(i) in C, i.e., a functor

Kn(i) : P({1, 2, . . . , n}) −→ C

from the poset category of subsets of {1, 2, . . . , n} and inclusions to C. More explicitly, if S ⊆ {1, 2, . . . , n}
is a subset, then the vertex of the cube at S is defined to be

Kn(i)(S) = C1 � C2 � · · ·� Cn
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with

Ci =

{
A if i 6∈ S
B if i ∈ S.

All morphisms in the cube Kn(i) are smash products of identities and copies of the morphism i : A −→ B.
The initial vertex of the cube is Kn(i)(∅) = A�n and the terminal vertex is Kn(i)({1, . . . , n}) = B�n.

We denote by Qn(i) the colimit of the punctured cube, i.e., the cube Kn(i) with the terminal vertex
removed, and i�n : Qn(i) −→ Kn(i)({1, . . . , n}) = B�n is the canonical map. The morphism i�n is an
iterated pushout product morphism. Indeed, for n = 2 the cube K2(i) is a square and looks like

A�A
A�i //

i�A
��

A�B

i�B
��

B �A
B�i
// B �B

Hence
i�2 = i�i = (B � i) ∪ (i�B) : B �A ∪A�A A�B −→ B �B .

Similarly, i�3 is the morphism from the colimit of the punctured cube to the terminal vertex of the following
cube:

A�A�A
A�A�i //

A�i�A ((
i�A�A

��

A�A�B
A�i�B

((

i�A�B
��

A�B �A
A�B�i

//

i�B�A

��

A�B �B

i�B�B

��

B �A�A

B�i�A ((

B�A�i // B �A�B
B�i�B

((
B �B �A

B�B�i
// B �B �B

We observe that the symmetric group Σn acts on Qn(i) and B�n by permuting the tensor factors, and
the iterated pushout product morphism i�n : Qn(i) −→ B�n is Σn-equivariant. We recall from [62] the
notions of symmetrizable cofibration and symmetrizable acyclic cofibration and from [159] the definition of
the strong commutative monoid axiom.

Definition 3.4. [62, Sec. 3] Let C be a symmetric monoidal model category. A morphism i : A −→ B
is a symmetrizable cofibration (respectively a symmetrizable acyclic cofibration) if the morphism

i�n/Σn : Qn(i)/Σn −→ B�n/Σn = Pn(B)

is a cofibration (respectively an acyclic cofibration) for every n ≥ 1.

Since the morphism i�1/Σ1 is the original morphism i, every symmetrizable cofibration is in particular
a cofibration and every symmetrizable acyclic cofibration is in particular an acyclic cofibration.

Definition 3.5. [159, Def. 3.4] A symmetric monoidal model category C satisfies the strong commu-
tative monoid axiom if every cofibration is a symmetrizable cofibration and every acyclic cofibration is a
symmetrizable acyclic cofibration.

We will now proceed to prove the strong commutative monoid axiom for the positive global model
structure of orthogonal spaces with respect to the box product. In other words, in the category of orthogonal
spaces, all cofibrations and acyclic cofibrations in the positive global model structure are symmetrizable
with respect to the monoidal structure given by the box product.
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The next proposition will be used to verify that the generating acyclic cofibrations of the positive global
model structure are symmetrizable. We recall from Construction I.5.4 that given morphism j : A −→ B,
the set Z(j) consists of all pushout product maps

ik�c(j) : Dk ×A ∪∂Dk×A ∂Dk × Z(j) −→ Dk × Z(j)

for k ≥ 0 of the sphere inclusions with the mapping cylinder inclusion c(j) : A −→ Z(j).

Proposition 3.6. Let C be a symmetric monoidal topological model category.

(i) For every n ≥ 1 the functor Pn preserves the homotopy relation on morphisms and it preserves
homotopy equivalences.

(ii) Let j : A −→ B be a symmetrizable acyclic cofibration between cofibrant objects. Then for every k ≥ 0,
the pushout product map

ik�j : Dk ×A ∪∂Dk×A ∂Dk ×B −→ Dk ×B

is a symmetrizable acyclic cofibration.
(iii) Let j : A −→ B be a morphism between cofibrant objects such that the morphism Pn(j) : Pn(A) −→

Pn(B) is a weak equivalence for every n ≥ 1. Then every morphism in the set Z(j) is a symmetrizable
acyclic cofibration.

Proof. (i) For every space K and every object X of C the morphism

K ×X�n ∆×X�n

−−−−−→ Kn ×X�n ∼= (K ×X)�n

is Σn-equivariant (with respect to the trivial Σn-action on K in the source) and factors over a natural
morphism

∆̃ : K × Pn(X) = (K ×X�n)/Σn −→ (K ×X)�n/Σn = Pn(K ×X) .

If H : [0, 1] × X −→ Y if a homotopy from a morphism f = H(0,−) to another morphism g = H(1,−),
then the composite

[0, 1]× Pn(X)
∆̃−→ Pn([0, 1]×X)

Pn(H)−−−−→ Pn(Y )

is a homotopy from the morphism Pn(f) to Pn(g). So Pn preserves the homotopy relation, and hence also
homotopy equivalences.

(ii) We argue by induction on k. For k = 0 the pushout product map i0�j is isomorphic to j, hence a
symmetrizable acyclic cofibration by hypothesis. Now we assume the claim for some k ≥ 0, and deduce it
for k + 1. Since j is a symmetrizable acyclic cofibration between cofibrant objects, the morphism Pn(j) is
a weak equivalence for every n ≥ 1 by [62, Cor. 21]. Since the functors Pn preserve the homotopy relation
and the projections Dk×A −→ A and Dk×B −→ B are homotopy equivalences, the morphism Pn(Dk×j)
is a weak equivalence for every n ≥ 1. So Dk×j : Dk×A −→ Dk×B is a symmetrizable acyclic cofibration
by [62, Cor. 21]. We write ∂Dk+1 = Dk

+ ∪∂Dk Dk
− as the union of the upper and lower hemisphere along

the equator. The upper morphism in the pushout square

Dk
+ ×A

Dk+×j //

��

Dk
+ ×B

��
∂Dk−1 ×A // ∂Dk+1 ×A ∪Dk+×A D

k
+ ×B

is a symmetrizable acyclic cofibration by the previous paragraph. The class of symmetrizable acyclic
cofibration is closed under cobase change by [Propositions 4, 5, 6 or 7 of] [62, 3.2] or [159, Lemma A.1];
the lower morphism is thus a symmetrizable acyclic cofibration.
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The square

Dk
− ×A ∪∂Dk×A ∂Dk ×B

��

ik�j // Dk
− ×B

��
∂Dk+1 ×A ∪Dk+×A D

k
+ ×B

i′�j
// ∂Dk+1 ×B

is a pushout. The upper morphism is a symmetrizable acyclic cofibration by the inductive hypothesis, hence
so is the lower morphism, again by stability under cobase change. The morphism ∂Dk+1×j : ∂Dk+1×A −→
∂Dk+1×B is thus the composite of two symmetrizable acyclic cofibrations, hence is a symmetrizable acyclic
cofibration itself, by [159, Lemma A.1]. As a cobase change, the morphism

Dk+1 ×A −→ Dk+1 ×∂Dk+1×A ∂D
k+1 ×B

is then a symmetrizable acyclic cofibration. The induced morphism

Pn(Dk+1 ×A) −→ Pn(Dk+1 ×∂Dk+1×A ∂D
k+1 ×B)

is then a weak equivalence by [62, Cor. 21]. Since Pn(Dk+1 × j) : Pn(Dk+1 × A) −→ Pn(Dk+1 × B) is a
weak equivalence, so is the morphism

Pn(ik+1�j) : Pn(Dk+1 ×∂Dk+1×A ∂D
k+1 ×B) −→ Pn(Dk+1 ×B) .

One more time by [62, Cor. 21], this shows that ik+1�j is a symmetrizable acyclic cofibration. This
completes the induction step.

(iii) Since A and B are cofibrant, the mapping cylinder inclusion

c(j) : A −→ [0, 1]×A ∪j B = Z(j)

is a cofibration. Moreover, the projection Z(j) −→ B is a homotopy equivalence, hence so is Pn(Z(j)) −→
Pn(B) for every n ≥ 1. Since Pn(j) is a weak equivalence by hypothesis, the morphism Pn(c(j)) : Pn(A) −→
Pn(Z(j)) is a weak equivalence for every n ≥ 1. So c(j) is a symmetrizable acyclic cofibration by [62,
Cor. 21]. The claim now follows by applying (ii) to the morphism c(j). �

Now we can verify the strong commutative monoid axiom for the positive global model structure of
orthogonal spaces. The cofibration part (i) is in fact slightly stronger in that it does not need any positivity
hypothesis.

Theorem 3.7. (i) Let i : A −→ B be a flat cofibration of orthogonal spaces. Then for every n ≥ 1
the morphism

i�n/Σn : Qn(i)/Σn −→ B�n/Σn

is a flat cofibration. In other words, all cofibrations in the global model structure of orthogonal spaces
are symmetrizable.

(ii) Let i : A −→ B be a positive flat cofibration of orthogonal spaces that is also a global equivalence.
Then for every n ≥ 1 the morphism

i�n/Σn : Qn(i)/Σn −→ B�n/Σn

is a global equivalence. In other words, all acyclic cofibrations in the positive global model structure of
orthogonal spaces are symmetrizable.

Proof. (i) We recall from the proof of Proposition I.4.17 the set

Istr = { Gm(ik ×O(m)/H) | m, k ≥ 0, H ≤ O(m)}
of generating flat cofibrations of orthogonal spectra, where ik : ∂Dk −→ Dk is the inclusion. The set Istr

detects the acyclic fibrations in the strong level model structure of orthogonal spaces. In particular, every
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flat cofibration is a retract of an Istr-cell complex. By [62, Cor. 7] or [159, Lemma 5.1] it suffices to show
that the generating flat cofibrations in Istr are symmetrizable.

The orthogonal space Gm(K ×O(m)/H) is isomorphic to K ×LH,Rm , so we show more generally that
every morphism of the form

j × LG,V : K × LG,V −→ L× LG,V

is a symmetrizable cofibration, where G is any compact Lie group, V a G-representation and j : K −→ L
a cofibration of spaces. The symmetrized iterated pushout product

(3.8) (j × LG,V )�n/Σn : Qn(j × LG,V )/Σn −→ (L× LG,V )�n/Σn

is isomorphic to

LΣnoG,V n(j�n) : LΣnoG,V n(Qn(j)) −→ LΣnoG,V n(Ln) ,

where
j�n : Qn(j) −→ Ln

is the n-fold pushout product of j, with respect to the cartesian product of spaces. Here the wreath product
Σn oG acts on V n by

(σ; g1, . . . , gn) · (v1, . . . , vn) = (gσ(1)vσ(1), . . . , gσ(n)vσ(n)) .

The map j�n is Σn-equivariant, and it is viewed as a morphism of a (Σn o G)-spaces by restriction along
the projection (Σn oG) −→ Σn. Since j is a cofibration of spaces, j�n is a cofibration of Σn-spaces, hence
a cofibration of (Σn oG)-spaces. So the morphism (3.8) is a flat cofibration.

(ii) Proposition I.7.7 (iii) describes a set JAll∪KAll of generating acyclic cofibrations for the global model
structure on the category of orthogonal spaces. From this we obtain a set J+ ∪K+ of generating acyclic
cofibration for the positive global model structure of Proposition 3.3 by restricting to those morphisms in
JAll ∪KAll that are positive cofibrations, i.e., homeomorphisms in level 0; so explicitly, we set

J+ = { Gm(jk ×O(m)/H) | m ≥ 1, k ≥ 0, H ≤ O(m)} ,
where jk : Dk × {0} −→ Dk × [0, 1] is the inclusion, and

K+ =
⋃

G,V,W : V 6=0

Z(ρG,V,W ) ,

the set of all pushout products of sphere inclusions ik with the mapping cylinder inclusions of the global
equivalences ρG,V,W : LG,V⊕W −→ LG,V . Here (G,V,W ) runs through a set of representatives of the
isomorphism classes of triples consisting of a compact Lie group G, a non-zero faithful G-representation V
and an arbitrary G-representation W . By [62, Cor. 7] or [159, Lemma 5.1] it suffices to show that all
morphisms in J+ ∪K+ are symmetrizable acyclic cofibrations.

We start with a morphism Gm(jk ×O(m)/H) in J+. For every n ≥ 1, the morphism

(Gm(jk ×O(m)/H))�n/Σn

is a flat cofibration by part (i), and a homeomorphism in level 0 because m ≥ 1. Moreover, the morphism jk
is a homotopy equivalence of spaces, so Gm(jk×O(m)/H) is a homotopy equivalence of orthogonal spaces;
the morphism Pn(Gm(jk × O(m)/H)) is then again a homotopy equivalence for every n ≥ 1, by Proposi-
tion 3.6 (i). Then [62, Cor. 21] shows that Gm(jk ×O(m)/H) is a symmetrizable acyclic cofibration. This
takes care of the set J+.

Now we consider the morphisms in the set K+. Since G acts faithfully on the non-zero inner product
space V , the action of the wreath product Σn oG on V n is again faithful. So the morphism

ρΣnoG,V n,Wn : LΣnoG,V n⊕Wn −→ LΣnoG,V n

is a global equivalence by Proposition I.2.10 (ii). By the natural isomorphism

Pn(LG,V ) = L�n
G,V /Σn

∼= LΣnoG,V n ,



118 II. ULTRA-COMMUTATIVE MONOIDS

the morphism ρΣnoG,V n,Wn is isomorphic to Pn(ρG,V,W ) : Pn(LG,V⊕W ) −→ Pn(LG,V ), which is thus a global
equivalence. Proposition 3.6 (iii) then shows that all morphisms in Z(ρG,V,W ) are symmetrizable acyclic
cofibrations. �

� The hypothesis in Theorem 3.7 (ii) that i is a positive flat cofibration is really necessary. Indeed, the
unique morphism ρ : LR −→ ∗ to the terminal orthogonal space is a global equivalence, and source and

target of ρ are flat, but only the source is reduced. Then the mapping cylinder inclusion c(ρ) : LR −→ C(LR)
is a global equivalence between flat orthogonal space, but it is not a homeomorphism at 0. And indeed, for
no m ≥ 2 is the morphism Pm(LR) −→ Pm(C(LR)) a global equivalence, because the source is isomorphic
to LΣn,Rm = BglΣm, whereas the target is homotopy equivalent to the terminal orthogonal space.

Now we put all the pieces together and prove the global model structure for ultra-commutative monoids.
We call a morphism of ultra-commutative monoids a global equivalence (respectively positive global fibration)
if the underlying morphism of orthogonal spaces is a global equivalence (respectively fibration in the positive
global model structure).

Theorem 3.9 (Global model structure for ultra-commutative monoids). The global equivalences and
positive global fibrations are part of a model structure, the global model structure on the category of ultra-
commutative monoids. This global model structure is proper, topological and cofibrantly generated. Every
cofibration in this model structure whose source is cofibrant as an ultra-commutative monoid is a positive
cofibration of underlying orthogonal spaces.

Proof. The positive global model structure of orthogonal spaces (Proposition 3.3) is monoidal and
cofibrantly generated. The ‘unit axiom’ also holds: we let f : I −→ ∗ be any positive flat replacement of the
monoidal unit, the constant one-point orthogonal space. Then for every orthogonal space Y the induced
morphism f�X : I�Y −→ ∗�Y is a global equivalence by Theorem I.3.4 (ii). The monoid axiom holds by
Proposition I.7.13. Cofibrations and acyclic cofibrations are symmetrizable by Theorem 3.7, so the model
structure satisfies the commutative monoid axiom. Theorem 3.2 of [159] thus shows that the positive global
model structure of orthogonal spaces lifts to the category of ultra-commutative monoids. Proposition 3.5
of [159] provides the addendum about cofibrations with cofibrant source. [fix this...]

The global model structure is topological by Proposition A.2.9, where we take G as the set of free
ultra-commutative monoids P(LH,Rm) for all m ≥ 1 and all closed subgroups H of O(m).

Since weak equivalence and fibrations of ultra-commutative monoid are defined on underlying orthogonal
spaces, and since pullbacks of ultra-commutative monoid are created on underlying orthogonal spaces, right
properness is inherited from the positive global model structure of orthogonal spaces (Proposition 3.3). [left
proper] �

We end this section by showing that every global power monoid is realized by an ultra-commutative
monoid. More is true: the next theorem effectively constructs a right adjoint functor

(−)] : (global power monoids) −→ Ho(umon)

to the functor π0 such that the adjunction counit is an isomorphism π0(M ]) ∼= M of global power monoids.
The next proposition is an analog for ultra-commutative monoids of Proposition I.6.16.

Proposition 3.10. Let Y be a globally discrete, positively static ultra-commutative monoid. Let i :
A −→ B be a cofibration of ultra-commutative monoids, f : A −→ Y a morphism of ultra-commutative
monoids and ψ : π0(B) −→ π0(Y ) a morphism of global power monoids such that ψ ◦ π0(i) = π0(f). Then
there is a morphism of ultra-commutative monoids g : B −→ Y such that π0(g) = ψ and gi = f .

Proof. The argument is very similar as in the analogous Proposition I.6.16 for orthogonal spaces. The
functor

(3.11) π0 : umon −→ (global power monoids)
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preserves sequential colimits along cofibrations, since these are levelwise closed embeddings [ref]. The
coproduct of ultra-commutative monoids is given by the box product, and the morphism ρX,Y : X �Y −→
X × Y is a global equivalence by Theorem I.3.4. So π0 takes a coproduct of ultra-commutative monoids to
a product of global power monoids, which is also the coproduct in the category of global power monoids.
So altogether we conclude that the functor (3.11) coproducts.

Now we consider a pushout square of ultra-commutative monoids

A′
α //

i′

��

A

i

��
B′

β
// B

where i′ is a cofibration. We claim that then the morphism π0(β) + π0(i) : π0(B′) × π0(A) −→ π0(B) is
surjective, hence an epimorphism of global power monoids. Indeed, [...]

Proposition I.6.17 now shows that the class of cofibrations i : A −→ B of ultra-commutative monoids
that satisfy the claim of the proposition is closed under coproducts, cobase change, retract and countable
composites. These closure properties reduce the proof to the showing the conclusion for the generating
cofibrations

P(ik × LG,V ) : P(∂Dk × LG,V ) −→ P(Dk × LG,V ) ,

whereG is a compact Lie group and V a non-zero faithfulG-representation. The argument for the generators
is the same as in Proposition I.6.16, using that the free functor P is left adjoint to the forgetful functor from
ultra-commutative monoids to orthogonal spaces. �

Proposition 3.12. (i) For every ultra-commutative monoid S and every globally discrete ultra-commutative
monoid R the map

π0 : Ho(umon)(S,R) −→ (global power monoids)(π0(S), π0(R))

is bijective.
(ii) Every ultra-commutative monoid R admits a morphism κ : R −→ Rdis of ultra-commutative monoids

such that π0(κ) is an isomorphism of global power monoids and Rdis is globally discrete.
(iii) For every global power monoid M there is a globally discrete ultra-commutative monoid M ] and an

isomorphism of global power monoids

π0(M ]) ∼= M .

(iv) The functor

π0 : Ho(umon) −→ (global power monoids)

has a right adjoint which is also right inverse.

Proof. (i) This argument is completely analogous to the proof of Proposition I.6.18, the analogous
statement for orthogonal spaces, but using Proposition 3.10 instead of Proposition I.6.16.

(ii) We ‘kill all higher homotopy groups’ in a global, ultra-commutative fashion. We choose a set J of
representatives of the isomorphism classes of pairs (G,V ) consisting of compact Lie groups G and non-zero
faithful G-representations V . For example, all pairs (H,Rn) for all n ≥ 1 and all closed subgroups H of O(n)
would do the job. We apply the small object argument (see for example [50, 7.12] or [74, Thm. 2.1.14]), in
the category of ultra-commutative monoids, to the morphism R −→ ∗ to the terminal ultra-commutative
monoid, with respect to the set of closed embeddings

P(ik × LG,V ) : P(∂Dk × LG,V ) −→ P(Dk × LG,V )

for all k ≥ 2 and all (G,V ) ∈ J . The resulting morphism of ultra-commutative monoids is the desired
morphism [expand].
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(iii) Proposition I.6.19 provides an orthogonal space X and an isomorphism of Rep-functors j : π0(X) ∼=
M to the underlying Rep-functor of M . By cofibrant replacement in the positive global model structure
of Proposition 3.3 we can assume that X is flat and reduced. By Proposition 2.31 (ii) the global power
monoid π0(PX) is then freely generated by the Rep-functor π0(X), so there is a unique morphism of global
power monoids

ε : π0(PX) −→ M

such that ε ◦ π0(ηX) = j; since j is bijective, the morphism ε is an epimorphism. Now we kill the ker-
nel of ε and then make the resulting ultra-commutative monoid globally discrete by attaching free ultra-
commutative monoid cells. In more detail, we let J be the set of all pairs

(y, z) ∈ πG0 (T )× πG0 (T )

such that ε(y) = ε(z), where G runs over a set of representatives of isomorphism classes of compact Lie
groups. We represent the classes as morphisms of orthogonal spaces

f(y,z) : {0, 1} ×BglG(y,z) −→ T

such that

(f(y,z)(0,−))∗(eG(y,z)
) = y and (f(y,z)(1,−))∗(eG(y,z)

) = z ;

this involves an implicit choice of faithful representation of the group G(y,z). We form the disjoint union of
all these morphisms and freely extend that to a morphism of ultra-commutative monoids

F : P
(
{0, 1} ×

∐
(y,z)∈J

BglG(y,z)

)
−→ T .

We let T ′ be a pushout, in the category of ultra-commutative monoids, of the diagram

P
(

[0, 1]×
∐

(y,z)∈J
BglG(y,z)

)
←−−− P

(
{0, 1} ×

∐
(y,z)∈J

BglG(y,z)

)
F−−→ T ,

where the left map is induced by the inclusion of the endpoints of the interval [0, 1]. The resulting morphism
of ultra-commutative monoids T −→ T ′ induces an epimorphism of global power functors

π0(T ) −→ π0(T ′)

that sends y and z to the same class for all (y, z) ∈ J . So it factors over an isomorphism of global power
monoids π0(T ′) ∼= M . We can then take M ] = T ′dis, where κ : T ′ −→ T ′dis is as in part (ii).

Part (iv) is again proved in much the same way as its orthogonal space analog in Proposition I.6.19 (iii).
The existence of a right adjoint is a formal consequence of the fact that for every global power monoid M
the functor

π0 : Ho(umon) −→ (sets) , R 7−→ (global power monoids)(π0(R),M)

is representable (by combining parts (i) and (iii)). �

4. Examples

In this section we discuss various examples of ultra-commutative monoids.

Example 4.1 (Orthogonal group ultra-commutative monoid). We denote by O the orthogonal space
that sends an inner product space V to its orthogonal group O(V ). A linear isometric embedding ϕ : V −→
W induces a continuous group homomorphism O(ϕ) : O(V ) −→ O(W ) by conjugation (and the identity
on the orthogonal complement of the image of ϕ). A commutative multiplication

µV,W : O(V )×O(W ) −→ O(V ⊕W )

is given by direct sum of orthogonal transformations. The unit element is the identity of the trivial vector
space, the only element of O(0).
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If G is a compact Lie group and V a G-representation, then the G-action on the group O(V ) = O(V )
is by conjugation, so the fixed points O(V )G is the group of G-equivariant orthogonal automorphisms of V .
So O(UG) is the orthogonal group of UG, i.e., R-linear isometries of UG (not necessarily G-equivariant) that
are the identity on the orthogonal complement of some finite dimensional subspace; the G-action is again
by conjugation. Any G-equivariant isometry preserves the decomposition of UG into isotypical summands,
and the restriction to almost all of these isotypical summands must be the identity. The G-fixed subgroup
is thus given by

O(UG)G = OG(UG) =
∏
[λ]

′
OG(Uλ) ,

where the weak product is indexed by the isomorphism classes of irreducible orthogonal G-representations λ,
and Uλ is the λ-isotypical summand. If the compact Lie group G is finite, then there are only finitely many
isomorphism classes of irreducible G-representations, so in that case the weak product coincides with the
product.

Irreducible orthogonal representations come in three different flavors, and the group OG(Uλ) has one
of three different forms. If λ is an irreducible orthogonal G-representation, then the endomorphism ring
HomRG(λ, λ) is a finite dimensional skew field extension of R, so it is isomorphic to either R, C or H; the
representation λ is accordingly called ‘real’, ‘complex’ respectively ‘quaternionic’. We have

OG(Uλ) ∼= OG(λ∞) ∼=


O if λ is real,

U if λ is complex, and

Sp if λ is quaternionic.

So we conclude that the G-fixed point space O(UG)G is a weak product of copies of the infinite orthogonal,
unitary and symplectic groups, indexed by the different types of irreducible orthogonal representations
of G. Since the infinite unitary and symplectic groups are connected, only the ‘real’ factors contribute
to π0(O(UG)G) = πG0 (O), which is a weak product of copies of π0(O) = Z/2 indexed by the irreducible
G-representations of real type.

There is a straightforward ‘special orthogonal’ analog: the property of having determinant 1 is pre-
served under conjugation by linear isometric embeddings and under direct sum of linear isometries, so the
spaces SO(V ) form an ultra-commutative submonoid SO of O. Here, SO(UG) is the group of R-linear
isometries of UG (not necessarily G-equivariant) that have determinant 1 on some finite dimensional sub-
space of UG and are the identity on the orthogonal complement of V . The G-fixed subgroup is thus given
by

SO(UG)G =
∏
[λ]

′
(SO(Uλ))G ,

where the weak product is again indexed by the isomorphism classes of irreducible orthogonalG-representations.
However, if λ is of complex or quaternionic type, then every G-equivariant linear isometry of λn is necessarily
orientation preserving, so in this case (SO(Uλ))G = OG(Uλ). So altogether

(SO(Uλ))G ∼=


SO if λ is real,

U if λ is complex, and

Sp if λ is quaternionic.

In particular, SO is ‘globally connected’ in the sense that πG0 (SO) has only one element for every compact
Lie group G.

Example 4.2 (Unitary group ultra-commutative monoid). There is a straightforward unitary analog U
of O, defined as follows. Given an inner product space V , we denote by

VC = C⊗R V
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its complexification. The euclidean inner product 〈−,−〉 on V induces a hermitian inner product (−,−) on
the complexification VC defined as the unique hermitian inner product that satisfies

(1⊗ v, 1⊗ w) = 〈v, w〉

for all v, w ∈ V . We now define an orthogonal space U by

U(V ) = U(VC) ,

the unitary group of the complexification of V . The complexification of every R-linear isometric embedding
ϕ : V −→ W induces a continuous group preserves the hermitian inner products, so we can define a
continuous group

U(ϕ) : U(VC) −→ U(WC)

by conjugation with ϕC : VC −→ WC and the identity on the orthogonal complement of the image of ϕC.
Just as for O, an ultra-commutative multiplication on U is given by direct sum of unitary transformations.

If G is a compact Lie group, then the identification of the G-fixed points of U also works much like the
orthogonal analog. The outcome is in an isomorphism between U(UG)G and UG(UC

G). Here UG = C⊗R UG
is the complexified complete universe for G, which happens to be a ‘complete complex G-universe’ in the
sense that every finite dimensional complex G-representation embeds into it. The complete complex G-
universe breaks up into (unitary) isotypical summands UC

λ , indexed by the isomorphism classes of irreducible
unitary G-representations λ, and the group UG(UC

G) breaks up accordingly as a weak product. In contrast
to the orthogonal situation above, there is only one ‘type’ of irreducible unitary representation, and the
group UG(UC

λ ) is always isomorphic to the infinite unitary group U , independent of λ. So in the unitary
context, we get a decomposition

U(UG)G = UG(UC
G) =

∏
[λ]

′
UG(Uλ) ∼=

∏
[λ]

′
U .

This weak product is indexed by the isomorphism classes of irreducible unitary G-representations. Since
the unitary group U is connected, the set π0(U(UG)G) = πG0 (U) has only one element, and so U is globally
connected.

There is a straightforward ‘special unitary’ ultra-commutative submonoid SU of U; the value SU(V )
is the group of unitary automorphisms of VC of determinant 1.

The orthogonal monoid space U comes with an involution

ψ : U −→ U

by complex conjugation that is an automorphism of ultra-commutative monoids. The value of ψ at an inner
product space V is the map

ψ(V ) : U(VC) −→ U(VC) , A 7−→ ψV ◦A ◦ ψV ,

where

ψV : VC −→ VC , λ⊗ v 7−→ λ̄⊗ v
is the canonical C-semilinear ‘conjugation’ map on VC.

The complexification morphism

c : O −→ U

is the homomorphism of ultra-commutative monoids given by complexification

c(V ) : O(V ) −→ U(VC) , ϕ 7−→ ϕC .

Complexification takes SO to SU and is an isomorphism onto the ψ-invariant ultra-commutative submonoid
of U.



4. EXAMPLES 123

Every hermitian inner product space W has an underlying R-vector space equipped with the euclidean
inner product defined by

〈v, w〉 = Re(v, w) ,

the real part of the given hermitian inner product. Every C-linear isometric embedding is in particular an
R-linear isometric embedding of underlying euclidean vector spaces. In particular, the unitary group U(W )
is a subgroup of the orthogonal group of the underlying euclidean vector space of W : We can thus define
the realification morphism

r : U −→ sh⊗C (O)

at V as the inclusion
r(V ) : U(VC) −→ O(C⊗ V ) .

Here sh⊗C denotes the multiplicative shift by C as defined in Example 1.15. The realification morphism

actually takes values in the submonoid sh⊗C (SO), and it is a homomorphism of ultra-commutative monoids.

Example 4.3 (Pin and Spin group orthogonal monoid space). Given a real inner product space V we
denote by Cl(V ) the Clifford algebra of the negative definite quadratic form on V , i.e., the quotient of the
R-tensor algebra of V by the ideal generated by v⊗v+ 〈v, v〉 ·1; the Clifford algebra is Z/2-graded with the
even (respectively odd) part generated by an even (respectively odd) number of vectors from V . We recall
that orthogonal vectors of V anti-commute in the Clifford algebra: given v, v̄ ∈ V with 〈v, v̄〉 = 0, then

vv̄ + v̄v = (|v|2 · 1 + v2) + vv̄ + v̄v + (|v̄2| · 1 + v̄2)

= |v|2 · 1 + |v̄2| · 1 + (v + v̄)2 =
(
|v|2 + |v̄2| − |v + v̄|2

)
· 1 = 0 .

In Cl(V ) every unit vector v ∈ S(V ) satisfies v2 = −1, so all unit vectors of V are units in Cl(V ). The
pin group of V is the subgroup

Pin(V ) ⊂ Cl(V )×

generated inside the multiplicative group of Cl(V ) by ±1 and all unit vectors of V . There is a straightforward
way to make the pin groups into a commutative orthogonal monoids space: a linear isometric embedding ϕ :
V −→W induces a morphism of Z/2-graded R-algebras Cl(ϕ) : Cl(V ) −→ Cl(W ) that restricts to ϕ on V .
So Cl(ϕ) restricts to a continuous homomorphism

Pin(ϕ) : Cl(ϕ)|Pin(V ) : Pin(V ) −→ Pin(W )

between the pin groups. The map Pin(ϕ) depends continuously on ϕ and satisfies Pin(ϕ) ◦ Pin(ϕ) =
Pin(ψ ◦ ϕ), so we have defined a group-valued orthogonal space Pin.

Now we define a multiplication on the orthogonal space Pin. There is a unique homomorphism of
Z/2-graded R-algebras

µV,W : Cl(V )⊗ Cl(W ) −→ Cl(V ⊕W )

that satisfies
µV,W (v ⊗ 1) = (v, 0) and µV,W (1⊗ w) = (0, w)

for all v ∈ V and w ∈W , and µV,W is in fact an isomorphism. The square

Cl(V )⊗ Cl(W )
µV,W //

��

Cl(V ⊕W )

Cl(τV,W )

��
Cl(W )⊗ Cl(V )

µW,V
// Cl(W ⊕ V )

commutes, where the left vertical map is the symmetry isomorphism for Z/2-graded R-algebras (that
involves a sign when twisting two odd elements).

A continuous homomorphism

(4.4) µV,W : Pin(V )× Pin(W ) −→ Pin(V ⊕W )
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is then defined by

µV,W (x, y) = x⊗ 1 + 1⊗ y ;

these maps define a bimorphism as V and W vary, i.e., they make Pin into an ultra-commutative monoid
with unit element 1 ∈ Pin(V ).

Since the group Pin(V ) is generated by homogeneous elements of the Clifford algebra, all of its elements
are homogeneous. The Z/2-grading of Cl(V ) provides a continuous epimorphism

Pin(V ) −→ Z/2

whose kernel

Spin(V ) = Cl(V )ev ∩ Pin(V )

is the spin group of V . The map Pin(ϕ) induced by a linear isometric embedding ϕ : V −→ W is
homogeneous, so it restricts to a homomorphism

Spin(ϕ) = Pin(ϕ)|Spin(V ) : Spin(V ) −→ Spin(W )

between the spin groups. Similarly, the multiplication maps (4.4) take Spin(V )×Spin(W ) to Spin(V ⊕W ).
So the spin groups from an ultra-commutative submonoid Spin of Pin.

We let α : Cl(V ) −→ Cl(V ) denote the unique automorphism of the Clifford algebra that restricts to
multiplication by −1 on V . The map α is the grading involution, i.e., it is the identity on the even part
and −1 on the odd part of the Clifford algebra. For every element x ∈ Pin(V ) the twisted conjugation map

cx : Cl(V ) −→ Cl(V ) , cx(y) = α(x)yx−1

is an automorphism of Z/2-graded R-algebras. Twisted conjugation by an element v ∈ S(V ) takes v to −v
and fixes the orthogonal complement of v in V . So twisted conjugation by v ∈ S(V ) is reflection in the
hyperplane orthogonal to v, hence a linear isometry of V of determinant −1. Conjugation by ±1 is the
identity, so all the conjugation maps cx restrict to linear isometries on V . We have thus obtained a surjective
continuous group homomorphism

c(V ) : Pin(V ) −→ O(V ) , x 7−→ (cx)|V

from the pin group to the orthogonal group of V whose kernel is the subgroup {±1}, compare [9, Thm. 3.11].
This homomorphism takes the spin group to the special orthogonal group, and restricts to a continuous
epimorphism

c(V ) : Spin(V ) −→ SO(V ) .

The two squares

Pin(V )
c(V ) //

Pin(ϕ)

��

O(V )

O(ϕ)

��

Pin(V )× Pin(W )
c(V )×c(W ) //

µV,W

��

O(V )×O(W )

µV,W

��
Pin(W )

c(W )
// O(W ) Pin(V ⊕W )

c(V⊕W )
// O(V ⊕W )

commute. So the twisted conjugation maps form a morphism of ultra-commutative monoids making the
following square commute:

Spin
c //

incl

��

SO

incl

��
Pin

c
// O
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Remark 4.5. Instead of Cl(V ), we could also consider the Clifford algebra Cl′(V ) of the positive definite
quadratic form on V , i.e., the quotient of the R-tensor algebra of V by the ideal generated by v⊗v−〈v, v〉 ·1
(mind the different sign!); this Clifford algebra is Z/2-graded in the same way as Cl(V ), and orthogonal
vectors of V also anti-commute in Cl′(V ). In Cl′(V ) every unit vector v ∈ S(V ) satisfies v2 = +1, so all
unit vectors of V are units in Cl′(V ). The pin’ group of V is the subgroup

Pin′(V ) ⊂ Cl′(V )×

generated inside the multiplicative group of Cl′(V ) by ±1 and all unit vectors of V . In much the same way
as for Pin(V ), the groups Pin′(V ) become an ultra-commutative monoid when V varies. The group Pin′(V )
is typically not isomorphic to Pin(V ), already in the simplest non-trivial case: the group Pin(R) is cyclic
of order 4, whereas Pin′(R) is isomorphic to C2 × C2.

The Clifford algebras Cl(V ) and Cl′(V ) become isomorphic after complexification. Indeed, the map

V −→ C⊗R Cl′(V ) , v 7−→ i⊗ v

is R-linear and satisfies

(i⊗ v)2 = i2 ⊗ v2 = −1⊗ 1 ,

so it extends to a unique homomorphism of C-algebras

C⊗R Cl(V ) −→ C⊗R Cl′(V )

which is in fact an isomorphism.

Example 4.6 (Additive Grassmannian). We define an ultra-commutative monoid Gr, the additive
Grassmannian. The value of Gr at an inner product space V is

Gr(V ) =
∐
n≥0

Grn(V ) ,

the disjoint union of all Grassmannians in V . The structure map induced by a linear isometric embedding
ϕ : V −→W is given by Gr(ϕ)(L) = ϕ(L). A commutative multiplication on Gr is given by direct sum:

µV,W : Gr(V )×Gr(W ) −→ Gr(V ⊕W ) , (L,L′) 7−→ L⊕ L′ .

The unit is the only point {0} in Gr(0). The orthogonal space Gr is naturally N-graded, with degree n

part given by Gr[n](V ) = Grn(V ). The multiplication is graded in that it sends Gr[n](V ) ×Gr[m](W ) to

Gr[n+m](V ⊕W ).
As an orthogonal space, Gr is the disjoint union of global classifying spaces of the orthogonal groups.

Indeed, the homeomorphism

L(Rn, V )/O(n) ∼= Gr[n](V ) , ϕ ·O(n) 7−→ ϕ(Rn)

shows that the homogeneous summand Gr[n] is isomorphic to the free orthogonal space LO(n),Rn . Since the
tautological action of O(n) on Rn is faithful, this is a global classifying space BglO(n) for the orthogonal
group. So as orthogonal spaces,

(4.7) Gr =
∐
n≥0

BglO(n) .

Proposition I.6.14 (ii) identifies the equivariant homotopy set πG0 (BglO(n)) with the set of conjugacy classes
of continuous homomorphisms from G to O(n); by restricting the tautological O(n)-representation on Rn,
this set bijects with the set of isomorphism classes of n-dimensional G-representations. An explicit isomor-
phism of monoids is given as follows. We let V be a finite dimensional orthogonal G-representation. The
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G-fixed points of Gr(V ) are the G-invariant subspaces of V , i.e., the G-subrepresentations. We define a
map

Gr(V )G =
∐
n≥0

(Grn(V ))
G −→ RO+(G)

from this fixed point space to the monoid of isomorphism classes of G-representations by sending W ∈
Gr(V )G to its isomorphism class. Representations of compact Lie groups are discrete (see the example
after [128, Prop. 1.3]), so the isomorphism class of W only depends on the path component of W in Gr(V )G,
and the resulting maps π0(Gr(V )G) −→ RO+(G) are compatible as V runs through the finite dimensional
G-subrepresentations of UG. So they assemble into a map

(4.8) πG0 (Gr) = colimV ∈s(UG) π0(Gr(V )G) −→ RO+(G) ,

and this map is an isomorphism of monoids with respect to the direct sum of representations on the target.
Moreover, the isomorphism is compatible with restriction maps, and it takes the transfer maps induced by
the commutative multiplication of Gr to induction of representations on the right hand side; so as G varies,
the maps (4.8) form a morphism of global power monoids.

We mention an interesting morphism of ultra-commutative monoids:

τ : Gr −→ Ō ,

where Ō is the tensor-shifted version of the orthogonal ring space O defined by

Ō(V ) = O(V 2) .

[explain that multiplicative shifts in the sense of Example I.1.15 preserve ultra-commutative multiplications]
The embeddings V −→ V 2 as the first summand induce maps O(V ) −→ O(V 2) = Ō(V ) that form a global
equivalence of ultra-commutative monoids (compare Example I.1.15), so there is no substantial difference
between Ō and O. At an inner product space V the map

τ(V ) : Gr(V ) −→ O(V 2) = Ō(V )

takes a linear subspace L ⊂ V to the isometry τ(V )(L) ∈ O(V 2) that is the twist automorphism on the
subspace L2 and the identity on its orthogonal complement (L⊥)2. In other words,

τ(V )(L)(l1 + x1, l2 + x2) = (l2 + x1, l1 + x2)

for all l1, l2 ∈ L and x1, x2 ∈ L⊥. We omit the straightforward verification that these maps do define a
morphism of ultra-commutative monoids. The induced monoid homomorphism

πG0 (τ) : πG0 (Gr) −→ πG0 (Ō)

is easily identified. The isomorphism (4.8) identifies the source with the monoid RO+(G) of isomorphism
classes of orthogonal G-representations, under direct sum. By Example 4.1 the group πG0 (Ō) is a weak
product (i.e., a direct sum) of copies of Z/2, indexed by the isomorphism classes of irreducible orthogonal G-
representations of real type. If λ is any irreducible orthogonal G-representation, then πG0 (τ) sends its class
to the twist automorphism of λ⊕ λ. The group (O(λ2))G is isomorphic to O(2), U(2) or Sp(2) depending
on whether λ is of real, complex or quaternionic type. In the real case, the twist map lies in the non-identity
path component; in the complex and quaternionic cases, the group (O(λ2))G is path connected. So under
the previous isomorphisms, πG0 (τ) becomes the homomorphism

RO+(G) −→
⊕

[λ] real

Z/2

that sends the class of λ to the generator of the λ-summand if λ is of real type, and to the trivial element
if λ is of complex or quaternionic type. Since the classes of irreducible representations freely generate
RO+(G) as an abelian monoid, this determines the morphism πG0 (τ). Moreover, this also shows that
πG0 (Gr) −→ πG0 (Ō) is surjective.
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We can also describe explicitly the iterated box products of copies of Gr. For k ≥ 1 we let Gr〈k〉 be the
‘additive Grassmannian of k-tuples of pairwise orthogonal subspaces’. The value of this orthogonal space
at an inner product space V is thus defined as

Gr〈k〉(V ) = {(L1, . . . , Lk) ∈ Gr(V )k | Li ⊥ Lj for i 6= j} .

A linear isometric embedding ϕ : V −→W acts as

Gr〈k〉(ϕ)(L1, . . . , Lk) = (ϕ(L1), . . . , ϕ(Lk)) ;

a commutative multiplication on Gr〈k〉 is given by direct sum as for Gr, in each of the k-factors separately.

So Gr〈k〉 is an ultra-commutative monoid. The orthogonal monoid space Gr〈k〉 is naturally Nk-graded,
with homogeneous summand of degree n = (n1, . . . , nk) given by those tuples (L1, . . . , Lk) of orthogonal
subspaces such that dim(Li) = ni for i = 1, . . . , k.

Given inner product spaces V1, . . . , Vk, the maps

Gr(V1)× · · · ×Gr(Vk) −→ Gr〈k〉(V1 ⊕ · · · ⊕ Vk) , (L1, . . . , Lk) 7−→ (i1(L1), . . . , ik(Lk))

form a multi-morphism from (Gr, . . . ,Gr) to Gr〈k〉, where il : Vl −→ V1⊕ · · ·⊕Vk is the embedding of the
l-th summand. The multi-morphism is represented by a unique morphism of orthogonal spaces

Gr� · · ·�Gr︸ ︷︷ ︸
k

−→ Gr〈k〉 .

The multiplication morphism of the additive Grassmannian then factors as the composite

Gr�Gr −→ Gr〈2〉
⊕−−→ Gr

where the second map takes the direct sum of a pair of orthogonal subspaces.

Proposition 4.9. The morphism

Gr�k −→ Gr〈k〉

is an isomorphism of ultra-commutative monoids.

Proof. We give the proof for k = 2, the general case differing only by more complicated notation.
The identification (4.7) of Gr as a disjoint union of global classifying spaces and the fact that box products
of free orthogonal spaces are again free (see Example I.3.2) combine into an isomorphism

Gr�Gr ∼= (
∐
n≥0

LO(n),Rn)� (
∐
m≥0

LO(m),Rm)

∼=
∐

n,m≥0

LO(n),Rn � LO(m),Rm ∼=
∐

n,m≥0

LO(n)×O(m),Rn×Rm .

The orthogonal space LO(n)×O(m),Rn×Rm is precisely the homogeneous summand of Gr〈2〉 of bidegree (n,m),
and the composite isomorphism is the morphism of the proposition. �

Example 4.10 (Oriented Grassmannian). There is a variation of the previous example, the orthogonal
monoid space Gror of oriented Grassmannians. There is caveat, however, namely that Gror is not
commutative. The value of Gror at an inner product space V is

Gror(V ) =
∐
n≥0

Gror
n (V ) ,

the disjoint union of all oriented Grassmannians in V , where a point in Gror
n (V ) is a pair (L, [b1, . . . , bn])

consisting of an L ∈ Grn(V ) and an orientation [b1, . . . , bn] of L (an SO(L)-equivalence class of bases). The
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structure map induced by ϕ : V −→ W is given by Gr(ϕ)((L, [b1, . . . , bn]) = (ϕ(L), [ϕ(b1), . . . ϕ(bn)]). A
multiplication on Gr is given by direct sum:

µV,W : Gr(V )×Gr(W ) −→ Gr(V ⊕W )

((L, [b1, . . . , bn]), (L′, [b′1, . . . , b
′
m]) 7−→ (L⊕ L′, [(b1, 0), . . . , (bn, 0), (0, b′1), . . . , (0, b′m)] .

The unit is the only point ({0}, ∅) in Gror(0).

� The multiplication of Gror is not commutative. The issue is that when pushing a pair around the two
ways of the square

Gror
n (V )×Gror

m(W )
µV,W //

twist

��

Gror
n+m(V ⊕W )

Gror
n+m(τV,W )

��
Gror

m(W )×Gror
n (V )

µW,V
// Gror

m+n(W ⊕ V )

then we end up with the same subspaces of W ⊕ V , but they come with different orientations if both n
and m are odd.

As an orthogonal space, Gror is the disjoint union of global classifying spaces of the special orthogonal
groups, via the homeomorphisms

(BglSO(n))(V ) = L(Rn, V )/SO(n) ∼= Gror
n (V ) , ϕ · SO(n) 7−→ (ϕ(Rn), [ϕ(e1), . . . ϕ(en)] .

We can arrange commutativity of the multiplication by passing to the orthogonal submonoid Gror,ev of
even-dimensional oriented oriented Grassmannians, defined as

Gror,ev(V ) =
∐
m≥0

Gror
2m(V ) ;

the multiplication of Gror,ev is then commutative. Moreover, the forgetful map Gror,ev −→ Gr to the
additive Grassmannian is a homomorphism of ultra-commutative monoids.

Example 4.11 (Complex Grassmannian). The complex additive Grassmannian GrC is another ultra-
commutative monoid, the complex analog of the real additive Grassmannian of Example 4.6. The underlying
orthogonal space sends an inner product space V to

GrC(V ) =
∐
n≥0

GrCn(VC) ,

the disjoint union of all complex Grassmannians in the complexification VC = C⊗RV . As in the real analog,
the structure maps are given by taking images under (complexified) linear isometric embeddings, and direct
sum of C-linear subspace, plus identification along the isomorphism VC ⊕WC ∼= (V ⊕W )C, provides an

ultra-commutative multiplication on GrC.

The homogeneous summand GrC,[n] is a global classifying space for the unitary group U(n). Indeed,

GrC,[n] is isomorphic to the ‘complex free’ orthogonal space LC
U(n),Cn associated to the tautological U(n)-

representation on Cn, by

LC(Cn, VC)/U(n) ∼= GrC,[n](V ) , ϕ · U(n) 7−→ ϕ(Cn) .

Proposition I.2.15 then exhibits a global equivalence

BglU(n) = LU(n),u(Cn)
∼−−→ GrC,[n] .

The ultra-commutative monoid GrC comes with an involutive automorphism

ψ : GrC −→ GrC
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given by complex conjugation. Here we exploit that the complexification of an R-vector space V comes
with a preferred anti-automorphism

ψV : VC −→ VC , λ⊗ v 7−→ λ̄⊗ v .
The value of ψ at V takes a C-subspace L ⊂ VC to the conjugate subspace L̄ = ψV (L). Complexification
of subspaces

Gr(V ) −→ GrC(V ) , L 7−→ LC

defines a morphism of ultra-commutative monoids

c : Gr −→ GrC

from the real to the complex additive Grassmannian. A complex subspace of VC is invariant under ψV if
and only if it is the complexification of the an R-subspace of V (namely the ψV -fixed subspace of V ). So

the morphism c is an isomorphism of Gr onto the ψ-invariant ultra-commutative submonoid (GrC)ψ.
Realification defines a morphism of ultra-commutative monoids

r : GrC −→ shC
⊗(Gror,ev)

to the multiplicative shift (see Example I.1.15) of the even part of the oriented Grassmannian of the previous

Example 4.10. The value r(V ) : GrC(V ) −→ Gror,ev(VC) takes a complex subspace of VC to the underlying
real vector space, endowed with the preferred orientation [x1, ix1, . . . , xn, ixn], where (x1, . . . , xn) is any
complex basis.

For every compact Lie group G an isomorphism of commutative monoids

(4.12) πG0 (GrC) = colimV ∈s̄(UG) π0(GrC(V )G) ∼= RU+(G) .

is given by sending the class of a G-fixed point in GrC(V )G, i.e., a complex G-subrepresentation of VC, to
its isomorphism class. The isomorphism is compatible with restriction maps, takes the involution πG0 (ψ)

of πG0 (GrC) to the complex conjugation involution of RU+(G), and it takes the transfer maps induced

by the commutative multiplication of GrC to induction of representations. So as G varies, the maps form
an isomorphism of global power monoids π0(GrC) ∼= RU+. The isomorphisms are also compatible with
realification, in the sense of the commutative diagram

π0(Gr)
π0(c) //

(4.8) ∼=
��

π0(GrC)
π0(r) //

(4.12)∼=
��

π0(sh⊗C (Gror,ev))
∼= // π0(Gror,ev)

forget // π0(Gr)

(4.8) ∼=
��

RO+
c

// RU+
r

// RO+

commutes, where the lower horizontal maps are complexification and realification of representations. The
isomorphism in the upper row is induced by the homomorphism Gror,ev(i) : Gror,ev −→ sh⊗C (Gror,ev)
induced by precomposition with the natural linear isometric embedding

iV : V −→ VC , v 7−→ 1⊗ v ;

the morphism Gror,ev(i) is a global equivalence by Proposition I.1.14.
In the complex reign, there is also an analog of the real oriented Grassmannian of Example 4.10, the

orthogonal monoid space GrC,SU . The value of GrC,SU at an inner product space V is

GrC,SU (V ) =
∐
n≥0

GrC,SUn (VC) ,

where a point in GrC,SUn (VC) is a pair (L, [x1, . . . , xn]) consisting of n-dimensional complex subspace L
of VC and an SU(L)-equivalence class of C-basis (x1, . . . , xn) of L. The structure map induced by ϕ :

V −→ W is given by GrC,SU (ϕ)((L, [b1, . . . , bn]) = (ϕC(L), [ϕC(b1), . . . ϕC(bn)]), where ϕC : VC −→ WC is
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the complexification of ϕ. The multiplication of GrC,SU is by direct sum and concatenation of bases, much
like in Gror.

As an orthogonal space, GrC,SU is the disjoint union of global classifying spaces of the special unitary

groups. Indeed, by the same argument as for GrC,[n] above, Proposition I.2.15 exhibits a global equivalence

BglSU(n) = LSU(n),u(Cn)
∼−−→ LC(Cn, VC)/SU(n) ∼= GrC,SUn (VC) .

As with its real cousin, the multiplication of GrC,SU is not commutative, but the orthogonal monoid sub-
space consisting of the even summands is ultra-commutative. The various kinds of additive Grassmannians
fit into a commutative diagram of ultra-commutative monoids:

GrC,SU,ev r //

forget

��

sh⊗C (Gror,ev)

forget

��

Gror,ev
'

Gror,ev(i)oo

forget

��
GrC

r
// sh⊗C (Gr) Gr

'
Gr(i)

oo

The vertical maps forget orientations, the left horizontal maps pass to underlying R-vector spaces.

Several variations on the ultra-commutative monoid Gr are possible. We discuss two of them now.

Example 4.13 (Unordered frames). The ultra-commutative monoid F of unordered frames sends an
inner product space V to

F(V ) = {A ⊂ V | A is orthonormal} ,
the space of all unordered frames in V , i.e., subsets of V that consist of pairwise orthogonal unit vectors.
Since V is finite dimensional, such a subset is necessarily finite. The topology on F(V ) is as the disjoint
union, over the cardinality of the sets, of quotient spaces of Stiefel manifolds. The structure map induced
by a linear isometric embedding ϕ : V −→ W is given by F(ϕ)(A) = ϕ(A). A commutative multiplication
on F is given, essentially, by disjoint union:

(4.14) µV,W : F(V )× F(W ) −→ F(V ⊕W ) , (A,A′) 7−→ iV (A) ∪ iW (A′) ;

here iV : V −→ V ⊕W and iW : W −→ V ⊕W are the direct summand embeddings. The unit is the empty
set, the only point in F(0). The orthogonal space F is naturally N-graded, with degree n part given by the
unordered frames of cardinality n; the multiplication sends F[n](V )× F[m](W ) to F[n+m](V ⊕W ).

As an orthogonal space, F is the disjoint union of global classifying spaces of the symmetric groups.
We let Σn acts on Rn by permuting the coordinates, which is also the permutation representation of the
tautological Σn-action on {1, . . . , n}. This Σn-action is faithful, so the free orthogonal space LΣn,Rn is a
global classifying space BglΣn for the symmetric group. The homeomorphism

L(Rn, V )/Σn ∼= F[n](V ) , ϕ · Σn 7−→ {ϕ(e1), . . . , ϕ(en)}

shows that the homogeneous summand F[n] is isomorphic to LΣnRn = BglΣn; here e1, . . . , en is the canonical
basis of Rn. So as orthogonal spaces,

F =
∐
n≥0

BglΣn .

Proposition I.6.14 (ii) identifies the equivariant homotopy set πG0 (BglΣn) with the set of conjugacy classes of
continuous homomorphisms from G to Σn; by restricting the tautological Σn-representation on {1, . . . , n},
this set bijects with the set of isomorphism classes of finite G-sets of cardinality n.

As n varies, this gives an isomorphism of monoids from πG0 (F) to the set A+(G) of isomorphism classes
of finite G-sets that we make explicit now. We let V be a finite dimensional orthogonal G-representation.
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An unordered frame in F(V ) is a G-fixed point if and only if it is G-invariant. So for such frames A ∈ F(V )G,
the G-action restricts to an action on A, making it a finite G-set. We define a map

F(V )G −→ A+(G) , A 7−→ [A]

from this fixed point space to the monoid of isomorphism classes of finite G-sets by sending A ∈ F(V )G to
its isomorphism class. Representations of compact Lie groups are discrete, so the isomorphism class of A as
a G-set only depends on the path component of A in F(V )G, and the resulting maps π0(F(V )G) −→ A+(G)
are compatible as V runs through the finite dimensional G-subrepresentations of UG. So they assemble into
a map

(4.15) πG0 (F) = colimV ∈s(UG) π0(F(V )G) −→ A+(G) ,

and this map is a monoid isomorphism with respect to the disjoint union of G-sets on the target. More-
over, the isomorphism is compatible with restriction maps, and it takes the transfer maps induced by the
commutative multiplication of F to induction of equivariant sets on the right hand side.

� It goes without saying that actions of compact Lie groups are required to be continuous and that the
use of the term ‘set’ (as opposed to ‘space’) implies the discrete topology on the set; so the identity

path component G◦ acts trivially on every G-set. Hence the monoids πG0 (F) and A+(G) only see the finite
group π0(G) = G/G◦ = Ḡ of path components, i.e., for every compact Lie group G, the restriction maps

p∗ : πḠ0 (F) −→ πG0 (F) and p∗ : A+(Ḡ) −→ A+(G)

along the projection p : G −→ Ḡ are isomorphisms. So if G has positive dimension, then the group
completion of the monoid A+(G) need not be isomorphic to the Burnside ring of G.

A morphisms of N-graded ultra-commutative monoids

span : F −→ Gr is defined by span(V )(A) = span(A) ,

i.e., a frame is sent to its linear span. The induced morphism of global power monoids is linearization: the
square of monoid homomorphisms

(4.16)

πG0 (F)

(4.15) ∼=
��

πG0 (span) // πG0 (Gr)

(4.8)∼=
��

A+(G)
[S]7→[RS]

// RO+(G)

commutes, where the lower map sends the class of a G-set to the class of its permutation representation.

We can also describe explicitly the iterated box products of copies of F. For k ≥ 1 we let F〈k〉 be the
orthogonal space of ‘orthogonal k-tuples of unordered frames’. The value of this orthogonal space at an
inner product space V is thus defined as

F〈k〉(V ) = {(A1, . . . , Ak) ∈ F(V )k | span(Ai) ⊥ span(Aj) for i 6= j} .
A linear isometric embedding ϕ : V −→W acts as

F〈k〉(ϕ)(A1, . . . , Ak) = (ϕ(A1), . . . , ϕ(Ak)) ;

a commutative multiplication on F〈k〉 is given by disjoint union as for F, in each of the k-factors sepa-

rately. So F〈k〉 is an ultra-commutative monoid. The orthogonal monoid space F〈k〉 is naturally Nk-graded,
with homogeneous summand of degree n = (n1, . . . , nk) given by those tuples (A1, . . . , Ak) of orthogonal
subspaces such that Ai has cardinality ni for i = 1, . . . , k.

Given inner product spaces V1, . . . , Vk, the maps

F(V1)× · · · × F(Vk) −→ F〈k〉(V1 ⊕ · · · ⊕ Vk) , (A1, . . . , Ak) 7−→ (i1(A1), . . . , ik(Ak))
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form a multi-morphism from (F, . . . ,F) to F〈k〉, where il : Vl −→ V1⊕ · · · ⊕Vk is the embedding of the l-th
summand. The multi-morphism is represented by a unique morphism of orthogonal spaces

F� · · ·� F︸ ︷︷ ︸
k

−→ F〈k〉 .

The same kind of argument as in Proposition 4.9 also proves:

Proposition 4.17. The morphism
F�k −→ F〈k〉

is an isomorphism of ultra-commutative monoids.

Example 4.18 (Multiplicative Grassmannian). We define an ultra-commutative monoid Gr⊗, the mul-
tiplicative Grassmannian. Given an inner product space V we let

Sym(V ) =
⊕
n≥0

V ⊗n/Σn

denote the symmetric algebra of V . If W is another inner product space, then the two summand inclusions
of V and W into V ⊕W induce algebra homomorphisms

Sym(V ) −−→ Sym(V ⊕W ) ←−− Sym(W )

and we use the commutative multiplication on Sym(V ⊕W ) to combine these into an R-algebra isomorphism

(4.19) Sym(V )⊗ Sym(W ) ∼= Sym(V ⊕W ) .

These isomorphisms are natural for linear isometric embeddings in V and W . The value of Gr⊗ at an inner
product space V is then

Gr⊗(V ) =
∐
n≥0

Grn(Sym(V )) ,

the disjoint union of all Grassmannians in the symmetric algebra of V . The structure map Gr⊗(ϕ) :
Gr⊗(V ) −→ Gr⊗(W ) induced by a linear isometric embedding ϕ : V −→W is given by

Gr⊗(ϕ)(L) = Sym(ϕ)(L) ,

where Sym(ϕ) : Sym(V ) −→ Sym(W ) is the induced map of symmetric algebras. A commutative multipli-
cation on Gr⊗ is given by tensor product, i.e.,

µV,W : Gr⊗(V )×Gr⊗(W ) −→ Gr⊗(V ⊕W )

sends (L,L′) ∈ Gr⊗(V )×Gr⊗(W ) to the image of L⊗L′ under the isomorphism (4.19). The multiplicative
unit is the point R in Gr⊗(0) = R. As the additive Grassmannian Gr, the multiplicative Grassmannian Gr⊗
is N-graded, with degree n part given by Gr

[n]
⊗ (V ) = Grn(Sym(V )). The multiplication sends Gr

[n]
⊗ (V )×

Gr
[m]
⊗ (W ) to Gr

[n·m]
⊗ (V ⊕W ).

� As orthogonal spaces, the additive and multiplicative Grassmannians are globally equivalent. Indeed,
for an inner product space V we let i : V −→ Sym(V ) be the embedding as the linear summand of

the symmetric algebra. Then as V varies, the maps

Gr(V ) =
∐
n≥0

Grn(V ) −→
∐
n≥0

Grn(Sym(V )) = Gr⊗(V ) , L 7−→ i(L)

form a global equivalence Gr −→ Gr⊗ by Proposition I.1.14. This global equivalence induces a bijection

πG0 (Gr) ∼= πG0 (Gr⊗)

for every compact Lie group G, hence both are isomorphic to the set RO+(G) of isomorphism classes
of orthogonal G-representations. The commutative monoid structures and transfer maps induced by the
products of Gr respectively Gr⊗ are quite different though: the monoid structure of πG0 (Gr) corresponds to
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direct sum of representations, and the transfer maps are additive transfers; the monoid structure of πG0 (Gr⊗)
corresponds to tensor product of representations, and the transfer maps are multiplicative transfers, also
called norm maps.

The orthogonal subspace P = Gr
[1]
⊗ of the multiplicative Grassmannian Gr⊗ is closed under the product

and contains the multiplicative unit, hence P is an ultra-commutative monoid in its own right. Because

P(V ) = Gr
[1]
⊗ (V ) = P (Sym(V ))

is the projective space of the symmetric algebra of V , we use the symbol P and refer to it as the orthogonal

projective space. The multiplication is given by tensor product of lines. Since P = Gr
[1]
⊗ is globally

equivalent to the additive variant Gr[1], it is a global classifying space for the group O(1), a cyclic group
of order 2,

P ' Gr[1] ' BglO(1) = BglC2 .

In other words, P is an ultra-commutative multiplicative model for BglC2.

Construction 4.20 (Multiplicative global classifying spaces). We discuss multiplicative models of
global classifying spaces for abelian compact Lie groups. We follow the classical bar construction (see
Example 5.5), giving a non-equivariant classifying space, by the cofree functor R (see Construction I.5.19).
The bar construction preserves products in the sense that for every pair of compact Lie groups G and K
the natural map

B(G×K) −→ BG×BK
is a homeomorphism. So the composite A 7→ R(BA) is a lax symmetric monoidal functor via the morphism
of orthogonal spaces

R(BG)�R(BK)
µA,A′−−−−−→ R(BG×BK) ∼= R(B(G×K)) ,

where the first morphism was defined in (5.20) of Chapter I. The bar construction is functorial in group
homomorphisms, so for an abelian compact Lie group A the composite

R(BA)�R(BA) −→ R(B(A×A))
R(BµA)−−−−−→ R(BA)

is an ultra-commutative and associative multiplication on the orthogonal spaceR(BA), where µA : A×A −→
A is the multiplication of A. Corollary 5.23 shows that for abelian A the cofree orthogonal space R(BA) is
a global classifying space for A. In particular, the Rep-functor π0(R(BA)) is representable by A. We saw
in Proposition 2.13 that there is then a unique structure of global power monoid on π0(R(BA)), and the
power operations are characterized by naturality and the relation

[m](uA) = p∗m(uA)

where uA ∈ πA0 (R(BA)) is a tautological class and pm : Σm oA −→ A is the homomorphism defined by

pm(σ; a1, . . . , am) = a1 · . . . · am .

Example 4.21 (Multiplicative monoid of the sphere spectrum). We define an ultra-commutative
monoid Ω•S, the ‘multiplicative monoid of the sphere spectrum’. The notation and terminology indi-
cate that this is a special case of a more general construction that associates to an ultra-commutative ring
spectrum R its ‘multiplicative monoid’ Ω•R, see Example III.4.14 below.

The values of the orthogonal space Ω•S are given by

(Ω•S)(V ) = map(SV , SV ) ,

the space of continuous based self-maps of the sphere SV . A linear isometric embedding ϕ : V −→W acts
by conjugation and extension by the identity, i.e., the map

(Ω•S)(ϕ) : map(SV , SV ) −→ map(SW , SW )
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sends a continuous based map f : SV −→ SV to the composite

SW ∼= SV ∧ SW−ϕ(V ) f∧SW−ϕ(V )

−−−−−−−−→ SV ∧ SW−ϕ(V ) ∼= SW .

The two unnamed homeomorphisms between SV ∧ SW−ϕ(V ) and SW use the map ϕ on the factor SV . In
particular, the orthogonal group O(V ) acts on map(SV , SV ) by conjugation.

The multiplication of the orthogonal space Ω•S is by smash product, i.e., the map

µV,W : (Ω•S)(V )× (Ω•S)(W ) −→ (Ω•S)(V ⊕W )

smashes a self-map of SV with a self-map of SW and conjugates with the canonical homeomorphism between
SV ∧ SW and SV⊕W . The unit is the identity of SV .

The equivariant homotopy set πG0 (Ω•S) is equal to the stable G-equivariant 0-stem πG0 (S), compare
Construction III.1.9. The monoid structure on πG0 (Ω•S) arising from the commutative multiplication on Ω•S
is the multiplicative (rather than the additive) monoid structure of πG0 (S). The set πG0 (Ω•S) thus bijects
with the underlying set of the Burnside ring A(G) of the group G (compare Example III.3.14), which is
additively a free abelian group with basis the conjugacy classes of subgroups of G with finite Weyl groups.
The multiplication on πG0 (Ω•S) corresponds to the multiplication (not the addition !) in the Burnside
ring A(G). When G is finite, πG0 (Ω•S) thus bijects with the underlying set of the Grothendieck group of
finite G-sets, and the multiplication corresponds to the product of G-sets. The power operations in π0(Ω•S)
are thus represented by ‘raising a G-set to the cartesian power’, and the transfer maps are known as ‘norm
maps’ or ‘multiplicative induction’.

5. Global forms of BO

In this section we discuss different orthogonal spaces whose underlying non-equivariant homotopy type
is BO, a classifying space for the infinite orthogonal group. Each example is interesting in its own right, and
as a whole, the global forms of BO are a great illustration how non-equivariant homotopy types ‘fold up’ into
many different global homotopy types. The different forms of BO all have an associated orthogonal Thom
spectrum with underlying non-equivariant stable homotopy type MO; be will return to these Thom spectra
in Section V.4. The examples we discuss here all come with multiplications, some ultra-commutative, but
some only E∞ commutative, so our case study also serves to illustrate the difference in the degrees of
commutativity that arise ‘in nature’.

We summarize our discussion of ‘global forms of BO’. We can name 5 different global homotopy types
that all have the same underlying non-equivariant homotopy type, namely that of a classifying space of the
infinite orthogonal group:

• the constant orthogonal space c(BO) with value a classifying space of the infinite orthogonal
group;

• the bar construction model BO◦ (Example 5.5);
• the ‘full Grassmannian model’ BO, the degree 0 part of the periodic global Grassmannian BOP

(Example 5.2);
• the ‘restricted Grassmannian model’ bO that is also a sequential homotopy colimit of the global

classifying spaces BglO(n) (Example 5.16);
• the cofree orthogonal space R(BO) associated to a classifying space of the infinite orthogonal

group (Construction I.5.19).

These global homotopy types are related by (weak) morphisms of orthogonal spaces:

(5.1) c(BO) //

��

bO

��
BO◦ // BO // R(BO)
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The orthogonal spaces BO◦, BO and R(BO) come with ultra-commutative multiplications; for R(BO) this
is a consequence of the fact that the cofree functor R extends to a lax symmetric monoidal functor on the
category of orthogonal spaces [explain]. The orthogonal spaces c(BO) and bO admit E∞ multiplications;
for c(BO) this is a consequence of the non-equivariant E∞ structure of BO. All (weak) morphisms above
can be arranged to preserve the E∞ multiplication, so they induce additive maps of abelian monoids on πG0
for every compact Lie group G. We denote by RO](G) the abelian submonoid of RO+(G) consisting of
the isomorphism classes of G-representations with trivial fixed points. Then up to isomorphisms that we
specify below, the induced sequence of abelian monoids is:

0 //

��

RO](G)

[U ] 7→dim(U)·1−[U ]

��
0 // IO(G) // πG0 (R(BO))

The last group is isomorphic to the reduced K-theory group of the non-equivariant classifying space BG,
by Propositions I.5.21 (iii) and I.6.12, and the lower right horizontal map takes a virtual G-representation
to the associated virtual vector bundle over BG.

Example 5.2 (Periodic Grassmannian). We define an ultra-commutative monoid BOP that is a global
refinement of the non-equivariant homotopy type Z×BO, and at the same time a global group completion of
the additive Grassmannian Gr. The orthogonal space BOP comes with tautological vector bundles whose
Thom spaces form the periodic unoriented bordism spectrum MOP, compare Example V.4.40 below.

For an inner product space V we set

BOP(V ) =
∐
n≥0

Grn(V 2) ,

the disjoint union of the Grassmannians of n-dimensional subspaces in V 2 = V ⊕ V . The structure map
associated to a linear isometric embedding ϕ : V −→W is given by

BOP(ϕ)(L) = ϕ2(L)⊕ ((W − ϕ(V ))⊕ 0) ,

the internal orthogonal sum of the image of L under ϕ2 : V 2 −→ W 2 and the orthogonal complement of
the image of ϕ : V −→ W , viewed as sitting in the first summand of W 2 = W ⊕W . In particular, the
orthogonal group O(V ) acts on BOP(V ) through its diagonal action on V 2. We have thus defined an
orthogonal space BOP.

We make BOP into an ultra-commutative monoid by endowing it with multiplication maps

µV,W : BOP(V )×BOP(W ) −→ BOP(V ⊕W ) , (L,L′) 7−→ κV,W (L⊕ L′) ,

where

κV,W : V 2 ⊕W 2 ∼= (V ⊕W )2 is defined by κV,W (v, v′, w, w′) = (v, w, v′, w′) .

The unit is the unique element {0} of BOP(0).
The orthogonal space BOP is naturally Z-graded: for k ∈ Z we let

BOP[k](V ) ⊂ BOP(V )

be the path component consisting of all subspaces L ⊂ V 2 such that dim(L) − dim(V ) = k. For fixed k

the spaces BOP[k](V ) form a subfunctor of BOP, i.e., BOP[k] is an orthogonal subspace of BOP. The

multiplication is graded in the sense that µV,W takes BOP[k](V )×BOP[l](W ) to BOP[k+l](V ⊕W ). We

write BO = BOP[0] for the homogeneous summand of BOP of degree 0, which is thus an ultra-commutative
monoid in its own right.



136 II. ULTRA-COMMUTATIVE MONOIDS

� While BOP and the additive Grassmannian Gr are both made from Grassmannians, one should
beware of the different nature of their structure maps. There is a variation Gr′ of the additive Grass-

mannian with values Gr′(V ) =
∐
n≥0Grn(V 2) and structure maps Gr′(ϕ)(L) = ϕ2(L). This orthogonal

space is a ‘multiplicative shift’ of Gr in the sense of Example I.1.15, it admits a commutative multiplication
in much the same way as Gr and the maps

Gr(V ) −→ Gr′(V ) , L 7−→ L⊕ 0

form a global equivalence of orthogonal monoid spaces (compare Proposition I.1.14). A source of possible
confusion is the fact that Gr′(V ) and BOP(V ) are equal as spaces, but they come with very different
structure maps making them into two different global homotopy types.

The underlying non-equivariant homotopy type of BO = BOP[0] is that of a classifying space of the
infinite orthogonal group; similarly, BOP has underlying non-equivariant homotopy type Z × BO, a Z-
indexed union copies of BO. We will now identify the global power monoid π0(BOP) with the global power
monoid RO of orthogonal representation rings. For every compact Lie group G the abelian monoid is RO
the Grothendieck group, under direct sum, of finite dimensional G-representations. The restriction maps
are induced by restriction of representations, and the power operation [m] : RO(G) −→ RO(Σm oG) takes
the class of a G-representation V to the class of the (Σm o G)-representation V m. The resulting transfer
trGH : RO(H) −→ RO(G) of Construction 2.26, for H of finite index in G, is then the transfer (or induction),
sending the class of an H-representation V to the class of the induced G-representation mapH(G,V ).

We let V be a finite dimensional orthogonal G-representation. The G-fixed points of BOP(V ) are the
G-invariant subspaces of V 2, i.e., the G-subrepresentations. We define a map

(BOP(V ))G =
∐
n≥0

(
Grn(V 2)

)G −→ RO(G)

from this fixed point space to the orthogonal representation ring of G by sending W ∈ BOP(V )G to
[W ] − [V ], the formal difference in RO(G) of the classes of W and V . Representations of compact Lie
groups are discrete (compare the example after [128, Prop. 1.3]), so the image in RO(G) only depends on
the path component of W in BOP(V )G. The resulting maps π0(BOP(V )G) −→ RO(G) are compatible
as V runs through the finite dimensional G-subrepresentations of UG, so they assemble into a map

(5.3) πG0 (BOP) = colimV ∈s(U) π0(BOP(V )G) −→ RO(G) .

The next result shows that this map is an isomorphism, so the monoid πG0 (BOP) is a group and the
ultra-commutative monoid BOP is group-like. In fact, BOP is a group completion of the additive Grass-
mannian Gr, as we will see in Theorem 6.33 below. The next theorem describes the monoid of path
components of the G-fixed point space BOP(UG)G; we will determine the entire homotopy type of this
space in Corollary 5.8 below.

Theorem 5.4. For every compact Lie group G the map (5.3) is bijective. As G varies, these bijections
form an isomorphism of global power monoids

π0(BOP) ∼= RO .

Proof. We start by showing that the map (5.3) is bijective. A class in RO(G) is a formal difference
[W ]− [V ] for two orthogonal G-representations W and V . This class is not a priori in the image of (5.3),
because W need not be isomorphic to a G-subrepresentation of V 2. However, we can enlarge W and V to
arrange this. Indeed,

[W ] − [V ] = [W ⊕W ] − [V ⊕W ] ,

and W ⊕W is isomorphic to the G-subrepresentation (0 ⊕W )2 of (V ⊕W )2. So (0 ⊕W )2 is a G-fixed
point in BOP(V ⊕W )G whose class in πG0 (BOP) maps to the original class in RO(G) under (5.3). So the
map (5.3) is surjective.
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Now we consider two G-fixed points W ∈ (BOP(V ))G and W ′ ∈ (BOP(V ′))G that are taken to the
same class in RO(G) by (5.3); we want to show that W and W ′ represent the same element in πG0 (BOP).
By replacing W by BOP(iV,V ′)(W ) ∈ (BOP(V ⊕V ′))G and W ′ by BOP(τV ′,V ◦ iV ′,V )(W ′) ∈ (BOP(V ⊕
V ′))G, if necessary, we can assume without loss of generality that V = V ′. Then

[W ] − [V ] = [W ′] − [V ]

in RO(G), which implies that W and W ′ are isomorphic as G-representations. But then W and W ′ lie in
the same path component of the fixed point space BOP(V )G [justify], so they represent the same element
in πG0 (BOP).

It is straightforward to check that the bijections (5.3) are compatible with restriction maps along
continuous group homomorphisms – the reason is basically that restriction maps on both sides do not
change the underlying representative and only modify the group action. Similarly, compatibility with
products and power operations (i.e., sums and transfers) is straightforward from the definitions. �

The bijection (5.3) sends elements of πG0 (BOP[k]) to virtual representations of dimension k, so we

can also identify the global power monoid of the homogeneous degree 0 part BO = BOP[0]. Indeed, the
map (5.3) restricts to an isomorphism of abelian groups

πG0 (BO) ∼= IO(G)

to the augmentation ideal IO(G) ⊂ RO(G) of the orthogonal representation ring, compatible with restric-
tion maps, power operations and transfer maps.

Example 5.5 (Bar construction model BO◦). Using a functorial bar construction we define yet another
global refinement BO◦ of the classifying space of the infinite orthogonal group. The ultra-commutative
monoid BO◦ is globally connective, and it comes with a weak homomorphism to BO that ‘picks out’ the
path components of the neutral element in the G-fixed point spaces BO(UG)G. In a sense that we will
make precise in Corollary 5.8 below, the ultra-commutative monoids BO◦ and BO are to BOP what the
trivial global power monoid respectively the augmentation ideal global power monoid are to RO.

Given a topological group G, the bar construction is the simplicial topological group whose space of
n-simplices is Gn, the n-fold cartesian power of G. For n ≥ 1 and 0 ≤ i ≤ n, the face map di : Gn −→ Gn−1

is given by

di(g1, . . . gn) =

 (g2, . . . , gn) for i = 0,
(g1, . . . , gi−1, gi · gi+1, gi+2, . . . , gn) for 0 < i < n,
(g1, . . . , gn−1) for i = n.

For n ≥ 1 and 0 ≤ i ≤ n− 1 the degeneracy map si : Gn−1 −→ Gn is given by

si(g1, . . . , gn−1) = (g1, . . . , gi, 1, gi+1, . . . , gn−1) .

The bar construction is the geometric realization

BG = |[n] 7→ Gn|

of this simplicial spaces; the construction G 7→ BG is functorial in continuous group homomorphisms. The
bar construction commutes with products in the sense that for a pair of topological groups G and H, the
canonical map

(5.6) B(G×H) −→ BG×BH

is a homeomorphism.
We define an orthogonal space BO◦ by applying the bar construction objectwise to the orthogonal

monoid space O of Example 4.1. So the value at an inner product space V is

(BO◦)(V ) = B(O(V )) ,
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the bar construction of the orthogonal group of V . The structure map of a linear isometric embedding
ϕ : V −→ W is obtained by applying the bar construction to the continuous homomorphism O(ϕ) :
O(V ) −→ O(W ). We make BO◦ into an ultra-commutative monoid by endowing it with multiplication
maps

µV,W : (BO◦)(V )× (BO)(W ) −→ (BO◦)(V ⊕W )

defined as the composite

B(O(V ))×B(O(W ))
∼=−−→ B

(
O(V )×O(W )

) B⊕−−−→ B(O((V ⊕W ))) ,

where the first map is inverse to the homeomorphism (5.6).
Now we let G be a compact Lie group and V an orthogonal G-representation. Then

((BO◦)(V ))G = (B(O(V )))G = B(OG(V )) .

Taking colimit over the poset s(UG) gives

((BO◦)(UG))G ∼= colimV ∈s(UG) B(OG(V )) ∼= B(OG(UG)) ∼=
∏
[λ]

′
B(OG(Uλ)) .

Here the last weak product is indexed by isomorphism classes of irreducible G-representations, and each
of the groups OG(Uλ) is either an infinite orthogonal, unitary or symplectic group, depending on the type
of the irreducible representation. In particular, the space ((BO◦)(UG))G is connected, so the equivariant
homotopy set πG0 (BO◦) has one element for every compact Lie group G; the global power monoid structure
is then necessarily trivial. In particular, BO◦ is not globally equivalent to BO.

However, the difference seen by π0 is the only difference between BO◦ and BO, as shall now explain.
We construct a weak morphism of ultra-commutative monoids that exhibits BO◦ as the ‘globally connected
component’ of BO. We define an ultra-commutative monoid B′O◦ by combining the constructions of BO◦

(bar construction) and BO (Grassmannians) into one definition. The value of B′O◦ at an inner product
space V is

(B′O◦)(V ) = B(L(V, V 2),O(V ), ∗) ,
the bar construction (homotopy orbit construction) of the right O(V )-action on the space L(V, V 2) by
precomposition. A linear isometric embedding ϕ : V −→W is taken to the map

(B′O◦)(ϕ) : (B′O◦)(V ) −→ (B′O◦)(W ) ,

[which one?] A commutative multiplication

µV,W : (B′O◦)(V )× (B′O◦)(W ) −→ (B′O◦)(V ⊕W )

is obtained by combining the multiplications of BO◦ and BO. The construction comes with two collections
of continuous maps:

(BO◦)(V ) B(L(V, V 2), O(V ), ∗) = (B′O◦)(V )
α(V )oo β(V ) // L(V, V 2)/O(V ) = BO(V )

The left map α(V ) is defined by applying the bar construction to the unique map L(V, V 2) −→ ∗ to the
one-point space. The right map β(V ) is the canonical map from homotopy orbits to strict orbits. As V
varies, the α and β maps form morphisms of ultra-commutative monoids

BO◦
α←−−
∼

B′O◦
β−−→ BO ,

essentially by construction. As we shall now see, the morphism α is a global equivalence; so we can view
the chain as a weak morphism of ultra-commutative monoids from BO◦ to BO. The ultra-commutative
monoid BO◦ is globally connective, whereas BO is not, so the morphism cannot be a global equivalence.
However, the second part of the next proposition shows that it is as close to a global equivalence as it can
be.
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Proposition 5.7. (i) The morphism α : B′O◦ −→ BO◦ is a global equivalence of ultra-commutative
monoids.

(ii) For every compact Lie group G, the morphism β : B′O◦ −→ BO of ultra-commutative monoids
induces a weak equivalence from the G-fixed point space (B′O◦(UG))G to the 0-th path component of
the G-fixed point space (BO(UG))G

Proof. (i) We let V be a representation of a compact Lie group G and compare the two-sided bar
constructions for the O(V )-equivariant map L(V, V 2) −→ ∗:

α̃(V ) : B(L(V, V 2), O(V ), O(V )) −→ B(∗, O(V ), O(V )) = EO(V )

The group G acts from the left by postcomposition on L(V, V 2) and by conjugation on O(V ). The group
O(V ) acts freely from the right on the last factor in the bar construction; we turn this into a left action
by passing to inverses, and this left O(V )-action then commutes with the G-action. The map α̃(V ) is
(G×O(V ))-equivariant, and we will show that it is a (G×O(V ))-weak equivalence, at least ‘in the colimit
over V ∈ s(UG)’.

Since the O(V )-action is free on source and target, the only subgroups of G × O(V ) with non-trivial
fixed points on either side are the graph subgroups in F(G;O(V )). So we consider a closed subgroup H
of G and a continuous homomorphism α : H −→ O(V ), and denote by Γ(α) its graph. The Γ(α) fixed
points are then given by

B(L(V, V 2), O(V ), O(V ))Γ(α) = B(LH(V, V 2), OH(V ),LH(α∗(V ), resGH(V )))

respectively by

B(∗, O(V ), O(V ))Γ(α) = B(∗, OH(V ),LH(α∗(V ), resGH(V ))) .

If α∗(V ) and V are not isomorphic as H-representations, then the space LH(α∗(V ), resGH(V )) and hence
both bar constructions are empty. On the other hand, it α∗(V ) and V are H-isomorphic (i.e., if α is
conjugate to the restriction of the representation homomorphism G −→ O(V )), then OH(V ) acts freely
transitively on the space LH(α∗(V ), resGH(V )). So then B(∗, O(V ), O(V ))Γ(α) is weakly contractible and

B(L(V, V 2), O(V ), O(V ))Γ(α) is weakly equivalent to LH(V, V 2). Then map α̃(V )Γ(α) is not an equivalence,
but the space LH(V, V 2) becomes arbitrarily highly connected as V exhausts the complete G-universe UG.
So the map α̃(V )Γ(α) becomes an equivalence in the colimit over V ∈ s(UG).

(ii) We let V be a G-representation, specified by a continuous homomorphism ρ : G −→ O(V ). We
show that the map

β(V )G : (B′O◦(V ))G =
(
B(L(V, V 2), O(V ), ∗)

)G −→ BO(V )G

is a weak equivalence of the source onto the path component of BO(V )G that contains the neutral element
of the addition. The claim then follows by passing to colimit over V in s(UG).

We consider the two-sided bar construction B(L(V, V 2), O(V ), O(V )) as a (G × O(V ))-space as in
part (i), and then the O(V )-action is free. We apply Corollary A.2.34 with K = G and G = O(V ) to
determine the G-fixed points of the O(V )-orbit space B(L(V, V 2), O(V ), ∗). We let α : G −→ O(V ) be any
continuous homomorphism. As we argued in part (i), the fixed point space B(L(V, V 2), O(V ), O(V ))Γ(α)

is empty unless α∗(V ) is G-isomorphic to V (i.e., α is conjugate to the representation homomorphism ρ).
So there is only one summand that contributes to the decomposition of B(L(V, V 2), O(V ), ∗)G of Corol-
lary A.2.34, the one indexed by α = ρ. The centralizer of the image of G is precisely OG(V ), the group of
G-equivariant isometries, so we conclude that(

B(L(V, V 2), O(V ), ∗)
)G

=
(
B(L(V, V 2), O(V ), O(V ))Γ(ρ)

)
/OG(V )

= B(LG(V, V 2), OG(V ),LG(V, V ))/OG(V )

= B(LG(V, V 2), OG(V ), ∗) ,
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the homotopy orbits of the OG(V )-action on LG(V, V 2) by precomposition. Since the precomposition action
is free, the homotopy orbits map by a weak equivalence to the strict orbits, and we conclude that

(B′O◦(V ))G =
(
B(L(V, V 2), O(V ), ∗)

)G ' LG(V, V 2)/OG(V ) .

The map β(V )G factors as the composite

(B′O◦(V ))G
'−−→ LG(V, V 2)/OG(V ) −→

(
L(V, V 2)/O(V )

)G
= BO(V )G ,

where the second map is induced by the inclusion LG(V, V 2) −→ L(V, V 2). The space BO(V )G is the
Grassmannian of G-invariant subspaces of V 2 of the same dimension as V , and LG(V, V 2)/OG(V ) is the
subspace of BO(V )G of those subspaces that are G-isomorphic to V . This is precisely the path component
of BO(V )G containing the neutral element. �

We have now identified theG-equivariant path components of the three ultra-commutative monoids BO◦,
BO and BOP, and they are isomorphic to the trivial group, the augmentation ideal IO(G) respectively
the real representation ring RO(G). Now we can identify the entire homotopy types of the G-fixed point
spaces of the three ultra-commutative monoids BO◦, BO and BOP.

Corollary 5.8. Let G be a compact Lie group.

(i) The G-fixed point space of BO◦ is a classifying spaces of the group OG(UG) of G-equivariant orthogonal
isometries of the complete G-universe:

(BO◦(UG))G ' B(OG(UG)) .

(ii) The G-fixed point space of BO is a disjoint union, indexed by the augmentation ideal IO(G), of
classifying spaces of the group OG(UG):

(BO(UG))G ' IO(G)×B(OG(UG)) .

(iii) The G-fixed point space of BOP is a disjoint union, indexed by RO(G), of classifying spaces of the
group OG(UG):

(BOP(UG))G ' RO(G)×B(OG(UG)) .

Proof. (i) This is almost a tautology. Since G-fixed points commute with the bar construction, the
space (BO◦(V ))G is homeomorphic to B(OG(V )) for every finite dimensional G-representation V . Since
G-fixed points commute with the filtered colimit at hand, we have

(BO◦(UG))G =
(
colimV ∈s(UG) BO◦(V )

)G ∼= colimV ∈s(UG) (BO◦(V ))
G

∼= colimV ∈s(UG)B
(
OG(V )

) ∼= B
(
colimV ∈s(UG)O

G(V )
)

= B
(
OG(UG)

)
.

(ii) As we explained in Remark 0.41, the commutative multiplication of BO makes the G-space BO(UG)
into an E∞ G-space; so the fixed points BO(UG)G come with the structure of a non-equivariant E∞-space.
The abelian monoid of path components π0(BO(UG)G) is isomorphic to πG0 (BO) ∼= IO(G), hence an
abelian group. So all path components of the space BO(UG)G are homotopy equivalent. Proposition 5.7
identifies the zero path component of BO(UG)G with BO◦(UG)G, so part (i) finishes the proof.

The proof of part (iii) is the same as for part (ii), the only difference being that π0(BOP(UG)G) is
isomorphic to the underlying abelian group of RO(G). �

The fixed point spaces described in Corollary 5.8 can be decomposed even further. As we explained in
Example 4.1, the group OG(UG) is a weak product of infinite orthogonal, unitary and symplectic groups,
indexed by the isomorphism classes of irreducible G-representations. The classifying space construction
commutes with weak products, which gives a weak equivalence

B(OG(UG)) '
∏′

B(OG(Uλ)) ,
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where the weak product is indexed by the isomorphism classes of irreducible orthogonal G-representations λ.
Moreover, the group OG(Uλ) is isomorphic to an infinite orthogonal, unitary or symplectic group, depending
on the type of the irreducible representation λ.

Example 5.9 (Gr versus BOP). In Example 4.6 we explained that for every compact Lie group G,
the monoid πG0 (Gr) is isomorphic to the monoid RO+(G), under direct sum, of isomorphism classes of
orthogonal G representations. In Theorem 5.4 we identified the monoid πG0 (BOP) with the orthogonal
representation ring RO(G). The latter is the algebraic group completion of the former, and this group
completion is realized by a morphism of ultra-commutative monoids

(5.10) i : Gr −→ BOP .

The morphism i is given at an inner product space V by the map

Gr(V ) =
∐
n

Grn(V ) −→
∐
m

Grm(V 2) = BOP(V ) , L 7−→ V ⊕ L .

The morphism is homogeneous in that it takes Gr[n] to BOP[n], and in fact i is a closed embedding of Gr[n]

onto the n-skeleton skn(BOP[n]) of BOP[n]. It is straightforward from the definitions that the square

π0(Gr)
π0(i) //

(4.8) ∼=
��

π0(BOP)

(5.3)∼=
��

RO+ // RO

commutes, where the lower horizontal map is group completion. So for every compact Lie group G the
induced map

πG0 (i) : πG0 (Gr) −→ πG0 (BOP)

is an algebraic group completion. This fact is the π0-shadow of a more refined relationship: as we will
show in Theorem 6.33 below, the morphism i : Gr −→ BOP is a group completion in the world of
ultra-commutative monoids, i.e., ‘homotopy-initial’, in the category of ultra-commutative monoids, among
morphisms from Gr to group-like ultra-commutative monoids.

This works a bit more generally.

Construction 5.11. We let G be a compact Lie group and B be a G-space. We recall that a G-vector
bundle over B consists of a vector bundle ξ : E −→ B and a continuous G-action on the total space E such
that

(i) the bundle projection ξ : E −→ B is a G-map,
(ii) for every g ∈ G and b ∈ B the map g · − : Eb −→ Egb is R-linear.

We denote by KOG(B) the Grothendieck group of the commutative monoid, under direct sum, of iso-
morphism classes of G-vector bundle over B. A G-vector bundle over a one-point space B = ∗ ‘is’ a
G-representation and the map

KOG(∗) −→ RO(G) , [ξ : E −→ ∗] 7−→ [E]

is an isomorphism. (More precisely we should choose a G-invariant euclidean inner product...) We start
with a homomorphism of monoids

(5.12) 〈−〉 : GrG(B) = colimV ∈s(UG) [B, Gr(V )]G −→ KO+
G(B)

that is an isomorphism when B is compact and that specializes to the isomorphism (4.12) from πG0 (Gr)
to RO+(G) for B = ∗. We let f : B −→ Gr(V ) be a G-map, for some G-representation V . We pull back
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the tautological G-vector bundle over Gr(V ) and obtain a G-vector bundle f∗ : E −→ B over B with total
space

E = {(v, b) ∈ V ×B | v ∈ f(b)} .
The G-action and bundle structure are all as a G-subbundle of the trivial bundle V ×B. The isomorphism
class of the bundle f∗ depends only on the G-homotopy class of f , so the construction yields a well-defined
map

[B, Gr(V )]G −→ KO+
G(B) , [f ] 7−→ [f∗] .

If ϕ : V −→ W is a linear isometric embedding of G-representations, then the restriction along Gr(ϕ) :
Gr(V ) −→ Gr(W ) of the tautological G-vector bundle over Gr(W ) is isomorphic to the tautological G-
vector bundle over Gr(V ). So the two G-vector bundles f∗ and (Gr(ϕ) ◦ f)∗ over B are isomorphic. So we
can pass to the colimit over the poset s(UG) and get a well-defined map (5.12).

Proposition 5.13. For every compact Lie group G and every G-space B the map (5.12)

〈−〉 : GrG(B) −→ KO+
G(B)

is a homomorphism of abelian monoids, natural in B. As G varies the maps are compatible with restric-
tion along continuous homomorphism and with transfers along subgroup inclusions of finite index. The
map (5.12) is an isomorphism whenever B is compact.

Proof. Most of the claims are straightforward, except possible the last one, which is basic theory of
equivariant vector bundles. We suppose that B is compact, and we let ξ : E −→ B be a G-vector bundle
over B. Then we can choose a G-representation V and an embedding of G-vector bundles over B (see [128,
Prop. 2.4], or rather its analog over R),

j : E −→ B × V .

We define the G-map f : B −→ Gr(V ) by

f(b) = p(j(Eb)) ,

where Eb = ξ−1(b) is the fiber over b of the bundle E, j(Eb) its image in {b} × V ⊂ B × V and p(j(Eb))
the image under the projection p : B × V −→ V . The bundle ξ is then isomorphic to the pullback bundle
f∗, so the class of ξ in KOG(B+) is in the image of the map 〈−〉. This shows surjectivity of the map 〈−〉.

For injectivity we consider two G-maps f : B −→ Gr(V ) and g : B −→ Gr(W ), for G-representations V
and W , such that the bundles f∗ and g∗ are isomorphic. We want to show that f and g represent the
same element in GrG(B). By pushing forward along the direct summand embeddings V −→ V ⊕W and
W −→ V ⊕W we can assume that V = W . Then the maps f and g become G-equivariantly homotopic
after possibly increasing V further. So [f ] = [g] in GrG(B). �

Now we ‘group complete’ the picture and define a homomorphism of monoids

(5.14) 〈−〉 : BOPG(B) = colimV ∈s(UG) [B, BOP(V )]G −→ KOG(B)

that is an isomorphism when G is compact and that specializes to the isomorphism (5.3) from πG0 (BOP)
to RO(G) for B = ∗. We let f : B −→ BOP(V ) be a G-map for some G-representation V . We pullback
the tautological G-vector bundle over BUP(V ) and obtain a G-vector bundle f? : E −→ B over B with
total space

E = {(v, b) ∈ V 2 ×B | v ∈ f(b)} .
The G-action and bundle structure are all as a G-subbundle of the trivial bundle V 2×B. The isomorphism
class of the bundle f? depends only on the G-homotopy class of f , so the construction yields a well-defined
map

[B, BOP(V )]G −→ KOG(B) , [f ] 7−→ [f?]− [V ×B] .
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We emphasize that now, in contrast to the case of Gr, we subtract the class of the trivial G-vector bundle
V × B over B. If ϕ : V −→ W is a linear isometric embedding of G-representations, then the restriction
along BUP(ϕ) : BOP(V ) −→ BOP(W ) of the tautological G-vector bundle over BOP(W ) is isomorphic
to the direct sum of the tautological G-vector bundle over BOP(V ) and a copy of the trivial bundle
(W − ϕ(V )) ×BOP(V ). So the bundle (BOP(ϕ) ◦ f)? is isomorphic to the direct sum of f? and a copy
of the trivial bundle (W − ϕ(V ))×B. Thus

[(BOP(ϕ) ◦ f)?]− [W ×B] = [f?] + [(W − ϕ(V ))×B]− [W ×B] = [f?]− [V ×B]

in the Grothendieck group KOG(B). So we can pass to the colimit over the poset s(URG ) and get a well-
defined map (5.14).

Proposition 5.15. For every compact Lie group G and every G-space B the map (5.14)

〈−〉 : BOPG(B) −→ KOG(B)

is a homomorphism of monoids, natural in B. As G varies the maps are compatible with restriction along
continuous homomorphism and with transfers along subgroup inclusions of finite index. The map (5.14) is
an isomorphism whenever B is compact.

Example 5.16 (Restricted Grassmannian model). We define an space bO; it comes with tautological
vector bundles whose Thom spaces form the geometric global bordism spectrum mO, compare Exam-
ple V.4.2 below. For finite and abelian compact Lie groups G, the equivariant homotopy groups of mO
are isomorphic to the bordism groups of smooth closed G-manifold, compare Theorem V.5.32, so bO is
also geometrically relevant. In Remark 5.21 we define an E∞ multiplication on bO and show, using power
operations, that this E∞ multiplication cannot be refined to an ultra-commutative multiplication.

For an inner product space V of dimension n we set

bO(V ) = Grn(V ⊕ R∞) ,

the Grassmannian of n-dimensional subspaces in V ⊕R∞. The structure map bO(ϕ) : bO(V ) −→ bO(W )
is given by

bO(ϕ)(L) = (ϕ⊕ R∞)(L) + ((W − ϕ(V ))⊕ 0) ,

the internal orthogonal sum of the image of L under ϕ ⊕ R∞ : V ⊕ R∞ −→ W ⊕ R∞ and the orthogonal
complement of the image of ϕ : V −→W , viewed as sitting in the first summand of W ⊕ R∞.

Our next task is to describe the equivariant homotopy sets πG0 (bO) and the homotopy types of the

fixed point spaces bO(UG)G, for every compact Lie group G. We denote by RO](G) the abelian submonoid
of RO+(G) consisting of the isomorphism classes of G-representations with trivial fixed points. We let V
be a G-representation. The G-fixed points of bO(V ) are the G-subrepresentations L of V ⊕ R∞ of the
same dimension as V . Since G acts trivially on R∞, the ‘non-trivial summand’ L⊥ = L− LG is contained
in V ⊥ = V − V G. So V ⊥ − L⊥ is a G-representation with trivial fixed points. We can thus define a map

(bO(V ))G =
(
Gr|V |(V ⊕ R∞)

)G −→ RO](G)

from this fixed point space by sending L ∈ bO(V )G to [V ⊥ − L⊥]. As before, the isomorphism type of L
only depends on the path component of L in bO(V )G. Moreover, for every linear isometric embedding ϕ :
V −→W the relation

(bO(ϕ)(L))
⊥

= [(ϕ⊕ R∞)(L) + (W − ϕ(V ))⊕ 0]
⊥

=
[
ϕ(L⊥) + (W⊥ − ϕ(V ⊥))

]
⊕ 0 =

[
W⊥ − ϕ(V ⊥ − L⊥)

]
⊕ 0

shows that

[W⊥ − (bO(ϕ)(L))
⊥

] = [ϕ(V ⊥ − L⊥)] = [V ⊥ − L⊥] .
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So the class in RO](G) depends only on the homotopy class of L in πG0 (bO), and the assignments assemble
into a well-defined map

(5.17) πG0 (bO) = colimV ∈s(U) π0

(
bO(V )G

)
−→ RO](G) .

For the description of the G-fixed points of bO we introduce the abbreviation

GrG,⊥j =
(
Grj(U⊥G )

)G
for the space of j-dimensional G-invariant subspaces of U⊥G = UG − (UG)G. The space GrG,⊥j can be de-

composed further. Indeed, GrG,⊥j is a disjoint union of path connected spaces indexed by the set RO](G)
of isomorphism class of j-dimensional G-representations with trivial fixed points. If V is such a represen-
tation, then the component indexed by V is a classifying space for the equivariant isometry group OG(V ).
So altogether,

GrG,⊥j '
∐

[V ]∈RO](G),|V |=j

B(OG(V )) .

Every G-representation V is the direct sum of its isotypical components Vλ, (almost all of which are zero),
and the group OG(V ) decomposes accordingly as a product

OG(V ) ∼=
∏
[λ]

OG(Vλ) ,

indexed by non-trivial irreducible G-representations. The irreducibles come in three flavors (real, complex
or quaternionic), and so the group OG(Vλ) is isomorphic to one of the groups O(n), U(n), and Sp(n),

where n is the multiplicity of λ in V . So altogether, GrG,⊥j is a disjoint union of products of classifying
spaces of orthogonal, unitary and symplectic groups.

Proposition 5.18. Let G be a compact Lie group.

(i) The G-fixed point space bO(UG)G is weakly equivalent to the space∐
j≥0

GrG,⊥j ×BO .

(ii) The map (5.17) is a bijection from πG0 (bO) to RO](G).
(iii) If U is a G-representation with trivial fixed points, then the path component of bO(UG)G indexed by U

is a classifying space for the group OG(U)×O.

Proof. (i) We let V be a G-representation with V G = 0 and W a trivial G-representation. Then every
G-invariant subspace L of V ⊕W ⊕R∞ is the internal direct sum of the fixed part LG (which is contained
in W ⊕ R∞) and its orthogonal complement L⊥ = L − LG (which is contained in the summand V ). This
canonical decomposition provides a homeomorphism

bO(V ⊕W )G = (Gr|V |+|W |(V ⊕W ⊕ R∞))G ∼=
∐

j=0,...,|V |

(Grj(V ))
G ×Grj+|W |(R∞)

sending L to the pair (V −L⊥, LG). Every G-invariant subspace of UG is the direct sum of its fixed points
and their complement, so the poset s(UG) is the product of the two posets s(U⊥G ) and s((UG)G). So we
can calculate the colimit over s(UG) is two steps. For fixed W , passing to the colimit over s(U⊥G ) gives a
homeomorphism

colimV ∈s(U⊥G ) bO(V ⊕W )G ∼=
∐
j≥0

GrG,⊥j ×Grj+|W |(W ⊕ R∞) .
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The factor Grj+|W |(W ⊕ R∞) is a classifying space for the group O(j + |W |). Passing to the colimit

over s((UG)G) then provides a weak equivalence

bO(UG)G = colimW∈s((UG)G) colimV ∈s(U⊥G ) bO(V ⊕W )G

' colimW∈s((UG)G)

∐
j≥0

GrG,⊥j ×BO(j + |W |)

 '
∐
j≥0

GrG,⊥j ×BO

(ii) Since the orthogonal space bO is closed, we can calculate πG0 (bO) as the set of path components of
the space bO(UG)G, by Corollary I.6.5 (i). Since the space BO is path connected, part (i) allows us to iden-

tify π0(bO(UG)G) with the disjoint union, over j ≥ 0, of the path components of GrG,⊥j . Representation

of compact Lie groups are discrete, so π0(GrG,⊥j ) is the set of isomorphism classes of j-dimensional G-

representations with trivial fixed points. Altogether this identifies π0(bO(UG)G) with RO](G), and unrav-

eling all definition shows that combined bijection between πG0 (bO) and RO](G), is the map (5.17).

(iii) This is a direct consequence of part (i) and the fact, used already in (ii), that GrG,⊥j is a disjoint
union, indexed by the set of isomorphism classes of G-representations with trivial fixed points, and that
the component corresponding to U is a classifying space for the group OG(U) of G-equivariant linear
self-isometries of U . �

� If H is a closed subgroup of a compact Lie group G and V a G-representation with V G = 0, then V may
well have non-trivial H-fixed points. So the restriction homomorphism resGH : RO+(G) −→ RO+(H)

does not in general take RO](G) to RO](H). So the monoids RO](G) do not form a sub Rep-functor of RO,
and Proposition 5.18 does not describe π0(bO) as a Rep functor. We will give description of π0(bO) as
sub-Rep monoid of the augmentation ideal global power monoid IO in Corollary 5.25 below.

As we shall now explain, the global homotopy type of the orthogonal space bO is that of a sequential
homotopy colimit, in the category of orthogonal spaces, of global classifying spaces of the orthogonal
groups O(m):

bO ' hocolimm≥1 BglO(m) .

The homotopy colimit is taken over morphisms BglO(m) −→ BglO(m+1) that classify the homomorphisms
O(m) −→ O(m+ 1) given by A 7→ A⊕ R. To make this relation rigorous, we define a filtration

(5.19) ∗ ∼= bO(0) ⊂ bO(1) ⊂ . . . ⊂ bO(m) ⊂ . . .

of bO by orthogonal subspaces. At an inner product space V we define

bO(m)(V ) = Gr|V |(V ⊕ Rm) ;

here we consider Rm as the subspace of R∞ of all vectors of the form (x1, . . . , xm, 0, 0, . . . ). The inclusion
of bO(m) into bO(m+1) is a closed embedding, so the global invariance property of Proposition I.1.12 (vii)
entitles us to view the union bO as a global homotopy colimit of the filtration. The inclusion bO(m) −→
bO(m+1) is even a flat cofibration, but we will not show this.

The tautological action of O(m) on Rm is faithful, so the free orthogonal space

BglO(m) = LO(m),Rm

is a global classifying space for O(m). We define a morphism γm : BglO(m) −→ bO(m) by

γm(V ) : L(Rm, V )/O(m) −→ Gr|V |(V ⊕ Rm) = bO(m)(V ) , ϕ ·O(m) 7−→ (V ⊕ Rm)− i(ϕ(Rm)) ,

the orthogonal complement of i(ϕ(Rm)) inside V ⊕ Rm, where i : V −→ V ⊕ Rm is the first summand
embedding. We omit the straightforward verification that these maps indeed form a morphism of orthogonal
spaces. The following proposition justifies the claim that bO is a homotopy colimit of the orthogonal
spaces BglO(m).
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The free orthogonal space BglO(m) = LO(m),Rm comes with a tautological class uO(m),Rm , defined
in (6.11) of Chapter I, which freely generates the Rep functor π0(BglO(m)). We denote by

um = (γm)∗(uO(m),Rm) ∈ π
O(m)
0

(
bO(m)

)
the image in bO(m) of the tautological class.

Proposition 5.20. For every m ≥ 0 the morphism

γm : BglO(m) −→ bO(m)

is a global equivalence of orthogonal spaces. The inclusion bO(m) −→ bO(m+1) takes the class um to the
class

res
O(m+1)
O(m) (um+1) ∈ π

O(m)
0

(
bO(m+1)

)
.

Proof. The morphism γm factors as the composite of three morphisms of orthogonal spaces

L(Rm,−)/O(m)
∼=−−→ Grm

Grm◦i−−−−→ shRm
⊕ (Grm)

(−)⊥−−−−→∼= bO(m) .

At an inner product space V , the first morphism sends the orbit ϕ ·O(m) to the subspace ϕ(V ). This is a
homeomorphism, so the first morphism is an isomorphism of orthogonal spaces. For the second morphism

we let i : V −→ V ⊕ Rm denote the embedding of the first summand, and shRm
⊕ (Grm) is the additive shift

of Grm by Rm as defined in Example I.1.15; this morphism is a global equivalence by Proposition I.1.14.
At an inner product space V , the third morphism is the orthogonal complement map

Grm(V ⊕ Rm) −→ Gr|V |(V ⊕ Rm) , L 7−→ L⊥ = (V ⊕ Rm)− L .

This is also a homeomorphism, so the third morphism is another isomorphism. Altogether this shows
that γm is a global equivalence.

The second claim is also reasonably straightforward from the definitions, but it needs one homotopy.
We let j : Rm −→ Rm+1 denote the linear isometric embedding defined by j(x1, . . . , xm) = (x1, . . . , xm, 0).
The tautological class uO(m),Rm is defined as the path component of the point

IdRm ·O(m) ∈ (L(Rm,Rm)/O(m))O(m) ,

the O(m)-orbit of the identity of Rm. If we unravel all definitions, we find that the classes

incl∗(um) and res
O(m)
O(m+1)(um+1) in π

O(m)
0 (bO(m+1))

are represented by the two subspaces

(Rm+1 − j(Rm))⊕ j(Rm) respectively 0⊕ Rm+1

of Rm+1 ⊕ Rm+1. These two representatives are not the same.
However, the O(m+1)-action on bO(m+1)(Rm+1), and hence also the restricted O(m)-action, is through

the first copy of Rm+1 (and not diagonally!). So there is a path of O(m)-invariant subspaces of Rm+1⊕Rm+1

connecting the two representatives. The two points thus represent the same class in π
O(m)
0 (bO(m+1)), and

this proves the second claim. �

Remark 5.21 (Commutative versus E∞ orthogonal monoid spaces). Non-equivariantly, every E∞
multiplication on an orthogonal monoid space can be rigidified to a strictly commutative multiplication.
We will now see that this is not the case globally, at least not if ‘E∞ multiplication’ is interpreted as an
action of an E∞ operad of spaces. The example of bO is not only interesting because it is a global refinement
of the non-equivariant homotopy type of BO, but also because it illustrates the difference between a strictly
commutative multiplication and an E∞-multiplication on an orthogonal space. The difference is detected
by power operations, so if we care about these, then we cannot relax ‘commutative’ to ‘E∞’.
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If we try to define a multiplication on bO in a similar way as for BO, we run into the problem that
R∞⊕R∞ is different from R∞; even worse, although R∞⊕R∞ and R∞ are isometrically isomorphic, there
is no preferred isomorphism. The standard way out is to use all isomorphism at once, i.e., to parametrize
the multiplications by the E∞ operad of linear isometric embeddings of R∞. We recall that the n-th space
of the linear isometries operad is

L(n) = L((R∞)n,R∞) ,

with operad structure by direct sum and composition of linear isometric embeddings (see for example [98,
Def. 1.2] for details). For all n ≥ 0 and all inner product spaces V1, . . . , Vn we define a linear isometry

κ : (V1 ⊕ R∞)⊕ · · · ⊕ (Vn ⊕ R∞) ∼= V1 ⊕ · · · ⊕ Vn ⊕ (R∞)n

by shuffling the summands, i.e.,

κ(v1, x1, . . . , vn, xn) = (v1, . . . , vn, x1, . . . , xn) .

We can then define a continuous map

µn : L(n)× bO(V1)× · · · × bO(Vn) −→ bO(V1 ⊕ · · · ⊕ Vn)

by
µn(ϕ,L1, . . . , Ln) = ((V1 ⊕ · · · ⊕ Vn)⊕ ϕ) ◦ κ)(L1 ⊕ · · · ⊕ Ln) .

For fixed ϕ these maps form a multimorphism, so the universal property of the box product produces a
morphism of orthogonal spaces

µn(ϕ,−) : bO� · · ·� bO −→ bO .

For varying ϕ, these maps define a morphism of orthogonal spaces

µn : L(n)× (bO� · · ·� bO) −→ bO .

As n varies, all these morphism together make the orthogonal space bO into an algebra (with respect to
the box product) over the linear isometries operad L. Since the linear isometries operad is an E∞ operad,
we call bO, endowed with this L-action, an E∞ orthogonal monoid space.

Now we explain why the E∞ structure on bO cannot be refined to an ultra-commutative multiplica-
tion. The obstruction is that the equivariant homotopy abelian monoid π0(bO) cannot be endowed with
compatible transfer maps, see Corollary 5.25 below. We start be observing that an E∞ structure gives rise
to external and internal products on the set equivariant homotopy sets. In more detail, we let R be any
E∞ orthogonal monoid space, such as for example bO. We obtain external products as the composite

πG0 (R)× πK0 (R)
×−−→ πG×K0 (R�R)

µ2(ϕ,−)∗−−−−−−→ πG×K0 (R) ,

where ϕ ∈ L(2) is any linear isometric embedding of (R∞)2 into R∞. The induced map on equivariant
homotopy sets is independent of ϕ because the space L(2) is contractible. In the same way as for strict
multiplications in (2.2), the corresponding internal multiplication makes πG0 (R) into an abelian monoid
for every compact Lie group G, such that all restriction maps are homomorphisms. In other words, the
E∞-structure provides a lift of the Rep-functor π0(R) to a ‘Rep-abelian monoid’, i.e. a functor

π0(R) : Rep −→ (abelian monoids) .

This entire structure is clearly natural for homomorphisms of E∞ orthogonal monoid spaces.
An ultra-commutative monoid can be viewed as an E∞ orthogonal monoid space by letting every

element of L(n) act as the iterated multiplication. Equivalently: we let the linear isometries operad act along
the unique homomorphism to the terminal operad (whose algebras, with respect to the box product, are the
ultra-commutative monoids). For E∞ orthogonal monoid spaces arising in this way from ultra-commutative
monoids, the external and internal products on π0 defined here coincide with those originally defined in (2.1)
and (2.2). For ultra-commutative monoids R, the Rep-abelian monoid π0(R) is underlying a global power
monoid, i.e., it comes with power operations and transfer maps that satisfy various relations. We show below
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that the Rep-abelian monoid π0(bO) cannot be extended to a global power monoid whatsoever; hence bO
is not globally equivalent, as an E∞ orthogonal monoid spaces, to any ultra-commutative monoid. A
curios fact, however, is that after global completion the E∞ multiplication of bO can be refined to an
ultra-commutative multiplication, compare Remark 6.36.

Now we compare the E∞ orthogonal monoid space bO to the ultra-commutative monoid BO in the
most highly structured way possible. Every ultra-commutative monoid can be viewed as an E∞ orthogonal
monoid space, and we now define a ‘weak E∞ morphism’ from bO to BO. The zigzag of morphism passes
through the orthogonal space BO′ with values

(5.22) BO′(V ) = Gr|V |(V
2 ⊕ R∞) .

The structure maps of BO′ are a mixture of the structure maps for bO and BO, i.e.,

BO′(ϕ)(L) = (ϕ2 ⊕ R∞)(L)⊕ ((W − ϕ(V ))⊕ 0⊕ 0) ,

where now the orthogonal complement of the image of ϕ is viewed as sitting in the first summand of
W ⊕W ⊕ R∞. The linear isometries operad acts on BO′ in much the same way as for bO, making it an
E∞ orthogonal monoid space. Postcomposition with the direct summand embeddings

V ⊕ R∞ (v,x) 7→(v,0,x)−−−−−−−−−→ V 2 ⊕ R∞ (v,v′,0)←[(v,v′)←−−−−−−−−−− V 2

induces maps of Grassmannians

bO(V )
a(V )−−−−→ BO′(V )

b(V )←−−−− BO(V )

that are morphisms of E∞ orthogonal monoid spaces

(5.23) bO
a−−→ BO′

b←−− BO

as the inner product space V varies.

Proposition 5.24. The morphism b : BO −→ BO′ is a global equivalence of orthogonal spaces.

Proof. We define a exhaustive filtration

BO = BO′(0) ⊂ BO′(1) ⊂ . . . ⊂ BO′(m) ⊂ . . .

of BO′ by orthogonal subspaces by setting

BO′(m)(V ) = Gr|V |(V
2 ⊕ Rm) .

We denote by sh = sh⊕R the additive shift functor defined in Example I.1.15, and by iX : X −→ shX the
morphism of orthogonal spaces given by applying X to the direct summand embeddings V −→ V ⊕ R.
The morphism iX is a global equivalence for every orthogonal space X, by Proposition 1.14. We define a
morphism

j : BO′(m+1) −→ sh(BO′(m))

at an inner product space V by

j(V ) : BO′(m+1)(V ) = Gr|V |(V ⊕ V ⊕ Rm+1) −→ Gr|V |+1(V ⊕ R⊕ V ⊕ R⊕ Rm) = sh(BO′(m))(V )

by applying the linear isometric embedding

V ⊕ V ⊕ Rm+1 −→ V ⊕ R⊕ V ⊕ R⊕ Rm , (v, v′, (x1, . . . , xm+1)) 7−→ (v, 0, v′, x1, (x2, . . . , xm+1))
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and adding the first copy of R (the orthogonal complement of this last embedding). Then the following
diagram of morphisms of orthogonal spaces commutes:

BO′(m)
incl //

iBO′
(m) ''

BO′(m+1)

j

��

iBO′
(m+1)

((
sh(BO′(m)) sh(incl)

// sh(BO′(m+1))

The two diagonal morphisms are global equivalences, hence so is the inclusion BO′(m) −→ BO′(m+1), by the

2-out-of-3 property for global equivalences (Proposition I.1.12 (iii)). The inclusion of BO′(m) into BO′(m+1)

is also objectwise a closed embedding, so the inclusion

BO = BO′(0) −→
⋃
m≥0

BO′(m) = BO′

is a global equivalence, by Proposition I.1.12 (vii). �

In the same way as for BO we define a monoid homomorphism

γ : πG0 (BO′) −→ IO(G)

by sending the path component of W ∈ BO′(V )G to the class [W ] − [V ]. Then the triangle of monoid
homomorphisms on the right of following diagram commutes:

πG0 (bO)
a∗ //

%%

πG0 (BO′)

γ ∼=
��

πG0 (BO)∼=
b∗oo

∼=
(5.3)xx

IO(G)

The two maps on the right are isomorphisms, hence so is the map γ.
The following says that πG0 (bO) is isomorphic to the free abelian submonoid of IO(G) generated by

dim(λ) · 1 − [λ] as λ runs over all isomorphism classes of non-trivial irreducible G-representations. We
emphasize that for non-trivial groups G, the monoid πG0 (bO) does not have inverses, so bO is not group-
like.

Corollary 5.25. The composite morphism of abelian Rep-monoids

π0(bO)
a∗−−−→ π0(BO′)

γ−−→ IO

is a monomorphism. For every compact Lie group G the image of πG0 (bO) in the augmentation ideal IO(G)
consists of the submonoid of elements of the form dim(U)·1−[U ], for G-representations U . The Rep-abelian
monoid π0(bO) cannot be extended to a global power monoid.

Proof. If L ⊂ V ⊕ R∞ is a G-invariant subspace of the same dimension as V , then

[L]− [V ] = (dim(L)− dim(L⊥)) · 1 + [L⊥]− (dim(V )− dim(V ⊥)) · 1− [V ⊥]

= dim(V ⊥ − L⊥) · 1− [V ⊥ − L⊥]

in the group IO(G). This show that the following square commutes:

πG0 (bO)
a∗ //

(5.17)

��

πG0 (BO′)

γ

��
RO](G)

[U ] 7→ dim(U)·1−[U ]
// IO(G)



150 II. ULTRA-COMMUTATIVE MONOIDS

The left vertical morphism is an isomorphism by Proposition 5.18 (ii). The right vertical morphism is an
isomorphism as explained above. This show that claim because the lower horizontal map is injective and
has the correct image.

Now we argue, by contradiction, that the Rep-abelian monoid π0(bO) cannot be extended to a global
power monoid. The additional structure would in particular specify a transfer map

(5.26) trΣ3

A3
: πA3

0 (bO) −→ πΣ3
0 (bO)

from the alternating group A3 to the symmetric group Σ3. Since all elements of πA3
0 (bO) are in the kernel

of the restriction map to the trivial group, the double coset formula shows that

resΣ3

(12) ◦ trΣ3

A3
= tr(12)

e ◦ resA3
e = 0 : πA3

0 (bO) −→ π
(12)
0 (bO) .

The group Σ3 has two non-trivial irreducible orthogonal representations, the 1-dimension sign representa-
tion σ and the 2-dimensional reduced natural representation ν. So πΣ3

0 (bO) ‘is’ (via γ ◦a∗) the free abelian
submonoid of IO(Σ3) generated by

1− σ and 2− ν .
We abuse notation and also write σ for the 1-dimensional sign representation of the cyclic subgroup of Σ3

generated by the transposition (12). Then

resΣ3

(12)(1− σ) = 1− σ and resΣ3

(12)(2− ν) = 2− (1 + σ) = 1− σ ,

so the only element of πΣ3
0 (bO) that restricts to 0 in π

(12)
0 (bO) is the zero element. Hence the transfer

map (5.26) must be the zero map. However, another instance of the double coset formula is

resΣ3

A3
◦ trΣ3

A3
= Id +c∗(12) = 2 · Id : πA3

0 (bO) −→ πA3
0 (bO) .

The second equality uses that conjugation by the transposition (12) is the non-trivial automorphism of A3,
which acts trivially on RO(A3). Since bO(A3) is a non-trivial free abelian monoid, this contradict the

relation trΣ3

A3
= 0. So the Rep-abelian monoid π0(bO) cannot be endowed with transfer maps that satisfy

the double coset formulas. �

Example 5.27 (Periodic restricted Grassmannian). The E∞ orthogonal monoid space bO also has a
straightforward ‘periodic’ variant bOP that we briefly discuss. For an inner product space V we set

bOP(V ) =
∐
n≥0

Grn(V ⊕ R∞) ,

the disjoint unions of all the Grassmannians in V ⊕R∞. The structure maps of bOP are defined in exactly
the same way as for bO. The orthogonal space bOP is naturally Z-graded: for k ∈ Z we let

bOP[k](V ) ⊂ BOP(V )

be the path component consisting of all subspaces L ⊂ V ⊕R∞ such that dim(L)−dim(V ) = k. For fixed k

these spaces form an orthogonal subspace bOP[k] of bOP. The E∞ multiplication of bO extends naturally

to a Z-graded E∞ multiplication on bOP, taking bOP[k]�bOP[l] to bOP[k+l]. Moreover, bO = bOP[0],
the homogeneous summand of BOP of degree 0.

We offer two descriptions of the global homotopy type of the orthogonal space bOP in terms of other
global homotopy types previously discussed. As we show in Proposition 5.28 below, each of the homogeneous

summands bOP[k] is in fact globally equivalent to the degree 0 summand bO, and hence

bOP ' Z× bO

globally as orthogonal spaces. When combined with Proposition 5.18, this yields as description of the
homotopy types of the fixed point spaces bOP(UG)G.
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To identify the different summands of bOP we choose a linear isometric embedding ψ : R∞⊕R −→ R∞
and define a morphism of orthogonal spaces

ψ∗ : bOP −→ bOP

at an inner product space V as the map

ψ∗(V ) : bOP(V ) −→ bOP(V ) , L 7−→ (V ⊕ ψ)(L⊕ R) .

The morphism ψ increases the dimension of subspaces by 1, so it takes the summand bOP[k] to the

summand bOP[k+1].

Proposition 5.28. For every linear isometric embedding ψ : R∞⊕R −→ R∞ the morphism of orthog-
onal spaces ψ∗ : bOP −→ bOP is a global equivalence. Hence for every k ∈ Z the restriction is a global
equivalence

ψ∗ : bOP[k] −→ bOP[k+1] .

Proof. �

We have another description of the global homotopy type of bOP, as a homotopy colimit, in the
category of orthogonal spaces, of a sequence of self maps of Gr:

bOP ' hocolimm≥1 Gr .

The homotopy colimit is taken over iterated of a morphism Gr −→ Gr that classifies the map ‘add a trivial
summand R. To make this relation rigorous, we use the filtration

(5.29) ∗ ∼= bOP(0) ⊂ bOP(1) ⊂ . . . ⊂ bOP(m) ⊂ . . .

of bOP by orthogonal subspaces, analogous to the filtration (5.19) for bO. In other words,

bOP(m)(V ) =
∐
n≥0

Grn(V ⊕ Rm) ;

as before we consider Rm as the subspace of R∞.

We write shm for shRm
⊕ , the additive shift by Rm of an orthogonal space, in the sense of Example I.1.15.

We define a morphism γm : shm Gr −→ bOP(m) by

γm(V ) : (shm Gr)(V ) = Gr(V ⊕ Rm) −→ bOP(m)(V ) , L 7−→ L⊥ = (V ⊕ Rm)− L ,

the orthogonal complement of L inside V ⊕ Rm. We omit the straightforward verification that these
maps indeed form a morphism of orthogonal spaces. Since each map γm(V ) is a homeomorphism, the
morphism γm is in fact an isomorphism of orthogonal spaces.

The morphism

im : Gr −→ shm Gr

induced by the direct summand embedding V −→ V ⊕ Rm is a global equivalence by Proposition I.1.14.
The inclusion of bOP(m) into bOP(m+1) is a closed embedding, so the global invariance property of
Proposition I.1.12 (vii) entitles us to view the union bOP as a global homotopy colimit of the filtration.
This justifies the interpretation of bOP as a global homotopy colimit of a sequence of copies of Gr. For this
description to be useful we should identify the global homotopy classes of the morphisms in the sequence,
i.e., the weak morphisms

Gr
γm◦im−−−−−→
∼

bOP(m)
incl−−−→ bOP(m+1)

γm+1◦im+1←−−−−−−−−−
∼

Gr .

As is straightforward from the definition, this weak morphism models ‘adding a summand R with trivial
action’.
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Finally, we compare the E∞ orthogonal monoid space bOP to the ultra-commutative monoid BOP.
In analogy with the non-periodic version in (5.22), we introduce the orthogonal space BOP′ with values

(5.30) BOP′(V ) =
∐
n≥0

Grn(V 2 ⊕ R∞) .

The structure maps of BOP′ are defined in the same way as for BO′, and the mix the structure maps for
bOP and BOP. Postcomposition with the direct summand embeddings

V ⊕ R∞ (v,x) 7→(v,0,x)−−−−−−−−−→ V 2 ⊕ R∞ (v,v′,0)←[(v,v′)←−−−−−−−−−− V 2

induces morphisms of E∞ orthogonal monoid spaces

bOP
a−−→ BOP′

b←−− BOP ;

these morphisms preserve the Z-grading; the restricts to the homogeneous degree 0 summand are precisely
the morphisms with the same names introduced in (5.23). The same argument as in Proposition 5.24 also
shows that the morphism b : BOP −→ BOP′ is a global equivalence of orthogonal spaces.

We define a monoid homomorphism

γ : πG0 (BOP′) −→ RO(G)

by sending the path component of W ∈ BO′(V )G to the class [W ] − [V ]. Then the triangle of monoid
homomorphisms on the right of following diagram commutes:

πG0 (bOP)
a∗ //

&&

πG0 (BOP′)

γ ∼=
��

πG0 (BOP)∼=
b∗oo

∼=
(5.3)ww

RO(G)

The two maps on the right are isomorphisms, hence so is the map γ. The same argument as in Corollary 5.25
shows that the composite morphism of abelian Rep-monoids

π0(bOP)
a∗−−−→ π0(BOP′)

γ−−→ RO

is a monomorphism, and for every compact Lie group G the image of πG0 (bOP) in the representation
ring RO(G) consists of the submonoid of elements of the form n · 1 − [U ], for n ∈ Z and U any G-
representation.

Example 5.31 (Periodic Grassmannians of C∗-algebras). We define an ultra-commutative monoid
B(A) associated to a unital complex C∗-algebra A such that

π0(B(A)) ∼= K0(A) and π1(B(A)) ∼= K1(A) ,

the K-groups of A. Moreover, B(A) is Bott periodic in the sense of a global equivalence

B(A) ' Ω2B(A)

that is natural in A. In the special case A = C we have B(C) = BUP, i.e., the construction specializes
to the complex periodic Grassmannian; in general, B(A) is a global refinement of the non-equivariant
homotopy type K0(A)×BGL(A).

In the following, C∗-algebras are defined over the complex numbers and are not required to have units;
consequently, there is no unitality condition for ∗-homomorphism either. If we require the existence of a
unit, we will explicitly talk about unital C∗-algebras. For the construction of B(A) we let A be a C∗-algebra
(not necessarily unital). For an inner product space V we set

A〈V 〉 = A⊗R End(V 2) ,
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then tensor product, over R, of A and the endomorphism algebra of the vector space V 2. This is a C∗-algebra
with conjugation given by

(a⊗ F )∗ = a∗ ⊗ F ∗ ,
where F ∗ is the adjoint of F with respect to the given inner product on V , hence on V 2. A linear isometric
embedding ϕ : V −→W induces a ∗-homomorphism

A〈ϕ〉 = A⊗ ϕ∗ : A〈V 〉 −→ A〈W 〉 ,

where ϕ∗ : End(V 2) −→ End(W 2) is conjugation by ϕ2 and addition of the projection onto the first copy
of W − ϕ(V ), sitting in W 2. So explicitly,

(ϕ∗(F ))(ϕ(v) + w, ϕ(v′) + w′) = ϕ2(F (v, v′)) + (w, 0)

for (v, v′) ∈ V 2 and (w,w′) ∈W 2−ϕ(V ). The explanation for this possibly unmotivated looking definition
is given by Remark 5.32 below. As V and ϕ vary through all inner product spaces and linear isometric
embeddings, these assignments define a functor

A〈−〉 : L −→ C∗-alg

to the category of C∗-algebras and ∗-homomorphisms.
Given a C∗-algebra B we denote by

P(B) = {p ∈ B | p2 = p∗ = p}

the space of projectors, i.e., self-adjoint idempotents, endowed with the norm topology. Every ∗-homomorphism
takes projectors to projectors, so the assignments

B(A)(V ) = P(A〈V 〉) = P(A⊗R End(V 2)) and B(A)(ϕ) = P(A〈ϕ〉)

define an orthogonal space B(A).
We an ultra-commutative multiplication

µV,W : P(A〈V 〉)× P(A〈W 〉) −→ P(A〈V ⊕W 〉)

by

µV,W (p, q) = p⊕ q = B(A)(i1)(p) + B(A)(i2)(q)

where i1 : V −→ V ⊕ W and i2 : W −→ V ⊕ W are the direct summand embeddings. We omit the
verification that these maps are indeed associative, commutative and unital, and make B(A) into an ultra-
commutative monoid. The unit is the projector 1⊗ q1, where q1 ∈ End(V 2) is the projection onto the first
summand.

Remark 5.32. We pause to explain how the construction of the ultra-commutative monoid B(A)
generalizes the unitary analog BUP of the periodic Grassmannian. For this we consider the initial unital
C∗-algebra C. We identify C⊗R End(V 2) with the complex endomorphism algebra of the hermitian inner
product space V 2

C . We define a continuous map

B(C)(V ) = P(EndC(V 2
C )) −→ Gr(V 2

C ) = BUP(V )

by sending a projector in EndC(V 2
C ) to its image. Every complex subspace W of V 2

C is the image of a unique
projector, namely the orthogonal projection onto W . So the map above is a homeomorphism. The definition
of the structure map A〈ϕ〉 is made so that these homomorphisms form an isomorphism of orthogonal spaces,
which is moreover multiplicative, hence

B(C) ∼= BUP

as ultra-commutative monoids.
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We can identify A⊗R (Rn) with the C∗-algebra Mn(A) of (n×n)-matrices with entries in A. no: V 2...
With this identification we have

π0(B(A)) = colimn≥0 π0(P(Mn(A)))

and this is one of the possible definitions of the group K0(A), the 0-th K-group of A [ref?].
Now we suppose that the C∗-algebra A is unital, and we denote by K(A) the Grothendieck group of

the monoid, under direct sum, of isomorphism classes of finitely generated projective A-modules. Then
the image of a projector p ∈ P(A ⊗R End(V )) is an A-linear direct summand of A ⊗R V , and hence a
finitely generated projective A-module. The isomorphism type of this A-module depends only on the path
component of p within the space of projectors [ref]. Moreover, the assignment

π0(A〈V 〉) −→ K(A) , [p] 7−→ [Im(p)]− [A⊗ V ]

is compatible with the stabilization maps, and so it extends to a well-defined map

π0(B(A)) −→ K(A) .

Proposition 5.33. For every unital C∗-algebra A the map π0(B(A)) −→ K(A) is an isomorphism of
abelian groups.

Is the generalization

πG0 (B(A)) −→ KG(A)

of this homomorphism still an isomorphism (where G acts trivially on A) ? Is

π1(B(A)) ∼= K1(A) = colimn π0(GLn(A)) ?

Construction 5.34 (Global Bott periodicity for C∗-algebras). The Bott periodicity map is tradition-
ally seen as a homotopy equivalence between the space Z × BU and the loop space of the infinite unitary
group. We define a generalized, highly structured, global form of Bott periodicity, namely that for ev-
ery unital C∗-algebra A the ultra-commutative monoids B(A) and Ω(GL(A)) are multiplicatively globally
equivalent.

We define a morphism of ultra-commutative monoids

β : B(A) −→ Ω(sh⊗U(A)) .

Here U(A) is the ultra-commutative monoid of unitary groups, defined by

U(A)(V ) = {F ∈ A⊗R End(V ) | FF ∗ = F ∗F = 1} ,

the unitary group ofA⊗REnd(V ). The structure maps induced by a linear isometric embedding ϕ : V −→W
is given by conjugation with A ⊗ ϕ!, where ϕ! : End(V ) −→ End(W ) is conjugation by ϕ and extension
by the identity on the orthogonal complement W −ϕ(V ). Moreover, Ω means objectwise continuous based

maps from S1. Finally, sh⊗ = shRn
⊗ is the multiplicative shift by R2 defined in Example I.1.15. The target of

β is globally equivalent, as an ultra-commutative monoid, to ΩU, the objectwise loops of the unitary group
monoid. The morphism β is a generalization and modification of Behrens’ coordinate free description [15]
of the non-equivariant Bott map, which is based on ideas of MacDuff [94] and Aguilar and Prieto [2].

We define the map

β(V ) : B(A)(V ) −→ Ω(sh⊗U(A))(V ) = map(S1,U(A⊗R End(V 2))) .

An element of B(A)(V 2) is a projector in the C∗-algebra A⊗R End(V ); We define the loop

β(V )(p) : S1 −→ U(A⊗R End(V 2))

by

β(V )(p)(λ) = (c(λ) · p + (1− p)) · (c(−λ) · (1⊗ q1) + (1⊗ q2)) .
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Here we identify S1 with U(1) via the homeomorphism

c : S1 −→ U(1) , t 7−→ t+ i

t− i
,

the Cayley transform. Moreover, the elements

q1 , q2 ∈ End(V 2)

are the projections to the two summands. The map β(V ) is clearly continuous in p.
There are various things that we need to check to justify this as a legitimate definition. We start with

the proof that β(V )(p)(λ) is really a unitary element. It suffices to show that each of the two factors of
β(V )(p)(λ) is unitary; this this end we calculate:

(c(λ) · p + (1− p)) · (c(λ) · p + (1− p))∗

= (c(λ) · p + (1− p)) · (c(λ)−1 · p + (1− p)) = p + (1− p) = 1 .

The first equation uses that p∗ = p and that c(λ) = c(λ)−1. Similarly the product in the other order is the
identity; since q1 is a projector and q2 = 1− q1, unitarity for the second factor is a special case.

The orthogonal space U(A) has a commutative multiplication by direct sum of unitary automorphisms:

U(A⊗R End(V ))× U(A⊗R End(W )) −→ U(A⊗R End(V ⊕W ))

(a⊗ F, a′ ⊗G) 7−→ a⊗ (F ⊕ 0) + a′ ⊗ (0⊕G) .

So the orthogonal space Ω(sh⊗U) inherits a commutative multiplication by pointwise multiplication of
loops. For every inner product space V we have

β(V )(1⊗ q1)(λ) = (c(λ) · (1⊗ q1) + (1⊗ q2)) · (c(−λ) · (1⊗ q1) + (1⊗ q2))

= 1⊗ q1 + 1⊗ q2 = 1⊗ IdV ;

so β(V )(1⊗ q1) is the constant loop at the identity, which is the unit element of Ω(sh⊗U(A))(V ). Now we
consider projectors p ∈ B(A)(V ) and p′ ∈ B(A)(W ).

β(V ⊕W )(p⊕ p′)(λ) = (c(λ) · (p⊕ p′) + (1− (p⊕ p′))) · (c(−λ) · (1⊗ q1) + (1⊗ q2))

= (c(λ) · (p⊕ p′) + ((1− p)⊕ (1− p′)) · (c(−λ) · (1⊗ q1) + (1⊗ q2))

= (κV,W )∗((((c(λ) · pL) + pL⊥)⊕ ((c(λ) · pL′) + p(L′)⊥))) ◦ (κV,W )∗((((c(−λ) · pVC⊕0) + p0⊕VC)⊕ ((c(−λ) · pWC⊕0) + p0⊕WC)))

= (κV,W )∗((((c(λ) · pL) + pL⊥)⊕ ((c(λ) · pL′) + p(L′)⊥)) ◦ (((c(−λ) · pVC⊕0) + p0⊕VC)⊕ ((c(−λ) · pWC⊕0) + p0⊕WC)))

= (κV,W )∗((((c(λ) · p) + (1− p)) · (c(−λ) · (1⊗ q1) + (1⊗ q2)))⊕ (((c(λ) · p′) + (1− p′)) ◦ ((c(−λ) · (1⊗ q1) + (1⊗ q2)))))

= (κV,W )∗ (β(V )(p)(λ)⊕ β(W )(p′)(λ)) ,

where κV,W : V 2 ⊕W 2 ∼= (V ⊕W )2 is the preferred natural isometry. In other words, the square

B(A)(V )×B(A)(W )
β(V )×β(W ) //

⊕
��

Ω(sh⊗U(A))(V )× Ω(sh⊗U(A))(W )

µΩ(sh⊗ U)V,W

��
B(A)(V ⊕W )

β(V⊕W )
// Ω(sh⊗U(A))(V ⊕W )

commutes, i.e., β is compatible with the multiplications on both side. Since β respects multiplication and
unit, it also respects the structure maps. The upshot is that β is a morphism of ultra-commutative monoids.

Theorem 5.35 (Global Bott periodicity for C∗-algebras). For every unital C∗-algebra A, the morphism
of ultra-commutative monoids β : B(A) −→ Ω(sh⊗U(A)) is a global equivalence.
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Proof. Sketch proof: We consider the commutative diagram of ultra-commutative monoids

Gr(A)

��

// ΩU(A)

∼
��

B(A)
β
// Ω(sh⊗U(A))

The right vertical morphism is a global equivalence. We show that the upper horizontal and the left vertical
morphisms are global group completions. For the left one we use the homology criterion. For the upper
one we should have a generalized eigenspace decomposition ... �

6. Global group completion and units

For every orthogonal monoid space R and every compact Lie group G, the internal product (2.2) makes
the equivariant homotopy set πG0 (R) into a monoid, and this multiplication is natural with respect to
restriction maps in G. If the multiplication of R is commutative, then so is the internal multiplication of
πG0 (R). In this section we look more closely at the group-like commutative orthogonal monoid spaces, i.e.,
the ones where all these monoid structures have inverses. We will show that there is are two ‘universal’
ways to make an ultra-commutative monoid group-like: the ‘global units’ are universal from the left and
the ‘global group completion’ is universal from the right. In the homotopy category of ultra-commutative
monoids, these two constructions are right adjoint respectively left adjoint to the inclusion of group-like
objects. On πG0 the two constructions have the expected effect: the global units pick out the invertible
elements of πG0 , and the effect of global group completion is group completion of the abelian monoid πG0 .

The category of ultra-commutative monoids is pointed, and product respectively box product are the
categorical product respectively coproduct in the category of ultra-commutative monoids. These descend
to product and respectively coproduct in the homotopy category Ho(umon) of ultra-commutative monoids,
with respect to the global model structure of Theorem 3.9. The morphism ρR,S : R�S −→ R×S is a global
equivalence by Theorem I.3.4 (i), so in Ho(umon) the canonical map from a coproduct to a product is an
isomorphism. Various features of unit maps and group completions only depend on these formal properties,
and work just as well in any pointed model category in which coproducts and products coincide up to weak
equivalence. So we develop large parts of the theory in this generality.

Construction 6.1. Let D be a category which has finite products and a zero object. We write A×B
for any product of the objects A and B and leave the projections A×B −→ A and A×B −→ B implicit.
Given morphisms f : T −→ A and g : T −→ B we write (f, g) : T −→ A×B for the unique morphism that
projects to f respectively g. We write 0 for any morphism that factors through a zero object.

We call the category D pre-additive if ‘finite products are coproducts’; more precisely, we require that
every product A×B of two objects A and B is also a co-product, with respect to the morphisms

i1 = (IdA, 0) : A −→ A×B and i2 = (0, IdB) : B −→ A×B .

In other words, we demand that for every object X the map

D(A×B,X) −→ D(A,X)×D(B,X) , f 7→ (fi1, fi2)

is bijective. The main example we care about is D = Ho(umon), the homotopy category of ultra-
commutative monoids.

In this situation we can define a binary operation on the morphism set D(A,X) for every pair of
objects A and X. Given morphisms a, b : A −→ X we let a⊥b : A×A −→ X be the unique morphism such
that (a⊥b)i1 = a and (a⊥b)i2 = b. Then we define

a+ b = (a⊥b)∆ : A −→ X ,

where ∆ = (IdA, IdA) : A −→ A×A is the diagonal morphism.
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The next proposition is well-known, but I do not know a convenient reference.

Proposition 6.2. Let D be a pre-additive category. For every pair of objects A and X of D the binary
operation + makes the set D(A,X) of morphisms into an abelian monoid with the zero morphism as neutral
element. Moreover, the monoid structure is natural for all morphisms in both variables, or, equivalently,
composition is biadditive.

Proof. The proof is lengthy, but completely formal. For the associativity of ‘+’ we consider three
morphisms a, b, c : A −→ X. Then a+ (b+ c) respectively (a+ b) + c are the two outer composites around
the diagram

A
∆

vv
∆

((
A×A

Id×∆ ��

A×A
∆×Id��

A× (A×A)

a⊥(b⊥c) ((

(A×A)×A

(a⊥b)⊥cvv
X

If we fill in the canonical associativity isomorphism A × (A × A) ∼= (A × A) × A then the upper part of
the diagram commutes because the diagonal morphism is coassociative. The lower triangle then commutes
since the two morphisms a⊥(b⊥c), (a⊥b)⊥c : A× (A× A) −→ X have the same ‘restrictions’, namely a, b
respectively c.

The commutativity is a consequence of two elementary facts: first, b⊥a = (a⊥b)τ where τ : A×A −→
A × A is the automorphism which interchanges the two factors; this follows from τi1 = i2 and τi2 = i1.
Second, the diagonal morphism is cocommutative, i.e., τ∆ = ∆ : A −→ A×A. Altogether we get

a+ b = (a⊥b)∆ = (a⊥b)τ∆ = (b⊥a)∆ = b+ a .

As before we denote by 0 ∈ D(A,X) the unique morphism which factors through a zero object. Then we
have a⊥0 = ap1 in D(A × A,X) where p1 : A × A −→ A is the projection onto the first factor. Hence
a+ 0 = (a⊥0)∆ = ap1∆ = a; by commutativity we also have 0 + a = a.

Now we verify naturality of the addition on D(A,X) in A and X. To check (a + b)c = ac + bc for
a, b : A −→ X and c : A′ −→ A we consider the commutative diagram

A′

∆

��

c // A
∆ //

∆

��

A×A

a⊥b
��

A′ ×A′

ac⊥bc

33
c×c // A×A a⊥b // X

in which the composite through the upper right corner is (a+ b)c. We have (a⊥b)(c× c)i1 = (a⊥b)(c, 0) =
ac = (ac⊥bc)i1 and similarly for i2 instead i1. So (a⊥b)(c × c) = ac⊥bc since both sides have the same
‘restrictions’ to the two factors of A′ × A′. Since the composite through the lower left corner is ac + bc,
we have shown (a + b)c = ac + bc. Naturality in X is even easier. For a morphism d : X −→ Y we have
d(a⊥b) = da⊥db : A × A −→ Y since both sides have the same ‘restrictions’ da respectively db to the two
factors of A×A. Thus d(a+ b) = da+ db by the definition of ‘+’. �

In the next definition and in what follows, we denote by M× the subgroup of invertible elements in an
abelian monoid M .
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Definition 6.3. Let D be a pre-additive category. A morphism u : R× −→ R is a unit morphism if
for every object T the map

u∗ : D(T,R×) −→ D(T,R)

is injective with image the subgroup D(T,R)× of invertible elements. A morphism i : R −→ R? in D is a
group completion if for every object T the map

i∗ : D(R?, T ) −→ D(R, T )

is injective with image the subgroup D(R, T )× of invertible elements.

Remark 6.4. If u : R× −→ R is a unit morphism, then by definition the pair (R×, u) represents the
functor

D −→ (sets) , T 7−→ D(T,R)× ;

so (R×, u) is unique up to preferred isomorphism. A formal consequence is that if we choose a unit
morphism uR : R× −→ R for every object R, then this extends canonically to a functor

(−)× : D −→ D
and a natural transformation u : (−)× −→ Id. The ‘dual’ remarks apply to group completion: if we choose
a group completion iR : R −→ R? for every object R, then this extends canonically to a functor

(−)? : D −→ D
and a natural transformation i : Id −→ (−)?.

Proposition 6.5. Let D be a pre-additive category. For every object A of D the following two conditions
are equivalent:

(a) The shearing morphism (p1,∇) = ∆⊥i2 = (∆p1) + i2p2 : A×A −→ A×A is an isomorphism.
(b) The identity of A has an inverse in the abelian monoid D(A,A).

We call A group-like if it satisfies (a) and (b). If A is group-like, then moreover for every object X of D
the abelian monoids D(A,X) and D(X,A) have inverses.

Proof. (a)=⇒(b) Since the shearing map is an isomorphism, there is a morphism (k, j) : A −→ A×A
such that

(IdA, 0) = (p1,∇) ◦ (k, j) = (k, k + j) .

So k = IdA and IdA +j = 0, i.e., j is an additive inverse of the identity of A.
(b)=⇒(a) If j ∈ D(A,A) is an inverse of the identity of A, then the morphism

(p1, j⊥ IdA) = (IdA, j)⊥i2 : A×A −→ A×A
is a two-sided inverse to the shearing morphism, which is thus an isomorphism.

If j ∈ D(A,A) is an additive inverse to the identity of A, then for all f ∈ D(X,A)

f + (jf) = (IdA ◦f) + (j ◦ f) = (IdA +j) ◦ f = 0 ◦ f = 0 ;

so j ◦ f is inverse to f . Similarly, for every g ∈ D(A,X) the morphism g ◦ j is additively inverse to g. �

Remark 6.6. A category D is pre-additive if and only if its opposite category Dop is pre-additive.
Moreover, in that situation D(A,X) and Dop(X,A) are not only the same set (by definition), but they also
have the same monoid structure. Thus the concepts of unit morphism and group completion are ‘dual’ (or
‘opposite’) to each other: a morphism in unit morphism in D if and only if it is a group completion in Dop.
This is why many properties of unit maps have a corresponding ‘dual’ property for group completions, and
why most proofs for unit maps have ‘dual’ proofs for group completions.

Since the identity of any object of D is also the identity of the same object in Dop, part (b) of Propo-
sition 6.5 shows that ‘group-like’ is a self-dual property: and object is group-like in D if and only if it is
group-like in Dop.
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If u : R× −→ R is a unit morphism then the abelian monoid D(R×, R×) is a group, by the defining
property. So the object R× satisfies condition (b) of the previous proposition, i.e., R× is group-like.
Moreover, if we make choices of units for all object R, then the resulting functor is right adjoint to the
inclusion of the full subcategory of group-like objects.

Dually, if i : R −→ R? is a group completion of an object of a pre-additive category D, then the
object R? satisfies condition (b) of the previous proposition, and is thus group-like. And if we make choices
of group completions for all object R, then the resulting functor is left adjoint to the inclusion of the full
subcategory of group-like objects.

We mostly care about the situation where D = Ho(C) is the homotopy category of a pointed model
category C. The next proposition will be used to show that in this situation units and group completions
always exist. We consider two composable morphisms f : A −→ B and g : B −→ C in a pointed category D.
We recall that f is a kernel of g if for every morphism β : T −→ B such that gβ = 0, there is a unique
morphism α : T −→ A such that fα = β. Dually, g is a cokernel of f if for every morphism β : B −→ Y
such that βf = 0, there is a unique morphism γ : C −→ Y such that γg = β.

We recall a construction of the group completion (Grothendieck construction) of an abelian monoid M :
we let d : M×M −→M? be a cokernel, in the category of commutative monoids, of the diagonal morphism
∆ : M −→M ×M . Then the composite morphism

i : M
(Id,0)−−−→ M ×M d−−→ M?

is a group completion, and d(x, y) = i(x) − i(y). Dually, for every abelian monoid M the preimage of the
zero element under the addition map M2 −→M is isomorphic to the subgroup of invertible elements, via

M× −→ ker(+ : M2 −→M) , m 7−→ (m,−m) .

The following proposition provides abstract analogues of these two facts about abelian monoids.

Proposition 6.7. Let R be an object of a pre-additive category D.

(i) Let e : R× −→ R × R be a kernel of the codiagonal morphism Id⊥ Id : R × R −→ R. Then the
composite

u = (Id⊥0) ◦ e : R× −→ R

is a unit morphism and
e = (u,−u) : R× −→ R×R .

Conversely, if u : R× −→ R is a unit morphism, then the morphism (u,−u) : R× −→ R × R is a
kernel of the codiagonal morphism Id⊥ Id : R×R −→ R.

(ii) Let d : R × R −→ R? be a cokernel of the diagonal morphism (Id, Id) : R −→ R × R. Then the
composite

i = d ◦ (Id, 0) : R −→ R?

is a group completion and
d = i⊥(−i) : R×R −→ R? .

Conversely, if i : R −→ R? is a group completion, then the morphism i⊥(−i) : R × R −→ R? is a
cokernel of the diagonal morphism (Id, Id) : R −→ R×R.

Proof. We prove part (ii). Part (i) is dual, i.e., equivalent to part (ii) in the opposite category Dop.
We let T be any object D. Then the map

{(f, g) ∈ D(R, T )2 | f + g = 0} −→ D(R, T )× , (f, g) 7−→ f

is bijective because right inverses in abelian monoids, if they exist, are unique. A cokernel of the diagonal
morphism is a morphism d : R × R −→ R? that represents the left hand side of this bijection; a group
completion is a morphism i : R −→ R? that represents the right hand side of this bijection. Hence
d : R×R −→ R? is a cokernel of the diagonal if and only if d ◦ (Id, 0) is a group completion.
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The relation d ◦ (Id, 0) = i holds by definition. The relation

(d ◦ (0, Id)) + i = d ◦ ((0, Id) + (Id, 0)) = d ◦ (Id, Id) = 0

holds in the monoid D(R,R?), and thus d ◦ (0, Id) = −i. This shows that d = i⊥(−i). �

The previous characterization of unit morphisms and group completions as certain kernels respectively
cokernels formally implies the following corollary.

Corollary 6.8. Let F : D −→ E be a functor between pre-additive categories that preserves products.

(i) If F preserves kernels of split epimorphisms, then for every unit morphism u : R× −→ R in D, the
morphism Fu : F (R×) −→ FR is a unit morphism.

(ii) If F preserves cokernels of split monomorphisms, then for every group completion i : R −→ R? in D,
the morphism Fu : FR −→ F (R?) is a group completion.

Now we consider a pointed model category C whose homotopy category is pre-additive. The main
example we have in mind is C = umon, the category of ultra-commutative monoids with the global model
structure of Theorem 3.9. The homotopy category Ho(C) then comes with an adjoint functor pair (Σ,Ω)
of suspension and loop, compare [114, I.2].

Proposition 6.9. Let C be a pointed model category whose homotopy category is pre-additive.

(i) For every object R of C, the loop object ΩR and the suspension ΣR are group-like in Ho(C).
(ii) If u : R× −→ R is a unit morphism, then its loop Ωu : Ω(R×) −→ ΩR is an isomorphism in Ho(C).
(iii) If i : R −→ R? is a group completion, then its suspension Σi : ΣR −→ Σ(R?) is an isomorphism

in Ho(C).

Proof. (i) This is a version of the Eckmann-Hilton argument. For every object T of C, the set [T,ΩR]
has one abelian monoid structure via Construction 6.1, coming from the fact that Ho(C) is pre-additive.
A second binary operation on the set [T,ΩR] arises from the fact that ΩR is a group object in Ho(C),
compare [114, I.2]. This operation makes [T,ΩR] into a group. This monoid structure of Construction 6.1
in natural for morphisms in the second variable ΩR, in particular for the group structure morphism ΩR×
ΩR −→ ΩR. This means that the two binary operations satisfy the interchange law. Since they also share
the same neutral element, the coincide. Since one of the two operations has inverses, so does the other.

The argument that ΣR is group-like is dual, using that ΣR is the loop object of R in Ho(C)op = Ho(Cop),
and that ‘group-like’ is a self-dual property,

(ii) Since the functor Ω : Ho(C) −→ Ho(C) is right adjoint to Σ, it preserves products and kernels.
So Ωu : Ω(R×) −→ ΩR is a unit morphism by Corollary 6.8. Since ΩR is already group-like by part (i),
Ωu is an isomorphism. Part (iii) is dual to part (ii); so it admits the dual proof, or can be obtained by
applying part (ii) to the opposite model category. �

Proposition 6.10. Consider a commutative square

A
f //

��

B

g

��
C // D

in a pointed model category such that the object C is weakly contractible.

(i) If the square is homotopy cartesian and g admits a section in Ho(C), then the morphism f is a kernel
of g in Ho(C).

(ii) If the square is homotopy cocartesian and f admits a retraction in Ho(C), then the morphism g is a
cokernel of f in Ho(C).
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Proof. We prove part (i). Part (ii) can be proved by dualizing the argument or by applying part (i)
to the opposite category with the opposite model structure. Since the square is homotopy cartesian and C
is weakly contractible, the object A is weakly equivalent to the homotopy fiber, in the abstract model
category sense, of the morphism g. As Quillen explains in Section I.3 of [114], there is an action map (up
to homotopy)

A× (ΩD) −→ A ,

by an abstract version of ‘concatenation of paths’. For every other object T of C, Proposition 4 of [114,
I.3] provides a sequence of based sets

[T,ΩB]
[T,Ωg]−−−−→ [T,ΩD]

[T,∂]−−−→ [T,A]
[T,f ]−−−→ [T,B]

[T,g]−−−→ [T,D]

that is exact in the sense explained in [114, I.3 Prop. 4], where [−,−] denotes the morphism sets in the
homotopy category of C. In particular, the image of [T, f ] is equal to the preimage of the zero morphism
under the map [T, g].

So in order to show that f is a kernel of g it remains to check that the map [T, f ] is injective. So we
consider two morphisms α1, α2 ∈ [T,A] such that f ◦ α1 = f ◦ α2. Then by Proposition 4 (ii) of [114, I.3],
there is an element λ ∈ [A,ΩD] such that α2 = α1 · λ. Since the morphism g : B −→ D has a section, so
does the morphism Ωg : ΩB −→ ΩD. So there is a morphism λ̄ ∈ [T,ΩB] such that λ = (Ωg) ◦ λ̄. But all
elements in the image of [T,Ωg] act trivially on [T,A], so then

α2 = α1 · λ = α1 · ((Ωg) ◦ λ̄) = α1 . �

Theorem 6.11. Let C be a pointed model category whose homotopy category is pre-additive.

(i) Every object of C has a unit morphism and a group completion in Ho(C).
(ii) If C is right proper, then every object R admits a C-morphism u : R× −→ R that becomes a unit

morphism in the homotopy category Ho(C).
(iii) If C is left proper, then every object R admits a C-morphism i : R −→ R? that becomes a group

completion in the homotopy category Ho(C).

Proof. (i) We let R be any object of C. It suffices to show, by Proposition 6.7, that the codiagonal
morphism Id⊥ Id : R × R −→ R has a kernel in Ho(C) and the diagonal morphism (Id, Id) : R −→ R × R
has a cokernel in Ho(C). The arguments are again dual to each other, so we only show the first one.

We can assume without loss of generality that R is cofibrant and fibrant. Then the fold map ∇ :
RqR −→ R in the model category C becomes the codiagonal morphism of R in Ho(C). We factor ∇ = q ◦ j
for some weak equivalence j : RqR ∼−→ Q followed by a fibration q : Q −→ R. Then we choose a pullback,
so that we arrive at the homotopy cartesian square:

P
f //

��

Q

q

��
∗ // R

The morphism q still becomes a codiagonal morphism in Ho(C), and so it has a section. By Proposi-
tion 6.10 (i) the morphism f becomes a kernel of q in Ho(C). So the codiagonal morphism of R has a
kernel.

(ii) We choose a weak equivalence q : R −→ R̄ to a fibrant object. A unit morphism with target R̄
exists in Ho(C) by Theorem 6.11. By replacing the source by a weakly equivalent object, if necessary, we can
assume that the source is cofibrant as an object in the model category C. Every morphism in Ho(C) from
a cofibrant to a fibrant object is the image of some C-morphism under the localization functor, i.e., there
is a C-morphism ū : R̄× −→ R̄ that becomes a unit morphism in C. By factoring ū as a weak equivalence
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followed by a fibration we can moreover assume without loss of generality that ū is a fibration. We form a
pullback

R×
u //

p

��

R

q∼
��

R̄×
ū
// R̄

Since q is a weak equivalence, ū a fibration and C is right proper, the base change p of q is also a weak
equivalence. So u is isomorphic to ū in the arrow category in Ho(C), hence u is also a unit morphism
in Ho(C). Part (iii) is dual to part (ii). �

Remark 6.12. We claim is that unit morphisms and group completions also behave nicely on de-
rived mapping spaces. We explain this in detail for unit morphism, the other case being dual, one more
time. Model categories have derived mapping spaces (i.e., simplicial sets) Rmap(−,−), giving well-defined
homotopy types such that

(6.13) π0(Rmap(R,S)) ∼= Ho(C)(R,S) ,

compare [74, Sec. 5.4] or [72, Ch. 18]. We let u : R× −→ R be a C-morphism that becomes a unit morphism
in Ho(C), and T any other object of C. Because of the bijection (6.13) the map

u∗ : Rmap(T,R×) −→ Rmap(T,R)

lands in the subspace Rmap×(T,R), defined as the union of those path components that represent in-
vertible elements in the monoid Ho(C)(T,R). We claim that u∗ is a weak equivalence onto the subspace
Rmap×(T,R). To see this we exploit that both Rmap(T,R×) and Rmap×(T,R) are group-like H-spaces,
the multiplication arising from the fact T is a cogroup object up to homotopy. Moreover, the map u∗ is
an H-map and bijection on path components (by the universal property of unit morphisms and the bijec-
tion (6.13)). So it suffices to show that the restriction of u to the identity path components is a weak
equivalence. For this it suffices in turn to show that the looped map

Ω(u∗) : Ω(Rmap(T,R×)) −→ Ω(Rmap×(T,R))

is a weak equivalence. But this map is weakly equivalent to

(Ωu)∗ : Rmap(T,Ω(R×)) −→ Rmap(T,Ω(R)) .

Since Ωu is an isomorphism in Ho(C) (by Proposition 6.9 (ii)) it is a weak equivalence in C, hence so is the
induced map on derived mapping spaces.

The next proposition will be used below to show that the loops on the bar construction provide functorial
global group completions of ultra-commutative monoids.

Proposition 6.14. Let C be a pointed model category whose homotopy category is pre-additive. Suppose
that for every group-like object R of C the adjunction unit η : R −→ Ω(ΣR) is an isomorphism in Ho(C).
Then for every object R of C the adjunction unit η : R −→ Ω(ΣR) is group completion.

Proof. We let i : R −→ R? be a group completion, which exists by Theorem 6.11. In the commutative
square

R
ηR //

i

��

Ω(ΣR)

ΩΣi∼=
��

R?
ηR?

∼= // Ω(Σ(R?))

the lower horizontal morphism is an isomorphism by hypothesis because R? is group-like. The morphism
Σi : ΣR −→ Σ(R?) is an isomorphism by Proposition 6.9 (iii), hence the right vertical morphism Ω(Σi) is



6. GLOBAL GROUP COMPLETION AND UNITS 163

also an isomorphism. So ηR is isomorphic, as an object in the comma category R ↓ Ho(C), to i, and hence
also a group completion. �

Remark 6.15. The previous proposition also has a dual statement (with the dual proof): if for every
group-like object R of C the adjunction counit ε : Σ(ΩR) −→ R is an isomorphism in Ho(C), then ε is a
unit morphism. In practice, however, this dual formulation is less useful. In other words: in the important
examples that arise ‘in nature’, for example for ultra-commutative monoids, the adjunction unit η : R −→
Ω(ΣR) is an isomorphism for all group-like objects R, whereas the adjunction counit ε : Σ(ΩR) −→ R is
not always an isomorphism.

Now we specialize the theory of units and group completions to ultra-commutative monoids. We recall
that the category of ultra-commutative monoid has the trivial monoid ∗ as zero object, and the canonical
morphism ρR,S : R� S −→ R× S from the coproduct to the product of two ultra-commutative monoids is
a global equivalence by Theorem I.3.4 (i). So the homotopy category Ho(umon) is pre-additive.

Definition 6.16. An ultra-commutative monoid R is group-like if it is group-like as an object of the
pre-additive category Ho(umon). A morphism u : R× −→ R of ultra-commutative monoids is a global
unit morphism if it is a unit morphism in the pre-additive category Ho(umon). A morphism i : R −→ R?

of ultra-commutative monoids is a global group completion if it is a group completion in the pre-additive
category Ho(umon).

Theorem 6.11 guarantees that every ultra-commutative monoid R is the target of a unit morphism and
a source of a group completion in the homotopy category Ho(umon). As we explained in Remark 6.12,
the abstract theory also guarantees that every fibrant ultra-commutative monoid R admits a global unit
morphism u : R× −→ R in the model category of ultra-commutative monoids. And every cofibrant
ultra-commutative monoid R admits a global group completion i : R −→ R? in the model category of
ultra-commutative monoids.

As a reality check we show that for ultra-commutative monoids R, the abstract definition of ‘group-
like’ is equivalent to the requirement that all the abelian monoids πG0 (R) are groups. This part works more
generally for all orthogonal monoid spaces, not necessarily commutative. A monoid M (not necessarily
abelian) is a group if and only if the shearing map

χ : M2 −→ M2 , (x, y) 7−→ (x, xy)

is bijective. Indeed, if M is a group, then the map (x, z) 7→ (x, x−1z) is inverse to χ. Conversely, if the
shearing map is bijective, then for every x ∈ M there is a y ∈ M such that χ(x, y) = (x, 1), i.e., with
xy = 1. Then χ(x, yx) = (x, xyx) = (x, x) = χ(x, 1), so yx = 1 by injectivity of χ. Thus y is a two-sided
inverse for x.

For orthogonal monoid spaces R (not necessarily commutative), the group-like condition has a similar
characterization as follows. The shearing morphism is the morphism of orthogonal spaces

χ = (ρ1, µ) : R�R −→ R×R

whose first component is the projection ρ1 to the first factor and whose second component is the multipli-
cation morphism µ : R�R −→ R.

� The multiplication morphism µ : R�R −→ R, and hence the shearing morphism χ, is a homomorphism
of orthogonal monoid spaces only if R is commutative.

Proposition 6.17. Let R be an orthogonal monoid space. Then the following two conditions are
equivalent:

(i) The shearing morphism χ : R�R −→ R×R is a global equivalence of orthogonal spaces.
(ii) For every compact Lie group G the monoid πG0 (R) is a group.
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For commutative orthogonal monoid spaces, (i) and (ii) are moreover are equivalent to being group-like in
the pre-additive homotopy category Ho(umon) of ultra-commutative monoids.

Proof. (i)=⇒(ii) The vertical maps in the commutative diagram

πG0 (R�R)

(πG0 (ρ1),πG0 (ρ2)) ∼=
��

πG0 (χ) // πG0 (R×R)

(πG0 (p1),πG0 (p2))∼=
��

πG0 (R)× πG0 (R)
(x,y) 7−→ (x,x+y)

// πG0 (R)× πG0 (R)

are bijective by Corollary I.6.24. If the shearing morphism is a global equivalence, then the map πG0 (χ) is
bijective, hence so is the algebraic shearing map of the monoid πG0 (R). This monoid is thus a group.

(ii)=⇒(i) Now we assume that all the monoids πG0 (R) are groups. We assume first that R is flat as an
orthogonal space; then R �R and R ×R are also flat by Corollary I.5.18 (ii). By [...fix this...] R �R and
R×R are then closed, so we may show that for every compact Lie group G the continuous map

(χ(UG))G : ((R�R)(UG))G −→ ((R×R)(UG))G = R(UG)G ×R(UG)G

is a weak equivalence. Since πG0 (R), and hence also πG0 (R �R) ∼= πG0 (R)× πG0 (R), has inverses, choices of
points in the path components provide a homotopy equivalence

πG0 (R�R)× ((R�R)(UG))G1 −→ ((R�R)(UG))G

where the subscript (−)1 denotes the path component of the identity element. The same applies to R×R
and yields a homotopy equivalence

πG0 (R×R)× ((R×R)(UG))G1 −→ ((R×R)(UG))G ;

we choose the images of the path component representatives for R�R as the representatives for R×R, so
that the following diagram commutes:

πG0 (R�R)× ((R�R)(UG))G1
πG0 (χ)×(χ(UG))G1 //

'
��

πG0 (R×R)× ((R×R)(UG))G1

'
��

((R�R)(UG))G
(χ(UG))G

// ((R×R)(UG))G

Since the map πG0 (χ) is bijective, it suffices to show that the restriction

(χ(UG))G1 : ((R�R)(UG))G1 −→ ((R×R)(UG))G1

to the identity components is a weak equivalence. This is a map between path connected spaces, so we may
show that the map (χ(UG))G1 induces a bijection on all homotopy groups based at the neutral element 1.
For every n ≥ 1 the map πn((χ(UG))G1 ) is a group homomorphism such that the composite

(πn(R(UG)G1 , 1))2 (x,y)7→x×y−−−−−−−→ πn(((R�R)(UG))G1 , 1)

πn((χ(UG))G1 )−−−−−−−−−→ πn(((R×R)(UG))G1 , 1)
((ρ1)∗,(ρ2)∗)−−−−−−−−→ (πn(R(UG)G1 , 1))2

sends (x, y) to (x, µ∗(x × y)), where µ : R � R −→ R is the multiplication map. By the Eckmann-Hilton
argument, µ∗(x× y) = xy, the product with respect to the group structure of πn(R(UG)G1 , 1). The first and
third map are bijective, and so is the composite (because πn(R(UG)G1 , 1) is a group). So the middle map is
bijective, and hence (χ(UG))G1 is a weak equivalence.

For general R we choose a global equivalence f : R′ −→ R of orthogonal monoid spaces such that R′

is flat as an orthogonal space. One way to arrange this is by cofibrant replacement in the global model
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structure of orthogonal monoid spaces (Corollary I.7.15 (ii) with R = ∗ and F = All). Then f � f is a

global equivalence by Theorem I.3.4 and f × f is a global equivalence by Proposition I.1.12 (vi). Since χR
′

is a global equivalence by the previous paragraph and χR ◦ (f � f) = (f × f) ◦ χR′ , the morphism χR is
also a global equivalence.

Finally, if R is ultra-commutative, then the point-set level shearing morphism χ becomes the shearing
morphism in the sense of Proposition 6.5 (a) in the pre-additive homotopy category Ho(umon). So χ is
a global equivalence if and only if the shearing morphism in Ho(umon) is an isomorphism, i.e., precisely
when R is group-like. �

Now we look more closely at global unit morphisms, and we give an explicit, functorial point set level
construction. For elements in an abelian monoid M , left inverses are automatically right inverses, and they
are unique (if they exist). So the subgroup of invertible elements of an abelian monoid is isomorphic to the
kernel of the multiplication map, by

M× ∼= ker(+ : M2 −→M) , x 7−→ (x,−x) .

Proposition 6.7 (i) gives an abstract formulation of this and explains how an abstract kernel of the multipli-
cation map gives rise to a unit morphism. The proof of Theorem 6.11 then shows that the homotopy fiber
of the multiplication maps, formed at the model category level, constructs such a kernel. If we make all
this explicit for the model category of ultra-commutative monoids, we arrive at the following construction.

Construction 6.18 (Units of an ultra-commutative monoid). We introduce a functorial pointset level
construction of the global units of an ultra-commutative monoid, as the homotopy fiber, over the additive
unit element 0, of the multiplication morphism µ : R�R −→ R, i.e.,

R× = F (µ) = (R�R)×µ R[0,1] ×R ∗ .

So at an inner product space V , we have

(R×)(V ) = F (µ(V )) = (R�R)(V )×µ(V ) R(V )[0,1] ×R(V ) {0} ,

the space of pairs (x, ω) consisting of a point x ∈ (R � R)(V ) and a path ω : [0, 1] −→ R(V ) such that
µ(x) = ω(0) and ω(1) = 0, the unit element in R(V ). Since limits and cotensors with topological spaces
of ultra-commutative monoids are formed on underlying orthogonal spaces, this homotopy fiber inherits a
preferred structure of ultra-commutative monoid.

We claim that the composite

u : R×
p−−→ R�R

ρ1−−→ R

is a global unit morphism, where p is the projection onto the first factor. Indeed, the commutative square

R×
p //

q

��

R�R

µ

��
R[0,1] ×R {0} ev0

// R

is a pullback of ultra-commutative monoids, by definition, and the both horizontal morphism are strong level
fibrations, where q denotes the projection to the second factor. So the square is homotopy cartesian. The
multiplication morphism µ has a section, so Proposition 6.10 (i) shows that the morphism p : R× −→ R�R
becomes a kernel of the multiplication morphism in the homotopy category Ho(umon). So u is a unit
morphism by Proposition 6.7 (i).

We recall from Example 2.17 that every global power monoid M has a global power submonoid M× of
units; the value M×(G) at a compact Lie group G is the monoid of invertible elements of M(G). The next
proposition verifies that global unit morphisms have the expected behavior on π0.
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Proposition 6.19. Let u : R× −→ R be a unit morphism of ultra-commutative monoids. Then the
morphism of global power monoids

π0(u) : π0(R×) −→ π0(R)

is an isomorphism onto the global power submonoid (π0(R))× of units of π0(R).

Proof. This is a formal consequence of the fact that the functor πG0 from the homotopy category
of ultra-commutative monoids is representable. We let G be a compact Lie group and consider the free
ultra-commutative monoid P(BglG) generated by a global classifying space of G. By Proposition II.2.22 (i),
applied to the free and forgetful functor pair between orthogonal spaces and ultra-commutative monoids,
for every ultra-commutative monoid T , evaluation at the class

uumonG = η∗(uG,V ) ∈ πG0 (P(BglG))

is an isomorphism of abelian monoids

Ho(umon)(P(BglG), T ) ∼= πG0 (T ) .

This isomorphism is natural in the second variable, so we arrive at a commutative square of abelian monoids

Ho(umon)(P(BglG), R×)
∼= //

u∗

��

πG0 (R×)

u∗

��
Ho(umon)(P(BglG), R) ∼=

// πG0 (R)

in which both horizontal maps are bijective. The left vertical map is injective with image the subgroup of
invertible elements; hence the same is true for the right vertical map. �

Remark 6.20. The previous proposition shows in particular that the image of every global unit mor-
phism u : R× −→ R of ultra-commutative monoids is contained in the ultra-commutative submonoid Rn×

of naive units as defined in Example 2.16; so u factors as a composite

R×
u′−−→ Rn×

incl−−−→ R .

Here Rn× is an orthogonal monoid subspace of R with value at an inner product space V defined as the
union of those path components of R(V ) that become invertible in π0(R). As we explained in Example 2.16,
Rn× is not in general group-like; in particular, the inclusion Rn× −→ R is not in general a global unit
morphism. The morphism u′ : R× −→ Rn× is a non-equivariant weak equivalence, but not generally a
global equivalence.

Before we move on to global group completions we give some examples of unit morphisms. We restrict
to examples that are not already group-like (for otherwise global units coincide with the entire ultra-
commutative monoid).

Example 6.21. The ultra-commutative monoid Gr, the additive Grassmannian of Example 4.6, has
‘trivial units’ in the sense that the unit morphism ∗ −→ Gr is a global unit morphism. Indeed, the
monoid πe0(Gr) is isomorphic to the additive monoid N of natural numbers, so 0 is the only invertible
element. Thus the naive unit Grn× coincide with the 0-graded part of the Grassmannian, i.e., Grn× =

Gr[0] = ∗. Since the ‘true’ global units factor through Grn×, these must also be globally equivalent to the
trivial ultra-commutative monoid.

The same reasoning applies to the ultra-commutative monoid F of unordered frames (see Example 4.13)
and PX, the free ultra-commutative monoid generated by an orthogonal space X (see Example 1.1). So
both the naive unit and the ‘true’ global units are trivial in these cases,

F× 'gl Fn× = ∗ and (PX)× 'gl (PX)n× = ∗ .
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Example 6.22 (Exponential homomorphisms). The multiplicative monoids of ultra-commutative ring
spectra are a source of examples of ultra-commutative monoids that are not group-like and usually have non-
trivial global units. We will only discuss general ultra-commutative ring spectra is Chapter V below, but the
example of the multiplicative monoid of the sphere spectrum Ω•S was already mentioned in Example 4.21.
As we explained there, the equivariant homotopy set πG0 (Ω•S) is equal to the stable G-equivariant 0-stem
πG0 (S), with monoid structure the multiplication (rather than the addition). The set πG0 (Ω•S) thus bijects
with the underlying set of the Burnside ring A(G) of the group G (compare Example III.3.14), which is
additively a free abelian group with basis the conjugacy classes of subgroups of G with finite Weyl groups.
The multiplication on πG0 (Ω•S) corresponds to the multiplication (not the addition !) in the Burnside
ring A(G). When G is finite, πG0 (Ω•S) thus bijects with the underlying set of the Grothendieck group of
finite G-sets, and the multiplication corresponds to the product of G-sets. The power operations in π0(Ω•S)
are thus represented by ‘raising a G-set to the cartesian power’, and the transfer maps are known as ‘norm
maps’ or ‘multiplicative induction’.

For the units of the multiplicative monoid of ring spectra we will use the notation GL1; for the sphere
spectrum this becomes

GL1(S) = (Ω•S)× .

The classical J-homomorphism fits in nicely here, in the form of a global refinement to a morphism of
ultra-commutative monoids

J̄ : O −→ GL1(S) ,

as we shall now explain. The definition starts from a homomorphism of ultra-commutative monoids

J : O −→ Ω•S

defined at an inner product space V as the map

J(V ) : O(V ) −→ map(SV , SV )

sending a linear isometry ϕ : V −→ V to its one-point compactification Sϕ : SV −→ SV . The fact that
these maps are multiplicative and compatible with the structure maps is straightforward. The induced
maps

πG0 (J) : πG0 (O) −→ πG0 (Ω•S) = πG0 (S) ,

for G a compact Lie group, can be described as follows. By Example 4.1, the group πG0 (O) is a direct sum of
copies of Z/2, indexed by the isomorphism classes of irreducible orthogonal G-representations of real type.
If λ is such an irreducible G-representation, then the image of the λ-indexed copy of Z/2 is the represented
by the one-point compactification of the twist automorphism τ ∈ O(λ2) of λ⊕ λ given by τ(x, y) = (y, x).

We recall from Example I.1.15 the multiplicative shift sh = shR2

⊗ defined by

(shX)(V ) = X(V ⊗ R2) .

The shift comes with a natural morphism i∗ : X −→ shX defined at V as the map

i∗(V ) = X(v 7→ v ⊗ (1, 0)) : X(V ) −→ X(V ⊗ R2) .

The morphism i∗ is a global equivalence by Proposition I.1.14. The shift functor sh preserves multiplications,
and when applied to an orthogonal monoid space, then the morphism i∗ is multiplicative. The composite
morphism of ultra-commutative monoids

(6.23) Gr
τ−−→ sh O

sh J−−−−→ sh(Ω•S)

realizes an ‘exponential’ homomorphism from the real representation ring to the multiplicative group of
the Burnside ring of a compact Lie group G. The exponential homomorphism was first studied by tom
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Dieck and is therefore sometimes called the ‘tom Dieck exponential map’. Tom Dieck’s definition of the
exponential homomorphism (see [152, 5.5.9]) is completely algebraic: we start from the homomorphism

s : RO+(G) −→ Cl(G,Z)× , s[V ](H) = (−1)dim(V H)

that sends an orthogonal representation V to the class function s(V ) that records the parities of the
dimensions of the fixed point spaces. The Burnside ring embeds into the ring of class functions by ‘fixed
point counting’:

Φ : A(G) −→ Cl(G,Z) , Φ[S](H) = |SH | ,
i.e., a (virtual) G-set S is sent to the class function that counts the number of fixed points. This map is
injective, and for finite groups the image can be characterized by an explicit system of congruences [152,
Prop. 1.3.5]. The image of the homomorphism s satisfies the congruences, so there is a unique monoid
homomorphism exp : RO+(G) −→ A(G)× such that Φ ◦ exp = s. The map s sends the direct sum of
representations to the product of the parity functions, so exp is a homomorphism of abelian monoids, and
extends to a homomorphism

exp : RO(G) −→ A(G)×

from the orthogonal representation ring. The morphism of commutative orthogonal ring spaces (6.23)
realizes the exponential morphism in the sense that the following diagram of monoid homomorphisms
commutes:

πG0 (Gr)

(4.8) ∼=
��

πG0 ((sh J)◦τ) // πG0 (sh(Ω•S))
∼= // (πG0 (S))×

RO+(G)
exp

// A(G)×

∼=α

OO

To show the commutativity of this diagram we may compose with the degree monomorphism

deg : (πG0 (S))× −→ Cl(G,Z) , deg[f ](H) = deg(fH : SV
H

−→ SV
H

)

that takes the class of an equivariant self-map f : SV −→ SV of a representation sphere to the class function
that records the fixed point dimensions. The composite deg ◦α : A(G) −→ Cl(G,Z) coincides with the fixed
point counting map Φ, so

deg ◦α ◦ exp = Φ ◦ exp = s : RO+(G) −→ Cl(G,Z) .

On the other hand, the map πG0 ((sh J) ◦ τ) sends the class of a G-representation V to the twist map
τV : SV⊕V −→ SV⊕V . The diagram thus commutes because

deg(τHV ) = (−1)dim(V H) = s[V ](H) .

Finally, the composite morphism of ultra-commutative ring spaces

F
span−−−−→ Gr

τ−−→ sh O
sh J−−−−→ sh(Ω•S)

realizes another exponential homomorphism that has received some attention in algebra. By the above and
the commutative square (4.16), this composite realizes the morphism of global power monoids

exp : A+(G) −→ A(G)×

that is characterized, via the fixed point class function, by

Φ(exp[S])(H) = (−1)|H\S| ,

the parity of the number of H-orbits on S, for every G-set S and subgroup H ≤ G. Since the source A+(G)
only depends on the finite group Ḡ = G/G◦ of path components, this last exponential map is only interesting
for finite groups.
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Since the orthogonal monoid space O is group-like, the image of J automatically lies in the submonoid
of naive units (Ω•S)n×; moreover, in the homotopy category Ho(umon) of ultra-commutative monoids, the
morphism J factors through the true global units GL1(S), by the universal property of unit morphisms.
Even better, we can (weakly) factor the J-homomorphism on the pointset level through the model of global
units defined in Construction 6.18. More precisely, we construct a commutative diagram of homomorphisms
of ultra-commutative monoids

(6.24)

O

J̄

**

J

**
GL1(S)

u
//

'
��

Ω•S

' i∗

��
GL1(S)

ū
// sh(Ω•S)

We define GL1(S) as the homotopy fiber of the morphism of ultra-commutative monoids

shµ : sh((Ω•S)� (Ω•S)) −→ sh(Ω•S) ,

and ū as the composite of the projection of GL1(S) to the first factor and the morphism

sh ρ1 : sh((Ω•S)� (Ω•S)) −→ sh(Ω•S) = Ω̄•S .

The vertical morphisms in (6.24) are induced by the commutative square:

(Ω•S)� (Ω•S)
µ //

i∗

��

Ω•S

i∗

��
sh((Ω•S)� (Ω•S))

shµ
// sh(Ω•S)

Now we define the morphism J̄ that lifts the J-homomorphism to the global units GL1(S). The maps

K(V ) : O(V )
ϕ7→(Sϕ,Sϕ

−1
)−−−−−−−−−→ map(SV , SV )×map(SV , SV ) = (Ω•S)(V )× (Ω•S)(V )

iV,V−−−−−−→ ((Ω•S)� (Ω•S))(V ⊕ V ) ∼= sh((Ω•S)� (Ω•S))(V )

are compatible as V varies, and they define a morphism of orthogonal spaces K : O −→ sh((Ω•S)� (Ω•S)).
The last isomorphism is induced from

V ⊕ V ∼= V ⊗ R2 , (v, w) 7−→ v ⊗ (1, 0) + w ⊗ (0, 1) .

Since IdV ⊕ IdV = IdV⊕V and (ϕ ⊕ ψ)−1 = ϕ−1 ⊕ ψ−1, the morphism K is in fact a homomorphism of
ultra-commutative monoids. We consider the path

r : [0, 1] −→ O(R2) defined by r(t) =

(
sin(π/2 · t) cos(π/2 · t)
− cos(π/2 · t) sin(π/2 · t)

)
.

The path starts at r(0) =

(
0 1
−1 0

)
and ends at the identity. Then we define a continuous homomorphism

j : O(V ) −→ O(V ⊗ R2) by j(ϕ)(v ⊗ (x, y)) = ϕ(v)⊗ (x, 0) + v ⊗ (0, y) .

Then we define a homotopy

H(V ) : [0, 1]×O(V ) −→ O(V ⊗ R2)

by

H(V )(t, ϕ) = (IdV ⊗r(t)) ◦ j(ϕ−1) ◦ (IdV ⊗r(t)−1) ◦ j(ϕ) .
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This homotopy satisfies

H(V )(0, ϕ) =

(
IdV ⊗

(
0 1
−1 0

))
◦ j(ϕ−1) ◦

(
IdV ⊗

(
0 −1
1 0

))
◦ j(ϕ) ∈ O(V ⊗ R2) ,

which is the isometry

v ⊗ (x, y) 7−→ ϕ(v)⊗ (x, 0) + ϕ−1(v)⊗ (0, y) .

Moreover,

H(V )(1, ϕ) = j(ϕ−1) ◦ j(ϕ) = IdV⊗R2 .

A homotopy from the composite

O
K−−→ sh((Ω•S)� (Ω•S))

shµ−−→ sh(Ω•S)

to the constant map at the identity (the neutral element of the multiplication) is then given by

H̄(V ) : [0, 1]×O(V ) −→ (Ω•S)(V ⊗ R2) , (t, ϕ) 7−→ SH(V )(t,ϕ) .

For fixed t ∈ [0, 1] the maps H̄(V )(t) form a morphism of ultra-commutative monoids, so the adjoint of H̄
is a morphism of ultra-commutative monoids

H̃ : O −→ (sh(Ω•S))[0,1] .

The morphisms K and H̃ thus combine into a morphism of ultra-commutative monoids

J̄ = (K, H̃) : O −→ sh((Ω•S)� (Ω•S))×shµ (sh(Ω•S))[0,1] ×Ω•S {Id} = GL1(S) .

The composite

O
J̄−−→ GL1(S)

p−−→ sh((Ω•S)� (Ω•S))
sh ρ1−−−→ sh(Ω•S)

equals

(sh ρ1) ◦K = J ◦ i∗ : O(V ) −→ sh(Ω•S) ,

i.e., the diagram (6.24) commutes.

Now we turn to global group completions of ultra-commutative monoids. Again we perform a reality
check, showing that global group completions have the expected effect on equivariant homotopy sets.

Proposition 6.25. Let i : R −→ R? be a global group completion of ultra-commutative monoids. Then

π0(i) : π0(R) −→ π0(R?)

is a group completion of global power monoids, and for every compact Lie group G the map

πG0 (i) : πG0 (R) −→ πG0 (R?)

is an algebraic group completion.

Proof. The homotopy category of ultra-commutative monoids and the category of global power
monoids are pre-additive and the functor

π0 : Ho(umon) −→ (global power monoids)

has a right adjoint by Proposition 3.12, sending a global power monoid M to a globally discrete ultra-
commutative monoid that realizes M on π0. So the functor π0 preserves products and cokernels. Corol-
lary 6.8 (ii) then applies and shows that π0(i) : π0(R) −→ π0(R?) is a group completion in the pre-additive
category of global power monoids. The second claim then follows because group completions of global power
monoids are calculated ‘group-wise’, compare Example 2.18. �
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Every ultra-commutative monoids has a group completion in the homotopy category of ultra-commutative
monoids, by Theorem 6.11 (i). Even better: since the model category of ultra-commutative monoids is left
proper, every ultra-commutative monoid is the source of a global group completion in the model category
of ultra-commutative monoids, by Theorem 6.11 (iii). Now we discuss two functorial pointset level con-
structions of global group completions. The first construction is dual to Construction 6.18 of global units
as the homotopy fiber of the multiplication map.

Construction 6.26 (Global group completion of an ultra-commutative monoid). We let R be an
ultra-commutative monoid that is cofibrant in the global model structure of Theorem 3.9. We define the
cone of R is a pushout in the category of ultra-commutative monoids:

{0} ⊗R //

incl⊗R
��

∗

��
[0, 1]⊗R

q
// CR

Since R is cofibrant, the left vertical morphism is any acyclic cofibration, and so the cone CR is globally
weakly equivalent to the zero monoid. Then we can construct a global group completion as a homotopy
cofiber of the diagonal morphism ∆ : R −→ R × R, i.e., a pushout in the category of ultra-commutative
monoids:

R
∆ //

��

R×R

d

��
CR // R?

The left vertical map is the composite

R ∼= {1} ⊗R incl⊗R−−−−→ [0, 1]⊗R q−−→ CR ;

it is a cofibration since R is cofibrant.
We claim that the composite

u : R
(Id,0)−−−→ R×R d−−→ R?

is a global group completion. Indeed, the square about is homotopy cocartesian by construction and the
diagonal morphism has a retraction. So Proposition 6.10 (ii) shows that the morphism d : R × R −→ R?

becomes a cokernel of the diagonal morphism in the homotopy category Ho(umon). So u is a global group
completion by Proposition 6.7 (ii).

The homotopy pushout defining R? above can be obtained more concretely as the realization of a
simplicial ultra-commutative monoid, the two-sided bar construction B�(∗, R,R×R) with respect to the box
product. In the context of topological monoids, this bar construction of a group completion for ‘sufficiently
homotopy commutative’ monoids is sketched by Segal on p. 305 of [127].

For topological monoids, the loop space of the bar construction provides a functorial group completion.
We will now explain that a similar construction also provides global group completion for ultra-commutative
monoids, before passing to the homotopy category. Part of this works for arbitrary orthogonal monoid
spaces, not necessarily commutative. If R is such an orthogonal monoid space, then the bar construction is
the simplicial object of orthogonal spaces

B•(R) =
(

[n] 7→ R�n
)
.

The simplicial face morphisms are induced by the multiplication in R, and the degeneracy are induced
by the unit morphism of R. The geometric realization in the category of orthogonal spaces is then the
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orthogonal space

B(R) = |B•(R)| .
Geometric realization of orthogonal spaces is ‘objectwise’, i.e., for an inner product space V we have

B(R)(V ) = |B•(R)(V )| ,

the realization of the simplicial space [n] 7→ (R�n)(V ). The canonical morphism

∆1 ×R = ∆1 ×B1(R) −→ |B•(R)| = B(R)

takes ∂∆1 ×R to the basepoint, so it factors over a morphism of orthogonal spaces

S1 ∧R ∼= (∆1/∂∆1) ∧R −→ B(R) .

Adjoint to this is a morphism of orthogonal spaces

(6.27) ηR : R −→ ΩB(R) .

Proposition 6.28. Let R be an orthogonal monoid space that is closed as an orthogonal space. If for
every compact Lie group G the monoid πG0 (R) is a group, then the morphism ηR : R −→ ΩB(R) is a global
equivalence.

Proof. If R is closed, then so is ΩB(R) [...fix this...], so we can detect global equivalences on G-fixed
points. So we let G be any compact Lie group. Then

((ΩB(R))(UG))G ∼= Ω
(
(B(R)(UG))G

) ∼= Ω(|[n] 7→ (R�n(UG))G|) .

We define ik : [1] −→ [n] by ik(0) = k − 1 and jk(1) = k. Then the morphism

(i∗1, . . . , i
∗
n) : R�n = Bn(R) −→ (B1(R))n = Rn

is precisely the morphism ρR,...,R : R�n −→ Rn, and hence a global equivalence by Theorem I.3.4 (i).
Since πG0 (R) is a group, the simplicial space

[n] 7→ (R�n(UG))G

satisfies the hypotheses of Segal’s theorem [127, Prop. 1.5]; so the adjoint of the canonical map

S1 ∧R(UG)G −→ |[n] 7→ ((R�n)(UG))G|

is a weak equivalence. This adjoint is precisely the underlying map of G-fixed points of the morphism
ηR : R −→ ΩB(R). �

The previous proposition works for general orthogonal monoid spaces, not necessarily commutative;
in that generality the bar construction B(R) is an orthogonal space, but it does not have any natural
multiplication. When we apply the bar construction to ultra-commutative monoids, then something special
happens: since the multiplication morphism µ : R�R −→ R is then a homomorphism of ultra-commutative
monoids, the simplicial object B•(R) is a simplicial object in the category of ultra-commutative monoids,
i.e., a simplicial ultra-commutative monoid.

For a simplicial ultra-commutative monoid B•, the term ‘geometric realization’ actually has two poten-
tially different interpretations, and we take some time to clarify this issue. On the one hand we can form
the geometric realization |B•|un in the underlying category of orthogonal spaces; this is, by definition, a
coend, in the category of orthogonal spaces, of the functor

∆×∆op −→ spc , ([m], [n]) 7−→ ∆m ×Bn .

We call this the underlying realization of B•. Coends of orthogonal spaces are calculated objectwise, so
|B•|un(V ) is a realization of the simplicial space [n] 7→ Bn(V ). It is not a priori obvious, however, whether
this realization inherits any multiplication.
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On the other hand, the category of ultra-commutative monoids is a topological model category by The-
orem 3.9. In particular, ultra-commutative monoids are enriched, tensored and cotensored over topological
spaces. We shall write A�R for the tensor of a space A with an ultra-commutative monoid R, in order
to distinguish it from the (objectwise) product of A with the underlying orthogonal space of R. We can
also consider the realization |B•|in internal in ultra-commutative monoids, i.e., a coend, in the category of
ultra-commutative monoids, of the functor

∆×∆op −→ umon , ([m], [n]) 7−→ ∆m�Bn .

We call this the internal realization. The internal realization is, by definition, an ultra-commutative monoid,
but it is not immediately clear how it relates to the underlying realization of |B•|un as a simplicial orthogonal
space.

The following proposition is the special case for the commutative operad in the symmetric monoidal
category of orthogonal spaces, under the box product, of a much more general Proposition A.4.6; that
proposition shows that the forgetful functor from algebras over suitable operads commutes with realization.

Proposition 6.29. Let B• be a simplicial object in the category of ultra-commutative monoids. Then
the canonical map

|B•|un −→ |B•|in
from the underlying realization to the internal realization is an isomorphism of orthogonal spaces.

Since ultra-commutative monoids are a pointed category (the constant orthogonal monoid space 1 is a
zero object), the enrichment, tensors and cotensors over space extend to enrichment, tensors and cotensors
over the category of based topological spaces. We shall write ACR for the tensor of a based space A with a
ultra-commutative monoid R, in order to distinguish it from the (objectwise) smash product of A with the
underlying based orthogonal space of R. Thus A C R is a pushout, in the category of ultra-commutative
monoids, of the diagram

∗ ←−−− {a0}�R
incl�R−−−−→ A�R ,

where a0 is the basepoint. As may be familiar from similar contexts [ref], the bar construction B(R) of
an ultra-commutative monoid R can be interpreted as S1 C R, the tensor of R with the based space S1.
Another way to say this is that the bar construction is the internal suspension, in the category of an ultra-
commutative monoids. We show a more general statement and consider a based simplicial set A. We define
a simplicial object of ultra-commutative monoids by

Bn(A,R) = An CR ,

with simplicial structure induced by that of A. Since An is a based set, An CR is in fact a box product of
copies of R, indexed by the non-basepoint elements of A.

The next proposition constructs an isomorphism of ultra-commutative monoids between |A| C R and
|B•(A,R)|in, the internal geometric realization. By Proposition 6.29, we can (and will) confuse the internal
realization with the underlying realization of B•(A,R) in the category of orthogonal spaces.

Proposition 6.30. Let A be a based simplicial set and R an ultra-commutative monoid. Then |A|CR
is an internal realization of the simplicial ultra-commutative monoid B•(A,R). Moreover, there is an
isomorphism of ultra-commutative monoids

S1 CR ∼= |∆1/∂∆1|CR ∼= B(R)

whose adjoint R −→ ΩB(R) is the morphism ηR of (6.27).

Proof. The geometric realization |A| is a coend of the functor

∆×∆op −→ T∗ , ([m], [n]) 7−→ ∆m
+ ∧An .
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Since the functor −CR preserves colimits, |A|CR is a coend, in the category of ultra-commutative monoids,
of the functor

∆×∆op −→ umon , ([m], [n]) 7−→ (∆m
+ ∧An)CR .

This isomorphisms

(∆m
+ ∧An)CR ∼= ∆m

+ C (An CR) ∼= ∆m�(An CR) = ∆m�Bn(A,R) ,

natural in ([m], [n]) ∈ ∆ × ∆op, then show that |A| C R is an internal realization of the simplicial ultra-
commutative monoid B•(A,R).

The second claim is the special case A = ∆1/∂∆1 of the simplicial circle, plus an isomorphism of
simplicial ultra-commutative monoids

p• : B•(R) ∼= B•(∆
1/∂∆1, R) .

For the latter we enumerate the n-simplices of ∆1 as κ0, . . . , κn+1, where κj : [n] −→ [1] is given by

κj(k) =

{
0 for 0 ≤ k < j, and

1 for j ≤ k ≤ n.

Then κ0 and κn+1 become equal in ∆1/∂∆1, and κ1, . . . , κn represent the non-basepoint n-simplices of
∆1/∂∆1. An isomorphism

pn : R�n ∼=−−→ (∆1/∂∆1)n CR = Bn(∆1/∂∆1, R)

is then given by multiplying the morphisms

R ∼= {kj}+ CR −→ (∆1/∂∆1)n CR

induced by the inclusion {κj} −→ (∆1/∂∆1)n, for j = 1, . . . , n. The simplices κj satisfy

di(κj) =

{
κj−1 for i < j, and

κj for i ≥ j,
and si(κj) =

{
κj+1 for i < j, and

κj for i ≥ j.

So the isomorphisms pn are compatible with the simplicial structure maps on both sides, i.e., they define
an isomorphism of simplicial ultra-commutative monoids p•. �

Corollary 6.31. For every cofibrant ultra-commutative monoid R the adjunction unit

ηR : R −→ Ω(S1 CR)

is a global group completion.

Proof. We let R be a group-like cofibrant ultra-commutative monoid. Since ultra-commutative
monoids form a topological model category, S1 C R is an abstract suspension of R. Because the iso-
morphism B(R) ∼= S1 C R of the Proposition 6.30 transforms the morphism ηR : R −→ ΩB(R) into the
adjunction unit R −→ Ω(S1CR), Proposition 6.28 shows that this adjunction unit is a global equivalence for
every cofibrant group-like ultra-commutative monoid R. In the homotopy category Ho(umon) this implies
that for every group-like ultra-commutative monoid R the derived adjunction unit η : R −→ Ω(ΣR) is an
isomorphism. So Proposition 6.14 shows that for every ultra-commutative monoid R the derived adjunction
unit η : R −→ Ω(ΣR) is group completion in the pre-additive category Ho(umon). For cofibrant R the
pointset level adjunction unit R −→ Ω(S1 CR) realizes the derived unit, hence the claim follows. �

We close this section with an example of a global group completion that comes up naturally. We
showed in Theorem 5.4 that the commutative orthogonal monoid space BOP is group-like and that its
equivariant homotopy sets π0(BOP) realize the orthogonal representation rings additively. In Example 5.9
we introduced a morphism i : Gr −→ BOP of ultra-commutative monoids from the additive Grassmannian
and showed that πG0 (i) : πG0 (Gr) −→ πG0 (BOP) is an algebraic group completion for every compact Lie
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group G. We will now refine this and show that the morphism i is a global group completion of ultra-
commutative monoids.

For the purpose of the following proposition, we define the homology groups of an orthogonal space Y
as

H∗(Y
G;Z) = colimV ∈s(UG) H∗(Y (V )G;Z) .

Every global equivalence induces isomorphisms on H∗((−)G;Z) for all compact Lie groups G. Indeed,
the functor H∗((−)G;Z) takes strong level equivalences to isomorphisms, which reduces the claim (by
cofibrant approximation in the strong level model structure) to global equivalences f : X −→ Y between
flat orthogonal spaces. Flat orthogonal spaces are closed, so the global equivalence induce weak equivalences
f(UG)G : X(UG)G −→ Y (UG)G on G-fixed points. The poset s(UG) is filtered, so homology then commutes
with this colimit, i.e.,

H∗(Y
G;Z) ∼= H∗(Y (UG)G;Z) .

Thus the morphism f also induced an isomorphism on H∗((−)G;Z).
For an orthogonal ring space R, the multiplication on R induces a graded multiplication on the homology

groups H∗(R
G;Z) by simultaneous passage to colimits in both variables, of the maps

H∗(R(V )G;Z)⊗H∗(R(W )G;Z)
×−→ H∗(R(V )G ×R(W )G;Z)

H∗(µ
G
V,W )

−−−−−−→ H∗(R(V ⊕W )G;Z) .

Assigning to a path component its homology class is a map

π0(R(V )G) −→ H0(R(V )G;Z)

compatible with increasing V . On colimits over s(UG) this provides a map

πG0 (R) −→ H0(RG;Z) .

This map takes the addition in R to the multiplication in H0(RG;Z), so its image is a multiplicative subset
of H0(RG;Z). If the multiplication of R is commutative, then the product of H∗(R

G;Z) is commutative in
the graded sense. In particular, the multiplicative subset of πG0 (R) is automatically central.

Proposition 6.32. A morphism i : R −→ R? of ultra-commutative monoids is a global group comple-
tion if and only if the following two conditions are satisfied.

(i) The ultra-commutative monoid R? is group-like, and
(ii) for every compact Lie group G the map of graded commutative rings

H∗(i
G;Z) : H∗(R

G;Z) −→ H∗((R
?)G;Z)

is a localization at the multiplicative subset πG0 (R) of H0(RG;Z).

Proof. (i)=⇒(ii) If suffices to show that for every cofibrant ultra-commutative monoid R the mor-
phism ηR : R −→ Ω(BR) has the property. Since R and Ω(BR) are closed orthogonal spaces, it suffices to
show that for every compact Lie group G the map

H∗(R(UG)G;Z) −→ H∗((Ω(BR))(UG)G;Z)

is a localization at the multiplicative subset π0(R(UG)G) of the source. Since the H-space structure of
R(UG)G comes from the action of an E∞-operad, then graded ring H∗(R(UG)G;Z) is graded commutative.
We can thus apply Quillen’s group completion theorem in his unpublished, but widely circulated preprint
On the group completion of a simplicial monoid. Quillen’s manuscript was later published as Appendix Q
of the Friedlander-Mazur paper [57], where the relevant theorem appears on page 104 in Section Q.9.
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(ii)=⇒(i) We contemplate the commutative diagram

R
i //

ηR

��

R?

ηR?

��
Ω(BR)

Ω(Bi)
// Ω(BR?)

Since R? is group-like, the morphism ηR? is a global equivalence. We may thus show that the morphism Bi :
BR −→ BR? is a global equivalence.

For every coefficient system L on (BR?)G we compare the spectral sequence

E2
p,q = TorH∗(R

G;k)
p (k, L) =⇒ H∗((BR)G;L)

with the analogous one for the homology of (BR?)G. The localization hypothesis implies that the map of
Tor groups is an isomorphism, hence so is the map on abutments. [find reference]. �

We showed in Theorem 5.4 that the commutative orthogonal monoid space BOP is group-like and
that its equivariant homotopy sets π0(BOP) realize the orthogonal representation rings additively. In
Example 5.9 we introduced a morphism i : Gr −→ BOP of ultra-commutative monoids from the additive
Grassmannian and showed that πG0 (i) : πG0 (Gr) −→ πG0 (BOP) is an algebraic group completion for every
compact Lie group G. We will now refine this:

Proposition 6.33. The morphism i : Gr −→ BOP is a global group completion of ultra-commutative
monoids.

Proof. We verify the localization criterion of Proposition 6.32. To this end we define a ‘bi-orthogonal
space’, i.e., a functor

Gr] : L× L −→ T

on objects by

Gr](U, V ) = Gr(U ⊕ V ) .

For linear isometric embeddings ϕ : U −→ Ū and ψ : V −→ V̄ , the induced map is

Gr](ϕ,ψ) : Gr](U, V ) −→ Gr](Ū , V̄ ) , L 7−→ (ϕ⊕ ψ)(L) + ((Ū − ϕ(U))⊕ 0) .

We emphasize that the behavior on objects is not symmetric in the two variables, and in the first variable
it is not just applying ϕ.

Now we fix a compact Lie group G and consider the colimit of the bi-orthogonal space Gr] over the
poset s(UG)× s(UG). Since the diagonal is cofinal in the poset s(UG)× s(UG), this ‘double colimit’ is also a

colimit over the restriction to the diagonal. But the diagonal of Gr] is precisely the orthogonal space BOP,
and so

colim(U,V )∈s(UG)2 Gr](U, V ) = colimW∈s(UG) BOP(W ) = BOP(UG) .

On the other hand, if we fix an inner product space U as the first variable, then Gr](U,−) is isomorphic
to the additive U -shift (in the sense of Example I.1.15) of the Grassmannian Gr. Hence for fixed U ,

colimV ∈s(UG) Gr](U, V ) = Gr(U ⊕ UG) .

A colimit over s(UG)× s(UG) can be calculated in two steps, first in one variable and then in the other, so
we conclude that

(6.34) BOP(UG) = colim]
U∈s(UG) Gr(U ⊕ UG) ,

and under this identification, the map i(UG) : Gr(UG) −→ BOP(UG) becomes the canonical morphism

i] : Gr(UG) −→ colim]
U∈s(UG) Gr(U ⊕ UG)
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to the colimit, for U = 0.

� The decoration ‘]’ is meant to emphasize that the structure maps in this colimit system come from the
functoriality of Gr] in the first variable, so they are not the maps obtained by applying Gr(−⊕UG) to

an inclusion U ⊂ Ū . For example, the maps in the colimit (6.34) do not preserve the N-grading by dimension.
So one should not confuse the colimit (6.34) with the space Gr(UG ⊕ UG) (which is G-homeomorphic to
Gr(UG) by a choice is equivariant linear isometry UG ⊕ UG ∼= UG).

We claim that the map

(6.35) H∗((i
])G) : H∗(Gr(UG)G) −→ H∗(colim]

U∈s(UG) Gr(U ⊕ UG))

is a localization at the multiplicative subset π0((UG)G). Here, and in the rest of this proof, homology
stands for singular homology with integer coefficients. To see this we observe that all the maps in the
colimit system are closed embeddings; since s(UG) also contains a cofinal subsequence, singular homology
commutes with this particular colimit.

For U ∈ s(UG) we denote by jU : Gr(U)G −→ Gr(U ⊕ UG)G the map induced by applying the direct
summand inclusion UG −→ U ⊕ UG. The map jU is a homotopy equivalence because UG is a complete
G-universe. For all U ⊂ V in s(UG) the following square commutes

H∗(Gr(UG)G)
·[V−U ] //

∼=H∗(jU )

��

H∗(Gr(UG)G)

∼= H∗(jV )

��
H∗(Gr(U ⊕ UG)G)

H∗(i
]
U,V )

// H∗(Gr(V ⊕ UG)G)

and the vertical maps are isomorphisms. So the target of (6.35) is the colimit of the functor on s(UG) that
takes all objects to the ring H∗(Gr(UG)G;Z) and an inclusion V ⊂W to multiplication by the class [W−V ]
in the multiplicative subset under consideration. Hence the map (6.35) is indeed a localization as claimed.
Since the ultra-commutative monoid BOP is group-like, the criteria of Proposition 6.32 are satisfied, and
so the morphism i : Gr −→ BOP is a global group completion. �

Remark 6.36. We define an E∞ orthogonal monoid space BOP′ as a mixture of bOP and BOP: for
an inner product space V of dimension n we set

BOP′(V ) =
∐
m≥0

Grm(V 2 ⊕ R∞) .

The structure maps and an E∞-multiplication can be defined in essentially the same way as for BO′, which
was defined in (5.22) So BOP′ becomes the Z-graded periodic analog of the orthogonal space BO′. In
the same way as for the homogeneous degree 0 summands above, we can define two morphisms of E∞
orthogonal ring spaces

bOP
a−−→ BOP′

b←−−
'

BOP .

The same arguments as in Proposition 5.19 show that the morphism b is a global equivalence. A very
similar argument as in Proposition 6.33 shows that the morphism a is a global group completion in the
homotopy category of E∞ orthogonal monoid spaces. Strictly speaking we would first have to justify that
that homotopy category is pre-additive (which we won’t do), so that the formalism of group completions
applies. In other words, BOP′ is E∞ globally equivalent to the ultra-commutative monoid BOP.

As we argued in Corollary 5.25, the E∞-structure on bO cannot be refined to an ultra-commutative mul-
tiplication. The argument was based on an algebraic obstruction that exists in the same way in π0(bOP),
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so bOP cannot be refined to an ultra-commutative monoid either. The fact that bOP has an ultra-
commutative group completion can be interpreted as saying that in this particular case ‘global group
completion kills to obstruction to ultra-commutativity’.

Construction 6.37 (Global Bott periodicity). The Bott periodicity map is traditionally seen as a
homotopy equivalence between the space Z × BU and the loop space of the infinite unitary group. We
explain a highly structured, global form of Bott periodicity, namely that the ultra-commutative monoids
BUP and ΩU are multiplicatively globally equivalent.

We define a morphism of ultra-commutative monoids

β : BUP −→ Ω(sh⊗U) .

Here U is the ultra-commutative monoid of unitary groups (compare Example 4.2), and Ω means object-

wise continuous based maps from S1. Moreover sh⊗ = shRn
⊗ is the multiplicative shift by R2 defined in

Example I.1.15. The target of β is globally equivalent, as an ultra-commutative monoid, to ΩU, the ob-
jectwise loops of the unitary group monoid. The morphism β is a modification of Behrens’ coordinate free
description [15] of the non-equivariant Bott map, which is based on ideas of MacDuff [94] and Aguilar and
Prieto [2].

We define the map

β(V ) : BUP(V ) −→ Ω(sh⊗U)(V ) = map(S1,U(V 2
C )) .

An element of BUP(V ) is a complex subspace L of (VC)2; we denote by pL and pL⊥ the orthogonal
projections to L respectively to its orthogonal complement. We define the loop

β(V )(L) : S1 −→ U(V 2
C )

by

β(V )(L)(λ) = ((c(λ) · pL) + pL⊥) ◦ ((c(−λ) · pVC⊕0) + p0⊕VC) .

Here we identify S1 with U(1) via the homeomorphism

c : S1 −→ U(1) , t 7−→ t+ i

t− i
,

the Cayley transform. The map β(V ) is continuous in L.
The orthogonal space U has a commutative multiplication by direct sum of unitary automorphisms. So

the orthogonal space Ω(sh⊗U) inherits a commutative multiplication by pointwise multiplication of loops.
For every inner product space V we have

β(V )(VC ⊕ 0)(λ) = ((c(λ) · pVC⊕0) + p0⊕VC) ◦ ((c(−λ) · pVC⊕0) + p0⊕VC) = IdV ;

so β(V )(VC ⊕ 0) is the constant loop at the identity, which is the unit element of Ω(sh⊗U)(V ). Now we
consider subspaces L ∈ BUP(V ) and L′ ∈ BUP(W ).

β(V ⊕W )(L⊕ L′)(λ) = ((c(λ) · pL⊕L′) + pL⊥⊕(L′)⊥) ◦ ((c(−λ) · p(V⊕W )C⊕0) + p0⊕(V⊕W )C)

= (κV,W )∗((((c(λ) · pL) + pL⊥)⊕ ((c(λ) · pL′) + p(L′)⊥))) ◦ (κV,W )∗((((c(−λ) · pVC⊕0) + p0⊕VC)⊕ ((c(−λ) · pWC⊕0) + p0⊕WC)))

= (κV,W )∗((((c(λ) · pL) + pL⊥)⊕ ((c(λ) · pL′) + p(L′)⊥)) ◦ (((c(−λ) · pVC⊕0) + p0⊕VC)⊕ ((c(−λ) · pWC⊕0) + p0⊕WC)))

= (κV,W )∗((((c(λ) · pL) + pL⊥) ◦ ((c(−λ) · pVC⊕0) + p0⊕VC))⊕ (((c(λ) · pL′) + p(L′)⊥) ◦ ((c(−λ) · pWC⊕0) + p0⊕WC)))

= (κV,W )∗ (β(V )(L)(λ)⊕ β(W )(L′)(λ)) ,
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where κV,W : V 2
C ⊕W 2

C
∼= (V ⊕W )2

C is the preferred natural isometry. In other words, the square

BUP(V )×BUP(W )
β(V )×β(W ) //

⊕
��

Ω(sh⊗U)(V )× Ω(sh⊗U)(W )

µΩ(sh⊗ U)V,W

��
BUP(V ⊕W )

β(V⊕W )
// Ω(sh⊗U)(V ⊕W )

commutes, i.e., β is compatible with the multiplications on both side. Since β respects multiplication and
unit, it also respects the structure maps. The upshot is that β is a morphism of ultra-commutative monoids.

We have

det(β(V )(L)(λ)) = det((c(λ) · pL) + pL⊥) · det((c(−λ) · pVC⊕0) + p0⊕VC) = c(λ)dim(L)−dim(V ) ,

exploiting that c(−λ) = c(λ) = c(λ)−1. So the composite

BUP(V )
β(V )−−−→ ΩU(V 2

C )
Ω det−−−→ ΩU(1)

sends the subspace BUP[n](V ) to the path component of Ω(U(1)) consisting of loops of degree n. So the
morphism β restricts to a morphism of orthogonal spaces

β[n] : BUP[n] −→ Ω(sh⊗U) .

In particular, for n = 0 this gives a restriction to a morphism of orthogonal spaces

β[0] : BU −→ Ω(sh⊗ SU) .

Theorem 6.38 (Global Bott periodicity). The morphism of ultra-commutative monoids β : BUP −→
Ω(sh⊗U) is a global equivalence.

Proof. Both source and target of the morphism β admit ‘isotypical decompositions’, as follows. We
let G be a compact Lie group and choose representatives {λ} for the isomorphism classes of irreducible
unitary G-representations. For every orthogonal G-representation V , the fixed points BUP(V )G are the
G-subrepresentations of V 2

C . So we can define

BUP(V )Gλ = {L ∈ Gr(V )G | L is λ-isotypical} .

Since a G-representation is the internal direct sum of its isotypical summands, this gives a decomposition

BUP(V )G =
∏
λ

BUP(V )Gλ .

On the other hand, a G-equivariant linear isometry preserves the isotypical summands, so

((sh⊗U)(V ))G = UG(V 2
C ) =

∏
λ

UG((VC)2
λ) .

Moreover, the morphism

β(V )G : BUP(V )G −→ ((sh⊗U)(V ))G

preserves these isotypical product decompositions. We may thus show that the map β(V )Gλ is a weak
equivalence for every irreducible G-representation V . But

BUP(UG)Gλ ' Z×BU and ((Ω′ sh⊗U)(UG))GΛ ' ΩU .

Under these identifications, λ-isotypical factor of β(UG)G becomes the non-equivariant Bott map, which is
a weak equivalence by non-equivariant Bott periodicity. �
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The embeddings VC −→ V 2
C as the first summand induce a morphism of ultra-commutative monoids

i : U −→ sh⊗U which is a global equivalence by Proposition I.1.14. So together with Theorem 6.38 this
provides a zigzag of global equivalences of ultra-commutative monoids between

BUP and ΩU .

On underlying non-equivariant homotopy types this recovers Bott periodicity in the form of a weak equiv-
alence between Z×BU and ΩU .

This statement can be slightly refined as follows. In Example 5.9 we introduced a morphism i : Gr −→
BOP of ultra-commutative monoids, which has a straightforward unitary analog i : GrC −→ BUP. We
define another morphism of ultra-commutative monoids

β′ : GrC −→ ΩU

by
β′(V )(L)(λ) = (λ · pL) + pL⊥ ,

where L is a complex subspace of VC. The verification that β′ is a morphism of ultra-commutative monoids
is very similar as for β : BUP −→ Ω′ sh U, and we omit it. We now have a commutative square of
morphisms of ultra-commutative monoids:

GrC
β′ //

i

��

ΩU

i'
��

BUP
β

' // Ω sh⊗U

The left vertical morphism is a global group completion by the unitary analog of Theorem 6.33. Combining
this with Theorem 6.38 shows that β′ : GrC −→ ΩU is also a global group completion of ultra-commutative
monoids.



CHAPTER III

Stable global homotopy theory

1. Equivariant homotopy groups

In this section we recall orthogonal spectra, the objects that represent stable global homotopy types.
Orthogonal spectra are used, at least implicitly, in [98]; the term ‘orthogonal spectrum’ was introduced
by Mandell, May, Shipley and the author in [96], where the (non-equivariant) stable model structure for
orthogonal spectra was constructed.

Orthogonal spectra are stable versions of orthogonal spaces, and before giving the formal definition we
try to motivate it. An orthogonal space Y assigns values to all finite dimensional inner product spaces.
The global homotopy type is encoded in the G-spaces Y (UG), where UG is a complete G-universe, which
we can informally think of as ‘the homotopy colimit of Y (V ) over all G-representations V ’. So besides
the values Y (V ), an orthogonal space uses the information about the O(V )-action (which is turned into
a G-action when G acts on V ) and the information about inclusions of inner product spaces (in order to
be able to stabilize to the colimit UG). The information about the O(V )-actions and how to stabilize are
conveniently encoded together as a continuous functor from the category L of linear isometric embeddings.

An orthogonal spectrum X is a stable analog of this: it assigns a based space X(V ) to every inner
product space, and it keeps track of an O(V )-action on X(V ) (to get G-homotopy types when G acts
on V ) and of a way to stabilize by suspensions (needed when exhausting a complete universe by its finite
dimensional subrepresentations). When doing this in a coordinate free way, the stabilization data assigns
to a linear isometric embedding ϕ : V −→W a continuous based map

ϕ? : X(V ) ∧ SW−ϕ(V ) −→ X(W )

where W − ϕ(V ) is the orthogonal complement of the image of ϕ. This structure map should ‘vary
continuously with ϕ’, but this phrase has no literal meaning because the source of ϕ? depends on ϕ. The
way to make the continuous dependence rigorous is to exploit that the complements W − ϕ(V ) vary in a
locally trivial way, i.e., they are the fibers of a distinguished vector bundle, the ‘orthogonal complement
bundle’, over the space of L(V,W ) of linear isometric embeddings. All the structure maps ϕ? together
define a map on the smash product of Y (V ) with the Thom space of this complement bundle, and the
continuity of the dependence on ϕ is formalized by requiring continuity of that map. All these Thom spaces
together form the morphism spaces of a based topological category, and the data of an orthogonal spectrum
can conveniently be packaged as a continuous based functor on this category.

Construction 1.1. We let V and W be inner product spaces. Over the space L(V,W ) of linear
isometric embeddings sits a certain ‘orthogonal complement’ vector bundle with total space

ξ(V,W ) = { (w,ϕ) ∈W × L(V,W ) | w ⊥ ϕ(V ) } .
The structure map ξ(V,W ) −→ L(V,W ) is the projection to the second factor. The vector bundle structure
of ξ(V,W ) is as a vector subbundle of the trivial vector bundle W×L(V,W ), and the fiber over ϕ : V −→W
is the orthogonal complement W − ϕ(V ) of the image of ϕ.

We let O(V,W ) be the Thom space of the bundle ξ(V,W ), i.e., the one-point compactification of the
total space of ξ(V,W ). Up to non-canonical homeomorphism, we can describe the space O(V,W ) differently
as follows. If the dimension of W is smaller than the dimension of V , then the space L(V,W ) is empty

181
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and O(V,W ) consists of a single point at infinity. Otherwise we can choose a linear isometric embedding
ϕ : V −→W , and we let V ⊥ = W − ϕ(V ) denote the orthogonal complement of its image. Then the maps

O(W )/O(V ⊥) −→ L(V,W ) , A ·O(V ⊥) 7−→ A · ϕ and

O(W ) nO(V ⊥) S
V ⊥ −→ O(V,W ) , [A,w] 7−→ (A · ϕ,Aw)

are homeomorphisms. Put yet another way: if dimV = n and dimW = n + m, then L(V,W ) is homeo-
morphic to the homogeneous space O(n+m)/O(m) and O(V,W ) is homeomorphic to O(n+m)nO(m) S

m.
The vector bundle ξ(V,W ) becomes trivial upon product with the trivial bundle V , via the trivialization

ξ(V,W )× V ∼= W × L(V,W ) , ((w,ϕ), v) 7−→ (w + ϕ(v), ϕ) .

When we pass to Thom spaces on both sides this becomes the untwisting homeomorphism:

(1.2) O(V,W ) ∧ SV ∼= SW ∧ L(V,W )+ .

The Thom spaces O(V,W ) are the morphism spaces of a based topological category. Given a third
inner product space U , the bundle map

ξ(V,W )× ξ(U, V ) −→ ξ(U,W ) , ((w,ϕ), (v, ψ)) 7−→ (w + ϕ(v), ϕψ)

covers the composition map L(V,W )× L(U, V ) −→ L(U,W ). Passage to Thom spaces gives a based map

◦ : O(V,W ) ∧O(U, V ) −→ O(U,W )

which is clearly associative, and is the composition in the category O. The unit of V is 1V = (0, IdV ) in
O(V, V ).

Definition 1.3. An orthogonal spectrum is a based continuous functor from O to the category T∗ of
based spaces. A morphism is a natural transformation of functors.

For every linear isometric embedding ϕ : V −→W we define a continuous map

(−, ϕ) : SW−ϕ(V ) −→ O(V,W ) , w 7−→ (w,ϕ) .

This map is the one-point compactification of the inclusion of the fiber over ϕ of the bundle ξ(V,W ). If X
is an orthogonal spectrum, we refer to the composite

ϕ? = X ◦ (X(V ) ∧ (−, ϕ)) : X(V ) ∧ SW−ϕ(V ) X(V )∧(−,ϕ)−−−−−−−−→ X(V ) ∧O(V,W )
X−−→ X(W )

as the structure map of X associated to ϕ. When ϕ = (−, 0) : V −→ V ⊕W is a direct summand inclusion,
then we identify the orthogonal complement of its image with W by w 7→ (0, w) and use the notation

(1.4) σV,W = (−, 0)? : X(V ) ∧ SW −→ X(V ⊕W )

for the associated structure map.

Remark 1.5 (Coordinatized orthogonal spectra). Every inner product space is isometrically isomorphic
to Rn with standard inner product, for some n ≥ 0. So the topological category O has a small skeleton,
and the functor category of orthogonal spectra has ‘small’ morphism sets. This also leads to the following
more explicit ‘coordinatized’ description of orthogonal spectra in a way that resembles a presentation by
‘generators and relations’.

Up to isomorphism, an orthogonal spectrum X is determined by the values X(Rn) and the following
additional data relating these values:

• a based continuous left action of the orthogonal group O(n) on Xn for each n ≥ 0,
• based maps σn : Xn ∧ S1 −→ Xn+1 for n ≥ 0.



1. EQUIVARIANT HOMOTOPY GROUPS 183

This data is subject to the following condition: for all n,m ≥ 0, the iterated structure map

σm : Xn ∧ Sm −→ Xn+m

defined as the composition

Xn ∧ Sm
σn ∧Sm−1

// Xn+1 ∧ Sm−1
σn+1∧Sm−2

// · · · Xn+m−1 ∧ S1
σn+m−1 // Xn+m

is O(n) × O(m)-equivariant. Here the orthogonal group O(n) × O(m) acts on the target by restriction,
along orthogonal sum, of the O(n+m)-action.

Indeed, the map

O(n)+ −→ O(Rn,Rn) , A 7−→ (0, A)

is a homeomorphism, so O(n) ‘is’ the endomorphism monoid of Rn as an object of the category O; via the
map, O(n) acts on the value at Rn of any functor on O. The map σn is just one of the structure maps,
namely for the inclusion Rn −→ Rn+1 that inserts 0 in the last coordinate.

Now we consider a compact Lie group G and a G-representation V . Then for every orthogonal spec-
trum X the space X(V ) becomes a G-space through the action of O(V ) on X(V ). If V and W are
G-representations, then the structure map (1.4) is G-equivariant where the group G also acts on the rep-
resentation sphere SW . The structure map σV,W is also (O(V ) × O(W ))-equivariant, so altogether it is
equivariant for the semi-direct product group G n (O(V ) × O(W )) formed from the conjugation action of
G on O(V ) and O(W ).

Remark 1.6. Given an orthogonal spectrum X and a compact Lie group G, the collection of G-
spaces X(V ), for V a G-representation, and the equivariant structure maps σV,W form an orthogonal
G-spectrum in the sense of [97] (indexed, for example, by the complete G-universe UG). Whenever we need
to refer to this orthogonal G-spectrum, we use the notation

X〈G〉 = {X(V ), σV,W }

and call it the underlying orthogonal G-spectrum of X.
We emphasize that only very special orthogonal G-spectra are part of a ‘global family’, i.e., arise in

this way from an orthogonal spectrum. More precisely, for an orthogonal G-spectrum Y the following two
conditions are equivalent:

(a) the G-spectrum Y is isomorphic to an orthogonal G-spectrum of the form X〈G〉 for some orthogonal
spectrum X;

(b) for every trivial G-representation V the G-action on Y (V ) is trivial.

Indeed, any orthogonal G-spectrum of the form X〈G〉 has property (b) by the very definition of the G-
action on X(V ). Conversely, if Y has property (b), then Y = (uY )〈G〉, where uY denoted the underlying
orthogonal spectrum of Y .

An example of an orthogonal G-spectrum that does not satisfy (a) and (b) above is the equivariant
suspension spectrum of a based G-space with non-trivial G-action. In Remark 2.25 below we isolate some
necessary conditions on the G-Mackey functor made from the equivariant homotopy groups of an orthogonal
G-spectrum in order to be of the special form X〈G〉.

As we explained in Remark 1.6, an orthogonal spectrumX has an underlying orthogonalG-spectrumX〈G〉
for every compact Lie group G. As such, X〈G〉 has equivariant stable homotopy groups πG∗ (X) (indexed
by the chosen complete G-universe UG), whose definition we now recall.

We introduce a convenient piece of notation. If ϕ : V −→ W is a linear isometric embedding and
f : SV −→ X(V ) a continuous based map, we define ϕ∗f : SW −→ X(W ) as the composite

(1.7) ϕ∗f : SW ∼= SV ∧ SW−ϕ(V ) f∧SW−ϕ(V )

−−−−−−−−→ X(V ) ∧ SW−ϕ(V ) ϕ?−−−→ X(W )
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where the first unnamed homeomorphism uses the linear isometry

V ⊕ (W − ϕ(V )) ∼= W , (v, w) 7−→ ϕ(v) + w .

For example, if ϕ is bijective (i.e., an equivariant isometry), then ϕ∗f becomes the ‘ϕ-conjugate’ of f , i.e.,
the composite

SW
Sϕ
−1

−−−−−→ SV
f−−→ X(V )

X(ϕ)−−−−→ X(W ) .

The construction is continuous is both variables, i.e., the map

L(V,W )×map(SV , X(V )) −→ map(SW , X(W )) , (ϕ, f) 7−→ ϕ∗f

is continuous.
As before we let s(UG) denote the poset, under inclusion, of finite dimensional G-subrepresentations of

the chosen complete G-universe UG. We obtain a functor from s(UG) to sets by sending V ∈ s(UG) to

[SV , X(V )]G ,

the set of G-equivariant homotopy classes of based G-maps from SV to X(V ). For V ⊆ W in s(UG) the
inclusion i : V −→W is sent to the map

i∗ : [SV , X(V )]G −→ [SW , X(W )]G , [f ] 7−→ [i∗f ] .

The 0-th equivariant homotopy group πG0 (X) is then defined as

πG0 (X) = colimV ∈s(UG) [SV , X(V )]G ,

the colimit of this functor over the poset s(UG). If k is an arbitrary integer, we will define the k-th
equivariant homotopy group πGk (X) in (1.13) below as the 0-th homotopy group of a suitably looped or
suspended spectrum.

The groups πG0 (X) have a lot of extra structure as the group G varies. First we recall the abelian
group structure on πG0 (X). We consider a finite dimensional G-subrepresentation V of the universe UG
with non-zero fixed points. We choose a G-fixed unit vector v0 ∈ V , and we let V ⊥ denote the orthogonal
complement of v0 in V . This induces a decomposition

R⊕ V ⊥ ∼= V , (t, v) 7−→ tv0 + v

that extends to a G-equivariant homeomorphism S1 ∧ SV ⊥ ∼= SV on one-point compactifications. From
this we obtain a bijection

(1.8) [SV , X(V )]G ∼= [S1,mapG(SV
⊥
, X(V ))]∗ = π1(mapG(SV

⊥
, X(V ))) ,

natural in the orthogonal spectrum X. We use the bijection (1.8) to transfer the group structure on the
fundamental group into a group structure on the set [SV , X(V )]G.

Now we suppose that the dimension of the fixed point space V G is at least 2. Then the space of G-fixed
unit vectors in V is connected and similar arguments as for the commutativity of higher homotopy groups
show:

• the group structure on the set [SV , X(V )]G defined by the bijection (1.8) is commutative and
independent of the choice of G-fixed unit vector;

• if W is another finite dimensional G-subrepresentation of UG containing V , then the map

i∗ : [SV , X(V )]G −→ [SW , X(W )]G

is a group homomorphism.
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The G-subrepresentations V of UG with dim(V G) ≥ 2 are cofinal in the poset s(UG), so the two properties
above show that the abelian group structures on [SV , X(V )]G for dim(V G) ≥ 2 assemble into a well-defined
and natural abelian group structure on the colimit πG0 (X).

Next, the equivariant homotopy groups come with restriction maps. A quick way to define these, and
to deduce some of their properties, is to reinterpret πG0 (X) as the G-equivariant homotopy set, in the sense
of (6.4) of Chapter I, of a certain orthogonal space.

Construction 1.9. We recall the functor

Ω• : Sp −→ spc

from orthogonal spectra to orthogonal spaces. Given an orthogonal spectrum X, the value of Ω•X at an
inner product space V is

(Ω•X)(V ) = map(SV , X(V )) .

If ϕ : V −→W is a linear isometric embedding, the induced map

ϕ∗ : (Ω•X)(V ) = map(SV , X(V )) −→ map(SW , X(W )) = (Ω•X)(W )

was defined in (1.7). In particular, the orthogonal group O(V ) acts on (Ω•X)(V ) = map(SV , X(V )) by
conjugation. If ψ : W −→ U is another G-isometric embedding, then we have

ψ∗(ϕ∗f) = (ψϕ)∗f .

The assignment (ϕ, f) 7→ ϕ∗f is continuous in both variables, so we have really defined an orthogonal
space Ω•X. The construction is clearly functorial in the orthogonal spectrum X; moreover, Ω• has a left
adjoint ‘unreduced suspension spectrum’ functor Σ∞+ that we discuss in Construction 3.6 below.

If G acts on V by linear isometries, then the G-fixed subspace of (Ω•X)(V ) is the space of G-equivariant
based maps from SV to X(V ):

((Ω•X)(V ))G = mapG(SV , X(V )) .

The path components of this space are precisely the equivariant homotopy classes of based G-maps, i.e.,

π0

(
((Ω•X)(V ))G

)
= π0

(
mapG(SV , X(V ))

)
= [SV , X(V )]G .

Passing to colimits over the poset s(UG) gives

πG0 (Ω•X) = πG0 (X) ,

i.e., the G-equivariant homotopy group of the orthogonal spectrum X equals the G-equivariant homotopy
set of the orthogonal space Ω•X.

So by specializing the restriction maps for orthogonal spaces (see (6.8) of Chapter I), we obtain restric-
tion maps

α∗ : πG0 (X) −→ πK0 (X)

for every continuous group homomorphism α : K −→ G. These restriction maps between the equivariant
homotopy groups of an orthogonal spectrum are again contravariantly functorial and depend only on the
conjugacy class of the homomorphism α (by Proposition I.6.10). Moreover, α∗ is now additive, i.e., a group
homomorphism.

Remark 1.10 (Global homotopy types are split G-spectra). We emphasize that the equivariant ho-
motopy groups πG∗ (X) of an orthogonal spectrum X come equipped with restriction maps along arbitrary
continuous group homomorphisms, not necessarily injective. This is in contrast to stable equivariant homo-
topy theory for a fixed compact Lie group, where one can only restrict to subgroups, or along conjugation
maps by elements of the ambient group.

In particular, the unique group homomorphism p : G −→ e to the trivial group induces a homomorphism
p∗ : πe∗(X) −→ πG∗ (X) that splits the restriction map resGe : πG∗ (X) −→ πe∗(X) (induced by the inclusion
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of the trivial subgroup into G). This is the algebraic shadow of the fact that the G-equivariant homotopy
types that underlie global homotopy types (i.e., are represented by orthogonal spectra) are ‘split’ in the
sense that there is a morphism from the underlying non-equivariant spectrum to the genuine G-fixed point
spectrum that splits the restriction map.

Now we recall some important properties of the equivariant homotopy groups of an orthogonal spectrum,
such as the long exact sequences associated to mapping cones and homotopy fibers, and the stability under
suspension and loop.

Construction 1.11. If A is a pointed space and X an orthogonal spectrum, we can define two new
orthogonal spectra A∧X and XA by smashing with A or taking maps from A levelwise; the structure maps
and actions of the orthogonal groups do not interact with A. In more detail we set

(A ∧X)(V ) = A ∧X(V ) respectively (XA)(V ) = X(V )A = map(A,X(V ))

for an inner product space V . The group O(V ) acts through its action on X(V ). The structure maps are
given by the composite

(A ∧X)(V ) ∧ SW = A ∧X(V ) ∧ SW A∧σV,W−−−−−→ A ∧X(V ⊕W ) = (A ∧X)(V ⊕W )

respectively by the composite

X(V )A ∧ SW −→ (X(V ) ∧ SW )A
(σV,W )A−−−−−→ X(V ⊕W )A

where the first is an assembly map that sends ϕ∧w ∈ X(V )A ∧SW to the map sending a ∈ A to ϕ(a)∧w.
Just as the functors A ∧ − and map(A,−) are adjoint on the level of based spaces, the two functors

just introduced are an adjoint pair on the level of orthogonal spectra. The adjunction

(1.12) Sp(X,Y A)
∼=−−→ Sp(A ∧X,Y )

takes a morphism f : X −→ Y A to the morphism f̂ : A ∧X −→ Y whose V -th level f̂(V ) : A ∧X(V ) −→
Y (V ) is given by f̂(V )(a ∧ x) = f(V )(x)(a).

An important special case of this construction is when A = S1 is a 1-sphere, where the constructions

specialize to the loop spectrum ΩX = XS1

, defined by

(ΩX)(V ) = ΩX(V ) = map(S1, X(V )) ,

the based mapping space from S1 to the V -th level of X. The suspension S1 ∧X is defined by

(S1 ∧X)(V ) = S1 ∧X(V ) ,

the smash product of the sphere S1 with the V -th level of X. We obtain an adjunction between S1 ∧ −
and Ω as the special case A = S1 of (1.12).

We can now define the integer graded equivariant homotopy groups πGk (X) of an orthogonal spectrum X.
If k is a positive integer, then we set

(1.13) πGk (X) = πG0 (ΩkX) and πG−k(X) = πG0 (Sk ∧X) .

Definition 1.14. A morphism f : X −→ Y of orthogonal spectra is a global equivalence if the induced
map πGk (f) : πGk (X) −→ πGk (Y ) is an isomorphism for all compact Lie groups G and all integers k.

We define the global stable homotopy category GH by localizing the category of orthogonal spectra at the
class of global equivalences. The global equivalences are the weak equivalences of the global model structure
on the category of orthogonal spectra, see Theorem IV.1.25. So the methods of homotopical algebra are
available for studying global equivalences and the associated global homotopy category. In later sections we
will also consider a relative notion of global equivalence, the ‘F-equivalence’, based on a global family F of
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compact Lie groups. There we require that the induced map πGk (f) : πGk (X) −→ πGk (Y ) is an isomorphism
for all integers k and all compact Lie groups G that belong to the global family F .

We let

η : X −→ Ω(S1 ∧X) and ε : S1 ∧ ΩX −→ X

denote the unit respectively counit of the adjunction (1.12). Then both η and ε induce isomorphisms of
0-th homotopy groups

η∗ : πG0 (X) −→ πG0 (Ω(S1 ∧X)) respectively ε∗ : πG0 (S1 ∧ ΩX) −→ πG0 (X)

for every orthogonal spectrum X and every compact Lie group G [ref]. In other words, for every orthogonal
spectrum X the unit and counit of the adjunction (S1 ∧ −,Ω) are global equivalences.

Next we define the suspension isomorphism

(1.15) S1 ∧ − : πGk (X) −→ πG1+k(S1 ∧X) .

For k ≥ 0 the suspension isomorphism is the map

πGk (X) = πG0 (ΩkX) −→ πG0 (Ω1+k(S1 ∧X)) = πG1+k(S1 ∧X)

induced on πG0 by the composite

ΩkX
η−−→ Ω(S1 ∧ ΩkX)

assembly−−−−−→ Ω1+k(S1 ∧X) .

For k ≤ −1 the suspension isomorphism is the map

πGk (X) = πG0 (S−k ∧X) −→ πG0 (S−k−1 ∧ (S1 ∧X)) = πG1+k(S1 ∧X)

induced on πG0 by the isomorphism

S−k ∧X −→ S−k−1 ∧ (S1 ∧X)

that strips off the last suspension coordinate.
We define the loop isomorphism

(1.16) α : πGk (ΩX) −→ πG1+k(X)

as the composite

πGk (ΩX)
S1∧−−−−−→ πG1+k(S1 ∧ ΩX)

ε∗−−→ πG1+k(X) .

Construction 1.17 (Mapping cone and homotopy fiber). The (reduced) mapping cone Cf of a mor-
phism of based spaces f : A −→ B is defined by

(1.18) Cf = ([0, 1] ∧A) ∪f B .

Here the unit interval [0, 1] is pointed by 0 ∈ [0, 1], so that [0, 1]∧A is the reduced cone of A. The mapping
cone comes with an embedding i : B −→ Cf and a projection p : Cf −→ S1 ∧A; the projection sends B to
the basepoint and is given on [0, 1]∧A by p(x, a) = t(x)∧a where t : [0, 1] −→ S1 is given by t(x) = 2x−1

x(1−x) .

What is relevant about the map t is not the precise formula, but that it passes to a homeomorphism between
the quotient space [0, 1]/{0, 1} and the circle S1, and that it satisfies t(1− x) = −t(x).

The mapping cone Cf of a morphism f : X −→ Y of orthogonal spectra is now defined levelwise by

(1.19) (Cf)(V ) = C(f(V )) = ([0, 1] ∧X(V )) ∪f Y (V ) ,

the reduced mapping cone of f(V ) : X(V ) −→ Y (V ). The orthogonal group O(V ) acts on (Cf)(V ) through
the given action on X(V ) and Y (V ) and trivially on the interval. The embeddings i(V ) : Y (V ) −→ C(f(V ))
and projections p(V ) : C(f(V )) −→ S1∧X(V ) assemble into morphisms of orthogonal spectra i : Y −→ Cf
and p : Cf −→ S1 ∧X.
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We define a connecting homomorphism ∂ : πG1+k(Cf) −→ πGk (X), where G is any compact Lie group,
as the composite

(1.20) πG1+k(Cf)
πG1+k(p)
−−−−−−→ πG1+k(S1 ∧X)

S−1∧−−−−−−→ πGk (X) ,

where the first map is the effect of the projection p : Cf −→ S1 ∧X on homotopy groups, and the second
map is the inverse of the suspension isomorphism S1 ∧ − : πGk (X) −→ πG1+k(S1 ∧X), compare (1.15).

The homotopy fiber is the construction ‘dual’ to the mapping cone. The homotopy fiber of a continuous
map f : A −→ B of based spaces is the fiber product

F (f) = ∗ ×B B[0,1] ×B A = {(λ, a) ∈ B[0,1] ×A | λ(0) = ∗, λ(1) = f(a)} ,
i.e., the space of paths in B starting at the basepoint and equipped with a lift of the endpoint to A. As
basepoint of the homotopy fiber we take the pair consisting of the constant path at the basepoint of B and
the basepoint of A. The homotopy fiber comes with maps

ΩB
i−−→ F (f)

p−−→ A ;

the map p is the projection to the second factor and the value of the map i on a based loop ω : S1 −→ B is

i(ω) = (ω ◦ t, ∗) .
The homotopy fiber F (f) of the morphism f : X −→ Y of orthogonal spectra is the orthogonal spectrum

defined by

(1.21) F (f)(V ) = F (f(V )) ,

the homotopy fiber of f(V ) : X(V ) −→ Y (V ). The group O(V ) acts on F (f)(V ) through the given action
on X(V ) and Y (V ) and trivially on the interval. Put another way, the homotopy fiber is the pullback in
the cartesian square of orthogonal spectra:

F (f)

��

p // X

(∗,f)

��
Y [0,1]

ω 7→ (ω(0),ω(1))
// Y × Y

The inclusions in : ΩYn −→ F (f)n and projections pn : F (f)n −→ Xn assemble into morphisms of
orthogonal spectra i : ΩY −→ F (f) and p : F (f) −→ X. We define a connecting homomorphism ∂ :
πG1+k(Y ) −→ πGk (F (f)), for a compact Lie group G, as the composite

(1.22) πG1+k(Y )
ε−1
∗−−→ πG1+k(S1 ∧ ΩY )

S−1∧−−−−−−→ πGk (ΩY )
πGk (i)−−−−−→ πGk (F (f)) ,

where the second map is the inverse of the suspension isomorphism (1.15).

Proposition 1.23. For every compact Lie group G and every morphism f : X −→ Y of orthogonal
G-spectra the long sequences of equivariant homotopy groups

· · · −→ πGk (X)
πGk (f)−−−−−→ πGk (Y )

πGk (i)−−−→ πGk (Cf)
∂−−−−→ πGk−1(X) −→ · · ·

and

· · · −→ πGk (X)
πGk (f)−−−−−→ πGk (Y )

∂−−−−→ πGk−1(F (f))
πGk−1(p)
−−−−−−→ πGk−1(X) −→ · · ·

are exact.

For every h-cofibration f : A −→ B of orthogonal spectra the collapse map Cf −→ B/A from the
mapping cone to the cokernel of f is a homotopy equivalence [ref], hence a global equivalence; dually, for
every strong level fibration f : X −→ Y of orthogonal spectra the embedding F −→ F (f) of the strict fiber
into the homotopy fiber is a strong level equivalence, hence a global equivalence. So we deduce:
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Corollary 1.24. Let f : A −→ B be an h-cofibration of orthogonal spectra. Then for every compact
Lie group G the long sequence of equivariant homotopy groups

· · · −→ πGk (A)
πGk (f)−−−−−→ πGk (B)

πGk (q)−−−−−→ πGk (B/A)
∂−−→ πGk−1(A) −→ · · ·

is exact.
Let f : X −→ Y be a strong level fibration of orthogonal spectra and i : F −→ X the inclusion of the

pointset level fiber of f . Then for every compact Lie group G the long sequence of equivariant homotopy
groups

· · · −→ πGk (X)
πGk (f)−−−−−→ πGk (Y )

∂−−→ πGk−1(F )
πGk−1(i)
−−−−−−→ πGk−1(X) −→ · · ·

is exact.

Corollary 1.25. Let G be a compact Lie group.

(i) Let

A
f //

g

��

B

h
��

C
k
// D

be a pushout square of orthogonal spectra such that the induced map πG∗ (f) : πG∗ (A) −→ πG∗ (B) of
G-equivariant homotopy groups is an isomorphism. If in addition f or g is an h-cofibration, then the
induced map πG∗ (k) : πG∗ (C) −→ πG∗ (D) is also an isomorphism of G-equivariant homotopy groups.

(ii) Let

A
f //

g

��

B

h
��

C
k
// D

be a pullback square of orthogonal spectra such that the induced map πG∗ (k) : πG∗ (C) −→ πG∗ (D) of
G-equivariant homotopy groups is an isomorphism. If in addition k or h is a strong level fibration,
then the induced map πG∗ (f) : πG∗ (A) −→ πG∗ (B) is also an isomorphism of G-equivariant homotopy
groups.

Proof. (i) If f is an h-cofibration, then its long exact homotopy group sequence (Corollary 1.24) shows
that all G-equivariant homotopy groups of the cokernel B/A are trivial. Since the square is a pushout, the
induced morphism from B/A to any cokernel D/C of k is an isomorphism, so the groups πG∗ (D/C) are all
trivial. As a cobase change of the h-cofibration f , the morphism k is again an h-cofibration, so its long
exact homotopy group sequence shows that πG∗ (k) is an isomorphism.

If g is an h-cofibration, then so is its cobase change h. Moreover, any cokernel C/A of g maps by an
isomorphism to any cokernel D/B of h, since the square is a pushout. The square induces compatible maps
between the two long exact homotopy group sequences of g and h, and the five lemma then shows that
πG∗ (k) is an isomorphism.

The argument for part (ii) is dual to (i). �

Corollary 1.26. Let G be a compact Lie group and k an integer.

(i) For every family of orthogonal G-spectra {Xi}i∈I the canonical map⊕
i∈I

πGk (Xi) −→ πGk

(∨
i∈I

Xi

)
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is an isomorphism.
(ii) For every finite indexing set I and every family {Xi}i∈I of orthogonal G-spectra the canonical map

πGk

(∏
i∈I

Xi

)
−→

∏
i∈I

πGk (Xi)

is an isomorphism.
(iii) For every finite family of orthogonal G-spectra the canonical morphism from the wedge to the product

induces isomorphisms of equivariant homotopy groups.

� The equivariant homotopy group functor πG0 does not in general commute with infinite products. The
issue is that πG0 involves a filtered colimit, and these do not always commute with infinite products.

However, this defect is cured when we pass to the global stable homotopy category, i.e., πG0 takes ‘derived’
infinite products to products. We refer to Remark IV.3.5 below for more details.

Corollary 1.27. The class of h-cofibrations that are simultaneously global equivalences is closed under
cobase change, coproducts and sequential and transfinite compositions.

Proof. The class of h-cofibrations is closed under coproducts, cobase change and composition (finite,
sequential or transfinite), compare Corollary I.1.11 (i). The class of global equivalences is closed under co-
products because equivariant homotopy groups take wedges to sums (Corollary 1.26 (i)). The cobase change
of an h-cofibration that is also a global equivalence is another global equivalence by Corollary 1.25. The
class of h-cofibrations that are also global equivalences is closed under sequential and transfinite composition
because equivariant homotopy groups commute with colimits along sequential or transfinite composition of
h-cofibrations. �

Since the group πGk (ΩmX) is naturally isomorphic to πGm+k(X), looping preserves global equivalences.

Similarly, the group πGm+k(Sm∧X) is naturally isomorphic to πGk (X), so suspension preserves global equiv-
alences. The next proposition generalizes this; it is a special case of an analogous property for orthogonal
G-spectra that is proved in Proposition 3.9 and Theorem 3.11 of [97, Ch. III].

Proposition 1.28. For every cofibrant based space A the functor A ∧ − preserves global equivalences.
For every finite based CW-complex A the functor map(A,−) preserves global equivalences.

The shift shX of an orthogonal spectrum X is given at an inner product space V by

(1.29) (shX)(V ) = X(R⊕ V ) .

The orthogonal group O(V ) acts through the monomorphism R⊕− : O(V ) −→ O(R⊕ V ). The structure
map σshX

V,W of shX is the structure map σXR⊕V,W of X. As an example, the shift of a suspension spectrum
is another suspension spectrum:

sh(Σ∞A) ∼= Σ∞(A ∧ S1) .

The shift construction is the spectrum analog of the additive shift shR
⊕ of orthogonal spaces defined in

Example I.1.15; there is no useful spectrum analog of the multiplicative shift of orthogonal spaces.
The suspension and the shift of an orthogonal spectrum X are related by a natural morphism λX :

S1 ∧X −→ shX. In level V , this is defined as the composite

(1.30) S1 ∧X(V )
twist−−−→ X(V ) ∧ S1 σV,R−−−−→ X(V ⊕ R)

X(τV,R)−−−−−→ X(R⊕ V ) = (shX)(V ) .

Proposition 1.31. For every orthogonal spectrum X the morphism

λ : S1 ∧X −→ shX and its adjoint λ̃ : X −→ Ω(shX)

are global equivalences.
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2. Global homology theories

Every orthogonal G-spectrum represents a G-homology theory. Since orthogonal spectra have un-
derlying orthogonal G-spectra for every compact Lie group G, an orthogonal spectrum represents ‘global
homology theory’, i.e., a compatible family of G-homology theories for all compact Lie groups. The purpose
of this section is to spell out the relevant properties.

Construction 2.1. Let E be an orthogonal G-spectrum and k ≥ 0. The k-th G-equivariant E-
homology group of a based G-space A is defined as

(2.2) EGk (A) = πGk (A ∧ E) = colimU∈s(UG) [SRk⊕U , A ∧ E(U)]G .

The maps in the colimit system are defined using the structure maps of E, in much the same way as in
the definition of equivariant homotopy groups. As an equivariant homotopy group, EGk (A) has a natural
abelian group structure, and is covariantly functorial for continuous based G-maps in A. The G-homology
theory EGk is ‘reduced’, i.e., EGk (∗) is trivial.

The next proposition summarizes the main properties of the equivariant homology groups.

Proposition 2.3. Let E be an orthogonal G-spectrum.

(i) The functor EGk is G-homotopy invariant, i.e., it has the same image on G-homotopic based maps.
(ii) For family {Ai}i∈I of based G-spaces, the canonical map⊕

i∈I
EGk (Ai) −→ EGk (

∨
i∈I

Ai)

is an isomorphism.
(iii) For every continuous equivariant map f : A −→ B of based G-spaces, the sequence

EGk (A)
f∗−−−→ EGk (B)

i∗−−→ EGk (Cf)

is exact, where Cf is the reduced mapping cone.
(iv) For every based G-space A the suspension map

S1 ∧ − : EGk (A) −→ EG1+k(S1 ∧A)

is an isomorphism.

Proof. The homotopy invariance (i) is clear from the definition. The wedge axiom follows from
Corollary 1.26 (i) and the fact that smashing with E preserves wedges. Since − ∧ E takes space level
mapping cones to mapping cones of orthogonal G-spectra, the exactness property (iii) is a special case of
the long exact sequence of a mapping cone (Proposition 1.23). The suspension isomorphism in part (iv) is
a special case of the suspension isomorphism (1.15) for the G-spectrum A ∧ E. �

The homotopy invariance statement of Proposition 2.3 (i) implies that every based G-homotopy equiv-
alence of based G-spaces induces an isomorphism in EG∗ for every orthogonal G-spectrum E. Under some
rather mild hypotheses on E we can do better, in the sense that even G-weak equivalences induce an
isomorphism in EG∗ .

Definition 2.4. An orthogonal spectrum E is non-degenerate if for every n ≥ 0 the inclusion of the
basepoint into E(Rn) is an O(n)-equivariant h-cofibration.

Example 2.5. In Definition 1.4 we will introduce the class of flat orthogonal spectra, which turn out
to be the cofibrant object in the strong level and the global model structures of orthogonal spectra. If E
is flat, then by Corollary I.1.11 (iii), applied to the strong level model structure of orthogonal spectra, the
unique morphism ∗ −→ E from the trivial orthogonal spectrum is an h-cofibration of orthogonal spectra.
Since in particular, the basepoint inclusion into E(Rn) is an O(n)-equivariant h-cofibration. This shows
that every flat orthogonal spectrum is non-degenerate.
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Proposition 2.6. Let E be a non-degenerate orthogonal spectrum, G a compact Lie group and ϕ :
X −→ Y a G-weak equivalence of G-spaces. Then the induced map

ϕ∗ : EG∗ (X+) −→ EG∗ (Y+)

in G-equivariant E-homology is an isomorphism.

Proof. We claim that for every G-representation V the basepoint inclusion into the space E(V )
is a G-equivariant h-cofibration. To see this we use that V is isomorphic to ρ∗(Rn) for some continuous
homomorphism ρ : G −→ O(n), where n = dim(V ). So E(V ) is G-homeomorphic to ρ∗(E(Rn)). Restriction
of scalars is a continuous functor, so it takes O(n)-h-cofibrations to G-cofibrations. This proves the claim.

Since ϕ is a G-weak equivalence, so is

E(V )× ϕ : E(V )×X −→ E(V )× Y .

Since the basepoint ∗ maps to E(V ) by a G-h-cofibration, the maps

X
(∗,−)−−−−→ E(V )×X and Y

(∗,−)−−−−→ E(V )× Y
are G-h-cofibrations. The gluing lemma thus shows that the map induced on quotient spaces

E(V ) ∧ ϕ+ : E(V ) ∧X+ −→ E(V ) ∧ Y+

is a G-weak equivalence. The morphism E∧ϕ+ : E∧X+ −→ E∧Y+ is this a level equivalence of orthogonal
G-spectra. So it induces an isomorphism on G-equivariant stable homotopy groups. �

Remark 2.7. Similar as for non-equivariant homology theories, we can draw some immediate conse-
quences from the defining properties of a G-homology theory. For example, the homotopy invariance implies
that each functor EGk takes based G-homotopy equivalences to isomorphisms.

We let (B,A) be a pair of G-spaces, based at a point in A, such that the inclusion i : A −→ B has
the equivariant homotopy extension property. For example, this is the case for relative G-CW-complexes,
or more generally for G-cofibrations. Then the quotient map Ci −→ B/A that collapses the cone of A is
a based G-homotopy equivalence, and thus induces isomorphisms in any G-homology theory. We can thus
substitute EGk (Ci) by EGk (B/A) and obtain an exact sequence

EGk (A)
EGk (i)−−−−→ EGk (B)

EGk (q)−−−−→ EGk (B/A) ,

where q : B −→ B/A is the projection.

Remark 2.8 (Bredon and RO(G)-graded equivariant homology theories). For everyG-representationW ,
we can make EGW the degree 0 part of a Z-graded equivariant homology theory, as we shall now explain.
We can define

EGk,W (A) =

{
EGRk⊕W (A) for k ≥ 0, and

EGW (S−k ∧A) for k < 0.

These integer graded homology functors are linked by connecting homomorphisms

∂ : EG1+k,W (Cf) −→ EGk,W (A)

for every continuous based map f : A −→ B. The homomorphisms are defined in essentially the same way
as for equivariant homotopy groups in (1.20). For k ≥ 0, the connecting homomorphism is the composite

EGR1+k⊕W (Cf)
EGR1+k⊕W (p)

−−−−−−−−−→ EGR1+k⊕W (S1 ∧A)
σ−1
R−−−−→ EGRk⊕W (A) ,

where p : Cf −→ S1 ∧A is the projection. On the other hand, for k < 0, the connecting homomorphism is
the composite

EGW (S−(k+1) ∧ Cf)
EGW (S−(k+1)∧p)−−−−−−−−−−−−→ EGW (S−(k+1) ∧ S1 ∧A)

∼=−−→ EGW (S−k ∧A) .
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This Z-graded theory is sometimes referred to as the Bredon homology theory represented by G.
The fact that the equivariant homology theories are related by suspension isomorphism is sometimes

summarized by saying that we have an RO(G)-graded equivariant homology theory. Indeed, the suspension
isomorphisms imply that up to isomorphism, the group EGW (SV ∧ A) only depends on the class [W ]− [V ]
in the real representation ring RO(G). However, this isomorphism is not canonical, and one needs to be
very careful when working with a literal RO(G)-grading.

A slightly more subtle consequence of the equivariant homology theories defined by orthogonal G-
spectra is the Wirthmüller isomorphism that identifies the G-homology group of a G-spaces induced from
a subgroup H with an H-homology group.

Construction 2.9. To define the Wirthmüller isomorphism, we consider a closed subgroup H of a
compact Lie group G. We consider the left H2-action on G given by

H2 ×G −→ G , (h′, h) · g = h′gh−1 .

The subgroup H is the H2-orbit of 1, whose stabilizer the diagonal subgroup ∆ = {(h, h) | h ∈ H}. We
write

L = L(H,G) = TH(G/H)

for the tangent H-representation. The differential of the projection G −→ G/H identifies

ν = (T1G)/(T1H) ,

the normal space at 1 ∈ H of the inclusion H −→ G, with L. This is a representation of the stabilizer
group ∆ of 1, and if we identify H ∼= ∆ via h 7→ (h, h), then this identification takes the ∆-action to the
tangent H-action [spell out].

Since H is the H2-orbit of 1 inside G, there is slice, i.e., a ∆-equivariant smooth embedding

s : D(L) −→ G

of the unit disc of L with s(0) = 1 and such that the differential at 0 ∈ D(L) of the composite

D(L)
s−−→ G

proj−−→ G/H

is the identity of L. Then the H2-equivariant extension

H2 ×∆ D(L) −→ G , [h′, h; g] 7−→ h′gh−1

is an embedding whose image H2 ×∆ D(L) is a tubular neighborhood of H in G. For a proof, see for
example [31, II Thm. 5.4]. The shearing isomorphism

H2 ×∆ D(L) ∼= D(L)×H , [(h, k), v] 7−→ (hv. hk−1)

turns the tubular neighborhood map into the embedding

s̄ : D(L)×H −→ G , (v, h) 7−→ s(v) · h ;

this embedding is equivariant for the action of H2 on the source by

(h1, h2) · (v, h) = (h1v, h1hh
−1
2 ) .

The map

lGH : G −→ SL ∧H+

is then defined as the H2-equivariant collapse map with respect to the tubular neighborhood s̄. So explicitly,

lGH(g) =

{
(v/(1− |v|)) ∧ h if g = s(v) · h with (v, h) ∈ D(L)×H, and

∞ if g is not in the image of s̄.

The actual map depends on choice of slice, but the H2-equivariant homotopy is independent of this choice.
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Given any based H-space A, we can now for l ∧H A, where − ∧H − refers to the action of the second
H-factor in H2. We obtain an H-equivariant based map (where H is the first factor in H2)

lA = lGH ∧H A : GnH A −→ (SL(H,G) ∧H+) ∧H A ∼= SL(H,G) ∧A .

that is natural in A. Here H acts by left translations on the source, and diagonally on the target.

Let E be an orthogonal spectrum and H a closed subgroup of a compact Lie group G. Then for every
based H-space A we can consider the composite

(2.10) WirthGH : EG0 (GnH A)
resGH−−−−→ EH0 (resGH(GnH A))

(lA)∗−−−−→ EH0 (SL(H,G) ∧A) ,

which we call the Wirthmüller map. A map in the other direction is given by the external transfer

(2.11) TrGH : EH0 (SL(H,G) ∧A) −→ EG0 (GnH A) .

To construct the transfer (2.18) we choose a G-representation V and a vector v0 ∈ V whose stabilizer group
is H; this is possible by the Peter-Weyl theorem [ref]. This data determines a G-equivariant embedding

i : G/H −→ V , gH 7−→ gv0 .

We let
W = V − (Di)H(L(H,G))

denote the orthogonal complement of the image of the tangent space at H; this is an H-subrepresentation
of G, and

(2.12) W ⊕ L(H,G) ∼= V , (w, x) 7−→ w + (Di)H(x)

is an isomorphism of H-representations.
By multiplying the original vector v0 with a sufficiently large scalar, if necessary, we can assume that

the exponential map
j : G×H D(W ) −→ V , [g, w] 7−→ g · (v0 + w)

is an embedding, where D(W ) is the unit disc of the normal H-representation. So this defines an equivariant
tubular neighborhood of G/H inside V . The associated Thom-Pontryagin collapse then becomes the G-map

(2.13) c : SV −→ GnH SW

defined by

c(v) =

{[
g, w

1−|w|

]
if v = g · (v0 + w) for some (g, w) ∈ G×D(W ), and

∞ else.

Now we consider an element in EH0 (SL(H,G) ∧A), represented by a based H-map

f : SU −→ SL(H,G) ∧A ∧ E(U)

for some finite dimensional H-representation U . By increasing U , if necessary, we can assume that U is
underlying a G-representation; the map f , however is only H-equivariant. The transfer

TrGH [f ] ∈ EG0 (GnH A)

is then represented by the composite

SV ∧ SU c∧SU−−−−−→ (GnH SW ) ∧ SU ∼= GnH (SW ∧ SU )(2.14)

GnH(SW∧f)−−−−−−−−−→ GnH (SW ∧ SL(H,G) ∧A ∧ E(U))

∼= GnH (SV ∧A ∧ E(U)) ∼= SV ∧ (GnH A) ∧ E(U) .

The first equivariant homeomorphism depends on the G-action on U and is given by

(GnH SW ) ∧ SU ∼= GnH (SW ∧ SU ) , [g, w] ∧ u 7−→ [g, w ∧ (g−1u)] .
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The second homeomorphism is induced by the isomorphism (2.12) of H-representations. If we stabilize the
representative f by the underlying H-representation of some G-representation, then the composite stabilizes
in the same way. There is some work involved in showing that the class TrGH [f ] only depends on the class
[f ], and not on the choice of representation V and the vector v0 ∈ V with isotropy group H.

Theorem 2.15 (Wirthmüller isomorphism [160]). Let G be a compact Lie group, H a closed subgroup
of G and E an orthogonal G-spectrum. Then for every based H-space A the maps

WirthGH : EG0 (GnH A) −→ EH0 (SL(H,G) ∧ Z)

and
TrGH : EH0 (SL(H,G) ∧ Z) −→ EG0 (GnH A)

are mutually inverse isomorphisms.

Proof. The composite

SV
c−−→ GnH SνH

lGH∧HS
νH

−−−−−−→ SL(H,G) ∧ SνH ∼= SV

is H-equivariantly homotopic to the identity. This proves WirthGH ◦TrGH = Id on the universal example 1 ∈
EH0 (SL ∧ SW ). �

Example 2.16. We point out some special cases of the Wirthmüller isomorphism. If the subgroup H
has finite index in G, then the tangent space L(H,G) is zero, and so the Wirthmüller isomorphism identifies
EG0 (GnH A) with EH0 (A).

If H is normal in G, then the H-action on the homogeneous space G/H is trivial. Hence H also acts
trivially on the tangent space L(H,G), and so the Wirthmüller isomorphism identifies EG0 (G nH A) with
EH0 (Sd ∧A), where d = dim(G/H) = dim(G)− dim(H).

Besides a natural abelian group structure, the equivariant homotopy groups of an orthogonal spectrum
have another piece of structure not present in the equivariant homotopy sets of an orthogonal space: for
every orthogonal spectrum E and every subgroup H of a compact Lie group G, there is a transfer map

trGH : πH0 (E) −→ πG0 (E)

whose construction we now recall. The key properties of the transfer maps are

• transfers are transitive;
• transfer commutes with restriction along epimorphisms;
• restriction of a transfer to a subgroup satisfies a double coset formula (3.15).

We show in Theorem 3.5 below that restriction and transfer maps generate all natural operations between
the 0-dimensional equivariant homotopy group functors for orthogonal spectra.

Construction 2.17 (Transfer). We let G be a compact Lie group and H a closed subgroup of G.
As before we let L(H,G) = TH(G/H) denote the tangent space of G/H at the coset H, which inherits
an H-action from the H-action on G/H. By specializing the external transfer map (2.11) we obtain certain
operations on equivariant homotopy groups that we also call transfer maps. For A = S0 we can form the
composite

EH0 (SL(H,G))
TrGH−−−−→ EG0 (G/H+)

proj∗−−−−→ EG0 (S0) = πG0 (E)

of the external transfer and the effect of the unique map G/H −→ ∗. We call this composite the dimension
shifting transfer and also denote it

(2.18) TrGH : EH0 (SL(H,G)) −→ πG0 (E) .

The (degree zero) transfer is then defined as the composite

(2.19) trGH : πH0 (E) = EH0 (S0)
i∗−−→ EH0 (SL(H,G))

TrGH−−−−→ πG0 (E) ,
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where i : S0 −→ SL(H,G) is the ‘inclusion of the origin’, the based map sending 0 to 0. Both kinds of
transfer are natural for orthogonal G-spectra E. The Wirthmüller isomorphism is additive, hence so is its
inverse, the external transfer. Since the dimension shifting and degree transfers are obtained from there by
applying continuous maps, they are also additive.

Remark 2.20 (Finite index transfers). In the special case where H has finite index in G, (i.e., when H
and G have the same dimension), the definition of the transfer simplifies somewhat. In this case G/H is
a finite set and the tangent H-representation L(H,G) is trivial. So for finite index inclusions, there is no

difference between the dimension shifting transfer TrGH and the degree zero transfer trGH .

Example 2.21 (Infinite Weyl group transfers). If H has infinite index in its normalizer, then the degree
zero transfer map trGH is trivial. Indeed, the inclusion of the normalizer N = NGH of H into G induces a
smooth embedding

WGH = N/H −→ G/H

and thus a monomorphism of tangent H-representations

TH(WGH) −→ TH(G/H) = L(H,G) .

If n ∈ N is an element of the normalizer and h ∈ H, then

h · nH = n · (n−1hn)H = nH ,

so WGH is H-fixed inside G/H. Consequently, the tangent space TH(WGH) is contained in the H-fixed
space L(H,G)H .

If H has infinite index in its normalizer, then the Weyl group WGH = N/H and the tangent space
TH(WGH) have positive dimension. In particular, L(H,G) has non-zero H-fixed points. The point 0 in
SL(H,G) can thus be moved through H-fixed points to the basepoint at infinity. The first map in the
composite (2.19) is thus the zero map, hence so is the transfer trGH .

Remark 2.22. As the previous example indicates, the passage from the dimension shifting transfer TrGH
to the degree zero transfer trGH loses information. An extreme case is when the subgroup H is normal in
the Lie group G; then the action of the group H on G/H is then trivial; hence also the tangent H-
representation L(H,G) is trivial. Upon choosing an isomorphism L(H,G) ∼= Rd, the dimension shifting
transfer then becomes a natural map

πH0 (E) ∼= πHd (SL(H,G) ∧ E)
TrGH−−→ πGd (E) .

This transformation is generically non-trivial, for example on the stable tautological class of the suspension
spectrum of a global classifying space of E.

Now we recall some important properties of the transfer maps. Every nested triple of compact Lie
groups K ≤ H ≤ G gives rise a K-equivariant splitting of the tangent K-representation inside G. In more
detail, the differentials of the smooth embedding H/K −→ G/K and the smooth submersion G/K −→ G/H
are a short exact sequence of K-representations

0 −→ TK(H/K) −→ TK(G/K) −→ TH(G/H) −→ 0 .

This sequence admits a (non-canonical) K-equivariant splitting

L(K,G) ∼= L(K,H)⊕ resHK(L(H,G)) .

The spaces of equivariant splittings is contractible, so we obtain a K-equivariant homeomorphism

SL(K,G) ∼= SL(K,H) ∧ SL(H,G)

whose K-equivariant homotopy class is well-defined.
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Proposition 2.23 (Transitivity of transfers). Let G be a compact Lie group and K ≤ H ≤ G nested
closed subgroups and E an orthogonal G-spectrum. Then the composite

EK0 (SL(K,G)) ∼= EK(SL(K,H) ∧ SL(H,G))
TrHK−−−−→ EH0 (SL(H,G))

TrGH−−−−→ πG0 (E)

agrees with the transfer TrGK . Moreover, the degree zero transfers satisfy

trGH ◦ trHK = trGK : πK0 (E) −→ πG0 (E) .

Proof. We start by establishing transitivity of the Wirthmüller maps. Throughout, we omit the
restriction functors from the notation. The main geometric input is the fact that the diagram

G+

lGK
��

lGH // SL(H,G) ∧H+

SL(H,G)∧H lHK
��

SL(K,G) ∧K+ ∼=
// SL(H,G) ∧ SL(K,H) ∧K+

commutes up to K2-equivariant homotopy [justify].
So the map lGK/K is K-equivariantly homotopic to the composite

G/K+
∼= GnH (H/K+)

lGH∧H(H/K+)−−−−−−−−−→ SL(H,G) ∧ (H/K+)

∼= H nK SL(H,G) lHK∧KS
L(H,G)

−−−−−−−−−→ SL(K,H) ∧ SL(H,G) ∼= SL(K,G) .

Naturality and transitivity of restriction maps then show that the following diagram commutes:

EG(G/K+)
resGK //

∼=
��

EK(G/K+)

lGK/K

��

EG(GnH (H/K+))

resGH
��

WirthGH

��

EH(GnH (H/K+))

lGH∧H(H/K+)

��
EH(SL(H,G) ∧ (H/K+))

∼=
��

EK(SL(K,G))

∼=
��

EH(H nK SL(H,G)))
resHK //

WirthHK

44
EK(H nK SL(H,G))

lHK∧KS
L(H,G)

// EK(SL(K,H) ∧ SL(H,G))
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Reading the diagram backwards gives a commutative diagram of external transfers

EK(SL(K,H) ∧ SL(H,G))
TrHK //

∼=

��

EH(H nK SL(H,G))
∼= // EH(SL(H,G) ∧ (H/K+))

TrGH
��

EG(GnH (H/K+))

∼=
��

EK(SL(K,G))
TrGK

// EG(G/K+)

Postcomposing with the effect of the projection G/K −→ ∗ and exploiting naturality give the claim about
the dimension shifting transfer. The second claim follows by precomposing with the inclusion of the origin
of L(K,G). �

Now we prove a compatibility of transfers with restriction along continuous epimorphisms. This is a
purely ’global’ phenomenon, and the statement does not even make sense in equivariant stable homotopy
group for one fixed compact Lie groups. For every surjective group homomorphism α : K −→ G and every
closed subgroup H of G, the map

ᾱ : K/L −→ G/H , kL 7−→ α(k)H

is a diffeomorphism, where L = α−1(H). The differential at the coset L is an isomorphism

(dᾱ)L : L(L,K) −→ (α|L)∗(L(H,G))

of L-representations.

Proposition 2.24. Let E be an orthogonal spectrum and K and G compact Lie groups. For a surjective
group homomorphism α : K −→ G and a closed subgroup H of G we set L = α−1(H) let α|L : L −→ H
denote the restriction of α. Then the following square commutes:

πH0 (SL(H,G) ∧ E)

TrGH
��

(α|L)∗ // πL0 ((α|L)∗(SL(H,G) ∧ E))
∼= // πL0 (SL(L,K) ∧ E)

TrKL
��

πG0 (E)
α∗

// πK0 (E)

Moreover, the degree zero transfers satisfy the relation

α∗ ◦ trGH = trKL ◦(α|L)∗

as maps πH0 (E) −→ πK0 (E),

Proof. The map

K ×L H −→ G , [k, h] 7−→ α(k) · h
is an isomorphism of K-H-bispaces, where the L-action on H and the K-action on G are both through α.
The main geometric input is the fact that the map (α|L)∗(lGH) is (L ×H)-equivariantly homotopic to the
composite

(α|L)∗(G+)
∼=−→ K nL (H+)

lKL ∧LH+−−−−−−→ SL(L,K) ∧H+
∼= (α|L)∗(SL(H,G)) ∧H+

So the map lKL /L = (lKL ∧L H)/H is L-equivariantly homotopic to the composite

K/L+
∼= (α|L)∗(G/H+)

(α|L)∗(lGH/H)−−−−−−−−−→ (α|L)∗(SL(H,G))
∼=−−→ SL(L,K) .
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The diagram

EG(G/H+)
α∗ //

resGH
��

EK(α∗(G/H+))
∼= //

resKL
��

EK(K/L+)

resKL
��

EH(G/H+)

(lGH/H)∗
��

(α|L)∗ // EL(α∗(G/H+))
∼= //

((α|L)∗(lGH/H))∗
��

EL(K/L+)

(lKL /L)∗
��

EH(SL(H,G))
(α|L)∗

// EL((α|L)∗(SL(H,G))) ∼=
// EL(SL(L,K))

thus commutes by naturality and functoriality of restriction maps.
Reading the diagram backwards gives a commutative diagram of external transfers

EH(SL(H,G))

(α|L)∗

��

TrGH // EG(G/H+)

α∗

��
EL((α|L)∗(SL(H,G)))

∼=
��

EK(α∗(G/H+))

∼=
��

EL(SL(L,K))
TrKL

// EK(K/L+)

Postcomposing with the effect of the projection G/H −→ ∗ and exploiting naturality give the claim about
the dimension shifting transfer. The second claim follows by precomposing with the inclusion of the origin
of L(K,G). �

The composition of a transfer map with restriction to a subgroup can be rewritten according to the
double coset formula (3.15) that we will discuss below.

Every G-orthogonal spectrum gives rise to a G-homology theory as just explained. Moreover, the
equivariant homology theories for closed subgroup of G are related by restriction maps (to smaller sub-
groups) and conjugation maps induced by elements of g. If we start with an orthogonal spectrum E, then
the various G-homology theories are related by additional restriction maps. So we consider a continuous
homomorphism α : K −→ G and define a restriction homomorphism

α∗ : EG0 (A) −→ EK0 (α∗(A)) .

If f : SV −→ A ∧ E(V ) is a G-map that represents a class in EG0 (A), then we define α∗[f ] as the class
represented by the K-map

α∗(f) : Sα
∗(V ) ∼= α∗(SV ) −→ α∗(A ∧ E(V )) = α∗(A) ∧ E(α∗(V )) .

More precisely, α∗(V ) need not be a subrepresentation of the chosen complete K-universe, so we use the
same embedding trick as we did in the definition of restriction maps in (6.8) of Chapter I. The restriction
maps α∗ are clearly transitive (or contravariantly functorial) for composition of group homomorphisms.

We recall that for g ∈ G the conjugation map is defined as

cg : G −→ G , cg(h) = g−1hg .

For every G-space A, left multiplication by g is then a G-equivariant homeomorphism lg : c∗g(A) −→ A.
The composite

EG0 (A)
c∗g−−→ EG0 (c∗g(A))

(lg)∗−−−−→ EG0 (A)
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is the identity, generalizing the fact that inner automorphisms induced the identity on equivariant homotopy
groups. Indeed, for A = S0 the group EG0 (A) specializes to πG0 (E), and since left translation by g is the
identity on S0, we recover that property.

Remark 2.25. In Remark 1.6 we observed that only very special kinds of orthogonal G-spectra are part
of a ‘global family’, i.e., isomorphic to an orthogonal G-spectrum of the form X〈G〉 for some orthogonal
spectrum X. The previous obstructions were in terms of pointset level conditions, and now we can also
formulate obstructions to ‘being global’ in terms of the Mackey functor homotopy groups of an orthogonal
G-spectrum.

For every orthogonal G-spectrum Y the homotopy groups {πH0 (Y )}H form a G-Mackey functor as H
varies through the closed subgroups of G. This means that these groups for different H are related by
restriction maps (to subgroups, not along arbitrary homomorphisms), by conjugation maps and by transfer
maps. This data satisfies certain compatibility relations, among them the double coset formula.

For every orthogonal spectrum X and compact Lie groups H ≤ G the H-homotopy groups of the
G-spectrum X〈G〉 are, by definition, the H-homotopy groups πH∗ (X). So these groups depend only on H,
and not on the ambient group G. One obstruction to Y being part of a ‘global family’ is that the G-
Mackey functor structure can be extended to a ‘global functor’ (in the sense of Definition 3.2 below). In
particular, theG-Mackey functor homotopy groups can be complemented by restriction maps along arbitrary
group homomorphisms between the subgroups of G. As the extreme case this includes a restriction map
p∗ : πe∗(X) −→ πG∗ (X) associated to the unique homomorphism p : G −→ e, splitting the restriction map
πG∗ (X) −→ πe∗(X). So one obstruction to being global is that this restriction map from πG∗ (X) to πe∗(X)
needs to be a split epimorphism. Another consequence is that every global functor takes isomorphic values
on a pair of isomorphic subgroups of G; for G-Mackey functors this is true when the subgroups are conjugate
in G, but not in general when they are merely abstractly isomorphic.

Another obstruction can be given in terms of the conjugation maps. For g ∈ G the Mackey functor
conjugation map c∗g : πH0 (X〈G〉) −→ π

gH
0 (X〈G〉) of the G-spectrum X〈G〉 is the conjugation map (6.9). In

particular, for G-spectra of the form X〈G〉, the map c∗g depends only on the conjugation homomorphism
cg : gH −→ H and not on the element g that conjugates. In other words, if g centralizes H, then c∗g is the

identity of πH0 (X〈G〉) – a condition that does not hold in general G-Mackey functors.
The most extreme case of this is when H = e is the trivial subgroup of G. Every element of G

centralizes e, so for G-spectra of the form X〈G〉, the conjugation maps c∗g of πe∗(X〈G〉) are all identity
maps. For example, for finite groups G we can let M be a left ZG-module; a G-Mackey functor M is then
given by M(H) = MH with inclusions as restriction maps, and with conjugation and transfer maps defined
by

c∗g(m) = gm respectively trGH(m) =
∑

gH∈G/H

gm .

The Eilenberg-Mac Lane G-spectrum HM realizes the Mackey functor M as on 0-th homotopy groups; so
as soon as the G-action on M is non-trivial, the Eilenberg-Mac Lane G-spectrum HM does not come from
a global homotopy type.

We can draw a corollary of the Wirthmüller isomorphism.

Proposition 2.26. Let ϕ : E −→ F be a global equivalence of orthogonal spectra. Then for every
compact Lie group G, every integer k and every cofibrant based G-space A the map

ϕ∗ : EGk (A) −→ FGk (A)

is an isomorphism.

Proof. We do a nested induction over the ‘size’ of G (i.e., the dimension and the number of connected
components). We start by showing a special case: we suppose that the orthogonal spectrum E is globally
stably contractible, and we show that then EGk (A) is trivial for every compact Lie group G, every integer
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k and every cofibrant based G-space A. [show that EGk (∂Dn) = 0 for all n ≥ 0, by induction on n and the

covering ∂Dn = Dn−1
+ ∪Dn−1

− ]
We assume first that A is a finite G-CW-complex, where we argue by induction of the number of G-cells.

If A = ∗ consists only of the base point, both groups in question are trivial, and there is nothing to show.
Now we assume that claim for A and we let B be obtained from A by attaching a single G-cell. This means
that there is a closed subgroup H of G, a number n ≥ 0 and an equivariant attaching map

f : G/H × ∂Dn −→ A

such that B is G-isomorphic to the mapping cone of f . The Wirthmüller isomorphism

EGk ((G/H × ∂Dn)+) ∼= EHk (SL(H,G) ∧ (∂Dn)+) ∼= EHk−n+1(SL(H,G))⊕ EHk (SL(H,G))

shows that the group EGk ((G/H × ∂Dn)+) is trivial, hence the EGk (B) is trivial by induction and the long
exact sequence of homology groups.

In the general case we let Cϕ denote the mapping cone of the morphism ϕ. Then Cϕ is globally stable
contractible by Proposition 1.23. So the groups (Cϕ)Gk (A) are all trivial by the previous paragraph. The
long exact sequence relating the equivariant homology groups of E, F and Cϕ then shows that ϕ∗ is an
isomorphism. �

3. Global functors

This section is devoted to the category GF of global functors, the natural home of the collection of
equivariant homotopy groups {πG0 (X)} of an orthogonal spectrum. The category GF of global functors is
a symmetric monoidal abelian category with enough injectives and projectives that plays the same role for
global homotopy theory that is played by the category of abelian groups in ordinary homotopy theory, or
by the category of G-Mackey functors for G-equivariant homotopy theory.

An abstract way to motivate the appearance of global functors is as follows. One can consider the
globally connective (respectively globally coconnective) orthogonal spectra, i.e., those where all equivariant
homotopy groups vanish in negative dimensions (respectively in positive dimensions). It turns out that the
full subcategories of globally connective respectively globally coconnective spectra define a non-degenerate t-
structure on the triangulated global stable homotopy category, and the heart of this t-structure is (equivalent
to) the abelian category of global functors; we refer the reader to Corollary IV.3.10 below for details.

Construction 3.1 (Burnside category). We define the pre-additive Burnside category A. The objects
of A are all compact Lie groups; morphisms from a group G to K are defined as

A(G,K) = Nat(πG0 , π
K
0 ) ,

the set of natural transformations of functors, from orthogonal spectra to sets, between the equivariant
homotopy group functors πG0 and πK0 . It is not a priori clear that the natural transformations from πG0
to πK0 form a set (as opposed to a proper class), but this follows from Proposition 3.13 below. Composition
in the category A is composition of natural transformations.

The functor πK0 is abelian group valued, so the set A(G,K) is an abelian group under objectwise
addition of transformations. Composition is additive in each variable, so A(G,K) is a pre-additive category.
The Burnside category A is skeletally small: isomorphic compact Lie groups are also isomorphic as objects
in the category A, and every compact Lie group is isomorphic to a closed subgroup of an orthogonal group
O(n).

Definition 3.2. A global functor is an additive functor from the Burnside category A to the category
of abelian groups. A morphism of global functors is a natural transformation.

We discuss various explicit examples of interesting global functors in Example 3.25.
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Example 3.3. The definition of the Burnside category A is made so that the collection of equivari-
ant homotopy groups of an orthogonal spectrum is tautologically a global functor. Explicitly, the global
homotopy group functor π0(X) of an orthogonal spectrum X is defined on objects by

(π0(X))(G) = πG0 (X)

and on morphisms by evaluating natural transformations at X. It is less obvious that conversely every
global functor is isomorphic to the global functor π0(X) of some orthogonal spectrum X; we refer the
reader to Remark IV.3.12 below for the construction of Eilenberg-Mac Lane spectra from global functors.

As a category of additive functors out of a skeletally small pre-additive category, the category GF of
global functors has some immediate properties that we collect in the following proposition.

Proposition 3.4. The category GF of global functors is an abelian category with enough injectives and
projectives.

Proof. Any category of additive functors out of a skeletally small additive category is abelian with
notions of exactness defined objectwise [ref]. A set of projective generators is given by the represented global
functors A(G,−) where G runs through a set of representatives of the isomorphism classes of compact Lie
groups. A set of injective cogenerators is given similarly by the global functors

Hom(A(−,K),Q/Z) : A −→ Ab ,
where K runs through a set of representatives of the isomorphism classes of compact Lie groups. �

As we shall explain in Construction 4.22 below, the category GF has a symmetric monoidal closed
product � that arises as a convolution product for a certain symmetric monoidal structure on the Burnside
category A.

Our definition of the Burnside category is made so that every orthogonal spectrum X gives rise to a
homotopy group global functor without further ado, but it is not clear from the definition how to describe
the morphism groups of A explicitly. Our next aim is to show that each morphism group A(G,K) is a free
abelian group with an explicit basis given by certain composites of a restriction and a transfer morphism.
For a pair (L,α) consisting of a closed subgroup L of K and a continuous group homomorphism α : L −→ G
we define

[L,α] ∈ A(G,K)

as the natural transformation whose value at an orthogonal spectrum is the composite

πG0 (X)
α∗−−−→ πL0 (X)

trKL−−−→ πK0 (X)

of restriction along α with transfer from L to K.
If L has infinite index in its normalizer, then the transfer map trKL , and hence also the element [L,α],

is zero by Example 2.21. The conjugate of (L,α) by a pair (κ, γ) ∈ K × G of group elements is the pair
(κL, cγ ◦ α ◦ cκ) consisting of the conjugate subgroup κL and the composite homomorphism

κL
cκ−−−→ L

α−−→ G
cγ−−−→ G .

Since inner automorphisms induce the identity on equivariant homotopy groups (compare Proposition 6.10),

trKκL ◦(cγ ◦ α ◦ cκ)∗ = trKκL ◦c∗κ ◦ α∗ ◦ c∗γ = c∗κ ◦ trKL ◦α∗ ◦ c∗γ = trKL ◦α∗ .
So the transformation [L,α] only depends on the conjugacy class of (L,α), i.e.,

[κL, cγ ◦ α ◦ cκ] = [L,α] ∈ A(G,K) .

Theorem 3.5. Let K and G be compact Lie groups. The morphism group A(G,K) in the Burnside
category is a free abelian group with basis the transformations [L,α], where (L,α) runs over all (K × G)-
conjugacy classes of pairs consisting of
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• a closed subgroup L ≤ K whose Weyl group WKL is finite, and
• a continuous group homomorphism α : L −→ G.

The proof of Theorem 3.5 has two ingredients: We identify natural transformations from πG0 to πK0 with
the value πK0 (Σ∞+ BglG), and then we calculate the latter equivariant homotopy group using the tom Dieck
splitting for equivariant homotopy groups of suspension spectra.

The 0-th equivariant homotopy groups of orthogonal spectra have two extra pieces of structure, com-
pared to orthogonal spaces: an abelian group structure and transfers. As we shall now explain, every
orthogonal space has a suspension spectrum, and at the level of 0-th equivariant homotopy sets, the sus-
pension spectrum ‘freely builds in’ the extra structure that is available stably.

Construction 3.6 (Suspension spectra). To every orthogonal space Y we can associate an unreduced
suspension spectrum Σ∞+ Y whose value on an inner product space is given by

(Σ∞+ Y )(V ) = Y (V )+ ∧ SV ;

here the orthogonal group O(V ) acts diagonally and the structure map

σV,W : (Y (V )+ ∧ SV ) ∧ SW −→ Y (V ⊕W )+ ∧ SV⊕W

is the combination of the map Y (iV ) : Y (V ) −→ Y (V ⊕W ) and the canonical homeomorphism SV ∧SW ∼=
SV⊕W . If Y is the constant orthogonal space with value a topological space A, then Σ∞+ Y = Σ∞+ A specializes
to the suspension spectrum of A with a disjoint basepoint added. The functor

Σ∞+ : spc −→ Sp
is left adjoint to the functor Ω• of Construction 1.9.

Let Y be an orthogonal space and G a compact Lie group. We define a map

(3.7) σG : πG0 (Y ) −→ πG0 (Σ∞+ Y )

as the effect of the adjunction unit Y −→ Ω•(Σ∞+ Y ) on the G-equivariant homotopy set πG0 , using that

πG0 (Ω•(Σ∞+ Y )) = πG0 (Σ∞+ Y ). More explicitly: if V is a finite dimensional G-subrepresentation of the

complete G-universe UG and y ∈ Y (V )G a G-fixed point, then σG[y] is represented by the G-map

SV
y∧−−−−→ Y (V )+ ∧ SV = (Σ∞+ Y )(V ) .

As G varies, the maps σG are compatible with restriction, since they arise from a morphism of orthogonal
spaces.

For a subgroup H of G, the normalizer NGH acts on H by conjugation, and hence on πH0 (Y ) by
restriction along the conjugation maps. Restriction along inner automorphisms is the identity, so the action
of NGH factors over an action of the Weyl group WGH = NGH/H on πH0 (Y ). After passing to the stable
classes along the map σH : πH0 (Y ) −→ πH0 (Σ∞+ Y ), we can then transfer from H to G. For an element

g ∈ NGH and a class x ∈ πH0 (Y ) we have

trGH(σH(c∗gx)) = trGH(c∗g(σ
H(x))) = c∗g(tr

G
H(σH(x))) = trGH(σH(x)) ,

because transfer commutes with restriction along epimorphisms. So transferring from H to G in the global
functor π0(Σ∞+ Y ) annihilates the action of the Weyl group on πH0 (Y ).

Proposition 3.8. Let Y be an orthogonal space. Then for every compact Lie group K the equivariant
homotopy group πK0 (Σ∞+ Y ) of the suspension spectrum of Y is a free abelian group with a basis given by the
elements

trKL (σL(x))

where L runs through all conjugacy classes of subgroups of K with finite Weyl group and x runs through a
set of representatives of the WKL-orbits of the set πL0 (Y ).
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Proof. By definition,

πK0 (Σ∞+ Y ) = colimV ∈s(UK) [SV , Y (V )+ ∧ SV ]K

∼= colimV ∈s(UK) [SV , Y (UK)+ ∧ SV ]K = πK0 (Σ∞+ Y (UK)) .

The tom Dieck splitting [151, Satz 2] provides an isomorphism⊕
(L)

πWL
0 (Σ∞+ (EWL× Y (UK)L)) ∼= πK0 (Σ∞+ Y (UK)) ,

where the sum is indexed over all conjugacy classes of subgroups L and WL = WKL is the Weyl group
of L in K. By [151, Sec. 4] the group πWL

0 ((EWL×Y (UK)L)+) vanishes if the Weyl group WL is infinite;
so only the summands with finite Weyl group contribute to π0.

On the other hand, if the Weyl group WL is finite, then the group πWL
0 (Σ∞+ (EWL× Y (UK)L)) is free

abelian with a basis given by the set

(3.9) WL\π0(Y (UK)L) ,

the WL-orbit set of the path components of Y (UK)L. The tom Dieck splitting is given on the L-summand
by the composite

πWL
0 (Σ∞+ (EWL× Y (UK)L))

p∗−−−→ πNL0 (Σ∞+ (EWL× Y (UK)L))

i∗−−→ πNL0 (Σ∞+ (EWL× Y (UK)))

∼= πK0 (Σ∞+ (K ×NL (EWL× Y (UK))))
a∗−−−→ πK0 (Σ∞+ Y (UK)) .

Here NL = NKL is the normalizer of L in K, p : NL −→ WL is the projection, i : Y (UK)L −→ Y (UK)
the inclusion (which is NL-equivariant), the third map is the Wirthmüller isomorphism (Theorem 2.15) for
the K-equivariant sphere spectrum, and the last map is induced by the K-map

a : K ×NL (EWL× Y (UK)) −→ Y (UK) , [k, (e, y)] 7−→ k · y .

So the basis (3.9) of the group πWL
0 (Σ∞+ (EWL× Y (UK)L)) is taken to the elements trKL (σL(x)) as x runs

through a set of representatives of the WKL-orbits of the set πL0 (Y ). �

We let G be a compact Lie group and V a G-representation. We recall from (6.11) of Chapter I the
tautological class

uG,V ∈ πG0 (LG,V )

in the G-equivariant homotopy set of the free orthogonal space LG,V . The stable tautological class is

(3.10) eG,V = σG(uG,V ) ∈ πG0 (Σ∞+ LG,V ) .

Explicitly, eG,V is the homotopy class of the G-map

SV −→ (L(V, V )/G)+ ∧ SV = (Σ∞+ LG,V )(V ) , v 7−→ (IdV ·G) ∧ v .

Corollary 3.11. Let G and K be compact Lie groups and V a faithful G-representation. Then the
homotopy group πK0 (Σ∞+ LG,V ) is a free abelian group with basis given by the classes

trKL (α∗(eG,V ))

as (L,α) runs over a set of representatives of all (K×G)-conjugacy classes of pairs consisting of a subgroup L
of K of finite index in its normalizer and a continuous homomorphism α : L −→ G.



3. GLOBAL FUNCTORS 205

Proof. The map

Rep(K,G) −→ πK0 (LG,V ) , [α : K −→ G] 7−→ α∗(uG,V )

is bijective according to Proposition I.6.14 (ii). Proposition 3.8 thus says that πK0 (Σ∞+ LG,V ) is a free abelian
group with a basis given by the elements

trKL (σL(α∗(uG,V ))) = trKL (α∗(σG(uG,V ))) = trKL (α∗(eG,V ))

where L runs through all conjugacy classes of subgroups of K with finite Weyl group and α runs through
a set of representatives of the WKL-orbits of the set Rep(L,G). The claim follows because (K × G)-
conjugacy classes of such pairs (L,α) biject with pairs consisting of a conjugacy class of subgroups (L) and
a WKL-equivalence class in Rep(L,G). �

Example 3.12. We discuss a specific example of Corollary 3.11, with G = A3 the alternating group
on three letters and K = Σ3 the symmetric group on 3 letters. The group Σ3 has four conjugacy classes of
subgroups, with representatives Σ3, A3, (12) and e. The groups Σ3, (12) and e admit only trivial homomor-
phisms to A3, whereas the alternating group A3 also has two automorphisms. None of the three endomor-
phisms of A3 are conjugate, so the set Rep(A3, A3) has three elements. However, the Weyl group WΣ3

A3

has two elements, and its action realizes the two automorphisms of A3. So while πA3
0 (BglA3) ∼= Rep(A3, A3)

has three elements, it only contributes two generators to the stable group πΣ3
0 (Σ∞+ BglA3). A basis for the

free abelian group πΣ3
0 (Σ∞+ BglA3) is thus given by the classes

p∗Σ3
(1) , trΣ3

A3
(eA3) , trΣ3

A3
(p∗A3

1) , trΣ3

(12)(p
∗
(12)1) and trΣ3

e (p∗e1) .

Here the faithful A3-representation V is unspecified and we write eA3
= eA3,V ∈ π

A3
0 (Σ∞+ BglA3) for the

stable tautological class. Moreover pH : H −→ e denotes the unique homomorphism to the trivial group
and 1 = resA3

e (eA3
) is the restriction of the class e to the trivial group.

Now comes the last ingredient for the calculation of the morphism group A(G,K). We let V be any
faithful G-representation and apply the representability result of Proposition II.2.22 to the category C = Sp
of orthogonal spectra and the adjoint functor pair

spc
Σ∞+ // Sp
Ω•
oo

and the functor πK0 ◦Ω• from orthogonal spectra to sets. In this case Proposition II.2.22 (ii) specializes to:

Proposition 3.13. Let G and K be compact Lie groups and V a faithful G-representation. Then
evaluation at the stable tautological class is a bijection

A(G,K) = NatSp(πG0 , π
K
0 ) −→ πK0 (Σ∞+ LG,V ) , τ 7−→ τ(eG,V )

to the 0-th K-equivariant homotopy group of the orthogonal spectrum Σ∞+ LG,V . In other words, the mor-
phism

A(G,−) −→ π0(Σ∞+ LG,V )

classified by the stable tautological class eG is an isomorphism of global functors.

Now we are ready for the

Proof of Theorem 3.5 . We let V be any faithful G-representation. By Proposition 3.11 the com-
posite

Z{[L,α] | |WKL| <∞, α : L −→ G} −→ Nat(πG0 , π
K
0 )

ev−−→ πK0 (Σ∞+ LG,V )

is an isomorphism, where the first map takes [L,α] to trKL ◦α∗ and the second map is evaluation at the
stable tautological class eG,V . The evaluation map is an isomorphism by Proposition 3.13, so the first map
is an isomorphism, as claimed. �
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Example 3.14 (Sphere spectrum). The sphere spectrum S is given by

S(V ) = SV ,

the one-point compactification of the inner product space V . The orthogonal group acts as the one-point
compactification of its action on V . The structure map σV,W : SV ∧ SW −→ SV⊕W is the canonical
homeomorphism.

The equivariant homotopy groups of the sphere spectrum are the equivariant stable stems. The sphere
spectrum is isomorphic to the suspension spectrum of the free global space Le,0 generated by the trivial
representation of the trivial group,

S ∼= Σ∞+ Le,0 .

The trivial representation is faithful as a representation of the trivial group, so Le,0 = Bgle is a global
classifying space for the trivial group. For this particular faithful representation, the class 1 ∈ π0(S)
represented by the identity of S0 is the stable tautological class ee,0 (compare (3.10)). By Proposition 3.13,
the action on the unit 1 ∈ π0(S) is an isomorphism of global functors

A = A(e,−) −→ π0(S)

from the Burnside ring global functor A to the 0-th homotopy global functor of the sphere spectrum. For
finite groups, this is originally due to Segal [126], and for general compact Lie groups to tom Dieck, as a
corollary to his splitting theorem (see Satz 2 and Satz 3 of [151]).

For finite groups, the ‘global 1-stem’, i.e., the global functor π1(S), can also be described in terms of
finite G-sets. At a finite group G, the equivariant 1-stem πG1 (S) is naturally isomorphic to the quotient
of the free abelian group generated by isomorphism class of automorphisms of finite G-sets, with relations
coming from composition and disjoint union of automorphisms. The proof uses that the equivariant stems
can be calculated as the algebraic K-theory groups of the category of finite G-sets [ref].

The multiplication provides a map

A⊗ Z/2{η} = A⊗ πs
1 −→ π1(S)

that is injective by the tom Dieck splitting. The cokernel at a group G is isomorphic to the direct sum of
the groups (WGH)ab, the abelianized Weyl group of H, where H runs through the conjugacy classes of
subgroups of G. In this description, however, the restriction and transfer maps are not so easily visible.

Theorem 3.5 is almost a complete calculation of the Burnside category, but one important piece of
information is still missing: how does one express the composite of two operations, each given in the basis
of Theorem 3.5, as a sum of basis elements? Since restrictions are contravariantly functorial and transfers are
transitive, the key question is how to express a transfer followed by a restriction in terms of the specified
basis. Every group homomorphism is the composite of an epimorphism and a subgroup inclusion, and
restriction along epimorphisms commute with transfers according to Proposition 2.24. So the remaining
issue is to rewrite the composite

πH0 (X)
trGH−−−→ πG0 (X)

resGK−−−−→ πK0 (X)

of a transfer map and a restriction map, where H and K are two subgroups of a compact Lie group G. The
answer is given by the double coset formula:

(3.15) resGK ◦ trGH =
∑
[M ]

χ](M) · trKK∩gH ◦c∗g ◦ resHKg∩H .

The double coset formula was proved by Feshbach for Borel cohomology theories [55, Thm. II.11] and later
generalized to equivariant cohomology theories by Lewis and May [90, IV §6].

The formula (3.15) needs some explanation. The double coset space K\G/H is the quotient space of G
by the left K and right H-action by translation. In contrast to a homogeneous space G/H, the double coset
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space is in general not a smooth manifold. However, it can be written as the union of certain subspaces (in
general neither open nor closed) that are manifolds of varying dimensions.

Definition 3.16. Let K and H be subgroups of a compact Lie group G. Two points KgH and KḡH
of the double coset space K\G/H are of the same orbit type if the groups K∩ gH and K∩ ḡH are conjugate
inside K.

The set of points of K\G/H of fixed orbit type is a manifold (with the subspace topology of the compact
space K\G/H), the orbit type manifold. Orbit type manifolds are thus indexed by conjugacy classes of
subgroups of K: for a subgroup L of K we set

M(L) = {KgH ∈ K\G/H | K ∩ gH is conjugate to L in K} .

The orbit type manifolds need not be connected, but each M(L) has only finitely many path components.
Also, M(L) need not be closed inside K\G/H; but if one orbit type manifold M(L) lies in the closure of

another one M(L̄), then L̄ is subconjugate to L in K.

The sum in the double coset formula (3.15) runs over all connected components M of orbit type
manifolds M(L), and the group element g ∈ G that occurs is such that KgH ∈ M . Only finitely many of

the orbit type manifolds are non-empty, so the double coset formula is a finite sum. Moreover, χ](M) =
χ(M̄)−χ(M̄ −M) is the ‘internal Euler characteristic’ of M , where M̄ is the closure of M inside K\G/H.
For some of the summands, the group K ∩ gH may have infinite index in its normalizer in K, and then the
corresponding summands on the right hand side vanishes.

If H has finite index in G, then the double coset formula (3.15) simplifies. For any other subgroup K
of G the intersection K ∩ gH then also has finite index in K, so only finite index transfers are involved in
the double coset formula. Since G/H is finite, so is the set K\G/H of double cosets, and all orbit type
manifold components are points. So all internal Euler characteristics that occur are 1 and the double coset
formula specializes to

(3.17) resGK ◦ trGH =
∑

[g]∈K\G/H

trKK∩gH ◦c∗g ◦ resHKg∩H ;

the sum runs over a set of representatives of the K-H-double cosets.
Since our context and exposition are quite different from those of the main references for the double

coset formula [55, 90], we explain how to deduce the double coset formula in the form (3.15) from a double
coset formula of Lewis and May [90, IV Cor. 6.4].

Proof of the double coset formula (3.15). We let

ρGK : Σ∞+ BglK −→ Σ∞+ BglG

be a morphism of orthogonal spectra that sends the tautological stable class eK ∈ πK0 (Σ∞+ BglK) to the

element resGK(eG) ∈ πK0 (Σ∞+ BglG). For example, we can take any faithful G-representation V , set BglG =
LG,V and BglK = LK,resGK V , and take the map induced by the quotient map LK,resGK V −→ LG,V . Similarly,

we can take a representing G-map for the homotopy class trGH(eH) ∈ πG0 (Σ∞+ BglH) and adjoin it to a
morphism of orthogonal spectra

τGH : Σ∞+ BglG −→ Σ∞+ BglH

that sends the tautological stable class eG ∈ πG0 (Σ∞+ BglG) to trGH(eH). Then the composite

Σ∞+ BglK
ρGK−−−→ Σ∞+ BglG

τGH−−−→ Σ∞+ BglH

sends eK to resGK(trGH(eH)) ∈ πK0 (Σ∞+ BglH). For any compact Lie group Π, the underlying orthogonal
K-spectrum of Σ∞+ BglΠ has the K-homotopy type of Σ∞+ B(K,Π), the suspension spectrum of a classifying
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K-space for (K,Π)-bundles (by Remark I.2.13). So in the stable homotopy category of orthogonal K-spectra
(indexed on a complete universe), the composite above becomes

Σ∞+ B(K,K)
ρGK−−−→ Σ∞+ B(K,G)

τGH−−−→ Σ∞+ B(K,H) .

Corollary IV 6.4 of [90] shows that in the stable homotopy category of orthogonal K-spectra, the latter
composite equals the sum, indexed by the orbit type manifold components M of K\G/H, of χ](M) times
the composite

Σ∞+ B(K,K)
τKK∩gH−−−−−−→ Σ∞+ B(K,K ∩ gH)

ρ
gH
K∩gH−−−−−−→ Σ∞+ B(K, gH)

γg−−−→ Σ∞+ B(K,H) .

Here γg is the underlying morphism of orthogonal K-spectra of a morphism γg : Σ∞+ Bgl(
gH) −→ Σ∞+ BglH

that sends egH to c∗g(eH) ∈ πgH0 (Σ∞+ BglH). The last composite thus sends eK to trKK∩gH(res
gH
K∩gH(c∗g(eH))) ∈

πK0 (Σ∞+ BglH), so Corollary IV 6.4 of [90] shows that

resGK(trGH(eH)) =
∑
[M ]

χ](M) · trKK∩gH(c∗g(resHKg∩H(eH)))

in the group πK0 (Σ∞+ B(K,H)) = πK0 (Σ∞+ BglH).
For varying orthogonal spectra X, the two sides of the double coset formula (3.15) are natural trans-

formations from the functor πH0 to the functor πK0 . Since the functor πH0 is represented by the pair
(Σ∞+ BglH, eH) (by Proposition 3.13), this special case of the double coset formula is a universal example,
and the double coset formula holds in general. �

Example 3.18. A special case of the double coset formula is when K = e, i.e., when we restrict a
transfer all the way to the trivial subgroup of G. In this case there is only one orbit type manifold, namely
the entire (double) coset space G/H and the sum in the double coset formula (3.15) is indexed over the
path components of G/H. All path component of G/H are homeomorphic, so they have the same Euler
characteristic, and all the summands are the same. So the double coset formula becomes

resGe ◦ trGH = χ(G/H) · resHe .

(For an orthogonal G-spectrum that is not global, the conjugation action of π0G = π0(WGe) on πe0(X) may
be non-trivial, and the formula cannot in general be simplified in the same way).

Example 3.19. We calculate the double coset formula (3.15) for the maximal torus

H = T 2 =

{(
λ 0
0 µ

)
: λ, µ ∈ T

}
of G = U(2). We take K = Σ2 o T = NU(2)T

2, the normalizer of the maximal torus, generated by T 2 and

the involution ( 0 1
1 0 ); this is Example VI.2 in [55]. We calculate the double coset space Σ2 o T\U(2)/T 2 by

identifying the orbit space of T 2\U(2)/T 2 and the residual action of the symmetric group Σ2 on this space.
A homeomorphism from T 2\U(2)/T 2 to the unit interval [0, 1] is induced by

h : U(2) −→ [0, 1] , A 7−→ |a11|2 ,

the square of the length of the upper left entry a11 of A. Lengths are non-negative and every column of a
unitary matrix is a unit vector, so the map really lands in the interval [0, 1]. The number h(A) only depends
on the double coset of the matrix A, so the map h factors over the double coset space T 2\U(2)/T 2. For
every x ∈ [0, 1] the vector (

√
x,
√

1− x) ∈ C2 has length 1, so it can be complemented to an orthonormal
basis, and so it occurs as the first column of a unitary matrix; the map h is thus surjective. On the other
hand, if h(A) = h(B) for two unitary matrices A and B, then left multiplication by an element in T 2 makes
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the first row of B equal to the first row of A. Right multiplication by an element of 1× T then makes the
matrices equal. So A and B represent the same element in the double coset space. The induced map

h̄ : T 2\U(2)/T 2 −→ [0, 1]

is thus bijective, hence a homeomorphism. The action of Σ2 on the orbit space T 2\U(2)/T 2 permutes the
two rows of a matrix; under the homeomorphism h̄, this action thus corresponds to the involution of [0, 1]
sending x to 1− x. Altogether this specifies a homeomorphism

Σ2 o T\U(2)/T 2 ∼= Σ2\[0, 1] ∼= [0, 1/2]

that sends a double coset (Σ2 o T ) · A · T 2 to the minimum of |a11|2 and |a21|2, the squared lengths of the
two entries in the first column of A. The orbit type decomposition is as

{0} ∪ (0, 1/2) ∪ {1/2} .

So as representatives of the orbit types we can choose

g0 = 1 =

(
1 0
0 1

)
for {0},

gt =
1√
5

(
1 2
−2 1

)
for (0, 1/2), and

g1 =
1√
2

(
1 1
−1 1

)
for {1/2}.

For the intersections (which are representatives of the conjugacy classes of those subgroups of Σ2 o T with
non-empty orbit type manifolds) we get

(Σ2 o T ) ∩ (g0T 2) = T 2

(Σ2 o T ) ∩ (gtT 2) = ∆(T )

(Σ2 o T ) ∩ (g1T 2) = Σ2 ×∆(T ) .

Here ∆(T ) =
{

( λ 0
0 λ ) : λ ∈ T

}
is the diagonal copy of T . The group ∆(T ) is normal in Σ2 o T , so it has

infinite index in its normalizer, and the corresponding transfer map does not contribute to the double coset
formula. The group Σ2 × ∆(T ) is its own normalizer in Σ2 o T . The internal Euler characteristics of the
orbit type manifolds are

χ]({0}) = 1 , χ]((0, 1/2)) = −1 and χ]({1/2}) = 1 .

So the double coset formula (3.15) has two non-trivial summands, and it specializes to

(3.20) res
U(2)
Σ2oT ◦ tr

U(2)
T 2 = trΣ2oT

T 2 + trΣ2oT
Σ2×∆(T ) ◦ res

gT 2

Σ2×∆(T ) ◦c
∗
g : πT

2

0 (X) −→ πΣ2oT
0 (X) ,

where g = g1 = 1√
2
( 1 1
−1 1 ).

Example 3.21. As another example, and for later reference, we calculate the double coset formula for
the unitary group G = U(n) with respect to the subgroups

H = T × U(n− 1) and K = U(k)× U(n− k) ,

where 1 ≤ k ≤ n− 1. Again the relevant double coset space ‘is’ an interval. Indeed, the continuous map

U(n) −→ [0, 1] , A 7−→ |a11|2 + · · ·+ |ak1|2 ,

the partial length of the entries in the first column of A, is invariant under right multiplication by elements
of T × U(n − 1), and under left multiplication by elements of U(k) × U(n − k). Lengths are non-negative
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and every column of a unitary matrix is a unit vector, so the map really lands in the interval [0, 1]. The
map factors over a continuous surjective map

h : (U(k)× U(n− k))\U(n)/(T × U(n− 1)) −→ [0, 1] .

On the other hand, if h[A] = h[B] for two unitary matrices A and B, then left multiplication by an element
in U(k) × U(n − k) makes the first columns of A and B equal. Right multiplication by an element of
1 × U(n − 1) then makes the matrices equal. So A and B represent the same element in the double coset
space. This shows that the map h is bijective, hence a homeomorphism. The orbit type decomposition is
as

{0} ∪ (0, 1) ∪ {1} .
As representatives of the orbit types we can choose the following unitary matrices. We let Π be the
permutation matrix of the transposition (1, k + 1). Then we can take

g0 = Π for {0},

gt = Π

((
1/
√

2 1/
√

2

−1/
√

2 1/
√

2

)
× En−2

)
Π for (0, 1),

g1 = 1 for {1}.

For the intersections (which are representatives of the conjugacy classes of those subgroups of U(k)×U(n−k)
with non-empty orbit type manifolds) we get

(U(k)× U(n− k)) ∩ g0(T × U(n− 1)) = U(k)× U(1)× U(n− k − 1)

(U(k)× U(n− k)) ∩ gt(T × U(n− 1)) = ∆

(U(k)× U(n− k)) ∩ g1(T × U(n− 1)) = U(1)× U(k − 1)× U(n− k) .

Here ∆ is the subgroup of U(n) consisting of matrices of the form
λ 0 0 0
0 A 0 0
0 0 λ 0
0 0 0 B


for (λ,A,B) ∈ T × U(k − 1)× U(n− k − 1). The subgroup ∆ is normalized by

U(1)× U(k − 1)× U(1)× U(n− k − 1) ,

so it has infinite index in its normalizer, and the corresponding transfer map does not contribute to the
double coset formula. The double coset formula thus has two non-trivial summands, and comes out as

res
U(n)
U(k)×U(n−k) ◦ tr

U(n)
T×U(n−1) =

(3.22)

tr
U(k)×U(n−k)
T×U(k−1)×U(n−k) ◦ res

T×U(n−1)
T×U(k−1)×U(n−k) + tr

U(k)×U(n−k)
U(k)×T×U(n−k−1) ◦c

∗
Π ◦ res

T×U(n−1)
T×U(k)×U(n−k−1) .

Remark 3.23. Theorem 3.5 and the double coset formula (3.15) tell us what data is necessary to specify
a global functor M : A −→ Ab. For this, one needs to give the values M(G) at all compact Lie groups G,
restriction maps α∗ : M(G) −→ M(L) for all continuous group homomorphisms α : L −→ G and transfer
maps trKL : M(L) −→ M(K) for all subgroup inclusions L ≤ K. This data has to satisfy the same kind of
relations that the restriction and transfer maps for equivariant homotopy groups have to satisfy, namely:

• the restriction maps are contravariantly functorial;
• inner automorphisms induce the identity;
• transfers are transitive and trKK is the identity;
• the transfer trKL is zero if the Weyl group WKL is infinite;
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• transfer along an inclusion H ≤ G interacts with restriction along an epimorphism α : K −→ G
according to

α∗ ◦ trGH = trKL ◦(α|L)∗ : M(H) −→ M(K) ,

where L = α−1(H);
• for all pairs of subgroups H and K of G, the double coset formula (3.15) holds.

This explicit description allows us to relate our notion of global functor to other ‘global’ versions of Mackey
functors, which are typically introduced by specifying generating operations and relations between them.
For example, our category of global functors is equivalent to the category of functors with regular Mackey
structure in the sense of Symonds [147, §3]. As we shall explain in the next remark, global functors defined
on finite groups are equivalent to inflation functors in the sense of Webb [158].

Remark 3.24. The full subcategory AFin of the Burnside category A spanned by finite groups has a
different, more algebraic description, as we shall now recall. This alternative description is often taken as
the definition in algebraic treatments of global functors. The category of ‘global functors on finite groups’,
i.e., additive functors from AFin to abelian groups, is thus equivalent to the category of inflation functors
in the sense of [158, p.271].

We define the additive combinatorial Burnside category Ac. The objects of Ac are all finite groups. The
abelian group Ac(G,K) of morphisms from a group G to K is the Grothendieck group of finite K-G-bisets
where the right G-action is free. Composition

◦ : Ac(K,L)× Ac(G,K) −→ Ac(G,L)

is induced by the balanced product over K, i.e., it is the biadditive extension of

(S, T ) 7−→ S ×K T .

Here S has a left L-action and a commuting free right K-action, whereas T has a left K-action and a
commuting free right G-action. The balanced product S ×K T than inherits a left L-action from S and a
free right G-action from T . Since the balanced product is associative up to isomorphism, this defines an
additive category. In the special case G = e for the trivial group as target we obtain Ac(e,K) = A(K),
the Burnside ring of finite K-sets. So the category Ac is the ‘group completion’ of the category A+

Fin, the
restriction of the effective Burnside category A+ (compare Construction II.2.19) to finite groups.

We define additive maps
ΨG,K : A(G,K) −→ Ac(G,K)

that will turn out to give an additive equivalence of categories (restricted to finite groups). The map ΨG,K

sends a basis element [L,α] to the class of the K-G-biset

K ×(L,α) G = K ×G/(kl, g) ∼ (k, α(l)g)

whose right G-action is free. It is straightforward to check that every transitive G-free K-G-biset is isomor-
phic to one of this form, and that K ×(L,α) G is isomorphic, as a K-G-biset, to K ×(L′,α′) G if and only if
(L,α) is conjugate to (L′, α′). So the map ΨK,G sends the basis of A(G,K) of Theorem 3.5 to a basis of
Ac(G,K), and it is thus an isomorphism.

We claim that the maps ΨG,K form a functor as G and K vary through all finite groups; this then shows
that Ψ is an additive equivalence of categories from the full subcategory of AFin to Ac. The functoriality
boils down to the fact that in both categories restriction, inflation and transfer interact with each other in
exactly the same way. We omit the details.

Example 3.25. The presentation of the Burnside category in Theorem 3.5 allows us to give some
explicit examples of global functors.

(i) The Burnside ring global functor is the represented global functor A = A(e,−) of morphisms out of
the trivial group e. By Theorem 3.5, the value A(K) = A(e,K) at a compact Lie group K is a free abelian
group with basis the set of conjugacy classes of subgroups L ≤ K with finite Weyl group. When K is finite,
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then the Weyl group condition is vacuous and A(K) this is canonically isomorphic to the Burnside ring
of K, by sending the operation [L, pL] = trLK ◦p∗L ∈ A(K) to the class of the K-set K/L (where pL : L −→ e
is the unique homomorphism). As we discussed in Example 3.14, the Burnside ring global functor A is
realized by the sphere spectrum S. More generally, the represented functors A(G,−) are other examples
of global functors, and we have seen in Proposition 3.13 that the represented global functor A(G,−) is
realized by the suspension spectrum of a global classifying space BglG of the compact Lie group G.

(ii) Given an abelian group M , the constant global functor M is given by M(G) = M and all restriction
maps are identity maps. The transfer trGH : M(H) −→M(G) is multiplication by the Euler characteristic of
the homogeneous space G/H. In particular, if H is a subgroup of finite index of G, then trGH is multiplication
by the index [G : H]. In this example, the double coset formula (3.15) amounts to the relation

χ(G/H) =
∑
[M ]

χ](M) · χ(K/K ∩ gH)

for every pair of closed subgroups H and K of a compact Lie group G.
There is a well-known point set level model of an Eilenberg-Mac Lane spectrum HM , that we recall in

Construction V.3.21 below. However, contrary to what one may expect, the 0-th homotopy group global
functor π0(HM) is not isomorphic to the constant global functor M . More precisely, the restriction map
p∗G : πe0(HM) −→ πG0 (HM) is an isomorphism for finite groups G, but not for general compact Lie groups,
see Proposition V.3.25.

(iii) The unitary representation ring global functor RU assigns to a compact Lie group G the unitary
representation ring RU(G), i.e., the Grothendieck group of finite dimensional complex G-representations,
with product induced by tensor product of representations. The restriction maps α∗ : RU(G) −→ RU(K)
are induced by restriction of representations along a continuous homomorphism α : K −→ G. The transfer
maps trGH : RU(H) −→ RU(G) along a closed subgroup inclusion H ≤ G are given by the smooth induction
of Segal [131, § 2]. If H is a subgroup of finite index of G, then this induction sends the class of an H-
representations to the induced G-representation mapG(H,V ) (which is then isomorphic to C[G]⊗C[H] V );
in general, induction sends actual representations to virtual representations. In the generality of compact
Lie groups, the double coset formula for RU was proved by Snaith [139, Thm. 2.4]. We look more closely
at the representation global functor in Example V.3.9, and we show in Theorem V.7.17 that RU is realized
by the global K-theory spectrum KU (see Construction V.7.6).

(iv) Given any generalized cohomology theory E (in the non-equivariant sense), we can define a global
functor E by setting

E(G) = E0(BG) ,

the 0-th E-cohomology of a classifying space of the group G. The contravariant functoriality in group
homomorphisms α : K −→ G comes from the covariant functoriality of the classifying space construction.
The transfer map for a subgroup inclusion H ≤ G comes from the stable transfer map (i.e., Becker-Gottlieb
transfer)

Σ∞+ BG −→ Σ∞+ BH .

The double coset formula was proved in this context by Feshbach [55, Thm. II.11]. We will show in
Proposition III.7.3. that the global functor E is realized by an orthogonal spectrum bE, the ‘global Borel
theory’ associated to E.

(v) The Borel cohomology construction of part (iv) has a ‘relative’ generalization where we start with a
compact Lie group K and a generalized K-equivariant cohomology theory Z (represented by an orthogonal
K-spectrum Z); the previous paragraph is the special case where K is a trivial group. Then we can define
a global functor Z by setting

Z(G) = Z0(B(K,G)) ,

the 0-thK-equivariant Z-cohomology of a classifyingK-space B(K,G) for (K,G)-bundles. The double coset
formula in this context is due to Lewis and May [90, IV Cor. 6.4]. We will show in Proposition IV.4.35 that
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this global functor Z is realized by an orthogonal spectrum RZ, where R is a right adjoint of the derived
forgetful functor U : GH −→ G-SH from the global stable homotopy category to the G-equivariant stable
homotopy category.

Remark 3.26. If we fix a compact Lie group G and let H run through all subgroups of G, then the
collection of H-equivariant homotopy groups πH0 (X) of an orthogonal spectrum X forms a Mackey functor
for the group G, with respect to the restriction to subgroups, conjugation and transfer maps. However, the
G-Mackey functors that come up this way are special, and not all G-Mackey functors arise this way. To
illustrate this we compare Mackey functors for the group C3 = {1, τ, τ2} with three elements to additive
functors on the full subcategory of A spanned by the group e and C3. Generating operations can be
displayed as follows:

F (C3)

α∗

��

res

��

F (C3)

res

��
F (e)

p∗

DD

tr

ZZ

F (e)

tr

OO

τ

WW

global functor on e and C3 C3-Mackey functor

Here res = resC3
e and tr = trC3

e are the restriction and transfer maps that are present in both cases.
A global functor also comes with restriction maps along the epimorphism p : C3 −→ e and along the
automorphism α : C3 −→ C3 with α(τ) = τ2, and the relations are

res ◦p∗ = IdF (e) and res ◦ tr = 3 · IdF (e)

as well as α∗ ◦ α∗ = IdF (C3), α
∗ ◦ p∗ = p∗, res ◦α∗ = res and α∗ ◦ tr = tr. In contrast, C3-Mackey functors

have an additional action of C3 (the Weyl group of e in C3) on F (e), and this action satisfies the relation

res ◦ tr = IdF (e) +τ + τ2 .

4. Products

In this section we recall the smash product of orthogonal spectra and study the products on homotopy
groups and global functors that it gives rise to. We have defined orthogonal spectra as enriched functors
from the based topological category O to the category T∗ is based spaces. The smash product is a special
case of Day’s convolution product on categories of enriched functors, compare Appendix A.3.

The smash product of orthogonal spectra is characterized by a universal property that we recall now.
The indexing category O for orthogonal spectra has a symmetric monoid product by direct sum as follows.
We denote by O∧O the category enriched in based spaces whose objects are pairs of inner product spaces
and whose morphisms spaces are smash products of morphisms spaces in O. A based continuous functor

⊕ : O ∧O −→ O

is defined on objects by orthogonal direct sum, and on morphism spaces by

O(V,W ) ∧O(V ′,W ′) −→ O(V ⊕W,V ′ ⊕W ′) , (w,ϕ) ∧ (w′, ϕ′) 7−→ ((w,w′), ϕ⊕ ϕ′) .

We define a bimorphism b : (X,Y ) −→ Z from a pair of orthogonal spectra (X,Y ) to an orthogonal
spectrum Z as a natural transformation

b : X∧̄Y −→ Z ◦ ⊕
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of continuous functor O∧O −→ T∗; here X∧̄Y is the ‘external smash product’ defined by (X∧̄Y )(V,W ) =
X(V ) ∧ Y (W ). A bimorphism thus consists of based continuous maps

bV,W : X(V ) ∧ Y (W ) −→ Z(V ⊕W )

for all inner product spaces V and W that form morphisms of orthogonal spectra in each variable separately.
A smash product of two orthogonal spectra is now a universal example of a bimorphism from (X,Y ).

Definition 4.1. A smash product of two orthogonal spectra X and Y is a pair (X ∧ Y, i) consisting of
an orthogonal spectrum X ∧ Y and a universal bimorphism i : (X,Y ) −→ X ∧ Y , i.e., a bimorphism such
that for every orthogonal spectrum Z the map

(4.2) Sp(X ∧ Y,Z) −→ Bimor((X,Y ), Z) , f 7−→ fi = {f(V ⊕W ) ◦ iV,W }V,W
is bijective.

Since the index category O is skeletally small and the base category T∗ is cocomplete, every pair of
orthogonal spectra has a smash product by Proposition A.3.5. Very often only the object X ∧ Y will be
referred to as the smash product, but one should keep in mind that it comes equipped with a specific,
universal bimorphism. We will often refer to the bijection (4.2) as the universal property of the smash
product of orthogonal spectra.

While the smash products for pairs of orthogonal spectra are choices, any collection of choices au-
tomatically extends to a symmetric monoidal structure on the category Sp: there is a preferred way to
extend the chosen smash products to a functor in two variables (Construction A.3.8); this functor has a
preferred symmetric monoidal structure, i.e., there are distinguished natural associativity and symmetry
isomorphisms

αX,Y,Z : (X ∧ Y ) ∧ Z −→ X ∧ (Y ∧ Z) respectively τX,Y : X ∧ Y −→ Y ∧X
(see Construction 3.10). Together with strict unit isomorphisms S ∧ X = X = X ∧ S, these satisfy the
coherence conditions of a symmetric monoidal category, compare Day’s Theorem A.3.12. The smash product
of orthogonal spectra is closed symmetric monoidal in the sense that the smash product is adjoint to an
internal Hom spectrum, i.e., there is an adjunction isomorphism

Hom(X ∧ Y, Z) ∼= Hom(X,Hom(Y,Z)) .

We recall the construction of the Hom spectrum. For an orthogonal spectrum Z and an inner product
space V , the V -th shift shV Z is the composite functor

O
V⊕−−−−→ O

Z−−→ T∗ .

In particular, the values of shV Z are given by

(shV Z)(W ) = Z(V ⊕W ) .

The orthogonal Hom spectrum Hom(Y,Z) is then defined at an inner product space V by

(4.3) Hom(Y,Z)(V ) = map(Y, shV Z) .

As explained in larger generality in Construction A.3.14, there is a preferred way to extend (4.3) to an
orthogonal spectrum, functorial in both variables, such that Hom(Y,−) becomes right adjoint to −∧ Y . A

natural isomorphism of orthogonal spectra Hom(FV , Z) ∼= shV Z is given at W by

Hom(FV , Z)(W ) = map(FV , sh
W Z) ∼= (shW Z)(V ) = Z(W ⊕ V )

Z(τW,V )−−−−−→ Z(V ⊕W ) = (shV Z)(W )

where the second map is the adjunction bijection. In the special case V = 0 we have F0S
0 = S, which gives

a natural isomorphism of orthogonal spectra Hom(S, Z) ∼= Z.
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In Construction 1.9 we associated an orthogonal space Ω•X to every orthogonal spectrum X. This
functor is compatible with the smash product of orthogonal spectra and the box product of orthogonal
spaces, in the sense of a lax symmetric monoidal map

(4.4) (Ω•X)� (Ω•Y ) −→ Ω•(X ∧ Y )

that we review now. This morphism of orthogonal spaces is associated to a bimorphism from (Ω•X,Ω•Y )
to Ω•(X ∧ Y ) with (V,W )-component the composite

map(SV , X(V ))×map(SW , Y (W ))
∧−−→ map(SV⊕W , X(V ) ∧ Y (W ))

map(SV⊕W ,iV,W )−−−−−−−−−−−−→ map(SV⊕W , (X ∧ Y )(V ⊕W )) .

The morphism is unital, associative and symmetric.

Construction 4.5. Given two orthogonal spectra X and Y , we endow the equivariant homology
theories with an external pairing

(4.6) × : XG
k (A) × Y Kl (B) −→ (X ∧ Y )G×Kk+l (A ∧B) .

Here G and K are compact Lie groups, k and l are integers, and A and B are based spaces with continuous
actions by G respectively K. As usual we view A ∧ B as a (G×K)-space via (g, k) · a ∧ b = (ga = ∧(kb).
We let

f : SRk⊕U −→ A ∧X(U) and g : SRl⊕U ′ −→ B ∧ Y (U ′)

represent classes in Xk(A) respectively Y Kl (V ), for a suitable G-representation U and a K-representation U ′.

The class [f ]× [g] in (X ∧ Y )G×Kk+l (A ∧B) is then represented by the (G×K)-equivariant composite

SRk+l⊕(U⊕U ′) ∼= SRk⊕U ∧ SRl⊕U ′ f∧g−−−−→ (A ∧X(U)) ∧ (B ∧ Y (U ′)

∼= A ∧B ∧X(U) ∧ Y (U ′)
A∧B∧iU,U′−−−−−−−−→ (X ∧ Y )(U ⊕ U ′) .

We omit the straightforward verification that the class of the composite only depends on the classes of f
and g.

Theorem 4.7. Let X,Y and Z be orthogonal spectra, G,K and L be compact Lie groups, k, l and m
integers and A, B and C based spaces with action of G,K respectively L.

(i) (Biadditivity) The product × : XG
k (A)× Y Kl (B) −→ (X ∧ Y )G×Kk+l (A ∧B) is biadditive.

(ii) (Unitality) [Fix this...] We let i : W −→ V ⊕ W be the linear isometric embedding as the second
summand and p : G×K −→ K the projection. The composite

SGk (Sk)× Y Kl (B) −→ Y G×Kk+l (Sk ∧B)

Y Kk (B)
p∗−−−→ Y G×Kl (B)

i]−−→ Y G×Kk (Sk ∧B)

coincides with multiplication by the class

[IdSV ] ∈ Sk(Sk) .

(iii) (Associativity) For all classes x ∈ XG
k (A), y ∈ Y Kl (B) and z ∈ ZLm(C) the relation

x× (y × z) = (x× y)× z

holds in (X ∧ Y ∧ Z)G×K×Lk+l+m (A ∧ B ∧ C), where we suppress associativity isomorphisms for smash
products.
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(iv) (Commutativity) For all classes x ∈ XG
k (A) and y ∈ Y Kl (B) the relation

τA,B∗ (τX,Y∗ (x× y))) = (−1)kl · τ∗G,K(y × x)

holds in (Y ∧ X)G×Kl+k (B ∧ A), where τX,Y : X ∧ Y −→ Y ∧ X, τA,B : A ∧ B −→ B ∧ A and
τG,K : G×K −→ K ×G are the symmetry isomorphisms.

(v) (Restriction) For all classes x ∈ XG
k (A) and y ∈ Y Kl (B) and all continuous homomorphisms α : Ḡ −→

G and β : K̄ −→ K the relation

α∗(x)× β∗(y) = (α× β)∗(x× y)

holds in (X ∧ Y )Ḡ×K̄k+l (α∗(A) ∧ β∗(B)).

Proof. We prove the biadditivity (i); the other parts are straightforward consequences of the defini-
tions. �

The next result states the compatibility between the pairing of equivariant homology groups and trans-
fers. We letG andK be compact Lie groups andH a closed subgroup ofG. We let L = L(H,G) = TH(G/H)
be the tangent H-representation. We use the canonical diffeomorphism

G/H ∼= (G×K)/(H ×K) , gH 7−→ (g, 1) · (H ×K)

to identify the two coset spaces. We also use its differential

L = TH(G/H) ∼= TH×K((G×K)/(H ×K))

to identify L with the tangent (H ×K)-representation in G ×K (with trivial K-action). Similarly, for a
based H-space A and a based K-space B we shall use the preferred (G×K)-equivariant homeomorphism

(GnH A) ∧B ∼= (G×K) nH×K (A ∧B) , [g, a] ∧ b 7−→ [(g, 1), a ∧ b] .

The following theorem is for the external transfer in the first variable; the commutativity of the pairing
implies an an analogous statement for the transfer in the second variable.

Proposition 4.8 (Pairing and external transfer). For all subgroup inclusions H ≤ G and every compact
Lie group K, the square

XH
i∗(V )(S

L ∧A)× Y KW (B)

×

��

TrGH × Id // XG
V (GnH A)× Y KW (B)

×
��

(X ∧ Y )G×KV⊕W ((GnH A) ∧B)

∼=
��

(X ∧ Y )H×Li∗(V )⊕W (SL ∧A ∧B)
TrG×KH×K

// (X ∧ Y )G×KV⊕W ((G×K) nH×K (A ∧B))

commutes.

Proof. We let lGH : G+ −→ SL ∧H+ be the H2-equivariant collapse map used in the definition of the
Wirthmüller map in (2.10). We use the canonical diffeomorphism Under the identification of L with the
tangent representation of H ×K in G×K,

lG×KH×K = lGH ∧K+ : (G×K)+
∼= G+ ∧K+ −→ (SL ∧H+) ∧K+

∼= SL ∧ (H ×K)+ .

[justify] Consequently, under the various identifications we have made, the map

lG×KH×K ∧H×K (A ∧B) : (G×K) nH×K (A ∧B) −→ SL ∧A ∧B .
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agrees with the map

(lGH ∧H A) ∧B : (GnH A) ∧B −→ SL ∧A ∧B .

So the following diagram commutes:

XG
V (GnH A)× Y KW (B)

WirthGH×Id

��

× //

resGH × Id

��

(X ∧ Y )G×KV⊕W ((GnH A) ∧B)

resG×KH×K
��

WirthG×KH×K

��

XH
i∗(V )(GnH A)× Y KW (B)

× //

(lGH∧HA)∗×Id

��

(X ∧ Y )H×Kk+l ((GnH A) ∧B)

(lG×KH×K∧H×K(A∧B))∗

��
XH
i∗(V )(S

L ∧A)× Y KW (B)
×

// (X ∧ Y )H×Ki∗(V )⊕W (SL ∧A ∧B)

The two vertical composites are the respective Wirthmüller isomorphism. Since the external transfer is
inverse to the Wirthmüller isomorphism, the proposition follows by reading the diagram backwards. �

Construction 4.9. Given two orthogonal spectra X and Y , we specialize the pairing in equivariant
homology to endow the equivariant homotopy group functors with an external pairing

(4.10) × : πGk (X) × πKl (Y ) −→ πG×Kk+l (X ∧ Y ) ,

where G and K are compact Lie groups and k, l ∈ Z. The main issue here is to get the signs straight, so
we spell everything out. The reader who finds this too much detail may want to concentrate on the special
case k = l = 0 and skip the rest.

For k, l ≥ 0 we have πGk (X) = XG
Rk(S0) and πKl (Y ) = Y KRl (S0), so we can use the pairing (4.6)

with A = B = S0. For k, l < 0 we have πGk (X) = XG
0 (S−k) and πKl (Y ) = Y K0 (S−l), so we use the

pairing (4.6) with A = S−k and B = S−l.
For k ≥ 0 and l < 0 the definition is slightly more involved, because we need to commit ourselves to

how we ‘cancel coordinates’. If k + l ≥ 0, we define (4.10) as the composite

πGk (X)× πKl (Y ) = XG
Rk(S0)× Y K0 (S−l)

(4.6)−−−−→ (X ∧ Y )G×KRk (S−l)
τ∗−−−−−→∼= (X ∧ Y )G×KR−l⊕Rk+l(S

−l)

(i∗)
−1

−−−−→∼= (X ∧ Y )G×KRk+l (S0) = πG×Kk+l (X ∧ Y ) ,

where the first isomorphism is induced by the shuffling isometry

τ : Rk ∼= R−l ⊕ Rk+l , (x1, . . . , xk+l, y1, . . . , y−l) 7−→ (y1, . . . , y−l, x1, . . . , xk+l) ,

and i : 0 −→ S−l is the unique linear isometric embedding. As usual, Rk stands for the trivial G-
representation on Rk. If k + l < 0, we define (4.10) as the composite

πGk (X)× πKl (Y ) = XG
Rk(S0)× Y K0 (S−l)

(4.6)−−−−→ (X ∧ Y )G×KRk (S−l)
∼=−−−−−→ (X ∧ Y )G×KRk (Sk ∧ S−(k+l))

(j∗)
−1

−−−−→∼= (X ∧ Y )G×K0 (S−(k+l)) = πG×Kk+l (X ∧ Y ) ,

where the unnamed isomorphism is induced by the canonical homeomorphism Sk ∧ S−(k+l) ∼= S−l that
keeps the coordinates in the same order, and j : 0 −→ Sk. For k < 0 and l ≥ 0, we use the previous case
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and define the pairing as the composite

πGk (X)× πKl (Y )
twist−−−→ πKl (Y )× πGk (X)

×−−→ πK×Gl+k (Y ∧X)

(−1)kl·τ∗G,K◦τ
X,Y
∗−−−−−−−−−−−−→ πG×Kk+l (X ∧ Y ) .

The most important case of the homotopy group pairing (4.6) is for k = l = 0. We can unravel the
definition and arrive at the following explicit recipe: we let f : SV −→ X(V ) and g : SW −→ Y (W )
represent classes in πG0 (X) respectively πK0 (Y ), where V and W are representations of G respectively K.
We view V ⊕W as a representation of the product group G ×K via (g, k) · (v, w) = (gv, kw). The class

[f ]× [g] in πG×K0 (X ∧ Y ) is then represented by the (G×K)-equivariant composite

SV⊕W ∼= SV ∧ SW f∧g−−−−→ X(V ) ∧ Y (W )
iV,W−−−−→ (X ∧ Y )(V ⊕W ) .

This the pairing thus coincides with the composite

πG0 (X)× πK0 (Y ) = πG0 (Ω•X)× πK0 (Ω•Y )
×−−→ πG×K0 (Ω•X � Ω•Y ))

(4.4)−−−→ πG×K0 (Ω•(X ∧ Y )) = πG×K0 (X ∧ Y ) .

The pairing of equivariant homotopy groups has several expected properties that we summarize in the
next proposition.

Theorem 4.11. Let G,K and L be compact Lie groups and X,Y and Z orthogonal spectra.

(i) (Biadditivity) The product × : πGk (X)× πKl (Y ) −→ πG×Kk+l (X ∧ Y ) is biadditive.

(ii) (Unitality) Let 1 ∈ πe0(S) denote the class represented by the identity of S0. The product is unital in
the sense that 1×x = x = x× 1 under the identifications S∧X = X = X ∧S and e×G ∼= G ∼= G× e.

(iii) (Associativity) For all classes x ∈ πGk (X), y ∈ πKl (Y ) and z ∈ πLm(Z) the relation

x× (y × z) = (x× y)× z

hold in πG×K×Lk+l+m (X ∧ Y ∧ Z).

(iv) (Commutativity) For all classes x ∈ πGk (X) and y ∈ πKl (Y ) the relation

τX,Y∗ (x× y) = (−1)kl · τ∗G,K(y × x)

holds in πG×Kl+k (Y ∧X), where τX,Y : X ∧ Y −→ Y ∧X is the symmetry isomorphism of the smash
product and τG,K : G×K −→ K ×G interchanges the factors.

(v) (Restriction) For all classes x ∈ πGk (X) and y ∈ πKl (Y ) and all continuous homomorphisms α : Ḡ −→
G and β : K̄ −→ K the relation

α∗(x)× β∗(y) = (α× β)∗(x× y)

holds in πḠ×K̄k+l (X ∧ Y ).
(vi) (Transfer) For all subgroup inclusions H ≤ G and L ≤ K the square

πHk (X)× πLl (Y )
× //

trGH × trKL
��

πH×Lk+l (X ∧ Y )

trG×KH×L
��

πGk (X)× πKl (Y )
×

// πG×Kk+l (X ∧ Y )

commutes.
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Proof. Parts (i), (ii) and (v) are special cases of the respective parts of Theorem 4.7. The associativity
property (iii) is essentially a special case of Theorem 4.7 (iii), but it also involves various case distinctions
depending on whether k, l, j and their sums are positive or negative. We omit the details.

To prove (iv) we first consider the case k, l ≥ 0. We specialize Theorem 4.7 (iv) with V = Rk, W = Rl

and A = B = S0. Then τA,B is the identity and the isometry τR
k,Rl has determinant (−1)kl. Thus

τ∗G,K(y × x) = τA,B∗ (τV,W∗ (τX,Y∗ (x× y))) = (−1)kl · (τX,Y∗ (x× y)) .

When k, l < 0 we specialize Theorem 4.7 (iv) with V = W = 0 and A = S−k and B = S−l. Then τV,W

is the identity and τA,B is an automorphism of S−(k+l) of degree (−1)kl. So we get the desired result.
When k ≥ 0 and l < 0, or when k < 0 and l ≥ 0, then relation (v) holds by definition.

(vi) Because

trGH × trKL = (trGH × trKK) ◦ (trHH × trKL ) and trG×KH×L = trG×KH×K ◦ trH×KH×L

it suffices to show the special cases L = K and H = G. The two proofs are analogous, so we only treat the
special case L = K. In that case we give the argument for k, l ≥ 0 and omit the remaining cases (which
again involve various case distinctions). We contemplate the diagram

πHk (X)× πKl (Y )
× //

trGH × Id

��

πH×Lk+l (X ∧ Y )

trG×KH×K

��

XH
Rk(S0)× Y KRl (S0)

i∗×Id
��

(X ∧ Y )H×LRk+l (S0)

i∗��
XH

Rk(SL)× Y KRl (S0)
× //

TrGH × Id ��

(X ∧ Y )H×LRk+l (SL)

TrG×KH×K��
XG

Rk(G/H+)× Y KRl (S0)
× //

p∗
��

(X ∧ Y )G×KRk+l (G/H+)
∼= // (X ∧ Y )G×KRk+l (((G×K)/(H ×K))+)

p∗��
XG

Rk(S0)× Y KRl (S0) (X ∧ Y )G×KRk+l (S0)

πGk (X)× πKl (Y )
×

// πG×Kk+l (X ∧ Y )

Here i = S0 −→ SL is the inclusion of the origin and p : G/H+ −→ S0 and and p′ : ((G×K)/(H×K))+ −→
S0 are the projections. The middle part commutes by Proposition 4.8 applies to V = Rk, W = Rl
and A = B = S0; the remaining squares commute by naturality of the pairings. �

Remark 4.12. By taking G = K and restricting along the diagonal embedding ∆ : G −→ G × G we
obtain an internal product as the composite

πGk (X)× πGl (Y )
×−−→ πG×Gk+l (X ∧ Y )

∆∗−−→ πGk+l(X ∧ Y ) .

This composite satisfies a reciprocity law with respect to the transfer maps, i.e.,

trGH(x) · y = ∆∗(trGH(x)× y) = ∆∗(trG×GH×G(x× y))

= trGH(∆∗H(resH×G∆(G)∩(H×G)(x× y))) = trGH(x · resGH(y))

The third equation is the double coset formula for the diagonal subgroup ∆(G) and H × G inside the
group G × G, using that the double coset space ∆(G)\(G × G)/(G × H) is a single point. Moreover,
∆H : H −→ ∆(G) ∩ (H ×G) is the diagonal identification.
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Definition 4.13. An orthogonal ring spectrum is a monoid in the category of orthogonal spectra with
respect to the smash product.

An orthogonal ring spectrum is thus an orthogonal spectrum R equipped with a multiplication mor-
phism µ : R∧R −→ R and a unit morphism η : S −→ R such that the associativity and unit diagrams (com-
pare (3.16) of Appendix A) commute. A morphism of orthogonal ring spectra is a morphism f : R −→ S
of orthogonal spectra that satisfies f ◦ µR = µS ◦ (f ∧ f) and f ◦ ηR = ηS .

Via the universal property of the smash product the data contained in the multiplication morphism
can be made more explicit: µ : R ∧ R −→ R corresponds to a collection of based continuous maps µV,W :
R(V ) ∧R(W ) −→ R(V ⊕W ) that together form a bimorphism. The associativity and unit conditions can
also be rephrased in more explicit forms, and then we are requiring that the multiplication and unit maps
make R : O −→ T∗ into a lax monoidal functor. Most of the time we will specify the data of an orthogonal
ring spectrum in the explicit bimorphism form.

An orthogonal ring spectrum R is commutative if the multiplication morphism satisfies µ ◦ τR,R = µ.
In the explicit form this is equivalent to the commutativity of the square

R(V ) ∧R(W )
µV,W //

τR(V ).R(W )

��

R(V ⊕W )

R(τV,W )

��
R(W ) ∧R(V )

µW,V
// R(W ⊕ V )

for all inner product spaces V and W . Equivalently, the multiplication and unit maps make R : O −→ T∗
into a lax symmetric monoidal functor. Commutative orthogonal ring spectra already appear, with an extra
pointset topological hypothesis and under the name I∗-prefunctor, in [98, IV Def. 2.1].

Example 4.14 (Orthogonal ring spectra and orthogonal monoid spaces). The monoidal morphism (4.4)
for the functor Ω• is unital, associative and symmetric. In particular the orthogonal space Ω•R associated
to an orthogonal ring spectrum becomes an orthogonal monoid space via the composite

(Ω•R)� (Ω•R) −→ Ω•(R ∧R)
Ω•µ−−−→ Ω•R ,

and this passage respects commutativity of multiplications. The bimorphism corresponding to the induced
product on Ω•R thus has as (V,W )-component the composite

map(SV , R(V ))×map(SW , R(W ))
−∧−−−−−→ map(SV⊕W , R(V ) ∧R(W ))

map(SV⊕W ,µV,W )−−−−−−−−−−−−→ map(SV⊕W , R(V ⊕W )) .

The suspension spectrum functor (see Construction 3.6) takes the box product of orthogonal spaces to
the smash product of orthogonal spectra. In more detail: we let V and W be inner product spaces. Then
the maps

(Σ∞+ X)(V ) ∧ (Σ∞+ Y )(W ) = (X(V )+ ∧ SV ) ∧ (Y (W )+ ∧ SW ) ∼= (X(V )× Y (W ))+ ∧ SV⊕W

iX,Y ∧SV⊕W−−−−−−−−→ (X � Y )(V ⊕W )+ ∧ SV⊕W = (Σ∞+ (X � Y ))(V ⊕W )

form a bimorphism, so they correspond to a morphism of orthogonal spectra

(4.15) (Σ∞+ X) ∧ (Σ∞+ Y ) −→ Σ∞+ (X � Y ) .

These morphisms are isomorphisms, and together with the isomorphism Σ∞+ ∗ ∼= S adjoint to the unique
based isomorphism ∗+ ∼= S0, this makes Σ∞+ into a strong symmetric monoidal functor.
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We can thus produce examples of orthogonal ring spectra as the suspension spectra of orthogonal
monoid spaces: the suspension spectrum Σ∞+ M of an orthogonal monoid space M becomes an orthogonal
ring spectrum via the multiplication map

(Σ∞+ M) ∧ (Σ∞+ M) ∼= Σ∞+ (M �M)
Σ∞+ µM−−−−→ Σ∞+ M .

We have (Σ∞+ M)op = Σ∞+ (Mop). If the multiplication of M is commutative, then so is the resulting
multiplication on Σ∞+ M .

This construction contains spherical monoid ring spectra: if M is a topological monoid, then the
constant orthogonal space with value M inherits an associative and unital product from M which is com-
mutative if M is. The suspension spectrum with such a constant multiplicative functor is the monoid ring
spectrum S[M ]. The functor pair (Σ∞+ ,Ω

•) is again an adjoint pair when viewed as functors between the
categories of orthogonal ring spectra and orthogonal monoid spaces.

Given an orthogonal ring spectrum R and compact Lie groups G and K, we define an internal pairing
on the equivariant homotopy groups of R as the composite

(4.16) πGk (R)× πKl (R)
×−−→ πG×Kk+l (R ∧R)

µ∗−−−→ πG×Kk+l (R) .

We also define a unit element 1 ∈ πe0(R) as the image of the unit element 1 ∈ πe0(S) under the unit morphism
η : S −→ R.

Corollary 4.17. Let R be an orthogonal ring spectrum and G,K and L compact Lie groups.

(i) (Biadditivity) The product × : πGk (R)× πKl (R) −→ πG×Kk+l (R) is biadditive.
(ii) (Unitality) The unit 1 ∈ πe0(R) satisfies 1×x = x = x×1 under the identifications e×G ∼= G ∼= G×e.
(iii) (Associativity) For all classes x ∈ πGk (R), y ∈ πKl (R) and z ∈ πLm(R) we have (x×y)×z = x× (y×z)

under the identification (G×K)× L ∼= G× (K × L).
(iv) (Restriction) For all classes x ∈ πGk (R) and y ∈ πKm(R) and all continuous homomorphisms α : Ḡ −→

G and β : K̄ −→ K the relation

(α∗x)× (β∗y) = (α× β)∗(x× y)

holds in the group πḠ×K̄k+l (R).

(v) (Transfer) For all subgroup inclusions H ≤ G and L ≤ K and all classes x ∈ πHk (R) and y ∈ πLl (R)
the relation

(trGH x)× (trKL y) = trG×KH×L (x× y)

holds in the group πG×Kk+l (R).

Remark 4.18. If the multiplication of R is commutative, then the homotopy group pairing is commu-
tative in the sense that for all compact Lie groups G and K and all classes x ∈ πGk (R) and y ∈ πKl (R) the
relation

x× y = (−1)kl · τ∗G,K(y × x)

holds in the group πG×Kl+k (R), where τG,K : G × K −→ K × G interchanges the factors. However, strict
commutativity of the multiplication not only implies this commutativity relation, but it gives rise to extra
structure in the form of power operations and ‘multiplicative’ transfers, also called norm maps. We will
return to this in more detail in Section V.1.

Construction 4.19 (Monoidal structure of the Burnside category). We can use the pairing of equi-
variant homotopy groups to define a symmetric monoidal structure on the Burnside category A. We define
a biadditive functor

× : A×A −→ A
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on objects by the product of Lie groups. To define the monoidal product on morphisms we let τ ∈ A(G,K)
and τ ′ ∈ A(G′,K ′) be two natural transformations. We choose a faithful G-representation V , and a faithful
G′-representation V ′, which have associated stable tautological classes (3.10)

eG,V ∈ πG0 (Σ∞+ LG,V ) and eG′,V ′ ∈ πG
′

0 (Σ∞+ LG′,V ′) .

We can evaluate the transformations on these tautological classes and pair them to obtain an element

τ(eG,V )× τ ′(eG′,V ′) ∈ πK×K
′

0

(
Σ∞+ LG,V ∧ Σ∞+ LG′,V ′

)
We let µ : Σ∞+ LG,V ∧ Σ∞+ LG′,V ′ −→ Σ∞+ LG×G′,V⊕V ′ be the composite of the isomorphism (4.15) with the
one from Example I.3.2:

Σ∞+ LG,V ∧ Σ∞+ LG′,V ′ ∼= Σ∞+ (LG,V � LG′,V ′) ∼= Σ∞+ LG×G′,V⊕V ′ .

The representation V ⊕ V ′ of the product group G×G′ is again faithful. By Proposition 3.13 there is thus
a unique natural transformation τ × τ ′ ∈ A(G×G, K ×K ′) such that

(τ × τ ′)(eG×G′,V ′⊕V ′) = µ∗(τ(eG,V )× τ ′(eG′,V ′)) ∈ πK×K
′

0

(
Σ∞+ LG×G′,V⊕V ′

)
.

The associativity, commutativity and unitality isomorphisms for the product of groups

(G×G′)×G′′ ∼= G× (G′ ×G′′) , G×G′ ∼= G′ ×G respectively G× e ∼= G ∼= e×G
induce isomorphism in the Burnside category by passing to restriction isomorphisms. We take these iso-
morphisms in A as the associativity, commutativity and unitality constraints for the symmetric monoidal
structure in A.

We recall that for a pair (L,α) consisting of a subgroup L of K and a continuous group homomorphism
α : L −→ G we defined

[L,α] = trKL ◦α∗ ∈ A(G,K) .

The various naturality properties of the external product pairing× (see Theorem 4.11) and the isomorphisms
µ : Σ∞+ LG,V ∧ Σ∞+ LG′,V ′ −→ Σ∞+ LG×G′,V⊕V ′ formally imply:

Theorem 4.20. The functor × : A × A −→ A is a biadditive symmetric monoidal structure on the
Burnside category. On the generating morphisms the monoidal product is given by

[L,α]× [L′α′] = [L× L′, α× α′] .

Remark 4.21. The restriction of the monoidal structure on the Burnside category to finite groups has
an interpretation in terms of the cartesian product of bisets: under the equivalence of categories AFin ∼= Ac

(compare Remark 3.24), it corresponds to the monoidal structure

Ac(G,K)×Ac(G′,K ′) −→ Ac(G×G′,K ×K ′) , ([S], [S′]) 7−→ [S × S′] .
Here S is a right free K-G-biset and S′ is a right free K ′-G′-biset; the cartesian product S × S′ is then a
right free (K ×K ′)-(G×G′)-biset.

Construction 4.22 (Box product of global functors). Since global functors are additive functors
on the Burnside category A, the symmetric monoidal product on A gives rise to a symmetric monoidal
convolution product on the category of global functors. This is a special case of the general construction of
Day [45] that we review in Appendix A.3. We now make this convolution product more explicit. We denote
by A ⊗ A the pre-additive category whose objects are pairs of compact Lie groups, and with morphism
groups

(A⊗A)((G,G′), (K,K ′)) = A(G,K)⊗A(G′,K ′) .

We let F, F ′ and F ′′ be global functors. We denote by F ⊗F ′ : A⊗A −→ Ab the objectwise tensor product
given on objects by

(F ⊗ F ′)(G,G′) = F (G)⊗ F ′(G′) .



4. PRODUCTS 223

A bimorphism is a natural transformation

F ⊗ F ′ −→ F ′′ ◦ ×
of biadditive functors on the category A ⊗ A. Since the morphism groups in the Burnside category are
generated by transfers and restrictions, this means more explicitly, that a bimorphism is a collection of
group homomorphisms

bG,Ḡ : F (G)⊗ F ′(Ḡ) −→ F ′′(G× Ḡ)

for all compact Lie groups G and G′, such that for all group homomorphisms α : K −→ G and ᾱ : K̄ −→ Ḡ
and for all subgroups H ≤ G and H̄ ≤ Ḡ the diagram

F (H)⊗ F ′(H̄)
trGH ⊗ trḠ

H̄ //

bH,H̄

��

F (G)⊗ F ′(Ḡ)
α∗⊗ᾱ∗ //

bG,Ḡ

��

F (K)⊗ F ′(K̄)

bK,K̄

��
F ′′(H × H̄)

trG×Ḡ
H×H̄

// F ′′(G× Ḡ)
(α×ᾱ)∗

// F ′′(K × K̄)

commutes. Equivalently: for every compact Lie group G the maps {bG,Ḡ}Ḡ form a morphism of global

functors F (G) ⊗ F ′(−) −→ F ′′(G × −) and for every compact Lie group Ḡ the maps {bG,Ḡ}G form a
morphism of global functors F (−)⊗ F ′(K) −→ F ′′(−×K).

A box product of F and F ′ is a universal example of a global functor with a bimorphism from F and F ′.
More precisely, a box product is a pair (F�F ′, i) consisting of a global functor F�F ′ and a universal
bimorphism i : F ⊗ F ′ −→ (F�F ′) ◦ ×, i.e., a bimorphism such that for every global functor F ′′ the map

(4.23) GF(F�F ′, F ′′) −→ Bimor((F, F ′), F ′′) , f 7−→ fi

is bijective. Box products exist by the general theory (see Proposition A.3.5), and they are unique up to
preferred isomorphism (see Remark A.3.4). Very often only the global functor F�F ′ will be referred to as
the box product, but one should keep in mind that it comes equipped with a specific, universal bimorphism.
We will often refer to the bijection (4.23) as the universal property of the box product of global functors.

The universal property guarantees that given any collection of choices of box product F�F ′ for all
pairs of global functors, F�F ′ is an additive functor in both variables and there are preferred associativity
and commutativity isomorphism

αF,F ′,F ′′ : (F�F ′)�F ′′ ∼= F�(F ′�F ′′) and τF,F ′ : F�F ′ ∼= F ′�F .

Moreover, we can arrange that the Burnside ring global functor A = A(e,−) is a strict unit in the sense
that

F�A = F = A�F .

Altogether this structure makes the category of global functors into a symmetric monoidal category, with
the Burnside ring global functor A as strict unit object, compare Theorem A.3.12. The box product of
representable global functors is again representable, by Proposition A.3.13. In the case at hand the maps

× : A(G,K)⊗A(Ḡ, K̄) −→ A(G× Ḡ,K × K̄)

form a bimorphism from (A(G,−),A(Ḡ,−)) to A(G× Ḡ,−); the induced morphism of global functors

A(G,−)�A(Ḡ,−) −→ A(G× Ḡ,−)

is an isomorphism.
The box product of global functors is closed symmetric monoidal in the sense that there are adjoint

internal Hom functors. For a global functor F and a compact Lie group G we define the translated functor
τGF as the composite

(4.24) A
G×−−−−→ A

F−−→ Ab .
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We can define an internal Hom global functor Hom(F ′, F ) at a compact Lie group G by

(4.25) Hom(F ′, F )(G) = GF(F ′, τGF ) ,

the abelian group of morphism of global functors from F ′ to τGF . As explained in larger generality
in Construction A.3.14, there is a preferred way to extend the definition (4.25) to a global functor, functorial
in both variables, such that Hom(F ′,−) becomes right adjoint to −�F ′. A natural isomorphism of global
functors Hom(A(G,−), F ) ∼= τGF is given at K by

Hom(A(G,−), F )(K) = map(A(G,−), τKF ) ∼= (τKF )(G) = F (K ×G)

F (τK,G)−−−−−→ F (G×K) = (τGF )(K)

where the second map is the enriched Yoneda isomorphism. In the special case G = e we have A(e,−) = A,
which gives a natural isomorphism of global functors Hom(A, F ) ∼= F .

Example 4.26. Given orthogonal spectra X and Y the external product maps

× : πG0 (X)⊗ πK0 (Y ) −→ πG×K0 (X ∧ Y )

form a bimorphism of global functors by Theorem 4.11. So the universal property of the box product
produces a morphism of global functors

(4.27) π0(X)�π0(Y ) −→ π0(X ∧ Y ) .

We show in Proposition 3.15 below that whenever X and Y are globally connective and at least one of
them is flat, then the smash product X ∧ Y is again globally connective and the morphism (4.27) is an
isomorphism of global functors.

Remark 4.28. We claim that the box product is right exact in both variables. To see this we recall
that the values of any Day type convolution product can be described as an enriched coend (compare
Remark A.3.6). In our present situation this say that F�M is a cokernel of a certain homomorphism of
global functors

d :
⊕

H,H′,G,G′

A(H ×H ′,−)⊗A(G,H)⊗A(G′, H ′)⊗ F (G)⊗M(G′)(4.29)

−→
⊕
G,G′

A(G×G′,−)⊗ F (G)⊗M(G′) .

The left sum is indexed over all quadruples (H,H ′, G,G′) in a set of representatives of isomorphism classes
of compact Lie groups, the right sum is indexed over pairs (G,G′) of such groups. The map d is the
difference of two homomorphism; one of them sums the tensor products of

A(H ×H ′,−)⊗A(G,H)⊗A(G′, H ′) −→ A(G×G′,−) , ϕ⊗ τ ⊗ τ ′ 7−→ ϕ ◦ (τ × τ ′)

and the identity on F (G) ⊗M(G′). The other map sums the tensor product of the identity of the global
functor A(H×H ′,−) and the action maps A(G,H)⊗F (G) −→ F (H) respectively A(G′, H ′)⊗M(G′) −→
M(H ′). Cokernels of global functors are calculated objectwise, so the value (F�M)(K) is a cokernel of
the morphism of abelian groups that we obtain by plugging K into the free variable above. Theorem 3.5
describes explicit free generators for the morphism groups in the Burnside category; using this, the value
(F�M)(K) can be expanded into a cokernel of a morphism between two huge sums of tensor products of
values of F and M .

Now we consider a short exact sequence

0 −→M −→M ′ −→M ′′ −→ 0
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of global functors. This gives rise to a commutative diagram of global functors⊕
A(H ×H ′,−)⊗A(G,H)⊗A(G′, H ′)⊗ F (G)⊗M(G′) //

��

⊕
A(G×G′,−)⊗ F (G)⊗M(G′)

��⊕
A(H ×H ′,−)⊗A(G,H)⊗A(G′, H ′)⊗ F (G)⊗M ′(G′) //

��

⊕
A(G×G′,−)⊗ F (G)⊗M ′(G′)

��⊕
A(H ×H ′,−)⊗A(G,H)⊗A(G′, H ′)⊗ F (G)⊗M ′′(G′) //

��

⊕
A(G×G′,−)⊗ F (G)⊗M ′′(G′)

��
0 0

with exact columns. The induced sequence of horizontal cokernels

F�M −→ F�M ′ −→ F�M ′′ −→ 0

is thus also exact.

� While the box product of global functors has many properties familiar from the tensor product of
modules over a commutative ring, there is one aspect where these constructions are fundamentally

different: projectives are not generally flat in the category of global functors. In other words, for most
projective global functors P , the functor −�P does not send monomorphisms to monomorphisms. Because
projectives are not generally flat, one has to be careful when deriving the box product. This kind of
phenomenon has been analyzed in great detail by Lewis in [88]; global functors on finite groups are explicitly
considered in Theorem 6.10 of [88]. Lewis’ notation for the category Ac is B∗(∅,∞), and our Fin-global
functors are the ‘global (∅,∞)-Mackey functors’; Lewis denotes the category of this kind of global functors
by M∗(∅,∞).

Example 4.30. We give an explicit example to illustrate that projective global functors are not generally
flat. This is essentially Proposition 11.2 of [88] for p = 2, slightly adapted to our context and notation. To

simplify notation we set C = C2, the cyclic group of order 2. We denote by ÃC the reduced representable
global functor corresponding to the group C, i.e., the direct summand of A(C,−) split off by the idempotent

ε = IdC −z∗ ∈ A(C,C)

where z : C −→ C is the trivial group homomorphism. As a direct summand of a representable global
functor, ÃC is projective. We claim that the group (F�ÃC)(C) is naturally isomorphic to the cokernel
of the transfer map tr : F (e) −→ F (C) [justify]. For the constant global global functor B associated to

an abelian group B we have (B�ÃC)(C) ∼= B/2B, so −�ÃC does not preserve exact sequences of global

functors, and the projective global functor ÃC is not flat.

We now remark that bimorphisms of global functors can be identified with another kind of structure
that we call ‘diagonal products’.

Definition 4.31. Let X,Y and Z be global functors. A diagonal product is a natural transformation
X ⊗ Y −→ Z of Rep-functors to abelian groups that satisfies reciprocity, where X ⊗ Y is the objectwise
tensor product of Rep-functors to abelian groups.

More explicitly, a diagonal product consists of additive maps

νG : X(G)⊗ Y (G) −→ Z(G)

for every compact Lie group G that are natural for restriction along homomorphisms α : K −→ G and
satisfy the reciprocity relation

trGH(x · resGH(y)) = trGH(x) · y



226 III. STABLE GLOBAL HOMOTOPY THEORY

for all subgroups H of G and all classes x ∈ X(H) and y ∈ Y (G), and similarly in the other variable, where
we have written a · b for νG(a ⊗ b). Any bimorphism µ : (X,Y ) −→ Z gives rise to a diagonal product as
follows. For a group G we define νG as the composite

X(G)⊗ Y (G)
µG,G−−−→ Z(G×G)

∆∗G−−→ Z(G)

where ∆G : G −→ G × G is the diagonal. For a group homomorphism α : K −→ G we have ∆G ◦ α =
(α× α) ◦∆K , so the diagram

X(G)⊗ Y (G)
µG,G //

α∗⊗α∗

��

Z(G×G)
∆∗G //

(α×α)∗

��

Z(G)

α∗

��
X(K)⊗ Y (K)

µK,K
// Z(K ×K)

∆∗K

// Z(K)

commutes.
Since there is only one double coset for the left ∆G-action and the right H×G-action on G2, the double

coset formula becomes

∆∗G ◦ trG×GH×G = trGH ◦∆∗H ◦ resH×GH×H .

We conclude that

trGH(x · resGH(y)) = trGH(νH(x⊗ resGH(y))) = trGH(∆∗H(µH,G(x⊗ y)))

= ∆∗G(trG×GH×G(µH,G(x⊗ y))) = ∆∗G(µG,G(trGH(x)⊗ y)) = trGH(x) · y ,

the reciprocity relation for the diagonal product ν. The reciprocity in the other variable is similar.
Conversely, given a diagonal product ν, we define a bimorphism as follows. For compact Lie groups G

and K we define the component µG,K as the composite

X(G)⊗ Y (K)
p∗G⊗p

∗
K−−−−−−→ X(G×K)⊗ Y (G×K)

νG×K−−−−−→ Z(G×K) ,

where pG : G×K −→ G and pK : G×K −→ K are the projections. Given homomorphisms α : G −→ G′

and β : K −→ K ′, we have pG′ ◦ (α×β) = α◦pG and pK′ ◦ (α×β) = β ◦pK , so the left part of the diagram

X(G)⊗ Y (K)
p∗G⊗p

∗
K //

α∗⊗β∗

��

X(G×K)⊗ Y (G×K)
νG×K //

(α×β)∗⊗(α×β)∗

��

Z(G×K)

(α×β)∗

��
X(G′)⊗ Y (K ′)

p∗G⊗p
∗
K

// X(G′ ×K ′)⊗ Y (G′ ×K ′)
νG′×K′

// Z(G′ ×K ′)

commutes. The right part commutes by naturality of the diagonal product ν.
For naturality with respect to transfer we let H be a closed subgroup of G, and we consider classes

x ∈ X(H) and y ∈ Y (K). Then we have

trG×KH×K(x× y) = trG×KH×K(p∗H(x) · p∗K(y)) = trG×KH×K(p∗H(x) · resG×KH×K(p̄∗K(y)))

= trG×KH×K(p∗H(x)) · p̄∗K(y) = p∗G(trGH(x)) · p∗K(y) = trGH(x)× y .

Here p : H ×K −→ K and p̄ : G×K −→ K are the projections to K, and the third equality is reciprocity.
The argument for transfer naturality in the K-variable is similar.
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5. Free spectra

Given a compact Lie group G and a G-representation V , the functor

evG,V : Sp −→ GT∗

that sends an orthogonal spectrum X to the based G-space X(V ) has a left adjoint

(5.1) FG,V : GT∗ −→ Sp .

The free orthogonal spectrum FG,VA generated by a based G-space A in level V is

FG,VA = O(V,−) ∧G A ;

the value at an inner product space W is thus given by

(FG,VA)(W ) = O(V,W ) ∧G A .

We note that FG,VA consists of a single point in all levels below the dimension of V . The ‘freeness’ property
of FG,VA means: for every orthogonal spectrum X and every based G-map f : A −→ X(V ) there is a unique

morphism f̂ : FG,VA −→ X of orthogonal spectra such that the composite

A
Id∧−−−−−−→ O(V, V ) ∧G A = (FG,VA)(V )

f̂(V )−−−→ X(V )

is f . Indeed, the morphism f̂(W ) is the composite

O(V,W ) ∧G A
Id∧f−−−→ O(V,W ) ∧G X(V )

◦−−→ X(W ) .

Remark 5.2 (Free spectra as global Thom spectra). The underlying non-equivariant stable homotopy
type of FG,V is the Thom spectrum of the negative of the bundle

L(V,R∞)×G V −→ L(V,R∞)/G = BG ,

the vector bundle over BG associated to the G-representation V . So one should think of the free orthogonal
spectrum FG,V as the ‘global Thom spectrum’ associated to a ‘virtual global vector bundle’, namely the
negative of vector bundle over BglG associated to the G-representation V .

The special case G = O(m) of the orthogonal group with V = νm, i.e., Rm with the tautological O(m)-
action has received some attention in the literature. Non-equivariantly, FO(m),νm is the Thom spectrum of
the negative of the tautological m-plane bundle over the Grassmannian Grm(R∞); the traditional notation
for this Thom spectrum is MTO(m) or simply MT (m). Indeed,

FO(m),νm(Rm+n) = O(Rm,Rm+n)/O(m)

is the Thom space of the orthogonal complement of the tautologicalm-plane bundle over L(Rm,Rm+n)/O(m) =
Grm(Rm+n), and this is precisely the (m + n)-th space of MTO(m), see for example [58, Sec. 3.1]. Simi-
larly, the non-equivariant homotopy type underlying FSO(m),νm is an oriented version of MTO(M), which is

usually denoted MTSO(m) or sometimes MT (m)+. Since FO(m),νm and FSO(m),νm are global refinements
of MTO(m) respectively MTSO(m), we will also use the suggestive notation

MglT (m) = FO(m),νm and MglT (m)+ = FSO(m),νm .

The smash product of two free orthogonal spectra is again a free orthogonal spectrum. In more detail,
we consider

• two compact Lie groups G and K,
• a G-representation V and a K-representation W , and
• a based G-space A and a based K-space B.
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Then V ⊕W is a (G×K)-representation and A ∧B is a (G×K)-space via

(g, k) · (v, w) = (gv, kw) respectively (g, k) · (a ∧ b) = ga ∧ kb .
We claim that the smash product (FG,VA) ∧ (FK,WB) is canonically isomorphic to the free orthogonal
spectrum generated by the (G×K)-space A ∧B in level V ⊕W . Indeed, a morphism

(5.3) (FG,VA) ∧ (FK,WB) −→ FG×K,V⊕W (A ∧B)

is obtained by the universal property (4.2) from the bimorphism with (U,U ′)-component

(FG,VA)(U) ∧ (FK,WB)(U ′) = (O(V,U) ∧G A) ∧ (O(W,U ′) ∧K B)

⊕−−→ O(V ⊕W,U ⊕ U ′) ∧G×K (A ∧B) = ((FG×K,V⊕W )(A ∧B))(U ⊕ U ′) .

In the other direction, a morphism FG×K,V⊕W (A ∧ B) −→ FG,VA ∧ FG,WB is freely generated by the
(G×K)-map

A ∧B −→ (FG,VA)(V ) ∧ (FK,WB)(W )
iV,W−−−→ (FG,VA ∧ FK,WB)(V ⊕W ) .

These two maps are inverse to each other.
In Proposition I.2.10 (ii) we have seen that for every compact Lie groupG, every faithfulG-representation V

and every other G-representation W the restriction morphism of orthogonal spaces ρG,V,W : LG,V⊕W −→
LG,V is a global equivalence. One consequence is that the free orthogonal space LG.V has a well-defined
unstable global homotopy type, independent of which faithful G-representation is used.

Another consequence is that the induced morphism

Σ∞+ ρG,V,W : Σ∞+ LG,V⊕W −→ Σ∞+ LG,V

of suspension spectra is a global equivalence of orthogonal spectra. For an inner product space U , the
untwisting homeomorphisms (1.2) descend to homeomorphisms on G-orbit spaces

O(V,U) ∧G SV ∼= SU ∧ L(V,U)/G+ .

As U varies, these form another ‘untwisting isomorphism’, an isomorphism of orthogonal spectra

(5.4) FG,V S
V ∼= Σ∞+ LG,V .

So suspension spectra of free orthogonal spaces are free orthogonal spectra. In general, one can think of
FG,V⊕WS

W and FG,V as global Thom spectra of certain ‘virtual global vector bundles’ over the orthogonal
spaces LG,V⊕W respectively LG,V . We will now prove a generalization of the fact that Σ∞+ ρG,V,W is a
global equivalence for certain ‘twisted forms’ of suspension spectra of free global spaces, i.e., certain free
orthogonal spectra that are ‘global Thom spectra’. Given a compact Lie group G and G-representations V
and W we can define a restriction morphism of orthogonal spectra

(5.5) λG,V,W : FG,V⊕WS
W −→ FG,V

as the adjoint of the based G-map

SW −→ O(V, V ⊕W )/G = FG,V (V ⊕W ) , w 7−→ [(0, w), i] ,

where i : V −→ V ⊕W is the embedding of the first summand. The value of λG,V,W at an inner product
space U is then

λG,V,W (U) : O(V ⊕W,U) ∧G SW −→ O(V,U)/G , [(u, ϕ) ∧ w] 7−→ [u+ ϕ(w), ϕ ◦ i] .

Theorem 5.6. Let G be a compact Lie group, V a faithful G-representation and W any G-representation.
Then the morphism

λG,V,W : FG,V⊕WS
W −→ FG,V

is a global equivalence of orthogonal spectra.
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Proof. We letK be another compact Lie group and U ∈ s(UK) a finite dimensionalK-subrepresentation
of the complete K-universe UK . In a first step we produce a K-representation U ′ ∈ s(UK) with U ⊆ U ′

and a continuous (K ×G)-equivariant map

h : L(V,U) −→ L(V ⊕W,U ′)

such that in the diagram

(5.7)

L(V ⊕W,U)
i∗ //

res

��

L(V ⊕W,U ′)

res

��
L(V,U)

i∗
//

h

44

L(V,U ′)

the lower right triangle commutes, and the upper left triangle commutes up to (K×G)-equivariant fiberwise
homotopy over L(V,U ′), where i : U −→ U ′ is the inclusion.

Since G acts faithfully on V (and hence on V ⊕W ), both L(V,UK) and L(V ⊕W,UK) are universal
spaces for the same family of subgroups of K × G, namely the family F(K;G) of those Γ ≤ K × G that
intersect 1×G only in the identity element, compare Proposition I.2.10 (i). Moreover, if Γ is in this family,
then it is the graph of a homomorphism α : L −→ G defined on some subgroup L of K. The Γ-fixed points
of L(V,UK) are then given by

L(V,UK)Γ = LL(α∗V, resKL (UK)) ,

the space of L-equivariant linear isometric embeddings from α∗V . The same is true for V ⊕W instead of V ,
and so the Γ-fixed point map resΓ : L(V ⊕W,UK)Γ −→ L(V,UK)Γ is the restriction map

LL(α∗V ⊕ α∗W, resKL (UK)) −→ LL(α∗V, resKL (UK))

to the summand α∗V . This map is a locally trivial fiber bundle, hence a Serre fibration. We conclude
that the restriction map res : L(V ⊕ W,UK) −→ L(V,UK) is both a (K × G)-weak equivalence and a
(K ×G)-fibration.

Since L(V,U) is cofibrant as a (K×G)-space (by Proposition I.2.2 (ii)), the (K×G)-map i∗ : L(V,U) −→
L(V,UK) thus admits a (K ×G)-equivariant lift h : L(V,U) −→ L(V ⊕W,UK) such that res ◦h = i∗. Since
the space L(V,U) is compact and L(V ⊕W,UK) is the filtered union of the closed subspaces L(V ⊕W,U ′)
for U ′ ∈ s(UK), the lift h lands in the subspace L(V ⊕W,U ′) for suitably large U ′ ∈ s(UK), and we may
assume that U ⊆ U ′.

The two maps

h ◦ res , i∗ : L(V ⊕W,U) −→ L(V ⊕W,U ′)
become equal after applying res : L(V ⊕ W,U ′) −→ L(V,U ′), hence the composites with i∗ : L(V ⊕
W,U ′) −→ L(V ⊕ W,UK) become equal after applying the (K × G)-equivariant acyclic fibration res :
L(V ⊕W,UK) −→ L(V,UK). Since L(V ⊕W,U) is also (K × G)-cofibrant, there is a fiberwise (K × G)-
equivariant homotopy between h ◦ res and i∗ in L(V ⊕W,UK). Again by compactness, the homotopy has
image in L(V ⊕W,U ′′) for suitably large U ′′ ∈ s(UK). So after increasing U ′, if necessary, we have proved
the claim subsumed in the diagram (5.7).

Now we lift the data produced in the first step to the Thom spaces of the orthogonal complement
bundles. The diagram (5.7) is covered by morphisms of (K ×G)-vector bundles:

(5.8)

ξ(V ⊕W,U)×W × (U ′ − U)
ī //

res

��

ξ(V ⊕W,U ′)×W

res

��
ξ(V,U)× (U ′ − U)

ī
//

h̄

33

ξ(V,U ′)
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The maps on the total spaces of the bundles are defined as follows: The right vertical morphism is defined
by

res : ξ(V ⊕W,U ′)×W −→ ξ(V,U ′) , ((u′, ϕ), w) 7−→ (u′ + ϕ(w), ϕ|V ) .

The left vertical morphism is defined in the same way, but with U instead of U ′ and multiplied by the
identity of U ′ − U . The lower horizontal morphism is defined by

ī : ξ(V,U)× (U ′ − U) −→ ξ(V,U ′) , ((u, ϕ), u′) 7−→ (u+ u′, ϕ) .

The upper horizontal morphism is defined in the same way, but with V ⊕W instead of V and multiplied
by the identity of W . These four outer morphisms in (5.8) are all fiberwise linear isomorphisms; so each of
these four bundle maps expresses the source bundle as a pullback of the target bundle. In particular, the
square

(5.9)

ξ(V ⊕W,U ′)×W res //

��

ξ(V,U ′)

��
L(V ⊕W,U ′)

res
// L(V,U ′)

is a pullback; so the composite

ξ(V,U)× (U ′ − U) −→ L(V,U)
h−−→ L(V ⊕W,U ′)

and the map of total spaces ī : ξ(V,U)× (U ′ − U) −→ ξ(V,U ′) assemble into a map

h̄ : ξ(V,U)× (U ′ − U) −→ ξ(V ⊕W,U ′)

that covers h and is a fiberwise linear isomorphism.
In (5.8) (as in (5.7)) the outer square and the lower right triangle commute, but the upper left triangle

does not commute. We will now show that the upper left triangle commutes up to homotopy of (K ×G)-
equivariant bundle maps. For this purpose we let

H : L(V ⊕W,U)× [0, 1] −→ L(V ⊕W,U ′)

be a (K ×G)-equivariant homotopy from the map i∗ to h ◦ res, such that res ◦H : L(V ⊕W,U)× [0, 1] −→
L(V,U ′) is the constant homotopy from res ◦i∗ = i∗ ◦ res to itself. Again because the square (5.9) is a
pullback, the composite

ξ(V ⊕W,U)×W × (U ′ − U)× [0, 1] −→ L(V ⊕W,U)× [0, 1]
H−−→ L(V ⊕W,U ′)

and the map of total spaces

ξ(V ⊕W,U)×W × (U ′ − U)× [0, 1]
proj−−→ ξ(V ⊕W,U)×W × (U ′ − U)

res◦ī=ī◦res−−−−−−−→ ξ(V,U ′)

assemble into a map

H̄ : ξ(V ⊕W,U)×W × (U ′ − U)× [0, 1] −→ ξ(V ⊕W,U ′)×W

that covers the homotopy H. This lift H̄ is a (K ×G)-equivariant homotopy of vector bundle morphisms,
and for every t ∈ [0, 1], the relation

res ◦ H̄(−, t) = res ◦ ī = res ◦ (h̄ ◦ res)

holds by definition of H̄. For t = 0 this shows that H̄ starts with ī : ξ(V ⊕W,U) ×W × (U ′ − U) −→
ξ(V ⊕W,U ′)×W ; for t = 1 this shows that H̄ ends with h̄ ◦ res, one more time because (5.9) is a pullback.
We conclude that H̄ makes the upper left triangle in (5.8) commute up to equivariant homotopy of vector
bundle maps.
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Passing to Thom spaces in (5.8) gives a diagram of (K ×G)-equivariant based maps:

O(V ⊕W,U) ∧ SW ∧ SU ′−U
σU,U′−U //

λV,W (U)∧SU
′−U

��

O(V ⊕W,U ′) ∧ SW

λV,W (U ′)

��
O(V,U) ∧ SU ′−U

σU,U′−U
//

h̄

33

O(V,U ′)

Again, the lower right triangle commutes, and the upper left triangle commutes up to (K ×G)-equivariant
based homotopy. We pass to G-orbit spaces and obtain a diagram of based G-spaces

(FG,V⊕WS
W )(U) ∧ SU ′−U

σU,U′−U //

λG,V,W (U)∧SU
′−U

��

(FG,V⊕WS
W )(U ′)

λG,V,W (U ′)

��
(FG,V )(U) ∧ SU ′−U

σU,U′−U
//

h̄/G
33

(FG,V )(U ′)

whose lower right triangle commutes, and whose upper left triangle commutes up to K-equivariant based
homotopy. Since we had started with an arbitrary K-subrepresentation U ∈ s(UK), this implies that for
every based K-space A the map on colimits

(FG,V⊕WS
W )0(A) = colimU∈s(UK) [A ∧ SU , (FG,V⊕WSW )(U)]K

−→ colimU∈s(UK) [A ∧ SU , (FG,V )(U)]K = (FG,V )0(A)

induced by the morphism λG,V,W is bijective. So λG,V,W is a global equivalence. �

6. Geometric fixed points

It is often convenient that equivariant equivalences can be detected by looking at a different kinds of
homotopy groups, the ‘geometric fixed point homotopy groups’. In this section we recall the definition and
prove some properties that we need later.

We recall the geometric fixed point homotopy groups ΦG∗ (X) of an orthogonal spectrum X with respect
to a compact Lie group G. As before we let s(UG) denote the set of finite dimensional G-subrepresentations
of the complete G-universe UG, considered as a poset under inclusion. We obtain a functor from s(UG) to
sets by

V 7−→ [SV
G

, X(V )G] ,

the set of (non-equivariant) homotopy classes of based maps from the fixed point sphere SV
G

to the fixed
point space X(V )G. An inclusion V ⊆W in s(UG) is sent to the map

[SV
G

, X(V )G] −→ [SW
G

, X(W )G]

that takes the homotopy class of ϕ : SV
G −→ X(V )G to the homotopy class of the composite

SW
G ∼= SV

G

∧ S(V ⊥)G ϕ∧Id−−−→ X(V )G ∧ S(V ⊥)G = (X(V ) ∧ SV
⊥

)G
σG
V,V⊥−−−−→ X(V ⊕ V ⊥)G ∼= X(W )G

Definition 6.1. Let X be an orthogonal spectrum and G a compact Lie group. The 0-th geometric
fixed point homotopy group is defined as

(6.2) ΦG0 (X) = colimV ∈s(UG) [SV
G

, X(V )G] .

If k is an arbitrary integer, we define the k-th geometric fixed point homotopy group ΦGk (X) as the 0-th
homotopy group of a suitably looped or suspended spectrum, analogous to (1.13).



232 III. STABLE GLOBAL HOMOTOPY THEORY

The construction comes with a geometric fixed point map

(6.3) Φ : πG0 (X) −→ ΦG0 (X) , [f : SV −→ X(V )] 7−→ [fG : SV
G

−→ X(V )G]

from the G-equivariant homotopy group to the geometric fixed point homotopy group. For a trivial group,
equivariant and geometric fixed point groups coincide and the geometric fixed point map Φ : πe0(X) −→
Φe0(X) is the identity.

Example 6.4 (Geometric fixed points of suspension spectra). IfA is any based space, then the geometric
fixed points ΦG∗ (Σ∞A) are given by

ΦGk (Σ∞A) = colimV ∈s(UG) [Sk+V G , A ∧ SV
G

] .

Moreover, the composite

πek(Σ∞A)
p∗G−−−→ πGk (Σ∞A)

Φ−−→ ΦGk (Σ∞A)

is an isomorphism, where p∗G is restriction along the unique group homomorphism pG : G −→ e.
Similarly, we let Y is any orthogonal space and look at the geometric fixed points of the suspension

spectrum Σ∞+ Y ; these are given by

ΦGk (Σ∞+ Y ) = colimV ∈s(UG) [Sk+V G , Y (V )G+ ∧ SV
G

] ∼= πst
k (Y (UG)G+) ,

the non-equivariant stable homotopy groups of the G-fixed points Y (UG)G. We will sometimes refer to this
isomorphism by saying that ‘geometric fixed points commute with suspension spectra’.

The collection of equivariant homotopy groups {πG0 (X)}G come with restriction and transfer maps, and
this data together forms a global functor. The geometric fixed point groups have fewer natural operations:
the geometric fixed point map annihilates all transfers from proper subgroups of G; and geometric fixed
points do not allow restriction to subgroups. However, geometric fixed points still have restriction maps
along epimorphisms. (This is one more time a piece of structure that exists is the global world, but not in
G-equivariant stable homotopy theory for a fixed group G.)

Proposition 6.5. Let G be a compact Lie group, H a proper closed subgroup of G and X be an
orthogonal G-spectrum. Then the geometric fixed point map Φ : πG0 (X) −→ ΦG0 (X) annihilates the image of

the dimension shifting transfer TrGH : πH0 (SL(H,G)∧X) −→ πG0 (X) and the image of the degree zero transfer
trGH : πH0 (X) −→ πG0 (X).

Proof. Let V be any G-representation. Since H is a proper subgroup, G/H+ ∧ X(V ) has only one
G-fixed point, the base point. So the geometric fixed point homotopy group ΦG0 (G/H+ ∧X) vanishes. The
dimension shifting transfer is defined as the composite

πH0 (SL(H,G) ∧X)
TrGH−−−−→ πG0 (G/H+ ∧X)

p∗−−−→ πG0 (X) ,

where p : G/H −→ ∗ is the unique G-map. The geometric fixed point map is natural for G-maps, so the
composite ΦG ◦p∗ : πG0 (G/H+∧X) −→ ΦG0 (X) factors through the trivial group ΦG0 (G/H+∧X). Thus the
dimension shifting transfer vanishes. The degree 0 transfers factors through the dimension shifting transfer,
so it vanishes as well. �

Example 6.6. Since the global sphere spectrum is a suspension spectrum, Example 6.4 applies and
show that for every compact Lie group G the composite map

πe∗(S)
p∗G−−→ πG∗ (S)

Φ−−→ ΦG∗ (S)

is an isomorphism. In particular, the group ΦG0 (S) is free abelian of rank 1, generated by Φ(p∗G(1)). We
abuse notation and simply write ‘1’ for the generator Φ(p∗G(1)), and we identify ΦG0 (S) with Z through
this generator. The degree of a self map of spheres is an isomorphism deg : π0(S) ∼= Z. So altogether, the
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geometric fixed point map Φ records the degree of the G-fixed map: every element of πG0 (S) is represented
by a continuous based G-map f : SV −→ SV for some G-representation V , and

Φ[f : SV −→ SV ] = deg(fG : SV
G

−→ SV
G

) .

Now we let K be a closed subgroup of G; for later use and as an illustration of the geometric fixed point
map we identify the composite

πG0 (S)
resGK−−−→ πK0 (S)

Φ−−→ ΦK0 (S) ∼= Z .

The group πG0 (S) is generated by the transfers tGH = trGH(p∗H(1)) for all closed subgroups H of G with finite
Weyl group, so it suffices to understand the composite on these classes.

We recall that the Weyl group acts freely and smoothly from the right on G/H by

G/H ×WGH −→ G/H , (gH, nH) 7−→ (gn)H .

For every closed subgroup K of G, the fixed points (G/H)K form a smooth submanifold of the homogeneous
space G/H, where the connected components of (G/H)K may have varying dimension. The right WGH-
action is through G-equivariant maps, so it restricts to a WGH-action on the K-fixed points (G/H)K , which
is still smooth and free. The quotient space ((G/H)K)/WGH is then again a smooth manifold.

Proposition 6.7. Let H and K be closed subgroups of a compact Lie group G such that WGH is finite.
Then

ΦK(resGK(tGH)) = χ((G/H)K) = |WGH| · χ(((G/H)K)/WGH) .

In particular,

• if K is not subconjugate to H, then χ((G/H)K) = 0, and
• for K = H we have χ((G/H)H) = |WGH|.

Proof. For the class tGH , the double coset formula (see (3.15) of Chapter III) specializes to

resGK(tGH) =
∑
[M ]

χ](M) · trKK∩gH(c∗g(resHKg∩H(p∗H(1)))) =
∑
[M ]

χ](M) · tKK∩gH .

Thus sum is indexed by the path components of the orbit type manifolds M(L) of K\G/H, where L runs
through all conjugacy classes of subgroups of K. The summands that come from (L) involve a transfer
from a conjugate of L to K. The geometric fixed point map vanishes on transfers from proper subgroups
(Proposition 6.5), so ΦK annihilates all summands that arise from proper subgroups of K. So the only
non-zero contributions come from the orbit type manifold

M(K) = {KgH : K ⊆ gH} = (G/H)K ,

and so

ΦK(resGK(tGH)) =
∑

i=1,...,k

χ](Mi) · ΦK(tKK) = χ](M(K)) = χ((G/H)K) ,

where M1, . . . ,Mk are the path components of M(K). Since WGH acts smoothly and freely on (G/H)K ,

the projection (G/H)K −→ ((G/H)K)/WGH is a covering space with |WGH| sheets, and the last formula
is the multiplicativity Euler characteristics for finite sheeted coverings.

If K is not subconjugate to H, then G/H has no K-fixed points, and thus ΦK(resGK(tGH)) = 0. For
K = H the fixed points (G/H)H biject with elements of the Weyl group WGH, so in this case χ((G/H)H) =
|WGH|. �
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Construction 6.8. We let X be an orthogonal spectrum and define restriction maps

α∗ : ΦG0 (X) −→ ΦK0 (X)

on geometric fixed point homotopy groups for every epimorphism α : K −→ G.
We choose a K-equivariant linear isometric embedding ψ : α∗(UG) −→ UK of the restriction along α

of the complete G-universe into the complete K-universe. We let f : SV
G −→ X(V )G be a based map

representing an element in ΦG0 (X), for some V ∈ s(UG). Since α is surjective, V G = (α∗V )K and X(V )G =
(α∗(X(V )))K = X(α∗V )K . We use ψ to identify α∗V with ψ(V ) as K-representations, and hence also
(α∗V )K with ψ(V )K . This turns f into a based map

Sψ(V )K ∼= S(α∗V )K = SV
G f−−→ X(V )G = X(α∗V )K ∼= X(ψ(V ))K .

This latter map represents the element α∗[f ] in ΦK0 (X). The element α∗[f ] depends only on the class of f
in ΦG0 (X), so the restriction map α∗ is a well defined homomorphism. Any two equivariant embeddings of
α∗(UG) into UK are homotopic through K-equivariant linear isometric embeddings, so the restriction map
is independent of the choice of ψ.

The surjectivity of α is essential to obtain a restriction map α∗, and geometric fixed points do not
have natural restriction maps to subgroups. These restriction maps between the geometric fixed point
homotopy groups are clearly natural in the orthogonal spectrum. The next proposition lists the other
naturality properties, which can be summarized by saying the geometric fixed point homotopy groups and
restriction maps from a contravariant functor on the category of compact Lie groups and conjugacy classes
of continuous epimorphisms, and the geometric fixed point map (6.3) is a natural transformation of functors
on this category.

Proposition 6.9. Let X be an orthogonal spectrum.

(i) For every pair of composable continuous epimorphisms α : K −→ G and β : L −→ K we have

β∗ ◦ α∗ = (αβ)∗ : ΦG0 (X) −→ ΦL0 (X) .

(ii) For every compact Lie group G and every element g ∈ G the restriction map c∗g : ΦG0 (X) −→ ΦG0 (X)
associated to the conjugation homomorphism cg : G −→ G is the identity.

(iii) For every surjective continuous homomorphism α : K −→ G of compact Lie groups the following
square commutes:

πG0 (X)
Φ //

α∗

��

ΦG0 (X)

α∗

��
πK0 (X)

Φ
// ΦK0 (X)

Proof. �

Example 6.10. If X is any orthogonal spectrum and x ∈ π∗(X) a non-equivariant stable homotopy
class, then

ΦK(resGK(trGH(p∗H(x)))) = χ((G/H)K) · p∗K(x)

in the geometric fixed point group ΦK∗ (X). Indeed, reciprocity and Proposition 6.7 let us calculate

ΦK(resGK(trGH(p∗H(x)))) = ΦK(resGK(trGH(resGH(p∗G(x)))))

= ΦK(resGK(trGH(1) · p∗G(x)))

= ΦK(resGK(trGH(1))) · ΦK(p∗K(x)) = χ((G/H)K) · p∗K(x) .
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Construction 6.11. Like the equivariant homotopy groups, the geometric fixed point homotopy
groups also come with pairings. Given two orthogonal spectra X and Y , and compact Lie groups G
and K, we define an external pairing

(6.12) × : ΦGk (X) × ΦKl (Y ) −→ ΦG×Kk+l (X ∧ Y ) .

Again we define the pairing first for k = l = 0. Suppose that V and W are representations of G re-

spectively K and f : SV
G −→ X(V )G and g : SW

K −→ Y (W )K are based maps representing classes
in ΦG0 (X) respectively ΦK0 (Y ). We view V ⊕ W as a representation of the product group G × K via
(g, k) · (v, w) = (gv, kw). We denote by f × g the (G×K)-equivariant composite

S(V+W )G×K ∼= SV
G

∧ SW
K f∧g−−−−→ X(V )G ∧ Y (W )K

∼= (X(V ) ∧ Y (W ))G×K
iG×KV,W−−−−−→ ((X ∧ Y )(V ⊕W ))G×K .

[embed V ×W into UG×K ] Similar arguments as for the pairing on equivariant homotopy groups in Con-
struction 4.9 show that the definition

[f ]× [g] = 〈f × g〉 ∈ ΦG×K0 (X ∧ Y )

is well-defined.

The pairing of geometric fixed point homotopy groups have properties analogous to that of equivariant
homotopy groups (compare Theorem 4.11).

Theorem 6.13. Let G,K and L be compact Lie groups and X,Y and Z orthogonal spectra.

(i) (Biadditivity) The product × : ΦGk (X)× ΦKl (Y ) −→ ΦG×Kk+l (X ∧ Y ) is biadditive.

(ii) (Unitality) Let 1 ∈ Φe0(S) = πe0(S) denote the class represented by the identity of SV for any inner
product space V . Then 1 × x = x = x × 1 under the identifications S ∧ X = X = X ∧ S and
e×G ∼= G ∼= G× e.

(iii) (Associativity) For all classes x ∈ ΦGk (X), y ∈ ΦKl (Y ) and z ∈ ΦLj (Z) the relation

x× (y × z) = (x× y)× z

holds in ΦG×K×Lk+l+j (X ∧ Y ∧ Z).

(iv) (Commutativity) For all classes x ∈ ΦGk (X) and y ∈ ΦKl (Y ) the relation

y × x = (−1)kl · τ∗G,K(τX,Y∗ (x× y))

holds in ΦK×Gl+k (Y ∧X), where τX,Y : X ∧ Y −→ Y ∧X is the symmetry isomorphism of the smash
product and τG,K : K ×G −→ G×K interchanges the factors.

(v) (Epimorphic restriction) For all classes x ∈ ΦGk (X) and y ∈ ΦKl (Y ) and all continuous epimorphisms
α : Ḡ −→ G and β : K̄ −→ K the relation

α∗(x)× β∗(y) = (α× β)∗(x× y)

holds in ΦḠ×K̄k+l (X ∧ Y ).

(vi) (Geometric fixed point map) For all classes x ∈ πGk (X) and y ∈ πKl (Y ) the relation

Φ(x)× Φ(y) = Φ(x× y)

holds in ΦG×Kk+l (X ∧ Y ).

Proof. The associativity property (iii) and compatibility with restriction (iv) are straightforward from
the definitions. �
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Given an orthogonal ring spectrum R and compact Lie groups G and K, we define an internal pairing
on the geometric fixed point homotopy groups of R as the composite

ΦGk (R)× ΦKl (R)
×−−→ ΦG×Kk+l (R ∧R)

µ∗−−−→ ΦG×Kk+l (R) .

Corollary 6.14. Let R be an orthogonal ring spectrum and G,K and L compact Lie groups.

(i) (Biadditivity) The product × : ΦGk (R)× ΦKl (R) −→ ΦG×Kk+l (R) is biadditive.

(ii) (Unitality) The unit 1 ∈ Φe0(R) = πe0(R) satisfies 1 × x = x = x × 1 for all x ∈ πG0 (R) under the
identifications e×G ∼= G ∼= G× e.

(iii) (Associativity) For all classes x ∈ ΦGk (R), y ∈ ΦKl (R) and z ∈ ΦLm(R) the relation (x × y) × z =
x× (y × z) holds under the identification (G×K)× L ∼= G× (K × L).

(iv) (Commutativity) If the multiplication of R is commutative, then for all classes x ∈ ΦGk (R) and y ∈
ΦKl (R) the relation

y × x = (−1)kl · τ∗G,K(x× y)

holds in ΦK×Gl+k (R), where τG,K : K ×G −→ G×K interchanges the factors.

(v) (Epimorphism restriction) For all classes x ∈ ΦGk (R) and y ∈ ΦKl (R) and all continuous epimorphisms
α : Ḡ −→ G and β : K̄ −→ K the relation

(α∗x)× (β∗y) = (α× β)∗(x× y)

holds in the group ΦḠ×K̄k+l (R).

(vi) (Geometric fixed point map) For all classes x ∈ πGk (R) and y ∈ πKl (R) the relation

Φ(x)× Φ(y) = Φ(x× y)

holds in ΦG×Kk+l (R).

Now we recall the interpretation of the geometric fixed point homotopy groups as the equivariant
homotopy groups of the smash product of X with a certain universal G-space. This makes the link to
other definitions of geometric fixed point spectra. We denote by PG the family of proper subgroups of G.
We denote by EPG a universal space for the family PG; so EPG is a cofibrant G-space without G-fixed
points and such that the fixed point space (EPG)H is contractible for every proper subgroup H of G. These
properties determine EPG uniquely up to G-homotopy equivalence.

We denote by ẼPG the reduced mapping cone of the based G-map EP+
G −→ S0 that sends EPG to

the non-basepoint of S0. So ẼPG is the unreduced suspension of the universal space EPG. The G-fixed
points of EPG are empty and fixed points commute with mapping cones, so the map S0 −→ (ẼPG)G is an
isomorphism. For all proper subgroups H of G the map (EPG)H −→ (S0)H = S0 is a weak equivalence, so

the mapping cone (ẼPG)H is contractible.

Example 6.15. We let U⊥G = UG − (UG)G be the orthogonal complement of the G-fixed points in the
complete G-universe UG. We claim that the unit sphere S(U⊥G ) of this complement is a universal space EPG
and hence the representation sphere

SU
⊥
G = colimU∈s(U⊥G ) S

U

of the orthogonal complement is a model for ẼPG.
Indeed, the unit sphere S(U⊥G ) can be given a G-CW-structure and it has no G-fixed points. So if H

is a subgroup of G that occurs as isotropy group of a point in U⊥G , then H 6= G, i.e., H belongs to the
family PG. On the other hand, for every proper subgroup H of G there is a G-representation V with
V G = 0 but V H 6= 0. Since U⊥G contains infinitely many isomorphic copies of V , the H-fixed points

(S(U⊥G ))H = S((U⊥G )H)

form an infinite dimensional sphere, and hence are contractible.
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Lemma 6.16. Let G be a compact Lie group. For every finite dimensional G-representation V and
every based G-space Y the map

(−)G : mapG(SV , ẼPG ∧ Y ) −→ map(SV
G

, Y G)

that takes a G-map f : SV −→ ẼPG ∧ Y to the induced map on G-fixed points

fG : (SV )G −→ (ẼPG ∧ Y )G = (ẼPG)G ∧ Y G ∼= Y G

is a weak equivalence and Serre fibration.

Proof. Since SV admits the structure of a G-CW-complex, the inclusion of fixed points (SV )G −→ SV

is a G-cofibration and induces a Serre fibration of equivariant mapping spaces

mapG(SV , ẼPG ∧ Y ) −→ mapG(SV
G

, ẼPG ∧ Y ) .

Since every G-map from SV
G

lands in the G-fixed points of ẼPG ∧ Y and because (ẼPG ∧ Y )G = Y G, the

target space is the non-equivariant mapping space map(SV
G

, Y G). The G-space SV is built from its fixed

points (SV )G = SV
G

by attaching G-cells G/H+ ∧Dn whose isotropy H is a proper subgroup. Since the

H-fixed points of ẼPG ∧ Y are contractible for all proper subgroups H of G, the fibration is also a weak
equivalence. �

Proposition 6.17. For every orthogonal G-spectrum Y and every integer k, the geometric fixed point
map

Φ : πGk (ẼPG ∧ Y ) −→ ΦGk (Y )

is an isomorphism.

A consequence of the previous proposition is the following isotropy separation sequence. The mapping
cone sequence of based G-CW-complexes

(EPG)+ −→ S0 −→ ẼPG
becomes a mapping cone sequence of G-spectra

(6.18) (EPG)+ ∧ Y −→ Y −→ ẼPG ∧ Y

after smashing with any given orthogonal G-spectrum Y . In the example Y = X〈G〉 for an orthogonal
spectrum X, taking equivariant homotopy groups gives a long exact sequence

(6.19) · · · −→ πGk ((EPG)+ ∧X〈G〉) −→ πGk (X)
Φ−−→ ΦGk (X) −→ πGk−1((EPG)+ ∧X〈G〉) −→ · · ·

where we exploited the identification of Proposition 6.17.

Proposition 6.20. Let G be a compact Lie group. For a morphism f : X −→ Y of orthogonal G-spectra
the following are equivalent:

(i) The morphism f : X −→ Y is an equivalence of orthogonal G-spectra, i.e.,. for every subgroup H
of G and every integer k the map

πHk (f) : πHk (X) −→ πHk (Y )

is an isomorphism.
(ii) For every subgroup H of G and every integer k the map

ΦHk (f) : ΦHk (X) −→ ΦHk (Y )

is an isomorphism.
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Proof. (i)=⇒(ii) If f is is an equivalence of orthogonal G-spectra, then so is ẼPG ∧ f . Indeed, we

can use a cell induction on a G-CW-structure on ẼPG, which reduces the claim to showing that G/H+ ∧ f
by is an equivalence of orthogonal G-spectra for all subgroups H of G; this part uses the Wirthmüller
isomorphism. Proposition 6.17 then implies that ΦHk (f) : ΦHk (X) −→ ΦHk (Y ) is an isomorphism for all k.

(ii)=⇒(i) We argue by induction on the size of the group G (i.e., of the dimension of G and order of
π0G). If G is the trivial group, then the geometric fixed point map Φ : πek(X) −→ Φek(X) does not do
anything, and is an isomorphism.

If G is a non-trivial group we know by induction hypothesis that f is an equivalence of orthogonal
H-spectra for every proper subgroup H of G. Since EPG has no G-fixed points, this lets us conclude
that (EPG)+ ∧ f is an equivalence of orthogonal G-spectra. Since ΦG∗ (f) : ΦG∗ (X) −→ ΦG∗ (Y ) is also
an isomorphism, the isotropy separation sequence lets us conclude that πG∗ (f) : πG∗ (X) −→ πG∗ (Y ) is an
isomorphism. �

7. Global Borel cohomology

We let E be a non-equivariant generalized cohomology theory and k any integer. Then we obtain a
global functor Ek by setting

Ek(G) = Ek(BG) ,

the k-th E-cohomology of the classifying space of the group G. The contravariant functoriality in group
homomorphisms α : K −→ G comes from the covariant functoriality of the classifying space construction.
The transfer maps for a subgroup inclusion H ⊂ G come from the Becker-Gottlieb transfers [ref]

Σ∞+ BG
tr−−→ Σ∞+ BH .

The verification of the double coset formula for this global functor is due to Feshbach [55, Thm. II.11].

The global functor Ek is realized as the homotopy group global functor of a specific global homotopy
type that we construct now. For this purpose we may represent the cohomology theory by an orthogonal
Ω-spectrum E (in the traditional non-equivariant sense). We define a new orthogonal spectrum bE as
follows. For an inner product space V we set

(7.1) (bE)(V ) = map(L(V,R∞), E(V )) ,

the space of all continuous maps from L(V,R∞) to E(V ). The orthogonal group O(V ) acts on this mapping
space by conjugation, through its actions on L(V,R∞) and on E(V ). We define structure maps σV,W :
(bE)(V ) ∧ SW −→ (bE)(V ⊕W ) as the composite

map(L(V,R∞), E(V )) ∧ SW assembly−−−−−→ map(L(V,R∞), E(V ) ∧ SW )

map(resV ,σ
E
V,W )

−−−−−−−−−−→ map(L(V ⊕W,R∞), E(V ⊕W ))

where resV : L(V ⊕W,R∞) −→ L(V,R∞) is the map that restrict an isometric embedding from V ⊕W
to V .

Applying the global Borel construction to Ω-spectra yields global Ω-spectra, an important class of
orthogonal spectra that keep track of compatible equivariant infinite loop spaces for all compact Lie groups.
These should be thought of as objects that are simultaneously G-Ω-spectra for all compact Lie groups G
at once, in a compatible way.

Definition 7.2. An orthogonal spectrum X is a global Ω-spectrum if for every compact Lie group G,
every faithful G-representation V and an arbitrary G-representation W the adjoint structure map

σ̃V,W : X(V ) −→ map(SW , X(V ⊕W ))

is a G-weak equivalence.
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For a global Ω-spectrum X and a compact Lie group G the associated orthogonal G-spectrum X〈G〉
is ‘eventually an Ω-G-spectrum’ in the sense that the Ω-G-spectrum condition of [97, III Def. 3.1] holds
for all ‘sufficiently large’ (i.e., faithful) G-representations. However, if G is a non-trivial group, then the
associated orthogonal G-spectrum X〈G〉 is in general not an Ω-G-spectrum since there is no control over
the G-homotopy type of the values at non-faithful representations.

The global Ω-spectra will turn out to be the fibrant objects in the global model structure on orthogonal
spectra, see Theorem IV.1.25. This also means that global Ω-spectra abound, because every orthogonal
spectrum admits a global equivalence to a global Ω-spectrum.

Proposition 7.3. Let E be an orthogonal Ω-spectrum.

(i) The orthogonal spectrum bE is a global Ω-spectrum.
(ii) For every compact Lie group G and every cofibrant based G-space A, the map [which?]

(bE)0
G(A) −→ E0(L(V,R∞)+ ∧G A)

is an isomorphism.
(iii) For every compact Lie group G and every integer k the map

πGk (bE) −→ E−k(BG)

is an isomorphism. As G varies, these maps constitute an isomorphism of global functors

πk(bE) ∼= E−k .

Proof. (i) We let G be a compact Lie group and V and W two G-representations such that V is
faithful. Since E is an Ω-spectrum, the adjoint structure map

σ̃EV,W : E(V ) −→ ΩWE(V ⊕W )

is a non-equivariant weak equivalence. The spaces L(V,R∞) and L(V ⊕ W,R∞) are non-equivariantly
contractible; because V , and hence also V ⊕W , is a faithful G-representation, the induced G-action on
L(V,R∞) and L(V ⊕W,R∞) is free. So the induced map

map(L(V,R∞), σ̃V,W ) : (bE)(V ) = map(L(V,R∞), E(V )) −→ map(L(V,R∞),ΩWE(V ⊕W ))

is a G-weak equivalence. Moreover, the restriction map resV : L(V ⊕W,R∞) −→ L(V,R∞) is a G-homotopy
equivalence (by Proposition I.2.10 (ii)), hence it induces another G-homotopy equivalence

map(resV ,Ω
WE(V ⊕W )) : map(L(V,R∞),ΩWE(V ⊕W ))

−→ map(L(V ⊕W,R∞),ΩWE(V ⊕W ))

on mapping spaces. The target of this last map is G-homeomorphic to

map(SW ,map(L(V ⊕W,R∞), E(V ⊕W ))) = ΩW ((bE)(V ⊕W )) ;

under this homeomorphism, the composite of the two G-weak equivalences becomes the adjoint structure
map

σ̃bEV,W : (bE)(V ) −→ ΩW ((bE)(V ⊕W )) .

So we have shown that σ̃bEV,W is a G-weak equivalence, and that means that bE is a global Ω-spectrum.

(ii) As for any global Ω-spectrum, the stabilization map

[A ∧ SV , (bE)(V )]G −→ (bE)0
G(A)

is bijective whenever the G-representation V is faithful. Since E is an Ω-spectrum, the adjoint structure
map σ̃V : E0 −→ ΩV E(V ) is a non-equivariant weak equivalence, so it induces a G-weak equivalence

map(L(V,R∞), σ̃V ) : map(L(V,R∞), E0) −→ map(L(V,R∞),ΩV E(V ))
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on mapping spaces out of L(V,R∞). The right hand side is G-homeomorphic to

map(SV ,map(L(V,R∞), E(V )) = ΩV ((bE)(V )) .

Taking homotopy classes of based G-maps out of A gives a bijection

E0(L(V,R∞)+ ∧G A) = [L(V,R∞)+ ∧G A,E0] ∼= [A,map(L(V,R∞), E0)]G

−→ [A,ΩV (bE)(V )]G ∼= (bE)0
G(A) .

Here we have exploited that G acts trivially on E0 and that L(V,R∞) is a universal free G-space.
(iii) This is the special case of (ii) where A = Sk with trivial G-action. �

As we shall show in Example IV.4.26 below, the functor b realizes, in a certain precise way, the right
adjoint to the forgetful functor from the global homotopy category to the traditional stable homotopy
category.

The endofunctor b on the category of orthogonal spectra has more convenient features. Firstly, it comes
with a natural transformation

(7.4) iE : E −→ bE

whose value at an inner product space V sends a point x ∈ E(V ) to the constant map L(V,R∞) −→ E(V )
with value x. Said another way, the map E(V ) −→ map(L(V,R∞), E(V )) = (bE)(V ) is induced by the
unique map L(V,R∞) −→ ∗. Since L(V,R∞) is contractible, the morphism iE : E −→ bE is a non-
equivariant level equivalence, hence a non-equivariant stable equivalence.

Secondly, we can endow the functor b with a lax symmetric monoidal transformation

µE,E′ : bE ∧ bE′ −→ b(E ∧ E′) .

To construct µE,E′ we start from the (O(V )×O(W ))-equivariant maps

map(L(V,R∞), E(V )) ∧map(L(W,R∞), E′(W ))
∧−−→ map(L(V,R∞)× L(V,R∞), E(V ) ∧ E′(W ))

map(resV,W ,iV,W )−−−−−−−−−−−−→ map(L(V ⊕W,R∞), (E ∧ E′)(V ⊕W ))

that constitute a bimorphism from (bE, bE′) to b(E ∧ E′). Here

resV,W : L(V ⊕W,R∞) −→ L(V,R∞)× L(W,R∞)

maps an embedding of V ⊕W to the pair of its restrictions to V and W . The morphism µE,E′ is associated
to this bimorphism via the universal property of the smash product.

Since the functor b is lax symmetric monoidal with respect to the maps µE.E′ , it takes orthogonal
ring spectra to orthogonal ring spectra, in a way preserving commutativity. Since the transformation iE is
monoidal, it becomes a homomorphism of orthogonal ring spectra when E is an orthogonal ring spectrum.

Remark 7.5. Various ‘completion’ maps (also called ‘bundling maps’) fit in here as follows. For this we
suppose that E is a commutative orthogonal ring spectrum and a positive Ω-spectrum. Then the morphism
iE : E −→ bE is a kind of ‘global completion map’. For every compact Lie group G it induces a ring
homomorphism of G-equivariant homotopy groups

πG0 (E) −→ πG0 (bE) ∼= E0(BG) .

[show that the target is complete with respect to the kernel of the restriction map resGe : πG0 (E) −→ πe0(E)]
When E = S is the sphere spectrum the map

A(G) ∼= πG0 (S) −→ π0(BG)

is the completion map of the Segal conjecture, compare the following remark.
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The sphere spectrum is the suspension spectrum of a global classifying space Bgle of the trivial group;
more generally, for the global classifying space BglK of a finite group K the ‘forgetful’ map

A(K,G) ∼= πG0 (Σ∞+ BglK) −→ [Σ∞+ BG, Σ∞+ BK]

is again completion at the augmentation ideal of the Burnside ring A(G) (using that A(K,G) is a module
over A(G)).

For the global K-theory spectrum (compare Construction V.7.6 below) and any compact Lie group G,
the map

RU(G) ∼= πG0 (KU) −→ K0(BG)

is the map of the Atiyah-Segal completion theorem [10], and the target is isomorphic to the completion
of the representation ring at the augmentation ideal. For the Eilenberg-Mac Lane spectrum HZ (see Con-
struction V.3.21), the global functor G 7→ H0(BG;Z) is constant with value Z; the map

πG0 (HZ) −→ H0(BG;Z)

is surjective and an isomorphism modulo torsion for all compact Lie groups whose identity path component
is commutative (compare Example V.3.26).

Remark 7.6. Since the ‘global Borel cohomology’ functor b : Sp −→ Sp is lax symmetric monoidal,
it preserves ring spectrum structures and module structures. The orthogonal spectrum Ŝ = bS thus comes
with a commutative ring spectrum structure; we call this the completed sphere spectrum. Moreover, for
every orthogonal spectrum E the map

bS ∧ bE −→ b(S ∧ E) ∼= bE

makes the orthogonal spectrum bE into a module spectrum over the completed sphere spectrum. Conse-
quently, for every group G the equivariant homotopy group

πGk (bE) ∼= E−k(BG)

is naturally a module over the commutative ring πG0 (Ŝ). For finite groups G, Carlsson’s theorem [38] (also
known as the Segal conjecture), identifies the latter ring with the completion of the Burnside ring at the
augmentation ideal:

πG0 (Ŝ) ∼= π0(BG) ∼= A(G)∧I .

Remark 7.7. A global Ω-spectrum X is a very rich kind of structure, because it encodes compatible
equivariant infinite loop spaces for all compact Lie groups. Indeed, for every compact Lie group G and
faithful G-representation V , the G-space

(7.8) X[G] = ΩVX(V )

is a ‘genuine’ equivariant infinite loop space, i.e., deloopable in the direction of every representation. Indeed,
for every G-representation W , the G-map

ΩV (σ̃V,W ) : X[G] = ΩVX(V ) −→ ΩW (ΩVX(V ⊕W ))

is a G-weak equivalence, so the global Ω-spectrum X provides a W -deloop ΩVX(V ⊕W ). The G-space
X[G] is also independent, up to G-weak equivalence, of the choice of faithful G-representation. Indeed, if V̄
is another faithful G-representation, then the G-maps

ΩVX(V )
ΩV (σ̃V,V̄ )
−−−−−−→ ΩV (ΩV̄X(V ⊕ V̄ )) ∼= ΩV̄ (ΩV , X(V̄ ⊕ V ))

ΩV̄ (σ̃V̄ ,V )
←−−−−−− ΩV̄X(V̄ )

are G-weak equivalences.
As G varies, the equivariant infinite loop spaces X〈G〉 are closely related to each other. For example,

if H is a subgroup of G, then any faithful G-representation is also faithful as an H-representation. So X[H]
is H-weakly equivalent to the restriction of the G-equivariant infinite loop space X[G].
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Remark 7.9. Let X be a global Ω-spectrum. Specialized to the trivial group, the condition in Defini-
tion 7.2 says that X is in particular a non-equivariant Ω-spectrum in the sense that the adjoint structure
map σ̃n : Xn −→ ΩXn+1 is a weak equivalence of (non-equivariant) spaces.

If X is a global Ω-spectrum, then so is the shifted spectrum shX and the function spectrum map(K,X)
for every based CW-complex K. Indeed, if V is a faithful G-representation, then R ⊕ V , the sum with a
trivial 1-dimension representation, is also faithful. So the adjoint structure map

σ̃R⊕V,W : X(R⊕ V ) −→ ΩW (X(R⊕ V ⊕W ))

is a G-weak equivalence for every G-representation W . This map is naturally G-homeomorphic to the
adjoint structure map

(shX)(V ) −→ ΩW ((shX)(V ⊕W ))

of the shifted spectrum.
The argument for mapping spectra is similar. The mapping space functor map(K,−) takes the G-weak

equivalence σ̃V,W : X(V ) −→ ΩWX(V ⊕W ) to a G-weak equivalence

map(K,X(V ))
map(K,σ̃V,W )−−−−−−−−−→ map(K,ΩWX(V ⊕W )) ,

and this map is G-homeomorphic to the adjoint structure map

map(K,X)(V ) −→ ΩW (map(K,X)(V ⊕W ))

of the mapping spectrum map(K,X).



CHAPTER IV

The global homotopy category

1. Global model structures for orthogonal spectra

In this section and the next we establish the level and global model structures on the category of
orthogonal spectra. Many arguments are parallel to the unstable analogs in the respective sections of
Chapter I, so there is a certain amount of repetition.

The main model structure of interest for us is the global model structure, see Theorem 1.25. The weak
equivalences in this model structure are the global equivalences and the cofibrations are the flat cofibrations.
More generally, we consider a global family F and define the F-global model structures, see Theorem 1.19
below, with weak equivalences the F-equivalences, i.e., those morphisms inducing isomorphisms of G-
equivariant homotopy groups for all G in F . We use the F-global model structure later for showing that
the forgetful functor from the global stable homotopy category to the F-global homotopy category has both
a left and a right adjoint. Proposition 2.2 (iii) below shows that the F-global model structure is monoidal
with respect to the smash product of orthogonal spectra, provided that F is closed under products.

There is a functorial way to write an orthogonal spectrum as a sequential colimit of spectra which are
made from the information below a fixed level. We refer to this as the skeleton filtration of an orthogonal
spectrum. The word ‘filtration’ should be used with caution because the maps from the skeleta to the
orthogonal spectrum need not be injective.

As in the unstable situation in Section I.4, the skeleton filtration is a special case of the general skeleton
filtration on certain enriched functor categories that we discuss in Section A.3.2. Indeed, if we specialize
the base category to V = T∗, the category of based spaces under smash product, and the index category
to D = O, then the functor category D∗ becomes the category Sp of orthogonal spectra. The dimension
function needed in the construction and analysis of skeleta is the vector space dimension.

The general theory of Section A.3.2 provides for every orthogonal spectrum X and every m ≥ 0, an
m-skeleton,

skmX = lm(X≤m) ,

the extension of the restriction of X to O≤m, and a natural morphism im : skmX −→ X, the counit of the
adjunction (lm, (−)≤m).

The m-th latching space of X is the based O(m)-space

LmX = (skm−1X)(Rm) ;

it comes with a natural based O(m)-equivariant map

νm = im−1(Rm) : LmX −→ X(Rm) ,

the m-th latching map.
We also agree to set sk−1X = ∗, the trivial orthogonal spectrum, and L0Y = ∗, a one-point space. The

value

im(V ) : (skm Y )(V ) −→ Y (V )

of this morphism is an isomorphism for all inner product spaces V of dimension at most m.

243
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The different skeleta are related by natural morphisms jl,m : sklX −→ skmX, for all 0 ≤ l ≤ m, such
that im ◦ jl,m = il. These morphisms satisfy

jl,m ◦ jk,l = jk,m .

The sequence of skeleta stabilizes to X in a very strong sense. For every inner product space V , the maps
jm,m+1(V ) and im(V ) are isomorphism as soon as m ≥ dim(V ). In particular, Y (V ) is a colimit, with
respect to the morphisms im(V ), of the sequence of maps jm,m+1(V ), Since colimits in the category of
orthogonal spectra are created objectwise, we deduce that the orthogonal spectrum Y is a colimit, with
respect to the morphisms im, of the sequence of morphisms jm,m+1.

Example 1.1. Let G be a compact Lie group, V a G-representation of dimension n. Then the free
orthogonal spectrum FG,VA generated by a based G-space A in level V (see (5.1) of Chapter III) is ‘purely
n-dimensional’ in the following sense. The space (FG,VA)m is trivial for m < n, and hence the latching
space Lm(FG,VA) is trivial for m ≤ n. For m > n the latching map νm : Lm(FG,VA) −→ (FG,VA)m
is an isomorphism. So the skeleton skm(FG,VA) is trivial for m < n and skm(FG,VA) = FG,VA is the
entire spectrum for m ≥ n. As a special case, for every based O(n)-space A the orthogonal spectrum
GnA = FO(n),RnA is purely n-dimensional.

We denote by
Gm : O(m)T∗ −→ Sp

the left adjoint to the functor X 7→ X(Rm). So Gm is a shorthand notation for FO(m),Rm , the free functor
(see (5.1) of Chapter III) indexed by the tautological O(m)-representation. For a morphism f : A −→ B of
orthogonal spectra and m ≥ 0 we have a commutative square of O(m)-spaces

LmA
Lmf //

νm

��

LmB

νm

��
Am

fm

// Bm

We thus get a natural morphism of based O(m)-spaces

νmf : Am ∪LmA LmB −→ Bm .

Proposition A.3.20 specializes to:

Proposition 1.2. For every orthogonal spectrum X and every m ≥ 0 the commutative square

(1.3)

GmLmX
Gmνm //

��

GmX(Rm)

��
skm−1X

jm−1,m

// skmX

is a pushout of orthogonal spectra. The two vertical morphisms are adjoint to the identity of LmX respec-
tively X(Rm).

Proposition A.3.28 is a fairly general recipe for constructing level model structures on the category such
as orthogonal spectra. We now work our way to various specializations of the general construction to the
category of orthogonal spectra.

Definition 1.4. A morphism f : X −→ Y of orthogonal spectra is a flat cofibration if the latching
morphism νmf : Xm ∪LmX LmY −→ Ym is an O(m)-cofibration for all m ≥ 0. An orthogonal spectrum A
is flat if the morphism from the trivial spectrum to it is a flat cofibration, i.e., for every m ≥ 0 the latching
map νm : LmA −→ Am is an O(m)-cofibration.
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Proposition 1.5. Let i : A −→ B be a flat cofibration of orthogonal spectra. Then for every n ≥ 0,
the morphism in : An −→ Bn is an O(n)-cofibration.

Proof. We use the relative skeleton filtration of the morphism i, compare (3.25) of Section A.3.2. It
shows that the morphism in is the finite composite

An = (sk−1[i])n
(j0[i])n−−−−→ (sk0[i])n

(j1[i])n−−−−→ . . .
(jn−1[i])n−−−−−−→ (skn−1[i])n

(jn[i])n−−−−−→ (skn[i])n = Bn ,

so it suffices to show that for all m ≥ 0, the morphism jm[i] : skm−1[i] −→ skm[i] is levelwise an equivariant
cofibration for the relevant orthogonal group.

The pushout square (1.3) in level m+ n is a pushout of O(m+ n)-spaces:

O(m+ n) nO(m)×O(n) ((Am ∪LmA LmB) ∧ Sn)

O(m+n)n(νmi∧Sn)

��

// (skm−1[i])m+n

(jm[i])m+n

��
O(m+ n) nO(m)×O(n) (Bm ∧ Sn) // (skm[i])m+n

Since Sn can be given the structure of a based O(n)-CW-complex, the functor O(m+n)nO(m)×O(n)(−∧Sn)
takes O(m)-cofibrations to O(m+n)-cofibrations; so the left vertical morphism, and hence also (jm[i])m+n,
is an O(m+ n)-cofibration. �

We let F be a global family in the sense of Definition I.7.1, i.e., a non-empty class of compact Lie groups
that is closed under isomorphisms, closed subgroups and quotient groups. As in the unstable situation in
Section I.7, we now develop the F-level model structures on the category of orthogonal spectra, in which
the F-level equivalences are the weak equivalences. This model structure has a ‘global’ (or ‘stable’) version,
see Theorem 1.19 below.

We recall that F(m) denotes the family of those subgroups of the orthogonal group O(m) that belong
to the global family F .

Definition 1.6. Let F be a global family. A morphism f : X −→ Y of orthogonal spectra is

• an F-level equivalence if the map fm : Xm −→ Ym is an F(m)-equivalence for all m ≥ 0;
• an F-level fibration if the map fm : Xm −→ Ym is an F(m)-projective fibration for all m ≥ 0;
• an F-cofibration if the latching morphism νmf : Xm ∪LmX LmY −→ Ym is an F(m)-cofibration

or all m ≥ 0.

In other words, f : X −→ Y is an F-level equivalence if for every m ≥ 0 and every subgroup H of O(m)
that belongs to the family F the map fHm : XH

m −→ Y Hm is a weak equivalence. Clearly, the class of F-level
equivalences is closed under composition, retracts and coproducts.

Let G be any group from the family F and V a faithful G-representation of dimension m. We let
α : Rm −→ V be a linear isometry and define a homomorphism cα : G −→ O(m) by ‘conjugation by α’,
i.e., we set

(cα(g))(x) = α−1(g · α(x))

for g ∈ G and x ∈ Rm. We restrict the O(m)-action on Xm to a G-action along the homomorphism cα.
Then the map

c∗α(Xm) −→ X(V ) , x 7−→ [α, x]

is a G-equivariant homeomorphism, natural in X; it restricts to a natural homeomorphism

XḠ
m −→ X(V )G , x 7−→ [α, x]

where Ḡ = cα(G) is the image of cα. This implies:

Proposition 1.7. Let F be a global family and f : X −→ Y a morphism of orthogonal spectra.
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(i) The morphism f is an F-level equivalence if and only if for every compact Lie group G and every
faithful G-representation V the map f(V ) : X(V ) −→ Y (V ) is an (F ∩G)-weak equivalence.

(ii) The morphism f is an F-level fibration if and only if for every compact Lie group G and every faithful
G-representation V the map f(V ) : X(V ) −→ Y (V ) is a projective (F ∩G)-fibration.

When F = 〈e〉 is the minimal global family consisting of all trivial groups, then the 〈e〉-level equiva-
lences (respectively 〈e〉-level fibrations) are the level equivalences (respectively level fibrations) of orthogonal
spectra in the sense of Definition 6.1 of [96]. Hence the 〈e〉-cofibrations are the ‘q-cofibrations’ in the sense
of [96, Def. 6.1]. For the minimal global family, the 〈e〉-level model structure thus specializes to the level
model structure of [96, Thm. 6.5].

Thus we have the following implications for the various kinds of cofibrations:

〈e〉-cofibration =⇒ F-cofibration =⇒ flat cofibration =⇒ h-cofibration

When F is not the minimal or the maximal global family, then the first two containments are strict.
The next proposition for based equivariant spaces is largely analogous to version for unbased spaces in

Corollary A.2.28. There is one key difference, though: in the unbased situation, the functor A×G − takes
G-weak equivalences between arbitrary unbased G-spaces to K-weak equivalences. In the based situation,
the functor A ∧G − takes G-weak equivalences between cofibrant based G-spaces to K-weak equivalences,
but not all G-weak equivalences between arbitrary based G-spaces.

Proposition 1.8. Let G and K be compact Lie groups, F a global family and A a cofibrant based
(K ×G)-space such that the G-action is free away from the basepoint. Then the functor

A ∧G − : GT∗ −→ KT∗

takes G-cofibrations that are also (F ∩G)-equivalences to K-cofibrations that are also (F ∩K)-equivalences.

Proof. As usual we denote by F(K;G) the family of graph subgroups, i.e., those subgroups Γ ≤ K×G
that intersect {1} × G only in the identity element. We show more generally that the pushout product,
with respect to the functor

− ∧G − : (K ×G)T∗ × GT∗ −→ KT∗ ,

of an F(K;G)-cofibration with an acyclic cofibration in the (F ∩ G)-flat model structure is an acyclic
cofibration in the (F ∩K)-flat model structure. The claim is a special case because the F(K;G)-cofibrant
based (K ×G)-spaces are precisely those cofibrant based (K ×G)-spaces on which the G-action is free.

We deduce this claim in the based context from the corresponding result about unbased equivariant
spaces. Since the functor − ∧G − preserves colimits in both variables, it suffices to check the claim for
the generating based F(K;G)-cofibrations and the generating based acyclic cofibrations in the (F ∩ G)-
flat model structure. All these generators are obtained from generating cofibrations (respectively acyclic
cofibrations) in the corresponding model categories of unbased space by adding disjoint basepoints. For
unbased (K ×G)-spaces B and unbased G-spaces X, the based K-spaces (B+) ∧K (X+) and (B ×K X)+

are naturally isomorphic, so for the generators the claim follows from the corresponding unbased statement
in Corollary A.2.28. �

Now we are ready to establish the F-level model structure.

Proposition 1.9. Let F be a global family. The F-level equivalences, F-level fibrations and F-
cofibrations form a model structure, the F-level model structure, on the category of orthogonal spectra.
The F-level model structure is proper, topological and cofibrantly generated.

Proof. The first part is a special cases of Proposition A.3.28, in the following way. We let C(m) be
the F(m)-projective model structure on the category of based O(m)-spaces, compare Proposition A.2.19.
With respect to these choices of model structures C(m), the classes of level equivalences, level fibrations
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and cofibrations in the sense of Proposition A.3.28 precisely become the F-level equivalences, F-fibrations
and F-cofibrations.

The consistency condition (see Definition A.3.27) becomes the following condition: for all m,n ≥ 0 and
every acyclic cofibration i : A −→ B in the F(m)-flat model structure on based O(m)-spaces, every cobase
change, in the category of based O(m+ n)-spaces, of the map

O(Rm,Rn+m) ∧O(m) i : O(Rm,Rm+n) ∧O(m) A −→ O(Rm,Rm+n) ∧O(m) B

is an F(m+n)-weak equivalence. This is the special case of Proposition 1.8 with K = O(m+n), G = O(m)
and A = O(Rm,Rm+n).

We describe explicit sets of generating cofibrations and generating acyclic cofibrations for the F-level
model structure. We let IF be the set of all morphisms Gmi for m ≥ 0 and for i in the set of generating
cofibrations for the F(m)-projective model structure on the category of O(m)-spaces specified in (2.20)
of Section A.2. Then the set IF detects the acyclic fibrations in the F-level model structure by Propo-
sition A.3.28 (iii). Similarly, we let JF be the set of all morphisms Gmj for m ≥ 0 and for j in the set
of generating acyclic cofibrations for the F(m)-projective model structure on the category of O(m)-spaces
specified in (2.21) of Section A.2. Again by Proposition A.3.28 (iii), JF detects the fibrations in the F-level
model structure. The F-level model structure is topological by Proposition A.2.9, where we take G as the
set of free orthogonal spectra FH,Rm for all m ≥ 0 and all H ∈ F(m).

Limits in the category of orthogonal spectra are constructed levelwise (i.e., evaluation at level m pre-
serves limits). Since weak equivalences and fibrations are also defined levelwise, right properness is inherited
levelwise. The F(m)-projective model structure on the category of based O(m)-spaces is right proper for
all m ≥ 0, so right properness follows.

The argument for left properness is similar, but not completely analogous because cofibrations are not
defined levelwise. Since F-cofibrations are in particular flat cofibrations, they are levelwise O(n)-cofibrations
(Proposition 1.5). Colimits in the category of orthogonal spectra are also constructed levelwise, so left
properness for the flat F-level model structure is a consequence of left properness of the F(n)-flat model
structure on O(n)-spaces for all n. �

For easier reference we spell out the case F = All of the maximal global family of all compact Lie groups.
In this case All(m) is the family of all closed subgroups of O(m), and the All-cofibrations specialize to the
flat cofibrations. We introduce special names for the All-level equivalences and the All-level fibrations
(which coincide with the injective All-fibrations), analogous to the unstable situation in Section I.4.

Definition 1.10. A morphism f : X −→ Y of orthogonal spectra is a strong level equivalence (respec-
tively strong level fibration) if for every m ≥ 0 the map fm : Xm −→ Ym is an O(m)-weak equivalence.
(respectively an O(m)-fibration).

For the global family F = All, Proposition 1.9 specializes to the following strong level model structure:

Proposition 1.11. The strong level equivalences, strong level fibrations and flat cofibrations form a
model structure, the strong level model structure, on the category of orthogonal spectra. The strong level
model structure is proper, topological and cofibrantly generated.

Definition 1.12. A morphism f : X −→ Y of orthogonal spectra is a global fibration if it is a strong
level fibration and for every compact Lie group G, every faithful G-representation V and an arbitrary
G-representation W the square

(1.13)

X(V )G

f(V )G

��

σ̃GV,W // mapG(SW , X(V ⊕W ))

mapG(SW ,f(V⊕W ))

��
Y (V )G

σ̃GV,W

// mapG(SW , Y (V ⊕W ))
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is homotopy cartesian.

We observe that an orthogonal spectrum is a global Ω-spectrum precisely when the unique morphism
to any trivial spectrum is a global fibration. In other words, global Ω-spectra are the ‘globally fibrant’
objects.

We state a useful criterion for checking when a morphism is a global fibration. We recall from Con-
struction III.1.17 the homotopy fiber F (f) of a morphism f : X −→ Y of orthogonal spectra along with the
natural map i : ΩY −→ F (f). We apply this for the shifted morphism sh f : shX −→ shY and precompose

with the morphism λ̃Y (see (1.29) and (1.30) of Chapter III) and denote by ξ(f) the resulting composite

Y
λ̃Y−−−→ Ω(shY )

i−−→ F (sh f) .

We note that the orthogonal spectrum F (IdshX) has a preferred contraction, so part (ii) of the next
proposition is a way the make precise that the sequence

X
f−−→ Y

ξ(f)−−−−→ F (sh f)

is a ‘strong level homotopy fiber sequence’.

Proposition 1.14. Let f : X −→ Y be a strong level fibration of orthogonal spectra. Then the following
two conditions are equivalent.

(i) The morphism f is a global fibration.
(ii) The strict fiber of f is a global Ω-spectrum and the commutative square

X

f

��

ξ(IdX) // F (IdshX)

��
Y

ξ(f)
// F (sh f)

is homotopy cartesian in the strong level model structure.

Proof. (i)=⇒(ii) Since the square (1.13) is homotopy cartesian and the vertical maps are Serre fibra-
tions, the induced map on strict fibers f−1(∗)(V ) −→ mapG(SW , f−1(∗)(V ⊕W )) is a weak equivalence.
So the strict fiber is a global Ω-spectrum.

The square of condition (ii) factors as the composite of two commutative squares:

X

f

��

λ̃X // Ω(shX)

Ω(sh f)

��

i // F (IdshX)

��
Y

λ̃Y

// Ω(shY )
i

// F (sh f)

Specializing the global fibration property (1.13) for W = R with trivial G-action shows that the left square
is homotopy cartesian in the strong level model structure. The right square is homotopy cartesian on general
grounds. So the composite square is homotopy cartesian in the strong level model structure.
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(ii)=⇒(i) We let G be a compact Lie group, V a faithful G-representation, W any G-representation
and consider the commutative diagram

X(V )G

f(V )G

��

σ̃GV,W // mapG(SW , X(V ⊕W ))

mapG(SW ,f(V⊕W ))

��
Y (V )G

(ξ(f)(V ))G

��

σ̃GV,W

// mapG(SW , Y (V ⊕W ))

mapG(SW ,(ξ(f)(V⊕W )))

��
F (f)(V ⊕ R)G

∼

σ̃GV,W

// mapG(SW , F (f)(V ⊕W ⊕ R))

Since f is a strong level fibration the natural morphism from the strict fiber to the homotopy fiber is a
strong level equivalence. So the lower horizontal map is a weak equivalence because the strict fiber, and
hence the homotopy fiber, is a global Ω-spectrum. Moreover, the two vertical columns are homotopy fiber
sequences by hypothesis, so the upper square is homotopy cartesian, both with respect to the strong level
model structure. �

Definition 1.15. Let F be a global family.

• A morphism f : X −→ Y of orthogonal spectra is an F-equivalence if the induced map πGk (f) :
πGk (X) −→ πGk (Y ) is an isomorphism for all G in F and all integers k.

• An orthogonal spectrum X is an F-Ω-spectrum if for every compact Lie group G in F , every
faithful G-representation V and an arbitrary G-representation W the adjoint structure map

σ̃V,W : X(V ) −→ map(SW , X(V ⊕W ))

is a G-weak equivalence.

When F = All is the maximal global family of all compact Lie groups, then an All-equivalence is just
a global equivalence in the sense of Definition III.1.14. Also, an All-Ω-spectrum is the same as a global Ω-
spectrum in the sense of Definition III.7.2. When F = 〈e〉 is the minimal global family of all trivial groups,
then the 〈e〉-equivalences are just the traditional, non-equivariant, stable equivalences of orthogonal spectra,
also known as ‘π∗-isomorphisms’. The 〈e〉-Ω-spectra are just the traditional, non-equivariant, Ω-spectra.

The following diagram collects various notions of equivalences and their implications that play a role
in this book:

homotopy equivalence +3 strong level equivalence +3

��

global equivalence

��
F-level equivalence +3

��

F-equivalence

��
level equivalence +3 stable equivalence

The following proposition collects various useful relations between F-equivalence, F-level equivalences
and F-Ω-spectra.

Proposition 1.16. Let F be a global family.

(i) Every F-level equivalence of orthogonal spectra is an F-equivalence.
(ii) Let X be an F-Ω-spectrum. Then for every G in F , every faithful G-representation V and every k ≥ 0

the stabilization map

[Sk+V , X(V )]G −→ πGk (X) , [f ] 7−→ 〈f〉
is bijective.
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(iii) Let X be an F-Ω-spectrum such that πGk (X) = 0 for every integer k and all G in F . Then for every
group G in F and every faithful G-representation V the space X(V ) is G-weakly contractible.

(iv) Every F-equivalence between F-Ω-spectra is an F-level equivalence.
(v) Every F-equivalence that is also a global fibration is an F-level equivalence.

Proof. (i) We let f : X −→ Y be an F-level equivalence, and we need to show that the map
πGk (f) : πGk (X) −→ πGk (Y ) is an isomorphism for all integers k and all G in the global family F . We
start with the case k = 0. We let G be a group from the family F and V a finite dimensional G-
subspace of the complete G-universe UG such that G acts faithfully on V . By Proposition 1.7 (i) the
map f(V ) : X(V ) −→ Y (V ) is a G-weak equivalence. Since the representation sphere SV can be given a
G-CW-structure, the induced map on G-homotopy classes

[SV , f(V )]G : [SV , X(V )]G −→ [SV , Y (V )]G

is bijective. The faithful G-representations are cofinal in the poset s(UG), so taking the colimit over
V ∈ s(UG) shows that πG0 (f) : πG0 (X) −→ πG0 (Y ) is an isomorphism. For dimensions k > 0 we exploit that
(ΩkX)(V ) is naturally G-homeomorphic to ΩkX(V ), so the k-fold loop of an F-level equivalence is again

an F-level equivalence. For dimensions k < 0 we exploit that (shkX)(W ) is naturally G-homeomorphic to
X(Rk ⊕W ), so every shift of an F-level equivalence is again an F-level equivalence.

(ii) We start with the special case where V is a G-invariant subspace of the complete G-universe UG
used to define πGk (X). Since V is faithful, so is every G-representation that contains V . So the directed
system whose colimit is πG∗ (X) consists of isomorphism ‘above V ’. So the canonical map

[Sk+V , X(V )]G −→ πGk (X)

is an isomorphism.
If V is an arbitrary G-representation we can choose a G-equivariant linear isometry α : V −→ V̄ to a

finite dimensional G-subrepresentation of the complete universe UG. The map in question is the composite

[Sk+V , X(V )]G −→ [Sk+V̄ , X(V̄ )]G −→ πGk (X)

of ‘conjugation by α’ and the canonical map that was shown to be bijective is the previous paragraph.
(iii) We adapt an argument of Lewis-May-Steinberger [90, I 7.12] to our context. Every F-Ω-spectrum

is in particular a non-equivariant Ω-spectrum; every non-equivariant Ω-spectrum with trivial homotopy
groups is levelwise weakly contractible, so this takes care of trivial groups.

Now we let G be a non-trivial group in F . We argue by a nested induction over the ‘size’ of G:
we induct over the dimension of G and, for fixed dimension, over the cardinality of the finite set π0G of
components of G. Every proper subgroup H of G either has strictly smaller dimension than G, or the
same dimension but fewer path components. So we know by induction that the fixed point space X(V )H is
weakly contractible for every proper subgroup H of G. So it remains to analyze the G-fixed points of X(V ).

We let W = V −V G be the orthogonal complement of the fixed subspace V G of V . Then W is a faithful
G-representation with trivial fixed points. The cofiber sequence of G-CW-complexes

S(W )+ −→ D(W )+ −→ SW

induces a fiber sequence of equivariant mapping spaces

mapG(SW , X(V )) −→ mapG(D(W )+, X(V )) −→ mapG(S(W )+, X(V )) .

Since WG = 0, the G-fixed points S(W )G are empty, so any CW-structure on S(W ) uses only equivariant
cells of the form G/H × Dn for proper subgroups H of G. But for proper subgroups H, all the fixed
point spaces X(V )H are weakly contractible by induction. Hence the space mapG(S(W )+, X(V )) is weakly
contractible. Since the unit disc D(W ) is equivariantly contractible, the space mapG(D(W )+, X(V )) is
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homotopy equivalent to X(V )G, and we conclude that evaluation at the fixed point 0 ∈ W is a weak
equivalence

mapG(SW , X(V )) ' X(V )G .

We have X(V ) = X(V G ⊕W ) = (shV
G

X)(W ). The stabilization map

πk
(
mapG(SW , X(V ))

)
= [Sk+W , (shV

G

X)(W )]G −→ πGk (shV
G

X) ∼= πGk−dim(V G)(X)

is bijective for all k ≥ 0, by part (ii). Since we assumed that the G-equivariant homotopy groups of X
vanish, the space mapG(SW , X(V )) is path connected and has vanishing homotopy groups, i.e., it is weakly
contractible. So X(V )G is weakly contractible, and this completes the proof of (iii).

(iv) Let f : X −→ Y be an F-equivalence between F-Ω-spectra. We let F denote the homotopy fiber
of f , and we let G be a group from the family F . For every G-representation V the G-space F (V ) is then
G-homeomorphic to the homotopy fiber of f(V ) : X(V ) −→ Y (V ). So F is again an F-Ω-spectrum. The
long exact sequence of homotopy groups (see Proposition III.1.23) implies that πH∗ (F ) = 0 for all H in F .

If G acts faithfully on V , then by the F-Ω-spectrum property, the space X(V ) is G-weakly equivalent
to ΩX(V ⊕ R) and similarly for Y . So the map f(V ) is G-weakly equivalent to

Ωf(V ⊕ R) : ΩX(V ⊕ R) −→ ΩX(V ⊕ R) .

Hence we have a homotopy fiber sequence of G-spaces

X(V )
f(V )−−−−→ Y (V ) −→ F (V ⊕ R) .

Since F is an F-Ω-spectrum with vanishing equivariant homotopy groups for groups in F , the space F (V ⊕R)
is G-weakly contractible by part (iii). So f(V ) is a G-weak equivalence. The morphism f is then an F-level
equivalence by the criterion of Proposition 1.7.

(v) We let f : X −→ Y be an F-equivalence and a global fibration. Then the strict fiber f−1(∗) of f is a
global Ω-spectrum with trivial G-equivariant homotopy groups for all G ∈ F . So f−1(∗) is F-level equivalent
to the trivial spectrum by part (iii). Since f is a strong level fibration, the embedding f−1(∗) −→ F (f)
of the strict fiber into the homotopy fiber F (f) is a strong level equivalence, so the homotopy fiber F (f)
is F-level equivalent to the trivial spectrum. The homotopy cartesian square of Proposition 1.14 (ii) then
shows that that f is an F-level equivalence. �

Remark 1.17. We also give an alternative proof of part (iii) of the previous proposition by reduction
to equivariant homotopy theory for a fixed compact Lie group. We let X be an F-Ω-spectrum and G ∈ F .
The associated orthogonal G-spectrum X〈G〉 need not be an Ω-G-spectrum; however, for every faithful

G-representation V the shift shV (X〈G〉) is an Ω-G-spectrum. Since F is closed under subgroups, X〈G〉 has

vanishing equivariant homotopy groups for G and all its closed subgroups. The shift shV (X〈G〉) then also

has vanishing equivariant homotopy groups for G and all its closed subgroups. So shV (X〈G〉) is levelwise
G-weakly contractible by [97, III Lemma 9.1]. In particular, X(V ) is G-weakly contractible for every
faithful G-representation V .

Our next result, in fact the main result of this section, is the F-global model structure. This model
structure is compactly generated, and we spell out an explicit set of generating cofibrations and generating
acyclic cofibrations. The set IF was defined in the proof of Proposition 1.9 as the set of morphisms Gmj
for m ≥ 0 and for j in the set of generating cofibrations for the F(m)-projective model structure on the
category of O(m)-spaces specified in (2.21) of Section A.2. Similarly, the set JF is the set of morphisms Gmj
for m ≥ 0 and for j in the set of generating acyclic cofibrations for the F(m)-projective model structure on
the category of O(m)-spaces specified in (2.21) of Section A.2.

Given any compact Lie group G and G-representations V and W we recall from (5.5) of Chapter III
the morphism

λG,V,W : FG,V⊕WS
W −→ FG,V .
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If the representation V is faithful, then this morphism is a global equivalence by Theorem III.5.6. We set

(1.18) KF =
⋃

G,V,W

Z(λG,V,W ) ,

the set of all pushout products of sphere inclusions im : ∂Dm −→ Dm with the mapping cylinder inclusions
of the morphisms λG,V,W (compare Construction I.5.4); here the union is over a set of representatives of
the isomorphism classes of triples (G,V,W ) consisting of a compact Lie group G in the family F , a faithful
G-representation V and an arbitrary G-representation W .

Theorem 1.19 (F-global model structure). Let F be a global family.

(i) The F-equivalences and F-cofibrations are part of a model structure on the category of orthogonal
spectra, the F-global model structure.

(ii) A morphism f : X −→ Y of orthogonal spectra is a fibration in the F-global model structure precisely
when it is an F-level fibration and for every compact Lie group G in F , every faithful G-representation
V and an arbitrary G-representation W the square

(1.20)

X(V )G

f(V )G

��

(σ̃V,W )G // mapG(SW , X(V ⊕W ))

mapG(SW ,f(V⊕W ))

��
Y (V )G

(σ̃V,W )G
// mapG(SW , Y (V ⊕W ))

is homotopy cartesian.
(iii) The fibrant objects in the F-global model structure are the F-Ω-spectra.
(iv) A morphism of orthogonal spectra is:

• an acyclic fibration in the F-global model structure if and only if it has the right lifting property
with respect to the set IF ;

• a fibration in the F-global model structure if and only if it has the right lifting property with
respect to the set JF ∪KF .

(v) The F-global model structure is cofibrantly generated, proper and topological.

Proof. The category of orthogonal spectra is complete and cocomplete (MC1), the global equivalences
satisfy the 2-out-of-3 property (MC2) and the classes of global equivalences, global fibrations and flat
cofibrations are closed under retracts (MC3). The F-level model structure (Proposition 1.9) shows that
every morphism of orthogonal spectra can be factored as an F-cofibration followed by an F-level equivalence.
Since F-level equivalences are in particular F-equivalences, this provides one of the factorizations as required
by MC5.

For the other half of the factorization axiom MC5 we exhibit morphisms that detect the stable fibrations.
The set JF detects the fibrations in the F-level model structure. We add another set of morphisms KF
that detects when the squares (1.13) are homotopy cartesian.

The morphism λG,V,W represents the map (σ̃V,W )G : X(V )G −→ mapG(SW , X(V ⊕W ))G; by Propo-
sition I.5.5, the right lifting property with respect to the union JF ∪KF thus characterizes the morphisms
in part (ii).

We apply the small object argument (see for example [50, 7.12] or [74, Thm. 2.1.14]) to the set JF∪KF .
All morphisms in JF are flat cofibrations and F-level equivalences; F-level equivalences are F-equivalences
by Proposition 1.16 (i). Since FG,V⊕WS

W and FG,V are flat, the morphisms in KF are also flat cofibrations,
and they are F-equivalences because the morphisms λG,V.W are. The small object argument provides a
functorial factorization of every morphism ϕ : X −→ Y of orthogonal spectra as a composite

X
i−−→ W

q−−→ Y
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where i is a sequential composition of cobase changes of coproducts of morphisms in JF ∪KF and q has
the right lifting property with respect to JF ∪KF ; in particular, the morphism q satisfies the conditions of
part (ii). All morphisms in JF ∪KF are F-equivalences and F-cofibrations, hence also h-cofibrations (by
Proposition I.1.11 applied to the strong level model structure). By Corollary III.1.27 [modify for F ], the
class of h-cofibrations that are simultaneously F-equivalences is closed under coproducts, cobase change
and sequential composition. So the morphism i is an F-cofibration and an F-equivalence.

Now we show the lifting properties MC4. By Proposition 1.16 (v) a morphism that is both a global
fibration and an F-equivalence is an F-level equivalence, and hence an acyclic fibration in the F-level model
structure. So every morphism that is simultaneously a global fibration and an F-equivalence has the right
lifting property with respect to F-cofibrations. Now we let j : A −→ B be an F-cofibration that is also an
F-equivalence and we show that it has the left lifting property with respect to all morphisms mentioned
in (ii). We factor j = q◦i, via the small object argument for JF ∪KF , where i : A −→W is a (JF ∪KF )-cell
complex and q : W −→ B has the properties of part (ii). Then q is an F-equivalence since j and i are,
so q is an acyclic fibration in the F-level model structure, again by Proposition 1.16 (v). Since j is an
F-cofibration, a lifting in

A
i //

j

��

W

q∼
��

B

>>

B

exists. Thus j is a retract of the morphism i that has the left lifting property with respect to all morphisms
of part (ii). But then j itself has this lifting property. This finishes the verification of the model category
axioms. Alongside we have also specified sets of generating flat cofibrations IF and generating acyclic
cofibrations JF ∪KF . Sources and targets of all morphisms in these sets are small with respect to sequential
colimits of flat cofibrations. So the F-model structure is compactly generated.

Left properness of the F-global model structure follows from Corollary III.1.25 (i) and the fact that
F-cofibrations are h-cofibrations. Right properness follows from Corollary III.1.25 (ii) and the fact that the
morphisms of (ii) are in particular F-level fibrations.

It remains to show that the F-global model structure is topological. The cofibrations in the F .global
model structure coincide with the cofibrations in the F-level model structure, so the pushout product
of a cofibration of spaces with an F-cofibration is an F-cofibration by Proposition 1.9. Similarly, the
pushout product of an acyclic cofibration of spaces with an F-cofibration is an F-level equivalence by
Proposition 1.9, hence an F-equivalence. Finally, we have to show that pushout products of cofibrations of
spaces with F-cofibrations that are also F-equivalences are again F-equivalences. It suffices to consider a
generating cofibration ik : ∂Dk −→ Dk of spaces and a generating acyclic cofibration in the set JF ∪KF .
The morphisms in J str are F-level equivalences, hence taken care of by Proposition 1.9 again. The pushout
product of ik and a morphism im�c(j) in Z(λG,V,W ) is isomorphic to ik+m�c(j), hence again an F-
cofibration and F-equivalence. �

The same proof as in the unstable situation in Corollary I.7.9 applies to prove the following character-
ization of F-equivalences.

Corollary 1.21. Let f : A −→ B be a morphism of orthogonal spectra and F a global family. Then
the following conditions are equivalent.

(i) The morphism f is an F-equivalence.
(ii) The morphism can be written as f = w2◦w1 for an F-level equivalence w2 and a global equivalence w1.
(iii) For some (hence any) F-cofibrant approximation f c : Ac −→ Bc in the F-level model structure and

every F-Ω-spectrum Y the induced map

[f c, Y ] : [Bc, Y ] −→ [Ac, Y ]
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on homotopy classes of morphisms is a bijection.

Remark 1.22 (Mixed global model structures). Cole’s ‘mixing theorem’ for model structures [39,
Thm. 2.1] allows to construct many more F-model structures on the category of orthogonal spectra. We
consider two global families such that F ⊆ E . Then every E-equivalence is an F-equivalence and every
fibration in the E-global model structure is a fibration in the F-global model structure. By Cole’s theo-
rem [39, Thm. 2.1] the F-equivalences and the fibrations of the E-global model structure are part of a model
structure, the E-mixed F-global model structure on the category of orthogonal spectra. By [39, Prop. 3.2]
the cofibrations in the E-mixed F-global model structure are precisely the retracts of all composite h ◦ g
in which g is an F-cofibration and h is simultaneously an E-equivalence and an E-cofibration. In particu-
lar, an orthogonal spectrum is cofibrant in the E-mixed F-global model structure if it is E-cofibrant and
E-equivalent to an F-cofibrant orthogonal spectrum [39, Cor. 3.7]. The E-mixed F-global model structure
is again proper (Propositions 4.1 and 4.2 of [39]).

When F = 〈e〉 is the minimal family of trivial groups, this provides infinitely many E-mixed model
structure on the category of orthogonal spectra that are all Quillen equivalent. In the extreme case, the
All-mixed 〈e〉-model structure is the S-model structure of Stolz [141, Prop. 1.3.10].

Remark 1.23 (Fin-global homotopy theory via symmetric spectra). We denote by Fin the global
family of finite groups. The Fin-global homotopy category GHFin has another very natural model, namely
the category of symmetric spectra in the sense of Hovey, Shipley and Smith [75]. In [66, 67] M. Hausmann
has established a global model structure on the category of symmetric spectra, and he showed that the
forgetful functor is a right Quillen equivalence from the category of orthogonal spectra with the flat Fin-
global model structure to the category of symmetric spectra with the global model structure. Symmetric
spectra cannot model global homotopy types for all compact Lie groups, basically because compact Lie
groups of positive dimensions do not have any faithful permutation representations.

One of the points of model category structures is that they facilitate the analysis of and constructions
in the homotopy category (which only depends on the class of weak equivalences). An example of this is
the existence and construction of product and coproducts in a homotopy category. We take the time to
make this explicit for the F-global stable homotopy category.

Proposition 1.24. Let F be a global family.

(i) For every family of orthogonal spectra, the coproduct (i.e., wedge) of orthogonal spectra is also a
coproduct of {Xi}i∈I in the homotopy category GHF .

(ii) Let {Xi}i∈I be a family of orthogonal spectra such that the canonical map

πGk
(∏
i∈I

Xi

)
−→

∏
i∈I

πGk (Xi)

is an isomorphism for every compact Lie group G in F and every integer k. Then the product
∏
i∈I Xi

of orthogonal spectra is also a product of {Xi}i∈I in the homotopy category GHF .

In particular, the F-global stable homotopy category GHF has all set indexed coproducts and products.

Proof. (i) Since the F-equivalences are part of the F-global model structure, general model category
theory guarantees that coproducts in GHF can be constructed by taking the pointset level coproduct of
F-cofibrant approximations, see for example [74, Ex. 1.3.11]. Since equivariant homotopy groups take
wedges of orthogonal spectra to direct sums (Corollary III.1.26 (i)), any wedge of F-equivalences is again
an F-equivalence. So the pointset level wedge maps by an F-equivalence to the wedge of the F-cofibrant
approximations, and these two are isomorphic in GHF .

(ii) This part is essentially dual to (i), with the caveat that infinite products of F-equivalences need
not be F-equivalence again. To construct a product in GHF of the given family, the abstract recipe is to
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choose F-equivalences fi : Xi −→ XFi to F-Ω-spectra, and then form the pointset level product of the
replacements. For all groups G in F we consider the commutative square

πGk
(∏

i∈I Xi

)
//

(
∏
fi)∗

��

∏
i∈I π

G
k (Xi)

∏
(fi)∗

��
πGk
(∏

i∈I X
F
i

)
// ∏

i∈I π
G
k (XFi )

the upper map is an isomorphism by hypothesis, and the right map is an isomorphism since each fi is
an F-equivalence. The lower maps is also an isomorphism: since all XFi are F-Ω-spectra, the colimit
system

πGk
(∏
i∈I

XFi
)

= colimV ∈s(UG)

[
Sk+V ,

∏
i∈I

XFi (V )

]G

= colimV ∈s(UG)

(∏
i∈I

[Sk+V , XFi (V )]G

)
consists of isomorphisms starting at all faithful G-representations V . Since faithful representations are
cofinal in the poset s(UG), in this particular situation the colimit commutes with the product. Altogether
we can conclude that in our situation the morphism∏

fi :
∏
i∈I

Xi −→
∏
i∈I

XFi

is an F-equivalence. Since the right hand side is a product in GHF of the family {Xi}i∈I , so is the left
hand side. �

For easier reference we spell out the special case F = All for the maximal family of all compact Lie
groups, resulting in the global model structure on the category of orthogonal spectra.

Theorem 1.25 (Global model structure). The global equivalences, global fibrations and flat cofibrations
form a model structure, the global model structure on the category of orthogonal spectra. The fibrant objects
in the global model structure are the global Ω-spectra. The global model structure is proper, topological and
compactly generated.

In the case F = 〈e〉 of the minimal global family of trivial groups, the 〈e〉-equivalences are the (non-
equivariant) stable equivalences of orthogonal spectra, and the 〈e〉-global model structure coincides with
the stable model structure established by Mandell, May, Shipley and the author in [96, Thm. 9.2].

In the special case F = All, Corollary 1.21 provides another characterization of global equivalences:
a morphism f : A −→ B of orthogonal spectra is a global equivalence if and only if for some (hence any)
flat approximation f [ : A[ −→ B[ in the strong level model structure and every global Ω-spectrum X the
induced map

[f [, X] : [B[, X] −→ [A[, X]

on homotopy classes of morphisms is bijective.

2. Monoidal properties

In this section we look at the interaction of the smash product of orthogonal spectra with the level and
global model structures. Given two morphisms f : A −→ B and g : X −→ Y of orthogonal spectra we
denote by f�g the pushout product morphism defined as

f�g = (f ∧ Y ) ∪ (A ∧ g) : A ∧ Y ∪A∧X B ∧X −→ B ∧ Y .
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We introduce some pieces of notation that is convenient for the discussion of the monoidal properties:
when I and I ′ are two sets of morphisms of orthogonal spectra, then we define

I @ I ′

to mean that every morphism in I is isomorphic to a morphism in I ′. Moreover, we write I�I ′ for the set
of pushout product morphisms f�g for all f ∈ I and all g ∈ I ′. If E and F are global families, then as
before we denote by E ×F the smallest global family that contains all groups of the form G×K for G ∈ E
and K ∈ F .

The sets IF and JF of generating cofibrations respectively generating acyclic cofibrations for the F-level
model structure were defined in the proof of Proposition 1.9. They consists of the morphisms

(ik)+ ∧ FH,Rm respectively (jk)+ ∧ FH,Rm

for all k ≥ 0, all m ≥ 0 and all compact Lie groups H in F(m). The set KF of acyclic cofibrations for the
F-global model structure was defined in (1.18).

Proposition 2.1. Let E and F be two global families. Then the following relations hold for the sets of
generating cofibrations and acyclic cofibrations:

IE � IF @ IE×F

IE � JF @ JE×F

IE �KF @ KE×F

Proof. Two key observations concern the generating cofibrations ik : ∂Dk −→ Dk and the generating
acyclic cofibrations jk : Dk × {0} −→ Dk × [0, 1] for the model structure of spaces: the pushout product
ik�im of two sphere inclusions is homeomorphic to the map ik+m; similarly, the pushout product ik�jm is
homeomorphic to the map jk+m.

The first relation IE�IF @ IE×F is then a consequence of the compatibilities between smash products
and the isomorphism (5.3) from Chapter III for the smash product of two free orthogonal spectra:

((ik)+ ∧ FG,V )�((im)+ ∧ FK,W ) ∼= (ik�im)+ ∧ (FG,V ∧ FK,W ) ∼= (ik+m)+ ∧ FG×K,V⊕W
The second relation IE�JF @ JE×F is proved in the same way:

((ik)+ ∧ FG,V )�((jm)+ ∧ FK,W ) ∼= (ik�jm)+ ∧ (FG,V ∧ FK,W ) ∼= (jk+m)+ ∧ FG×K,V⊕W
For the third relation we recall that cK,U,W is the mapping cylinder inclusion of the global equivalence

λK,U,W : FK,U⊕WS
W −→ FK,U .

The claim IE�KF @ KE×F then follows from

((ik)+ ∧ FG,V )�((im)+�cK,U,W ) ∼= (ik�im)+�(FG,V ∧ cK,U,W ) ∼= (ik+m)+ ∧ cG×K,V⊕U,W . �

Certain pushout product properties are now formal consequences.

Proposition 2.2. Let E and F be two global families.

(i) The pushout product of an E-cofibration with an F-cofibration is an (E × F)-cofibration.
(ii) The pushout product of a flat cofibration with an F-cofibration that is also an F-equivalence is a flat

cofibration and global equivalence.
(iii) Let F be a multiplicative global family, i.e., if F ×F = F . Then the F-global model structure satisfies

the pushout product property with respect to the smash product of orthogonal spectra.

Proof. (i) It suffices to show the claim for a set of generating cofibrations, where it follows from the
relation IE�IF @ IE×F .
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(ii) Again it suffices to check that the pushout product of any generating flat cofibration with a gen-
erating acyclic cofibration for the F-global model structure. For generators, the claim follows from the
relation

IAll�(JF ∪KF ) = (IAll�JF ) ∪ (IAll�KF ) @ JAll×F ∪KAll×F = JAll ∪KAll .

(iii) The pushout product of two F-cofibrations is an F-cofibration by part (i) and the hypothesis
that F is multiplicative. Since F-cofibrations are in particular flat cofibrations, the pushout product of two
F-cofibrations one of which is also an F-equivalence is another F-equivalence by part (ii). �

In the special case where E = F = 〈e〉 = E ×F are the trivial global families, the 〈e〉-level equivalences
are the traditional (non-equivariant) level equivalences and the 〈e〉-equivalences are the (non-equivariant)
stable equivalences. The 〈e〉-cofibrations are called ‘q-cofibrations’ in [96]. Part (iii) of the previous propo-
sition then specializes to Proposition 12.6 of [96].

The sphere spectrum S is the unit object for the smash product of orthogonal spectra, and it is ‘free’,
i.e., 〈e〉-cofibrant. So S is cofibrant in the F-global model structure for every global family F . So if F
is multiplicative, then with respect to the smash product, the F-global model structure is a symmetric
monoidal model category in the sense of [74, Def. 4.2.6]. A corollary is that the homotopy category GHF ,
i.e., the localization of the category of orthogonal spectra at the class of F-equivalences, inherits a closed
symmetric monoidal structure, compare [74, Thm. 4.3.3]. The derived smash product

(2.3) ∧LF : GHF × GHF −→ GHF ,

i.e., the induced symmetric monoidal product on GHF , is any total left derived functor of the smash product.
Its value at a pair (X,Y ) of orthogonal spectra can be calculated as

X ∧LF Y = Xc ∧ Y c ,

where Xc −→ X and Y c −→ Y are cofibrant replacements in the F-global model structure, i.e., F-
equivalences with F-cofibrant sources. By the flatness theorem below it actually suffices to ‘resolve’ only
one of the factors, and it would be enough to require the source of the ‘resolution’ to be flat (as opposed to
being F-cofibrant).

Corollary 2.4. For every multiplicative global family F , the F-global homotopy category GHF is
closed symmetric monoidal under the derived smash product (2.3).

A key property of flat orthogonal spectra is established in the next theorem; in fact, this theorem is
our justification for our use of the adjective ‘flat’.

Theorem 2.5 (Flatness theorem). Let F be a global family.

(i) Smashing with a flat orthogonal spectrum preserves F-equivalences.
(ii) Smashing with any orthogonal spectrum preserves F-equivalences between flat orthogonal spectra.

One can deduce Theorem 2.5 from a flatness result of Stolz for orthogonal G-spectra. Indeed, every flat
orthogonal spectrum is S-cofibrant in the sense of [141, Def. 2.3.4]. So given an F-equivalence f : X −→ Y
between orthogonal spectra, and a group G ∈ F , we view A, X and Y as orthogonal G-spectra with trivial
G-action. Proposition 2.3.29 of [141] shows that A∧f : A∧X −→ A∧Y is a π∗-isomorphism of orthogonal
G-spectra. So in particular, πG∗ (A∧f) is an isomorphism. (We use here, among other things, that orthogonal
G-spectra are just orthogonal spectra with G-action and that the smash product of orthogonal G-spectra
is the smash product of the underlying orthogonal spectra with diagonal G-action.)

Since Stolz’ thesis is not published we provide an independent proof of the flatness theorem without
explicit reference to the S-model structure of orthogonal G-spectra. Not surprisingly, we will use several
arguments that are familiar from the proofs of the corresponding statements in the non-equivariant context
([96, Prop. 12.3], [141, Prop. 1.3.11]) and the G-equivariant context ([97, III Prop. 7.3], [141, Prop. 2.3.29]).
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Proof of Theorem 2.5. (i) We go through a sequence of six steps, proving successively more general
cases of the theorem.

Step 1: We let C be an orthogonal spectrum that is level F-weakly contractible, i.e., for every m ≥ 0
and all H ∈ F(m), the space (Cm)H is weakly contractible. We let G and K be compact Lie groups with
G ∈ F . We let V be a K-representation and A a cofibrant based (G × Kop)-space such that the right
K-action is free (away from the basepoint). We define a naive G-fixed point spectrum

(A .K,V C)G

as follows. The values of this orthogonal spectrum at an inner product space U is(
(A .K,V C)G

)
(U) = (A ∧K C(V ⊕ U))G ;

the G-action on A ∧K C(V ⊕ U) is through the action on A.
We claim that this naive G-fixed point spectrum (A.K,V C)G is (non-equivariantly) stably contractible:

π∗
(
(A .K,V C)G

)
= 0 .

Any cofibrant based (G ×Kop)-space is equivariantly homotopy equivalent to a (G ×Kop)-CW-complex,
so it is no loss of generality to assume a (G×Kop)-CW-structure on A with skeleta An. We show first by
induction on n that the naive G-fixed points of the orthogonal G-spectrum An.K,V C are (non-equivariantly)
stably contractible. Since A−1 consists of the basepoint only, there is nothing to show. Now we suppose
n ≥ 0 and assume the claim for An−1. The inclusion An−1 −→ An is an h-cofibration of (G×Kop)-spaces,
hence the induced morphism (An−1.K,V C)G −→ (An.K,V C)G is an h-cofibration of orthogonal spectra. By
the long exact homotopy group sequence (Corollary III.1.24) it suffices to show the claim for the quotient:

(An .K,V C)G/(An−1 .K,V C)G ∼= ((An/An−1) .K,V C)G

∼=
∨
j∈J

Sn ∧ ((G×Kop/Γj)
+ .K,V C)G

Here J is an indexing set of the n-cells of the equivariant CW-structure and Γj is a closed subgroup of
G×Kop. Since stable homotopy groups take wedges to sums and reindex upon suspension, we may show
that each summand ((G×Kop/Γj)

+ .K,V C)G is stably contractible. Since the right K-action on A is free,
the stabilizer group Γj is the graph of a homomorphism αj : Hj −→ Kop from some closed subgroup Hj of
G (namely the projection of Γj to G). So we can rewrite

((G×Kop/Γj)
+ .K,V C)G ∼= (G .Hj ,α∗jV C)G .

If Hj is a proper subgroup of G, then the naive fixed point spectrum (G .Hj ,α∗jV C)G is trivial. If Hj = G,

then the U -th level of this naive fixed point spectrum is

C(α∗j (V )⊕ U)G

which is weakly contractible because C is level F-contractible and G ∈ F . In either case the naive fixed point
spectrum (G.Hj ,α∗jV C)G is stably contractible. This finishes the inductive proof that the spectra (An .K,V

C)G are stably contractible. The spectrum (A .K,V C)G is the sequential colimit, along h-cofibrations, of
the spectra (An .K,V C)G; stable homotopy groups commute with such colimits, so (A .K,V C)G is stably
contractible as well.

Step 2: We let C be an orthogonal spectrum that is level F-weakly contractible. We let G and K be
compact Lie groups with G ∈ F . We let V be a K-representation and A a cofibrant based (G×Kop)-space
such that the right K-action is free (away from the basepoint). We show that for every finite based G-cell
complex Z and every based continuous G-map g : Z −→ A ∧K C(V ) there is an m ≥ 0 such that the
composite

Z ∧ Sm g∧Sm−−−−−→ A ∧K C(V ) ∧ Sm
A∧KσV,Rm−−−−−−−→ A ∧K C(V ⊕ Rm)
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is G-equivariantly null-homotopic. We prove the claim by induction over the number of G-cells of Z. There
is nothing to show when Z = ∗, so we suppose that the claim holds for a based G-space Y and Z is obtained
from Y by attaching an equivariant cell Dk ×G/H along an attaching G-map α : ∂Dk ×G/H −→ Y . The
induction hypothesis, applied to the restriction of g to Y , provides an m ≥ 0 such that the composite

Y ∧ Sm gY ∧Sm−−−−−→ A ∧K C(V ) ∧ Sm
A∧KσV,Rm−−−−−−−→ A ∧K C(V ⊕ Rm)

is G-equivariantly null-homotopic. The equivariant homotopy extension property of the pair (Z ∧ Sm, Y ∧
Sm) provides a based G-map g′ : Z∧Sm −→ A∧KC(V ⊕Rm) that is G-homotopic to (A∧KσV,Rm)◦(g∧Sm)
and sends Y ∧ Sm to the basepoint. So g′ factors through a based G-map

Z/Y ∧ Sm −→ A ∧K C(V ⊕ Rm) .

Since Z/Y is G-homeomorphic to (G/H)+ ∧ Sk, the last map can be translated into a G-map

(G/H)+ ∧ Sk+m −→ A ∧K C(V ⊕ Rm)

whose composite with H ∧ − : Sk+m −→ (G/H)+ ∧ Sk+m lands in the H-fixed points of the target and is
thus a based map

h : Sk+m −→ (A ∧K C(V ⊕ Rm))H = (A .K,V C)Hm .

This maps represents an element in πk((A.K,V C)H), the stable homotopy group of the naive H-fixed point
spectrum of A.K,V C. The underlying (H ×Kop)-space of A is cofibrant by Proposition A.2.23 (i), so this
stable homotopy group is zero by Step 1. Hence for some l ≥ 0 the composite

Sk+m+l h∧Sl−−−→ (A∧KC(V ⊕Rm))H∧Sl = (A∧KC(V ⊕Rm)∧Sl)H
(A∧KσV⊕Rm,Rl )

H

−−−−−−−−−−−−→ (A∧KC(V ⊕Rm+l))H

is (non-equivariantly) null-homotopic. Hence the G-map

(G/H)+ ∧ Sk+m+l −→ A ∧K C(V ⊕ Rm) ∧ Sl
A∧KσV⊕Rm,Rl−−−−−−−−−→ A ∧K C(V ⊕ Rm+l)

is G-equivariantly null-homotopic. The same is thus true after precomposition with the quotient map
Z ∧ Sm+l −→ Z/Y ∧ Sm+l ∼= (G/H)+ ∧ Sk+m+l, and so the composite

Z ∧ Sm+l g′∧Sl−−−−→ A ∧K C(V ⊕ Rm) ∧ Sl
A∧KσV⊕Rm,Rl−−−−−−−−−→ A ∧K C(V ⊕ Rm+l)

is G-equivariantly null-homotopic. Since g′ is equivariantly homotopic to (A ∧K σV,Rm) ◦ (g ∧ Sm), this
finishes the induction, and hence Step 2.

Step 3: We let C be an orthogonal spectrum that is level F-weakly contractible. We let K be a compact
Lie group, W a K-representation and B a cofibrant based K-space. We show that the orthogonal spectrum
(FK,WB)∧C is F-equivalent to a trivial spectrum. So we let G be a compact Lie group from the family F
and show that πGk ((FK,WB) ∧ C) = 0 for k ≥ 0; the argument for negative dimensions is similar. We
let V be a G-representation and f : SV+k −→ ((FK,WB)∧C)(V ) a based G-map representing an arbitrary
element of the group πGk ((FK,WB) ∧ C). Then the stabilization

W � f : SW+V+k −→ ((FK,WB) ∧ C)(W ⊕ V )

represents the same class in πGk ((FK,WB) ∧ C), where we let G act trivially on W . The target of W � f is
O(W ⊕ V )-equivariantly homeomorphic to

(O(W ⊕ V )+ ∧K B) ∧O(V ) C(V ) .

The space O(W ⊕ V )+ ∧K B has a left G-action by translation through the composite G −→ O(V ) −→
O(W ⊕ V ); the space also has a free right action of K × O(V ) by right translation on O(W ⊕ V ) . Since
O(W ⊕V ) is a smooth manifold and the G×(K×O(V ))op-action is smooth, Illman’s theorem [77, Cor. 7.2]
provides a finite G × (K × O(V ))op-CW-structure on O(W ⊕ V ); so O(W ⊕ V )+ ∧K B is cofibrant as a
based (G×O(V )op)-space, with free right O(V )-action.
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Since the representation sphere SW+V+k admits the structure of a finite G-CW-complex, Step 2 thus
provides an m ≥ 0 such that the composite

SW+V+k+m W�f∧Sm−−−−−−→ ((FK,WB) ∧ C)(W ⊕ V ) ∧ Sm = (O(W ⊕ V )+ ∧K B) ∧O(V ) C(V ) ∧ Sm

(O(W⊕V )+∧KB)∧O(V )σV,Rm−−−−−−−−−−−−−−−−−−−→ (O(W ⊕ V )+ ∧K B) ∧O(V ) C(V ⊕ Rm)

is G-equivariantly null-homotopic. The structure map

σW⊕V,Rm : ((FK,WB) ∧ C)(W ⊕ V ) ∧ Sm −→ ((FK,WB) ∧ C)(W ⊕ V ⊕ Rm)

of the spectrum (FK,WB) ∧ C factors as the composite

(O(W ⊕ V )+ ∧K B) ∧O(V ) C(V ) ∧ Sm
(O(W⊕V )+∧KB)∧O(V )σV,Rm−−−−−−−−−−−−−−−−−−−→ (O(W ⊕ V )+ ∧K B) ∧O(V ) C(V ⊕ Rm)

−−−→ (O(W ⊕ V ⊕ Rm)+ ∧K B) ∧O(V⊕Rm) C(V ⊕ Rm) .

So also the stabilization (in the G-spectrum ((FK,WB) ∧ C)〈G〉) of W � f with Rm is equivariantly null-
homotopic. Since W � f � Rm represents the same element as f in πGk ((FK,WB) ∧ C) and V and f were
arbitrary, this shows that πGk ((FK,WB) ∧ C) = 0 for all G ∈ F .

Step 4: We let C be an orthogonal spectrum that is that is level F-weakly contractible and A any flat
orthogonal spectrum. We show that then A ∧ C is globally contractible. We show first, by induction on
m, that (skmA) ∧ C is F-equivalent to a trivial spectrum, where skmA is the m-skeleton in the sense of
Definition A.3.18. The induction starts with m = −1, where sk−1A is the trivial spectrum, and there is
nothing to show. For m ≥ 0 the inclusion skm−1A −→ skmA is an h-cofibration, hence so is the induced
morphism (skm−1A)∧C −→ (skmA)∧C. By induction and the long exact sequence of equivariant homotopy
groups (Corollary III.1.24) it suffices to show that the quotient

(skmA ∧ C)/(skm−1A ∧ C) ∼= (skmA/ skm−1A) ∧ C
∼= Gm(Am/LmA) ∧ C ∼= (FO(m),Rm(Am/LmA)) ∧ C

has trivial G-equivariant homotopy groups for all G ∈ F . Since A is flat, Am/LmA is a cofibrant based
O(m)-space, and the G-equivariant homotopy groups of (FO(m),Rm(Am/LmA))∧C vanish by Step 3. This

finishes the inductive proof that the spectra πG∗ ((skmA) ∧ C) = 0. The spectrum A ∧ C is the sequential
colimit, along h-cofibrations, of the spectra (skmA) ∧ C; equivariant homotopy groups commute with such
colimits, so A ∧ C also has trivial G-equivariant homotopy groups for all G ∈ F .

Step 5: We let C be an orthogonal spectrum with πG∗ (C) = 0 for all G ∈ F , and A a flat orthogonal
spectrum. We show that then πG∗ (A∧C) = 0 for all G ∈ F . For this purpose we choose an acyclic cofibration
j : C −→ C ′ in the F-global model structure to an F-Ω-spectrum. The groups πG∗ (C ′) also vanish for all
G ∈ F , and since C ′ is an F-Ω-spectrum, it is F-level weakly contractible by Proposition 1.16 (iii). So
A ∧ C ′ has trivial G-equivariant homotopy groups for all G ∈ F , by Step 4. Since A is a flat orthogonal
spectrum, the pushout product property of Proposition 2.2 (iii) shows that A ∧ j : A ∧ C −→ A ∧ C ′ is a
global equivalence. So A ∧ C has vanishing G-equivariant homotopy groups for all G ∈ F .

Step 6: We let f : X −→ Y be an F-equivalence. Then the mapping cone C(f) is F-globally contractible
by the long exact homotopy group sequence (Proposition III.1.23). So the smash product A ∧ C(f) is F-
globally contractible by Step 5. Since A∧C(f) is isomorphic to the mapping cone of A∧f : A∧X −→ A∧Y ,
the morphism A ∧ f is an F-equivalence, again by the long exact homotopy groups sequence.

(ii) We start with a special where C is a flat orthogonal spectrum whose G-equivariant homotopy
groups vanish for all G ∈ F ; we show that then for every orthogonal spectrum A the smash product A∧C
has vanishing G-equivariant homotopy groups for all G ∈ F . To see this we choose a global equivalence
ϕ : A[ −→ A with flat source and an F-equivalence ψ : C̄ −→ C with F-cofibrant source. Then the unique
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morphism ∗ −→ C̄ is an F-cofibration and F-equivalence, so A[ ∧ C̄ is F-equivalent to a trivial orthogonal
spectrum by Proposition 2.2 (ii). Since F-cofibrant spectra are in particular flat, the morphism

A[ ∧ ψ : A[ ∧ C̄ −→ A[ ∧ C
is an F-equivalence by part (i). Moreover, the morphism ϕ ∧ C : A[ ∧ C −→ A ∧ C is even a global
equivalence by part (i). Altogether this shows that A ∧ C is F-equivalent to a trivial spectrum.

Now we treat the general case. We let f : X −→ Y be an F-equivalence between flat orthogonal
spectra. The mapping cone Cf is then flat and F-equivalent to a trivial spectrum. So for every orthogonal
spectrum A the smash product A ∧ Cf is F-equivalent to a trivial spectrum, by the previous paragraph.
Since A ∧ Cf is isomorphic to the mapping cone of A ∧ f : A ∧ X −→ A ∧ Y , the long exact homotopy
groups sequences show that A ∧ f is an F-equivalence. �

Finally, we will prove another important relationship between the global model structures and the
smash product, namely the monoid axiom [122, Def. 3.3].

Proposition 2.6 (Monoid axiom). We let F be a global family. For every flat cofibration j : A −→ B
that is also an F-equivalence and every orthogonal spectrum Y the morphism

j ∧ Y : A ∧ Y −→ B ∧ Y
is an h-cofibration and an F-equivalence. Moreover, the class of h-cofibrations that are also F-equivalences
is closed under cobase change, coproducts and sequential and transfinite compositions.

Proof. Given the flatness theorem, this is a standard argument, similar to the proofs of the monoid
axiom in the non-equivariant context ([96, Prop. 12.5], [141, Prop. 1.3.10]) and the G-equivariant context
([97, III Prop. 7.4], [141, Prop. 2.3.27]).

Every flat cofibration is an h-cofibration (Corollary I.1.11 (iii)), and h-cofibrations are closed under
smashing with any orthogonal spectrum, so j ∧ Y is an h-cofibration. Since j is a h-cofibration and F-
equivalence, its cokernel B/A is F-stably contractible by the long exact homotopy group sequence (Corol-
lary III.1.24). But B/A is also flat as a cokernel of a flat cofibration, so the spectrum (B/A)∧Y is F-stably
contractible by Theorem 2.5 (ii). Since j ∧ Y is an h-cofibration with cokernel isomorphic to (B/A) ∧ Y ,
the long exact homotopy group sequence then shows that j ∧ Y is an F-equivalence.

The proof that the class of h-cofibrations that are also F-equivalences is closed under cobase change,
coproducts and sequential and transfinite compositions is the same as for the special case F = All (i.e., for
global equivalences) in Corollary III.1.27. �

Every F-cofibration is in particular a flat cofibration. So the monoid axiom implies the monoid axiom
in the F-global model structure. If the global family F is closed under products, Theorem [122, Thm. 4.1]
applies to the F-global model structure and shows:

Corollary 2.7. Let R be an orthogonal ring spectrum and F a multiplicative global family.

(i) The category of R-modules admits the F-global model structure in which a morphism is an equiv-
alence (respectively fibration) if the underlying morphism of orthogonal spectra is an F-equivalence
(respectively fibration in the F-global model structure). If R is commutative, then this is a monoidal
model category that satisfies the monoid axiom.

(ii) If R is commutative, then the category of R-algebras admits the F-global model structure in which a
morphism is an equivalence (respectively fibration) if the underlying morphism of orthogonal spectra
is an F-equivalence (respectively fibration in the F-global model structure). Every cofibrant R-algebra
is also cofibrant as an R-module.

Strictly speaking, Theorem 4.1 of [122] does not apply verbatim to the F-flat and F-global model
structures because the hypothesis that every object is small (with respect to some regular cardinal) is
not satisfied. However, in our situation the sources of the generating cofibrations and generating acyclic
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cofibrations are small with respect to sequential compositions of h-cofibrations, and this suffices to run the
small object argument (compare also Remark 2.4 of [122, Thm. 4.1]).

3. Triangulated global homotopy categories

The global homotopy category GH is the homotopy category of a stable model structure, so it is
naturally a triangulated category, for example by [74, Sec. 7.1] or [124, Thm. A.12]. The shift functor
is modeled by the pointset level suspension of orthogonal spectra, and the distinguished triangles can be
defined from mapping cone sequences, or, equivalently, from homotopy fiber sequences. In this section
we notice that the suspension spectra of the global classifying spaces BglG are compact generators for
the global stable homotopy category. This has various formal, but rather useful, consequences, such as
Brown representability, a t-structures, Postnikov sections and the existence of Eilenberg-Mac Lane spectra
for global functors. We also show that the functor π0 takes the derived smash product of globally connective
spectra to the box product of global functors. The same applies, with the obvious modifications, to the
F-global stable homotopy category for any global family F .

Definition 3.1. Let T be a triangulated category which has infinite sums. An object C of T is compact
(sometimes called finite or small ) if for every family {Xi}i∈I of objects the canonical map⊕

i∈I
[C, Xi] −→ [C,

⊕
i∈I

Xi]

is an isomorphism. A set G of objects of T is called a set of weak generators if the following condition
holds: if X is an object such that the groups [ΣkG,X] are trivial for all k ∈ Z and all G ∈ G, then X is a
zero object. The triangulated category T is compactly generated if it has sums and a set of compact weak
generators.

Being compactly generated has strong formal consequences for a triangulated category, see Theorem 3.3
below.

If G is from a global family F , then the functor πG0 : Sp −→ Ab takes F-equivalences to isomorphisms.
So the universal property of a localization provides a unique factorization

πG0 : GHF −→ Ab

through the F-global stable homotopy category. We will abuse notation and use the same symbol for the
equivariant homotopy group functor on the category of orthogonal spectra and for its ‘derived’ functor
defined on GHF . This abuse of notation is mostly harmless, but there is one point where it can create
confusion, namely in the context of infinite products; we refer the reader to Remark 3.5 for this issue.

We recall from Definition I.2.11 that the global classifying space BglG of a compact Lie group G is
the free orthogonal space LG,V = L(V,−)/G for some faithful G-representation V . The choice of faithful
representation is omitted from the notation because the global homotopy type of BglG does not depend on
it. The suspension spectrum of BglG comes with a stable tautological class

eG = eG,V ∈ πG0 (Σ∞+ BglG) ,

defined in (3.10) of Chapter III.
In the proof of the next proposition we will start using the shorthand notation

JX,Y KF = GHF (X,Y )

for the abelian group of morphisms from X to Y in the triangulated F-global stable homotopy category.

Theorem 3.2. Let F be a global family and G a compact Lie group in F .

(i) The pair (Σ∞+ BglG, eG) represents the functor πG0 : GHF −→ (sets).
(ii) The orthogonal spectrum Σ∞+ BglG is a compact object of the F-global stable homotopy category GHF .
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(iii) As G varies through a set of representatives of isomorphism classes of groups in F , the spectra Σ∞+ BglG
form a set of weak generators for the F-global stable homotopy category GHF .

In particular, the F-global stable homotopy category GHF is compactly generated.

Proof. (i) We need to show that for every orthogonal spectrum X the map

JΣ∞+ BglG,XKF −→ πG0 (X) , f 7−→ f∗(eG)

is bijective. Since both sides take F-equivalences in X to bijections, we can assume that X is an F-injective
Ω-spectrum, and hence fibrant in the flat F-global model structure. The orthogonal spectrum Σ∞+ BglG is
flat, and hence cofibrant in the flat F-global model structure. So the localization functor induces a bijection

Sp(Σ∞+ BglG,X)/homotopy −→ JΣ∞+ BglG,XKF
from the set of homotopy classes of morphisms of orthogonal spectra to the set of morphisms in GHF .

We let V be the faithful G-representation that is implicit in the definition of the global classifying
space BglG. By the freeness property of BglG = LG,V , morphisms from Σ∞+ BglG to X biject with based

G-map SV −→ X(V ), and similarly for homotopies. The composite

[SV , X(V )]G
∼=−−→ JΣ∞+ BglG,XKF

f 7→f∗(eG)−−−−−−→ πG0 (X)

is the stabilization map, and hence bijective by Proposition 1.16 (ii). Since the left map and the composite
are bijective, so is the evaluation map at the stable tautological class.

(ii) Since a wedge of F-equivalences is an F-equivalence (by Corollary III.1.26 (i)), the wedge of any
family {Xi}i∈I of orthogonal spectra is a coproduct in GHF . We have a commutative square⊕

i∈IJΣ
∞
+ BglG, XiKF //

��

JΣ∞+ BglG,
⊕

i∈I XiKF

��⊕
i∈Iπ

G
0 (Xi) // πG0

(∨
i∈I Xi

)
in which the vertical maps are evaluation at the stable tautological class, which are isomorphisms by part (i).
The lower horizontal map is an isomorphism by Corollary III.1.26 (i), hence so is the upper horizontal map.
This shows that Σ∞+ BglG is compact as an object of the triangulated category GHF .

(iii) If X is an orthogonal spectrum such that graded abelian group JΣ∞+ BglG, XK∗ is trivial for every
group G in F , then X is F-equivalent to the trivial orthogonal spectrum by part (i); so X is a zero object
in GHF . This proves that the spectra Σ∞+ BglG form a set of weak generators GHF as G varies over F . �

We let T be a triangulated category with sums. A localizing subcategory of T is a full subcategory X
which is closed under sums and under extensions in the following sense: if

A
f−−→ B

g−−→ C
h−−→ ΣA

is a distinguished triangle in T such that two of the objects A, B or C belong to X , then so does the third.
A set of compact objects is a set of weak generators in the sense of Definition 3.1 if and only if the smallest
localizing subcategory containing the set is all of T , see for example [123, Lemma 2.2.1].

A contravariant functor E from T to the category of abelian groups is called cohomological if for every
distinguished triangle (f, g, h) in T the sequence of abelian groups

E(ΣA)
E(h)−−−→ E(C)

E(g)−−−→ E(B)
E(f)−−−→ E(A)

is exact.

Theorem 3.3 (Brown representability). Let T be a compactly generated triangulated category.

(i) Every cohomological functor T op −→ Ab that takes sums in T to products of abelian groups is repre-
sentable, i.e., isomorphic to the functor T (−, X) for some object X of T .
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(ii) The category T has products.
(iii) Every homological functor T −→ Ab that takes product in T to products of abelian groups is repre-

sentable, i.e., isomorphic to the functor T (Y,−) for some object Y of T .
(iv) An exact functor F : T −→ S to another triangulated category has a right adjoint if and only if it

takes sums in T to sums in S.
(v) An exact functor F : T −→ S to another triangulated category has a left adjoint if and only if it takes

products in T to products in S.

A proof of part (i) of this form of Brown representability can be found in [105, Thm. 3.1] or [82,
Thm. A]. Part (ii) is a direct application of part (i): given a set {Xi}i∈I of objects of T , then the functor

T op −→ Ab , A 7−→
∏
i∈I
T (A,Xi)

is cohomological and takes sums to product; every representing object for this functor is then a product
of the family {Xi}i∈I . A proof of part (iii) of this form of Brown representability can be found in [106,
Thm. 8.6.1] or [82, Thm. B]. Part (iv) is a formal consequences of part (i): if F preserves sums, then for
every object X of T the functor

S(F (−), X) : T op −→ Ab

is cohomological and takes sums to products. Hence the functor is representable by an object RX in T and
an isomorphism

T (A,RX) ∼= S(FA,X) ,

natural in A. Once this representing data is chosen, the assignment X 7→ RX extends canonically to a
functor R : S −→ T that is right adjoint to U . In much the same way, part (v) is a formal consequences of
part (iii).

Hence Theorem 3.2 entitles us to the following corollary.

Corollary 3.4. Let F be a global family.

(i) Every localizing subcategory of the F-global stable homotopy category which contains the spectrum
Σ∞+ BglG for every group G of F is all of GHF .

(ii) Every cohomological functor on GHF that takes sums to products is representable.
(iii) Every homological functor on GHF that takes products to products is representable.
(iv) An exact functor F : GHF −→ S has a right adjoint if and only if it preserves sums.
(v) An exact functor F : GHF −→ S has a left adjoint if and only if it preserves products.

Remark 3.5 (Equivariant homotopy groups of infinite products). In Corollary III.1.26 (ii) we showed
that for every compact Lie group G the functor πG0 : Sp −→ Ab preserves finite products. However, it is
not true that πG0 , as a functor on the category of orthogonal spectra, preserves infinite products in general.

On the other hand, the ‘derived’ functor πG0 : GH −→ Ab is representable, by the spectrum Σ∞+ BglG,
so it preserves infinite products. This is no contradiction because an infinite product of orthogonal spectra
is not in general a product in the global homotopy category. To calculate a product in GH of a family
{Xi}i∈I of orthogonal spectra, one has to choose stable equivalences fi : Xi −→ X f

i to global Ω-spectra.
For an infinite indexing set, the morphism∏

i∈I
fi :

∏
i∈I

Xi −→
∏
i∈I

X f
i

may fail to be a global equivalence, and then the target, but not the source, of this map is a product in GH
of the family {Xi}i∈I . So when considering infinite products it is important to be aware of our abuse of
notation and to remember that the symbol πG0 has two different meanings.
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The preferred set of generators {Σ∞+ BglG} of the global stable homotopy category has another special
property, it is ‘positive’ in the following sense: for all compact Lie groups G and K and all n < 0 the group

JΣnΣ∞+ BglG, Σ∞+ BglKK ∼= πGn (Σ∞+ BglK)

is trivial, because the underlying orthogonal G-spectrum of Σ∞+ BglK is the suspension spectrum of a G-
space. A set of positive compact generators in this sense has strong implications, as we shall now explain.
Even though our main interest is in the global stable homotopy category, we will work in general triangulated
categories for some time, because we feel that this makes the arguments more transparent.

A ‘t-structure’ as introduced by Beilinson, Bernstein and Deligne in [16, Def. 1.3.1] axiomatizes the
situation in the derived category of an abelian category given by cochain complexes whose cohomology
vanishes in positive respectively negative dimensions.

Definition 3.6. A t-structure on a triangulated category T is a pair (T ≤0, T ≥0) of full subcategories
satisfying the following three conditions, where T ≤n = T ≤0[−n] and T ≥n = T ≥0[−n]:

(a) For all X ∈ T ≤0 and all Y ∈ T ≥1 we have T (X,Y ) = 0.
(b) T ≤0 ⊂ T ≤1 and T ≥0 ⊃ T ≥1.
(c) For every object X of T there is a distinguished triangle

A −→ X −→ B −→ A[1]

such that A ∈ T ≤0 and B ∈ T ≥1.

A t-structure is non-degenerate if
⋂
n≤0 T ≤n = {0} and

⋂
n≥0 T ≥n = {0}.

The original definition of t-structures is motivated by derived categories of cochain complexes as the
main examples, and the subcategory T ≤0 behaves like complexes with trivial cohomology in positive degrees.
We are mainly interested is spectra where a homological (as opposed to co homological) grading is more
common. So we turn a t-structure into homological notation by setting

T≥n = T ≤−n and T≤n = T ≥−n .
In this homological notation T≥n = T≥0[n] and T≤n = T≤0[n], and the conditions for a pair (T≥0, T≤0) =
(T ≤0, T ≥0) to be a t-structure become:

(a’) For all X ∈ T≥0 and all Y ∈ T≤−1 we have T (X,Y ) = 0.
(b’) T≥0 ⊂ T≥−1 and T≤0 ⊃ T≤−1.
(c’) For every object X of T there is a distinguished triangle

A −→ X −→ B −→ A[1]

such that A ∈ T≥0 and B ∈ T≤−1.

Some of the basic results of Beilinson, Bernstein and Deligne about t-structures are (in our homological
notation):

• for every n ∈ Z, the inclusion T≥n −→ T has a right adjoint τ≥n : T −→ T≥n, and the inclusion
T≤n −→ T has a left adjoint τ≤n : T −→ T≤n [16, Prop. 1.3.3].

• given choices of adjoints as in the previous item, then for all a ≤ b there is a preferred natural
isomorphism of functors between τ≥a ◦ τ≤b and τ≤b ◦ τ≥a [16, Prop. 1.3.5].

• The heart

H = T≥0 ∩ T≤0 = T ≤0 ∩ T ≥0 ,

viewed as a full subcategory of T , is an abelian category and τ≤0 ◦ τ≥0 : T −→ H is a homological
functor [16, Thm. 1.3.6]. Two composable morphisms f : A −→ B and g : B −→ C form a short
exact sequence in H if and only if there is a morphism δ : C −→ A[1] (necessarily unique) such
that the triangle

A
f−−→ B

g−−→ C
δ−−→ A[1]
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is distinguished.

In general the heart of a t-structure need not have enough injectives, nor enough projectives, nor infinite
sums. The following proposition gives a sufficient condition for when the heart of the t-structure has all
these properties, and can even be identified with a module category. For a set of objects C, we denote
by End(C) the ‘endomorphism category’, i.e., the full pre-additive subcategory of T with object set C. By
an End(C)-module we mean an additive functor

M : End(C)op −→ Ab
from the opposite category of End(C). So when C = {C} consists of a single object, then the End(C)-modules
are just the right modules over the endomorphism ring End(C) = T (C,C). The tautological functor

(3.7) T −→ mod- End(C)
takes an object X to T (−, X)|End(C), the restriction of the contravariant Hom-functor to the full subcategory
End(C) ⊂ T .

We let T be a triangulated category with infinite sums and we let C be a set of compact objects of T .
We denote by 〈C〉+ the smallest class of objects of T that contains C, is closed under sums (possibly infinite)
and is closed under cones in the following sense: if

A −→ B −→ C −→ A[1]

is a distinguished triangle such that A and B belong to the class, then so does C. Any non-empty class of
objects that is closed under cones contains all zero objects (because a zero object is a cone of any identity
morphism) and is closed under suspension (because A[1] is a cone of the morphism from A to a zero object).

The following results are well known in the triangulated category community, but I was unable to find
a reference in the generality that we need. For a single compact object (as opposed to a set of compact
objects), part (i) of the following proposition can be found in Lemma 6.1 of [4]; part (ii) is essentially
Theorem A.1 of [4].

Proposition 3.8. Let T be a triangulated category with infinite sums and let C be a set of compact
weak generators of T such that the group T (C[n], C ′) is trivial for all C,C ′ ∈ C and all n < 0.

(i) The class 〈C〉+ coincides with the class of those objects X of T such that T (C[n], X) = 0 for all n < 0.
(ii) We denote by 〈C〉≤0 the class of objects X of T such that T (C[n], X) = 0 for all C ∈ C and all n > 0.

Then the pair (〈C〉+, 〈C〉≤0) is a non-degenerate t-structure on the category T .
(iii) The heart H = 〈C〉+∩〈C〉≤0 of the t-structure consists of those objects X of T such that T (C[n], X) = 0

for all C ∈ C and all n 6= 0.
(iv) Every sum in T of objects in the heart H = 〈C〉+ ∩ 〈C〉≤0 belongs to H. In particular, the heart has

infinite sums and the inclusion H −→ T preserves them.
(v) The set P = {τ≤0C | C ∈ C} belongs to the heart H and is a set of small projective generators of the

heart.
(vi) The restriction of the tautological functor (3.7) to the heart is an equivalence of categories

H
∼=−−→ mod- End(C) .

Proof. We start by proving one half of property (i). We let X denote the class of T -objects X such
that T (C[n], X) = 0 for all n < 0. Then C ⊂ X by the positivity hypothesis. Since the objects in C are
compact, the class X is closed under arbitrary sums. Finally, the class X is closed under cones: Given a
distinguished triangle

X −→ Y −→ Z −→ X[1]

with X,Y ∈ X , the exact sequence

T (C[n], Y ) −→ T (C[n], Z) −→ T (C[n− 1], X)

shows that Z again belongs to X . Altogether this shows that 〈C〉+ ⊆ X .
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Now we prove (ii), i.e., we verify the axioms of a t-structure. For axiom (a’) we consider the class A of
T -objects A such that T (A,X) = 0 for all X ∈ T≤0. Then C[1] ⊂ A by definition of 〈C〉≤0. Since T (−, X)
takes sums to products, the class A is closed under arbitrary sums. Moreover, the class A is closed under
cones: given a distinguished triangle

A −→ B −→ C −→ A[1]

with A,B ∈ A, then for every X ∈ 〈C〉≤0 the exact sequence

T (A[1], X) −→ T (C,X) −→ T (B,X)

and the fact that A[1] ⊂ A shows that C again belongs to A. Altogether this shows that 〈C〉+[1] ⊆ A,
i.e., property (a’) holds. Property (b’) is a direct consequence of the definitions. It remains to construct
the distinguished triangle required by axiom (c’). By induction on n we construct objects An in 〈C〉+ and
morphisms in : An −→ An+1 and un : An −→ X such that un+1in = un. We start with

A0 =
⊕

C∈C,k≥0,x∈T (C[k],X)

C[k] .

Then A0 belongs to 〈C〉+ and the canonical map u0 : A0 −→ X (i.e., the morphism x on the summand
indexed by x) induces a surjection T (C[k], u0) : T (C[k], A0) −→ T (C[k], X) for all C ∈ C and n ≥ 0.

In the inductive step we suppose that An and un : An −→ X have already been constructed. We define

Dn =
⊕

C∈C,k≥0,x∈ker(T (C[k],un))

C[k] ,

which comes with a tautological morphism τ : Dn −→ An, again given by x on the summand indexed by x.
We choose a distinguished triangle

Dn
τ−−→ An

in−−→ An+1 −→ Dn[1] .

Since Dn, An ∈ 〈C〉+, we also have An+1 ∈ 〈C〉+. Since unτ = 0 (by definition), we can choose a morphism
un+1 : An+1 −→ X such that un+1in = un. This completes the inductive construction.

Now we choose a homotopy colimit (A, {ϕn : An −→ A}n), of the sequence of morphisms in : An −→
An+1. Since all the objects An are in 〈C〉+, so is A. Since a homotopy colimit in T is a weak colimit, we
can choose a morphism u : A −→ X such that uϕn = un for all n ≥ 0. We choose a distinguished triangle

A
u−−→ X

v−−→ B −→ A[1] .

We claim that B ∈ 〈C〉≤−1, i.e., that T (C[k], B) = 0 for all k ≥ 0 and C ∈ C. The map

T (C[k], u0) = T (C[k], u) ◦ T (C[k], ϕ0) : T (C[k], A0) −→ T (C[k], X)

is surjective, hence T (C[k], u) : T (C[k], A) −→ T (C[k], X) is also surjective. To show that T (C[k], u) is
injective we let α : C[k] −→ A be an element such that uα = 0. Since C is compact, there is an n ≥ 0 and
a morphism α′ : C[k] −→ An such that α = ϕnα

′. Then unα
′ = uϕnα

′ = uα = 0. So α′ indexes one of the
summands of Dn. So α′ factors through the tautological morphism τ : Dn −→ An as α′ = τα′′, and hence

α = ϕnα
′ = ϕn+1inτα

′′ = 0

since the morphisms in and τ are adjacent in a distinguished triangle, and so have trivial composite. Hence
T (C[k], u) is also injective, hence bijective. The exact sequence

T (C[k], A)
u∗−−−→ T (C[k], X)

v∗−−−→ T (C[k], B)
w∗−−−→ T (C[k − 1], A)

u∗−−−→ T (C[k − 1], X)

then shows that T (C[k], B) = 0 for all k ≥ 1. Because A ∈ 〈C〉+ we also have T (C[−1], A) = 0 by the
already established part of (i). So for k = 0 the exact sequence above shows that also T (C,B) = 0, and
hence B ∈ 〈C〉≤−1. So (〈C〉+, 〈C〉≤0) is a t-structure on T .

Now we show that the t-structure is non-degenerate. If an object X of T belongs to 〈C〉+[m], then in
particular T (C[n], X) = 0 for all n ≤ m by the already established part of (i). So if X lies in the intersection
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m≥0〈C〉+[m], then X is a zero object because C is a set of weak generators. If X belongs to 〈C〉≤m for

all m ≤ 0, then also T (C[n], X) = 0 for all n ∈ Z by the definition of 〈C〉≤0. So again X is a zero object
because C is a set of weak generators. This shows that the t-structure is non-degenerate and finishes the
proof of (ii).

Now we prove the other half of part (i). We suppose that T (C[n], X) = 0 for all C ∈ C and all n < 0.
Part (ii) provides a distinguished triangle

A −→ X −→ B −→ A[1]

with A ∈ 〈C〉+ and B ∈ 〈C〉≤−1. For n ≥ 0 the group T (C[n], B) is trivial because B ∈ 〈C〉≤−1. For n < 0
the group T (C[n], X) is trivial by hypothesis and the group T (C[n− 1], A) is trivial because A ∈ 〈C〉+ and
the already established part of (i). The exact sequence

T (C[n], X) −→ T (C[n], B) −→ T (C[n− 1], A)

shows that the group T (C[n], B) is also trivial. So no shift of any object of C has a non-trivial morphism
to B, and thus B is a zero object because C is a set of weak generators. But then the morphism A −→ X
must be an isomorphism, so X ∈ 〈C〉+.

Part (iii) is the combination of part (i) and the definition of 〈C〉≤0.
(iv) We let {Xi}i∈I be a family of objects in H. Then for every C ∈ C and every integer n 6= 0 we have

T (C[n],
⊕

Xi) ∼=
⊕
T (C[n], Xi) = 0

because C is compact; so by (iii) the sum of the Xi also belongs to the heart. Since the heart is a full
subcategory of T , this sum is also a coproduct in the abelian category H.

(v) For every C ∈ C the object τ≤0C belongs to 〈C〉≤0 by definition. Since

τ≤0C = τ≤0(τ≥0C) = τ≥0(τ≤0C) ,

the object τ≤0C also belongs to 〈C〉+, hence to the heart H.
Now we let {Xi}i∈I be a family of objects in the heart. Then their sum in T is also a sum in the heart

by (iv). The vertical maps in the commutative square⊕
H(τ≤0C,Xi) //

∼=
��

H(τ≤0C,
⊕
Xi)

∼=
��⊕

T (C,Xi) // T (C,
⊕
Xi)

are isomorphisms by the universal property of the truncation morphism C −→ τ≤0C, and the lower hori-
zontal map is an isomorphism because C is compact. So the upper horizontal map is an isomorphism, and
that shows that the object τ≤0C is small in the abelian category H.

We let X ∈ H be any object of the heart. Then T (C[n], X) = 0 for all C ∈ C and all n 6= 0 by (iii). So
if in addition also H(τ≤0C,X) = 0, then

T (C,X) ∼= H(τ≤0C,X) = 0 ,

and hence X = 0 because C is a set of weak generators for the triangulated category T . Altogether this
shows that P is a set of generators for the abelian category H.

It remains to show that for all C ∈ C the object τ≤0C is projective in the abelian category H. For this
we consider any epimorphism f : X −→ Y in the heart H, so that there is a distinguished triangle in T

F −→ X
f−−→ Y −→ F [1] .
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such that the object F again belongs to H. In the commutative diagram

H(τ≤0C,X)
H(τ≤0C,f) //

∼=
��

H(τ≤0C, Y )

∼=
��

T (C,X)
T (C,f)

// T (C, Y ) // T (C[−1], F ) = 0

the lower row is then exact, where the vertical maps are induced by the adjunction unit C −→ τ≤0C.
Moreover, the group T (C[−1], F ) is trivial by (iii) because F ∈ H. So the morphism T (C, f) is surjective,
hence so if H(τ≤0C, f), and this shows that the object τ≤0C is projective.

(vi) We let A be any abelian category with infinite sums and a set P of small projective generators. It
is well-known that then the functor

A(P,−) : A −→ mod- End(P)

is an equivalence of categories; a proof in the case of a single generator can for example be found in [11,
II Thm. 1.3] or [121, Thm. 2.5]. This general fact applies to the heart H of the t-structure by (v). The
claim follows because the pre-additive category End(P) generated by the set P in the heart H is iso-
morphic to the pre-additive category generated by the original set C in the triangulated category T . A
preferred isomorphism from End(C) to End(P) is given on objects by C 7→ τ≤0C, and on morphisms by the
isomorphisms

T (C,C ′)
T (C,ηC′ )−−−−−−→ T (C, τ≤0C

′)
T (ηC ,τ≤0C

′)
←−−−−−−−− H(τ≤0C, τ≤0C

′)

induced by the adjunction units ηC : C −→ τ≤0C and ηC′ : C ′ −→ τ≤0C
′. �

We specialize Proposition 3.8 to the F-global stable homotopy category for a global family F . By
Theorem 3.2 (iii) the set

CF = {Σ∞+ BglG}[G]∈F

is a set of compact weak generators for the triangulated category GHF , where [G] indicates that we choose
representatives from the isomorphism classes of compact Lie groups in F . This generating set is ‘positive’
in the sense of Proposition 3.8.

Definition 3.9. Let F be a global family. An orthogonal spectrum X is F-connective if the homotopy
groups πGn (X) is trivial for every group G in F and every n < 0. An orthogonal spectrum X is F-
coconnective if the homotopy groups πGn (X) is trivial for every group G in F and every n > 0.

Since the spectrum (Σ∞+ BglG)[n] represents the functor πGn (by Theorem 3.2 (i)), the class 〈CF 〉≤0 is
precisely the class of F-coconnective spectra. So Proposition 3.8 specializes to:

Corollary 3.10. Let F be a global family.

(i) The class 〈Σ∞+ BglG : [G] ∈ F〉+ coincides with the class of F-connective spectra.
(ii) The classes of F-connective spectra and F-coconnective spectra form a non-degenerate t-structure

on GHF whose heart consists of those orthogonal spectra X such that πGn (X) = 0 for all G ∈ F and
all n 6= 0.

(iii) The functor

π0 : H −→ GFF
is an equivalence of categories from the heart of the t-structure to the category of F-global functors.

Proof. Parts (i) and (ii) are special cases of Proposition 3.8. For part (iii) it suffices to show that
the full pre-additive subcategory End(CF ) ⊂ GHF with object set {Σ∞+ BglG}[G]∈F is anti-equivalent to
the full subcategory of the Burnside category A with object class F , in such a way that the tautological
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functor corresponds to the functor π0. Then Proposition 3.8 (iv) provides the claim. The equivalence
End(CF )op −→ AF is given by the inclusion on objects, and on morphisms by the isomorphisms

JΣ∞+ BglG,Σ
∞
+ BglKKF ∼= πG0 (Σ∞+ BglK) ∼= A(K,G)

specified in Theorem 3.2 (i) respectively Proposition III.3.13. �

Remark 3.11 (Postnikov sections). For the standard t-structure on the global homotopy category (i.e.,
Corollary 3.10 for F = All) the truncation functor

τ≤n : GH −→ GH≤n ,

left adjoint to the inclusion, provides a ‘global Postnikov section’: For every orthogonal spectrum X the
spectrum τ≤nX satisfies πk(τ≤nX) = 0 for k > n and the adjunction unit X −→ X≤n induces an isomor-
phism on the global functor πk for every k ≤ n.

Remark 3.12 (Eilenberg-Mac Lane spectra). In the case F = All of the maximal global family, part (iii)
of Corollary 3.10 in particular provides an Eilenberg-Mac Lane spectrum for every global functor M , i.e., an
orthogonal spectrum HM such that πk(HM) = 0 for all k 6= 0 and such that the global functor π0(HM)
is isomorphic to M , and these properties characterize HM up to preferred isomorphism in GH. Moreover,
a choice of inverse to the equivalence π0 of Corollary 3.10 (iii), composed with the inclusion of the heart,
provides an Eilenberg-Mac Lane functor

H : GF −→ GH

to the global homotopy category.
A general fact about t-structures, proved in [16, Rem. 3.1.17 (i)], is that for all objects A,B in the

heartH not only do morphisms in the heart coincide with morphisms in the ambient triangulated category T
(simply because the heart is defined as a full subcategory), but also the Yoneda extension group Ext1

H(A,B)
is isomorphic to the group T (A,B[1]), naturally in both variables. In the case of the global homotopy
category, this specializes to the following property: for every short exact sequence of global functors

0 −→ A
i−−→ B

j−−→ C −→ 0

there is a unique morphism δ : HC −→ Σ(HA) in the global stable homotopy category such that the
diagram

HA
Hi−−−→ HB

Hj−−−→ HC
δ−−→ Σ(HA)

is a distinguished triangle. Moreover, the assignment

Ext1
GF (C,A) −−→ JHC,Σ(HA)K , [i, j] 7−→ δ

is a natural group isomorphism. One should beware, though, that for n ≥ 2 there is no such simple
relationship between the group ExtnGF (C,A) and the morphism group JHC,Σn(HA)K.

Example 3.13 (Non-standard t-structures). In addition to the ‘standard’ t-structure specified in Corol-
lary 3.10 we can use Proposition 3.8 to exhibit non-degenerate t-structures on GHF with different (i.e.,
inequivalent) hearts. We illustrate this in the simplest non-trivial case for the global family F = 〈C2〉
generated by a cyclic group of order 2. The ‘standard’ set of compact generators for GH〈C2〉 is then
C2 = {S, Σ∞+ BglC2}. Corollary 3.10 identifies the heart of the standard t-structure with the category of 〈C2〉-
global functors or, equivalently, with the category of End(C2)-modules. The information contained in an
End(C2)-module M consists of two abelian groups M(C2) and M(e) and morphisms p∗, tr : M(e) −→M(C2)
and res : M(C2) −→M(e) that satisfy the relations

res ◦p∗ = IdM(e) and res ◦ tr = 2 · IdM(e) ,

compare Remark III.3.26.



3. TRIANGULATED GLOBAL HOMOTOPY CATEGORIES 271

There is some redundancy in this ‘standard’ presentation of the heart of the standard t-structure,
because

(3.14) M(C2) = p∗(M(e)) ⊕ ker(res)

naturally splits off a copy of M(e). We get a more economical presentation from a modified set of generators.
We denote by Σ∞B̄glC2 is the reduced suspension spectrum of the global classifying space, i.e., of the
mapping cone of the morphism

Le,V −→ LG,V ,

where V is any faithful G-representation. Since the previous morphism has a retraction in GH, we obtain
a splitting

Σ∞+ BglC2
∼= S⊕ Σ∞B̄glC2

in the triangulated category GH, reflecting the splitting (3.14). The set C′2 = {S, Σ∞B̄glC2} is thus
another set of compact generators for GH〈C2〉. However, 〈C2〉+ = 〈C′2〉+ and so the t-structure generated
by C′2 is again the standard t-structure, and the heart has not changed. However, the endomorphism
category End(C′2) is not equivalent to End(C2): the group JS,Σ∞B̄glC2K is trivial, and the groups JS,SK,
and JΣ∞B̄glC2,SK and JΣ∞B̄glC2,Σ

∞B̄glC2K are free abelian of rank 1. So an End(C′2)-module N consists
of two abelian groups N(C2) and N(e) and a morphism tr : N(e) −→ N(C2), not subject to any relations.
Even though End(C′2) is not equivalent to End(C2), the category of End(C′2)-modules is equivalent to the
category of End(C2)-modules, as it must be, since both are equivalent to GF 〈C2〉.

A small modification of C′2, however, returns a different non-degenerate t-structure on GH〈C2〉 with a

heart that is not equivalent to the standard heart. We set C′′2 = {ΣS, Σ∞B̄glC2}, i.e., the sphere spectrum
is suspended once, which is another set of compact generators for GH〈C2〉. The positivity condition is still
satisfied because

J(ΣS)[−1],Σ∞B̄glC2 K ∼= JS,Σ∞B̄glC2 K ∼= πe0(Σ∞B̄glC2) = 0 .

So Proposition 3.8 applies and shows that (〈C′′2 〉+, 〈C′′2 〉≤0) is a non-degenerate t-structure on GH〈C2〉 whose

heart H′ consists of all orthogonal spectra X such that πek(X) = 0 for k 6= 1, and πC2

k (X) = 0 for k 6= 0.
The group JΣ∞B̄glC2,ΣSK is trivial and the group

JΣS,Σ∞B̄glC2K ∼= πe1(Σ∞B̄glC2)

is cyclic of order 2. So an End(C′′2 )-module P consists of two abelian groups P (C2) and P (e) and a morphism
g : N(C2) −→ N(e) such that 2g = 0. This module category, and hence the heart of this non-standard
t-structure, is not equivalent to the standard heart. The following diagram displays the three module
categories schematically:

mod- End(C2) mod- End(C′2) mod- End(C′′2 )

M(C2)

res

��

N(C2) P (C2)

g

��
M(e)

p∗

<<

tr

bb

N(e)

tr

YY

N(e)

res ◦p∗ = Id , res ◦ tr = 2 · Id 2g = 0
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We recall from (2.3) that the symmetric monoidal derived smash product ∧L on the global stable
homotopy category is obtained as the total left derived functor of the smash product of orthogonal spectra.
The box product of global functors was introduced in Construction III.4.22. A canonical morphism of global
functors

(π0X)� (π0Y ) −→ π0(X ∧ Y )

was defined in Example III.4.26; when applied to flat resolutions of X and Y this becomes the morphism of
the following proposition. We call an orthogonal spectrum globally connective if its G-equivariant homotopy
groups vanish in negative dimensions, for all compact Lie groups G; So globally connective is the same
as All-connective in the sense of Definition 3.9, for the global family of all compact Lie groups.

Proposition 3.15. For all globally connective spectra X and Y the orthogonal spectrum X ∧L Y is
globally connective and the natural morphism

(π0X)� (π0Y ) −→ π0(X ∧L Y )

is an isomorphism of global functors.

Proof. We fix a compact Lie groupK and let Y be the class of globally connective orthogonal spectra Y
such that Σ∞+ BglK ∧L Y is globally connective and the natural morphism

π0(Σ∞+ BglK)�π0Y −→ π0(Σ∞+ BglK ∧L Y )

is an isomorphism of global functors.
The class Y is closed under sums and we claim that it is also closed under cones. We let

A −→ B −→ C −→ ΣA

be a distinguished triangle in GH such that A and B belong to Y. Since A is globally connective the
global functor π−1(A) vanishes; since A belongs to Y the global functor π−1(Σ∞+ BglK∧LA) vanishes. Since
π0(Σ∞+ BglK)�− is right exact, the upper row in the commutative diagram

π0(Σ∞+ BglK)�(π0A) //

��

π0(Σ∞+ BglK)�(π0B) //

��

π0(Σ∞+ BglK)�(π0C) //

��

0

π0(Σ∞+ BglK ∧L A) // π0(Σ∞+ BglK ∧L B) // π0(Σ∞+ BglK ∧L C) // 0

is exact. The lower row is exact because smashing with Σ∞+ BglK preserves distinguished triangles. The
two left vertical maps are isomorphism because A and B belong to the class Y. So the right vertical map
is an isomorphism and C belongs to Y as well. Moreover, we have

π0(Σ∞+ BglK)�π0(Σ∞+ BglG) ∼= A(K,−)�A(G,−) ∼= A(K ×G,−) ∼= π0(Σ∞+ Bgl(K ×G))

by Proposition III.3.13 and Proposition A.3.13, and

(Σ∞+ BglK) ∧ (Σ∞+ BglG) ∼= Σ∞+ (BglK �BglG) ∼= Σ∞+ Bgl(K ×G)

by (4.15) of Chapter III, and (3.3) of Chapter I. This shows that the class Y is closed under sums and
cones and contains the suspension spectra Σ∞+ BglG for all compact Lie groups G. Corollary 3.10 (i) (for
the global family F = All) then shows that Y is the class of all globally connective orthogonal spectra.
This proves the proposition in the special case X = Σ∞+ BglK

Now we perform the same argument in the other variable. We fix a globally connective spectrum Y and
let X denote the class of globally connective orthogonal spectra X such that X ∧L Y is globally connective
and the natural morphism of the proposition is an isomorphism of global functors. The class X is again
closed under sums and cones, by the same arguments as above. Moreover, for every compact Lie group K the
suspension spectrum Σ∞+ BglK belongs to the class X by the previous paragraph. Again Corollary 3.10 (i)
shows that X is the class of all globally connective orthogonal spectra. �
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===========
The free orthogonal spectrum FG,V = O(V,−)/G generated by a G-representation V . was defined in

Section III.5. The class of the element

(IdV , 0) ·G ∈ O(V, V )/G = (shV ∧FG,V )(0)

defines an element [(IdV , 0) ·G] in the group

πG0 (shV FG,V ) = colimW∈s(UG)[S
W , (shV FG,V )(W )]G .

The morphism

λ : SV ∧ FG,V −→ shV FG,V

is a π∗-isomorphism of orthogonal G-spectra, so it induces an isomorphism

(FG,V )G0 (SV ) = πG0 (SV ∧ FG,V )
∼=−−→ πG0 (shV FG,V ) .

We let eG,V ∈ (FG,V )G0 (SV ) be the class that maps to [(IdV , 0) ·G] under this isomorphism.

Theorem 3.16. Let G be a compact Lie group and V a faithful (?) G-representation. Then the pair
(FG,V , eG,V ) represents the functor

GH −→ (sets) , X 7−→ XG
0 (SV ) .

The orthogonal spectrum FG,V is a compact object of the global stable homotopy category GH.

Proof. We need to show that for every orthogonal spectrum X the map

JFG,V , XK −→ XG
0 (SV ) , f 7−→ f∗(eG,V )

is bijective. Since both sides take global equivalences in X to bijections, we can assume that X is a global
Ω-spectrum. The orthogonal spectrum FG,V is flat, and hence cofibrant in the global model structure. So
the localization functor induces a bijection

Sp(FG,V , X)/homotopy −→ JFG,V , XK

from the set of homotopy classes of morphisms of orthogonal spectra to the set of morphisms in GH. By the
freeness property, morphisms from FG,V to X biject with based G-fixed points of X(V ), and homotopies
correspond to paths of G-fixed points. The composite

π0(X(V )G)
∼=−−→ JFG,V , XK

f 7→f∗(ẽG,V )−−−−−−−−→ πG0 (shV X)

is the stabilization map of the G-Ω-spectrum shV X, and hence bijective by Proposition 1.16 (ii) [???]. Since
the left map and the composite are bijective, so is the evaluation map at the class eG,V .

(ii) Since a wedge of global equivalences is a global equivalence (by Corollary III.1.26 (i)), the wedge of
any family {Xi}i∈I of orthogonal spectra is a coproduct in GH. We have a commutative square⊕

i∈IJFG,V , XiK //

��

JFG,V ,
⊕

i∈I XiK

��⊕
i∈Iπ

G
0 (SV ∧Xi) // πG0

(
SV ∧ (

∨
i∈I Xi)

)
in which the vertical maps are evaluation at the class eG,V , which are isomorphisms by part (i). The lower
horizontal map is an isomorphism by Corollary III.1.26 (i), hence so is the upper horizontal map. This
shows that FG,V is compact as an object of the triangulated category GHF . �
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Construction 3.17 (Representing the external transfer). We choose a G-equivariant embedding i :
G/H −→ V into a faithful G-representation. Recall that L = TH(G/H) is the tangent H-representation,
and we W = V − (Di)H(L) denote the orthogonal complement of the image in V of the tangent space.
Then W is an H-invariant subspace of V and the based continuous map

SW −→ O(L, V ) , w 7−→ ((Di)H , w)

is H-equivariant. We define a morphism of orthogonal spectra

TGH : Σ∞+ LG,V −→ FH,L .

as the adjoint of the based G-map

SV
c−−→ GnH SW −→ O(L, V )/H = FH,L(V ) ,

where the first map is the G-equivariant Thom-Pontryagin collapse maps, see (2.13) of Chapter III. The
next proposition shows that the morphism TGH represents the external transfer from H to G.

Proposition 3.18. For every orthogonal spectrum X and every closed subgroup H of a compact Lie
group G, the following diagram commutes:

JFH,L, XK
JTGH ,XK //

f 7→
��

JΣ∞+ LG,V , XK

f 7→
��

XH
0 (SL)

TrGH

// πG0 (X)

Proof. By naturality it suffices to check the universal example, namely the identity of X = FH,L.
Then claim then becomes the relation

(TGH )∗(eG) = TrGH(eH,L) in πG0 (FH,L).

But this could just be the very definition of the external transfers as in (2.14) of Chapter III. �

Example 3.19. We point out a special case, the transfer from O(m − 1) to O(m). We consider the
wide O(m)-equivariant embedding

i : O(m)/O(m− 1) −→ νm , A ·O(m− 1) 7−→ A · (0, . . . , 0, 1) .

This embedding identifies the tangent space L = TO(m−1)(O(m)/O(m− 1)) at the preferred coset with the

subspace νm−1 ⊕ 0 inside res
O(m)
O(m−1)(νm); the orthogonal complement is precisely the line spanned by the

vector (0, . . . , 0, 1), and the subgroup O(m− 1) acts trivially on this.
We consider the O(m)-equivariant composite

Sνm
c−−→ O(m) nO(m−1) S

1 −→ O(νm−1, νm)/O(m− 1) = FO(m−1),νm−1
(νm) ,

where the first map is the Thom-Pontryagin collapse map. This composite sends the origin and all vectors
of length at least 2 to the basepoint; if x ∈ νm satisfies 0 < |x| < 2, then x = A · (0, . . . , 0, t) for some
A ∈ O(m) and t ∈ (0, 2). This sends x to

Mapping cone sequence of based O(m)-spaces:

O(m)/O(m− 1)+ −→ S0 −→ Sνm
p−−→ S1 ∧O(m)/O(m− 1)+

Then p is O(m)-equivariantly homotopic to the composite

Sνm
c−−→ O(m) nO(m−1) S

1 −→ O(νm−1, νm)/O(m− 1) = FO(m−1),νm−1
(νm) .

So the morphism

Tm = T
O(m)
O(m−1) : Σ∞+ LO(m),νm −→ FO(m−1),νm−1

.
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is homotopic to the adjoint of the O(m)-equivariant map

Sνm
p−−→ S1 ∧O(m)/O(m− 1)+ −→ O(Rm−1,Rm)/O(m− 1) = FO(m−1),νm−1

(νm)

t ∧A ·O(m− 1)+ 7−→ (Ai,A · (0, . . . , 0, t)) .

Proposition 3.18 shows that the morphism Tm represents the external transfer from O(m− 1) to O(m).

4. Change of families

In this section we compare the global stable homotopy categories for two different global families F
and E , where we suppose that F ⊆ E . Then every E-equivalence is also an F-equivalence, so we get a
‘forgetful’ functor on the homotopy categories

U = UEF : GHE −→ GHF
form the universal property of localizations. The global model structures are stable, so the two global
homotopy categories GHE and GHF have a preferred triangulated structure (see for example [74, Sec. 7.1]
or [124, Thm. A.12]), and the forgetful functor is canonically an exact functor of triangulated categories.
We will show in this section that this forgetful functor has both a left and a right adjoint, both fully faithful,
and we will characterize the E-global homotopy types in the image of the adjoints. The categories GHE
and GHF have infinite sums and infinite products, and the forgetful functor preserves both (because it has
adjoints on either side).

At the end of this section we also compare relate the global homotopy category to the G-equivariant
stable homotopy category G-SH for a fixed compact Lie group G. There is another forgetful functor

U = UG : GH −→ G-SH
which is an exact functor of triangulated categories and has both a left adjoint and a right adjoint, compare
Theorem 4.32 below. Here, however, the adjoints are not fully faithful as soon as the group G is non-trivial.

The smash product of orthogonal spectra can be derived to symmetric monoidal products ∧LE on GHE
and ∧LF on GHF (see Corollary 2.4). The forgetful functor is strongly monoidal with respect to these derived
smash products. Indeed, the derived smash product in GHE can be calculated by flat approximation up to
E-equivalence; every E-equivalence is also an F-equivalence, so these flat approximation can also be used
to calculate the derived smash product in GHF .

Theorem 4.1. We let F and E be two global families such that F ⊆ E.

(i) The forgetful functor

U : GHE −→ GHF
has a left adjoint L and a right adjoint R, and both adjoints are fully faithful.

(ii) If the global families E and F are multiplicative, then the right adjoint has a preferred lax symmetric
monoidal structure (RA) ∧LE (RB) −→ R(A ∧LF B).

(iii) If the global families E and F are multiplicative, then the left adjoint has a preferred strong symmetric
monoidal structure, i.e., a natural isomorphism between L(A ∧LF B) and (LA) ∧LE (LB).

Proof. (i) As spelled out in Corollary 3.4 (v), the existence of the left adjoint is an abstract conse-
quence of the fact that GHE is compactly generated and that functor U preserves products. But instead
of arguing by hand that U preserves products, we give an alternative construction of the left adjoint by
model category theory. Indeed, it is immediate from the characterization of fibrations in the global model
structures in Theorem 1.19 (ii), that the identity functor is a right Quillen functor from the E-global to
the F-global model structure. So its derived functor has a (derived) left adjoint L : GHF −→ GHE , see for
example [74, Lemma 1.3.10]. Since the right Quillen functor (i.e., the identity) preserves all weak equiva-
lences, the adjunction unit A −→ U(LA) is an isomorphism in the F-global homotopy category. So the left
adjoint is fully faithful.
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By Proposition 1.24 sums in both GHE and GHF are represented by the pointset level wedge of orthog-
onal spectra. So the forgetful functor U preserves sums. As spelled out in Corollary 3.4 (iv), the existence
of the right adjoint is then an abstract consequence of the fact that GHE is compactly generated.

The fact that R is fully faithful is also a formal consequence of properties of the adjoint pair (L,U).
As we saw above, the adjunction unit ηA : A −→ U(LA) is an isomorphism for every object A ∈ GHF . So
the map

(ηA)∗ : JU(LA), XKF −→ JA,XKF
is bijective for every objectX of GHF . The adjunction (U,R) lets us rewrite the left hand side as JLA,RXKE ,
and the adjunction (L,U) lets us rewrite this further to JA,U(RX)KF . Under these substitutions, the map
(ηA)∗ becomes the map induced by the adjunction counit εX : U(RX) −→ X. This adjunction counit is
thus a natural isomorphism, and thus R is also fully faithful.

(ii) The lax monoidal structure of the right adjoint R is a formal consequence of the strong monoidal
structure of the forgetful functor U . Indeed, for every pair of orthogonal spectra A and B this strong
monoidal structure and the adjunction counits provide a morphism

U
(
(RA) ∧LE (RB)

) ∼= (URA) ∧LF (URB)
εA∧LεB−−−−−→ A ∧LF B

whose adjoint (RA) ∧LE (RB) −→ R(A ∧LF B) is associative, commutative and unital.
(iii) The strong symmetric monoidal structure on U and the adjunction units provide a morphism

A ∧LF B
ηA∧LηB−−−−−→ U(LA) ∧LF U(LB) ∼= U

(
(LA) ∧LE (LB)

)
whose adjoint λA,B : L(A ∧LF B) −→ (LA) ∧LE (LB) is associative, commutative and unital. We claim that
the morphism λA,B is in fact an isomorphism in GHE (and hence it can be turned around). We can assume
that A and B are F-cofibrant so that LA = A and LB = B. Since F is multiplicative, the pointset level
smash product A∧B is again F-cofibrant by Proposition 2.2 (i). So the value of the left adjoint L on A∧B
is also given by A ∧B. �

Remark 4.2 (Recollements). Theorem 4.1 implies that for all pairs of nested global families F ⊆ E
the diagram of triangulated categories and exact functors

GH(E ;F)
i∗ // GHE U //

i!

jj

i∗

tt
GHF

R

hh

L
uu

is a recollement in the sense of [16, Sec. 1.4]. Here GH(E ;F) denotes the ‘E-global homotopy category
with support outside F ’, i.e., the full subcategory of GHE of spectra all of whose F-equivariant homotopy
groups vanish. The functor i∗ : GH(E ;F) −→ GHE is the inclusion, and i∗ (respectively i!) is a left adjoint
(respectively right adjoint) of i∗.

Remark 4.3. In Theorem 4.1 the left adjoint L : GHF −→ GHE of the forgetful functor U : GHE −→
GHF is obtained as the total left derived functor of the identity functor on orthogonal spectra with respect
to change of model structure from the F-global to the E-global model structure. So one can calculate the
value of the left adjoint L on an orthogonal spectrum X by choosing any cofibrant replacement in the
F-global model structure, i.e., an F-equivalence XF −→ X with F-cofibrant source. (One can do this
in the F-level model structure and thereby arrange that the map is even an F-level equivalence.) The
global homotopy type (so in particular the E-global homotopy type) of XF is then well-defined. Indeed,
since the identity is a left Quillen functor from the F-global to the global model structure (the special case
E = All), every acyclic cofibration in the F-global model structure is a global equivalence. Ken Brown’s
lemma (see the proof of [35, I.4 Lemma 1] or [74, Lemma 1.1.12]) then implies that every F-equivalence
between F-cofibrant orthogonal spectra is a global equivalence.
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It seems worth spelling out the extreme case when F = 〈e〉 is the minimal global family of trivial groups
and when E = All is the maximal global family of all compact Lie groups: An orthogonal spectrum X is
〈e〉-cofibrant if for every m ≥ 0 the latching morphism νm : LmX −→ Xm is an O(m)-cofibration and O(m)
acts freely on the complement of the image. These are precisely the orthogonal spectra called ‘q-cofibrant’
in [96]. Then every non-equivariant stable equivalence between such 〈e〉-cofibrant orthogonal spectra is a
global equivalence.

Remark 4.4. We let F ⊆ E be a pair of nested multiplicative global families. By Theorem 4.1 (ii) the
right adjoint R : GHF −→ GHE to the forgetful functor comes with a lax symmetric monoidal structure, so
it takes ‘F-global homotopy ring spectra’ (i.e., monoid objects in GHF under ∧LF ) to ‘E-global homotopy
ring spectra’, preserving commutativity of multiplications. In the extreme case F = 〈e〉 and E = All this
can also be deduced from the fact that the Borel theory functor b on the category of orthogonal spectra is
lax symmetric monoidal on the pointset level, and models the right adjoint R : SH = GH〈e〉 −→ GH; we
refer the reader to Section III.7 for details.

Similarly, the symmetric monoidal structure on the left adjoint can be used to upgrade L to a functor
on homotopy ring spectra.

The formal properties of the change-of-family functors established in Theorem 4.1 facilitate an easy and
rather formal argument to identify the Picard group of the global stable homotopy category. The result is
that there are no ‘exotic’ invertible objects, i.e., the only smash invertible objects of GH are the suspensions
and desuspensions of the global sphere spectrum. The same is true more generally for the F-global stable
homotopy category relative to any multiplicative global family F , see Theorem 4.6 below.

We recall that an object X of a monoidal category (C,�, I) is invertible if there is another object Y
such that both X�Y and Y�X are isomorphic to the unit object I. If the isomorphism classes of invertible
objects form a set, then the Picard group Pic(C) is this set, with the group structure induced by the monoidal
product. Every strong monoidal functor between monoidal categories takes invertible objects to invertible
objects, and thus induces a group homomorphism of Picard groups.

Part of the calculation of Pic(GH) involves a very general argument that we spell out explicitly.

Proposition 4.5. Let (C,�, I) be a monoidal category, P : C −→ C a strong monoidal functor and
ε : P −→ IdC a monoidal transformation such that εI : PI −→ I is an isomorphism. Then the induced
endomorphism of the Picard group

Pic(P ) : Pic(C) −→ Pic(C)

is the identity.

Proof. We let X be any invertible object, and Y an inverse of X. Since ε is a monoidal transformation,
the composite

(PX)�(PY )
∼=−−→ P (X�Y )

εX�Y−−−−→ X�Y

agrees with the morphism εX�εY , where the first isomorphism is the strong monoidal structure on P . Since
X�Y is isomorphic to the unit object and εI is an isomorphism, the morphism εX�Y is also an isomorphism.
So the composite εX�εY is an isomorphism. Since

εX�εY = (X�εY ) ◦ (εX�PY ) = (εX�Y ) ◦ (PX�εY )

we conclude that εX�PY has a left inverse and εX�Y has a right inverse. Since Y and PY are invertible
objects, the functors −�Y and −�PY are equivalences of categories, so already εX : PX −→ X has both
a left and a right inverse. So εX is an isomorphism, and hence Pic(P )[X] = [PX] = [X]. �

Now we have all necessary ingredients to determine the Picard group of the F-global stable homotopy
category.
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Theorem 4.6. For every multiplicative global family F , the Picard group of the F-global stable homotopy
category is free abelian of rank 1, generated by the suspension of the global sphere spectrum.

Proof. The forget functor

U = UF〈e〉 : GHF −→ GH〈e〉 = SH

to the non-equivariant stable homotopy category and its left adjoint

L : SH −→ GHF

both have strong monoidal structures, the latter by Theorem 4.1 (iii). Moreover, the adjunction counit
ε : LU −→ Id is a monoidal transformation. Moreover, the morphism εS : L(US) −→ S is an isomorphism.
We apply Proposition 4.5 to the composite endofunctor LU of GHF and conclude that the composite
homomorphism

Pic(GHF )
Pic(U)−−−−→ Pic(SH)

Pic(L)−−−−→ Pic(GHF )

is the identity. In particular, the homomorphism Pic(U) induced by the forgetful functor is injective. The
Picard group of the non-equivariant stable homotopy category is free abelian of rank 1, generated by the
suspension of the non-equivariant sphere spectrum. This generator is the image of the suspension of the
global sphere spectrum. So the homomorphism Pic(U) is surjective, hence an isomorphism. So Pic(GHF )
is also free abelian of rank 1, generated by the suspension of the global sphere spectrum. �

Now we develop criteria that characterize global homotopy types in the essential image of one of the
adjoints to a forgetful change-of-family functor. The following terminology is convenient here.

Definition 4.7. Let F be a global family. An orthogonal spectrum is left induced from F if it is in the
essential image of the left adjoint LF : GHF −→ GH. Similarly, an orthogonal spectrum is right induced
from F if it is in the essential image of the right adjoint RF : GHF −→ GH.

We start with a criterion, for certain ‘reflexive’ global families, that characterizes the left induced
homotopy types in terms of geometric fixed points.

Definition 4.8. A global family F is reflexive if for every compact Lie group K there is a compact Lie
group uK, belonging to F , and a continuous homomorphism p : K −→ uK that is initial among continuous
homomorphisms from K to groups in F .

In other words, F is reflexive if and only if the inclusion into the category of all compact Lie groups has
a left adjoint. As always with adjoints, the universal pair (uK, p) is then unique up to unique isomorphism
under K. Moreover, the universal homomorphism p : K −→ uK is necessarily surjective. Indeed, the image
of p is a closed subgroup of uK, hence also in the global family F . So if the image of p were strictly smaller
than K, then p would not be initial among morphisms into groups from F . Some examples of reflexive
global families are the minimal global family 〈e〉 of trivial groups, the global family Fin of finite groups
and the global family Ab of abelian compact Lie groups. The maximal family of all compact Lie groups is
also reflexive, but in this case the following proposition has no content.

A reflexive global family F is in particular multiplicative. Indeed, for G,K ∈ F the projections
pG : G×K −→ G and pK : G×K −→ K factor through continuous homomorphisms qG : u(G×K) −→ G
respectively qK : u(G×K) −→ K. The composite

G×K p−−→ u(G×K)
(qG,qK)−−−−−→ G×K

is then the identity, so the universal homomorphism p : G×K −→ u(G×K) is injective. Since u(G×K)
belongs to F , so does G×K.
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Proposition 4.9. Let F be a reflexive global family. Then an orthogonal spectrum X is left induced
from F if and only if for every compact Lie group K the universal morphism p : K −→ uK induces
isomorphisms

p∗ : ΦuK∗ (X) −→ ΦK∗ (X)

between the geometric fixed point homotopy groups with respect to uK and K.

Proof. We let X be the full subcategory of GH consisting of the orthogonal spectra X such that for
every compact Lie group K the restriction map p∗ : ΦuK∗ (X) −→ ΦK∗ (X) is an isomorphism. We need to
show that X coincides with the class of spectra left induced from F .

Geometric fixed point homotopy groups commute with sums and take exact triangles to long exact
sequences. So X is closed under sums and triangles, i.e., it is a localizing subcategory of the global homotopy
category. Now we claim that for every group G in F the suspension spectrum of the global classifying space
BglG belongs to X . Since p : K −→ uK is initial among morphisms into groups from F , precomposition
with p is a bijection between the sets of conjugacy classes of homomorphisms into G; moreover, the image
of a homomorphism α : uK −→ G agrees with the image of α ◦ p : K −→ G, because p is surjective.
Proposition I.6.14 (i) identifies the fixed points of the orthogonal space BglG as a disjoint union, over
conjugacy classes of homomorphisms, of centralizers of images. So the restriction map along p is a weak
equivalence of fixed points spaces

p∗ : ((BglG)(UuK))
uK

= ((BglG)(UuK))
K ' ((BglG)(UK))

K
.

Geometric fixed points commute with suspension spectra (see Example III.6.4), in the sense of an isomor-
phism

ΦK∗ (Σ∞+ BglG) ∼= πe∗(Σ
∞
+ ((BglG)(UK))

K
) ,

natural for epimorphisms in K. So together this implies the claim for the suspension spectrum of BglG.
Now we have shown that X is a localizing subcategory of the global stable homotopy category that

contains the suspension spectra of global classifying spaces of all groups in F . The left adjoint L : GHF −→
GH is fully faithful and GHF is generated by the suspension spectra of the global classifying spaces in F
(by Theorem 3.2). So L : GHF −→ GH is an equivalence onto the full triangulated subcategory generated
by the suspension spectra Σ∞+ BglG for all G ∈ F . So the image of L is contained in X .

Now suppose that conversely X is an orthogonal spectrum in X . The adjunction counit εX : L(UX) −→
X is an F-equivalence, so it induces isomorphisms of geometric fixed point groups for all groups in F . By
the hypothesis on X and naturality of the restriction maps p∗, εX induces isomorphism of geometric fixed
point groups for all compact Lie groups. So εX is a global equivalence, and in particular X is left induced
from F . �

Remark 4.10. The same proof as in Proposition 4.9 yields the following relative version of the propo-
sition. We let F ⊂ E be global families and assume the F is reflexive relative to E , i.e., for every compact
Lie group K from the family E there is a compact Lie group uK, belonging to F , and a continuous ho-
momorphism p : K −→ uK that is initial among homomorphisms to groups in F . Then an orthogonal
spectrum X is in the essential image of the relative left adjoint L : GHF −→ GHE if and only if for every
compact Lie group K in E the universal morphism p : K −→ uK induces isomorphisms

p∗ : ΦuK∗ (X) −→ ΦK∗ (X)

between the geometric fixed point homotopy groups of uK and K.

Example 4.11. The minimal global family F = 〈e〉 of trivial groups is reflexive, and the unique
morphism K −→ e to any trivial group is universal. So Proposition 4.9 characterizes the global homotopy
types in the essential of the left adjoint L : SH = GH〈e〉 −→ GH from the non-equivariant stable homotopy
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category to the global stable homotopy category: an orthogonal spectrum X is left induced from the trivial
family if and only if for every compact Lie group K to unique morphism p : K −→ e induces an isomorphism

p∗ : Φe∗(X) −→ ΦK∗ (X) .

The geometric fixed point homotopy groups Φe∗(X) with respect to the trivial group are isomorphic to
πe∗(X), the stable homotopy groups of the underlying non-equivariant spectrum. So the global homotopy
types in the essential of the left adjoint L : SH −→ GH are precisely the orthogonal spectra with ‘constant
geometric fixed points’.

Here are some specific examples of left induced global homotopy types.

Example 4.12 (Suspension spectra). The orthogonal sphere spectrum S and the suspension spectrum
of every based space are left induced from the trivial global family 〈e〉. Indeed, geometric fixed points
commute with suspension spectra in the following sense: the G-geometric fixed point spectrum of the
suspension spectrum of any based G-space A is stably equivalent to the suspension spectrum of the G-fixed
point space AG. So when A has trivial G-action,

ΦG∗ (Σ∞A) ∼= π∗(Σ
∞A) .

So the suspension spectrum Σ∞A has ‘constant geometric fixed points’, and it is left induced from the
trivial family by the criterion of Example 4.11.

Example 4.13 (Global classifying spaces). If F is any global family and G a compact Lie group from F ,
then the suspension spectrum of the global classifying space BglG is left induced from F . To see this, we can
refer to the proof of Proposition 4.9; alternatively, we may show that Σ∞+ BglG is F-cofibrant, i.e., has the
left lifting property with respect to morphisms that are both F-level equivalences and F-level fibrations. We
recall that BglG = LG,V = L(V,−)/G is a free orthogonal space, where V is any faithful G-representation.
So morphisms Σ∞+ BglG −→ X of orthogonal spectra biject with based morphisms SV −→ X(V ) of G-

spaces; since SV can be given the structure of a based G-CW-complex, it has the left lifting property with
respect to G-weak equivalences that are also G-fibrations, and the claim follows by adjointness.

Example 4.14 (Γ-spaces). We let Γ denote the category whose objects are the based sets n+ =
{0, 1, . . . , n}, with basepoint 0, and with morphisms all based maps. A Γ-space is a functor from Γ to the
category of spaces which is pointed (i.e., the value at any one-point set is a one-point space).

A Γ-space F : Γ −→ T can be extended to a continuous functor on the category of based spaces by a
coend construction. The value of the extended functor on a based space K is given by

(4.15) F (K) =

∫ n+∈Γ

Kn × F (n+) =

∐
n≥0

Kn × F (n+)

 / ∼ ,

where we use that Kn = map(n+,K) is contravariantly functorial in n+. In more detail F (K) is obtained
from the disjoint union of the spaces Kn × F (n+) by modding out the equivalence relation generated by

(k1, . . . , kn; F (α)(x)) ∼ (kα(1), . . . , kα(m); x)

for all (k1, . . . , kn) in Kn, all x ∈ F (m+), and all morphisms α : m+ −→ n+ in Γ. Here kα(i) is to be
interpreted as the basepoint of K whenever α(i) = 0. We write [k1, . . . , kn; x] for the equivalence class
in F (K) of a tuple (k1, . . . , kn; x) ∈ Kn × F (n+). The assignment (F,K) 7→ F (K) is functorial in the
Γ-space F and in the based space K. We will not distinguish notationally between the original Γ-space
and its extension. The extended functor is continuous and comes with a continuous, based assembly map

(4.16) α : F (K) ∧ L −→ F (K ∧ L) , α([k1, . . . , kn; x] ∧ l) = [k1 ∧ l, . . . , kn ∧ l; x] .

The assembly map is natural in all three variables and associative and unital.
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We can now define an orthogonal spectrum F (S) by evaluating the Γ-space F on spheres. In other
words, the value of F (S) at an inner product space V is given by

F (S)(V ) = F (SV )

and the structure map σV,W : F (S)(V ) ∧ SW −→ F (S)(V ⊕W ) is the assembly map (4.16) for K = SV

and L = SW , followed by the effect of F on the canonical homeomorphism SV ∧ SW ∼= SV⊕W . The
O(V )-action on F (S)(V ) is via the action on SV and the continuous functoriality of F .

Proposition 4.17. Let F be a Γ-space and G a compact Lie group.

(i) If G is connected, then for every based G-space K the map

F (KG) −→ (F (K))G

induced by the fixed point inclusion KG −→ K is a homeomorphism.
(ii) The projection p : G −→ π0G = Ḡ to the group of path components induces an isomorphism

p∗ : ΦḠ∗ (F (S)) −→ ΦG∗ (F (S))

of geometric fixed point homotopy groups of the orthogonal spectrum F (S).
(iii) The orthogonal spectrum F (S) obtained by evaluation of F on spheres is left induced from the global

family Fin of finite groups.

Proof. (i) We consider a point of F (K) represented by a tuple (k1, . . . , kn; x) ∈ Kn × F (n+). We
assume that the number n has been chosen minimally, so that the entries ki are pairwise distinct and
different from the basepoint of K. If the point [k1, . . . , kn; x] of F (K) is G-fixed, then for every group
element g the tuple (gk1, . . . , gkn; x) is equivalent to the original tuple, so there is a unique permutation
σ(g) ∈ Σn such that

(gk1, . . . , gkn; x) = (kσ(g)(1), . . . , kσ(g)(n); F (σ)(x)) .

Since G acts continuously on K, the map σ : G −→ Σn is a continuous homomorphism. Since G is
connected, the homomorphism σ must be trivial, i.e., σ(g) = 1 for all g ∈ G. Thus the points k1, . . . , kn
are all G-fixed.

(ii) We can calculate G-fixed points by first taking fixed points with respect to the normal subgroup G◦

(the path component of the identity) and then fixed points with respect to the quotient Ḡ = G/G◦ = π0G.
So the G-geometric fixed points of the orthogonal spectrum F (S) can be rewritten as

ΦGk (F (S)) = colimV ∈s(UG) [Sk+V G , F (SV )G]

∼= colimV ∈s(UG) [(Sk+V G
◦

)Ḡ, F (SV
G◦

)Ḡ]

∼= colimW∈s(UḠ) [Sk+W Ḡ

, F (SW )Ḡ] = ΦḠk (F (S)) .

The second step uses the homeomorphism (F (SV ))G
◦ ∼= F (SV

G◦

) of part (i). The third step uses that

(UG)G
◦

is a complete universe for the finite group Ḡ and as V runs through s(UG), the G◦-fixed points V G
◦

exhaust (UG)G
◦
. The composite isomorphism is given by the restriction map p∗.

(iii) The global family Fin of finite groups is reflexive, and for every compact Lie group K the projection
K −→ π0K to the finite group of path components is universal (with respect to Fin). Part (ii) verifies the
geometric fixed point criterion, so by Proposition 4.9 the orthogonal spectrum F (S) is left induced from
the global family of finite groups. �

By Theorem 4.1 the forgetful functor U : GH −→ GHF has a left adjoint

LF : GHF −→ GH .

The composite U ◦LF is naturally isomorphic to the identity functor, so for groups G in F the G-equivariant
homotopy groups of a left induced spectrum LFX are ‘the same’ as for X. For a compact Lie group K
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that does not belong to F , the K-equivariant homotopy groups πK0 (LFX) are not in general functors
in the F-equivariant homotopy groups of X. However, if X happens to be F-connective, then LFX is
globally connective and in the lowest non-trivial dimension, the global functor π0(LFX) only depends on
the F-global homotopy groups of X, as we shall now explain.

Construction 4.18 (Induced global functors). For every global family F the restriction functor

resF : GF −→ GFF
from the category of global functors to the category of F-global functors has both a left and a right adjoint,
and they are given by enriched Kan extensions. We will now discuss the left adjoint

indF : GFF −→ GF

in some detail. For an F-global functor M , the induced global functor indFM is a cokernel of the morphism⊕
[K],[L]∈F

A(L,−)⊗A(K,L)⊗M(K) −→
⊕

[K]∈F

A(K,−)⊗M(K)

f ⊗ g ⊗m 7−→ f ⊗M(g)(m)− (f ◦ g)⊗m .

Here the sums are indexed by representatives of the isomorphism classes of groups in F .
The adjoint functor pair (indF , resF ) behaves a lot like extension and restriction of scalars along a

ring homomorphism. For example, the right adjoint resF is exact, and the left adjoint takes projectives to
projectives. Moreover, the left adjoint induction functor indF is right exact: a short exact sequence

0 −→M −→M ′ −→M ′′ −→ 0

of F-global functors gives rise to a commutative diagram of global functors⊕
[K],[L]∈F A(L,−)⊗A(K,L)⊗M(K) //

��

⊕
[K]∈F A(K,−)⊗M(K)

��⊕
[K],[L]∈F A(L,−)⊗A(K,L)⊗M ′(K) //

��

⊕
[K]∈F A(K,−)⊗M ′(K)

��⊕
[K],[L]∈F A(L,−)⊗A(K,L)⊗M ′′(K) //

��

⊕
[K]∈F A(K,−)⊗M ′′(K)

��
0 0

with exact columns. The induced sequence of horizontal cokernels

indFM −→ indFM
′ −→ indFM

′′ −→ 0

is thus also exact.

For every object X in the F-global homotopy category, the adjunction unit ηX : X −→ U(LFX) is an
isomorphism in GHF , so it induces an isomorphism of F-global functors

πF0 (ηX) : πF0 (X) −→ πF0 (U(LFX)) = resF (π0(LFX)) .

Adjoint to this is a morphism of global functors

(4.19) indF (πF0 (X)) −→ π0(LFX) .

Theorem 4.20. Let F be a global family. Then for every F-connective orthogonal spectrum X the
orthogonal spectrum LFX is globally connective and the morphism (4.19) is an isomorphism of global
functors.
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Proof. We let X be the class of F-connective orthogonal spectra such that LFX is globally connective
and the map (4.19) is an isomorphism. Since the functors indF , πF0 , π0 and LF all preserve sums, the class X
is closed under sums. We claim that X is also closed under cones. We let

A −→ B −→ C −→ ΣA

be a distinguished triangle in GHF such that A and B belong to X . Then the sequence of F-global functors

πF0 (A) −→ πF0 (B) −→ πF0 (C) −→ πF0 (ΣA) = 0

is exact. Since the left adjoint indF is right exact, the upper row in the commutative diagram

indF (πF0 (A)) //

∼=
��

indF (πF0 (B)) //

∼=
��

indF (πF0 (C)) //

��

0

π0(LFA) // π0(LFB) // π0(LFC) // 0

is exact. We claim that the lower row is exact as well. Indeed, LF is an exact functor of triangulated
categories, so it produces a distinguished triangle

LFA −→ LFB −→ LFC −→ Σ(LFA)

in GH. The long exact homotopy group sequence (Proposition III.1.23) shows that LFC is again globally
connective and, using that π0(Σ(LFA)) = π−1(LFA) = 0, shows the exactness of the lower row. Since
the map (4.19) is an isomorphism for A and B, the map is also an isomorphism for C. So the class X is
closed under cones. Now we show that the generators Σ∞+ BglG belong to the class X for all G ∈ F . Since
π0(Σ∞+ BglG) is isomorphic to the represented global functor A(G,−) (see Proposition III.3.13), the F-

global functor πF0 (Σ∞+ BglG) is isomorphic to the represented F-global functor AF (G,−). The left adjoint
indF takes this to A(G,−),

indF (AF (G,−)) ∼= A(G,−) ,

because both sides represent evaluation of a global functor at the group G. Altogether,

indF (πF0 (Σ∞+ BglG)) ∼= indF (AF (G,−)) ∼= A(G,−)

∼= π0(Σ∞+ BglG) ∼= π0(LF (Σ∞+ BglG)) .

The last isomorphism uses that Σ∞+ BglG is left induced from F whenever G ∈ F , compare Example 4.13.
The composite isomorphism is induced by (4.19), so this shows that Σ∞+ BglG belongs to X . Corollary 3.10 (i)
then shows that X is the class of all F-connective orthogonal spectra. �

For specific global families, there is often a more explicit description of the induced global functor
indFM in terms of M , giving more explicit content to Theorem 4.20. We spell this out in two special cases.

Example 4.21. In the extreme case F = 〈e〉 of the minimal global family, 〈e〉-global functors are
(equivalent to) abelian groups and the left adjoint

Ab ∼= GF 〈e〉
ind〈e〉−−−−−→ GF

sends an abelian group M to the global functor M ⊗ A where A = A(e,−) is the Burnside ring global
functor. So Theorem 4.20 specializes to the fact that for every orthogonal spectrum X that is connective
in the traditional, non-equivariant sense, the orthogonal spectrum L〈e〉X is globally connective and the
natural morphism (4.19)

πe0(X)⊗ A −→ π0(L〈e〉X)

is an isomorphism of global functors. This can be paraphrased by saying that for every compact Lie group G
the action map

πe0(X)⊗ A(G)
∼=−−→ πG0 (L〈e〉X)
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is an isomorphism.

Example 4.22. We take a look at the global family of finite groups; similar arguments work more
generally for reflexive global families. We let M be a Fin-global functor and give a more explicit description
of the value of the induced global functor indFinM at a compact Lie group G. For this purpose we consider
the following commutative diagram:⊕

(J)≤(H)≤G, J◦=H◦, |WH|<∞M(π0J)
d′ //

α

��

⊕
(H)≤G, |WH|<∞ M(π0H)

β

��⊕
[K],[L]∈Fin A(L,G)⊗A(K,L)⊗M(K)

d
//⊕

[K]∈Fin A(K,G)⊗M(K)

The upper horizontal homomorphism is given by

d′(x(J,H)) = {x}J − {trπ0H
π0J

(x)}H .

The lower horizontal homomorphism is given by

d(f ⊗ g ⊗ x) = (f ◦ g)⊗m − f ⊗M(g)(x) .

The left vertical map α takes the summand M(π0J) indexed by J ≤ H to the summand indexed by the
pair (π0J, π0H) via the homomorphism

(trGH ◦q∗H)⊗ trπ0H
π0J
⊗− : M(π0J) −→ A(π0H,G)⊗A(π0J, π0H)⊗M(π0J) ,

where qH : H −→ π0H is the projection. The right vertical map β takes the summand M(π0H) indexed
by H to the summand indexed by π0H via the homomorphism

(trGH ◦q∗H)⊗− : M(π0H) −→ A(π0H,G)⊗M(π0H) .

We denote by R the image of the homomorphism d′.

Proposition 4.23. For every Fin-global functor M and every compact Lie group G the map ⊕
(H)≤G, |WH|<∞

M(π0H)

 /R −→ (indFinM)(G) , 〈x〉H 7−→ trGH(q∗H(x))

is an isomorphism.

Proof. By Theorem III.3.5 the lower right corner is generated, as an abelian group, by the elements
(trGH ◦α∗) ⊗ x for all conjugacy classes of pairs (H,α) of subgroups H of G with finite Weyl group and
continuous homomorphisms α : H −→ K. Since K is finite, the homomorphism factors uniquely as
α = ᾱ ◦ qH for some homomorphism ᾱ : π0H −→ K. Then

(trGH ◦α∗)⊗ x = β
(
trGH ◦q∗H)⊗ (ᾱ∗(x)

)
+ d((trGH ◦q∗H)⊗ ᾱ∗ ⊗ x) ,

so the map induced on horizontal cokernels is surjective.
To show that the map induced on cokernels is also injective we consider the diagram⊕

[K],[L]∈Fin A(L,G)⊗A(K,L)⊗M(K)
d //

r

��

⊕
[K]∈Fin A(K,G)⊗M(K)

s

��⊕
(J)≤(H)≤G, J◦=H◦, |WH|<∞M(π0K)

d′
//⊕

(H)≤G, |WH|<∞ M(π0H)

The map r is given as follows. A Z-basis of the group A(L,G)⊗A(K,L) is given by the classes

(trGH ◦q∗H ◦ ᾱ∗)⊗ (trLN ◦ϕ∗)
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for α : H −→ L, N ≤ L and ϕ : N −→ K. We express ᾱ∗ ◦ trLN ∈ A(N, π0H) in the preferred basis as

ᾱ∗ ◦ trLN =
∑

trπ0H
π0(Ji)

◦ψ∗i

for suitable subgroups Ji ≤ H with J◦i = H◦ and homomorphisms ψi : π0(Ji) −→ N . The map r is then
given by

r
(
(trGH ◦q∗H ◦ ᾱ∗)⊗ (trLN ◦ϕ∗)⊗ x

)
=
∑
〈(ψ∗i ◦ ϕ∗)(x)〉(Ji,H) .

Here the summand (ψ∗i ◦ ϕ∗)(x) is to be interpreted as 0 if Ji has infinite Weyl group in G.
Now we claim that the following relations hold:

s ◦ d = d′ ◦ r and s ◦ β = Id .

The first relation shows that s induces a well defined map on the horizontal cokernels. The second relation
shows that the map induced by β on cokernels is injective. The verification of the second relation is
straightforward; for the first relation this is more involved:

d′
(
r
(
(trGH ◦q∗H ◦ ᾱ∗)⊗ (trLN ◦ϕ∗)⊗ x

))
= d′

(∑
〈(ψ∗i ◦ ϕ∗)(x)〉(Ji,H)

)
=
∑
〈ψ∗i ◦ ϕ∗)(x)〉Ji −

∑
〈(trπ0H

π0(Ji)
◦ψ∗i ◦ ϕ∗)(x))〉H

=
(∑

〈ψ∗i ◦ ϕ∗)(x)〉Ji
)
− 〈(ᾱ∗ ◦ trLN ◦ϕ∗)(x))〉H

=
(∑

s((trGJi ◦q
∗
Ji ◦ ψ

∗
i ◦ ϕ∗)⊗ x

)
− s((trGH ◦q∗H ◦ ᾱ∗ ◦ trLN ◦ϕ∗)⊗ x)

= s
(∑

(trGH ◦q∗H ◦ trπ0H
π0(Ji)

◦ψ∗i ◦ ϕ∗)⊗ x
)
−
(
(trGH ◦q∗H ◦ ᾱ∗)⊗ (trLN (ϕ∗(x)))

)
= s

(
(trGH ◦q∗H ◦ ᾱ∗ ◦ trLN ◦ϕ∗)⊗ x − (trGH ◦q∗H ◦ ᾱ∗)⊗ (trLN (ϕ∗(x)))

)
= s

(
d
(
(trGH ◦q∗H ◦ ᾱ∗)⊗ (trLN ◦ϕ∗)⊗ x

))
We have used the relation

trGH ◦q∗H ◦ trπ0H
π0J

= trGH ◦ trHJ ◦q∗J = trGJ ◦q∗J . �

Now we look more closely at right induced global homotopy types. For a global family F and a compact
Lie group G we denote by F ∩G the family of those subgroups of G that belong to F , and E(F ∩G) is a
universal G-space for the family F ∩G.

Proposition 4.24. An orthogonal spectrum X is right induced from a global family F if and only if
for every compact Lie group group G and every cofibrant G-space A the map

X∗G(A) −→ X∗G(A× E(F ∩G))

induced by the projection A× E(F ∩G) −→ A is an isomorphism.

Proof. For every G-space A the projection

A× E(F ∩G) −→ A

is an F-equivalence; moreover, the source is (F ∩G)-projective, so the free orthogonal space

LG,V ×G (A× E(F ∩G))

is left induced from the global family F . This implies that

LF (UF (LG,V ×G A)) ∼= LG,V ×G (A× E(F ∩G))
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in the unstable global homotopy category. Hence

X∗G(A× E(F ∩G)) = JΣ∞+ LG,V ×G (A× E(F ∩G)), XK
∼= JΣ∞+ LF (UF (LG,V ×G A)), XK
∼= JLF (UF (Σ∞+ LG,V ×G A)), XK ∼= JΣ∞+ LG,V ×G A,RF (UF (X))K .

for every orthogonal spectrum X. Under this composite isomorphism, the map of the proposition becomes
the map

X∗G(A) = JΣ∞+ LG,V ×G A,XK −→ JΣ∞+ LG,V ×G A,RF (UF (X))K
induced by the adjunction unit X −→ RF (UF (X)).

IfX is right induced from F , then this adjunction unit is an isomorphism, hence so is the mapX∗G(A) −→
X∗G(A× E(F ∩G)). If, on the other hand, this map is an isomorphism for all G-spaces A, then for A = ∗
we deduce that the map

JΣ∞+ BglG,XK∗ −→ JΣ∞+ BglG,RF (UF (X))K∗

is an isomorphism. Since the suspension spectrum of BglG represents πG0 (by Theorem 3.2 for the global
family of all compact Lie groups), this shows that the adjunction unit X −→ RF (UF (X)) is a global
equivalence. So X is right induced from F . �

Remark 4.25. Essentially the same proof also shows the following relative version of Proposition 4.24.
We let F ⊆ E be two nested global families. Then an orthogonal spectrum X is in the essential image of the
relative right adjoint R : GHF −→ GHE if and only if for every group G in E and every cofibrant G-space
A the map

X∗G(A) −→ X∗G(A× E(F ∩G))

induced by the projection A × E(F ∩ G) −→ A is an isomorphism. Here F ∩ G is the family of those
subgroups of G that belong to F , and E(F ∩G) is a universal G-space for the family F ∩G.

Here are specific examples of right induced global homotopy types. As we explain in more detail in
Example V.7.28, the global K-theory spectrum KU is right induced from the global family of finite cyclic
groups. This fact is a reformulation in our present language of the generalization, due to Adams, Haeberly,
Jackowski and May [1], of the Atiyah-Segal completion theorem.

Example 4.26 (Global Borel theories). We let X be any orthogonal spectrum that is a non-equivariant
Ω-spectrum. In Section III.7 we introduced the orthogonal spectrum bX that represents the global Borel
cohomology theory associated to X. The name is derived from the fact that for every compact Lie group G
and every cofibrant G-space A,

(bX)∗G(A) ∼= X∗(A×G EG) ,

i.e., the bX-cohomology groups of A are isomorphic to the X-Borel cohomology groups of A, naturally in A
(compare Proposition III.7.3 (ii)). As we now spell out, this already implies that bX is right induced from
the trivial global family.

The projection A × EG −→ A becomes a G-homotopy equivalence after applying − × EG, so the
induced map

(A× EG)×G EG −→ A×G EG
on homotopy orbits is a non-equivariant homotopy equivalence. So in the commutative square

(bX)∗G(A) //

∼=
��

(bX)∗G(A× EG)

∼=
��

X∗(A×G EG) ∼=
// X∗((A× EG)×G EG)
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the vertical and the lower horizontal maps are isomorphisms. So the upper map is an isomorphism as well,
and the orthogonal spectrum bX satisfies the criterion of Proposition 4.24 for the trivial global family.

A general orthogonal spectrum Y is right induced from the trivial family if and only if the adjunction
unit Y −→ R〈e〉(U〈e〉Y ) is a global equivalence; by the previous paragraph that happens precisely when Y
is the global Borel theory of its underlying non-equivariant cohomology theory. We conclude: the global
homotopy types in the essential image of the right adjoint R : SH −→ GH to the forgetful functor are
precisely the global Borel theories. Moreover, when X is a non-equivariant Ω-spectrum, then the morphism
iX : X −→ bX models the adjunction unit ηX : X −→ R(UX).

Remark 4.27. We close this section by remarking that the right adjoint R : GHF −→ GHE to the
forgetful functor U : GHE −→ GHF does not in general preserve infinite sums, and the left adjoint L
does not preserve infinite products. So the class of left induced spectra is not closed under products in
the ambient category and the class of right induced spectra is not closed under coproducts in the ambient
category. The reader may want to recall from Remark 3.5 the subtleties involved with infinite products
in GH.

We illustrate this by specific examples in the extreme case F = 〈e〉 and E = All. In the non-equivariant
stable homotopy category the canonical map⊕

i≥0

ΣiHF2 −→
∏
i≥0

ΣiHF2

from the coproduct to the product of infinitely many suspended copies of the mod-2 Eilenberg-Mac Lane
spectrum is an isomorphism. Since the right adjoint and equivariant homotopy groups preserve products,
the canonical map

πG0

(
R
(⊕

i≥0
ΣiHF2

)) ∼=−−→
∏

i≥0
πG0 (R(ΣiHF2)) ∼=

∏
i≥0

Hi(BG,F2)

is an isomorphism of abelian groups. In the special case G = C2, the cyclic group of order 2, the group
above then becomes an infinite product of copies of F2. On the other hand,

πC2
0

(⊕
i≥0

R(ΣiHF2)
)
∼=
⊕

i≥0
πC2

0 (R(ΣiHF2)) ∼=
⊕

i≥0
Hi(BC2,F2)

is a countable direct sum of copies of F2. So the canonical map

⊕
i≥0

R
(
ΣiHF2

)
−→ R

⊕
i≥0

ΣiHF2


is not a global equivalence.

A similar, but slightly more involved, argument shows that the left adjoint does not preserve products.
As before the canonical map ⊕

i<0

ΣiHF2 −→
∏
i<0

ΣiHF2

is an isomorphism in SH, where now sum and product are taken over all i < 0 (as opposed to i ≥ 0). Since
the left adjoint and equivariant homotopy groups preserves coproducts, the canonical map

(4.28)
⊕
i<0

πG0
(
L(ΣiHF2)

)
−→ πG0

(
L

(∏
i<0

ΣiHF2

))
is an isomorphism of abelian groups. Again we specialize to G = C2, the cyclic group of order 2. If X is a
non-equivariant homotopy type, then LX has ‘constant geometric fixed points’ in the sense of Remark 4.11.
So the geometric fixed point map Φ : πC2

0 (LX) −→ ΦC2
0 (LX) ∼= πe0(LX) has a section and the isotropy
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separation sequence (see (6.19) of Chapter III) splits. So the C2-equivariant homotopy groups decompose
as

πC2
0 (LX) ∼= πC2

0 (EC+
2 ∧ LX)⊕ ΦC2

0 (LX) ∼= πe0(BC+
2 ∧X)⊕ πe0(X) .

The second step uses the Adams isomorphism and the fact that any global homotopy type has trivial G-
action upon restriction to a trivial G-universe. When X = ΣiHF2 for negative i, then the second summand
is trivial and hence

πC2
0 (L(ΣiHF2)) ∼= πe0(BC+

2 ∧ ΣiHF2) ∼= H−i(BC2,F2) .

So the group (4.28) is a countably infinite sum of copies of F2. On the other hand,

πC2
0

(∏
i<0

L(ΣiHF2)

)
∼=
∏
i<0

πC2
0 (L(ΣiHF2)) ∼=

∏
i<0

πe0
(
BC+

2 ∧ ΣiHF2

) ∼= ∏
i<0

H−i(BC2, HF2) ,

again by the split isotropy separation sequence. This is an infinite product of copies of F2, so the canonical
map

L

(∏
i<0

ΣiHF2

)
−→

∏
i<0

L(ΣiHF2)

is not a global equivalence.

In this rest of this section we fix a compact Lie group G and relate the global homotopy category to the
G-equivariant stable homotopy category. Our notion of equivariant homotopy groups, and hence the entire
global theory, is based on complete universes, so the natural target for the comparison is the G-equivariant
stable homotopy indexed on a complete G-universe. There are various models for this homotopy category,
for example [90, 97, 71, 141]. Not surprisingly, the model that is most convenient for our purposes is the
category of orthogonal G-spectra.

Definition 4.29. An orthogonal G-spectrum is an orthogonal spectrum equipped with a continuous
G-action through automorphisms of orthogonal spectra. We write GSp for the category of orthogonal
G-spectra and G-equivariant morphisms.

Remark 4.30. Readers familiar with other accounts of equivariant stable homotopy theory may wonder
immediately why no orthogonal representations of the group G show up in the definition of equivariant
spectra (as for example in [90, 97]). The reason is that they are secretly already present: just as we
can evaluate an orthogonal spectrum on a G-representation, we can more generally evaluate an orthogonal
G-spectrum on a G-representation.

For every orthogonal G-spectrum X and inner product space V , the space X(V ) comes with an action by
O(V ) (via the functoriality of X) and a commuting action of G (through the action of G on X). So if V is a
G-representation, we can restriction the O(V )-action along the representation homomorphism G −→ O(V ),
so that X(V ) now has two commuting G-actions. To get an orthogonal G-spectrum in the sense of [97],
we endow X(V ) with the diagonal G-action. The structure maps σV,W : X(V ) ∧ SW −→ X(V ⊕ W ),
for G-representations V and W , are then G-equivariant. as explained in [97, V, Thm. 1.5] (in somewhat
different notation), this construction defines an equivalence of categories between orthogonal spectra with
G-action and orthogonal G-spectra in the sense of [97].

As we just explained, orthogonal G-spectra in the sense of our Definition 4.29 can be evaluated on
G-representations. Thus the definition of the 0-th equivariant homotopy group

(4.31) πG0 (X) = colimV ∈s(UG) [SV , X(V )]G ,

makes just as much sense as in Section III.1. Again, for an arbitrary integer k, the k-th equivariant
homotopy group πGk (X) is the 0-th homotopy group of a suitably looped or suspended spectrum, as in (1.13)
of Chapter III.
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A morphism of orthogonal G-spectra is a π∗-isomorphism if it induces isomorphisms of Z-graded equi-
variant homotopy groups πH∗ for every closed subgroup H of G. We denote by G-SH the G-equivariant
stable homotopy category, i.e., any localization of the category GSp of orthogonal G-spectra at the class
of π∗-isomorphisms. Various stable model structures have been established with π∗-isomorphisms as weak
equivalences, for example by Mandell-May [97, III Thm. 4.2], Stolz [141, Thm. 2.3.27] and Hill-Hopkins-
Ravenel [71, Prop. B.63]. In particular, as for every stable model category, the homotopy category G-SH
comes with a preferred structure of triangulated category.

A functor

〈G〉 : Sp −→ GSp , X 7−→ X〈G〉

from orthogonal spectra to orthogonal G-spectra is given by endowing an orthogonal spectrum with the
trivial G-action. For orthogonal G-spectra in the image of this functor, equivariant homotopy groups (4.31)
specialize to the equivariant homotopy groups of Section III.1. So every global equivalence of orthogonal
spectra becomes a π∗-isomorphism of orthogonal G-spectra. Since the trivial action functor takes global
equivalences to π∗-isomorphisms, we get a ‘forgetful’ functor on the homotopy categories

U = UG : GH −→ G-SH

form the universal property of localizations. The categories GH and G-SH both have all set-indexed sums
and products.

We will show now that the forgetful functor has both a left and a right adjoint. Moreover, U is
canonically an exact functor of triangulated categories. The ‘equivariant’ smash product of orthogonal
G-spectra is simply the smash product of the underlying non-equivariant orthogonal spectra with diagonal
G-action. So the trivial action functor 〈G〉 : Sp −→ GSp is strongly symmetric monoidal. The smash
product of orthogonal spectra and of orthogonal G-spectra can be derived to symmetric monoidal products
on GH and on G-SH (see Corollary 2.4). The forgetful functor is strongly monoidal with respect to these
derived smash products. [...expand...]

When G = e is a trivial group, the next theorem reduces to the change of family functor of Theorem 4.1,
with E = All and F = 〈e〉.

Theorem 4.32. For every compact Lie group G the forgetful functor

U : GH −→ G-SH

preserves sums and products, and it has a left adjoint and a right adjoint. The left adjoint has a preferred
lax symmetric comonoidal structure. The right adjoint has a preferred lax symmetric monoidal structure.

Proof. Sums in GH and G-SH are represented in both cases by the pointset level wedge; for GH we
state this explicitly in Proposition 1.24 (i); for G-SH we can run the argument based on the stable model
structure for orthogonal G-spectra established in [97, III Thm 4.2]. On the pointset level, the forgetful
functor preserves wedges, so the derived forgetful functor preserves sums.

As spelled out in Corollary 3.4 (iv), the existence of the right adjoint is an abstract consequence of the
fact that GH is compactly generated and that functor U preserves sums.

The forgetful functor also preserves infinite products, but the argument here is slightly more subtle
because products in GH are not generally represented by the pointset level product, and because equivariant
homotopy groups do not in general commute with infinite pointset level products, compare Remark 3.5.
We let {Xi}i∈I be a set of orthogonal spectra. By replacing each factor by a globally equivalent spectrum,
if necessary, we can assume without loss of generality that each Xi is a global Ω-spectrum. Since global Ω-
spectra are the fibrant objects in a model structure underlying GH, the pointset level product

∏
i∈I Xi then

represents the product in GH.
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Even though Xi is a global Ω-spectrum, the underlying orthogonal G-spectrum Xi〈G〉 need not be a
G-Ω-spectrum. However, as we spell out in the proof of Proposition 1.24 (ii), the natural map

πKk (
∏
i∈I

Xi) −→
∏
i∈I

πKk (Xi)

is an isomorphism for all compact Lie groups K and all integers k. Again we can run the argument of
Proposition 1.24 (ii) in the the stable model structure for orthogonal G-spectra [97, III Thm 4.2], and
conclude that in this situation, the pointset level product is also a product in G-SH. So the derived
forgetful functor preserves products.

The existence of the left adjoint is then again an abstract consequence of the fact that GH is compactly
generated and that functor U preserves product, compare Corollary 3.4 (v).

The same formal argument as in part (iii) of Theorem 4.1 shows how to turn the strong monoidal
structure of the forgetful functor U into a lax comonoidal structure L(A ∧L B) −→ (LA) ∧L (LB) of the
left adjoint. In contrast to Theorem 4.1 (iii), however, this morphism is usually not an isomorphism, so we
cannot turn it around into a monoidal structure on L. The same formal argument as in Theorem 4.1 (ii)
constructs the lax monoidal structure on R from the strong monoidal structure of the forget functor U . �

Remark 4.33. We mention an alternative way to construct the two adjoints to the forgetful functor
U : GH −→ G-SH, by exhibiting the pointset forgetful functor 〈G〉 : Sp −→ GSp as a left and a right Quillen
functor for suitable model structures (as opposed to using Brown representability). We sketch this for the
left adjoint, where we can use the stable model structure of orthogonal G-spectra established by Mandell
and May in [97, III Thm 4.2]. However, we cannot argue directly with the functor 〈G〉 : Sp −→ GSp, since
it is not a right Quillen functor. Indeed, if it were a right Quillen functor, then it would preserve fibrant
objects. However, a global Ω-spectrum is typically not a G-Ω-spectrum when given the trivial G-action.

What saves us is that a global Ω-spectrum is ‘eventually’ a G-Ω-spectrum, i.e., starting at faithful
representations. This allows us to modify 〈G〉 into a right Quillen functor as follows. We choose a faithful
G-representation V and let

ΩV shV : Sp −→ GSp

denote the functor that takes an orthogonal spectrum X to the orthogonal G-spectrum with W -th level

(ΩV shV X)(W ) = map(SV , X(V ⊕W )) .

We emphasize that the G-action on ΩV shV X is non-trivial, despite the fact that we started with an
orthogonal spectrum without a G-action. The maps adjoint to the structure maps σW,V form a natural

π∗-isomorphism of orthogonal G-spectra ηX : X −→ ΩV shV X, compare [97, III Lemma 3.8]. In particular,

the functor ΩV shV also takes global equivalences of orthogonal spectra to π∗-isomorphisms of orthogonal G-

spectra, and the derived functor of ΩV shV is naturally isomorphic to the forgetful functor U : GH −→ GSH.
The argument can then be completed by showing that the functor ΩV shV is a right Quillen functor from
the global model structure on orthogonal spectra to the stable model structure on orthogonal G-spectra
from [97, III Thm 4.2]. Then by general model category theory, the derived functor of ΩV shV , and hence
also the forgetful functor U , has a left adjoint.

The existence of the right adjoint to U can also be established by model category reasoning. For this
one can use the S-model structure on orthogonal spectra constructed by Stolz [141, Thm. 2.3.27]. We leave
it to the interested reader to show that the forgetful functor 〈G〉 : Sp −→ GSp is a left Quillen functor from
the global model structure on orthogonal spectra to the stable S-model structure on orthogonal G-spectra.
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� Theorem 4.32 looks similar to the change-of-family Theorem 4.1, but there is one important difference:
if the group G is non-trivial, then neither of the two adjoints to the forgetful functor U : GH −→ G-SH

is fully faithful.

The left adjoint L : G-SH −→ GH to the forgetful functor is an exact functor of triangulated categories
that preserves infinite sums. The G-equivariant stable homotopy category is compactly generated by the
unreduced suspension spectra of all the coset spaces G/H, for all subgroups H of G. So L is essentially
determined by its values on these generators. The sequence of bijections

GH(L(Σ∞+ G/H), X) ∼= G-SH(Σ∞+ G/H, UX) ∼= πH0 (X) ∼= GH(Σ∞+ BglH,X)

shows that the left adjoint L takes the unreduced suspension spectrum of the coset space G/H to the
suspension spectrum of the global classifying space of H. In the special case H = G the spectrum Σ∞+ G/H
is the equivariant sphere spectrum SG, and we obtain that

L(SG) ∼= Σ∞+ BglG .

Now
G-SH(SG,SG) ∼= πG0 (S) ∼= A(G) = A(e,G)

is the Burnside ring, whereas

GH(L(SG), L(SG)) ∼= πG0 (Σ∞+ BglG) ∼= A(G,G)

is the double Burnside ring. The map L : G-SH(SG,SG) −→ GH(L(SG), L(SG)) corresponds to the ring
homomorphism

A(G) = A(e,G) −→ A(G,G) , trGH ◦p∗H 7−→ trGH ◦ resGH
from the Burnside ring to the double Burnside ring; this homomorphism is never surjective unless G is
trivial, so the left adjoint is not full.

Remark 4.34 (Picard group of G-SH). As far as the Picard groups is concerned, global homotopy
theory behaves quite different from equivariant homotopy theory for a fixed compact Lie group, and The-
orem 4.6 should be contrasted with the Picard group Pic(G-SH), the Picard group of the genuine G-
equivariant stable homotopy category. Indeed, for every G-representation V , the suspension spectrum
Σ∞SV is invertible in G-SH. If the group acts non-trivially on V , then Σ∞SV is not isomorphic in G-SH
to the dim(V )-fold suspended sphere spectrum, because their geometric fixed point spectra are not equiv-
alent. So if G is non-trivial, Pic(G-SH) is always larger that a single copy of Z. The proof of Theorem 4.6
points to a key formal difference: while the forgetful functor G-SH −→ SH also has left adjoint, that left
adjoint is not strong monoidal when G is non-trivial.

A lot is known about the group Pic(G-SH), although it does not seem to be completely understood in
general. There is a group homomorphism

RO(G) −→ Pic(G-SH)

from the orthogonal representation ring of G sending the class of virtual representation [V ] − [W ] to the
class of the spectrum (SW )−1 ∧ Σ∞SV . This homomorphism is in general neither injective nor surjective.
More generally, invertible G-spectra arise as suspension spectra of ‘homotopy representations’, i.e, finitely
dominated based G-CW-complexes A such that AH is homotopy equivalent to a sphere for every closed
subgroup H of G. Every invertible object in G-SH is in fact isomorphic to S−V ∧Σ∞A for such a homotopy
representation A, see [54, Cor. 2.2].

The most complete description of the group Pic(G-SH) seems to be the exact sequence

0 −→ Pic(A(G))
c−−→ Pic(G-SH)

d−−→ C(G)

established in [54, Thm. 0.1]. Here A(G) = πG0 (S) is the (homotopy theoretic) Burnside ring of G, and
Pic(A(G)) its Picard group, i.e., the group of invertible A(G)-modules with respect to tensor product over
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A(G). Also, C(G) is the group of continuous Z-valued functions on the space of closed subgroups of G.
The monomorphism c is defined as follows. If P is a finitely generated projective A(G)-module, then the
functor

G-SH −→ Ab , X 7−→ πG0 (X)⊗A(G) P

is homological and takes products to products. Since the triangulated category G-SH is compactly gener-
ated, Brown representability provides a G-spectrum S〈P 〉 and a natural isomorphism

G-SH(S〈P 〉, X) ∼= πG0 (X)⊗A(G) P ,

compare Theorem 3.3 (iii). It turns out that if P is invertible as an A(G)-modules, then S〈P 〉 is an invertible
G-spectrum, and this construction defines the monomorphism c.

The second homomorphism d records the dimensions of fixed point spheres. Indeed, for every closed
subgroup H of G the functor sending a G-spectrum to its geometric H-fixed point spectrum is strong
symmetric monoidal, so it sends invertible G-spectra to invertible spectra. All invertible non-equivariant
spectra are (de-)suspensions of the sphere spectrum, and hence classified by their dimension. For an
invertible G-spectrum X the function

H 7−→ d(X)(H) = dim(ΦH(X))

is continuous with respect to a certain topology on the set of closed subgroups of G, so it defines an element
d(X) ∈ C(G). We refer to [54] for further details.

Now we letK be another compact Lie group. Theorem 4.32 constructs a right adjoint R : K-SH −→ GH
to the forgetful functor, and this right adjoint assigns a global homotopy type to every K-homotopy type.
An obvious question is how to describe the G-equivariant cohomology theory represented by RZ in terms
of the K-cohomology theory represented by Z. When K is the trivial group, the right adjoint R specializes
to the change of family functor R : SH −→ GH and Example 4.26 identifies RZ as the global Borel theory
associated to the cohomology theory represented by Z. For general K the answer is a ‘relative’ version of
a global Borel theory.

Proposition 4.35. Let G and K be compact Lie groups and Z be an orthogonal K-spectrum. Then
for every cofibrant G-space A,

(RZ)∗G(A) ∼= Z∗K(A×G E(K;G)) ,

where E(K;G) is a universal space for the family F(K;G) of those subgroups of K×G that intersect 1×G
only in the unit element.

Remark 4.36. The discussion in this section could be done relative to a global family F , as long as F
contains the compact Lie group G under consideration (and hence also all its subgroups). Indeed, if F
contains G, then every F-equivalence of orthogonal spectra is a G-equivalence with respect to the trivial
G-actions. Hence the trivial action functor descends to a ‘forgetful’ functor on the homotopy categories

UFG : GHF −→ G-SH

by the universal property of localizations. The same arguments as in Theorem 4.32 show the existence of
both adjoints to this forgetful functor, with the same kind of monoidal properties.

Theorem 4.32 discusses the maximal case of the global family F = All of all compact Lie groups.
The minimal case is the global family 〈G〉 generated by G, i.e., the class of compact Lie groups that are
isomorphic to a quotient of a closed subgroup of G. All the forgetful functors UFG then factor as composites

GHF
UF〈G〉−−−→ GH〈G〉

U
〈G〉
G−−−→ G-SH

of a change-of-family functor and a family-to-group functor. The various adjoints then compose accordingly.
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� The functor X 7→ X〈G〉 is fully faithful on the pointset level, but its homotopical ‘derived analog’ U
is typically not fully faithful. A hint is the fact that the equivariant homotopy groups of a global

homotopy type, restricted to G and its subgroups, have more structure than is available for a general G-
homotopy type, and satisfy certain relations that do not hold for general orthogonal G-spectra, compare
Remark III.2.25.

So whenever G is non-trivial, then the global homotopy category GH〈G〉 associated to the global family
generated by G is different from the G-equivariant stable homotopy category G-SH. In other words, if G is

non-trivial, then the forgetful family-to-group functor U
〈G〉
G : GH〈G〉 −→ G-SH is not an equivalence, and

neither of its adjoints is fully faithful.

5. Rational finite global homotopy theory

As before we let Fin denote the global family of finite groups. By the results of the previous sections,
the associated stable global homotopy category GHFin indexed on finite groups is a compactly generated
triangulated category with a symmetric monoidal derived smash product. We call an object X of the
category GHFin rational if the equivariant homotopy groups πGk (X) are uniquely divisible (i.e., Q-vector
spaces) for all finite groups G. In this section we will give an algebraic model of the rational global stable

homotopy category indexed on finite groups, i.e., the full subcategory GHQ
Fin of rational spectra in GHFin.

Theorem 5.2 below shows that the homotopy types in GHQ
Fin are determined by a chain complex of global

functors, up to quasi-isomorphism. More precisely, we construct an equivalence of triangulated categories
from GHQ

Fin to the unbounded derived category of rational global functors on finite groups.
We let G and K be compact Lie groups. We recall from Proposition III.3.13 that the evaluation map

A(G,K) −→ πK0 (Σ∞+ BglG) , τ 7−→ τ(eG)

is an isomorphism, where eG ∈ πG0 (Σ∞+ BglG) is the stable tautological class. (More precisely, the definition
of the global classifying space BglG involves an implicit choice of faithful G-representation V that is omitted
from the notation, and eG is the class denote eG,V in (3.10) of Chapter III). Like for every suspension
spectrum, the group πKk (Σ∞+ BglG) is trivial for k < 0.

Proposition 5.1. Let G and K be finite groups. Then for every k > 0, the equivariant homotopy
group πKk (Σ∞+ BglG) is finite.

Proof. The tom Dieck splitting [151, Satz 2] provides an isomorphism

πKk (Σ∞+ BglG) ∼=
⊕
(L)

πWL
k

(
Σ∞+ (EWL×B(K,G)L)

)
,

where the sum is indexed over all conjugacy classes of subgroups L of K and WL = WKL is the Weyl group
of L in K. We have also used the fact that the underlying K-space (BglG)(UK) of the global classifying
space of G is a classifying K-space B(K,G) for (K,G)-bundles, compare Proposition 2.10 and Remark 2.13
of Chapter I. Since K is finite, there are only finitely many conjugacy classes of subgroups, so we may show
that each summand of the tom Dieck splitting is finite.

We fix a fixed subgroup L of K. Since the action of WL on EWL, and hence on EWL×B(K,G)L is
free, the WL-equivariant stable homotopy groups of EWL×B(K,G)L are isomorphic to the non-equivariant
stable homotopy groups of the orbit space [ref?]:

πWL
k

(
Σ∞+ (EWL×B(K,G)L)

) ∼= πk
(
Σ∞+ (EWL×WL B(K,G)L)

)
.

Since the group WL is finite and B(K,G) is a K-CW-complex of finite type, and so the space EWL×WL

B(K,G)L is a CW-complex of finite type. Hence every stable homotopy group of EWL×WL B(K,G)L is
finitely generated.
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Proposition I.6.14 (i) identifies the L-fixed points of the K-space B(K,G) as

B(K,G)L '
∐

[α]∈Rep(L,G)

BC(α) ,

where the disjoint union is indexed by conjugacy classes of homomorphisms from L to G and C(α) is
the centralizer of the image of α : L −→ G. Since G is finite, so are all the centralizers C(α), and we
conclude that the rational homology of the space B(K,G)L vanishes in positive dimensions. Since the
group WL is finite, the rational homology of the homotopy orbit space EWL×WLB(K,G)L is isomorphic
to quotient of the rational homology of B(K,G)L by the WL-action. So the rational homology of the
space EWL ×WL B(K,G)L also vanishes in positive dimensions. Rationally, stable homotopy groups are
isomorphic to homology groups, so the rationalized stable homotopy groups of the unreduced suspension
spectrum of EWL ×WL B(K,G)L all vanish in positive dimensions. Since these stable homotopy groups
are also finitely generated, they must be finite. �

Now we can establish an algebraic model for the rational Fin-global homotopy category.

Theorem 5.2. There is a chain of Quillen equivalences between the category of orthogonal spectra with
the rational Fin-global model structure and the category of chain complexes of rational global functors on
finite groups. In particular, this induces an equivalence of triangulated categories

GHQ
Fin −→ D

(
GFQ
Fin

)
.

The equivalence can be chosen so that the homotopy group global functor on the left hand side correspond
to the homology group global functor on the right hand side.

Proof. We prove this as a special case of the ‘generalized tilting theorem’ of Brooke Shipley and the
author. Indeed, by Theorem 3.2 suspensions spectra of the global classifying spaces BglG are compact gen-
erators of the global homotopy category GHFin as G varies through all finite groups. So the rationalizations
(Σ∞+ BglG)Q are compact generators of the rational global homotopy category GHQ

Fin. If k is any integer,
then the morphism vector spaces between two such objects are given by

J(Σ∞+ BglK)Q, (Σ∞+ BglG)QKk ∼= πKk ((Σ∞+ BglG)Q) ∼= Q⊗ πKk (Σ∞+ BglG)

∼=

{
Q⊗A(G,K) for k = 0, and

0 for k 6= 0.

Here we have used Proposition 5.1.
The rational Fin-global model structure on orthogonal spectra is simplicial, compactly generated,

proper and stable; so we can apply the Tilting Theorem [123, Thm. 5.1.1]. This theorem yields a chain
of Quillen equivalences between orthogonal spectra in the rational Fin-global model structure and the
category of chain complexes of Q ⊗ AFin-modules, i.e., additive functors from the rationalized Burnside
category Q⊗AFin to abelian groups. This functor category is equivalent to the category of additive functors
from AFin to Q-vector spaces, and this proves the theorem. �

Remark 5.3. There is an important homological difference between global functors on finite groups
and Mackey functors for one fixed finite group. Indeed, for a finite group G, the rationalized Burnside ring
Q⊗A(G) has plenty of idempotents that can be used to split a rational Mackey functor for the group G into
smaller pieces. The end result of this is that the category of rational Mackey functors over G is equivalent
to a product, indexed over conjugacy classes (H) of subgroups of G, of the module categories over the
rational groups rings Q[WGH] of the Weyl group. In particular, the abelian category of rational G-Mackey
functors is semisimple, every object is projective and injective and the derived category is equivalent, by
taking homology, to the category of graded rational Mackey functors over G.



5. RATIONAL FINITE GLOBAL HOMOTOPY THEORY 295

There is no analog of this for rational Fin-global functors. For example, the rationalized augmentation

Q⊗ A = Q⊗A(e,−) −→ Q

from the rationalized Burnside ring global functor to the constant global functor for the group Q does not
split on finite groups. The new phenomenon is that any splitting would have to be natural for inflation
maps.

Let us be even more specific. In the constant global functor Q we have

2 · p∗(1) = trC2
e (1) in Q(C2) = Q,

where p : C2 −→ e is the unique group homomorphism. So for any morphism of global functors ϕ : Q −→ N
the image ϕ(e)(1) of the unit element under the map ϕ(e) : Q −→ N(e) must satisfy

trC2
e (ϕ(e)(1)) = 2 · p∗(ϕ(e)(1)) .

But in the Burnside ring A(e), and also in its rationalization, 0 is the only element x that satisfies trC2
e (x) =

2 · p∗(x); so every morphism of global functors from Q to Q⊗ A is zero.

While the idempotents in the rational Burnside rings of finite groups do not suffice to make the category
GFQ
Fin semisimple, they can still be used to ‘get rid of transfers’ and thereby replace GFQ

Fin by an equivalent,
but simpler category. We let Out denote the category of finite groups and conjugacy classes of surjective
group homomorphisms. To a Fin-global functor F : AFin −→ Ab we can associate a contravariant functor
τF : Outop −→ Ab, the reduced functor as follows. On objects we set

(τF )(G) = F (G)/tF (G) ,

the quotient of the group F (G) by the subgroup tF (G) generated by the images of all transfer maps
trGH : F (H) −→ F (G) for all proper subgroups H ≤ G. If α : K −→ G is a surjective group homomorphism
and H ≤ G a proper subgroup, then L = α−1(H) is a proper subgroup of K and the relation

α∗ ◦ trGH = trKL ◦(α|L)∗

as maps πH0 (X) −→ πK0 (X) shows that the inflation map α∗ : F (G) −→ F (K) passes to a homomorphism
α∗ : (τF )(G) −→ (τF )(K) of quotient groups. We will now recall that the reduction functor

τ : GFQ
Fin −→ F(Outop,Q)

is rationally an equivalence of categories, compare Proposition 5.7 below. By construction, the projection
maps F (G) −→ τF (G) form a natural transformation from the restriction of the global functor F to the
category Out to τF .

Example 5.4. Let M be an abelian group and M the constant global functor with value M , compare
Example 3.25 (ii). So we have τM(G) = M/cM where c is the greatest common divisor of the indices of
all proper subgroups of G. If G is not a p-group for any prime p, then this greatest common divisor is 1.
If G is a non-trivial p-group, then G has a proper subgroup of index p. So we have

(τM)(G) =


M if G = e,

M/pM if G is a non-trivial p-group, and

0 else.

The inflation maps in τM are quotient maps.

Example 5.5. The Burnside ring A(K) = A(e,K) of a finite group K is freely generated, as an abelian
group, by the transfers trKL (1) where L runs through representatives of the conjugacy classes of subgroups
of K. So (τA)(K) is free abelian of rank 1, generated by the class of the multiplicative unit 1. All restriction
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maps preserve the unit, so the reduced functor τA of the global Burnside ring functor is isomorphic to the
constant functor Outop −→ Ab with value Z,

τA ∼= Z .

More generally we consider a compact Lie group G, and we will present τ(AG) as an explicit quotient
of a sum of representable Out-functors. For every subgroup H of G the restriction map resGH is a morphism
in A(G,H). The Yoneda lemma provides a unique morphism

OutH −→ τ(AG)

of Out-functors from the representable functor OutH = Z[Out(−, H)] to τ(AG) that sends the identity of H
to the class of resGH in τ(AG)(H). For every element g ∈ G the conjugation isomorphism cg : gH −→ H
given by cg(γ) = g−1γg induces an isomorphism

c∗g ◦ − : AG(H) −→ AG(gH)

by postcomposition. We have

c∗g ◦ [resGH ] = [c∗g ◦ resGH ] = [resGgH ◦c∗g] = [resGgH ]

in (τAG)(gH). The Yoneda lemma translates this into the fact that the triangle of Out-functors

OutH
))

cg◦−

��
τ(AG)

OutgH

55

commutes. So the direct sum of the transformations OutH −→ τAG factors over a natural transformation⊕
H≤G

OutH

 /G −→ τ(AG) .

The source of this morphism can be rewritten if we choose representatives of the conjugacy classes of
subgroups in H:

(5.6)
⊕
(H)

OutH /WGH −→ τ(AG) .

Now the sum is indexed by conjugacy classes of subgroups of G.
The abelian group AG(K) = A(G,K) is freely generated by the elements trKL ◦α∗ where (L,α) runs

through representatives of the conjugacy classes of pairs consisting of a subgroup L of K and a continuous
homomorphism α : L −→ G. So (τAG)(K) is a free abelian group with basis the classes of α∗ for all
conjugacy classes of homomorphisms α : K −→ G.

Proposition 5.7. The functor

τ : GFQ
Fin −→ F(Outop,Q)

is an equivalence of categories.

Proof. The functor τ : GFQ
Fin −→ F(Outop,Q) is additive and commutes with infinite sums. For

every finite group G, the value τ(AG) on the representable global functor AG is described by the isomor-
phism (5.6) as a finite sum of quotients of representable Out-functors. The Weyl group WGH is finite, so
rationally the quotient OutH /NGH is in fact a direct summand of the representable Out-functor OutH .
Since OutH is a finitely presented projective object in the abelian category F(Outop,Q) so is its summand
OutH /NGH. So rationally, τ(AG) is a finitely presented projective Out-functor.
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The summand of τ(AG) corresponding to H = G in the decomposition (5.6) is the represented Out-
functor OutG. So if we let G run through a set of representatives of all isomorphism classes of finite groups,
then the Out-functors τ(AG) are a set of generators of the abelian category OutG.

Now Morita theory kicks in: the additive functor τ : GFQ
Fin −→ F(Outop,Q) between abelian categories

preserves infinite sums and takes the set of finitely presentable projective generators AG of the source
category (where G runs through representatives of all isomorphism classes of finite groups) to a set of
finitely presentable projective generators of the target category. Every functor with these properties is an
equivalence of categories, see for example [ref]. �

Remark 5.8. Since global functors are a functor category and the functor

τ : GFFin −→ F(Outop,Ab)
commutes with colimits, general nonsense implies that τ has a right adjoint

ρ : F(Outop,Ab) −→ GFFin .
Given an Out-functor Y , the value of the global functor ρY at a finite group G is given by

(ρY )(G) = HomF(Outop,Ab)(τ(AG), Y ) ,

the abelian group of natural transformations from the functor τAG to Y . The adjoint functors (τ, ρ) are
not equivalences integrally, but the unit and counit of the adjunctions become isomorphisms after tensoring
with Q. So rationally, the right adjoint ρ also becomes an inverse to the equivalence τ .

The rational equivalence τ of abelian categories prolongs to an equivalence of derived categories by ap-
plying τ dimensionwise to chain complexes. The combination with the equivalence of triangulated categories
of Theorem 5.2 is then a chain of two exact equivalences of triangulated categories

(5.9) GHQ
Fin

∼=−−→ D
(
GFQ
Fin

) ∼=−−−→
D(τ)

D(F(Outop,Q)) .

The next proposition shows that this composite equivalence is an algebraic model for the geometric fixed
point homotopy groups.

For every orthogonal spectrum X and every compact Lie group G, the geometric fixed point map Φ :
πG0 (X) −→ ΦG0 (X) (see (6.3) of Chapter III) annihilates all transfers from proper subgroups by Proposi-
tion III.6.5. So the geometric fixed point map factors over a homomorphism

Φ̄ : τ(π0(X))(G) −→ ΦG0 (X) .

The geometric fixed point maps are compatible with restriction along epimorphisms (Proposition III.6.9 (iv)),
so as G varies among finite groups, the reduced geometric fixed point maps form a morphism of Out-functors.

Proposition 5.10. For every orthogonal spectrum X, every finite group G and every integer k the map

Φ̄ : τ(πk(X))(G) −→ ΦGk (X)

of becomes an isomorphism after tensoring with Q. So for varying finite groups G, these maps form a
rational isomorphism of Out-functors τ(πk(X)) ∼= Φk(X).

Proof. We let X be the class of orthogonal spectra for which the map

Q⊗ Φ̄ : Q⊗ τ(π∗(X)) −→ Q⊗ Φ∗(X)

of graded rationalized Out-functors is an isomorphism. We let K be a compact Lie group. The tom Dieck
splitting implies that the reduced geometric fixed point map

Φ̄ : τ(π∗(Σ
∞
+ BglK)) −→ Φ∗(Σ

∞
+ BglK)

is an isomorphism (even integrally), so the class X contains the suspension spectra of all global classifying
spaces.
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Equivariant homotopy groups and geometric fixed point homotopy groups take wedges to sums and the
functor τ preserves sums. So the class X is closed and sums in the global homotopy category. Equivariant
and geometric fixed point homotopy groups take distinguished triangles in GH to long exact sequences. The
functor τ is not exact integrally, but it becomes exact after tensoring with Q (because it is rationally an
equivalence of abelian categories). So X is a localizing subcategory of the global stable homotopy category.
Corollary 3.4 (for the global family All) then shows that X consists of all orthogonal spectra, �

As a corollary we obtain that the combined equivalence κ of triangulated categories (5.9) from the

rational finite global homotopy category GHQ
Fin to the derived category of the abelian category F(Outop,Q)

comes with a natural isomorphism
ΦG∗ (X) ∼= H∗(κ(X)) ,

for every object X of GHQ
Fin, between the geometric fixed point homotopy groups and the homology Out-

functors of κ(X).

Example 5.11. As before we let RU denote the unitary representation ring global functor. Artin’s
theorem says that the representation ring RU(G) is rationally generated by all representations induced from
cyclic subgroups of G. So if G is not itself cyclic, then RUQ(G) = Q ⊗RU(G) is generated by transfers
from proper subgroups, and hence τRUQ(G) = 0.

Now suppose that G = Cn = Z/nZ is cyclic of order n with generator γ. We let zn denote the
representation of Cn on C where γ acts by multiplication by the primitive n-th root of unity ζn = e2πi/n.
Then RU(Cn) = Z[z]/(zn − 1). If n = ph for a prime p, we have we have

indp
h

ph−1(ziph−1) = zi · (1 + zq + z2q + · · ·+ z(p−1)q) ,

where q = ph−1. So for G = Cph the subgroup generated by transfers from proper subgroups is the ideal of

RU(Cn) = Z[z]/(zn− 1) generated by 1 + zq + z2q + · · ·+ z(p−1)q. This factor ring is isomorphic to Z(ζph),
the ring of integers in the cyclotomic number field Q(ζph). Now suppose that n = kl where k and l are
coprime. Then Cn = Ck ×Cl for uniquely determined cyclic subgroups Ck and Cl of order k respectively l.
So we have RU(Cn) = RU(Ck × Cl) ∼= RU(Ck) ⊗RU(Cl), the isomorphism given by tensor product of
representations. Moreover, the maximal subgroups of Cn are of the form H × Cl or Ck ×H ′ for maximal
subgroups H of Ck or H ′ of Cl. So

(τRUQ)(Cn) = τRUQ(Ck × Cl) ∼= τRUQ(Ck)⊗ τRUQ(Cl) .

So altogether we conclude that

τRUQ(G) ∼=

{
Q(ζn) if G = Cn, and

0 if G is not cyclic.

The isomorphism sends the primitive n-th root of unity ζn to the residue class of the representation z. The
projection map p : Cni −→ Cn induces

p∗ : Q(ζn) −→ Q(ζni) , p∗(ζn) = ζini .

The degree of Q(ζn) over Q is ϕ(n) = |(Z/nZ)×|, which is also the order of Aut(Cn) = Out(Cn). So
(τRUQ)(Cn) should be free of rank 1 over over the group ring Q[Out(Cn)].



CHAPTER V

Ultra-commutative ring spectra

This section is devoted to ultra-commutative ring spectra. As for orthogonal monoid spaces in Chap-
ter II, we introduce a special terminology for commutative orthogonal ring spectra and refer to them as
ultra-commutative ring spectra; we refer to the introduction of Chapter II for justification of the adjective
‘ultra-commutative’. In short, the slogan “E∞=commutative” is not true globally and a strictly commuta-
tive multiplication encodes a large amount of structure that deserves a special name.

Commutative orthogonal ring spectra are called ‘I∗-prefunctors’ in [98, IV Def. 2.1].

1. Power operations and global model structure

In Section II.2 we introduced power operations and transfers on the equivariant homotopy sets of ultra-
commutative monoids. For every orthogonal ring spectrum R the orthogonal space Ω•R inherits a com-
mutative multiplication, making it an ultra-commutative monoid (compare Example III.4.14). Moreover,
πG0 (Ω•R) = πG0 (R), so this endows the 0-th stable equivariant homotopy groups πG0 (R) with multiplicative
power operations and transfers, natural for homomorphisms of ultra-commutative ring spectra. Since these
operations come from the multiplicative (as opposed to the ‘additive’ structure) of the ring spectrum, we
now switch to a multiplicative notation and write

(1.1) Pm : πG0 (R) −→ πΣmoG
0 (R) ,

(instead of [m]) for the multiplicative power operations, and we write NG
H (instead of trGH) for multiplicative

transfers. Such multiplicative transfer are often referred to as norm maps, and that is also the terminology
we will use. Since we will use these power operations a lot, we take the time to expand the definition: the
operation Pm takes the class represented by a based G-map f : SV −→ R(V ), for some G-representation V ,
to the class of the (Σm oG)-map

SV
m

= (SV )∧m
f∧m−−−−→ R(V )∧m

µV,...,V−−−−−−→ R(V m) ,

where µV,...,V is the iterated, (Σm oG)-equivariant multiplication map of R.
In this section we study the power operations for ultra-commutative ring spectra in some detail. We

package the resulting algebraic structure on the global functor π0(R) as a global power functor, see Defini-
tion 1.4. For a different perspective and a detailed algebraic study of global power functors (restricted to
finite groups), including the relationship to the concepts of λ-rings, τ -rings and β-rings, we refer the reader
to Ganter’s paper [59].

Some of the main results in this section are the following: for every ultra-commutative ring spectrum R
the global functor π0(R) is naturally a global power functor (Theorem 1.8) and all the natural operations
on π0(R) are generated by restrictions, transfers and power operations (Proposition 1.12), so we are not
missing any additional structure. Theorem 3.20 shows that every global power functor is realized by an
ultra-commutative Eilenberg-Mac Lane ring spectrum.

For orthogonal spectra (as opposed to orthogonal spaces), the equivariant homotopy set πG0 has two
pieces of additional structure, namely an addition and transfer maps. We clarify next how the power
operations of ultra-commutative ring spectra interact with the additional structure. For m ≥ 2 the power
operation Pm is not additive, but it satisfies various properties reminiscent of the map x 7→ xm in a

299
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commutative ring. We formalize these properties into the concept of a global power functor. Conditions (i)
through (vi) in the following definition express the fact that a global power functor has an underlying global
power monoid, in the sense of Definition II.2.8, if we forget the additive groups and transfer maps. The
definition makes use of certain embeddings between products and wreath products:

Φi,j : (Σi oG) × (Σj oG) −→ Σi+j oG(1.2)

((σ; g1, . . . , gi), (σ′; gi+1, . . . , gi+j)) 7−→ (σ + σ′; g1, . . . , gi+j)

and

Ψk,m : Σk o (Σm oG) −→ Σkm oG(1.3)

(σ; (τ1; h1), . . . , (τk; hk)) 7−→ (σ(τ1 + · · ·+ τk); h1 + · · ·+ hk) .

Definition 1.4. A global power functor is a global functor R equipped with a unital, associative and
commutative multiplication

µ : R�R −→ R

and maps

Pm : R(G) −→ R(Σm oG)

for all compact Lie groups G and m ≥ 1, called power operations, that satisfy the following relations.

(i) (Unit) Pm(1) = 1 for the unit 1 ∈ R(e).
(ii) (Identity) P 1 = Id under the identification G ∼= Σ1 oG, g 7→ (1; g).
(iii) (Naturality) For every continuous homomorphism α : K −→ G between compact Lie groups and

m ≥ 1 the relation

Pm ◦ α∗ = (Σm o α)∗ ◦ Pm

holds as maps R(G) −→ R(Σm oK).
(iv) (Multiplicativity) For all compact Lie groups G, all m ≥ 1 and all classes x, y ∈ R(G) the relation

Pm(x · y) = Pm(x) · Pm(y)

holds in the group R(Σm oG).
(v) (Restriction) For all compact Lie groups G, all m > i > 0 and all x ∈ R(G) the relation

Φ∗i,m−i(P
m(x)) = P i(x)× Pm−i(x)

holds in R((Σi oG)× (Σm−i oG)).
(vi) (Transitivity) For all compact Lie groups G, all k,m ≥ 1 and all x ∈ R(G) the relation

Ψ∗k,m(P km(x)) = P k(Pm(x))

holds in R(Σk o (Σm oG)).
(vii) (Additivity) For all compact Lie groups G, all m ≥ 1, and all x, y ∈ R(G) the relation

Pm(x+ y) =

m∑
i=0

tri,m−i(P
i(x)× Pm−i(y))

holds in R(Σm o G), where tri,m−i is the transfer associated to the embedding Φi,m−i : (Σi o G) ×
(Σm−i oG) −→ Σm oG defined in (1.2). Here P 0(x) is the multiplicative unit 1.

(viii) (Transfer) For every subgroup H of a compact Lie group G and every m ≥ 1 the relation

Pm ◦ trGH = trΣmoG
ΣmoH ◦P

m

holds as maps R(H) −→ R(Σm oG).
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The relations of the power operations in a global power functor have various other properties. For every
m ≥ 1 and all G we have Pm(0) = 0. Indeed, because 0 + 0 = 0, the additivity relation gives

Pm(0) =
∑

i+j=m

tri,j(P
i(0) · Pm−i(0)) .

Since P 0(0) = 1, subtracting Pn(0) gives

Pm(0) =

m−1∑
i=1

tri,j(P
i(0) · Pm−i(0)) .

Starting from P 1(0) = 0 this shows inductively that Pm(0) = 0.

Remark 1.5 (Global power functors versus global Tambara functors). A global power functor gives
rise to two underlying global power monoids, the additive and the multiplicative one. As we explained in
Construction II.2.26, applied to the multiplicative global power monoid, the power operations Pm lead
to ‘multiplicative transfers’, NG

H : R(H) −→ R(G) that are called norm maps, for every subgroup H of
finite index in G, and conversely the power operations can be reconstructed from the norm maps. So the
information in a global power functor could be packaged in an equivalent but different way using norm maps
instead of power operations. The algebraic structure that arises then is the global analog of a TNR-functor
in the sense of Tambara [148], nowadays also called a Tambara functor; here the acronym stands form
‘Transfer, Norm and Restriction’. Our reason for favoring power operations over norm maps is that they
satisfy explicit and intuitive formulas with respect to the rest of the structure (restriction, transfer, sum,
product,. . . ). The norm maps also satisfy universal formulas when applied to sums and transfers, but these
formulas are harder to describe and to remember and, in the author’s opinion, less intuitive.

For a fixed compact Lie group G, Brun [36, Sec. 7.2] has constructed norm maps on the 0-th equivariant
homotopy group Mackey functor of every commutative orthogonal G-ring spectrum, and he showed that
this structure is a TNR-functor. So the global power functor structure on π0(R) for an ultra-commutative
ring spectrum, obtained in the following Theorem 1.8, could also be deduced by using Brun’s TNR-structure
for the underlying orthogonal G-ring spectrum R〈G〉 for every compact Lie group G, and then turning the
norm maps into power operations as explained in Construction II.2.26. However, Brun’s construction is
rather indirect and this would hide the simple and explicit nature of the power operations.

In order to show that the 0-th equivariant homotopy group functor of an ultra-commutative ring
spectrum satisfies the transfer axiom (viii) of a global power functor, we study the interplay between power
operations, the Wirthmüller isomorphism and the degree shifting transfer. To state the results we first have
to generalize power operations from equivariant homotopy groups to the equivariant homology theories.

We let R be an orthogonal spectrum, G a compact Lie group and A a based G-space. We recall [from
where?] that the G-equivariant R-homology group of A is the group

RG(A) = colimV ∈s(UG) [SV , A ∧R(V )]G .

The maps in the colimit system are as in the definition of the equivariant homotopy groups πG0 (R), which is
the special case for A = S0 with trivial G-action. In the same way as πG0 (R), the set RG(A) comes with an
abelian group structure, covariantly functor in G-maps in A. Every continuous group homomorphism α :
K −→ G induces a restriction homomorphism

α∗ : RG(A) −→ RK(α∗(A))

that generalizes the restriction homomorphism α∗ : πG0 (R) −→ πK0 (R). Again α∗ is defined by applying
restriction of scalars to any representation of a given equivariant homology class.

Now we let R be an orthogonal ring spectrum (not necessarily commutative). Then the equivariant
homology theories represented by R inherit multiplication pairings as follows. In addition to the based
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G-space A we also consider a based K-space B. Then a bilinear map

× : RG(A)×RK(B) −→ RG×K(A ∧B)

is defined by smashing representations and multiplying in R. In other words, if f : SV −→ A∧R(V ) and g :
SW −→ B ∧R(W ) represent classes in RG(A) respectively, then the product is the class in RG×K(A ∧B)
represented by the (G×K)-equivariant composite

SV⊕W ∼= SV ∧ SW f∧g−−−−−−→ A ∧R(V ) ∧B ∧R(W )

A∧twist∧R(W )−−−−−−−−−−→ A ∧B ∧R(V ) ∧R(W )
A∧B∧µV,W−−−−−−−−→ A ∧B ∧R(V ⊕W ) .

For A = B = S0 this construction generalizes the external pairing of equivariant homotopy groups (defined
in (4.16) of Chapter III). We won’t bother to spell out (much less prove) the straightforward naturality,
associativity and commutativity properties of the pairing. By taking G = K and restricting to the diagonal
we obtain internal pairings in G-equivariant R-homology.

Now we suppose that the ring spectrum R is ultra-commutative. Then we define the m-th power
operation

Pm : RG(A) −→ RΣmoG(A∧m)

by the obvious generalization of (1.1): the operation Pm takes the class represented by a based G-map
f : SV −→ A ∧R(V ), for some G-representation V , to the class of the (Σm oG)-map

SV
m

= (SV )∧m
f∧m−−−−→ (A ∧R(V ))∧m

shuffle−−−−−→ A∧m ∧R(V )∧m
A∧m∧µV,...,V−−−−−−−−−→ A∧m ∧R(V m) ,

where µV,...,V is the iterated multiplication map of R. We omit the straightforward verification that the
power operations in equivariant R-homology are compatible with restriction maps: for every continuous
homomorphism α : K −→ G between compact Lie groups and every based G-space A, the relation

Pm ◦ α∗ = (Σm o α)∗ ◦ Pm

holds as maps from RG(A) to RΣmoK((α∗(A))∧m) (exploiting that (Σm oα)∗(Am) = (α∗(A))∧m as (Σm oK)-
spaces).

The following proposition makes precise in which way the power operations in equivariant R-homology
are compatible with the Wirthmüller isomorphism [160] defined in [...]. There is a very general version for
power operations in bivariant G-equivariant R-homology groups, but we have no need for the statement in
that generality. So we only formulate a special case that we need for the transfers in π0(R). To give the
precise statement we have to introduce additional notation. We let H be a closed subgroup of a compact
Lie group G. As before we let

L = TH(G/H)

denote the tangent H-representation, the tangent space of G/H at the distinguished coset H. We write

γ : (G/H)m ∼= (Σm oG)/(Σm oH) , (g1H, . . . , gmH) 7−→ (1; g1, . . . , gm) · (Σm oH)

for the distinguished (Σm oG)-equivariant diffeomorphism. The differential of γ at (H, . . . ,H) is a (Σm oH)-
equivariant linear isometry

(dγ)(H,...,H) : Lm ∼= TΣmoH
(
(Σm oG)/(Σm oH)

)
.

In the next proposition and its corollaries, we will use this equivariant isometry to identify Lm with the
tangent representation of Σm oH inside Σm oG.
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Proposition 1.6. Let R be an ultra-commutative ring spectrum and H a closed subgroup of a compact
Lie group G. Then the following diagram commutes

RG(G/H+)
WirthGH //

Pm

��

RH(SL)

Pm

��
RΣmoG((G/H)m+ )

∼=γ∗

��

RΣmoH((SL)∧m)

∼=
��

RΣmoG((Σm oG)/(Σm oH)+)
WirthΣmoG

ΣmoH

// RΣmoH(SL
m

)

where the horizontal maps are the respective Wirthmüller isomorphisms.

Proof. We let
lGH : G −→ SL ∧H+

be the H2-equivariant collapse map constructed in [...] from an equivariant tubular neighborhood of H
in G. Then the following square commutes up to (Σm oH)-Hm-equivariant homotopy:

(Gm)+

(lGH)m //

∼=γ

��

(SL ∧H+)m

ψ∼=
��

(Σm oG) nΣmoH Hm

lΣmoGΣmoH
∧ΣmoHH

m

// SL
m ∧Hm

+

[show this...] The lower maps is the analogous collapse map for Σm oH inside Σm oG. Now we divide out
the right action of Hm and obtain a diagram that commutes up to (Σm oH)-equivariant homotopy:

(G/H)m
(lGH/H)m //

∼=γ

��

(SL)m

ψ∼=
��

(Σm oG)/Σm oH
lΣmoGΣmoH

/ΣmoH
// SL

m

[show this...] Now we contemplate the diagram:

RG(G/H+)
resGH //

Pm

��

RH(G/H+)
l∗ //

Pm

��

RH(SL)

Pm

��
RΣmoG((G/H)m+ )

resΣmoG
ΣmoH //

∼=γ∗

��

RΣmoH((G/H)m+ )
(lm)∗ //

γ∗ ∼=
��

RΣmoH((SL)m)

∼=
��

RΣmoG((Σm oG)/(Σm oH)+)
resΣmoG

ΣmoH

// RΣmoH((Σm oG)/(Σm oH)+)
l̄∗

// RΣmoH(SL
m

)

The two squares on the left commute by compatibility of power operations with restriction and by naturality
of restriction. The upper right square commutes by naturality of power operations. The lower right square
commutes because the composite

l̄ = ψ ◦ lm ◦ γ−1 : (Σm oG)/(Σm oH) −→ SL̄
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is an l-map for the pair (Σm o G, Σm o H). Since the upper and lower horizontal composites are the
Wirthmüller isomorphisms, this proves the proposition. �

A direct consequence of the previous proposition is that power operations are compatible with dimension
shifting and degree zero transfer maps.

Corollary 1.7. Let R be an ultra-commutative ring spectrum and H a closed subgroup of a compact
Lie group G. Then the following two diagrams commutes:

RH(SL)

Pm

��

TrGH // πG0 (R)

Pm

��

πH0 (R)

Pm

��

trGH // πG0 (R)

Pm

��

RΣmoH((SL)∧m)

∼=γ∗

��
RΣmoH(SL̄)

TrΣmoG
ΣmoH

// πΣmoG
0 (R) πΣmoH

0 (R)
trΣmoG

ΣmoH

// πΣmoG
0 (R)

Proof. The dimension shifting transfer

TrGH : RH(SL) −→ RG(S0) = πG0 (R)

is defined as the inverse of the Wirthmüller isomorphism RH(SL) −→ RG(G/H+) and the effect of the
unique G-map p : G/H −→ ∗. The first claim thus follows from Proposition 1.6 and the commutativity of
the diagram

RG(G/H+)

Pm

��

(p+)∗ // RG(S0)

Pm

��

πG0 (R)

Pm

��

RΣmoG((G/H)m+ )

∼=γ∗

��

(p∧m)∗

// RΣmoG((S0)∧m)

∼=
��

RΣmoG((Σm oG)/(Σm oH)+)
(p̄+)∗

// RΣmoG(S0) πΣmoG
0 (R)

The degree zero transfer is obtained from the dimension shifting transfer by precomposing with the effect
of the map S0 −→ SL, the inclusion of the origin into the tangent representation. If we raise the inclusion
of the origin of SL to the m-th power, the canonical homeomorphism (SL)m −→ SL

m

identifies it with the
inclusion of the origin of SL

m

. So the power operations are also compatible with degree zero transfers. �

Much of the next result is contained, at least implicitly, in Greenlees’ and May’s construction of norm
maps [64, Sec. 7-9], simply because an ultra-commutative ring spectrum is an example of a ‘GI∗-FSP’ in
the sense of [64, Def. 5.5].

Theorem 1.8. Let R be an ultra-commutative ring spectrum. Then the products ( (4.16) of Chapter III )
and the power operations (1.1) make the global functor π0(R) into a global power functor.

Proof. The properties (i) through (vi) only involve the multiplication, power operations and restriction
maps, so they are special cases of Proposition II.2.11 for the ultra-commutative monoid Ω•R. The transfer
relation (viii) is proved in Corollary 1.7. It remains to show the behavior of power operations on sums.
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The additivity formula is based on the following fact. We let p : S1 −→ S1 ∨ S1 be a pinch map, i.e., p
represents the product in π1(S1∨S1, ∗) of the inclusions ι1, ι2 : S1 −→ S1∨S1 of the two wedge summands.
The m-th smash power of S1 ∨ S1 decomposes Σm-equivariantly as

m∨
i=0

Σm nΣi×Σm−i S
i ∧ Sm−i ∼= (S1 ∧ S1)∧m ,

where the restriction of this homeomorphism to the i-th summand is the Σm-equivariant extension of the
map

ι∧i1 ∧ ι
∧(m−i)
2 : Si ∧ Sm−i −→ (S1 ∨ S1)∧m .

Then the composite

Sm
p∧m−−−−→ (S1 ∨ S1)∧m

proji−−−→ Σm nΣi×Σm−i S
i ∧ Sm−i

is in the Σm-equivariant homotopy class of the transfer map (see Construction III.2.17) for the embedding
of Σi×Σm−i into Σm. More generally we can let G be any compact Lie group and V any G-representation.
Then the analogous (Σm oG)-map

(SV⊕R)∧m
(SV ∧p)∧m−−−−−−−−→ (SV ∧ (S1 ∨ S1))∧m

proji−−−→ Σm nΣi×Σm−i (SV⊕R)∧i ∧ (SV⊕R)m−i

is in the equivariant homotopy class of the transfer for the embedding Φi,m−i : (ΣioG)×(Σm−ioG) −→ ΣmoG.
Now we can prove the additivity relation. We let f : SV −→ R(V ) and g : SV −→ R(V ) represent the

classes x, y ∈ πG0 (R). Then the composite

SV⊕R ∼= SV ∧ S1 SV ∧p−−−−→ SV ∧ (S1 ∨ S1)

∼=−−→ (SV ∧ S1) ∨ (SV ∧ S1)
(f∧S1)∨(g∧S1)−−−−−−−−−−→ R(V ) ∧ S1 σV,R−−−→ R(V ⊕ R)

represents the sum x+ y. The m-th power of this composite factors as

S(V⊕R)m
(SV ∧p)∧m //

∨
trΣmoG

(ΣioG)×(Σm−ioG) **

(SV ∧ (S1 ∨ S1))∧m
((f∧S1)∨(g∧S1))∧m // (R(V ) ∧ S1)∧m

σ∧mV,R // R(V ⊕ R)∧m

∨m
i=0 Σm nΣi×Σm−i (SV⊕R)∧i ∧ (SV⊕R)m−i

∼=

OO

∨
extn(f∧S1)∧i∧(g∧S1)∧(m−i)

33

�

Example 1.9 (Units of an ultra-commutative ring spectrum). In Example II.2.16 we defined the naive
units of an orthogonal monoid space. When R is an orthogonal ring spectrum, then the naive units of the
multiplicative orthogonal monoid space Ω•R satisfy

πG0 ((Ω•R)n×) = {x ∈ πG0 (R) | resGe (x) is invertible in πe0(R)} ,

the multiplicative submonoid of πG0 (R) of elements that become invertible when restricted to the trivial
group. One should beware that these naive units may contain non-invertible elements, i.e., the orthogonal
monoid space (Ω•R)n× may not be group-like. The author does not know of a construction of ‘true global
units’ for general orthogonal ring spectra, i.e., without the ultra-commutativity hypothesis.

When the ring spectrum R is ultra-commutative, then there is a more refined construction

GL1(R) = (Ω•R)× ,
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the global units of R. Indeed, if R is ultra-commutative, then Ω•R is an ultra-commutative monoid, so we
can form the ‘true’ global units, the homotopy fiber of the multiplication morphism, see Construction II.6.18.
Then GL1(R) is another ultra-commutative monoid and for every compact Lie group G,

πG0 (GL1(R)) = (πG0 (R))× ,

the multiplicative submonoid of units of the commutative ring πG0 (R). Moreover, the power operations
in π0(R) correspond to the power operations in π0(GL1(R)).

Remark 1.10. In the non-equivariant context, GL1(R) is an infinite loop space, i.e., weakly equivalent
to the 0-th space of an Ω-spectrum of units. This fact has a global generalization as follows. As we
hope to explain elsewhere, every ultra-commutative monoid M has a global delooping BM , an orthogonal
spectrum that is a Fin-global Ω-spectrum. It also comes with a natural morphism of orthogonal spaces
M −→ Ω•(BM) that is a Fin-global equivalence whenever M is grouplike. Since GL1(R) is an ultra-
commutative monoid, it has a global delooping

gl1(R) = B((GL1(R))c) ;

here (GL1(R))c −→ GL1(R) is a cofibrant replacement of GL1(R) in the global model structure of ultra-
commutative monoids (compare Theorem II.3.9). Since the ultra-commutative monoid GL1(R) is group-
like, the morphism of orthogonal spaces

ξ : (GL1(R))c −→ Ω•(B((GL1(R))c)) = Ω•(gl1(R)) ,

is a Fin-global equivalence. For every compact Lie group G, this induces a map

(πG0 (R))× ∼= πG0 (GL1(R)) ∼= πG0 ((GL1(R))c)
π0(ξ)
−−−−→ πG0 (Ω•(gl1(R))) = πG0 (gl1(R)) .

These maps are compatible with restriction along continuous homomorphisms and they are bijective when-
ever G is finite. Moreover, the maps take the multiplication respectively norm operations in (π0(R))× to
addition respectively finite index transfers in π0(gl1(R)).

Remark 1.11 (Picard groups). The global units GL1(R) of an ultra-commutative ring spectrum R
ought to have an interesting delooping pic(R) that records the information about invertible modules over
the equivariant ring spectra underlying R. At present I have no construction of this delooping as an
ultra-commutative monoid, but I describe the evidence for expecting its existence.

For every compact Lie group G the underlying orthogonal G-ring spectrum R〈G〉 of R has a symmetric
monoidal model category of modules, i.e., orthogonal G-spectra with an action by R (where G acts trivially
on R). The equivalences we consider here are R-linear morphisms that are π∗-isomorphisms of underlying
orthogonal G-spectra; the construction of such a symmetric monoidal model category can be found in [97,
III Thm. 7.6]. We let

Pic(R)(G) = Pic(Ho(R〈G〉-mod))

be the resulting Picard group, i.e., the set of isomorphism classes, in the homotopy category of R〈G〉-
modules, of objects that are invertible under the derived smash product. For a continuous group homomor-
phism α : K −→ G the restriction functor α∗ : R〈G〉-mod −→ R〈K〉-mod derives to a strong symmetric
monoidal functor

Rα∗ : Ho(R〈G〉-mod) −→ Ho(R〈K〉-mod) .

So Rα∗ preserves invertibility and induces a group homomorphism

α∗ : Pic(R)(G) −→ Pic(R)(K) .

For a second homomorphism β : L −→ K the functors (Rβ∗)◦(Rα∗) and R(α◦β)∗ are naturally isomorphic.
Moreover, for every element g ∈ G the restriction functor Rc∗g is naturally isomorphic to the identity functor
of Ho(R〈G〉-mod), via left multiplication by g. So the assignment G 7→ Pic(R)(G) becomes a functor

Pic(R) : Repop −→ Ab .
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But the ultra-commutativity gives more. For every finite index subgroup H ≤ G, the norm construction of
Hill, Hopkins and Ravenel derives to a strong symmetric monoidal functor

NG
H : Ho(R〈H〉-mod) −→ Ho(R〈G〉-mod) ,

compare [71, Prop. B.105]. So also NG
H preserves invertibility and induces a group homomorphism

NG
H : Pic(R)(H) −→ Pic(R)(G) .

These norm maps are transitive and they extend the Rep-abelian to a global power monoid Pic(R).
We expect that there is a ‘natural’ ultra-commutative monoid pic(R) such that π0(R) ∼= Pic(R) as

global power monoids and such that Ω(pic(R)) is globally equivalent, as an ultra-commutative monoid, to
GL1(R). The G-fixed points (pic(R))G ought to have the homotopy type, as an E∞-space, of the nerve of
the category of invertible R〈G〉-modules and π∗-isomorphisms. Despite the strong evidence for its existence,
we cannot presently construct pic(R) as such a highly structured object.

Now we are going to show that the restriction maps, (additive) transfer maps and (multiplicative)
power operations generate all natural operations between the 0-th equivariant homotopy groups of ultra-
commutative ring spectra. The strategy is the one that we have employed several times before: the functor
πG0 from ultra-commutative ring spectra to sets is representable, namely by Σ∞+ P(BglG), the unreduced
suspension spectrum of the free commutative monoid space generated by BglG. (The orthogonal ring spec-
trum Σ∞+ P(BglG) is isomorphic to the free ultra-commutative ring spectrum on the unreduced suspension

spectrum of BglG). So we have to determine the equivariant homotopy groups πK0 (Σ∞+ P(BglG)), which just
means assembling various results already proved.

Proposition 1.12. Let G and K be compact Lie groups. The group of natural transformations πG0 −→
πK0 of set valued functors on the category of ultra-commutative ring spectra is a free abelian group with basis
the operations

trKL ◦α∗ ◦ Pm : πG0 −→ πK0

for all m ≥ 0 and all conjugacy classes of pairs (L,α) consisting of a subgroup L of K with finite Weyl
group and a continuous homomorphism α : L −→ Σm oG.

Proof. We let V be any faithful G-representation and write BglG = LG,V for the global clas-
sifying space of G based on V and uG = uG,V for the associated tautological class. We denote by
êG ∈ πG0 (Σ∞+ P(BglG)) the class obtained by pushing forward the tautological class uG along the adjunction

unit BglG −→ P(BglG) and then applying the map σG (compare (3.7) of Chapter I) that makes an unstable
homotopy class into a stable homotopy class of the suspension spectrum.

We apply the representability result of Proposition II.2.22 (ii) to the category of ultra-commutative
ring spectra, the adjoint functor pair

spc
Σ∞+ ◦P // (ultra-commutative ring spectra)
U◦Ω•
oo

and the functor Ψ = πK0 . We conclude that the evaluation at the tautological class is a bijection

Natu-com(πG0 , π
K
0 ) −→ πK0 (Σ∞+ P(BglG)) , τ 7−→ τ(êG)

to the 0-th K-equivariant homotopy group of the ultra-commutative ring spectrum Σ∞+ P(BglG).

The identification (1.2) of Chapter II and Proposition I.6.14 (ii) show that the set πL0 (P(BglG)) bijects
with the set ∐

m≥0

Rep(L,Σm oG)
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by sending the conjugacy class of α : L −→ Σm oG to α∗([m](uG)) = α∗(uΣmoG). Proposition III.3.8 then
implies that the group πK0 (Σ∞+ P(BglG)) is a free abelian group, and it specifies a basis consisting of the
elements

trKL (σL(x))

where L runs through all conjugacy classes of subgroups of K with finite Weyl group and x runs through a set
of representatives of the WKL-orbits of the set πL0 (P(BglG)). So together this shows that πK0 (Σ∞+ P(BglG))
is a free abelian group with basis the classes

trKL (σL(α∗([m](uG)))) = trKL (α∗(σΣmoG([m](uG))))

= trKL (α∗(Pm(σG(uG)))) = trKL (α∗(Pm(ûG)))

for all m ≥ 0 and all (K ×G)-conjugacy classes of pairs (L,α) consisting of a subgroup L of K with finite
Weyl group and a homomorphism α : L −→ Σm oG. �

In the remaining part of this section we construct a model structure on the category of ultra-commutative
ring spectra with global equivalences as the weak equivalences. The strategy is the same is in the unsta-
ble situation in Section II.3: we establish a ‘positive’ version of the global model structure and lift it to
commutative monoid objects with the help of the general lifting theorem [159, Thm. 3.2].

Definition 1.13. A morphism f : X −→ Y of orthogonal spectra is a positive cofibration if it is a
flat cofibration and the map f0 : X0 −→ Y0 is a homeomorphism. An orthogonal spectrum is a positive
global Ω-spectrum if for every compact Lie group G, every faithful G-representation V with V 6= 0 and an
arbitrary G-representation W the adjoint structure map

σ̃V,W : X(V ) −→ map(SW , X(V ⊕W ))

is a G-weak equivalence.

If G is a non-trivial compact Lie group, then any faithful G-representation is automatically non-trivial.
So a positive global Ω-spectrum is a global Ω-spectrum (in the absolute sense) if the adjoint structure map
σ̃0 : X0 −→ ΩX1 is a non-equivariant weak equivalence.

Proposition 1.14 (Positive global model structure). The global equivalences and positive cofibrations
are part of a proper topological model structure, the positive global model structure on the category of
orthogonal spectra. A morphism f : X −→ Y of orthogonal spectra is a fibration in the positive global model
structure if and only if for every compact Lie group G, every faithful G-representation V with V 6= 0 and
an arbitrary G-representation W the square

X(V )G

f(V )G

��

σ̃GV,W // mapG(SW , X(V ⊕W ))

mapG(SW ,f(V⊕W ))

��
Y (V )G

σ̃GV,W

// mapG(SW , Y (V ⊕W ))

is homotopy cartesian. The fibrant objects in the positive global model structure are the positive global
Ω-spectra. The model structure is monoidal with respect to the smash product of orthogonal spectra.

Proof. We start by establishing a positive strong level model structure. A morphism f : X −→ Y of
orthogonal spectra is a positive strong level equivalence (respectively positive strong level fibration) if for
every inner product space V with V 6= 0 the map f(V ) : X(V ) −→ Y (V ) is an O(V )-weak equivalence
(respectively an O(V )-fibration). Then we claim that the positive strong level equivalences, positive strong
level fibrations and positive cofibrations form a model structure on the category of orthogonal spectra.

The proof is another application of the general construction method for level model structures in
Proposition A.3.28. Indeed, we let C(0) be the degenerate model structure on the category T∗ of based
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spaces in which every morphism is a weak equivalence and a fibration, but only the isomorphisms are
cofibrations. For m ≥ 1 we let C(m) be the projective model structure (for the family of all closed subgroups)
on the category of based O(m)-spaces. With respect to these choices of model structures C(m), the classes
of level equivalences, level fibrations and cofibrations in the sense of Proposition A.3.28 precisely become the
positive strong level equivalences, positive strong level fibrations and positive cofibrations. The consistency
condition (Definition A.3.27) is now strictly weaker than for the strong level model structure, so it holds.
The verification that the model structure is proper and topological is the same as in Proposition IV.1.9.

The positive strong level model structure is cofibrantly generated: we can simply take the same sets of
generating cofibrations and generating acyclic cofibrations as for the All-level model structure in Proposi-
tion IV.1.9, except that we omit all morphisms freely generated in level 0.

We obtain the positive global model structure for orthogonal spectra by ‘mixing’ the positive strong level
model structure with the global model structure of Theorem IV.1.25. Every positive strong level equivalence
is a global equivalence and every positive cofibration is a flat cofibration. The global equivalences and the
positive cofibrations are part of a model structure by Cole’s mixing theorem [39, Thm. 2.1], which is our
first claim. By [39, Cor. 3.7] (or rather its dual formulation), an orthogonal spectrum is fibrant in the
positive global model structure if it is equivalent in the positive strong level model structure to a global
Ω-spectrum; this is equivalent to being a positive global Ω-spectrum. The positive global model structure is
again proper by Propositions 4.1 and 4.2 of [39]. The proof that this model structure topological is similar
as for the global model structure. [monoidal] �

We recall from Definition II.3.4 that a morphism i : A −→ B of orthogonal spectra is a symmetrizable
cofibration (respectively a symmetrizable acyclic cofibration) if the morphism

i�n/Σn : Qn(i)/Σn −→ B∧n/Σn = Pn(B)

is a cofibration (respectively an acyclic cofibration) for every n ≥ 1. Since the morphism i�1/Σ1 is the
original morphism i, every symmetrizable cofibration is in particular a cofibration, and similarly for acyclic
cofibrations.

The next theorem says that in the category of orthogonal spectra, all cofibrations and acyclic cofibrations
in the positive global model structure on orthogonal spectra are symmetrizable with respect to the monoidal
structure given by the smash product.

Theorem 1.15. (i) Let i : A −→ B be a flat cofibration of orthogonal spectra. Then for every n ≥ 1
the morphism

i�n/Σn : Qn(i)/Σn −→ B∧n/Σn

is a flat cofibration. In other words, all cofibrations in the global model structure of orthogonal spectra
are symmetrizable.

(ii) Let i : A −→ B be a positive flat cofibration of orthogonal spectra that is also a global equivalence.
Then for every n ≥ 1 the morphism

i�n/Σn : Qn(i)/Σn −→ B∧n/Σn

is a global equivalence. In other words, all acyclic cofibrations in the positive global model structure of
orthogonal spectra are symmetrizable.

Proof. (i) We recall from Theorem IV.1.19 (iv) the set

IAll = { Gm((ik ×O(m)/H)+) | m, k ≥ 0, H ≤ O(m)}

of generating flat cofibrations of orthogonal spectra, where ik : ∂Dk −→ Dk is the inclusion. The set IAll
detects the acyclic fibrations in the strong level model structure of orthogonal spectra. In particular, every
flat cofibration is a retract of an IAll-cell complex. By [62, Cor. 7] or [159, Lemma 5.1] it suffices to show
that the generating flat cofibrations in IAll are symmetrizable.
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The orthogonal spectrum Gm((K × O(m)/H)+) is isomorphic to K n FH,Rm = (K+) ∧ FH,Rm ; so we
show more generally that every morphism of the form

j n FG,V : K n FG,V −→ Ln FG,V

is a symmetrizable cofibration, where G is any compact Lie group, V a G-representation and j : K −→ L
a cofibration of unbased spaces. The symmetrized iterated pushout product

(1.16) (j n FG,V )�n/Σn : Qn(j n FG,V )/Σn −→ (Ln FG,V )∧n/Σn

is isomorphic to

FΣnoG,V n(j�n+ ) : FΣnoG,V n(Qn(j)+) −→ FΣnoG,V n(Ln+) ,

where

j�n : Qn(j) −→ Ln

is the n-fold pushout product of j, with respect to the cartesian product of spaces. The map j�n is
Σn-equivariant, and it is viewed as a morphism of (Σn o G)-spaces by restriction along the projection
(Σn oG) −→ Σn. Since j is a cofibration of spaces, j�n is a cofibration of Σn-spaces, hence a cofibration of
(Σn oG)-spaces. So the morphism (1.16) is a flat cofibration.

(ii) Theorem IV.1.19 (iv) describes a set JAll∪KAll of generating acyclic cofibrations for the global model
structure on the category of orthogonal spectra. From this we obtain a set J+ ∪K+ of generating acyclic
cofibration for the positive global model structure of Proposition 1.14 by restricting to those morphisms in
JAll ∪KAll that are positive cofibrations, i.e., homeomorphisms in level 0; so explicitly, we set

J+ = { Gm((jk ×O(m)/H)+) | m ≥ 1, k ≥ 0, H ≤ O(m)} ,

where jk : Dk × {0} −→ Dk × [0, 1] is the inclusion, and

K+ =
⋃

G,V,W : V 6=0

Z(λG,V,W ) ,

the set of all pushout products of sphere inclusions ik with the mapping cylinder inclusions of the global
equivalences λG,V,W : FG,V⊕WS

W −→ FG,V . Here (G,V,W ) runs through a set of representatives of the
isomorphism classes of triples consisting of a compact Lie group G, a non-zero faithful G-representation V
and an arbitrary G-representation W . By [62, Cor. 7] or [159, Lemma 5.1] it suffices to show that all
morphisms in J+ ∪K+ are symmetrizable acyclic cofibrations.

We start with a morphism Gm((jk ×O(m)/H)+) in J+. For every n ≥ 1, the morphism

(Gm((jk ×O(m)/H)+))�n/Σn

is a flat cofibration by part (i), and a homeomorphism in level 0 because m ≥ 1. Moreover, the morphism jk
is a homotopy equivalence of spaces, so Gm((jk × O(m)/H)+) is a homotopy equivalence of orthogonal
spectra; the morphism Pn(Gm((jk × O(m)/H)+)) is then again a homotopy equivalence for every n ≥ 1,
by Proposition II.3.6 (i). Then [62, Cor. 21] shows that Gm((jk × O(m)/H)+) is a symmetrizable acyclic
cofibration. This takes care of the set J+.

Now we consider the morphisms in the set K+. Since G acts faithfully on the non-zero inner product
space V , the action of the wreath product Σn oG on V n is again faithful. So the morphism

λΣnoG,V n,Wn : FΣnoG,V n⊕Wn

(
SW

n
)
−→ FΣnoG,V n
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is a global equivalence by Theorem III.5.6. The vertical morphisms in the commutative square

FΣnoG,V n⊕Wn

(
SW

n) λΣnoG,V n,Wn
//

∼=
��

FΣnoG,V n

∼=
��

Pn(FG,V⊕WS
W )

Pn(λG,V,W )
// Pn(FG,V )

are isomorphisms; so the morphism Pn(λG,V,W ) is a global equivalence. Proposition II.3.6 (iii) then shows
that all morphisms in Z(λG,V,W ) are symmetrizable acyclic cofibrations. �

Now we put all the pieces together and prove another main result of this section. We call a morphism of
ultra-commutative ring spectra a global equivalence (respectively positive global fibration) if the underlying
morphism of orthogonal spectra is a global equivalence (respectively fibration in the positive global model
structure of Proposition 1.14).

Theorem 1.17 (Global model structure for ultra-commutative ring spectra). The global equivalences
and positive global fibrations are part of a model structure, the global model structure on the category of
ultra-commutative ring spectra. This global model structure is proper, topological and cofibrantly generated.
Every cofibration in this model structure whose source is positively cofibrant as an orthogonal spectrum is a
positive cofibration of underlying orthogonal spectra.

Proof. The positive global model structure of orthogonal spectra (Proposition 1.14) is monoidal and
cofibrantly generated. The ‘unit axiom’ also holds: we let f : Sc −→ S be any positive flat replacement of
the orthogonal sphere spectrum. Then for every orthogonal spectrum X the induced morphism f ∧X : Sc∧
X −→ S∧X is a global equivalence by Theorem IV.2.5 (ii). The monoid axiom holds by Proposition IV.2.6.
Cofibrations and acyclic cofibrations are symmetrizable by Theorem 1.15, so the model structure satisfies
the ‘commutative monoid axiom’ of [159, Def. 3.1]. Theorem 3.2 of [159] thus shows that the positive global
model structure of orthogonal spectra lifts to the category of ultra-commutative ring spectra. Theorem 1.15
even shows that the positive global model structure satisfies the ‘strong commutative monoid axiom’ of [159,
Def. 3.4]. So Proposition 3.5 of [159] applies and provides the addendum about cofibrations with positively
cofibrant source. The global model structure is topological by Proposition A.2.9, where we take G as the set
of free ultra-commutative ring spectra Σ∞+ P(LH,Rm) for all m ≥ 1 and all closed subgroups H of O(m). �

There is a positive version of the flat F-global model structure for every global family F , and it lifts
to a flat F-global model structure on the category of ultra-commutative ring spectra. We will not elaborate
on this point.

2. Algebra of global power functors

This section is mostly of algebraic nature. In Definition 1.4 we introduced global power functors, and
Proposition 1.12 shows that the power operations are precisely the additional structure that the global
functor π0(R) of an ultra-commutative ring spectrum R has. We will show in Theorem 3.20 below that
every global power functor can be realized by an ultra-commutative ring spectrum, so we have good reasons
for studying the category of global power functors.

In Remark 1.5 we indicated that power operations on a global Green functor can be traded for norm
maps, and vice versa. This observation can be stated as an equivalence of categories between global power
functors and a certain category of ‘global Tambara functors’ or ‘global TNR functors’. We shall not pursue
this further. Instead, we will show in this section that the category of global power functors is both monadic
and comonadic over the category of global Green functors. A formal consequence of this fact is that the
category of global power functors has all limits and colimits, and they created in the underlying category
of global Green functors.
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We describe global power functors as the coalgebra over a certain comonad exp on the category of global
Green functors. When restricted to finite groups, most of the results about this comonad are contained in
the PhD thesis of J. Singer [134], a former student of the author. For finite groups (as opposed to compact
Lie groups), this comonadic description has independently been obtained by Ganter [59].

We start by introducing the functor exp of exponential sequences that takes a global Green functor R
to another global Green functor exp(R). We recall that a global Green functor is a commutative monoid in
the category GF of global functors under the monoidal structure given by the box product, compare (4.23)
of Chapter III. As we explain after Definition III.4.31, this commutative multiplication on a global Green
functor R can be made more explicit in two equivalent ways:

• as a commutative ring structure on the group R(G) for every compact Lie group, subject to the
requirement that all restrictions maps are ring homomorphisms and the transfer maps satisfy
Frobenius reciprocity;

• as a unit element 1 ∈ R(e) and biadditive, commutative, associative and unital external pairings
× : R(G)×R(H) −→ R(G×H) that are morphisms of global functors in each variable separately.

We let R be a global Green functor and G a compact Lie group. We introduce a binary operation ⊕
on the product

(2.1) Π(R;G) =
∏
n≥0

R(Σn oG) by (x⊕ y)n =

n∑
k=0

trk,n−k(xk × yn−k) ,

where x = (xn), y = (yn) and trk,n−k : R((Σk oG)× (Σn−k oG)) −→ R(Σn oG) is the transfer associated to
the monomorphism

Φk,n−k : (Σk oG) × (Σn−k oG) −→ Σn oG(2.2)

((σ; g1, . . . , gk), (σ′; gk+1, . . . , gn)) 7−→ (σ + σ′; g1, . . . , gn) .

For a continuous group homomorphism α : K −→ G we define a restriction map

α∗ : Π(R;G) −→ Π(R;K) by
(
α∗(x)

)
n

= (Σn o α)(xn) .

Proposition 2.3. Let R be a global Green functor and G a compact Lie group.

(i) The componentwise addition and the operation ⊕ as multiplication make the product Π(R;G) into a
commutative ring.

(ii) A sequence (xn) is invertible with respect to ⊕ if and only if the element x0 is a multiplicative unit in
the ring R(e).

(iii) For varying G, the restriction maps α∗ make Π(R;−) into a contravariant functor from the cate-
gory Rep to the category of commutative rings.

Proof. (i) The componentwise addition makes Π(R;G) into an abelian group. The following square
of group monomorphisms commutes:

(Σj oG)× (Σk oG)× (Σl oG)
(Σj oG)×Φk,l //

Φj,k×(ΣloG)

��

(Σj oG)× (Σk+l oG)

Φj,k+l

��
(Σj+k oG)× (Σl oG)

Φj+k,l

// Σj+k+l oG

So for all x ∈ R(Σj oG), y ∈ R(Σk oG), and z ∈ R(Σl oG), the relation

trj,k+l(x× trk,l(y × z)) = trj+k,l(trj,k(x× y)× z)
holds in the group R(Σj+k+l o G). By unraveling the definitions, this implies the associativity of the
operation ⊕.
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Also, the following square of group monomorphisms commutes:

(Σk oG)× (Σl oG)
Φk,l //

twist

��

Σk+l oG

cχ

��
(Σl oG)× (Σk oG)

Φl,k

// Σl+k oG

Here χ = (χk,l; 1, . . . , 1) for the shuffle permutation χk,l ∈ Σk+l. So for all x ∈ R(Σk oG) and y ∈ R(Σl oG),
the relation

trl,k(y × x) = c∗χ(trk,l(x× y)) = trk,l(x× y)

holds in the group R(Σk+l o G). By unraveling the definitions, this implies the commutativity of the
operation ⊕. The sequence 1 with

1n =

{
1 for n = 0, and

0 for n ≥ 1

is a neutral element for ⊕. So Π(R;G) is an abelian monoid under ⊕. The distributivity of ⊕ over the
componentwise addition is a direct consequence of the biadditivity of the exterior product × and additivity
of transfer maps.

(ii) The relation x⊕ y = 0 is equivalent to x0 × y0 = 1 in R(e) and

x0 × yn = −
n∑
k=1

trk,n−k(xi × yn−k)

in R(Σn o G) for all n ≥ 1. So if y is an additive inverse to x, then y0 is a multiplicative inverse to x0.
Conversely, if the sequence x is given and x0 is a unit, then we can inductively define a sequence y = (yn)
by the above relations.

(iii) The restriction maps is additive because each of the restrictions maps (Σn o α)∗ is. The proof
that α∗ is respects the operation ⊕ uses the relation

(2.4) (Σn o α)∗ ◦ trk,n−k = trk,n−k ◦((Σk o α)× (Σn−k o α))∗

as maps from R((Σk o G) × (Σn−k o G)) to R(Σn o K). To prove (2.4) we distinguish two cases. If α is
surjective, then so is Σn o α, and

(Σn o α)−1((Σk oG)× (Σn−k oG)) = (Σk oK)× (Σn−k oK) .

So for epimorphisms, the relation (2.4) is a special case of compatibility of transfer with epimorphic restric-
tion. If H is a closed subgroup of G, then Σn oG consists of a single double coset for the left (Σn oH)-action
and right ((Σk oG)× (Σn−k oG))-action, and

(Σn oH) ∩ ((Σk oG)× (Σn−k oG)) = (Σk oH)× (Σn−k oH) .

So the double coset formula specializes to

resΣnoG
ΣnoH ◦ trk,n−k = trk,n−k ◦ res

(ΣkoG)×(Σn−koG)
(ΣkoH)×(Σn−koH) ,

which is precisely the relation (2.4) for the inclusion H −→ G. Every homomorphism factors as an epimor-
phism followed by a subgroup inclusion, so relation (2.4) follows in general. Now we can show that α∗ is
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additive:

(α∗(x⊕ y))n =

n∑
k=0

(Σn o α)∗(trk,n−k(xk × yn−k))

(2.4) =

n∑
k=0

trk,n−k (((Σk o α)× (Σn−k o α))∗(xk × yn−k))

=

n∑
k=0

trk,n−k ((Σk o α)∗(xk)× (Σn−k o α)∗(yn−k)) = (α∗(x)⊕ α∗(y))n .

Finally, we turn to the functoriality. Since (Σn o α) ◦ (Σn o β) = Σn o (α ◦ β), and (Σn o IdG) = IdΣnoG, the
contravariant functoriality of Π(R;−) follows from the functoriality of R. For g ∈ G the homomorphism Σn o
cg is conjugation by the element (1; g, . . . , g) ∈ Σn o G, hence inner automorphism induced the identity
in Π(R;−) since the same is true for R. �

Construction 2.5. We let R be a global Green functor and G a compact Lie group. We let

exp(R;G) ⊂ Π(R;G) =
∏

n≥0
R(Σn oG)

be the set of exponential sequences, i.e., of those families (xn)n in Π(R;G) that satisfy x0 = 1 in R(Σ0 oG) =
R(e) and

Φ∗k,n−k(xn) = xk × xn−k
in R((Σk oG)× (Σn−k oG)) for all 0 ≤ k ≤ n, where Φk,n−k is the monomorphism defined in (2.2).

We define a multiplication on the set exp(R;G) by coordinatewise multiplication in the ring R(Σm oG);
i.e.,

(x · y)n = xn · yn .
If H is a closed subgroup of G and x ∈ Π(R;H), then we define a transfer map trGH : Π(R;H) −→ Π(R;G)
by

(2.6)
(
trGH(x)

)
n

= trΣnoG
ΣnoH(xn) .

Proposition 2.7. Let R be a global Green functor and G a compact Lie group.

(i) The set exp(R;G) of exponential sequences is a subgroup of the abelian monoid Π(R;G).
(ii) The addition ⊕ and the componentwise multiplication make exp(R;G) into a commutative ring.
(iii) For every continuous group homomorphism α : K −→ G, the restriction map α∗ takes exp(R;G)

to exp(R;K) and the restriction is a ring homomorphism

α∗ : exp(R;G) −→ exp(R;K) .

(iv) For every closed subgroup H of G, the map trGH takes exp(R;H) to exp(R;G) and the restriction is a
additive map

trGH : exp(R;H) −→ exp(R;G) .

(v) For varying G, the ring structures, the restriction maps α∗ and the transfer maps trGH make exp(R) =
exp(R;−) into a global Green functor.

Proof. This proof is quite lengthy, although not difficult and mostly a matter of appropriate book
keeping.

(i) The key step in this verification is an application of the double coset formula, for which we need to
understand the (Σi×Σm−i)-(Σk ×Σm−k)-double cosets inside Σm. We parametrize these double cosets by
pairs (a, b) of natural numbers satisfying

(2.8) 0 ≤ a ≤ i , 0 ≤ b ≤ m− i and a+ b = k .
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For each such pair we define a permutation χ(a, b) ∈ Σm by

χ(a, b)(j) =


j for 1 ≤ j ≤ a,

j − a+ i for a+ 1 ≤ j ≤ a+ b,

j − b for a+ b+ 1 ≤ j ≤ i+ b,

j for i+ b+ 1 ≤ j ≤ m.

In other words, χ(a, b) is the unique (k,m− k)-shuffle such that

χ(a, b)({1, . . . , k}) = {1, . . . , a} ∪ {i+ 1, . . . , i+ b} .
Then the permutations χ(a, b) form a set of double coset representatives for the (Σi×Σm−i) and (Σk×Σm−k)
inside Σm, for all pairs (a, b) subject to (2.8).

When applying the double coset formula we will need the formulas

(Σi × Σm−i)
χ(a,b) ∩ (Σk × Σm−k) = Σa × Σb × Σi−a × Σm−i−b

and

(Σi × Σm−i) ∩ χ(a,b)(Σk × Σm−k) = Σa × Σi−a × Σb × Σm−i−b .

Thus

c∗χ(a,b)

(
res

Σk×Σm−k
(Σi×Σm−i)χ(a,b)∩(Σk×Σm−k)

(xk × ym−k)
)

= c∗χ(a,b)

(
resΣk

Σa×Σb
(xk)× res

Σm−k
Σi−a×Σm−i−b

(ym−k)
)

= c∗χ(a,b)(xa × xb × yi−a × ym−i−b) = xa × yi−a × xc × ym−i−c ,

and hence

tr
Σi×Σm−i
(Σi×Σm−i)∩χ(a,b)(Σk×Σm−k)

(
c∗χ(a,b)

(
res

Σk×Σm−k
(Σi×Σm−i)χ(a,b)∩(Σk×Σm−k)

))
(xk × ym−k)(2.9)

= tr
Σi×Σm−i
Σa×Σi−a×Σc×Σm−i−c

(xa × yi−a × xb × ym−i−b)
= tra,i−a(xa × yi−a)× trb,m−i−b(xb × ym−i−b) .

Now we finally employ the double coset formula for the two subgroups Σi × Σm−i and Σk × Σm−k of Σm;
we consider exponential sequences x, y ∈ exp(R;G) and calculate

Φ∗i,m−i((x⊕ y)m) =

m∑
k=0

Φ∗i,m−i(trk,m−k(xk × ym−k))

=
∑
a,b

tr
Σi×Σm−i
(Σi×Σm−i)∩χ(a,b)(Σk×Σm−k)

(
c∗χ(a,b)

(
res

Σk×Σm−k
(Σi×Σm−i)χ(a,b)∩(Σk×Σm−k)

))
(xk × ym−k)

(2.9) =
∑
a,b

tra,i−a(xa × yi−a)× trb,m−i−b(xb × ym−i−b) = (x+ y)i × (x+ y)m−i .

The last two sums run over all pairs (a, b) of natural numbers satisfying 0 ≤ a ≤ i and 0 ≤ b ≤ m− i. This
shows that the sequence x ⊕ y is again exponential, so exp(R;G) is an abelian monoid under ⊕. Every
element exp(R;G) invertible by Proposition 2.7 (ii), so exp(R;G) is even a subgroup of Π(R;G).

(ii) If x and y are exponential sequences, then the relation

Φ∗k,n−k(xn · yn) = Φ∗k,n−k(xn) · Φ∗k,n−k(yn)

= (xk × xn−k) · (yk × yn−k) = (xk · yk)× (xn−k · yn−k)

holds in the group R((Σk o G) × (Σn−k o G)); so the product x × y is again exponential. The product is
commutative since all the rings R(Σn o G) are commutative. The exponential sequence (1)n≥0 is clearly a
multiplicative unit.
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Distributivity holds slightly more generally: we let x, y ∈ Π(R;G) be arbitrary sequences and z ∈
exp(R;G) an exponential sequence. Then

((x⊕ y) · z)n =

(
n∑
k=0

trk,n−k(xk × yn−k)

)
· zn

=

n∑
k=0

trk,n−k((xk × yn−k) · Φ∗k,n−k(zn))

=

n∑
k=0

trk,n−k((xk × yn−k) · (zk × zn−k))

=

n∑
k=0

trk,n−k((xk · zk)× (yn−k · zn−k)) = ((x · z)⊕ (y · z))n .

The second equation is the reciprocity law in the global Green functor R; the third equation is the hypothesis
that z is exponential.

(iii) We let α : K −→ G be any continuous group homomorphism. If x ∈ exp(R;G) is an exponential
sequence, then

Φ∗i,n−i((Σn o α)∗(xn)) = ((Σi o α)× (Σn−i o α))∗(Φ∗i,n−i(xn))

= ((Σi o α)× (Σn−i o α))∗(xi × xn−i)
= (Σi o α)∗(xi)× (Σn−i o α)∗(xn−i) .

The first step uses that

(Σn o α) ◦ Φi,n−i = Φi,n−i ◦ ((Σi o α)× (Σn−i o α))

as homomorphisms from (Σi oK)× (Σn−i oK) to Σn oG. So the sequence α∗(x) is again exponential, and
this defines a map

α∗ = exp(R;α) : exp(R;G) −→ exp(R;K) .

The restriction map is additive for ⊕ by Proposition 2.3. It is multiplicative and unital because each of the
maps (Σn o α)∗ : R(Σn oG) −→ (Σn oK) is multiplicative and unital.

(iv) We let H be a closed subgroup of G and x ∈ exp(R;H). Then

Φ∗k,n−k

(
trΣnoG

ΣnoH(xn)
)

= tr
(ΣkoG)×(Σn−koG)
(ΣkoH)×(Σn−koH)(Φ

∗
k,n−k(xn))

= tr
(ΣkoG)×(Σn−koG)
(ΣkoH)×(Σn−koH)(xk × xn−k) = trΣkoG

ΣkoH(xk)× tr
Σn−koG
Σn−koH(xn−k) .

The first equality is the double coset formula, exploiting that Σn o G consists of a single double coset for
the left ((Σk oG)× (Σn−k oG))-action and right (Σn oH)-action, and

((Σk oG)× (Σn−k oG)) ∩ (Σn oH) = (Σk oH)× (Σn−k oH) .

So the sequence trGH(x) is again exponential.
To see that the transfer is additive we observe that

trΣnoG
ΣnoH ◦ trk,n−k = trk,n−k ◦ tr

(ΣkoG)×(Σn−koG)
(ΣkoH)×(Σn−koH)
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as maps from R((Σk oH)× (Σn−k oH)) to R(Σn oG), by transitivity of transfers. Thus

(trGH(x⊕ y))n =

n∑
k=0

trΣnoG
ΣnoH(trk,n−k(xk × yn−k))

=

n∑
k=0

trk,n−k

(
tr

(ΣkoG)×(Σn−koG)
(ΣkoH)×(Σn−koH)(xk × yn−k)

)
=

n∑
k=0

trk,n−k

(
trΣkoG

ΣkoH(xk)× tr
Σn−koG
Σn−koH(yn−k)

)
= (trGH(x)⊕ trGH(y))n .

(v) Clearly, the map trGG is the identity of exp(R;G). For nested subgroup K ≤ H ≤ G, we have

trΣnoG
ΣnoH ◦ trΣnoH

ΣnoK = trΣnoG
ΣnoK

by transitivity of transfers. This implies the relation trGH ◦ trHK = trGK as maps from exp(R;K) to exp(R;G).
The normalizer of Σn oH in Σn oG is Σn oNG(H); hence the Weyl group of Σn oH in Σn oG is isomorphic

to (WG(H))n. In particular, if the Weyl group of H in G is infinite, then for every n ≥ 1, the Weyl group
of Σn oH in Σn oG is infinite. So in this situation,

(trGH(x))n = trΣnoG
ΣnoH(xn) =

{
1 for n = 0, and

0 for n ≥ 1.

In other words, trGH(x) = 0, the neutral element for the addition ⊕.
For a surjective group homomorphism α : K −→ G, the map Σn o α is again surjective. We let H be a

closed subgroup of G and set L = α−1(H). Then

(Σn o α)−1(Σn oH) = Σn o L and (Σn o α)|ΣnoL = Σn o (α|L) .

So

(Σn o α)∗ ◦ trΣnoG
ΣnoH = trΣnoK

ΣnoL ◦(Σn o (α|L))∗ .

Plugging this into the definitions shows that α∗ ◦ trGH = trKL ◦(α|L)∗ as maps from exp(R;H) to exp(R;K).
Maybe the most involved verification in this proposition of this part is the double coset formula for the

restriction of a transfer in exp(R). We let K and H be two closed subgroups of a compact Lie group G.
Then the coset space

(Σn oG)/(Σn oH)

is homeomorphic to (G/H)n. Thus the double coset space

(Σn oK)\(Σn oG)/(Σn oH)

is homeomorphic to

Σn\(K\G/H)n = Symn(K\G/H) ,

the n-th symmetric power of the double coset space K\G/H. We choose a set {γ1, . . . γm} ⊂ G of repre-
sentatives of the path components of the orbit type manifolds. Then [show] the elements

γi = (1; γi11 , . . . , γ
im
m ) ∈ Σm oG

form a set of representatives of the path components of the orbit type manifolds for (ΣnoK)\(ΣnoG)/(ΣnoH),
for all i1, . . . , im ≥ 0 such that i1 + · · ·+ im = n.

Moreover,

(Σn oK) ∩ γi(Σn oH) = (Σi1 o (K ∩ γ1H))× · · · × (Σim o (K ∩ γmH)) .
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For x ∈ exp(R;H), the double coset formula for the global functor R then gives(
resGK(trGH(x))

)
n

= resΣnoG
ΣnoK(trΣnoG

ΣnoH(xn))

=
∑

i1,...,im=n

trΣnoK
(Σi1 o(Kγ1∩H))×···×(Σim o(Kγm∩H))(c

∗
γi(resΣnoH

(Σi1 o(K∩γ1H))×···×(Σim o(K∩γmH))(xn)))

=
∑

i1,...,im=n

trΣnoK
(Σi1 o(Kγ1∩H))×···×(Σim o(Kγm∩H))(res

Σi1 oH
Σi1 o(Kγ1∩H)(xi1)× · · · × res

Σim oH
Σim o(Kγm∩H)(xim)))

=
∑

i1,...,im=n

tri1,...,im

(
tr

Σi1 oK
Σno(K

γi1∩H)
(c∗γij

(resΣnoH
Σno(K

γij ∩H)
(xi1)))× · · · × tr

Σim oK
Σim o(K

γij ∩H)
(c∗γij

(res
Σim oH
Σim o(K

γij ∩H)
(xim)))

)

=

 m∑
j=1

trK
K
γij ∩H(c∗γij

(resH
K
γij ∩H(x)))


n

.

[how about χ](M) ???]
The reciprocity law for restriction and transfer is a direct consequence of the reciprocity for the global

Green functor R. In more detail, we consider exponential sequences x ∈ exp(R;H) and y ∈ exp(R;G),
where H is a closed subgroup of G. Then

(trGH(x) · y)n = trΣnoG
ΣnoH(xn) · yn = trΣnoG

ΣnoH(xn · resΣnoG
ΣnoH(yn)) = (trGH(x · resGH(y)))n . �

The previous proposition establishes the functor exp of exponential sequences as an endofunctor of the
category of global Green functors. Now we make this endofunctor into a comonad. A natural transformation
of Green functors

ηR : exp(R) −→ R

is given by η(x) = x1, using the identification G ∼= Σ1 oG via g 7→ (1; g). A natural transformation

κR : exp(R) −→ exp(exp(R))

is given at a compact Lie group G by

(κ(x)n)k = Ψ∗k,n(xkn) ∈ R(Σk o (Σn oG)) ;

here the restriction is along the monomorphism

Ψk,n : Σk o (Σn oG) −→ Σkn oG

(σ; (τ1; h1), . . . , (τk; hk)) 7−→ (σ(τ1 + · · ·+ τk); h1 + · · ·+ hk) .

The following is Satz 2.17 in [134].

Proposition 2.10. Let R be a global Green functor.
(i) For every compact Lie group G and for every exponential sequence x ∈ exp(R;G), the sequence κ(x)

is an element of exp(exp(R);G).
(ii) As the group varies, the maps κ form a morphism of global Green functors κR : exp(R) −→ exp(exp(R)),

natural in R.
(iii) The natural transformations

η : exp −→ Id and κ : exp −→ exp ◦ exp

make the functor exp into a comonad on the category of global Green functors.



2. ALGEBRA OF GLOBAL POWER FUNCTORS 319

Proof. (i) Because the square of group homomorphisms

(Σj o (Σn oG))× (Σk−j o (Σn oG))
Φj,k−j //

Ψj,n×Ψk−j,n

��

Σk o (Σn oG)

Ψk,n

��
(Σjn oG)× (Σ(k−j)n oG)

Φjn,(k−j)n

// Σkn oG

commutes, the elements Ψ∗k,n(xkn) satisfy

Φ∗j,k−j(Ψ
∗
k,n(xkn)) = (Ψj,n ×Ψk−j,n)∗(Φ∗jn,(k−j)n(xkn))

= (Ψj,n ×Ψk−j,n)∗(xjn × x(k−j)n) = Ψ∗j,n(xjn)×Ψ∗k−j,n(x(k−j)n) .

This shows that for fixed n ≥ 0, the sequence κ(x)n = (Ψ∗k,n(xkn))k≥0 is exponential, i.e., an element of

the ring exp(R; Σn oG). Moreover, the square of group homomorphisms

Σk o ((Σi oG)× (Σn−i oG))
ΣkoΦi,n−i //

∆

��

Σk o (Σn oG)

Ψk,n

��

(Σk o (Σi oG))× (Σk o (Σn−i oG))

Ψk,i×Ψk,n−i

��
(Σki oG)× (Σk(n−i) oG)

Φki,k(n−i)

// Σkn oG

commutes; so the relation(
Φ∗i,n−i(κ(x)n)

)
k

= (Σk o Φi,n−i)∗(Ψ∗k,n(xkn))

= ∆∗((Ψk,i ×Ψk,n−i)
∗(Φ∗ki,k(n−i)(xkn)))

= ∆∗(Ψ∗k,i(xki)×Ψ∗k,n−i(xk(n−i)))

= ∆∗((κ(x)i)k × (κ(x)n−i)k) = (κ(x)i × κ(x)n−i)k

holds in R(Σk o ((Σi oG)× (Σn−i oG))). For varying k ≥ 0, this shows that

Φ∗i,n−i(κ(x)n) = κ(x)i × κ(x)n−i in exp(R; (Σi oG)× (Σn−i oG)).

In other words, the sequence κ(x) = (κ(x)n)n≥0 is itself exponential.
(ii) Now we show that for varying G the maps κ form a morphism of global Green functors. Given x, y ∈

exp(R;G) we have

(κ(x)⊕ κ(y))n =

n∑
i=0

tri,n−i(κ(x)i × κ(x)n−i) ,

where the sum on the right is taken in the group exp(R; Σn o G) under ⊕. Hence [finish...] The rela-
tions κ(1) = 1 and κ(x · y) = κ(x) · κ(y) are straightforward from the definitions, using that multiplication
is defined coordinatewise and that the restriction map Ψ∗k,n is multiplicative and unital.

For every homomorphism α : K −→ G the relations

(κ(α∗(x))n)k = Ψ∗k,n((Σkn o α)∗(xkn)) = (Σk o Σn o α)∗(Ψ∗k,n(xkn))

= (Σk o Σn o α)∗((κ(x)n)k) = ((α∗(κ(x)))n)k

holds in R(Σk oΣn oK). So κ ◦α∗ = α∗ ◦ κ. The compatibility of κ with transfers is similar, but also needs
another application of a double coset formula. Indeed, for every closed subgroup H of G, the group Σkn oG
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consists of a single double coset for the left (Σk o Σn oG)-action and right (Σkn oH)-action, and

(Σk o Σn oG) ∩ (Σkn oH) = Σk o Σn oH .

So for every x ∈ exp(R;H), the relations

(κ(trGH(x))n)k = Ψ∗k,n

(
trΣknoG

ΣknoH(xkn)
)

= trΣkoΣnoG
ΣkoΣnoH(Ψ∗k,n(xkn))

= trΣkoΣnoG
ΣkoΣnoH((κ(x)n)k) =

(
(trGH(κ(x)))n

)
k

holds in R(Σk o Σn oG). So κ ◦ trGH = trGH ◦κ.
(iii) We have to show that the transformation κ is coassociative, and counital with respect to η, and

these are all straightforward from the definitions. The counitality relations

ηexp(R) ◦ κR = Idexp(R) = exp(ηR) ◦ κR
come down to the facts that the homomorphism Ψk,1 is the result of applying Σk o − to the preferred
isomorphism Σ1 oG ∼= G, and that the homomorphism Ψ1,n is the preferred isomorphism Σ1 oΣn oG ∼= Σn oG.
The coassociativity relation

exp(κR) ◦ κR = κexp(R) ◦ κR
ultimately boils down to the observation that the following square of monomorphism commutes:

Σl o Σk o Σn oG
ΣloΨk,n //

Ψl,k

��

Σl o Σkn oG

Ψl,kn

��
Σlk o Σn oG

Ψlk,n

// Σlkn oG

�

Example 2.11 (Constant global Green functor). We let B be a commutative ring. Then the constant
global functor B (Example III.3.25 (ii)) is naturally a global Green functor, via the ring structure of B. For
the constant global Green functor B and every compact Lie group G, the ring Π(B;G) of Proposition 2.3
is the ‘divided power series ring’ over B, independent of G. Indeed,

Π(B;G) =
∏
n≥0

B

with componentwise addition and multiplication by

(x⊕ y)n =

n∑
k=0

(
n

k

)
· xk · yn−k .

Every exponential sequence x ∈ exp(B;G) is completely determined by the element x1, i.e., the morphism

ηB : exp(B) −→ B

is an isomorphism of global Green functors. So when restricted to constant global Green functors, the exp-
comonad is isomorphic to the identity. Thus B has a unique structure of coalgebra over the comonad exp,
with structure morphism the inverse of ηB .

Now we can finally get to the main result of this section, identifying global power functors with coal-
gebras over the comonad of exponential sequences. We suppose that R is a global Green functor and
P : R −→ exp(R) a natural transformation of global Green functors. For every compact Lie group G, a
sequence of operations Pn : R(G) −→ R(Σn oG) is defined by

Pn(x) = (P (x))n ,

i.e., Pn(x) is the n-th component of the exponential sequence P (x).

Theorem 2.12 (Comonadic description of global power functors).
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(i) Let R be a global Green functor and P : R −→ exp(R) a morphism of global Green functors that
makes R into a coalgebra over the comonad (exp, η, κ). Then the operations Pn : R(G) −→ R(Σn oG)
make R into a global power functor.

(ii) The functor

(exp -coalgebras) −→ (global power functors) , (R,P : R −→ exp(R)) 7−→ (R, {Pn}n≥0)

is an isomorphism of categories.

Proof. (i) The fact that P : R −→ exp(R) takes values in exponential sequences is equivalent to the
restriction condition of the power operations. The fact that P : R −→ exp(R) is a transformation of Green
functors encoded simultaneously the unit, contravariant naturality, transfer, multiplicativity and additivity
relations of a global power functor. The identity relation is equivalent to the counit condition of a coalgebra,
i.e., that the composite

R
P−−→ exp(R)

ηR−−−→ R

is the identity. The transitivity relation is equivalent to

exp(P ) ◦ P = κR ◦ P ,

the coassociativity condition of a coalgebra.
Part (ii) is essentially reading part (i) backwards, and we omit the details. �

The interpretation of global power functors as coalgebra over a comonad has some useful consequences
that are not so easy to see directly from the original definition in terms of power operations and explicit
relations. In general, colimits in any category of coalgebras are created in the underlying category [ref]. In
our situation that means:

Corollary 2.13. (i) Colimits in the category of global power functors exist and are created in the
underlying category of global Green functors.

(ii) For every global Green functor R, the maps

Pn : exp(R;G) −→ exp(R; Σn oG) , Pn(x) = κ(x)n = (Ψ∗k,n(xkn))k≥0 .

make the global Green functor exp(R) into a global power functor.
(iii) When viewed as a functor to the category of global power functors as in (ii), the functor exp is right

adjoint to the forgetful functor.

Example 2.14 (Coproducts). We let R and S be two global Green functors. Global Green functors
are the commutative monoids, with respect to the box product, in the category of global functors. So the
box product R�S is the coproduct in the category of global Green functors, with multiplication defined as
the composite

R�S�R�S
R�τS,R�S−−−−−−−→ R�R�S�S

µR�µS−−−−−→ R�S .

If P : R −→ exp(R) and P ′ : S −→ exp(S) are global power structures on R and S, then R�S has preferred
power operations specified by the morphism of global Green functors

R�S
P�P ′−−−−−→ exp(R)� exp(S) −→ exp(R�S)

where the second morphism is the canonical one from the coproduct of exp to the values of exp at a
coproduct. With these power operations, R�S becomes a coproduct of R and S in the category of global
power functors, by Corollary 2.13 (i).

This abstract definition of the power operations on R�S can be made more explicit. Indeed, the power
operations on R�S are determined by the formula

Pn(x× y) = ∆∗(Pn(x)× Pn(y))
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for all compact Lie groups G and K and classes x ∈ R(G) and y ∈ S(K), and by the relations of the power
operations. Here ∆ : Σn o (G ×K) −→ (Σn o G) × (Σn oK) is the diagonal monomorphism (see (2.10) of
Chapter I).

The coproduct of global power functors is realized by the coproduct of ultra-commutative ring spectra
in the following sense. If E and F are ultra-commutative ring spectra, then the ring spectra morphisms
E −→ E ∧ F and F −→ E ∧ F induced morphisms of global power functors π0(E) −→ π0(E ∧ F ) and
π0(F ) −→ π0(E ∧ F ), and together they define a morphism from the coproduct of global power functors

π0(E)�π0(F ) −→ π0(E ∧ F ) .

If E and F are globally connective and at least one of them is flat as an orthogonal spectrum, then this is
an isomorphism of global functors by Proposition IV.3.15, hence an isomorphism of global power functors.

Remark 2.15 (Monadic description of global power functors). Now we explain that the category of
global power functors in not only comonadic, but also monadic over the category of global Green functors. In
fact, both categories are examples of algebras over multisorted algebraic theories (also called colored theories).
The ‘sorts’ (or ‘colors’) are the compact Lie groups and the content of this claim is that the structure of
global Green functors respectively global power functors can be specified by giving the values R(G) at every
compact Lie group, together with n-ary operations for different n ≥ 0 and varying inputs and output, and
relations between composites of those operations.

In the case of global Green functors, the operations to be specified are

• the constants given by the additive and multiplicative units in the rings R(G),
• the unary operations given by the additive inverse map in R(G), the restriction maps and transfers,
• and the binary operations specifying the addition and multiplication in the rings R(G).

The relations include, among others, the neutrality, associativity and commutativity of addition and mul-
tiplication; the distributivity in the rings R(G); the additivity of restriction and transfers; the functoriality
of restrictions and transitivity of transfers; and the double coset and reciprocity formulas.

Global power functors have additional unary operations, the power operations, and additional relations
as listed in Definition 1.4.

Proposition 2.16. The forgetful functor from the category of global power functors to the category of
global Green functors has a left adjoint. The category of global power functors is isomorphic to the category
of algebras over the monad of this adjunction.

Proof. For the existence of the left adjoint we have to show that for every global Green functor R the
functor

(global power functor) −→ (sets) , S 7−→ Green(R,US)

is representable. This is a formal consequence of the existence of free global power functors, colimits of
global power functors and the fact that global power functors are a multi-sorted theories. We explain this
in more detail, without completely formalizing the argument.

We choose a set of compact Lie group {Ki}i∈I that contains one compact Lie group from every isomor-
phism class. We form a the global power functor

L = �i∈I,x∈R(Ki)Ci,x ,

a coproduct, indexed by all pairs (i, x) consisting of an index i ∈ I and an element x ∈ R(Ki), of free global
power functors

Ci,x = CKi
generated by the compact Lie group Ki. On this free global power functor we impose the minimal amount
of relations so that the maps R(Ki) −→ L(Ki) that send x ∈ R(Ki) to the generator indexed by (i, x)
becomes a morphism of global Green functors. Here ‘imposing relations’ means that we form another box
product L′ of free global power functors, with one box factor for each relation between elements in the
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various sets R(Ki). For example, we include one factor for the sum of each pair of elements in the same
set R(Ki), another factor for the product of each pair of elements in the same set R(Ki), and more factors
for zero elements, multiplicative units, all restriction relations and all transfers relations. Then we form a
coequalizer, in the category of global power functors

L′ // // L // F

where the two morphisms from L′ to L restrict, on each box factor, the morphism that represents the
respective relation. The resulting global power functor then represents the functor Green(R,−U(−)), so
we can take F as the value of the left adjoint on R.

Since the global power functors are equivalent to the coalgebras over the exp-comonad, the forgetful
functor creates all colimits, in particular coequalizers. So by Beck’s monadicity theorem (see for example [95,
VI.7 Thm. 1]), the tautological functor from global power functors to algebras over the adjunction monad
is an isomorphism of categories. �

Example 2.17 (Limits). The category of global power functors has limits, and they are defined ‘group-
wise’. A product is a special case of a limit, and the product of global power functors is realized by the
product of ultra-commutative ring spectra. If E and F are ultra-commutative ring spectra, then so is the
product E × F of the underlying orthogonal spectra, and the canonical map

π0(E × F ) −→ π0(E)× π0(F )

is an isomorphism of global power functors (by Corollary III.1.26 (ii)).

3. Examples

In this section we discuss various examples of and constructions with global power functors, and how
they are realized topologically by examples of or constructions with ultra-commutative ring spectra.

Example 3.1 (Burnside ring global functor). The Burnside ring global functor A = A(e,−) is the
unit object for the box product of global functors, and hence an initial object in the category of global
Green functors, and initial objects are examples of colimits. So Corollary 2.13 implies that A has a unique
structure of global power functor, and with this structure it is an initial global power functor. Indeed, there
is a unique morphism P : A −→ exp(A) of global Green functors (since A is initial), and the coalgebra
diagrams commute (again since A is initial). With these power operations, A is also an initial global power
functor.

We can make the power operations in the Burnside ring functor more explicit. Indeed, the group A(G)
is free abelian with a basis given by the elements tH = trGH(p∗H(1)) for every conjugacy class of subgroups
H ≤ G with finite Weyl group, where pH : H −→ e is the unique homomorphism. On these generators, the
naturality properties of a global power functor force the power operations to be given by

Pm(tH) = Pm(trGH(p∗H(1))) = trΣmoG
ΣmoH((Σm o pH)∗(Pm(1)))(3.2)

= trΣmoG
ΣmoH((Σm o pH)∗(p∗Σm(1))) = trΣmoG

ΣmoH(p∗ΣmoH(1)) = tΣmoH .

This determines the power operations in general by the additivity property, and also shows the uniqueness.
When restricted to finite groups, the ring A(G) is isomorphic to the Grothendieck group of finite G-sets,

and in this description the power operations are given by raising a finite G-set to a power, i.e., the power
map

Pm : A(G) −→ A(Σm oG)

takes the class of a finite G-set S to the class of the (Σm o G)-set Sm. Indeed, for the additive generator
[G/H] = tH of A(G) this is the relation (3.2), and for general finite G-sets it follows from the additivity
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formula for power operations and the fact that for two finite G-sets S and T the power (S
∐
T )m is

(Σm oG)-equivariantly isomorphic to the coproduct
m∐
i=0

(Σm oG)×(ΣioG)×(Σm−ioG) S
i × Tm−i .

The canonical power operations in the Burnside ring global functor correspond to the homotopy the-
oretic power operations for the global sphere spectrum. Indeed, since A is initial in both the category
of global Green functors and in the category of global power functors, any isomorphism of global Green
functors is automatically compatible with power operations. In other words, we can conclude that the
square

A(G)
Pm //

∼=
��

A(Σm oG)

∼=
��

πG0 (S)
Pm

// πΣmoG
0 (S)

commutes for all G and m without even having to go back to the definition of the operations in π0(S); the
vertical maps are the action on the generator 1 ∈ πe0(S).

Example 3.3 (Representable global functors). The previous example generalizes to the representable
global functor A(A,−) for every abelian compact Lie group, which has a preferred structure of a global
power functor. The product of A(A,−) is the composite

A(A,−)�A(A,−) ∼= A(A×A,−)
A(µ∗,−)−−−−−→ A(A,−) ,

where µ : A × A −→ A is the commutative multiplication on A and µ∗ ∈ A(A,A × A) is the associated
restriction morphism. This representable global functor is freely generated by the identity 1A in A(A,A),
and the power operations are all determined by naturality from the effect on this generator, which is given
by

(3.4) Pm(1A) = p∗m ∈ A(A,Σm oA) ,

the inflation map of the continuous epimorphism

pm : Σm oA −→ A , (σ; a1, . . . , am) 7−→ a1 · . . . · am .

We could now justify purely algebraically that this multiplication and power operations make the rep-
resentable global functor A(A,−) into a global power functor. Instead, we will show how A(A,−) is
realized by an ultra-commutative ring spectrum, which then implies all the relations. In Example II.4.20
we provided a global classifying space B⊗glA for the abelian group A with a commutative multiplication.

The associated unreduced suspension spectrum Σ∞+ B
⊗
glA is then an ultra-commutative ring spectrum.

The global functor π0(Σ∞+ B
⊗
glA) is isomorphic to A(A,−) by evaluation at the stable tautological class

eA ∈ πA0 (Σ∞+ B
⊗
glA) (by Theorem III.3.13). The class eA is the stabilization of the unstable tautological

class uA ∈ πA0 (B⊗glA), whose m-th power is Pm(uA) = p∗m(uA) (by Proposition II.2.13). The stabilization

map σ : π0(B⊗glA) −→ π0(Σ∞+ B
⊗
glA) commutes with power operations, so this shows that

Pm(eA) = p∗m(eA) in πΣmoA
0 (Σ∞+ B

⊗
glA).

As a global power functor, A(A,−) is in fact freely generated by the class 1A subject only to the
relations (3.4). In other words, for every global power functor R the evaluation map

(global power functors)(A(A,−), R) −→ {x ∈ R(A) | Pm(x) = p∗m(x) for all m ≥ 1}
is bijective [show...].
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Construction 3.5 (Free global power functors). For a compact Lie group K we construct a free global
power functor CK generated by K. The underlying global functor is

CK =
⊕
m≥0

A(Σm oK,−) ,

the direct sum of the global functors represented by the wreath products Σm oK, including the trivial group
Σ0 oK = e. The multiplication µ : CK�CK −→ CK that makes this into a global Green functor restricted
to the (m,n)-summand is the morphism

A(Σm oK,−)�A(Σn oK,−) ∼= A((Σm oK)× (Σn oK),−)
A(Φ∗m,n,−)
−−−−−−−→ A(Σm+n oK,−) −→ CK ;

here Φ∗m,n is the restriction map associated to the embedding (2.7)

Φm,n : (Σm oK)× (Σn oK) −→ Σm+n oK .

The multiplication is associative because

Φm+n,k ◦(Φm,n×(Σk oK)) = Φm,n+k ◦((Σm oK)×Φn,k) : (Σm oK)×(Σn oK)×(Σk oK) −→ Σm+n+k oK .

The multiplication is commutative because the group homomorphisms

Φm,n , Φn,m ◦ τΣmoK,ΣnoK : (Σm oK)× (Σn oK) −→ Σm+n oK

are conjugate, so they represent the same morphism in A((Σm oK)× (Σn oK), Σm+n oK). The unit is the
inclusion A(e,−) −→ CK of the summand indexed by m = 0.

The global Green functor CK can be made into a global power functor in a unique way such that the
relation

Pm(1K) = 1ΣmoK

holds in the m-th summand of CK(Σm oK), where 1K ∈ A(K,K) and 1ΣmoK ∈ A(Σm oK,Σm oK) are the
identity maps. Indeed, CK is generated as a global functor by the classes 1ΣmoK for all k ≥ 0, so there is at
most one such global power structure, and every morphism of global power functors out of CK is determined
by its values on the class 1K . The existence of a global power structure on CK with this property could be
justified purely algebraically, but we show it by realizing CK by an ultra-commutative ring spectrum.

The unreduced suspension spectrum

Σ∞+ P(BglK) ∼=
∨
m≥0

Σ∞+ Bgl(Σm oK)

of the free ultra-commutative monoid (compare Example II.1.1) generated by a global classifying space
of K is an ultra-commutative ring spectrum. According to Proposition III.3.13, its 0-th homotopy group
global functor is given additively by

π0(Σ∞+ P(BglK)) ∼=
⊕
m≥0

π0(Σ∞+ Bgl(Σm oK)) ∼=
⊕
m≥0

A(Σm oK,−) .

Under this isomorphism, the stable tautological class eK ∈ πK0 (Σ∞+ BglK) maps to the generator 1K ∈
A(K,K). The class eK is the stabilization of the unstable tautological class uK ∈ πK0 (BglK), whose m-th
power is Pm(uK) = uΣmoK (see (2.15) of Chapter I). The stabilization map σ : π0(BglK) −→ π0(Σ∞+ BglK)

commutes with power operations, so this shows that Pm(eK) = eΣmoK in πΣmoK
0 (Σ∞+ P(BglK)).
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� We warn the reader that the previous example of the free global power functor CK is not the symmetric
algebra, with respect to the box product of global functors, of the represented global functor A(K,−).

The issue is that the global functors

A(K,−)�m/Σm ∼= A(Km,−)/Σm and A(Σm oK,−)

are typically not isomorphic. The restriction map resΣmoK
Km ∈ A(Σm o K,Km) induces a morphism of

represented global functors

− ◦ resΣmoK
Km : A(Km,−) −→ A(Σm oK,−)

that equalizes the Σm-action on the source because every permutation of the factors of Km becomes an
inner automorphism in Σm oK. So the morphism factors over a morphism of global functors

A(Km,−)/Σm −→ A(Σm oK,−)

which, however, is generally not an isomorphism (already for K = e and m = 2). The box product
symmetric algebra ⊕

m≥0

A(K,−)�m/Σm ∼=
⊕
m≥0

A(Km,−)/Σm

also has a universal property: it is the free global Green functor generated by K; however, this box product
symmetric algebra does not seem to have natural power operations, so it is of little interest for our topological
applications.

Example 3.6 (Constant global power functors and Eilenberg-Mac Lane spectra). We let B be a com-
mutative ring. Then the constant global functor B (Example III.3.25 (ii)) becomes a global power functor
via the multiplication of B and the power operations

Pm : B(G) = B −→ B = B(Σm oG) , b 7−→ bm

given by powers in the ring B. In fact, since the operation Pm has to be an equivariant refinement of the
m-th power map in R(G) (compare Remark II.2.9), this is the only possibility to define power operations on
a constant global functor. In the comonadic picture, this is reflected by the unique exp-coalgebra structure
of B, compare Example 2.11.

Since B is constant, every morphism R −→ B of global functors is determined by the map R(e) −→
B(e) = B. Moreover, every ring homomorphism ψ : R(e) −→ B extends uniquely to a morphism of global

power functors ψ̂ : R −→ B by defining its value at a compact Lie group as the composite

R(G)
p∗G−−−→ R(e)

ψ−−→ B .

In other words, the functor

(commutative rings) −→ (global power functors) , B 7−→ B

is right adjoint to the functor that takes a global power functor R to the ring R(e).
The author does not know an explicit pointset level model for an ultra-commutative ring spectrum

that realizes the constant global power functor B. The Eilenberg-Mac Lane spectrum HB, discussed in
Construction V.3.21 below, is an ultra-commutative ring spectrum and tries to realize B: the global power
functor π0(HB) is indeed constant on finite groups, but the restriction maps are not generally isomor-
phisms, compare Proposition V.3.25. The morphism of global power functors π0(HB) −→ B adjoint to the
identification πe0(HB) ∼= B is thus an isomorphism at finite groups (and some other compact Lie groups),
but not an isomorphism in general.

Example 3.7 (Monoid rings). Let R be a global Green functor and M a commutative monoid. We
denote by R[M ] the monoid ring functor; its value at a finite group G is given by

(R[M ])(G) = R(G)[M ] ,
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the monoid ring of M over R(G). The structure as global functor is induced from the structure of R and
constant in M . The multiplication and unit are induced from the multiplication and units of R and M .
The global Green functor R[M ] can be characterized as follows by the functor that it represents: for
every global Green functor S, morphisms R[M ] −→ S biject with pairs consisting of a morphism of global
Green functors R −→ S and a monoid homomorphism M −→ (S(e), ·) to the multiplicative monoid of the
underlying ring S(e).

Now suppose that R is even a global power functor. Then R[M ] inherits a natural structure as global
power functor; indeed, we define the power operation

Pn : R(G)[M ] −→ R(Σn oG)[M ]

by Pn(r · m) = Pn(r) · mn for r ∈ R(G) and m ∈ M , and then we extend this by additivity to general
elements in R(G)[M ]. In this upgraded setting, the global power functor R[M ] has a similar characterization
as in the previous paragraph: for every global power functor S, morphisms R[M ] −→ S biject with pairs
consisting of a morphism of global power functors R −→ S and a monoid homomorphism M −→ (S(e), ·)
to the multiplicative monoid of the underlying ring S(e).

We let E be an ultra-commutative ring spectrum and M a commutative monoid. Then the monoid
ring spectrum E[M ] = M+ ∧ E is another ultra-commutative ring spectrum. The unit of M induces a
morphism of ultra-commutative ring spectra E −→ E[M ] that induces a morphism of global power functors
π0(E) −→ π0(E[M ]). Similarly, the unit of E induces a monoid homomorphism M −→ M+ ∧ E(0), and
this induces a monoid homomorphism M −→ πe0(E[M ]) to the multiplicative monoid of the ring πe0(E[M ]).
The universal property of the algebraic monoid ring combines these two pieces of data into a morphism of
global power functors

(3.8) (π0E)[M ] −→ π0(E[M ]) .

Additively, the left hand side is a direct sum of copies of π0(E), indexed by the elements of M . Similarly,
the orthogonal spectrum E[M ] is a wedge of copies of E, indexed by the elements of M . So the right hand
side π0(E[M ]) is also a direct sum of copies of π0(E) (by Corollary III.1.26 (i)). We conclude that the
preferred morphism of global power functors (3.8) is an isomorphism.

Example 3.9 (Representation ring global functor). As G varies over all compact Lie groups, the uni-
tary representation rings RU(G) form the unitary representation ring global functor RU. This is classical
in the restricted realm of finite groups, but somewhat less familiar for compact Lie groups in general. The
restriction maps α∗ : RU(G) −→ RU(K) are induced by restriction of representations along a homomor-
phism α : K −→ G. The transfer maps trGH : RU(H) −→ RU(G) along a closed subgroup inclusion H ≤ G
are given by the smooth induction of Segal [131, § 2]. If H is a subgroup of finite index of G, then this
induction sends the class of an H-representation to the induced G-representation mapG(H,V ); in general,
induction sends actual representations to virtual representations.

The key tool for understanding the smooth induction is Segal’s character formula [131, p. 119] that
we now recall. Given an element g ∈ G, we let F1, . . . , Fk be the connected components of the fixed point
space (G/H)g, and we choose ai, . . . , ak ∈ G such that aiH ∈ Fi. Then for every class x ∈ RU(H), the
character of the induced representation is given in terms of the character of x by

(3.10) χ(trGH(x))(g) =

k∑
i=1

χ(Fi) · χ(x)(a−1
i gai) .

Segal had originally stated this formula only for regular elements g, which means in particular that (G/H)g

consists of isolated fixed points. So for regular g, each component Fi is a point, and thus χ(Fi) = 1.
The regular elements are dense in G, and since the character is continuous, it is determined by its values
on regular elements. Oliver showed in [108, Prop. 2.3], that the formula (3.10) is in fact continuous as a
function of g. Since the formula agrees with Segal’s for regular elements, it describes the character of the
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induced representation in general. When H has finite index in G, then (G/H)g is finite and each component
Fi is a point. So then χ(Fi) = 1 and the formula (3.16) simplifies to the classical formula for the character
of an induced representation.

In the generality of compact Lie groups, the double coset formula for RU was proved by Snaith [139,
Thm. 2.4]. The representation rings also have well-known power operations

Pm : RU(G) −→ RU(Σm oG) ;

on the class of a G-representation V , the power operation is represented by the tensor power,

Pm[V ] = [V ⊗m]

using the canonical action of Σm o G on V ⊗m. Since power operations are not additive, one has to argue
when extending this assignment extends to virtual vector bundles. The standard way is to assemble all
power operations on representations into a map

P : RU+(G) −→ exp(RU;G) , P ([V ]) =
(
[V ⊗m]

)
m≥0

.

If W is another G-representation, then

(V ⊕W )⊗m and

m⊕
k=0

trΣmoG
(ΣkoG)×(Σm−koG)(V

⊗k ⊗W⊗(m−k))

are isomorphic as (Σm oG)-representations, because tensor product distributes over direct sum. This means
that the total power map P is a monoid homomorphism from RU+(G) to the group exp(RU;G) under ⊕.
So the total power operation extends uniquely to a group homomorphism

P : RU(G) −→ exp(RU;G)

on the representation ring. The operation Pm is then the m-th factor of this extension.
The representation ring global functor RU is realized by the ultra-commutative ring spectrum KU,

the unitary global K-theory spectrum, see Theorem 7.17 below.

Another special property of the representation ring global functor is the following:

Proposition 3.11. Let G be a connected compact Lie group, T a maximal torus and N = NGT the
maximal torus normalizer. Then

trGN (1) = 1

in the ring RU(G). Moreover, the composite

RU(G)
resGN−−−→ RU(N)

trGN−−→ RU(G)

is the identity.

Proof. If g ∈ G is such that tgN = gN for all t ∈ T , then T g ⊆ N . Since T g is connected, it is
contained in the identity component N◦ = T . So we conclude that T g = T , i.e., g ∈ N . Altogether this
shows that (G/N)T = {N}.

Now we can prove the proposition. We let g ∈ T be any regular element of the maximal torus. Then T
is the closure of the subgroup generated by g, and hence

(G/N)g = (G/N)T

is a single point. The character formula (3.10) thus shows that

χ(trGN (1))(g) = 1 .

Since the regular elements are dense in T , the restriction of the character χ(trGN (1)) to T is identically 1.
Since every element of G is conjugate to an element in T , the character of trGN (1) is identically 1. Since
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elements of RU(G) are characterized by their characters, this shows the first relation. The reciprocity
formula then yields

trGN (resGN (x)) = trGN (1) · x = x

for all x ∈ RU(G). �

Remark 3.12 (Brauer induction). By Brauer’s theorem [30, Thm. I] the complex representation ring
of a finite group is generated, as an abelian group, by representations that are induced from 1-dimensional
representations of subgroups. Segal generalized this result to compact Lie groups in [131, Prop. 3.11 (ii)],
where ‘induction’ refers to the smooth induction (that generalizes the classical induction for finite index
inclusions). In fact, in the world of compact Lie group, Segal’s smooth induction for not necessarily finite
index subgroups makes the proof quite transparent, as we shall now recall. In our language the statement
can be expressed by saying that the representation ring global functor RU is ‘cyclic’ in the sense that it is
generated by a single element, the class x ∈ RU(T ) of the tautological 1-dimensional representation of the
circle group T = U(1). Equivalently, the morphism of global functors

evx : A(T,−) −→ RU

classified by the element x is an epimorphism. We recall the argument: we let i : T × U(n − 1) −→ U(n)
be the block sum inclusion and q : T × U(n − 1) −→ T the projection to the first factor. The character
formula (3.10) for induced representations shows that the element

(3.13) tr
U(n)
T×U(n−1)(q

∗(x)) = i!(q
∗(x)) ∈ RU(U(n))

has the same character as the tautological n-dimensional representation of U(n). Since characters determine
unitary representations of compact Lie groups, i!(q

∗(x)) equals the class of the tautological representation τn
of U(n). Any unitary representation of a compact Lie group G of dimension n is isomorphic to α∗(τn) for
a continuous homomorphism α : G −→ U(n); so the class of such a representation equals

α∗(i!(q
∗(x))) ∈ RU(G) .

So the global functor RU is generated by the single class x = τ1.
An interesting line of investigation, dubbed explicit Brauer induction, started with Snaith’s paper [139].

Informally speaking, an ‘explicit Brauer induction’ is a section to the map

A(T,G) −→ RU(G)

that is specified by a direct recipe, for example an explicit formula, and has naturality properties as the
group G varies. So such a map is ‘explicit and natural’ way to write a (virtual) representation as a sum of
induced representations of 1-dimensional representations. The first explicit Brauer induction was Snaith’s
formula [139, Thm. (2.16)]; however, Snaith’s maps are not additive and not compatible with restriction
to subgroups. Later Boltje [24] specified a different explicit Brauer induction formula by purely algebraic
means; Symonds [147] gave a topological interpretation of Boltje’s construction. The Boltje-Symonds maps
are additive and natural for restriction along group homomorphisms; the maps are not (and in fact cannot
be) in general compatible with transfers. In our present language, the Boltje-Symonds maps form a natural
transformation of Rep-abelian groups from RU to A(T,−). We recall the construction of these maps; we
follow Symonds’ approach, as his reasoning is very much in the spirit of global homotopy theory.

The starting point is the formula (3.13) that expresses the class of the tautological U(n)-representation
in RU(U(n)) as a smooth induction of a specific 1-dimensional representation of the subgroup T ×U(n−1),
namely the one whose character is the projection

q : T × U(n− 1) −→ T

to the first factor. This formula suggest a class in A(T,U(n)) as the image of the tautological U(n)-
representation; if we also want naturality and additivity, then this fixes things completely:
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Theorem 3.14 (Boltje [24], Symonds [147]). There is a unique natural transformation of Rep-abelian
groups

b : RU −→ A(T,−)

that satisfies

bU(n)[Cn] = tr
U(n)
T×U(n−1) ◦q

∗ = ∈ A(T,U(n)) .

Moreover:

(i) The transformation b is a section to the morphism of global power functors evX : A(T,−) −→ RU
given by evaluation at the class x ∈ RU(T ).

(ii) The value of bG at the 1-dimensional representation of a continuous homomorphism χ : G −→ U(1)
is given by

bG[χ∗(C)] = χ∗ ∈ A(T,G) .

Proof. Every class in RU(G) is a formal difference of classes of actual representations, and every
n-dimensional representation is the restriction of Cn along some continuous homomorphism G −→ U(n).
So uniqueness is a consequence of naturality and additivity.

Conversely, this also suggests how to define the transformation. If V is any n-dimensional unitary
G-representation, then V = α∗(Cn) for a continuous homomorphism α : G −→ U(n) that is unique up to
conjugacy. So we set

bG[V ] = b[α∗(Cn)] = α∗ ◦ tr
U(n)
T×U(n−1) ◦q

∗ ∈ A(T,G) .

This defines set theoretic maps

bG : RU+(G) −→ A(T,G)

from the monoid of isomorphism classes of unitary G-representations, and these maps are automatically
compatible with restriction along group homomorphisms. The double coset formula (3.22) of Chapter III

for res
U(n+m)
U(n)×U(m) ◦ tr

U(n+m)
T×U(n+m−1)

implies the relation

res
U(n+m)
U(n)×U(m)(bU(n+m)[Cn+m]) = bU(n)[Cn]⊕ bU(m)[Cm]

in the group A(T,U(n)×U(m)). Hence the maps bG are additive, and so they extend uniquely to a group
homomorphism

bG : RU(G) −→ A(T,G)

on the Grothendieck group, for which we use the same name. These homomorphisms are still compatible
with restriction along group homomorphisms.

It remains to show the additional properties. The transformation evx ◦b : RU −→ RU is additive and
natural for restriction along continuous homomorphisms, so for property (i) it suffices to show the relation
evx ◦b = Id in the universal examples, i.e., for the tautological representations of the unitary groups U(n).
This universal example is taken care of by the formula (3.13).

Property (ii) holds because U(1) = T and for n = 1 the map q is the identity of T . �

While this definition of the ‘explicit Brauer map’ b : RU −→ A(T,−) is very slick, it is not yet
particularly explicit. To write the class bG[V ] as a Z-linear combination of transfers of 1-dimensional
representations of subgroups of G, one would now have to write the classifying homomorphism α : G −→
U(n) as the composite of an epimorphism and a subgroup inclusion and then expand the term α∗◦trU(n)

T×U(n−1)

using the compatibility of transfers with inflation, and the double coset formula for the restriction of a
transfer. Readers desperate for a truly explicit formula can find one in [24, Thm. (2.1)] or [25, Thm. 2.24
(e)].
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Example 3.15. We define a global power functor Cl of class functions on objects

Cl(G) = map(G,C)G ,

the ring of C-valued class functions on G, i.e., continuous functions ϕ : G −→ C such that ϕ(γgγ−1) = ϕ(g)
for all g, γ ∈ G. We give this set the pointwise ring structure. A group homomorphism α : K −→ G induces
a map

α∗ : Cl(G) −→ Cl(K) , α∗(ϕ)(k) = ϕ(α(k)) .

This defines the contravariant functoriality of Cl. If H is a closed subgroup of G, then a transfer map

trGH : Cl(H) −→ Cl(G)

was defined by Oliver [108], motivated by the character formula for Segal’s smooth induction for repre-
sentations. Given a class function ϕ ∈ Cl(H) and an element g ∈ G, we let F1, . . . , Fk be the connected
components of the space (G/H)g, and we choose ai, . . . , ak ∈ G such that aiH ∈ Fi. Then by [108,
Prop. 2.3], the rule

(3.16) (trGH(ϕ))(g) =

k∑
i=1

χ(Fi) · ϕ(a−1
i gai)

defines a class function trGH(ϕ) ∈ Cl(G), where χ(Fi) is the Euler characteristic of Fi. When H has finite
index in G, then (G/H)g is finite and each component Fi is a point. So then χ(Fi) = 1 and the formula (3.16)
simplifies to the classical formula

(trGH(ϕ))(g) =
∑

aH∈(G/H)g

ϕ(a−1ga)

for the character of an induced representation. The power operations were not considered by Oliver, but
they are easy enough to define: given a compact Lie group G, m ≥ 1 and a class function ϕ ∈ Cl(G), we
define Pm(ϕ) ∈ Cl(Σm oG) by

Pm(ϕ)(σ; g1, . . . , gm) =
∏

1≤i≤m : σ(i)=i

ϕ(gi) ,

with the usual convention that an empty product is 1.

Proposition 3.17. The functor Cl of class functions defines a global power functor.

Proof. Clearly, the restriction maps are contravariantly functorial, and inner automorphisms induce
the identity, by the very definition of class functions. The most difficult parts of the argument have already
been verified by Oliver, namely the double coset formula in [108, Lemma 2.4] and the transitivity of
these transfers in [108, Lemma 2.6]. It is straightforward that transfers commute with inflation; indeed, if
α : K −→ G is a continuous epimorphism, L = α∗(H) is the preimage of H and k ∈ K, then

(K/L)k
∼=−−→ (α∗(G/H))k = (G/H)α(k) , κL 7−→ α(κ)H

is a homeomorphism. We let F1, . . . , Fk be the connected components of (G/H)α(k) and choose b1, . . . , bk ∈
K such that α(bi)H ∈ Fi. The cosets b1L, . . . bkL then represent the path components of (K/L)k, so for
every class function ϕ ∈ Cl(H),

(α∗ ◦ trGH)(ϕ)(k) = (trGH(ϕ))(α(k)) =

k∑
i=1

χ(Fi) · ϕ(α(bi)
−1α(k)α(bi))

=

k∑
i=1

χ(Fi) · (α|∗L(ϕ))(b−1
i kbi) = (trKL ◦α|∗L)(ϕ)(k) .
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Now we suppose that the Weyl group of H is infinite, and we argue that then trGH(ϕ) = 0. The Weyl group
acts freely and smoothly from the right on G/H by

G/H ×WGH −→ G/H , (gH, nH) 7−→ (gn)H .

This action is by G-equivariant maps, so it restricts to a smooth action on the fixed point space (G/H)g for
every g ∈ G. Since WGH has positive dimension, it contains a subgroup T ≤ WGH that is isomorphic to
the circle group U(1). This way we obtain a smooth and free T -action on (G/H)g. Each path component
Fi of (G/H)g is T -invariant, and multiplicity of Euler characteristic for smooth fiber bundles shows that

χ(Fi) = χ(T )× χ(Fi/T ) = 0 .

Since these Euler characteristic occur as factors in the defining formula (3.16), we conclude that trGH(ϕ)(g) =
0 for all g ∈ G. This shows that the class functions form a global functor with respect to the restriction
and transfer maps.

Clearly, the restriction maps are ring homomorphisms. For ϕ ∈ Cl(H), ψ ∈ Cl(G) and g ∈ G we have
the relation (

trGH(ϕ) · ψ
)

(g) =

(
k∑
i=1

χ(Fi) · ϕ(a−1
i gai)

)
· ψ(g)

=

k∑
i=1

χ(Fi) · ϕ(a−1
i gai) · ψ(a−1

i gai) = trGH
(
ϕ · resGH(ψ)

)
(g) ;

the second equation is the hypothesis that ψ is a class function for G. This establishes Frobenius reciprocity,
so Cl is a global Green functor.

The last step is to verify the necessary properties of the power operations. Firstly, we need to check
that Pm(ϕ) as defined above is again a class function [...]. The relations

P 1(ϕ) = ϕ , Pm(α∗(ϕ)) = (Σm o α)∗(Pm(ϕ))

and multiplicativity

Pm(ϕ · ψ) = Pm(ϕ) · Pm(ψ)

are straightforward from the definition. Clearly, if 1 ∈ Cl(G) is the constant class function with value 1,
then Pm(1) = 1 in Cl(Σn oG).

For all m > k > 0 and all class functions ϕ ∈ Cl(G), the relation

Pm(ϕ)(σ + σ′; g1, . . . , gk, gk+1, . . . , gm) =

 ∏
1≤i≤k : σ(i)=i

ϕ(gi)

 ·
 ∏

1≤i≤m−k : σ′(i)=i

ϕ(gk+i)


= P k(ϕ)(σ; g1, . . . , gm) · Pm−k(ϕ)(σ′; gk+1, . . . , gm)

shows that

Φ∗k,m−k(Pm(ϕ)) = P k(ϕ) · Pm−k(ϕ)

in Cl((Σk oG)× (Σm−k oG)). The second equation uses that the set of elements of {1, . . . ,m} fixed by σ+σ′

is the disjoint union of the set fixed by σ with the k-translate of the set fixed by σ′.
For the transitivity relation we consider an element of i ∈ {1, . . . , km} and write it as i = jk + l

with 1 ≤ j ≤ k and 1 ≤ l ≤ m. Then i is fixed by σ(τ1 + · · ·+ τk) if and only if σ(j) = j and τj(l) = l, and
so

P km(ϕ)(σ(τ1 + · · ·+ τk); h1 + · · ·+ hk) =
∏

σ(j)=j

∏
τj(l)=l

ϕ((hj)l) =
∏

σ(j)=j

Pm(ϕ)(τj ; h
j)

= P k(Pm(ϕ))(σ; (τ1; h1), . . . , (τk; hk)) .
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This shows that
Ψ∗k,m(P km(ϕ)) = P k(Pm(ϕ))

in Cl(Σk o Σm oG).
For 0 ≤ k ≤ m the Σm oG-set (Σm oG)/((Σk oG)× (Σm−k oG)) is isomorphic to the set Pk(m) of subsets

of {1, . . . ,m} of cardinality k, where the normal subgroup Gm of Σm oG acts trivially. Under this bijection,
the coset of a group element (σ; g1, . . . , gm) corresponds to the set σ({1, . . . , k}). So

trk,m−k(P k(ϕ)× Pm−k(ψ))(σ; g1, . . . , gm) =
∑

A⊆{1,...,m}σ,|A|=k

P k(ϕ)(σA; gA) · Pm−k(ψ)(σAc ; gAc)

=
∑

A⊆{1,...,m}σ,|A|=k

∏
i∈A,j∈Ac

ϕ(gi) · ψ(gj) ,

where σA ∈ Σm is any permutation such that σA({1, . . . , k}) = A, and gA is the tuple of element gi for
i ∈ A. Summing over all k thus gives the additivity formula of the power operation:

m∑
k=0

trk,m−k(P k(ϕ)× Pm−k(ψ))(σ; g1, . . . , gm) =
∑

A⊆fix(σ)

(∏
i∈A

ϕ(gi)

)
·

 ∏
i∈fix(σ) A

ψ(gi)


=

∏
σ(i)=i

(ϕ(gi) + ψ(gi))

= Pm(ϕ+ ψ)(σ; g1, . . . , gm) .

Finally, the compatibility of power operations with transfers uses the (Σm oG)-equivariant homeomorphism

(G/H)m ∼= (Σm oG)/(Σm oH) , (g1H, . . . , gmH) 7−→ (1; g1, . . . , gm) · (Σm oH) ,

where H is any closed subgroup of G. [...] Thus

Pm(trGH(ϕ)) = trΣmoG
ΣmoH(Pm(ϕ))

in Cl(Σm oG). �

The maps
χ(G) : RU(G) −→ Cl(G)

that send the class of a virtual representation to its character define the character morphism of global power
functors

χ : RU −→ Cl .

Indeed, compatibility of characters with restriction, sum and product is well known. When [G : H] is finite,
the compatibility with transfers is the classical formula for the character of an induced representation.
When H is a general closed subgroup of G, then it is Segal’s formula [131, p. 119] for the character of
the smooth induction. [compatibility with power operations] Representations are determined by their
characters, so the character morphism χ is a monomorphism. The character map extends to a morphism
of global power functors

χ̃ : C⊗RU −→ Cl

which is a Fin-isomorphism.
The global power functor Cl shares certain properties with the representation ring global functor RU.

For example, if G is a connected compact Lie group and N = NGT the normalizer of a maximal torus, then

trGN (1) = 1

in the ring Cl(G). Moreover, the composite

RU(G)
resGN−−−→ RU(N)

trGN−−→ RU(G)
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is the identity. Indeed, the proof of the corresponding property in RU in Proposition 3.11 was via characters,
so it also works for Cl.

Example 3.18. The right adjoint R : SH −→ GH to the forgetful functor from the global to the
non-equivariant stable homotopy category is modeled on the pointset level by the functor b : Sp −→ Sp
discussed in Section III.7. The global homotopy type of bE is that of a Borel cohomology theory, and in
particular,

πG0 (bE) ∼= E0(BG) ,

natural in G for transfers and restriction maps. The functor b is lax symmetric monoidal, so it takes an
ultra-commutative ring spectrum R to an ultra-commutative ring spectrum bR; the power operations

Pm : πG0 (bE) −→ πΣmoG
0 (bE)

correspond to the classical power operations [ref?]

Pm : E0(BG) −→ E0(B(Σm oG)) .

Remark 3.19 (G∞ ring spectra). In the non-equivariant situation, power operations on a ring valued
cohomology theory already arise from a weaker structure than a commutative (or equivalently E∞ multi-
plication): all that is needed is an H∞-structure, compare [37, I.§4]. We recall that an H∞-structure is an
algebra structure over the monad

LP : SH −→ SH
on the stable homotopy category that can be obtained be suitably deriving the ‘symmetric algebra’ monad

P : Sp −→ Sp
on the category of orthogonal spectra (whose algebras are commutative orthogonal ring spectra).

This suggests a global analog of an H∞-structure that, for lack of better name, we call a G∞-structure.
Indeed, the ‘symmetric algebra’ monad P takes global equivalences between flat orthogonal spectra to global
equivalences between flat orthogonal spectra, by Theorem 1.15 and Ken Brown’s lemma. So the monad P
can also be derived with respect to global equivalences. The result is a monad

G = LglP : GH −→ GH
on the global stable homotopy category, whose algebras we call G∞ ring spectra.

The underlying non-equivariant homotopy type of a G∞ ring spectrum comes with an H∞ structure
[explain], so we arrive at a square of forgetful functors between categories of structured ring spectra with
different degrees of commutativity:

Ho(ultra-commutative ring spectra) //

��

(G∞ ring spectra)

��
Ho(commutative ring spectra) // (H∞ ring spectra)

The right adjoint R : SH −→ GH takes non-equivariant H∞ multiplications into global G∞ multiplications
[explain]. We emphasize that, like H∞ ring spectra, the category of G∞ ring spectra is not the homotopy
category of any natural model category.

Now we show that every global power functor is realized by an ultra-commutative ring spectrum. More
is true: the next theorem effectively constructs a right adjoint functor

H : (global power functors) −→ Hogl. conn.(ultra-com ring spectra)

to the functor π0 such that the adjunction counit is an isomorphism π0(HR) ∼= R of global power functors.
The analogous result in equivariant stable homotopy theory for a fixed finite group has been obtained by
Ullman [155] by the same method of proof.
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Theorem 3.20. Let R be a global power functor.

(i) There is an ultra-commutative ring spectrum HR such that πk(HR) = 0 for all k 6= 0 and an isomor-
phism of global power functors

π0(HR) ∼= R .

(ii) For every globally connective ultra-commutative ring spectrum T , the functor π0 restricts to a bijection

π0 : Ho(ultra-com ring spectra)(T,HR) ∼= (global power functors)(π0(T ), R) .

Proof. We sketch the proof (and intend to add full details later). We choose an index set I, compact
Lie groups Gi and elements xi ∈ R(Gi), for i ∈ I, that altogether generate R as a global power functor.
We start with the free ultra-commutative ring spectrum

T = Σ∞+ P(qi∈I BglGi) .

By an elaboration of Example 3.5, the orthogonal spectrum T is globally connective and π0(T ) is the free
global power functor generated by the classes ei (for i ∈ I), that are obtained from the stable tautological

classes eGi ∈ π
Gi
0 (Σ∞+ BglGi) by pushing forward along the inclusion

Σ∞+ BglGi −→ T

as the linear part of the i-th summand. So there is a unique morphism of global power functors

ε : π0(T ) −→ R

sending ei to xi, and this morphism is an epimorphism.
Now we kill the kernel of ε and all higher homotopy groups of T by attaching free commutative ring

spectrum cells. In more detail, we choose an index set J , compact Lie groups Gj and elements yj ∈ π
Gj
0 (T ),

for j ∈ J , in the kernel of ε that altogether generate this kernel as a global power functor. We represent
each class yj as a morphism of orthogonal spectra

fj : Σ∞+ BglGj −→ T

that sends the stable tautological class eGj to yj ; this involves an implicit choice of faithfulGj-representation.
We form the wedge of all these morphisms and freely extend that to a morphism of ultra-commutative ring
spectra

F : P(
∨
j∈J

Σ∞+ BglGj) −→ T .

The unique morphisms from BglGj to the constant one-point orthogonal space ∗ induces a morphism of
orthogonal spectra Σ∞+ BglGj −→ Σ∞+ ∗ = S, which frees up to morphism of ultra-commutative ring spectra
from the source of F to P(Σ∞+ ∗) to the sphere spectrum. We let T1 be the homotopy pushout, in the
category of ultra-commutative ring spectra, of the diagram

S ←−−− P(
∨
j∈J

Σ∞+ BglGj)
F−−→ T .

The resulting morphism of ring spectra T −→ T1 induces an epimorphism of global power functors

π0(T ) −→ π0(T1)

that annihilates all the classes yj . So it factors over an isomorphism of global power functors R ∼= π0(T1).
The orthogonal spectrum T1 is still globally connective. Now we successively kill all the positive

dimensional homotopy group global functors πk by similar commutative ring spectrum cell attachments
and then define HR as the colimit of the resulting sequence of ultra-commutative ring spectra. �
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In Remark IV.3.12 we have constructed an Eilenberg-Mac Lane spectrum HM associated to a global
functor M , an orthogonal spectrum satisfying

πk(HM) ∼=

{
M for k = 0, and

0 for k 6= 0.

If M has the extra multiplicative structure of a global power functor, then Theorem 3.20 shows that HM
can be realized as an ultra-commutative ring spectrum. In all these constructions, the global homotopy
type of HM is determined by the algebraic input data up to preferred isomorphism (in the appropriate
homotopy category), but the constructions are abstract versions of ‘killing homotopy groups’ and do not
yield explicit pointset level models for Eilenberg-Mac Lane spectra. In this section we discuss a well-known
pointset level construction that yields Eilenberg-Mac Lane spectra – at least when restricted to finite groups.

Construction 3.21. Let M be an abelian group. The Eilenberg-Mac Lane spectrum HM is defined
at an inner product space V by

(3.22) (HM)(V ) = M [SV ] ,

the reduced M -linearization of the V -sphere. The orthogonal group O(V ) acts through the action on SV

and the structure map σV,W : (HM)(V ) ∧ SW −→ (HM)(V ⊕W ) is given by

M [SV ] ∧ SW −→ M [SV⊕W ] ,
(∑

i
mi · vi

)
∧ w 7−→

∑
i
mi · (vi ∧ w) .

The underlying non-equivariant space of M [SV ] is an Eilenberg-Mac Lane space of type (M,n), where
n = dim(V ). Hence the underlying non-equivariant homotopy type of HM is that of an Eilenberg-Mac Lane
spectrum for M .

As we shall now discuss, the equivariant homotopy groups of HM are in general not concentrated in
dimension 0, and hence HM is not the Eilenberg-Mac Lane spectrum of a global functor. However, on finite
groups, the equivariant behavior of HM is as expected. We recall from Definition IV.4.7 that an orthogonal
spectrum is left induced from the global family Fin of finite groups if it is in the essential image of the left
adjoint LF : GHFin −→ GH from the Fin-global homotopy category. We let M denote the constant global
functor with value M , compare Example III.3.25 (ii). By the Dold-Thom theorem, the non-equivariant
homotopy group πe0(HM) is naturally isomorphic to M . The restriction maps

resGe : πGk (HM) −→ πe0(HM) ∼= M = M(G)

form a morphism of global functors π0(HM) −→ M . Since HM is globally connective, there is a unique
morphism

ρ : HM −→ HM

in the global homotopy category that realizes the morphism on π0.

Proposition 3.23. For every abelian group M the Eilenberg-Mac Lane spectrum HM is left induced
from the global family Fin of finite groups and HM is a Fin-global Ω-spectrum. The morphism ρ : HM −→
HM is a Fin-global equivalence.

Proof. The orthogonal spectrum HM is obtained by evaluation of a Γ-space M on spheres, where
M(S) = M [S] is the reduced M -linearization of a finite based set S. So the first claim is a special case of
Proposition IV.4.17 (ii).

Dos Santos shows in [117] that for every finite group G and every G-representation V the G-space
HM(V ) = M [SV ] is an equivariant Eilenberg-Mac Lane space of type (M,V ), i.e., theG-space map(SV ,M [SV ])
has homotopically discrete fixed points for all subgroups of G and the natural map

M −→ [SV ,M [SV ]]H = π0

(
mapH(SV ,M [SV ])

)
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sending m ∈ M to the homotopy class of m · − : SV −→ M [SV ] is an isomorphism. This shows that HM
is a Fin-Ω-spectrum for the constant global functor M .

The result is also a special case of the earlier work of Segal and Shimakawa on ΓG-spaces [130, 132].
Indeed, we can view the Γ-space M as a ΓG-space by letting G act trivially. For every finite G-set S, the
maps [define PS ]

PS : M(S) −→ MS

are then homeomorphisms, so in particular G-homotopy equivalences, and M is a very special Γ-G-space
in the sense of Shimakawa [132, Def. 1.3]. Since π0(M(1+)) is a group (as opposed to a monoid only),
Shimakawa’s Theorem B proves that the adjoint structure maps σ̃V,W : M [SV ] −→ map(SW ,M [SV⊕W ])
are G-weak equivalences. �

Slightly more is true: the proof of Proposition 3.23 shows that for finite groups G, the orthogonal
G-spectrum HM〈G〉 is a full fledged G-Ω-spectrum, i.e., the adjoint structure maps are equivariant weak
equivalences starting at arbitrary G-representations (and not just at faithful representations).

� The properties mentioned in the previous proposition do not generalize to compact Lie groups of
positive dimension, i.e., contrary to what one may expect at first, HM〈G〉 is not generally a G-Ω-

spectrum, the groups πG∗ (HM) need not be concentrated in dimension 0 (see Example 3.24), and not all
restriction maps are isomorphisms (see Example 3.26).

Example 3.24. The equivariant Ω-spectrum property ofHM already fails for the circle group T = U(1).
We consider the tautological T -representation on C, i.e., the action by scalar multiplication. Then the map

M −→
(
M [SC]

)T
, m 7−→ m · [0]

is an isomorphism, where we denote by [0] ∈ SC the zero vector. The composite map

M [S0]
σ̃T0,C−−−−→ mapT (SC, M [SC])

ev[0]−−−−→
(
M [SC]

)T
is thus a homeomorphism. On the other hand, the evaluation at [0] is induced by the fixed point inclusion
(SC)T −→ SC and it is a Serre fibration; its fiber over the basepoint is the mapping space

mapT (SC/S0, M [SC]) ∼= mapT (T+ ∧ S1, M [SC]) ∼= Ω
(
M [SC]

)
.

Non-equivariantly M [SC] is an Eilenberg-Mac Lane space of type (M, 2), so the fiber is an Eilenberg-
Mac Lane space of type (M, 1), and hence the adjoint structure map

σ̃0,C : M [S0] −→ map(SC,M [SC])

is not a T -weak equivalence.

We now restrict to the important special case M = Z. The equivariant homotopy group πG0 (HZ) may
be larger than a single copy of the integers, and we are now going to give a presentation of πG0 (HZ). We
recall that the Burnside ring A(G) of a compact Lie group G is freely generated by the classes trGH(1) where
H runs through a set of representatives of the conjugacy classes of subgroups of G with finite Weyl group.
We let I∞(G) denote the subgroup of A(G) generated by the classes

[H : J ] · trGH(1) − trGJ (1)

for all nested sequences of subgroup J ≤ H ≤ G such that WGH is finite and J has finite index in H. The
possibility that J has infinite Weyl group in G is allowed here, in which case trGJ (1) = 0.

Proposition 3.25. For every compact Lie group G the unit map S −→ HZ induces an isomorphism

A(G)/I∞(G) ∼= πG0 (HZ) .
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Proof. The orthogonal spectrum HZ is obtained by evaluating a Γ-space on spheres, so it is globally
connective and left induced from the global family of finite groups, see Proposition IV.4.17 (iii). Hence the
morphism (4.19) of Chapter IV

indF (πFin0 (HZ)) −→ π0(HZ)

is an isomorphism by Theorem IV.4.20. Moreover, Proposition IV.4.23 allows us to calculate the values of
the induced global functor on the left hand side from the values of π0(HZ) on finite groups, where it is the
constant Fin-global functor with value Z.

When we specialize Proposition IV.4.23 to M = Z, the constant Fin-global functor with value Z, we
arrive at the following presentation. For every compact Lie group G we obtain an isomorphism

Z{tH : (H) ≤ G, |WGH| <∞}/R
∼=−−→ (indFin Z)(G)

where the generator tH on the left hand side maps to the class trGH(p∗H(1)) on the right hand side. The
subgroup R of relations is generated by the classes

[H : J ] · tH − tJ

for all pairs of nested subgroups J ≤ H ≤ G such that WGH is finite and J◦ = H◦ (so that π0J is a
subgroup of π0H and [H : J ] = [π0H : π0J ]). If J has infinite Weyl group in G, then the relation is to be
read as [π0H : π0J ] · tH = 0. �

We can split the group A(G)/I∞(G), and hence the group πG0 (HZ), into summands indexed by con-
jugacy classes of connected subgroups of G. If C is such a connected subgroup, we denote by A(G;C)
the subgroup of the Burnside ring A(G) that is generated by the transfers trGH(1) for all subgroups H
with C = H◦, the path component of the identity of H (or equivalently, H contains C as a finite index
subgroup). Then

A(G) =
⊕
(C)

A(G;C)

where the sum runs over conjugacy classes of connected subgroups of G. We consider a nested pair J ≤ H
of subgroups of G such that J has finite index in H, and H has finite Weyl group in G. Then J and H have
the same connected component of the identity, i.e., J◦ = H◦, so the class [H : J ] · trGH(1)− trGJ (1) belongs
to the direct summand A(G; J◦). Hence

πG0 (HZ) ∼= A(G)/I∞(G) =
⊕
(C)

(A(G;C)/I∞(G;C)) ,

where I∞(G;C) is the subgroup of A(G;C) generated by the classes [H : J ] · trGH(1) − trGJ (1) with H◦ =
J◦ = C. The summands behave quite differently according to whether C has infinite or finite Weyl group:

• If C has an infinite Weyl group, then for every subgroup H ≤ G with H◦ = C the class [H :
C] · trGH(1) belongs to I∞(G;C). So the class trGH(1) becomes torsion in the quotient group
A(G;C)/I∞(G;C), which is thus a torsion group.

• If C has a finite Weyl group, and H ≤ G satisfies H◦ = C, then the relations

C = H◦ ≤ H ≤ NGH ≤ NGC

show that H has finite Weyl group and finite index in NGC. So

[NGC : H] · trGNGC(1) − trGH(1) ∈ I∞(G;C)

and in the quotient group A(G;C)/I∞(G;C), the class trGH(1) becomes a multiple of the class trGNGC(1).

Hence the group A(G;C)/I∞(G;C) is free of rank 1, generated by trGNGC(1).
In the situation at hand, the subgroup C can be recovered as the identity component of its

normalizer. A compact Lie group has only finitely many conjugacy classes of subgroups that are
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normalizers of connected subgroups, see [32, VII Lemma 3.2]. So there are only finitely many
conjugacy classes of connected subgroups with finite Weyl group.

So altogether we conclude that the group πG0 (HZ) is a direct sum of a torsion group and a free abelian
group of finite rank. In particular, the rationalization Q ⊗ πG0 (HZ) is a finite dimensional Q-vector space
with basis consisting of the classes trGC(1) as C runs through the conjugacy classes of connected subgroups
of G with finite Weyl group. The author does not know an example when the torsion subgroup of πG0 (HZ)
is non-trivial.

Example 3.26. For every finite group G, the group πG0 (HZ) is free of rank 1, generated by the
multiplicative unit, and the restriction map p∗G : πe0(HZ) −→ πG0 (HZ) is an isomorphism. More generally,
we let G be a compact Lie group whose identity component G◦ is abelian. Then every connected subgroup H
of G is abelian as well. If such a connected subgroup H is strictly contained in G◦, then H has strictly
smaller dimension and its normalizer contains G◦, so the Weyl group WGH is infinite. So the transfers from
the proper connected subgroups of G do not contribute to πG0 (HZ). So the only connected subgroup that
contributes to the basis of πG0 (HZ) modulo torsion described in Proposition 3.25 is G◦, and so πG0 (HZ) has
rank 1.

If G◦ is not abelian, we let T be a maximal torus of G◦. The Weyl group WG◦(T ) is finite, and
hence WGT is finite as well. The classes 1 and trGNGT (1) are then linearly independent in πG0 (HZ) by

Proposition 3.25, so the rank of this group is bigger than 1. We conclude that πG0 (HZ) has rank 1 if and
only if G◦ is abelian.

An explicit example for which πG0 (HZ) has rank bigger than 1 is thus G = SU(2). Here there are three
conjugacy classes of connected subgroups: the trivial subgroup, the conjugacy class of the maximal torus

T =

{(
λ 0
0 λ−1

)
| λ ∈ U(1)

}
,

and the full group SU(2). Among these, the maximal torus T and SU(2) have finite Weyl groups, so the

classes 1 and tr
SU(2)
NSU(2)T

(1) are a Z-basis for π
SU(2)
0 (HZ) modulo torsion.

Example 3.27 (Infinite symmetric product). There is no essential difference if we consider the infinite
symmetric product Sp∞ (i.e., the reduced free abelian monoid) instead of the reduced free abelian group
Z[−] generated by representation spheres: the levelwise inclusions of the free abelian monoids into the free
abelian groups provide a morphism of ultra-commutative ring spectra

(3.28) Sp∞(S) = {Sp∞(Sn)}n≥0 −→ {Z[Sn]}n≥0 = HZ ,

and this morphism is a global equivalence by part (ii) of the following proposition.
In his unpublished preprint [130], Segal argues that that for every finite group G and every G-

representation V with V G 6= 0 the map

Sp∞(SV ) −→ Z[SV ]

is a G-weak equivalence. A published proof of this fact appears as Proposition A.6 in Dugger’s paper [48].
This generalizes to compact Lie groups:

Proposition 3.29. Let G be a compact Lie group.

(i) For every G-representation V such that V G 6= 0, the natural map Sp∞(SV ) −→ Z[SV ] is a G-weak
equivalence.

(ii) The morphism (3.28) is a global equivalence of orthogonal spectra from Sp∞(S) to HZ.

Proof. (i) It suffices to show (by application to all closed subgroups of G) that the fixed point map
(Sp∞(SV ))G −→ (Z[SV ])G is a non-equivariant weak equivalence. We let G◦ ≤ G denote the connected
component of the identity element and Ḡ = G/G◦ the finite group of components of G. To calculate G-fixed
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points we can first take G◦-fixed points and then Ḡ-fixed points. Proposition IV.4.17 (i) applied to the
Γ-spaces Sp∞ and Z[−] provides homeomorphisms

(Sp∞(SV ))G ∼= (Sp∞(SV
G◦

))Ḡ and (Z[SV ])G ∼= (Z[SV
G◦

])Ḡ .

Since V G
◦

is an orthogonal representation of the finite group Ḡ the map

(Sp∞(SV
G◦

))Ḡ −→ (Z[SV
G◦

])Ḡ ,

is a weak equivalence by [48, Prop. A.6]. Strictly speaking, Dugger’s proposition is stated only for geometric

realizations of Ḡ-simplicial sets; since every Ḡ-CW-complex, such as the representation sphere SV
G◦

, is Ḡ-
homotopy equivalent to the realization of a Ḡ-simplicial set, we can also apply it in our situation. Part (ii)
is then immediate from (i). �

The infinite symmetric product of any based space X has a natural filtration

X = Sp1(X) ⊆ Sp2(X) ⊆ · · · ⊆ Spn(X) ⊆ . . .
by the finite symmetric products. By evaluation on spheres, this provides a filtration

S = Sp1(S) ⊆ Sp2(S) ⊆ . . . ⊆ Spn(S) ⊆ . . .
of Sp∞(S) by orthogonal subspectra. We study the equivariant and global properties of this filtration
in [125]. The 0-th homotopy group global functor of the orthogonal spectrum Spn(S) has a very com-
pact description: π0(Spn(S)) is the quotient of the Burnside ring global functor by the global subfunctor

generated by the element trΣn
Σn−1

(1)− n · 1 in A(Σn),

π0(Spn(S)) ∼= A/〈n · 1 − trΣn
Σn−1

(1)〉 .

Letting n go to infinity and combining this with part (ii) of Proposition 3.29 gives an alternative proof of
Proposition 3.25.

4. Global Thom spectra

In this section we discuss two different global forms of the Thom spectrum MO that represents un-
oriented bordism, namely the ultra-commutative Thom ring spectrum MO, and a variation mO that is
only E∞-commutative. Both Thom spectra are the homogeneous degree 0 summands in certain Z-graded
periodic extensions MOP respectively mOP. All four orthogonal spectra are Thom spectra over certain
orthogonal spaces defined in Section II.4. The partners are easy to identify from the notation: the relevant
orthogonal spaces either have a B or b in their name, and in the corresponding Thom spectrum this letter
is replaced by an M respectively m.

While the spectrum mO has less structure than MO (it is ’only’ E∞, not ultra-commutative), it is
closely related to geometry. Indeed, the Thom spectrum mO is the natural target for the Thom-Pontryagin
map from geometric equivariant bordism. The ultra-commutative ring spectrum MO is the R-analog of
equivariant homotopical unitary bordism, due to tom Dieck [150]; the unoriented version is studied in detail
in [33].

The following commutative diagram gives a schematic overview over the equivariant homology theories
discussed in this section:

NG
∗

ΘG //

��

mOG
∗

(b−1a)∗
��

// mOPG
∗

(b−1a)∗
��

NG:S
∗

ΘG

∼= //MOG
∗

//MOPG
∗

The two theories in the middle column are the equivariant homology theories represented by the orthogonal
Thom spectra mO and MO. The two vertical transformations (b−1a)∗ are isomorphisms for G = e, but not
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in general. In fact, when G has more than one element, then πG∗ (MO) has non-trivial elements in negative
degrees, while mO is globally connective. The transformation (b−1a)∗ is a localization, i.e., it becomes
an isomorphism after inverting all inverse Thom classes, compare Theorem 4.37. The two theories mOP
and MOP in the last column are the periodic versions of mO and MO; each is a wedge of all suspensions
and desuspensions of the non-periodic version.

In the left column, NG
∗ is geometrically defined equivariant bordism, and NG:S

∗ is stable equivariant
bordism, a certain localization of NG

∗ . So the two theories in the left column are not represented by
orthogonal spectra, but they are defined from bordism classes of G-manifolds; we will recall these geometric
theories in Section 5. The transformations labeled ΘG are the equivariant Thom-Pontryagin construction
and its ‘stabilization’. The left Thom-Pontryagin map ΘG : NG

∗ −→ πG∗ (mO) is an isomorphism wheneverG
is isomorphic to a product of a finite group and a torus; this result seems to have been folklore at some
point, and we give a proof in Theorem 5.32. The left Thom-Pontryagin map is not an isomorphism for more
general compact Lie groups; in fact the geometric bordism theory NG

∗ cannot in general be represented
by an orthogonal G-spectrum because the Wirthüller map fails to be an isomorphism for all subgroups H
of G that act non-trivially on the tangent space TH(G/H), compare Remark 5.15. The stabilized Thom-
Pontryagin map ΘG : NG:S

∗ −→ πG∗ (MO) is an isomorphism in complete generality, by a theorem of Bröcker
and Hook [33, Thm. 4.1]; we derive this fact in a different way, see Remark 5.38.

Construction 4.1 (Fiber inclusions). In this section we will use several maps from spheres to Thom
spaces that all arise in the same way from linear isometric embeddings. We will call these maps ‘fiber
inclusions’ and introduce notation for them. These maps then define equivariant homotopy classes in
certain Thom spectra such as mO or MO.

We let V and W be inner product spaces, where we insist that V is finite dimensional, but W may
be finite or countably infinite dimensional. Every linear isometric embedding ϕ : V −→ W gives rise to a
continuous based map

ϕ[ : SV −→ Th(Gr|V |(W )) , v 7−→ (ϕ(V ), ϕ(v))

to the Thom space of the tautological dim(V )-plane bundle over the Grassmannian Gr|V |(W ); we refer to
this map as the fiber inclusion associated to ϕ. If a compact Lie group acts isometrically on V and W
and ϕ is G-equivariant, then ϕ[ is G-equivariant as well. The assignment

L(V,W ) −→ map(SV , Th(Gr|V |(W ))) , ϕ 7−→ ϕ[

is continuous; in particular, homotopic linear isometric embeddings give rise to homotopic (in the based
sense) fiber inclusions.

Example 4.2. We define an orthogonal spectrum mO, the Thom spectrum over the orthogonal
space bO, the ‘restricted Grassmannian model’ defined in Example II.5.16. We recall that the value of bO
at an inner product space V is

bO(V ) = Gr|V |(V ⊕ R∞) ,

the Grassmannians of dim(V )-planes in V ⊕R∞. The map bO(ϕ) : bO(V ) −→ bO(W ) induced by a linear
isometric embedding ϕ : V −→W is defined as

bO(ϕ)(L) = (ϕ⊕ R∞)(L) + ((W − ϕ(V ))⊕ 0) .

In other words: we apply the linear isometric embedding ϕ⊕R∞ : V ⊕R∞ −→W ⊕R∞ to the subspace L
and add the orthogonal complement of the image of ϕ (sitting in the first summand of W ⊕ R∞).

Over the space bO(V ) sits a tautological euclidean dim(V )-plane bundle, with total space of this bundle
consist of pairs (U, x) ∈ bO(V )× (V ⊕R∞) such that x ∈ U . We define mO(V ) as the Thom space of this
tautological vector bundle. The structure maps are given by

mO(V ) ∧O(V,W ) −→ mO(W ) , (U, x) ∧ (w,ϕ) 7−→ (bO(ϕ)(U),bO(ϕ)(x) + (w, 0)) .
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As we explained in Remark II.5.21, the orthogonal space bO has a natural E∞-structure. Correspondingly,
the orthogonal spectrum mO has a natural E∞-structure, by which we mean an action of the linear
isometries operad. This multiplication is, however, not ultra-commutative. Multiplication maps

(4.3) µV,W : L((R∞)2, (R∞))+ ∧mO(V ) ∧mO(W ) −→ mO(V ⊕W )

are defined by sending ψ ∧ (U, x) ∧ (U ′x′) to ((V ⊕W ⊕ ψ)(U + U ′), (x, x′)) where U + U ′ is the image of
U ⊕U ′ under the preferred isometry (V ⊕R∞)⊕ (W ⊕R∞) ∼= (V ⊕W )⊕ (R∞)2 sending ((v, x), (w, y)) to
((v, w), (x, y)). Unit maps are defined by

SV −→ mO(V ) , v 7−→ (V ⊕ 0, (v, 0)) ,

the fiber inclusion of the embedding V −→ V ⊕ R∞ as the first summand. All this structure makes mO
into an E∞ orthogonal ring spectrum.

We introduce certain distinguished classes in the equivariant homotopy groups of mO, the inverse Thom
classes. We let G be a compact Lie group and V a G-representation of dimension n. The G-equivariant
linear isometric embedding

j : Rn −→ V ⊕ R∞ , (x1, . . . , xn) 7−→ (0, (x1, . . . , xn, 0, 0. . . . ))

has a G-equivariant fiber inclusion

j[ : Sn −→ Th(Grn(V ⊕ R∞)) = mO(V ) , x 7−→ (0⊕ Rn, (0, x)) .

We smash this with the identity of SV to obtain a based G-map

(4.4) j[ ∧ SV : SRn⊕V −→ mO(V ) ∧ SV

that defines a homotopy class

τG,V = [j[ ∧ SV ] ∈ mOG
n (SV )

in the n-th G-equivariant mO-homology group of SV . The justification for the name ‘inverse Thom class’
is that in the theory MO, the image of the class τG,V becomes invertible, and its inverse is the Thom class
of V (considered as G-vector bundle over a point). So while the theory mO is not globally orientable,
and does not have Thom isomorphisms for equivariant bundles, informally speaking the inverses of the
prospective Thom classes are already present in mO.

Now we suppose that ϕ : V −→ W is an isomorphism of orthogonal G-representations. Then ϕ
compactifies to a G-equivariant homeomorphism Sϕ : SV −→ SW and hence induces an isomorphism

(Sϕ)∗ : mOG
n (SV ) −→ mOG

n (SW ) .

The following properties of the classes τG,V are all straightforward from the definition.

Proposition 4.5. Let G and K be compact Lie groups. The classes τG,V have the following properties.

(i) For every isomorphism ϕ : V −→W of orthogonal G-representations, the induced isomorphism (Sϕ)∗
takes the class τG,V to the class τG,W .

(ii) The class τG,0 of the trivial 0-dimensional G-representation is the unit element 1 ∈ mOG
0 (S0) =

πG0 (mO)
(iii) For every continuous homomorphism α : K −→ G of compact Lie groups the relation

α∗(τG,V ) = τK,α∗V

holds in mOK
n (Sα

∗(V )).
(iv) For all orthogonal G-representations V and all orthogonal K-representations W the relation

τG,V × τK,W = τG×K,V⊕W holds in mOG×K
n+m (SV⊕W ) .
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The naturality (iii) and the external product formula (iv) of the previous proposition together imply
an ‘internal’ product formula by restriction along the diagonal homomorphism ∆ : G −→ G × G: for all
orthogonal G-representations V and W the relation

τG,V · τG,W = τG,V⊕W

holds in mOG
n+m(SV⊕W ).

Construction 4.6 (Rank filtration of mO). The orthogonal spectrum mO is a global Thom spectrum
over an orthogonal space bO; in Proposition II.5.20 we identified bO as a certain global homotopy colimit
of the global classifying spaces BglO(m). More precisely, the filtration of R∞ by the subspaces Rm induces a
filtration of bO by orthogonal subspaces bO(m), and bO(m) receives a global equivalence from BglO(m) =
LO(m),Rm . We now define and study the corresponding orthogonal Thom spectrum mO(m) over bO(m),
which turns out to be an m-fold suspension of the orthogonal spectrum MglT (m), the global refinement of
the spectrum traditionally denoted MT (m).

We recall that the value of bO(m) at an inner product space V is given by

bO(m)(V ) = Gr|V |(V ⊕ Rm) ,

the Grassmannian of dim(V )-planes in V ⊕ Rm. The structure maps are as a subfunctor of bO. Over
the space bO(m)(V ) sits a tautological euclidean dim(V )-plane bundle, with total space of this bundle
consisting of pairs (U, x) ∈ bO(m)(V ) × (V ⊕ Rm) such that x ∈ U . We define mO(m)(V ) as the Thom
space of this tautological vector bundle. The space mO(m)(V ) includes into mO(V ), and the structure
maps are the restrictions of the structure maps of mO.

We claim that mO(m) is globally equivalent to the m-fold suspension of the orthogonal spectrum
MglT (m) = FO(m),νm , the free orthogonal spectrum generated by the tautological O(m)-representation νm
on Rm:

mO(m) ' ΣmMglT (m) .

As we explained in Remark III.5.2, MglT (m) is a global refinement of the Thom spectrum of the negative
of the tautological m-plane bundle over Grm(R∞). This identification starts from the map

jm : Sm −→ mO(m)(νm) , x 7−→ (0⊕ Rm, (0, x))

which takes values in the O(m)-fixed points of the right hand side. Here, and in what follows, we have to
carefully distinguish two different O(m)-representations on the same underlying vector space: we write Rm
for the trivial action and νm for the tautological action of O(m) on Rm. We smash jm with the identity
of Sνm to obtain a based O(m)-map

(4.7) jm ∧ Sνm : SRm⊕νm −→ mO(m)(νm) ∧ Sνm

that defines a homotopy class

τm = [jm ∧ Sνm ] ∈ (mO(m))
O(m)
m (Sνm)

in the m-th O(m)-equivariant mO(m)-homology group of Sνm . A comparison of this definition with (4.4)
shows that τm is a ‘lift’ of the inverse Thom class τO(m),νm to mO(m), i.e.,

i∗(τm) = τO(m),νm ,

where i : mO(m) −→mO is the inclusion.
To simplify the notation we abbreviate the free orthogonal spectrum generated by the tautological

O(m)-representation to
Fm = FO(m),νm .

The map jm : Sm −→mO(m)(νm) is adjoint to a morphism of orthogonal spectra

Jm : Sm ∧MglT (m) = Sm ∧ Fm −→ mO(m) .
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As we explained in Theorem IV.3.16, the image of the free orthogonal spectrum Fm in the global stable

homotopy category represents the functor sending an orthogonal spectrum E to E
O(m)
0 (Sνm), the O(m)-

equivariant E-homology of the sphere Sνm . We denote the universal element by

em = eO(m),νm ∈ (Fm)
O(m)
0 (Sνm) .

Proposition 4.8. For every m ≥ 0 the morphism Jm : Sm ∧ Fm −→ mO(m) is a global equivalence.
The morphism Jm satisfies

Jm∗ (Sm ∧ em) = τm .

Proof. The orthogonal complement homeomorphism

LO(m),νm(V ⊕ Rm) = L(νm, V ⊕ Rm)/O(m)
∼=−−→ Gr|V |(V ⊕ Rm) = bO(m)(V )

ϕ ·O(m) 7−→ ϕ(Rm)⊥ = (V ⊕ Rm)− ϕ(Rm)

extends to a bundle isomorphism from the orthogonal complement bundle over the space on the left to the
tautological bundle over the space on the right. Passing to Thom spaces gives a homeomorphism

Fm(V ⊕ Rm) = O(νm, V ⊕ Rm)/O(m)
∼=−−→ mO(m)(V ) .

As the inner product space V varies, these homeomorphisms form an isomorphism of orthogonal spectra
from shm Fm to mO(m). The morphism Jm coincides with the composite

Sm ∧ Fm
λm−−→ shm Fm

∼=−−→ mO(m) ,

where λm is the m-fold iterate of the natural morphism λX : S1∧X −→ shX defined in (1.30) of Chapter III.
Since the morphism λ is a global equivalence (by Proposition III.1.31), so are its iterates, and hence Jm is
a global equivalence. The relation between the two homotopy classes is immediate from the definitions. �

We define a morphism of orthogonal spectra

i : Fm−1 −→ shFm ;

the value at an inner product space V is the closed embedding

i(V ) : Fm−1(V ) = O(νm−1, V )/O(m− 1)
R⊕−−−−→ O(νm,R⊕ V )/O(m) = (shFm)(V )

(ϕ, x) ·O(m− 1) 7−→ (R⊕ ϕ, (0, x)) ·O(m) ,

where we identify R⊕ νm−1 with νm by sending (x, (y1, . . . , yn−1)) to (x, y1, . . . , yn−1).

Proposition 4.9. The morphism i : Fm−1 −→ shFm satisfies the relation

i∗(em−1) = λ∗(res
O(m)
O(m−1)(em))

in the group π
O(m−1)
0 (Sνm−1∧shFm), where λ : S1∧Fm −→ shFm is the global equivalence defined in (1.30)

of Chapter III.

Proof. It suffices to prove the relation after applying the π∗-isomorphism of orthogonal O(m − 1)-
spectra

λνm−1 : Sνm−1 ∧ shFm −→ shνm−1(shFm) .

The relations

λ
νm−1
∗ (i∗(em−1)) = (λνm−1 ◦ (Sνm−1 ∧ i))∗(em−1)

= ((shνm−1 i) ◦ λνm−1)∗(em−1)

= (shνm−1 i)∗[(Idνm−1 , 0) ·O(m− 1)] = [(Idνm , 0) ·O(m)]

= res
O(m)
O(m−1)(λ

νm
∗ (em)) = λ

νm−1
∗ ((Sνm−1 ∧ λ)∗(res

O(m)
O(m−1)(em)))
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hold in the group π
O(m−1)
0 (shνm−1(shFm)). The second equation is the naturality of the morphism λνm−1 .

The third and fifth equations are the defining properties of the classes em−1 respectively em. The fourth
equation uses the explicit form of the map

i(νm−1) : Fm−1(νm−1) = O(νm−1, νm−1)/O(m− 1)
R⊕−−−−→ O(νm,R⊕ νm−1)/O(m) = (shFm)(νm−1) ,

which takes the point (Idνm−1 , 0) to the point (Idνm , 0). The sixth equation, finally, is the fact that the
morphism of O(m− 1)-spectra underlying λνm factors as the composite

Sνm−1 ∧ S1 ∧ Fm
Sνm−1∧λ−−−−−−→ Sνm−1 ∧ (shFm)

λνm−1

−−−−→ shνm−1(shFm) . �

Corollary 4.10. For every m ≥ 1 the relation

ι∗(S
1 ∧ τm−1) = res

O(m)
O(m−1)(τm)

holds in the group π
O(m−1)
m (S1 ∧ Sνm−1 ∧mO(m)), where ι : mO(m−1) −→mO(m) is the inclusion.

Proof. We define a morphism of orthogonal spectra g : Sm−1 ∧ (shFm) −→ mO(m) at an inner
product space V by

g(V ) : Sm−1 ∧O(νm, V ⊕ R)/O(m) −→ Th(Gr|V |(V ⊕ Rm))

by sending x ∧ [ϕ,w] to (ϕ⊥ ⊕ Rm, w + x), where ϕ⊥ denotes the orthogonal complement of the linear
isometric embedding ϕ : νm −→ V ⊕ R. Then g makes the following diagram commute:

Sm−1 ∧ Fm−1
Sm−1∧i //

Jm−1

��

Sm−1 ∧ (shFm)

g

��

Sm ∧ Fm
Sm−1∧λoo

Jm
uu

mO(m−1) ι
// mO(m)

Together with the relations from Propositions 4.8 and 4.9 this proves:

ι∗(S
1 ∧ τm−1) = ι∗(S

1 ∧ Jm−1
∗ (Sm−1 ∧ em−1))

= (ι ◦ Jm−1)∗(S
m ∧ em−1)

= (g ◦ (Sm−1 ∧ i))∗(Sm ∧ em−1)

= g∗(S
m−1 ∧ i∗(S1 ∧ em−1))

= g∗(S
m−1 ∧ λ∗(res

O(m)
O(m−1)(S

1 ∧ em)))

= Jm∗ (Sm−1 ∧ res
O(m)
O(m−1)(S

1 ∧ em))

= res
O(m)
O(m−1)(J

m
∗ (Sm ∧ em)) = res

O(m)
O(m−1)(τm) �

The rank filtration expresses the orthogonal spectrum mO as the union of the sequence of orthogonal
subspectra

(4.11) S ∼= mO(0) ⊂ mO(1) ⊂ . . . ⊂ mO(m) ⊂ . . . ;

the inclusions are level equivariant h-cofibrations, so mO is also the global homotopy colimit of this sequence.
The underlying non-equivariant statement, i.e., that MO is a homotopy colimit of the spectra ΣmMT (m),
can for example be found in [58, Sec. 3]. The identification of mO as a homotopy colimit of free orthogonal
spectra now allows an algebraic description of JmO, EK, the group of morphisms in the global stable
homotopy category GH, into any orthogonal spectrum E.
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Corollary 4.12. For every orthogonal spectrum E the following sequence is short exact:

0 −→ lim
m

1E
O(m)
m−1 (Sνm) −→ JmO, EK −→ lim

m
EO(m)
m (Sνm) −→ 0

Here the inverse limit and derived limit are formed along the maps

EO(m)
m (Sνm)

res
O(m)

O(m−1)−−−−−−→ EO(m−1)
m (Sνm−1 ∧ S1)

(−∧S1)−1

−−−−−−→ E
O(m−1)
m−1 (Sνm−1)

and the right map is given by evaluation at the inverse Thom classes τO(m),νm .

Proof. Since mO is the sequential homotopy colimit, in the triangulated category global stable ho-
motopy category, of the sequence of orthogonal spectra mO(m), the Milnor exact sequence takes the form:

0 −→ lim
m

1 JmO(m), EK −→ JmO, EK −→ lim
m

JmO(m), EK −→ 0

By Theorem IV.3.16, the pair (Fm, em) represents the functor sending an orthogonal spectrum E to

E
O(m)
0 (Sνm). So by Proposition 4.8, the pair (mO(m), τm) represents the functor

GH −→ (sets) , E 7−→ EO(m)
m (Sνm) .

Moreover, the class τm maps to the inverse Thom class τO(m),νm and the inclusions mO(m−1) −→ mO(m)

have the correct behavior on the universal classes by Corollary 4.10. �

Construction 4.13. We define an explicit equivariant homeomorphism between the value of the
orthogonal spectrum (shFm)/Fm−1 at the tautological O(m)-representation νm and the representation
sphere Sνm⊕R.

If W is any inner product space, then the map

(4.14) P (W ⊕ R) −→ Th(γ1 ↓ P (W )) , R · (w, t) 7−→
(
R · w, t · w

|w2|

)
is a homeomorphism from the projective space of W ⊕R to the Thom space of the tautological line bundle
over P (W ). This homeomorphism identifies P (W ) ⊂ P (W ⊕R) with the zero section, and it identifies the
point 0 ⊕ R in P (W ⊕ R) with the basepoint at infinity of the Thom space. This homeomorphism then
passes to a homeomorphism on quotient spaces

P (W ⊕ R)/P (W ) ∼= Th(γ1 ↓ P (W ))/s(P (W )) ,

where the quotient on the right hand side is by the image of the zero section.
The composite

W
w 7→[1:w]−−−−−→ P (R⊕W )

proj−−→ P (R⊕W )/P (W )

extends continuously to the one-point compactification and the resulting extension is a homeomorphism

(4.15) SW ∼= P (R⊕W )/P (W ) .

Up this point the argument does not depend on the dimension of V . But since V has dimension m, the
projective space P (R⊕V ) is homeomorphic, by passage to the orthogonal complement, to the Grassmannian
Grm(R ⊕ V ); this homeomorphism takes the tautological line bundle over P (R ⊕ V ) to the orthogonal
complement bundle over Grm(R⊕ V ). So the induced map on Thom spaces is a homeomorphism

Th(γ1 ↓ P (R⊕ V )) ∼= O(νm,R⊕ V )/O(m) .

Under this homeomorphism, the image of the map

i(V ) : Fm−1(V ) = O(νm−1, V )/O(m− 1)
R⊕−−−−−→ O(νm,R⊕ V )/O(m) = Fm(F⊕ V ) = (shFm)(V )
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corresponds to the Thom space of the tautological line bundle over P (V ). So passage to orthogonal com-
plements induced an O(V )-equivariant homeomorphism

Th(γ1 ↓ P (R⊕ V ))/Th(γ1 ↓ P (V )) ∼= ((shFm)/Fm−1)(V ) .

The homeomorphisms (4.14) identifies the left hand side with

P (R⊕ V ⊕ R)/P (0⊕ V ⊕ R) .

The homeomorphism (4.15), finally, identifies this last quotient space with the sphere SV⊕R. Altogether we
have defined a sequence of O(V )-equivariant homeomorphisms:

` : SV⊕R ∼= P (R⊕ V ⊕ R)/P (V ⊕ R)

∼= Th(γ1 ↓ P (R⊕ V ))/Th(γ1 ↓ P (V )) ∼= ((shFm)/Fm−1)(V ) .

The composite homeomorphism of given on non-basepoints by

(v, t) 7−→
(

(1, v)⊥,
t · (1, v)

1 + |v|2

)
,

where (1, v)⊥ is the orthogonal complement in R⊕ V of the vector (1, v).
Now we specialize to V = νm. Since the tautological O(m)-action on νm is faithful, the free orthogonal

space LO(m),νm = L(νm,−)/O(m) is a global classifying space for the group O(m). The O(m)-equivariant
homeomorphism ` is thus adjoint to a morphism of orthogonal spectra

l : S1 ∧ Σ∞+ BglO(m) = S1 ∧ Σ∞+ LO(m),νm −→ (shFm)/Fm−1

We recall from Example IV.3.19 the morphism of orthogonal spectra

T
O(m)
O(m−1) : Σ∞+ BglO(m) −→ FO(m−1),νm−1

;

this morphism represents the dimension shifting transfer by Proposition IV.3.18. We let

a : FO(m),νm −→ Σ∞+ BglO(m) ;

denote the morphism of orthogonal spectra that represents the O(m)-fixed point

0 ∧ Id ·O(m) ∈ Sνm ∧ L(νm, νm)/O(m) = (Σ∞+ BglO(m))(νm) ;

this morphism represents composition with the inclusion of the O(m)-fixed points S0 −→ Sνm .

Proposition 4.16. The morphism

l : S1 ∧ Σ∞+ BglO(m) −→ (shFm)/Fm−1

is a global equivalence of orthogonal spectra. The following diagram commutes in the global stable homotopy
category:

S1 ∧ Fm

λ '
��

S1∧a // S1 ∧ Σ∞+ BglO(m)
S1∧TO(m)

O(m−1) //

l '
��

S1 ∧ Fm−1

shFm q
// (shFm)/Fm−1

δ
// S1 ∧ Fm−1

Proof. The following square commutes by inspection:

S1
(0,−) //

∼=
��

SV⊕R

`∼=
��

S1 ∧ Fm(V )
λ(V )

// (shFm)(V )
proj

// ((shFm)/Fm−1)(V )
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Passing to adjoints thus yields a commutative square of orthogonal spectra:

S1 ∧ Fm

λ

��

S1∧i // S1 ∧ Σ∞+ LO(m),νm

l

��
shFm

proj
// (shFm)/Fm−1

So the left square in the proposition commutes.

As we explained in Example IV.3.19, the morphism T
O(m)
O(m−1) is adjoint to the Thom-Pontryagin collapse

map

Sνm
c−−→ O(νm−1, νm)/O(m− 1) = Fm−1(νm)

for the unit sphere S(νm) of the tautological O(m)-representation. This collapse map sends the origin and
all vectors of length at least 2 to the basepoint; if x ∈ νm satisfies 0 < |x| < 2, then

c(x) =

(
ϕx,

|x| − 1

1− ||x| − 1|
· x
|x|

)
where ϕx is any linear isometric embedding whose image is the orthogonal complement of x. So to prove that
the right square commutes in the global stable homotopy category, we can produce an O(m)-equivariant
based map

˜̀ : SV⊕R −→ C(i : Fm−1(νm) −→ Fm(R⊕ νm))

such that the following diagram commutes up to based equivariant homotopy:

SV⊕R

`

xx
˜̀

��

(S1∧c)◦τV,R

%%
((shFm)/Fm−1)(νm) C(i : Fm−1(νm) −→ Fm(R⊕ νm))

proj
oo

p
// S1 ∧ Fm−1(νm)

We define l̃ as the relative Thom-Pontryagin collapse map for the unit disc D(νm) of the tautological
O(m)-representation.

�

We define a morphism of orthogonal spectra

lm : Sm ∧ Σ∞+ BglO(m) −→ mO(m)/mO(m−1)

as the composite

Sm ∧ Σ∞+ BglO(m)
Sm−1∧l−−−−−→ Sm−1 ∧ (shFm)/Fm−1

g/Jm−1

−−−−−→ mO(m)/mO(m−1) .

Proposition 4.17. The morphism

lm : Sm ∧ Σ∞+ BglO(m) −→ mO(m)/mO(m−1)

is a global equivalence of orthogonal spectra. The following diagram commutes in the global stable homotopy
category:

Sm ∧ FO(m),νm

Jm '
��

Sm∧i // Sm ∧ Σ∞+ BglO(m)
Sm∧TO(m)

O(m−1) //

lm '
��

Sm ∧ FO(m−1),νm−1

S1∧Jm−1'
��

mO(m) q
// mO(m)/mO(m−1)

δ
// S1 ∧mO(m−1)
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Proof. In the following commutative diagram of orthogonal spectra all vertical morphisms are iso-
morphisms:

shm−1 Fm−1

∼=
��

shm−1 ∧i // shm−1(shFm)
shm−1 q //

∼=
��

shm−1(shFm/Fm−1)

∼=
��

mO(m−1)
incl

// mO(m) q
// mO(m)/mO(m−1)

So via the natural global equivalence λ : Sm−1 ∧ X −→ shm−1X the proposition follows from its ‘desus-
pended’ form in Proposition 4.16. �

Remark 4.18. Proposition 4.17 implies that the sequence

(4.19) Sm−1 ∧ Σ∞+ BglO(m)
∂−−→ mO(m−1)

i−−→ mO(m)
q−−→ Sm ∧ Σ∞+ BglO(m)

is a distinguished triangle in the global stable homotopy category. Here i is the inclusion; ∂ is the desus-
pension of the composite of the global equivalence lm : Sm ∧ Σ∞+ BglO(m) −→ mO(m)/mO(m−1) and

the connecting homomorphism δ : mO(m)/mO(m−1) −→ S1 ∧mO(m−1). And q is the composite of the

projection mO(m) −→ mO(m)/mO(m−1) and the inverse of lm−1. By the representability property of
Theorem IV.3.2 (i) the first morphism in the sequence is completely determined by the image of the stable
tautological class, which we identify as follows:

∂∗(S
m−1 ∧ eO(m)) = (S−1 ∧ δ ◦ lm)∗(S

m−1 ∧ eO(m))

= S−1 ∧ δ∗(lm∗ (Sm ∧ eO(m)))

= S−1 ∧ (S1 ∧ Jm−1)∗((S
m ∧ TO(m)

O(m−1))∗(S
m ∧ eO(m)))

= Jm−1
∗ (Sm−1 ∧ (T

O(m)
O(m−1))∗(eO(m)))

= Jm−1
∗ (Sm−1 ∧ Tr

O(m)
O(m−1)(eO(m−1),νm))

= Tr
O(m)
O(m−1)(J

m−1
∗ (Sm−1 ∧ eO(m−1),νm)) = Tr

O(m)
O(m−1)(τm−1) .

The second equation is the commutative diagram of Proposition 4.17. The last equation also uses Proposi-
tion 4.8. So if we read this information backwards, we conclude that mO(m) can be obtained from mO(m−1)

by coning off the class Tr
O(m)
O(m−1)(τm−1). Equivalently, given a morphism f : mO(m−1) −→ E in the global

stable homotopy category, the class

f∗(Tr
O(m)
O(m−1)(τm−1)) = Tr

O(m)
O(m−1)(f∗(τm−1))

is the obstruction to extending f to a morphism defined on mO(m).
For some calculations of equivariant homotopy groups of mO we also need to understand the composite:

Sm ∧ Σ∞+ BglO(m+ 1)
∂−−→ mO(m)

q−−→ Sm ∧ Σ∞+ BglO(m)

By Proposition 4.17, this composite agrees with the m-fold suspension of the composite

Σ∞+ BglO(m+ 1)
T
O(m+1)

O(m)−−−−−−→ FO(m),νm
i−−→ Σ∞+ BglO(m) .

Again, this composite is determined by its effect on the stable tautological class, which comes out as follows:(
i ◦ TO(m+1)

O(m)

)
∗

(eO(m+1)) = i∗

(
Tr
O(m+1)
O(m) (eO(m),νm)

)
= Tr

O(m+1)
O(m)

(
i∗(eO(m),νm)

)
= Tr

O(m+1)
O(m)

(
i∗(eO(m))

)
= i∗

(
Tr
O(m+1)
O(m) (eO(m))

)
= tr

O(m+1)
O(m) (eO(m)) .
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In other words, the composite represents the degree zero transfer tr
O(m−1)
O(m) .

Now we can easily show that mO is globally connective and describe the global functor π0(mO). We

denote by 〈trO(1)
e 〉 the global subfunctor of the Burnside ring functor A generated by tr

O(1)
e ∈ A(O(1)).

Theorem 4.20. The orthogonal spectrum mO is globally connective and the action of the Burnside
ring global functor on the unit element 1 ∈ πe0(mO) induces an isomorphism of global functors

A/〈trO(1)
e 〉 ∼= π0(mO) .

Proof. The suspension spectrum Σ∞+ BglO(m) is globally connective; so Proposition 4.17 implies that
the equivariant homotopy groups of mO(m)/mO(m−1) vanish in dimension m−1 and below. The long exact
homotopy group sequence of the pair (mO(1),mO(0)) thus shows that the inclusion induces an isomorphism
of global functors

πk(mO(m−1)) ∼= πk(mO(m))

for k ≤ m− 2 and an exact sequence of global functors:

A(O(m),−) −→ πm−1(mO(m−1)) −→ πm−1(mO(m)) −→ 0

Here we used the isomorphisms

A(O(m),−)
τ 7→τ(eO(n))−−−−−−−−→ π0(Σ∞+ BglO(m))

Sm∧−−−−−−→∼= πm(Sm ∧ Σ∞+ BglO(m))
lm∗−−−→ πm(mO(m)/mO(m−1)) .

Since mO(0) is isomorphic to the global sphere spectrum, which is globally connective, we conclude induc-
tively that mO(m) is globally connective for all m ≥ 0, and that the inclusion mO(1) −→ mO(m) induces
an isomorphism on π0 for all m ≥ 1. Since mO is the union of its subspectra mO(m) and all inclusions are
level closed embeddings, the canonical map

colimm πk(mO(m)) −→ πk(mO)

is an isomorphism of global functors for every integer k. So mO is globally connective and the inclusion
induces an isomorphism

π0(mO(1)) ∼= π0(mO) .

The unit morphism identifies mO(0) with the global sphere spectrum, so the action on the class 1 ∈mO(0)

is an isomorphism of global functors A ∼= π0(mO(0)). For m = 1, the exact sequence thus becomes an exact
sequence of global functors

A(O(1),−)
A(trO(1)

e ,−)−−−−−−−−→ A(e,−) −→ π0(mO(1)) −→ 0 ;

here we used Remark 4.18 to identify the first morphism as the one induced by the transfer tr
O(1)
e . This

proves the claim about π0(mO). �

Theorem 4.20 gives a nice compact description of the 0-th equivariant homotopy groups of the Thom
spectrum mO, but we may still ask for a more explicit calculation of the group πG0 (mO) for an individual
compact Lie group G. Given the presentation of π0(mO) as the quotient of A by the global subfunc-

tor generated by tr
O(1)
e , this is a purely algebraic exercise. Since the element tr

O(1)
e (1) is trivial in the

group π
O(1)
0 (mO), also

2 = resO(1)
e (trO(1)

e (1)) = 0

in πe0(mO); thus all equivariant homotopy groups πG∗ (mO) are F2-vector spaces. Then next proposition
pins down an F2-basis of πG∗ (mO) in terms of the subgroup structure of G.
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Proposition 4.21. For every compact Lie group G, an F2-basis of πG0 (mO) is given by the classes trGH(p∗H(1)),
for pH : H −→ e the unique homomorphism, indexed by conjugacy classes of those closed subgroups H of G
whose Weyl group is finite and of odd order.

Proof. We abbreviate C = O(1). The group A(G) is free abelian with basis the classes trGH(p∗H(1))
for all conjugacy classes of subgroups H with finite Weyl group. So the claim follows if we can show that
the value 〈trCe 〉(G) of the global functor 〈trCe 〉 at G is the subgroup of A(G) generated by 2 · A(G) and the
classes trGH ◦p∗H for those closed subgroups H whose Weyl group is finite of even order.

By Theorem III.3.5, the group A(C,G) is freely generated by the elements trGL ◦α∗ indexed by (G×C)-
conjugacy classes of pairs (L,α) where L is a closed subgroup of G with finite Weyl group and α : L −→ C
is a continuous group homomorphism. So 〈trCe 〉(G) is generated as an abelian group by the elements
trGL ◦α∗ ◦ trCe .

A homomorphisms to C is either trivial or surjective, and the generating elements come in two flavors.
If α is the trivial homomorphism, then

trGL ◦α∗ ◦ trCe = trGL ◦p∗L ◦ resCe ◦ trCe = 2 · trGL ◦p∗L .
These elements generate the subgroup 2 · A(G). If α is surjective with kernel H, then

trGL ◦α∗ ◦ trCe = trGL ◦ trLH ◦p∗H = trGH ◦p∗H .

The group H that arises in this way is normal of index 2 in L. So L is contained in the normalizer NGH,
and 2 divides [NGH : H]. So the order of the Weyl group WGH is even. Conversely, if H is a subgroup
of G with finite Weyl group of even order, then we can choose a subgroup C ≤ WGH of order 2. The
preimage L of C under the projection NGH −→ WGH then contains H as an index 2 subgroup. By the
above, the class trGH ◦p∗H is then one of the generating elements of 〈trCe 〉(G). �

Example 4.22 (Geometric fixed points of mO(m) and mO). We give a description of the geometric
fixed points of mO(m). We let V be an n-dimensional representation of a compact Lie group G. We write

V ⊥ = V − V G for the orthogonal complement of the G-fixed subspace. If U is a G-invariant subspace
of V ⊕ Rm, then U = UG ⊕ (U ∩ V ⊥), and hence

(Grn(V ⊕ Rm))G =

n∐
k=0

Grk(V G ⊕ Rm)× (Grn−k(V ⊥))G .

A point (U, x) ∈ mO(m)(V ) in the Thom space of the tautological bundle is G-fixed if and only if the
subspace U is G-invariant and the vector x ∈ U is G-fixed. Passing to Thom spaces thus gives

mO(m)(V )G =

n∨
k=0

Th(Grk(V G ⊕ Rm)) ∧ (Grn−k(V ⊥))G+

∼=
dim(V ⊥)∨
j=0

Th(Grj+dim(V G)(V
G ⊕ Rm)) ∧ (Grj(V

⊥))G+ .

The last isomorphism uses the variable substitution j = k − dim(V G) and the homeomorphism

Grdim(V )−k(V ⊥) = Grdim(V ⊥)−j(V
⊥) ∼= Grj(V

⊥) , L 7−→ V ⊥ − L

by taking orthogonal complement inside V ⊥. On the other hand,

Th(Grj+dim(V G)(V
G ⊕ Rm)) = Th(Grj+dim(V G)((V

G ⊕ Rj)⊕ Rm−j))

= mO(m−j)(V
G ⊕ Rj) = (shj mO(m−j))(V

G) .

Under this identification, the structure map

(ϕ?)
G : mO(m)(V )G ∧ SW

G−ϕ(V G) −→ mO(m)(W )G
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induced by a G-equivariant linear isometric embedding ϕ : V −→ W preserves the wedge decomposition;
on the summand indexed by j, the map (ϕ?)

G is the smash product of the structure map for shj mO(m−j)
with the map

(Grj(ϕ
⊥))G : (Grj(V

⊥))G −→ (Grj(W
⊥))G .

Stable homotopy groups take wedges to direct sums, so in the colimit over V ∈ s(UG) this gives a decom-
position

ΦG∗ (mO(m)) =

m⊕
j=0

π∗

(
(shj mO(m−j)) ∧ (GrG,⊥j )+

)
=

m⊕
j=0

π∗−j

(
mO(m−j) ∧ (GrG,⊥j )+

)
as a sum of non-equivariant mO(m−j)-homology groups of the fixed point spaces GrG,⊥j . Here we use the
abbreviation

GrG,⊥j =
(
Grj(U⊥G )

)G
for the space of j-dimensional G-invariant subspaces of U⊥G = UG−(UG)G. In the colimit over m and obtain
a description of the geometric fixed point homotopy groups of mO:

ΦG∗ (mO) =
⊕
j≥0

mO∗−j

(
GrG,⊥j

)
as a sum of non-equivariant mO-homology groups of the fixed point spaces GrG,⊥j .

The space GrG,⊥j can be decomposed further: every G-invariant subspace of U⊥G is the direct sum of
its isotypical components, indexed by the non-trivial irreducible G-representations. The irreducibles come

in three flavors (real, complex or quaternionic), and so the space GrG,⊥j is a disjoint union of products of

classifying spaces of the groups O(n), U(n), and Sp(n) for various n.
The reader may want to compare the previous description of the geometric G-fixed points of mO with

Proposition II.5.18 (i), which identifies the G-fixed points of the orthogonal space bO as

bO(UG)G '
∐
j≥0

GrG,⊥j ×BO .

This illustrates the general phenomenon that ‘geometric G-fixed points of a global Thom spectrum are the
Thom spectrum over the G-fixed points’.

Example 4.23. The Thom spectrum mO and most of its properties have an oriented analog. For
m ≥ 0 we define an orthogonal space bSO(m) at an inner product space V as

bSO(m)(V ) = Gr+
m(V ⊕ Rm) ,

the Grassmannians of oriented m-planes in V ⊕ Rm. The map bSO(ϕ) : bSO(V ) −→ bSO(W ) induced
by a linear isometric embedding ϕ : V −→W is defined as

bSO(m)(ϕ)(L, [b]) = ((ϕ⊕ Rm)(L), [(ϕ⊕ Rm)(b)]) .

In other words: we apply the linear isometric embedding ϕ⊕Rm : V ⊕Rm −→W ⊕Rm to the subspace L
and the (equivalence class of) basis b of L. The map

u(V ) : bSO(m)(V ) = Gr+
m(V ⊕ Rm) −→ Gr|V |(V ⊕ Rm) = bO(m)(V ) , L 7−→ L⊥

that forgets the orientation and passes to orthogonal complements is a twofold covering; as V varies, these
maps form a morphism of orthogonal spaces u : bSO(m) −→ bO(m).

A continuous map bSO(m−1)(V ) −→ bSO(m)(V ) is given by sending (L, [b]) to (L⊕R ·em, [b, (0, em)]),
where

em = (0, . . . , 0, 1) ∈ Rm
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is the last vector in the canonical basis. As V varies, these maps form a morphism of orthogonal spaces
bSO(m−1) −→ bSO(m) that is levelwise a closed embedding and makes the following square commute:

bSO(m−1)
//

u

��

bSO(m)

u

��
bO(m−1)

// bO(m)

We define the orthogonal space mSO as the colimits of the sequence

bSO(0) −→ bSO(1) −→ . . . −→ bSO(m) −→ . . . .

The morphisms u assemble into a morphism of orthogonal spaces u : bSO −→ bO that is levelwise a
twofold covering.

We pull back the tautological |V |-plane bundle along the map u(V ) and obtain a euclidean |V |-plane
bundle over bSO(m)(V ) whose total space consists of triples (L, [b], x) consisting of an oriented m-plane
(L, [b]) in V ⊕ Rm and a vector x ∈ V ⊕ Rm that is orthogonal to L. We define mSO(m)(V ) as the Thom
space of this tautological vector bundle. The structure maps defined in much the same way as for mO(m),
but also keeping track of the orientation. The sequence of orthogonal spaces above thomifies to a sequence
of closed embeddings of orthogonal spectra

mSO(0) −→ mSO(1) −→ . . . −→ mSO(m) −→ . . . .

We let mSO denote the colimit of this sequence.
The orthogonal spectrum mSO supports inverse Thom classes for oriented representations, i.e., repre-

sentations V of a compact Lie group G equipped with an orientation such that the action of G is orientation
preserving. Then the orientation provides a lift of the inverse Thom class τG,V ∈mOG

n (SV ), defined in (4.4),

to a class in mSOG
n (SV ).

Example 4.24. The Thom spectrum mO has a Z-graded periodic version mOP that is globally
equivalent to the wedge of all (de-)suspensions of the non-periodic version. The multiplications of mO
extends to an E∞-multiplication of the periodic version. The spectrum mOP is the Thom spectrum over
the orthogonal space bOP, the Z-graded periodic analog of bO, defined in Example II.5.16. So the value
of bOP at an inner product space V is

bOP(V ) =
∐
n≥0

Grn(V ⊕ R∞) ,

the disjoint union of all Grassmannians in V ⊕ R∞. Over the space bOP(V ) sits a tautological euclidean
vector bundle (of non-constant rank!) and we define mOP(V ) as the Thom space of this tautological vector
bundle. The definition of the structure maps and the E∞-multiplication of mOP is the straightforward
extension of the corresponding structure for mO. The orthogonal space bOP is Z-graded, with k-th
homogeneous summand given by

bOP[k](V ) = Gr|V |+k(V ⊕ R∞) .

The spectrum mOP is Z-graded, where the summand mOP[k](V ) of degree k is defined as the Thom space

of the tautological (dim(V ) +k)-plane bundle over bOP[k](V ); then mOP(V ) is the one-point union of the

Thom spaces mOP[k](V ) for k ≥ −dim(V ). So we have a wedge decomposition

(4.25) mOP =
∨
k∈Z

mOP[k]

as orthogonal spectra.
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Now we establish the periodicity of mOP, saying that the summand mOP[k] is globally equivalent
to Sk ∧mO. The point

(0, {0}) ∈ Th(Gr0(R⊕ R∞)) = mOP[−1](R)

defines a homotopy class

t ∈ πG−1(mOP[−1]) .

We choose a linear isometric embedding ψ : R⊕R∞ −→ R∞. We define a morphism of orthogonal spectra

ψ∗ : S1 ∧mOP −→ mOP

at an inner product space V as the map

S1 ∧ Th(Gr(V ⊕ R∞))
σR,V⊕R∞−−−−−−→ Th(Gr(R⊕ V ⊕ R∞)) ∼= Th(Gr(V ⊕ R⊕ R∞))

Th(Gr(V⊕ψ))−−−−−−−−−→ Th(Gr(V ⊕ R∞)) .

Since the structure maps of mOP only act on the V -summand in V ⊕ R∞, these maps indeed define
a morphism of orthogonal spectra. Since the space L(R⊕R∞,R∞) is contractible, any two embeddings as
above are homotopic, and thus lead to homotopic morphisms of orthogonal spectra. The morphism ψ∗ does

not preserve the Z-grading of mOP; rather, it takes S1 ∧mOP[k] to mOP[1+k]. As the next proposition
shows, multiplication by the class t is essentially inverse to the effect of the map ψ∗ on πG∗ .

Proposition 4.26. For every linear isometric embedding ψ : R∞ ⊕ R −→ R∞ the map

πG∗ (mOP)
S1∧−−−−−→∼= πG1+∗(S

1 ∧mOP)
πG∗ (ψ∗)−−−−−−→ πG1+∗(mOP)

is inverse to multiplication by the class p∗G(t) ∈ πG−1(mOP[−1]), where pG : G −→ e is the unique homomor-
phism. In particular, the morphism ψ∗ : S1 ∧mOP −→ mOP is a global equivalence and the class p∗G(t)
is a unit.

Proof. We define an element σ ∈ π1(mOP) by σ = πe1(ψ∗)(S
1 ∧ 1). We show the relation t · σ = 1

in π0(mOP). The class σ is represented by the map f : S2 −→mOP[1](R) defined as the composite

S2 x 7−→(R2⊕0,(x,0)))−−−−−−−−−−−−→ Th(Gr2(R2 ⊕ R∞))
Th(Gr(R⊕ψ))−−−−−−−−−→ Th(Gr2(R⊕ R∞)) = mOP[1](R) .

By definition of the multiplication on π∗(mOP) from the E∞-structure, the product σ · t is represented by
the composite

S2 f∧({0},0)−−−−−−→ mOP[1](R) ∧mOP[−1](R)
⊕−−→ Th(Gr2((R⊕ R∞)2))(4.27)

−→ Th(Gr2(R2 ⊕ R∞)) = mOP[0](R2)

The last maps of Thom spaces is induced by

(R⊕ R∞)2 −→ R2 ⊕ R∞ , ((x, y), (x′, y′)) 7−→ (x, x′, κ(y, y′))

where κ : (R∞)2 −→ R∞ is any linear isometric embedding. Unraveling all the definitions identifies the
composite (4.27) as the map

S2 −→ Th(Gr2(R2 ⊕ R∞)) = mOP[0](R2) , (x, y) 7−→ (λ(R2), λ(x, y)) ,

where λ ∈ L(R2,R2 ⊕ R∞) is given by

λ(x, y) = (x, 0, κ(ψ(y, 0), 0)) .

The space L(R2,R2 ⊕ R∞) of linear isometric embeddings is path-connected, so the embedding λ is ho-
motopic, through linear isometric embeddings, to the embedding (x, y) 7→ (x, y, 0). A homotopy between
these two embeddings induces a homotopy between the composite (4.27) and the unit map ηR2 : S2 −→
mOP[0](R2).
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The rest of the proof is rather formal:

p∗G(t) · p∗G(σ) = 1

because restriction along pG is a ring homomorphism. The graded commutativity of the multiplication
and the fact that 2=0 in π0(mO) imply p∗G(σ) · p∗G(t) = 1. So multiplication by the class p∗G(σ) is an
isomorphism, with inverse multiplication by p∗G(t). Since πG∗ (ψ∗) is a homomorphism of graded πG∗ (mOP)-
modules [justify], we deduce that

p∗G(σ) · x = p∗G(πe1(ψ∗)(S
1 ∧ 1)) · x = πG1 (ψ∗)((S

1 ∧ p∗G(1)) · x) = πG∗ (ψ)(S1 ∧ x)

for all x ∈ πG∗ (mOP), which shows that claim. �

Example 4.28. We define the ultra-commutative ring spectrum MO. Non-equivariantly, MO is an-
other version of the unoriented Thom spectrum MO, and it is a global refinement of equivariant unoriented
homotopical bordism, due to tom Dieck [150]; tom Dieck first considered the unitary version in [150], and
the paper [33] studies the unoriented version.

We recall from Example II.5.2 the orthogonal space BO, defined at an inner product space V by

BO(V ) = Gr|V |(V
2) ,

the Grassmannians of dim(V )-planes in V 2. Over the space BO(V ) sits a tautological n-plane bundle
with the total space consisting of pairs (U, x) ∈ BO(V ) × V 2 such that x ∈ U . We define MO(V ) as the
Thom space of this tautological vector bundle, i.e., the one-point compactification of the total space. The
structure maps are given by

MO(V ) ∧O(V,W ) −→ MO(W ) , (U, x) ∧ (w,ϕ) 7−→ (BO(ϕ)(U),BO(ϕ)(x) + (w, 0)) .

Multiplication maps

µV,W : MO(V ) ∧MO(W ) −→ MO(V ⊕W )

are defined by sending (U, x) ∧ (U ′x′) to (U + U ′, (x, x′)) where U + U ′ is the image of U ⊕ U ′ under the
preferred isometry V 2⊕W 2 ∼= (V ⊕W )2 sending ((v, v′), (w,w′)) to ((v, w), (v′, w′)). Unit maps are defined
by

SV −→ MO(V ) , v 7−→ (V ⊕ 0, (v, 0)) .

These multiplication maps are binatural, associative, commutative and unital, and all this structure makes MO
into an ultra-commutative ring spectrum.

Remark 4.29. Certain variations of the construction of MO are possible, and have been used at other
places in the literature. Indeed, if U is any euclidean vector space, finite or infinite dimensional, and e0 ∈ U
a non-zero vector, we obtain an ultra-commutative ring spectrum MOU,e0 in exactly the same way as above,
with value at V given by the Thom space over the tautological vector bundle over Grdim(V )(V ⊗ U). The

chosen vector e0 enters in the definition of the unit and structure maps. For U = R2 and e0 = (1, 0), the
construction specializes to MO as above.

If the dimension of U is at least 2, then we always get the same global homotopy type. Indeed: any linear
isometric embedding ψ : U −→ U ′ such that ψ(e0) = u′0 induces a morphism of orthogonal ring spectra
ψ∗ : MOU,e0 −→MOU ′,u′0

. If the dimension of U is at least 2, this morphism is a global equivalence.

Example 4.30 (Geometric fixed points of MO). As with the other Thom spectra, the geometric fixed
points of MO are more accessible that the genuine equivariant homotopy groups, and we describe these
geometric fixed points now; the calculation is similar to the one for mO in Example 4.22.
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We let V be a G-representation; as usual we denote by V ⊥ = V − V G the orthogonal complement of
the fixed points. Then

(MO(V ))
G

=
(
Th|V |(V

2)
)G

=

dim(V )∨
k=0

Th
(
Grk((V G)2)

)
∧Gr|V |−k((V ⊥)2)+

=

|V ⊥|∨
j=−|V G|

Th
(
Grj+|V G|((V

G)2)
)
∧Grj+|V ⊥|((V ⊥)2)+ .

The last isomorphism uses the variable substitution j = k − dim(V G) and the homeomorphism

Gr|V |−k((V ⊥)2) = Grdim(V ⊥)−j((V
⊥)2) ∼= Grj+|V ⊥|((V

⊥)2) , L 7−→ (V ⊥)2 − L

by taking orthogonal complement inside (V ⊥)2. Under this homeomorphism the structure map

(ϕ?)
G : MO(V )G ∧ SW

G−ϕ(V G) −→ MO(W )G

induced by a G-equivariant linear isometric embedding ϕ : V −→W preserves the wedge decomposition; on
the summand indexed by j, the map (ϕ?)

G is the smash product of the structure map for the non-equivariant
Thom spectrum MO with the map

(Grj+|V ⊥|(ϕ
⊥))G : (Grj+|V ⊥|(V

⊥))G −→ (Grj+|W⊥|(W
⊥))G .

Stable homotopy groups take wedges to direct sums, so in the colimit over V ∈ s(UG) this gives a decom-
position

ΦG∗ (MO) =
⊕
j∈Z

π∗−j
(
mO ∧BOG(U⊥G )

)
=
⊕
j∈Z

MO∗−j
(
BOG(U⊥G )

)
.

as a Z-indexed sum of shifted copies of the non-equivariant MO-homology groups of the classifying space of
the group OG(U⊥G ). As usual, the group OG(U⊥G ) (and hence also its classifying space) can be decomposed
into isotypical factors corresponding to the irreducible orthogonal G-representation.

The reader may want to compare this description of the geometric fixed points of MO to Corol-
lary II.5.8 (ii), which identifies the G-fixed points of the orthogonal space BO as a disjoint union, indexed
by the augmentation ideal IO(G), of copies of a classifying space of the group

OG(UG) ∼= O((UG)G)×OG(U⊥G ) .

The Z-grading of ΦG∗ (MO) corresponds to the Z-grading of IO(G) by the virtual dimension of the fixed
points, i.e., by the homomorphism

IO(G) −→ Z , [V ]− [W ] 7−→ dim(V G)− dim(WG) .

The orthogonal spectra mO and MO are related through an intermediate Thom spectrum MO′ whose
value at an inner product space V is the Thom space of the tautological bundle over

BO′(V ) = Grdim(V )(V
2 ⊕ R∞)

the structure maps and E∞-multiplication are a mixture of the structure in mO and MO and the embed-
dings

V ⊕ R∞ (v,x)7→(v,0,x)−−−−−−−−−→ V 2 ⊕ R∞ (v,w,0)←[(v,w)←−−−−−−−−− V 2

thomify to maps

mO(V )
a(V )−−−→ MO′(V )

b(V )←−−− MO(V ) .

For varying V , these in turn form morphisms of E∞ orthogonal ring spectra

(4.31) mO
a−−→ MO′

b←−− MO .
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The unstable global equivalence between BO and BO′ of Proposition II.5.24 has the following thomified
stable analog.

Proposition 4.32. The morphism b : MO −→ MO′ is a global equivalence of E∞ orthogonal ring
spectra.

Proof. Not only the statement, but also the proof of Proposition II.5.24 thomifies. Indeed, each of the
orthogonal spaces BO′(m) defined in the proof of Proposition II.5.24 has its own Thom spectrum MO′(m),
and these form an exhaustive filtration

MO = MO′(0) ⊂ MO′(1) ⊂ . . . ⊂ MO′(m) ⊂ . . .

of MO′ by orthogonal subspectra. All inclusions are h-cofibrations, so it suffices to show that each inclu-
sion MO′(m) −→MO′(m+1) is a global equivalence. The morphisms of orthogonal spaces j : BO′(m+1) −→
sh(BO′(m)) have stable analogs, morphism of orthogonal spectra

j : S1 ∧MO′(m+1) −→ sh(MO′(m)) .

Then the following diagram of morphisms of orthogonal spectra commutes:

S1 ∧MO′(m)
incl //

λBO′
(m) ))

S1 ∧MO′(m+1)

j

��

λBO′
(m+1)

))
sh(MO′(m)) sh(incl)

// sh(MO′(m+1))

The two diagonal morphisms are global equivalences by Proposition III.1.31, so the inclusion S1∧MO′(m) −→
S1 ∧ MO′(m+1) is a global equivalence. Since suspension detects global equivalences, this proves the
claim. �

Since the morphism b : MO −→ MO′ is a global equivalence, Proposition III.2.26 implies that it
induces isomorphisms of equivariant homology theories, at least on cofibrant equivariant space. The weak
morphism (4.31) from mO to MO thus induces natural transformations of equivariant homology theories

(b−1a)∗ : mOG
∗ (A)

a∗−−−→ (MO′)G∗ (A)
(b∗)

−1

−−−−−→∼= MOG
∗ (A)

for all compact Lie groups G and all cofibrant based G-spaces A.
If V is a G-representation of dimension n, then the left hand side is the home of the inverse Thom class

τG,V in mOG
n (SV ) defined in (4.4). We denote by

τ̄G,V ∈ MOG
n (SV )

the image of the inverse Thom class in the theory MO. As we now recall, the classes τ̄G,V are all invertible,
and their inverses σG.V are the distinguished Thom classes of MO. This is the justification for the name
‘inverse Thom class’.

Lemma 4.33. Let V be a representation of a compact Lie group G. Then the class τ̄G,V in MOG
n (SV )

is represented by the map l[ : Sn+n −→MO(V ⊕Rn), the fiber inclusion of the linear isometric embedding

l : Rn ⊕ Rn −→ V ⊕ Rn ⊕ V ⊕ Rn , (x, y) 7−→ (0, x, 0, y) .

Proof. Composing l[ with the map

b(V ⊕ Rn) : MO(V ⊕ Rn) −→MO′(V ⊕ Rn) = Th(Gr2n((V ⊕ Rn)2 ⊕ R∞))

gives the fiber inclusion of the linear isometric embedding

Rn ⊕ Rn −→ V ⊕ Rn ⊕ V ⊕ Rn ⊕ R∞ , (x, y) 7−→ (0, x, 0, y, 0) .
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This embedding is homotopic, through G-equivariant linear isometric embeddings, to

l′ : Rn ⊕ Rn −→ V ⊕ Rn ⊕ V ⊕ Rn ⊕ R∞ , (x, y) 7−→ (0, x, 0, 0, y) ;

so b(V ⊕ Rn) ◦ l[ is G-homotopic to the fiber inclusion l′[. On the other hand, l′[ is precisely the composite

Sn+n j[∧Sn−−−−→ mO(V ) ∧ Sn
σV,Rn−−−−→ mO(V ⊕ Rn)

a(V⊕Rn)−−−−−−−→ MO(V ⊕ Rn) ,

where j[ is the original representative (4.4) for τG,V . We conclude that a∗(τG,V ) = b∗[l[]. Since this property
characterizes the class τ̄G,V , this shows the claim. �

The bordism spectrum MO comes with a distinguished orientation, given by Thom classes for equi-
variant vector bundles. We start with the definition of the Thom classes for representations. We let G be a
compact Lie group and V an orthogonal G-representation of dimension n. We consider the fiber inclusion

iV[ : SV
2

−→ MO(V ⊕ Rn) = (shn MO)(V ) ,

associated to the equivariant linear isometric embedding

iV : V 2 −→ (V ⊕ Rn)2 , (v, v′) 7−→ (v, 0, v′, 0) .

This fiber inclusion is G-equivariant and represents a class in the group

(shn MO)0
G(SV ) .

We use the global equivalence λn : Sn ∧MO −→ shn MO (compare Proposition III.1.31) to turn this into
a class

(4.34) σG,V ∈ (shn MO)0
G(SV ) ∼= MOn

G(SV ) ,

the Thom class in the n-th G-equivariant MO-cohomology of SV . Part (v) of the following proposition is
a rigorous way of saying that the classes τ̄G,V and σG,V ‘are multiplicative inverse in the RO(G)-graded
homotopy ring of MO’.

Proposition 4.35. Let G and K be compact Lie groups. The Thom classes σG,V have the following
properties.

(i) For every isomorphism ϕ : V −→W of orthogonal G-representations, the induced isomorphism (Sϕ)∗ :
MOn

G(SV ) −→MOn
G(SW ) takes the class σG,V to the class σG,W .

(ii) The class σG,0 of the trivial 0-dimensional G-representation is the unit element 1 ∈MO0
G(S0)

(iii) For every continuous homomorphism α : K −→ G of compact Lie groups the relation

α∗(σG,V ) = σK,α∗V

holds in MOn
K(Sα

∗(V )).
(iv) For all orthogonal G-representations V and all orthogonal K-representations W the relation

σG,V × σK,W = σG×K,V⊕W holds in MOn+m
G×K(SV⊕W ) .

(v) The relation
σG,V × τ̄G,V = [SτV,Rn ]

holds in the group MOG
V⊕Rn(Sn⊕V ), where τV,Rn : V ⊕Rn −→ Rn⊕ V is the symmetry isomorphism.

Proof. (i) The square

SV⊕V

ϕ⊕ϕ
��

iV[ // (shn MO)(V )

(shn MO)(ϕ)

��
SW⊕W

iW[

// (shn MO)(W )
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commutes, hence so does its adjoint:

SV

Sϕ

��

// map(SV , (shn MO)(V ))

map(Sϕ
−1
,(shn MO)(ϕ))

��

(Ω•(shn MO))(V )

(Ω•(shn MO))(ϕ)

��
SW // map(SW , (shn MO)(W )) (Ω•(shn MO))(W )

The class σG,V is represented by the G-map iV[ . By Proposition I.6.7 (ii), σG,V is then also represented by

the G-map (Ω•(shn MO))(ϕ)◦ iV[ . This second representative coincides with the defining representative for
(Sϕ)∗(σG,W ), by the commutativity of the diagram.

Parts (ii), (iii) and (iv) are straightforward from the definitions. For part (v) we show the relation

[Id] = (SτRn,V )∗(σG,V × τ̄G,V )

in the group (MO)GV⊕Rn(SV⊕R
n

). The right hand side is represented, by Lemma 4.33, by the composite

SV⊕V⊕R
n⊕Rn iV[ ∧l[−−−→ MO(V ⊕ Rn) ∧MO(V ⊕ Rn)
µV⊕Rn,V⊕Rn−−−−−−−−→ MO(V ⊕ Rn ⊕ V ⊕ Rn)

MO(V⊕τRn,V ⊕V )
−−−−−−−−−−−−→ MO(V ⊕ V ⊕ Rn ⊕ Rn) = Th(Gr4n((V ⊕ V ⊕ Rn ⊕ Rn)2)) .

This composite is the fiber inclusion associated to the G-equivariant linear isometric embedding

V ⊕ V ⊕ Rn ⊕ Rn −→ V ⊕ V ⊕ Rn ⊕ Rn ⊕ V ⊕ V ⊕ Rn ⊕ Rn , (v, v′, x, y) 7−→ (v, 0, 0, x, v′, 0, 0, y) .

This embedding is homotopic, through G-equivariant linear isometric embeddings, to the embedding

V ⊕ V ⊕ Rn ⊕ Rn −→ V ⊕ V ⊕ Rn ⊕ Rn ⊕ V ⊕ V ⊕ Rn ⊕ Rn , (v, v′, x, y) 7−→ (v, v′, x, y, 0, 0, 0, 0) .

The fiber inclusion of this latter embedding is the unit map, so it represents the class [IdSV⊕V⊕Rn⊕Rn ]. �

The naturality (iii) and the external product formula (iv) of the previous proposition together imply
an ‘internal’ product formula by restriction along the diagonal homomorphism ∆ : G −→ G × G: for all
orthogonal G-representations V and W the relation

σG,V · σG,W = σG,V⊕W

holds in MOn+m
G (SV⊕W ).

Part (v) of the previous proposition can be rephrased informally as saying that the classes σG,V and τ̄G,V
are ‘RO(G)-graded units’ in MO, and in fact inverse to each other. Thus exterior multiplication with each
of these classes is bijective:

Corollary 4.36. Let G be a compact Lie group, V a G-representation and A a based G-space. Then
the maps

τ̄G,V ×− : MOG
k (A) −→ MOG

n+k(SV ∧A) and σG,V ×− : MOk
G(A) −→ MOk+n

G (SV ∧A)

are isomorphisms.

Proof. Up to certain associativity isomorphisms that we are consistently suppressing, the composite

MOG
k (A)

τ̄G,V ×−−−−−−→ MOG
n+k(SV ∧A)

σG,V ×−−−−−−→ MOG
V⊕Rn⊕W (Sn ∧ SV ∧A)

(S
τRn,V ∧A)∗−−−−−−−−→ MOG

V⊕Rn⊕W (SV⊕R
n

∧A)

agrees with multiplication by the class [IdSV ⊕Rn ], by part (v) of the Proposition 4.35. [fix this....]
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Theorem 4.7 (ii) identifies this with the suspension homomorphism for the representation V ⊕Rn. Since
the suspension homomorphism is an isomorphism, this shows that left multiplication by τ̄G,V is injective.
[show surjective]

The argument for multiplication by σG,V is essentially the same, with the roles of σG,V and τ̄G,V
interchanged. �

Our next task is to show that the Thom spectrum MO is a localized version of mO, obtained by
formally inverting all inverse Thom classes. We define a localized version of equivariant mO-homology by

mOG
n (A)[1/τ ] = colimV ∈s(UG) mOG

|V |+n(SV ∧A) ;

for V ⊂W in s(UG), the structure map in the colimit system is given by the multiplication

mOG
|V |+n(SV ∧A)

τG,W−V ×−−−−−−−−→ mOG
|W |+n(SW−V ∧ SV ∧A) ∼= mOG

|W |+n(SW ∧A) .

In (4.31) we defined morphisms of orthogonal spectra

mO
a−−→ MO′

b←−− MO ,

and the second morphism is a global equivalence by Proposition 4.32. We consider the resulting natural
transformation of equivariant homology theories

(b−1a)∗ : mOG
∗ (A)

a∗−−−→ (MO′)G∗ (A)
(b∗)

−1

−−−−−→∼= MOG
∗ (A) ,

where A is a cofibrant based G-space. All three spectra mO, MO′ and MO come with E∞-multiplications,
and the morphisms a and b are E∞-morphisms, so the natural transformations (b−1a)∗ is multiplicative.
In equivariant MO-theory, the inverse Thom classes become invertible by Corollary 4.36, so for every
G-representation V we can consider the maps

mOG
|V |+n(SV ∧A)

(b−1a)∗−−−−−−→ MOG
|V |+n(SV ∧A)

(τ̄G,V ×−)−1

−−−−−−−−→ MOG
n (A) .

By the multiplicativity of (b−1a)∗, these maps are compatible as V varies over the poset s(UG), so they
assemble into a natural transformation

ΨG
n : mOG

n (A)[1/τ ] = colimV ∈s(UG) mOG
|V |+n(SV ∧A) −→ MOG

n (A) .

Theorem 4.37. For every compact Lie group G, every G-representation W and every cofibrant based
G-space A the map

ΨG
∗ : mOG

∗ (A)[1/τ ] −→ MOG
∗ (A)

is an isomorphism of abelian groups.

Proof. Both sides of the transformation are global homology theories in the pair (G,A), so it suffices
to prove the claim for all compact Lie groups G, but only the trivial G-space S0. We show that the map
induces an isomorphism of geometric fixed point homotopy groups. We have

ΦG∗ (SV ∧mO) =
⊕
j≥0

mO∗−j

(
SV

G

∧GrG,⊥j

)
It suffices to take the colimit over G-representations V with trivial fixed points. For such representations,
the image of the inverse Thom class τG,V under the geometric fixed point map

ΦG : πGn (SV ∧mO) −→ ΦGn (SV ∧mO) =
⊕
j≥0

mOn−j

(
GrG,⊥j

)
is the path component of the representation V in mO0

(
GrG,⊥n

)
, the summand indexed by j = n. So

ΦG∗ (mO)[1/τ ] = colimV ∈s(U⊥G )

⊕
j≥0

mO∗−j

(
GrG,⊥j

)
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Here the colimit is over multiplication by the classes ΦG(τG,V ), so it is isomorphic to⊕
j∈Z

mO∗−j
(
BOG(U⊥G )

)
= ΦG∗ (MO) . �

Construction 4.38 (Euler classes). We let G be a compact Lie group and V an n-dimensional G-
representation. As usual, the Thom classes σG,V give rise to Euler classes by ‘restriction to the zero section’,
i.e.,

(4.39) e(V ) = i∗(σG,V ) ∈ MOG
0 (Sn) = πG−n(MO) .

Here i : S0 −→ SV is the inclusion of the fixed points 0 and ∞, and i∗ : MOG
V (Sn) −→ MOG

0 (Sn) the
induced map on equivariant homology groups given by precomposition. If V has non-trivial G-fixed points,
then the inclusion i : S0 −→ SV is G-equivariantly null-homotopic, so e(V ) = 0 whenever V G 6= 0.

The properties of the Thom classes listed in Proposition 4.35 directly imply various compatibility
relations among the Euler classes that we spell out now.

(i) If V and W are isomorphic G-representations, then e(V ) = e(W ).
(ii) The Euler class e(0) of the trivial 0-dimensional G-representation is the unit element 1 ∈ πG0 (MO).
(iii) For every homomorphism α : K −→ G of compact Lie groups the relation

α∗(e(V )) = e(α∗(V ))

holds in πK−n(MO).
(iv) For all G-representations V and K-representation W the relation

e(V )× e(W ) = e(V ⊕W )

holds in πG×K−(n+m)(MO).

(v) For all G-representations V and W the relation

e(V ) · e(W ) = e(V ⊕W )

holds in πG−(n+m)(MO).

(vi) For every G-representation V and m ≥ 0, the relation

Pm(e(V )) = e(V m)

holds in πΣmoG
−mn (MO).

(vii) If H is a closed subgroup of finite index in G, then for every H-representation W the relation

NG
H (e(W )) = e(trGH(V ))

holds in πG−n(MO).

By the naturality property (iii) above, all Euler classes are determined by the Euler classes of the tautological
O(n)-representations on Rn.

Example 4.40. We define an orthogonal spectrum MOP, the periodic version of MO. The spectrum
MOP is a Thom spectrum over the orthogonal space BOP discussed in Example II.5.2. The value of BOP
at an inner product space V is

MOP(V ) =
∐
n≥0

Grn(V 2) ,

the disjoint union of all Grassmannians in V 2. Over the space BOP(V ) sits a tautological euclidean vector
bundle (again of non-constant rank) and MOP(V ) as the Thom space of this tautological vector bundle.
The definition of the structure maps and the commutative multiplication of MOP is the straightforward
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extension of the corresponding structure for MO. The orthogonal space BOP is Z-graded, with k-th
homogeneous summand given by

BOP[k](V ) = Grdim(V )+k(V 2) .

The spectrum MOP is Z-graded, where the summand MOP[k](V ) of degree k is defined as the Thom space

of the tautological (dim(V ) + k)-plane bundle over MOP[k](V ); then MOP(V ) is the one-point union of

the Thom spaces MOP[k](V ) for −dim(V ) ≤ k ≤ dim(V ), and thus

(4.41) MOP =
∨
k∈Z

MOP[k]

as orthogonal spectra.

Since MOP is an ultra-commutative ring spectrum, the collection of equivariant homotopy groups
π0(MOP) is a global power functor. The global power functor π0(MOP) is an interesting algebraic
structure, but a complete algebraic description does not seem to be known. Since 2 = 0 in πe0(MOP), the
global power functor π0(MOP) takes values in F2-vector spaces. In π0(mO), and hence also in π0(MOP),
the stronger relation trC2

e (1) = 0 holds, compare Theorem 4.20.
The orthogonal spectrum underlying MOP comes with a Z-grading, i.e., a wedge decomposition (4.41)

into summands MOP[k]. The geometric splitting induces a direct sum decomposition of πG0 (MOP) for
every compact Lie group G and makes it into a commutative Z-graded ring. The grading is multiplicative,

and hence the m-th power operation takes the summand MOP[k] to the summand MOP[mk].
We can use the periodicity of MOP to shift the Euler classes introduced in Construction 4.38 into

dimension 0, at the expense of moving from MO to another homogeneous summand of MOP. In other
words, we set

(4.42) ē(V ) = e(V ) · σG,Rn ∈ πG0 (MOP[n]) .

The class ē(V ) is thus represented by the G-map

(4.43) SV −→ MOP[n](V ) , v 7−→ (V 2, (0, v)) .

The definition of the weak morphism of E∞ ring spectra from mO to MO generalizes directly to the
periodic versions and yields two morphisms of ring spectra

mOP −−→ MOP′
∼←−− MOP ;

the second morphism is again a global equivalence. It is a formal consequence of the periodicity of mOP and

the existence of these morphisms that also MOP is periodic, as we now explain. We let t̄ ∈ π−1(MOP[−1])
be the class represented by the point

(4.44) (0, {0}) ∈ Th(Gr0(R2)) = MOP[−1](R) .

This is precisely the image of the class t in πG−1(mOP[−1]) under the ring homomorphism induced by the

weak map. We let σ̄ ∈ π1(MOP[1]) be the class represented by the point

(4.45) S2 −→ Th(Gr2(R2)) = MOP[1](R) , x 7−→ (R2, x) .

This is precisely the image of the class σ = τ−1 in πG1 (mO[1]) under the ring homomorphism induced by
the weak map.

Corollary 4.46. The relation t̄ · σ̄ = 1 holds in π0(MOP). Hence for every compact Lie group G and
all k ∈ Z, the maps

πG∗+1(MOP[k+1])
·p∗G(t̄)−−−−−→ πG∗ (MOP[k]) and πG∗ (MOP[k])

·p∗G(σ̄)−−−−−→ πG∗+1(MOP[k+1])

are mutually inverse isomorphisms.
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Now we mention the unitary analogs mU and MU of the Thom spectra mO and MO. Beside the
complexification, there is an extra twist to the unitary definitions, because we need to ‘loop by imaginary
spheres’ to really get orthogonal spectra. The unitary Thom spectra have periodic version mUP respec-
tively MUP, but we will not go into any details about those. The ultra-commutative ring spectrum MU
is a global refinement of equivariant homotopical unitary bordism, due to tom Dieck [150]; its underlying
non-equivariant homotopy type is the spectrum MU . For a compact Lie group G, the G-equivariant spec-
trum MU〈G〉 is a model for tom Dieck’s homotopical equivariant bordism [150]. When the group G is
non-trivial, this is different from the geometric theory of unitary bordism of G-manifolds, and it represents
stable equivariant unitary bordism. Closely related, strictly commutative ring spectrum models for these
homotopy types have been discussed in various places, see for example [98], [64, Ex. 5.8], [145, App. A]
or [36, Sec. 8].

Example 4.47. We define an orthogonal spectrum mU in analogy with mO. Non-equivariantly, mU
the unitary Thom spectrum MU . The spectrum mU is essentially a Thom spectrum over the orthogonal
space bU, the complex analog of the E∞ orthogonal monoid space bO discussed in Example II.5.16. The
value of bU at an inner product space V is

bU(V ) = GrC|V |(VC ⊕ C∞) ,

the Grassmannian of C-linear subspaces of VC ⊕ C∞ of the same dimension as V . The map bU(ϕ) :
bU(V ) −→ bU(W ) induced by a linear isometric embedding ϕ : V −→W is defined as

bU(ϕ)(L) = (ϕC ⊕ C∞)(L) + ((W − ϕC(V ))⊕ 0) .

In other words: we apply the linear isometric embedding ϕC⊕C∞ : VC⊕C∞ −→WC⊕C∞ to the subspace L
and add the orthogonal complement of the image of ϕC (sitting in the first summand of WC ⊕ C∞).

Over the space bU(V ) sits a tautological hermitian vector bundle with total space consisting of the
pairs (U, x) ∈ bU(V )× (VC ⊕ C∞) such that x ∈ U . We define mU(V ) as

mU(V ) = map(SiV , Th(bU(V ))) ,

the space of based maps from the ‘imaginary sphere’ SiV to the Thom space of this tautological vector
bundle. The structure map

mU(V ) ∧O(V,W ) −→ mU(W )

is adjoint to the map

SiW ∧mU(V ) ∧O(V,W ) −→ Th(bU(W ))

x ∧ f ∧ (w,ϕ) 7−→ (bU(ϕ)(U),bU(ϕ)(x) + (w, 0)) .

Looping by SiV is essential for obtaining an orthogonal spectrum; without it, we would end with a structure
one may call a ‘unitary spectrum’.

Most of our results about mO have analogues for mU. The orthogonal spectrum mU comes with an
E∞-structure, which is, however, not ultra-commutative. There are unitary versions of the inverse Thom
classes

τUG,V ∈ mUG
2n(SV ) ,

in the G-equivariant mU-homology groups of SV , defined for unitary representations V of a compact
Lie group G. Here n is the complex dimension of V (so that 2n is its real dimension). The orthogonal
spectrum mU is the union of a sequence of orthogonal subspectra

mU(0) ⊂ mU(1) ⊂ . . . ⊂ mU(m) ⊂ . . .
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and mU is also the global homotopy colimit of this sequence. The unit morphism is a global equivalence
S ' mU(0) and mU(m) is globally equivalent to the 2m-th suspension of the free orthogonal spectrum

generated by the tautological unitary representation νUm of U(m) on Cm:

mU(m) ' S2m ∧ FU(m),νUm
.

There are distinguished triangles in the global stable homotopy category:

S2m−1 ∧ Σ∞+ BglU(m) −→ mU(m−1) −→ mU(m) −→ S2m ∧ Σ∞+ BglU(m)

and the first map is classified by the U(m)-equivariant homotopy class

Tr
U(m)
U(m−1)(S

1 ∧ τU(m−1),νUm−1
) in π

U(m)
2m−1(mU(m−1)).

(This uses that the tangent U(m− 1)-representation of U(m)/U(m− 1) is R⊕ νUm−1.) So loosely speaking,
mU(m) is obtained from mU(m−1) by coning off this transfer class. A consequence is then that all mU(m)

and mU are connective.
Corollary 4.12 has a unitary analog that describes morphisms in the global homotopy category out

of mU: for every orthogonal spectrum E the sequence

0 −→ lim
m

1E
U(m)
2m−1(Sν

U
m) −→ JmU, EK −→ lim

m
E
U(m)
2m (Sν

U
m) −→ 0

is short exact. This time the inverse and derived limits are formed along the maps

E
U(m)
2m (Sν

U
m)

res
U(m)

U(m−1)−−−−−−→ E
U(m−1)
2m (Sν

U
m−1 ∧ S2)

(−∧S2)−1

−−−−−−→ E
U(m−1)
2m−2 (Sν

U
m−1)

and the right map is given by evaluation at the unitary inverse Thom classes τUU(m),νUm
.

Since the first ‘basic unitary relation’ TrU(1)
e (S1 ∧ 1) = 0 in π

U(1)
1 (mU) lives in positive dimension,

the description of the global functor π0(mU) is easier than the corresponding calculation of π0(mO) in
Theorem 4.20. Indeed, the action of the Burnside ring global functor on the element 1 ∈ πe0(mU) induces
an isomorphism of global functors

A ∼= π0(mU) .

Moreover, there is an exact sequence of global functors

A(U(1),−) −→ π1(S) −→ π1(mU) −→ 0 ,

where the first map is the action on the class

TrU(1)
e (S1 ∧ 1) in π

U(1)
1 (S).

Example 4.48 (Unitary global Thom spectrum). We define the unitary global Thom spectrum MU,
an ultra-commutative ring spectrum. Non-equivariantly, MU is another version of the complex bordism
spectrum MU . For an inner product space V we consider the complex Grassmannian

BU(V ) = GrC|V |(V
2
C )

where as before VC = C ⊗ V is the complexification of V . Over the space BU(V ) sits a tautological
hermitian vector bundle and we set

MU(V ) = map(SiV , Th(BU(V ))) ,

the iV -loop space of the Thom space of this tautological vector bundle. The structure maps are defined in
a similar way as for mU, and a commutative multiplication is given by

(4.49) µV,W : MU(V ) ∧MU(W ) −→ MU(V ⊕W ) , f ∧ g 7−→ κV,W ◦ (f · g) ∧ κW,V .

Here f : SiV −→ Th(bU(V )), g : SiW −→ Th(bU(W )), and f · g denotes the composite

SiV ∧ SiW f∧g−−→ Th(bU(V )) ∧ Th(bU(W ))
(U,x)∧(U ′x′)7→U+U ′,(x,x′))−−−−−−−−−−−−−−−−−−→ Th(bU(V ⊕W )) .
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Here U+U ′ is the image of U⊕U ′ under the preferred isometry V 2⊕W 2 ∼= (V ⊕W )2 sending ((v, v′), (w,w′))
to ((v, w), (v′, w′)). Unit maps are defined by

SV −→ MU(V ) , v 7−→ [v′ 7→ (V ⊕ 0, (v + v′, 0))] .

These multiplication maps unital, associative and commutative, and make MU into an ultra-commutative
ring spectrum.

The global Thom spectrum MU comes with distinguished Thom classes

(4.50) σUG,V ∈ MUG
V (S2n) ,

for unitary representations V of compact Lie groups G, where n is the complex dimension of V . As in the
orthogonal situation, the Thom class σUG,V is inverse to the image of the inverse Thom class τUG,V in mU,

and σUG,V restricts to an Euler class.
Some known general facts about the equivariant homotopical bordism MU are known for abelian

compact Lie groups A. In that case, πA∗ (MU) is a free module on even dimensional generators over the
non-equivariant homotopy group ring πe∗(MU); this calculation was announced by Löffler in [92], and a
proof by Comezaña can be found in [100, XXVIII Thm. 5.3]. Since the graded ring πe∗(MU) is concentrated
in even degrees and MUP is a wedge of even suspensions of MU the groups πA∗ (MUP) are concentrated
in even degrees. Since these groups are also 2-periodic, for abelian compact Lie groups all the information
is concentrated in the ring πA0 (MUP). The non-equivariant homotopy groups πe0(MUP) are a polynomial
ring in countably many generators (although there is no known set of generators that is both explicit and

convenient). For cyclic groups of prime order, Kriz [83] has described π
Cp
0 (MUP) as a pullback of two

explicit ring homomorphisms. For the cyclic group of order 2, Strickland [144] has turned this into an

explicit presentation of πC2
0 (MUP) as an algebra over πe0(MUP).

5. Equivariant bordism

In this section we recall equivariant bordism groups and their relationship to the equivariant homology
groups of mO. The main result here is Theorem 5.32 which says that when G is isomorphic to a product
of a finite group and a torus, the Thom-Pontryagin map is an isomorphism from G-equivariant bordism to
G-equivariant mO-homology. Theorem 5.32 is usually credited to Wasserman because it can be derived
from his equivariant transversality theorem [157, Thm. 3.11]; as far as I know, the only place where the
translation is spelled out in detail is the unpublished part of Costenoble’s thesis, see [42, Thm. 11.1].
Wasserman’s theorem is heavily based on equivariant differential topology; in [151, Satz 5], tom Dieck
gives a different proof of Theorem 5.32 based on the geometric and homotopy theoretic isotropy separation
sequences. We adapt tom Dieck’s proof, translated into our present language, with an emphasis on global
aspects.

In Theorem 5.37 we also present a localized version of this result: the Thom-Pontryagin map is an
isomorphism from stable equivariant bordism to mO[1/τ ]-theory, without any restriction on the compact
Lie group. Given that mO[1/τ ]-theory is isomorphic to MO-theory (by Theorem 4.37), this is equivalent to
a result of Bröcker and Hook [33, Thm. 4.1] that identifies stable equivariant bordism with equivariant MO-
homology.

The serious study of equivariant bordism groups was initiated by the work [41] of Conner and Floyd.
We recall equivariant bordism as a homology theory for G-spaces X, where G is a compact Lie group. A
singular G-manifold over X is a pair (M,h) consisting of a closed smooth G-manifold M and continuous
G-map h : M −→ X. Two singular G-manifolds (M,h) and (M ′, h′) are bordant if there is a pair (B,H,ψ)
consisting of a compact smooth G-manifold W , a continuous G-map H : B −→ X and an equivariant
diffeomorphism

ψ : M ∪M ′ ∼= ∂B
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such that (H ◦ ψ)|M = h and to (H ◦ ψ)M ′ = h′.
Bordism of singular G-manifolds over X is an equivalence relation. Reflexivity and symmetry are

straightforward; transitivity is established by gluing two bordisms along a common piece of the boundary.
To get a smooth structure on the glued bordism that is compatible with the G-action one needs smooth
equivariant collars; the existence of such collars is guaranteed by [41, Thm. 21.2].

We denote by NG
n (X) the set of bordism classes of n-dimensional singular G-manifolds over X. This

set becomes an abelian group under disjoint union. Every element x of NG
n (X) satisfies 2x = 0. The groups

NG
n (X) are covariantly functorial in continuous G-maps, by postcomposition. When X = ∗ consists of a

single point the reference maps are uniquely determined, and we will identify NG
n (∗) with the coefficient

group NG
n (by forgetting the redundant reference map) whenever convenient.

Proposition 5.1. Let G be a compact Lie group.

(i) Let ϕ,ϕ′ : X −→ Y be equivariantly homotopic continuous G-maps. Then ϕ∗ = ϕ′∗ as homomorphisms
from NG

n (X) to NG
n (Y ).

(ii) For every G-weak equivalence ϕ : X −→ Y the induced homomorphism ϕ∗ : NG
n (X) −→ NG

n (Y ) is an
isomorphism.

(iii) Let {Xi}i∈I be a family of G-spaces. Then the canonical map⊕
i∈I
NG
n (Xi) −→ NG

n

(∐
i∈I

Xi

)
is an isomorphism.

Proof. (i) We let H : X × [0, 1] −→ Y be an equivariant homotopy from ϕ to ϕ′ and (M,h) a
singular G-manifold over X. Then (M × [0, 1], H ◦ (h × [0, 1])) is a bordism from (M,ϕh) to (M,ϕ′h), so
ϕ∗[M,h] = [M,ϕ ◦ h] = [M,ϕ′ ◦ h] = ϕ′∗[M,h].

(ii) For surjectivity of ϕ∗ we consider any singular G-manifold (M, g) over Y . Illman’s theorem [77,
Cor. 7.2] shows that M admits the structure of a G-CW-complex. Since ϕ is a G-weak equivalence there
exists a continuous G-map h : M −→ X such that ϕh is equivariantly homotopic to g. So ϕ∗[M,h′] =
[M,ϕg] = [M, g].

The argument for injectivity is similar. We consider a singular G-manifold (M,h) over X that represents
an element in the kernel of ϕ∗. There is then a null-bordism (B,H,ψ) of (M,ϕh). By Illman’s theorem [77,
Cor. 7.2] and the discussion immediately preceding it there is aG-CW-structure on B for which the boundary
is an equivariant subcomplex. So the map ψ : M −→ B is a G-cofibration. Since ϕ is a G-weak equivalence,
there exists a continuous G-map H ′ : B −→ X such that H ′ ◦ ψ = h. The triple (B,H ′, ψ) thus witnesses
that [M,h] = 0. Since ϕ∗ is a group homomorphism, it is injective.

Property (iii) holds because compact manifolds only have finitely many connected components, so all
continuous reference maps from singular manifolds or bordisms have image in a finite union. �

Now we state the key exactness property of equivariant bordism in the form of a Mayer-Vietoris se-
quence. The definition of the boundary map needs the existence of G-invariant separating functions as
provided by the following lemma.

Lemma 5.2. Let M be a compact smooth G-manifold, C and C ′ two disjoint, closed, G-invariant subsets
of M , and

s : ∂M −→ R
a smooth G-invariant map such that

C ∩ ∂M ⊆ s−1(0) and C ′ ∩ ∂M ⊆ s−1(1) .

Then there exists a smooth G-invariant extension r : M −→ [0, 1] of s such that C ⊆ r−1(0) and C ′ ⊆
r−1(1).



5. EQUIVARIANT BORDISM 367

Proof. Since M is compact, hence normal, the Tietze extension theorem provides a continuous map
r : M −→ R that extends s and satisfies C ⊆ s−1(0) and C ′ ⊆ s−1(1). We approximate s by a smooth map
s̄ : M −→ R relative to the closed subset C ∪ C ′ ∪ ∂M . And finally we average s̄ to make it G-invariant,
i.e., we define the desired map r : M −→ R by

r(x) =

∫
G

s̄(g · x) dg .

The integral is taken with respect to the normalized Haar measure on G. �

Construction 5.3 (Boundary map in equivariant bordism). We define a boundary homomorphism for
a Mayer-Vietoris sequence. We let X be a G-space and A,B ⊂ X open G-invariant subsets with X = A∪B.
Then a homomorphism

∂ : NG
n (X) −→ NG

n−1(A ∩B)

is defined as follows.
We let (M,h) be a singular G-manifold that represents a class in NG

n (X). The sets h−1(X − A) and
h−1(X − B) are G-invariant, disjoint closed subsets of M ; we let r : M −→ R be a G-invariant smooth
separating function as provided by Lemma 5.2, i.e., such that h−1(X − A) ⊆ r−1(0) and h−1(X − B) ⊆
r−1(1). We let t ∈ (0, 1) be any regular value of r. Then

Mt = r−1(t)

is a smooth closed G-submanifold of M of dimension n− 1 (possibly empty), and ht = h|Mt lands in A∩B;
so (Mt, ht) is a singular G-manifold over A ∩B.

Proposition 5.4. In the situation above, the bordism class [Mt, ht] is independent of the choice of
regular value t, of the choice of separating function and of the representative for the given class in NG

n (X).
The resulting map

∂ : NG
n (X) −→ NG

n−1(A ∩B) , [M,h] 7−→ [Mt, ht]

is a group homomorphism.

Proof. We let t < t′ be two regular values in (0, 1) of the separating function r. Then

(r−1[t, t′], h|r−1[t,t′], incl)

is a bordism from (r−1(t), h|r−1(t)) to (r−1(t′)′, h|r−1(t′)), so the bordism class does not depend on the
regular value.

Now we let (M,h) and (N, g) be two singular G-manifold over X in the same bordism class, and we
let (B,H,ψ) be a G-bordism from (M,h) to (N, g). We let r : M −→ [0, 1] and r̄ : N −→ [0, 1] be two
G-invariant separating functions. Lemma 5.2 lets us extend this data to a smooth G-invariant separating
function

Ψ : B −→ R
such that Ψ ◦ ψ|M = r, Ψ ◦ ψ|N = r̄,

H−1(X −A) ⊆ Ψ−1(0) and H−1(X −B) ⊆ Ψ−1(1) .

We choose a t ∈ (0, 1) that is simultaneously a regular value for Ψ, r and r̄. Then

(Ψ−1(t), H|Ψ−1(t), ψ|r−1(t)∪r̄−1(t))

is a bordism from (r−1(t), h|r−1(t)) to (s−1(t), g|s−1(t)). This shows at the same time that the bordism class
is independent of the choice of separating function and of the choice of representing singular G-manifold.

Additivity of the resulting boundary map is then clear: a separating function for a disjoint union can
be taken as the union of separating functions for each summand. �
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Now we formulate the properties that make equivariant bordism a homology theory for G-spaces. There
does not seem to be any published reference of the following proposition in the generality of compact Lie
groups; it is a tradition in this subject to simply proclaim that one can adapt the non-equivariant proof.
We honor this tradition and refrain from giving a proof.

Proposition 5.5. Let G be a compact Lie group, X a G-space and A,B ⊂ X open G-invariant subsets
with X = A ∪ B. Let iA : A ∩ B −→ A, iB : A ∩ B −→ B, jA : A −→ X and jB : B −→ X denote the
inclusions. Then the following sequence of abelian groups is exact:

. . . −→ NG
n (A ∩B)

(iA∗ ,i
B
∗ )−−−−−−→ NG

n (A)⊕NG
n (B)

(
jA∗
−jB∗

)
−−−−−→ NG

n (X)
∂−−→ NG

n−1(A ∩B) −→ . . .

The proof of Proposition 5.5 is somewhat involved, but it proceeds along the lines of the non-equivariant
argument as given for example in [154, Prop. 21.1.7]. As input one needs that certain basic tools from
differential topology generalize to the G-equivariant context, such as for example the existence of equivariant
collars and bicollars, and that non-equivariant smoothing of corners is compatible with G-actions.

We define the reduced bordism group of a based G-space X as

ÑG
n (X) = coker

(
i∗ : NG

n −→ NG
n (X)

)
,

the cokernel of the homomorphism induced by the basepoint inclusion i : ∗ −→ X. The unique map p :
X −→ ∗ induces a retraction to i∗, so the map

(proj, p∗) : NG
n (X) −→ ÑG

n (X)⊕NG
n

is an isomorphism. On the other hand, if we add a disjoint G-fixed basepoint to an unbased G-space X,
then the composite

NG
n (X)

incl∗−−−→ NG
n (X+)

proj−−→ ÑG
n (X+)

is an isomorphism.

Construction 5.6. We consider a continuous G-map f : X −→ Y and let

Cf = CX ∪f Y

denote its unreduced mapping cone. The two open sets

A = X × (0, 1] ∪f Y and B = X × [0, 1)/X × 0

are G-invariant and together cover the mapping cone. The intersection A∩B is homeomorphic to X×(0, 1),
so the open covering has an associated boundary homomorphism

∂ : NG
n (Cf) −→ NG

n−1(X × (0, 1))

as in Construction 5.3. We take the cone point as the basepoint of Cf ; this is contained in the subset B, so
the map i∗ : N∗ −→ N∗(Cf) factors through jB∗ : NG

n (B) −→ NG
n (Cf), and the composite ∂ ◦ i is trivial

by exactness of the excision sequence. The boundary map thus factors over the reduced bordism group.
We define a ‘reduced boundary map’ as the composite

ÑG
n (Cf)

∂̄−−→ NG
n−1(X × (0, 1))

proj−−→ NG
n−1(X) .

Proposition 5.7. Let G be a compact Lie group.

(i) Let f : X −→ Y be continuous G-map between G-spaces. Then the following sequence of abelian
groups is exact:

. . . −→ NG
n (X)

f∗−−−→ NG
n (Y )

i∗−−→ ÑG
n (Cf)

∂̄−−→ NG
n−1(X) −→ . . .
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(ii) Let i : A −→ B be a cofibration of G-spaces. Then the following sequence of abelian groups is exact:

. . . −→ NG
n (A)

i∗−−→ NG
n (B)

q∗−−−→ ÑG
n (B/A)

∂̄−−→ NG
n−1(A) −→ . . .

Proof. (i) We use the open covering of the mapping cone Cf as in the definition of the boundary
map. In the diagram

X
f //

x7→(x,1/2)

��

Y
i //

i

��

Cf

A ∩B
incl

// A
incl

// Cf

the right square commutes and the left square commutes up to equivariant homotopy. Moreover, all vertical
maps are equivariant homotopy equivalences, so they induce isomorphisms in equivariant bordism, by
Proposition 5.1. So the resulting diagram of bordism groups commutes:

NG
n (X)

f∗ //

∼=
��

NG
n (Y )

i∗ //

∼= i∗

��

NG
n (Cf)

NG
n (A ∩B) // NG

n (A) // NG
n (Cf)

Moreover, all vertical maps in this diagram are isomorphisms, so we can substitute NG
n (X) and NG

n (Y )
into the long exact excision sequence of Proposition 5.5. Since B is equivariantly contractible to the cone
point, we can also replace the corresponding summand by the coefficient group, and the result is an exact
sequence

. . . −→ NG
n (X)

(f∗,p∗)−−−−−−→ NG
n (Y )⊕NG

n −→ NG
n (Cf)

∂−−→ NG
n−1(X) −→ . . .

The sequence then remains exact if we divide out the summand NG
n and replace the absolute bordism group

of Cf by the reduced group ÑG
n (Cf), so this shows the claim.

(ii) Since i : A −→ B is a G-cofibration, the projection q : Ci −→ B/A from the mapping cone to the

quotient is a based equivariant homotopy equivalence. So we can substitute ÑG
∗ (B/A) into the long exact

mapping cone sequence of part (i), and obtain the desired exact sequence. �

The next proposition says, loosely speaking, that in a reduced bordism group the part of a singular
G-manifold that sits over the basepoint can be ignored.

Proposition 5.8. Let X be a based G-space and h : N −→ X a singular G-manifold over X. Let V
a G-representation and M a closed smooth G-manifold such that dim(N) = dim(V ) + dim(M). Let j :
D(V ) ×M −→ N be a smooth G-equivariant embedding. Suppose that h sends N − j(D(V ) ×M) to the
basepoint. Then

JN,hK = JS(V ⊕ R)×M,fK in ÑG
n (X),

where f : S(V ⊕ R)×M −→ X is defined by

f((v, λ),m) =

{
h(j(v,m)) if λ ≤ 0, and

∗ if λ ≥ 0.

Proof. We define a smooth G-manifold with boundary by

B = (N × [0, 1] ∪ D(V ⊕ R)×M)/ ∼ ,

where the equivalence relation identifies

(j(v,m), 1) ∈ N × {1} with ((v,−
√

1− |v2|),m) ∈ D(V ⊕ R)×M
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for all v ∈ V with 1/2 ≤ |v| ≤ 1. [smooth structure...] We define a continuous G-map H : B −→ X by
H(n, t) = h(n) on N × [0, 1] and by [???] on D(V ⊕ R) ×M . The boundary of B is the disjoint union of
three pieces, namely N × {0}, another copy of N embedded as

i : N −→ B

i(n) =

{ (v,m),1)√
|v2|+1

for n = j(v,m), (v,m) ∈ D(V )×M , and

(n, 1) for n 6∈ j(D(V )×M),

and finally a copy of S(V ⊕ R)×M embedded as

i′ : S(V ⊕ R)×M −→ B

i′((v, λ),m) =

{
(j(v/2,m), 1) ∈ N × {1} for λ ≤ 0, and

((−
√

3/2 · v,
√

1− 3/4|v|2),m) ∈ D(V ⊕ R)×M for λ ≥ 0.

[fix this...] The restriction of H to the first copy of N agrees with h, the composition Hi : N −→ X is
constant at the basepoint, and Hi′ = f . So (B,H) witnesses the relation

[N,h] = [S(V ⊕ R)×M,f ] + [N, const]

in the group NG
n (X). Since the third term vanishes in the reduced bordism group ÑG

n (X), this proves the
claim. �

The equivariant bordism groups come with natural products, given by the biadditive maps

× : NG
m(X) × NG

n (Y ) −→ NG
m+n(X × Y ) , [M,h]× [N, g] = [M ×N,h× g] .

These products are suitably associative, commutative and unital. The product pairing descends to a pairing
on reduced bordism groups if the G-spaces X and Y are based. Indeed, the composite

NG
m(X)⊗NG

n (Y )
×−−→ NG

m+n(X × Y )
q∗−−→ NG

m+n(X ∧ Y )
proj−−→ ÑG

m+n(X ∧ Y )

annihilates the image of NG
m ⊗NG

n (Y ) and the image of NG
m(X)⊗NG

n , where q : X × Y −→ X ∧ Y is the
quotient map; so the composite factors uniquely over a homomorphism

∧ : ÑG
m(X) × ÑG

n (Y ) −→ ÑG
m+n(X ∧ Y ) .

We will frequently use certain distinguished bordism classes associated to representations. We let V
be an n-dimensional representation of a compact Lie group G. Stereographic projection is a G-equivariant
homeomorphism

ΠV : S(V ⊕ R)
∼=−−→ SV , (v, λ) 7−→ v

1− λ
from the unit sphere of V ⊕ R to the one-point compactification SV ; this homeomorphism takes (0, 1) to
the basepoint at infinity. We define a reduced G-bordism class of SV by

(5.9) dG,V = JS(V ⊕ R),ΠV K ∈ ÑG
n (SV ) .

The following multiplicativity property is maybe expected, but not completely obvious.

Proposition 5.10. Let V and W be two representations of a compact Lie group G. Then the relation

dG,V ∧ dG,W = dG,V⊕W

holds in ÑG
n+m(SV⊕W ).
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Proof. We define the ‘distorted’ version of the stereographic projection by

τV : S(V ⊕ R) −→ SV by τV (v, λ) =

{
κ+1
κ−λ · v for λ ∈ [−1, κ), and

∞ for λ ≥ κ,

where

κ = −
√

7/8 .

The map τV is equivariantly homotopic to ΠV , so (S(V ⊕R), τV ) is another representative for the bordism
class dG,V . The map

j : D(V ⊕W ) −→ S(V ⊕ R)× S(W ⊕ R) , j(v, w) =
(
(v/2,−

√
1− |v/2|2), (w/2,−

√
1− |w/2|2)

)
is a smooth G-equivariant embedding. The image of j consists of those ((v, λ), (w, µ)) in S(V ⊕R)×S(W⊕R)
such that

|v|2 + |w|2 ≤ 1/4 , λ ≤ 0 and µ ≤ 0.

So if ((v, λ), (w, µ)) is not in the image of j, then |v|2 > 1/8 or |w|2 > 1/8 or λ > 0, or µ > 0. The condition
|v|2 > 1/8 implies that

λ2 = 1− |v|2 < 7/8 .

Similarly, |w|2 > 1/8 implies that µ2 < 7/8. We conclude that if ((v, λ), (w, µ)) is not in the image of j,

then λ > −
√

7/8 or µ > −
√

7/8. So our choice of κ makes sure that the map

q ◦ (τV × τW ) : S(V ⊕ R)× S(W ⊕ R) −→ SV⊕W

sends the complement of the image of j to the basepoint at infinity. Proposition 5.8 thus applies and shows
that

q∗(dG,V ∧ dG,W ) = q∗(JS(V ⊕ R), τV K ∧ JS(W ⊕ R), τW K)
= JS(V ⊕ R)× S(W ⊕ R), q ◦ (τV × τW )K = JS(V ⊕W ⊕ R), fK ,

where q : SV × SW −→ SV⊕W is the projection and f : S(V ⊕W ⊕ R) −→ SV⊕W is defined by

f(v, w, λ) =

{
q(τV × τW (j(v, w))) if λ ≤ 0, and

∞ if λ ≥ 0.

We claim that for all (v, w, λ) ∈ S(V ⊕W ⊕ R) the relation

f(v, w, λ) 6= ΠV⊕W (−v,−w,−λ)

holds in SV⊕W . Assuming this claim, we can finish the proof: since the G-map Π−1
V⊕W ◦ f never takes

a point to its antipode, the linear homotopy between Π−1
V⊕W ◦ f and the identity in the ambient vector

space V ⊕W ⊕R can be normalized to land in the unit sphere; this yields an equivariant based homotopy
homotopy between Π−1

V⊕W ◦ f and the identity of S(V ⊕W ⊕R). Hence f is equivariantly based homotopic
to the stereographic projection ΠV⊕W , and so (S(V ⊕W ⊕R), f) also represents the bordism class dG,V⊕W .

It remains to prove the claim. The only point of S(V ⊕W ⊕ R) that ΠV⊕W sends to the point at
infinity is (0, 0, 1). Since f(0, 0,−1) = (0, 0), the claim is true for all (v, w, λ) such that f(v, w, λ) =∞. It
remains to consider those tuples for which f(v, w, λ) 6=∞, which means that λ ≤ 0 and

τV (v/2,−
√

1− |v/2|2) 6= ∞ and τW (w/2,−
√

1− |w/2|2) 6= ∞ .

Equivalent to this is that

−
√

1− |v/2|2 < κ and −
√

1− |w/2|2 < κ .

Since κ = −
√

7/8 this in turn is equivalent to

|v|2 < 1/2 and |w|2 < 1/2 .
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On such points the map f is given by

f(v, w, λ) = (τV (v/2,−
√

1− |v/2|2), τW (w/2,−
√

1− |w/2|2))

=

(
κ+ 1

2κ+
√

4− |v|2
· v, κ+ 1

2κ+
√

4− |w|2
· w

)
,

whereas

ΠV⊕W (−v,−w,−λ) =

(
−v

1 + λ
,
−w

1 + λ

)
.

If these two expressions were the same and v 6= 0, then

(5.11)
κ+ 1

2κ+
√

4− |v|2
=

−1

1 + λ
< 0 .

But

2κ+
√

4− |v2| ≥ −2
√

7/8 +
√

4− 1/2 = 0 ,

so the left hand side of equation (5.11) is non-negative, and we have reached a contradiction. If w 6= 0 we
obtain the same kind of contradiction. The final case is (v, w, λ) = (0, 0,−1), in which case

f(0, 0,−1) = (0, 0) 6= ∞ = ΠV⊕W (0, 0, 1) . �

We shall now recall that if G acts trivially on V , then multiplication by dG,V is an isomorphism, the
suspension isomorphism in equivariant bordism. In general, however, the class dG,V is not invertible and
exterior multiplication by dG,V need not be an isomorphism. The theory obtained by formally inverting all
the classes dG,V is stable equivariant bordism, to which we return in Remark 5.35 below.

Proposition 5.12. If G acts trivially on V and X is a cofibrant based G-space, then the exterior
product map

dG,V ∧ − : ÑG
n (X) −→ ÑG

|V |+n(SV ∧X)

is an isomorphism. For every continuous G-map f : X −→ Y between based G-spaces the connecting
homomorphism in the mapping cone sequence equals the composite

ÑG
n (Cf)

p∗−−−→ ÑG
n (S1 ∧X)

(dG,R∧−)−1

−−−−−−−−→ ÑG
n−1(X) .

Proof. We start with the special case V = R. Since X is cofibrant in the based sense, the embedding
X −→ [0, 1] ∧ X into the reduced cone is a cofibration of G-spaces. The cone [0, 1] ∧ X is equivariantly
contractible, so Proposition 5.7 (ii) specializes to a short exact sequence:

0 −→ ÑG
1+n(S1 ∧X)

∂−−→ NG
n (X)

p∗−−−→ NG
n −→ 0

Here we identified the quotient of X ∧ [0, 1] by X with the reduced suspension S1 ∧X. The map p∗ has a
section induced by the basepoint inclusion i : ∗ −→ X, so the map

(i∗, ∂) : NG
n ⊕ ÑG

1+n(S1 ∧X) −→ NG
n (X)

is an isomorphism. The composite

ÑG
1+n(S1 ∧X)

∂−−→ NG
n (X)

proj−−→ ÑG
n (X)

is then an isomorphism as well. We claim that the relation

∂(dG,R ∧ x) = x

holds for all classes x ∈ ÑG
n (X). This shows that the composite isomorphism is inverse to multiplication by

the class dG,R, and so it proves the proposition in the special case. This relation, in turn, is a consequence
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of the geometric origin of the class dG,R, the product in bordism and the boundary map. In more detail, we
suppose that x = JM,hK for a singular G-manifold (M,h) over X. We use the smooth separating function

S(R⊕ R)×M proj−−→ S(R⊕ R)
r−−→ [0, 1]

where r(x, y) = (y + 1)/2. Then 1/2 is a regular value of this separating function, and the preimage over
this regular value consists of two disjoint copies of M . So we obtain

∂(dG,R ∧ x) = ∂[S(R⊕ R)×M,h ◦ proj] = JM qM,h+ hK = JM,hK .

The last equation exploits that one of the copies of M sits over S1 ∨M , so it does not contribute to the
reduced group of the smash product.

The general case now follows easily. Since the claim is true for V = R, it also holds for V = Rn by
the associativity of the smash product pairing and the classes dG,R, compare Proposition 5.10. If G acts
trivially on V , then it is equivariantly isomorphic to Rn for some n. �

The bordism theories NG
∗ for different compact Lie groups are related by geometrically defined restric-

tion and induction maps. Every continuous group homomorphism α : K −→ G is automatically smooth,
and this induces a restriction homomorphism

α∗ : NG
n (X) −→ NK

n (α∗(X)) , [M,h] 7−→ [α∗(M), α∗(h)]

by restricting all actions along α. Restriction maps preserve the distinguished classes (5.9) in the sense that

α∗(dG,V ) = dK,α∗(V )

for every continuous homomorphism α : K −→ G. The product in equivariant bordism is compatible with
restriction maps in the sense that

α∗(x× y) = α∗(x)× α∗(y) .

In particular, the groups NG
∗ (X) form a graded module over the graded ring NG

∗ .
For every closed subgroup H of G and every G-manifold M of dimension n, the induced space

G×H M

is a smooth closed G-manifold of dimension n + d with d = dim(G/H) = dim(G) − dim(H). We can also
apply G×H − to bordisms, so this gives a well-defined induction homomorphism

(5.13) IndGH : NH
n (Y ) −→ NG

n+d(G×H Y ) , [M,h] 7−→ [G×H M,G×H h] .

For Y = ∗ we can compose the induction map with the effect of the projection G×H ∗ −→ ∗ and arrive at
an induction homomorphism on coefficient groups

indGH : NH
n −→ NG

n+d .

The induction map indGH is compatible with inflations. If H has finite index in G, then the induction indGH
preserves the dimension, and then it satisfies the double coset formula. So for fixed n ≥ 0 the coefficient
groups NG

n almost form a global functor; the only missing structure are the transfer maps for closed
inclusions that are not of finite index. Multiplication, restriction and induction satisfy a reciprocity relation.
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We let H be a closed subgroup of G, X a G-space and Y an H-space. Then the following diagram commutes:

NG
m(X)×NH

n (Y )

resGH × Id

��

Id× IndGH // NG
m(X)×NG

n+d(G×H Y )

×
��

NH
m (resGH(X))×NH

n (Y )

×
��

NG
m+n+d(X × (G×H Y ))

χ∗

��
NH
m+n(resGH(X)× Y )

IndGH

// NG
m+n+d(GnH (resGH(X)× Y ))

Here
χ : X × (G×H Y ) −→ GnH (resGH(X)× Y ) , (x, [g, y]) 7−→ [g, (g−1x, y)]

is the G-equivariant ‘shearing’ isomorphism. The proof of the commutativity is straightforward from the
definitions, using the shearing diffeomorphism for equivariant manifolds. If we specialize to X = Y = ∗ and
postcompose with the projection GnH (∗ × ∗) −→ ∗, the commutativity becomes the reciprocity formula

indGH(resGH(x)× y) = x× indGH(y)

for classes x ∈ NG
m and y ∈ NH

n in the coefficient groups.
The next proposition shows that the distinguished bordism classes dG,V measure the failure of the

Wirthmüller isomorphism in equivariant bordism. We consider a closed subgroup H of a compact Lie
group G and write

L = L(H,G) = TH(G/H)

for the tangent H-representation. The H2-equivariant continuous based map

lGH : G+ −→ SL ∧H+ ,

was defined in Construction III.2.9.

Proposition 5.14. For every closed subgroup H of a compact Lie group G and every H-space Y , the
composite

NH
∗ (Y )

IndGH−−−−→ NG
∗+d(G×H Y )

resGH−−−−→ NH
∗+d(G×H Y )

(lGH∧HY+)∗−−−−−−−−−→ ÑH
∗+d(S

L ∧ Y+)

is exterior multiplication by the class dH,L ∈ ÑH
d (SL), where d = dim(G/H).

Proof. We let (M,h) be a singular H-manifold that represents a class inNH
∗ (Y ). The class IndGH [M,h]

is then represented by G×H h : G×HM −→ G×H Y . The map lGH is based on a ‘slice’ around 1 orthogonal
to H, i.e., a smooth embedding

s : D(L) −→ G

satisfying
s(0) = 1 , s(h · v) = h · s(v) · h−1

for all (h, v) ∈ H ×D(L) and such that the differential at 0 ∈ D(L) of the composite

D(L)
s−−→ G

proj−−→ G/H

is the identity of L. The slice property implies that the map

s̄ : D(L)×H −→ G , (v, h) 7−→ s(v) · h
is a tubular neighborhood of H inside G. Moreover, this embedding is equivariant for the action of H2,
acting on source and target by

(h1, h2) · (v, h) = (h1v, h1hh
−1
2 ) respectively (h1, h2) · g = h1gh

−1
2 .
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The map

lGH : G+ −→ SL ∧H+

is then defined as the H2-equivariant collapse map with respect to the tubular neighborhood s̄. So explicitly,

lGH(g) =

{
(v/(1− |v|)) ∧ h if g = s(v) · h with (v, h) ∈ D(L)×H, and

∞ if g is not in the image of s̄.

We define a smooth H-equivariant embedding

j : D(L)×M −→ G×H M by j(v,m) = [s(v),m] ,

where H acts diagonally on the left. The composite

G×H M
G×Hh−−−−−→ G×H Y

lGH∧HY+−−−−−−−→ (SL ∧H+) ∧H Y+
∼= SL ∧ Y+

sends the complement of j(D(V ) ×M) to the basepoint at infinity. Proposition 5.8 (for (H,L) instead of
(G,V )) shows that then

((lGH ∧H Y+)∗ ◦ resGH ◦ IndGH)[M,h] = JG×H M, (lGH ∧H Y+) ◦ (G×H h)K = JS(L⊕ R)×M,fK ,

in the reduced bordism group of SL ∧ Y+, where f : S(V ⊕ R)×M −→ SL ∧ Y+ is defined by

f((v, λ),m) =

{
((lGH ∧H Y+) ◦ (G×H h))(j(v,m)) if λ ≤ 0, and

∞ if λ ≥ 0.

So f equals the composite

S(L⊕ R)×M Ψ×h−−−→ SL × Y q−−→ SL ∧ Y+

where

Ψ(v, λ) = v/(1− |v|)
for λ ≤ 0, and f(v, λ) = ∞ for λ ≥ 0. The map Ψ is homotopic, in the equivariant based sense, to the
stereographic projection ΠL. We can thus conclude that

((lGH ∧H Y+)∗ ◦ resGH ◦ IndGH)[M,h] = JS(L⊕ R)×M,fK = JS(L⊕ R),ΨK ∧ [M,h] = dH,L ∧ [M,h]

in the group ÑH
∗+d(S

L ∧ Y+). �

Remark 5.15 (Failure of Wirthmüller isomorphism). Proposition 5.14 illustrates that the equivari-
ant bordism theories NG

∗ cannot be represented by an orthogonal G-spectrum in general, because the
Wirthmüller isomorphism does not hold in complete generality. To see this, we first observe that for ev-

ery non-trivial H-representation V , the class dH,V does not generate ÑH
∗ (SV ) as an NH

∗ -module. We set
k = dim(V H), which is then strictly less than the dimension of V . We let i : V H −→ V denote the inclusion
of the fixed points and consider the commutative square

NH
0

dH,VH∧−

∼=
//

��

ÑH
k (SV

H

)
i∗ //

��

ÑH
k (SV )

��
ÑH

0 (ẼP)
dH,VH∧−

∼= // ÑH
k (SV

H ∧ ẼP)
i∗

∼= // ÑH
k (SV ∧ ẼP)

Since H acts trivially on V H , exterior multiplication by the inverse Thom class dH,V H is the suspension

isomorphism. Since the map i : SV
H −→ SV is a homeomorphism on H-fixed points, the map i ∧ ẼP :

SV
H ∧ẼP −→ SV ∧ẼP is an H-equivariant homotopy equivalence, and so the lower right horizontal map is

an isomorphism. Since the multiplicative unit 1 ∈ NH
0 maps to a non-trivial element in ÑH

0 (ẼP), the class
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i∗(dH,V H ) is non-zero in the group ÑH
k (SV ). Since the dimension of the class dH,V is strictly larger than k

and the graded ring NH
∗ is concentrated in non-negative dimensions, dH,V does not generate ÑH

k (SV ) as
an NH

∗ -module.
Now we let H be a closed subgroup of G. We let k = dim(LH) be the dimension of the H-fixed points

of the tangent representation L = TH(G/H). Then by the previous paragraph, the class

i∗(dH,LH ) ∈ ÑH
k (SL)

is non-trivial. If the H-action on L is non-trivial, then k < d = dim(L) = dim(G/H). Since bordism groups
are concentrated in non-negative dimensions, then class i∗(dH,LV ) is not in the image of the composite

NG
∗ (G/H)

resGH−−−−→ NH
∗ (G/H)

(lGH/H)∗−−−−−−−→ ÑH
∗+d(S

L) .

So the geometric bordism theory has no Wirthmüller isomorphism for subgroups H of G with non-trivial
tangent representation.

The theory obtained from equivariant bordism by formally inverting multiplication with all the classes dG,V
is called stable equivariant bordism; we recall the precise definition in (5.36) below. Proposition 5.14 implies
that formally inverting the classes dG,V forces the Wirthmüller isomorphism to hold, so in stable equivariant
bordism this potential obstruction to representability by a global homotopy type vanishes. And indeed,
Bröcker and Hook show in [33, Thm. 4.1] that stable equivariant bordism is represented by tom Dieck’s
homotopical equivariant bordism spectrum MO. We will elaborate on this connection in Remark 5.35
below.

Our argument to compare the geometric bordism theory with the equivariant homotopy groups of the
Thom spectrum mO is based on the isotropy separation sequence. We will now identify the ‘geometric
fixed point term’ in the isotropy separation sequence for the geometric theory.

Construction 5.16. We define a ‘geometric fixed point’ homomorphism

Φgeom : ÑG
n (ẼP) −→

⊕
j≥0

Nn−j(GrG,⊥j ) ;

here, as before, we use the abbreviation

GrG,⊥j =
(
Grj(U⊥G )

)G
for the space of j-dimensional G-invariant subspaces of U⊥G = UG − (UG)G. The G-space ẼP has exactly
two fixed points 0 and∞, with∞ being the basepoint. Loosely speaking, the class ΦgeomJM,hK remembers
the bordism class of the part of the fixed point manifold that lies over the fixed point 0, together with the
normal data of the embedding into M .

Here is the construction in more detail. We first define a fixed point map into the unreduced bordism
group

Φ̄ : NG
∗ (ẼP) −→

⊕
j≥0

Nn−j(GrG,⊥j )

as follows. We let (M,h : M −→ ẼP) be a singular G-manifold. Since G acts smoothly, MG is a disjoint

union of regularly embedded submanifolds of varying dimensions [ref...]. Since ẼP has exactly two fixed
points, and both are isolated, h must map every path component of the fixed point manifold MG to either 0
or ∞. We denote by

MG
0 = MG ∩ h−1(0)

the union of those components of MG that lie over the point 0.
We let M (j) be the union of all (n− j)-dimensional components of MG

0 . The Mostow-Palais embedding
theorem [104, 110] provides a smooth G-equivariant embedding i : M −→ V , for some G-representation V ;
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we can assume that V is in fact a subrepresentation of the complete universe UG. Then for every fixed
point x ∈M (j),

(di)(Tx(M (j))) = ((di)(TxM))G ,

i.e., the tangent space inside M (j) ‘is’ the G-fixed part of the tangent space in M . So we can define a
continuous map

νj : M (j) −→ (Grj(V
⊥))G

incl−−→ GrG,⊥j

by sending a fixed point x ∈ M (j) to the orthogonal complement of (di)(Tx(M (j))) inside (di)(TxM). By
its very construction, the map νj classifies the normal bundle of the inclusion M (j) −→M . The geometric
fixed point map is then given by

Φ̄[M,h] =

n∑
j=0

[M (j), νj ] .

Since the image of the map i∗ : NG
∗ −→ NG

∗ (ẼP) is concentrated over the basepoint ∞, it is annihilated

by the map Φ̄. So Φ̄ factors over the reduced bordism group of ẼP as a homomorphism

(5.17) Φgeom : ÑG
n (ẼP) −→

⊕
j≥0

Nn−j(GrG,⊥j ) .

The following proposition goes back to Conner and Floyd [41] and is ubiquitous in calculations of

equivariant bordism groups. In the classical literature, the reduced equivariant bordism group of ẼP
usually appears in a different guise, namely as the group NG

∗ [All,P] of bordism classes of smooth compact
G-manifolds with boundary, but where there are no fixed points on the boundary. For finite groups G, a
reference is Corollary 5.1 of [143]. I was unable to find a convenient reference for this isomorphism in the
generality of compact Lie groups, so eventually I may end up including a proof.

Proposition 5.18. For every compact Lie group G and every n ≥ 0 the geometric fixed point map (5.17)
is an isomorphism.

Example 5.19 (Bordism of manifolds with involution). We look at the geometric isotropy separation
sequence in the simplest non-trivial case of the group G = C2, the case originally considered by Conner
and Floyd [41, Thm. 28.1]. In this case P = {e} consists only of the trivial subgroup, and so NC2

∗ (EP) =
NC2
∗ (EC2) is the bordism ring of manifolds with free C2-action. If C2 acts freely and smoothly on M , then

we can form the smooth manifold

[−1, 1]×C2
M = ([−1, 1]×M)/(x,m) ∼ (−x, τm)

with C2 action by τ · [x,m] = [−x, τm]; the boundary of this manifold is equivariantly diffeomorphic to
the original manifold M . So every C2-manifold with free action is null-bordant, and thus the forgetful
map NC2

∗ (EP) −→ NC2
∗ is zero.

For every compact Lie group G, the map

NG
n (EG) −→ Nn(BG) , [M ] 7−→ [M ×G EG −→ BG]

is an isomorphism from the bordism group of G-manifolds with free action to the non-equivariant bor-
dism group of the classifying space BG. So in the case at hand, NC2

∗ (EP) = NC2
∗ (EC2) is isomorphic

to N∗(RP∞).
Since there is only one non-trivial irreducible C2-representation, the sign representation σ, every linear

subspace of U⊥C2
is C2-invariant. Hence GrC2,⊥

j is just a Grassmannian of j-planes in an infinite dimen-

sional R-vector space, hence a classifying space of the orthogonal group BO(j). The long exact mapping
cone sequence of the C2-map EC2 −→ ∗ decomposes into a short exact sequence

0 −→ NC2
∗

Φgeom−−−−−→
⊕
j≥0

N∗−j(BO(j))
J−−→ N∗−1(RP∞) −→ 0 .



378 V. ULTRA-COMMUTATIVE RING SPECTRA

Here we used Proposition 5.18 to replace the group ÑC2
∗ (ẼC2) by the direct sum of non-equivariant bordism

groups. The map J sends [η : F −→ BO(k)] to the class of P (η), the projectivized bundle, equipped with
the map to RP∞ that classifies the tautological line bundle over P (η).

One can deduce from the above short exact sequence that NC2
∗ is free as a module over the non-

equivariant bordism ring N∗. The paper [3] by Alexander exhibits an explicit N∗-basis of NC2
∗ . Some basic

C2-bordism classes are represented by the projective spaces RPn equipped with the involution given by

τ · [x0 : x1 : . . . : xn] = [−x0 : x1 : . . . : xn] .

The fixed points of this involution are a copy of RPn−1 (formed by the points of the form [0 : x1 : . . . : xn])
and the isolated fixed point [1 : 0 : . . . : 0]. We denote by

yn = [RPn, τ ] ∈ NC2
n

the bordism class of this C2-manifold. An N∗-linear map

Γ : NC2
∗ −→ NC2

∗+1

of degree 1 is given by sending the class of a manifold M with involution τ : M −→M to the manifold

S(C)×C2
M = (S(C)×M)/(z,m) ∼ (−z, τm) .

So S(C)×C2 M is diffeomorphic to the mapping torus of the involution τ . The involution on this manifold
is by

τ : S(C)×C2
M −→ S(C)×C2

M , τ · [z,m] = [z̄, τm] .

Alexander shows in [3, Thm. 1.1] that the multiplicative unit 1 together with the classes

Γn(yi1 · . . . · yir )
for all n ≥ 0, r ≥ 1 and ij ≥ 2 form a basis of NC2

∗ as a module over N∗. Besides the trivial group and C2,
the equivariant bordism group have been calculated for various finite abelian groups, see [12, 13, 14, 56].

Construction 5.20 (Equivariant Thom-Pontryagin construction). The equivariant Thom-Pontryagin
construction defines a natural transformation of G-homology theories

(5.21) ΘG = ΘG(X) : ÑG
∗ (X) −→ mOG

∗ (X) ,

as we now recall. We let (M,h) be an n-dimensional singular G-manifold over a based G-space X. The
Mostow-Palais embedding theorem [104, 110] provides a smooth G-equivariant embedding i : M −→ V ,
for some G-representation V . We can assume without loss of generality that V is a subrepresentation of
the chosen complete G-universe UG. We use the inner product on V to the define the normal bundle ν of
the embedding at x ∈M by

νx = V − (di)(TxM) ,

the orthogonal complement of the image of the tangent space TxM in V . By multiplying with a suitably
large scalar, if necessary, we can assume that the embedding is wide in the sense that the exponential map

D(ν) −→ V , (x, v) 7−→ i(x) + v

is injective on the unit disc bundle of the normal bundle, and hence a closed G-equivariant embedding. The
image of this map is a tubular neighborhood of radius 1 around i(M), and it determines a G-equivariant
Thom-Pontryagin collapse map

(5.22) cM : SV −→ Th(Gr|V |−n(V )) ∧X
as follows: every point outside of the tubular neighborhood is sent to the basepoint, and a point i(x) + v,
for (x, v) ∈ D(ν), is sent to

cM (i(x) + v) =

(
νx,

v

1− |v|

)
∧ h(x) .
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We stabilize by Rn and form the composite

SRn⊕V Sn∧cM−−−−−→ Sn ∧ Th(Gr|V |−n(V )) ∧X
−−−→ Th(Gr|V |(V ⊕ Rn)) ∧X = mO(n)(V ) ∧X .

The second map is induced by

Sn ∧ Th(Gr|V |−n(V )) −→ Th(Gr|V |(V ⊕ Rn)) , x ∧ (L, v) 7−→ (L⊕ Rn, (v, x)) .

The composite represents an element of the group πGn (mO(n) ∧X). We let ΘG[M,h] denote the image of

the latter class inπGn (mO ∧X), which effectively means that we postcompose the representative with the
closed embedding

mO(n)(V ) ∧X = Th(Gr|V |(V ⊕ Rn)) ∧X −→ Th(Gr|V |(V ⊕ R∞)) ∧X = mO(V ) ∧X

induced by Rn −→ R∞.
Now we argue that the class ΘG[M,h] thus obtained is independent of the choice of wide embedding.

If we enlarge the embedding by postcomposition with an direct summand embedding ϕ : V −→ V ⊕W ,
then the collapse map associated to the embedding ϕ ◦ i is equivariantly homotopic to the composite

SV⊕W
cM∧SW−−−−−→ Th(Gr|V |−n(V )) ∧X ∧ SW σV,W−−−→ Th(Gr|V⊕W |−n(V ⊕W )) ∧X

So the resulting class in πGn (mO(n) ∧X) does not change. Two classes based on two different wide embed-
dings i : M −→ V and j : M −→ W can be compared by passing to V ⊕W ; in this larger representation,
the map

M × [0, 1] −→ V ⊕W , (m, t) 7−→ (t · i(m), (1− t) · j(m))

is a smooth isotopy through wide embeddings. This isotopy induces a homotopy between the two collapse
maps and shows that altogether the class 〈M,h〉 is independent of the wide embedding.

� We emphasize that the class 〈M,h〉 is not in general a bordism invariant of the singular G-manifold
(M,h). Below we discuss a relative invariant associated to a singular G-manifold with boundary that

measures the failure of the bordism invariance of 〈M,h〉. A particular consequence of the discussion below
will be that when we push the class forward along the inclusion mO(n) −→mO(n+1) into the next stage of

the rank filtration, then the image of 〈M,h〉 in πGn (mO(n+1) ∧X) is bordism invariant. In particular, the

image of 〈M,h〉 in πGn (mO ∧X) is bordism invariant.

Proposition 5.23. The class ΘG[M,h] in mOG
n (X) only depends on the bordism class of the singular

G-manifold (M,h).

Proof. We let B be an (n+1)-dimensional smooth compact G-manifold with boundary and H : B −→
X a continuous G-map. We let

Ci = C(i : mO(n) −→mO(n+1))

denote the mapping cone of the inclusion mO(n) −→mO(n+1). We define a relative bordism invariant

〈B,H〉rel ∈ πGn+1(Ci ∧X)

such that the relation

(5.24) ∂(〈B,H〉rel) = 〈∂B,H|∂B〉

holds in the group πGn (mO(n) ∧X), where

∂ : πGn+1(Ci ∧X) −→ πGn (mO(n) ∧X)

is the connecting homomorphism of the mapping cone sequence. This implies that the image of the class
〈∂B,H|∂B〉 in πGn (mO(n+1) ∧ X) is zero; the class ΘG[∂B,H|∂B ] is the image in πGn (mO ∧ X), which is
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thus also zero. Altogether this shows that ΘG[M,h] = 0 whenever (M,h) is null-bordant, which proves the
claim.

Now we construct the relative class 〈B,H〉rel. We choose an equivariant collar, i.e., a smooth G-
equivariant embedding

c : ∂B × [0, 1) −→ B

such that c(−, 0) : ∂B −→ B is the inclusion and the image of c is an open neighborhood of the boundary
inside B. Then we choose a smooth function

κ : [0, 1] −→ [0, 1]

that is the identity on [0, 1/3], identically 1 on [2/3, 1] and whose restriction to [0, 2/3) is injective. We
define the smooth function

ψ : [0, 1) −→ [0, 1) by ψ(t) =
κ(t)− 1

t− 1
;

then ψ(t) = 1 for t ∈ [0, 1/3] and κ(t) = 0 for t ∈ [2/3, 1).
The Mostow-Palais embedding theorem provides a wide smooth G-equivariant embedding j : B −→ V ,

for some G-representation V . Then the smooth G-equivariant map

i : B −→ R⊕ V

defined by

i(b) =

{
(κ(t), ψ(t) · j(x) + (1− ψ(t)) · j(b)) for b = c(x, t) with (x, t) ∈ ∂B × [0, 1), and

(1, j(b)) for b 6∈ c(B × [0, 1)).

is a new wide smooth equivariant embedding which satisfies

i(∂B) ⊂ {0} × V

and which is ‘orthogonal to V near the boundary’, i.e., the set U = c(∂B× [0, 1/3)) is an open neighborhood
of ∂B in B, and

i(U) = [0, 1)× i(∂B) .

Since the embedding i is wide, the exponential map

D(ν) −→ R⊕ V , (x, t, v) 7−→ i(x) + (t, v)

is injective on the unit disc bundle of the normal bundle ν of j, and hence a closed G-equivariant embedding.
We define a continuous map

κ : D(ν) −→ C
(
Th(Gr|V |−n(V )) −→ Th(Gr|V |−n(R⊕ V ))

)
∧X

to the reduced mapping cone of the embedding of Th(Gr|V |−n(V )) ∧X into Th(Gr|V |−n(R ⊕ V )) ∧X as
follows. We consider (b, t, v) ∈ D(ν) where b ∈ B and (t, v) ∈ R ⊕ V is normal to i(B) at i(b). If b ∈ U ,
then the normal vector must lie in 0⊕ V , i.e., t = 0. The map κ then takes (b, 0, v) to[

i2(b), (νb,
v

1− |v|
) ∧H(b)

]
in the cone of Th(Gr|V |−n(V )) ∧X, where i2(b) ∈ [0, 1) is the second component of i(b). The map κ sends

(b, t, v) for b 6∈ U to
(
νb,

(t,v)
1−|t,v|

)
∧H(b) in Th(Gr|V |−n(R⊕ V ) ∧X.

The total space of the disc bundle D(ν) is a topological manifold with boundary, and its boundary is the
union of the sphere bundle S(ν) and the subspace D(ν)|∂B , the part sitting over the boundary of B. The
map κ sends the subspace D(ν)|∂B to the cone point in the mapping cone, and it sends the sphere bundle
S(ν) to the basepoint. So κ sends the entire boundary of D(ν) to the basepoint of the reduced mapping
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cones. So we can extend κ continuously to SR⊕V by sending the complement of D(ν) to the basepoint. The
result is a continuous based map

c̃B : SR⊕V −→ C
(
Th(Gr|V |−n(V )) −→ Th(Gr|V |−n(R⊕ V ))

)
∧X .

We stabilize by Rn and form the composite

SRn⊕R⊕V Sn∧c̃B−−−−→ Sn ∧ C
(
Th(Gr|V |−n(V )) −→ Th(Gr|V |−n(R⊕ V ))

)
∧X

−−−→ C
(
Th(Gr|V |(Rn ⊕ V )) −→ Th(Gr|V |(Rn ⊕ R⊕ V ))

)
∧X ∼= (Ci)(V ) ∧X .(5.25)

The last homeomorphism is induced by the twist isometry that interchanges V with Rn respectively Rn⊕R.
The composite (5.25) represents the element 〈B, h〉rel of the group πGn+1(Ci ∧X).

It remains to establish the relation (5.24). The composite

SR⊕V c̃B−−→ C
(
Th(Gr|V |−n(V )) −→ Th(Gr|V |−n(R⊕ V ))

)
∧X p∧X−−−→ S1 ∧ Th(Gr|V |−n(V )) ∧X

is equivariantly homotopic to the map S1 ∧ c∂B , where

c∂B : SV −→ Th(Gr|V |−n(V )) ∧X

is the collapse map for (∂B, h|∂B) based on the restriction of i to an embedding ∂B −→ V . Thus

p∗(〈B,H〉rel) = S1 ∧ 〈∂B,H|∂B〉

in the group πGn+1(S1 ∧mO(m) ∧X). The relation (5.24) thus follows from the definition of the connecting
homomorphism as the composite of p∗ and the inverse suspension isomorphism. �

Example 5.26. We let G be a compact Lie group and V a G-representation of dimension n. We claim
that then the relation

(5.27) ΘG(dG,V ) = τG,V

holds in the group mOG
n (SV ). In other words, the Thom-Pontryagin construction matches the distinguished

geometric bordism class dG,V in ÑG
n (SV ) with the inverse Thom class in the Thom spectrum mO.

We recall that ΠV : S(V ⊕R) −→ SV denotes the stereographic projection from the unit sphere of V ⊕R
and that dG,V is the bordism class of the singular G-manifold (S(V ⊕R), πV ). To prove the relation (5.27)
we work instead with a ‘distorted’ version of the stereographic projection, namely the map

τ : S(V ⊕ R) −→ SV

defined by

τ(v, λ) =

{
−v

1+2λ for λ ∈ [−1,−1/2), and

∞ for λ ≥ −1/2.

Then

〈S(V ⊕ R),ΠV 〉 = 〈S(V ⊕ R), τ〉
because τ is equivariantly based homotopic to ΠV . The most obvious equivariant embedding of S(V ⊕ R)
into a representation is the inclusion into V ⊕R, but this obvious embedding is not well adapted to proving
the relation (5.27). So we use a different embedding. We choose a wide equivariant smooth embedding

i : S(V ⊕ R) −→ V ⊕ Rn

such that

i(v, λ) = (
√

4/3 · v, 0) for all (v, λ) with λ ≤ −1/2.

So informally speaking, the embedding ‘flattens a polar cap’ around the point (0,−1) and identifies it with
the unit disc of V , sitting in the first summand in V ⊕Rn. We don’t care what the embedding does outside
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of this ‘polar cap’ because the map τ : S(V ⊕ R) −→ SV takes all points (v, λ) with λ ≥ −1/2 to the
basepoint at infinity. Hence the collapse map

cS(V⊕R) : SV⊕R
n

−→ Th(Grn(V ⊕ Rn)) ∧ SV

sends the part of the exponential embedding that sits over such a point of S(V ⊕ R) to the basepoint.
On the other hand, for all points (v, λ) with λ ≤ −1/2, the normal space to i is Rn, seen as the second
summand in V ⊕ Rn. So over such points, the exponential embedding of the disc bundle of the normal
bundle is given by

((v, λ), x) 7−→ (
√

4/3 · v, x) ;

the part of the tubular neighborhood around these points is thus the product

D(V ) × D(Rn) .

of the respective unit discs. The collapse map for (S(V ⊕R), τ) based on this particular embedding is thus
given by on points of D(V )×D(Rn) by

cS(V⊕R)(v, x) = ((0⊕ Rn), (0, x/(1− |x|)) ∧ τ(
√

3/4 · v,−
√

1− 3/4 · |v|2) .

On the other hand, the class τG,V is represented by the G-map

j[ ∧ SV : SRn⊕V −→ Th(Grn(V ⊕ Rn)) ∧ SV , (x, v) 7−→ (0⊕ Rn, (0, x)) ∧ v .
The difference between these two maps is the twist isomorphism τRn,V in the source and the different scaling
functions. By interpolating these scaling factors we can product a G-equivariant based homotopy between
the collapse map cS(V⊕R) and the map j[ ∧ SV . This proves the relation (5.27).

The next theorem says, roughly speaking, that the refined Thom-Pontryagin construction is compatible
‘with all global structure’. There is one caveat, though, namely in how the geometric induction in equivariant
bordism compares with the homotopy theoretic transfer. Indeed, the geometric induction IndGH increases the

dimension by the dimension ofG/H, whereas the homotopy theoretic transfer TrGH increases the dimension in
a twisted way, namely by the sphere of the tangent representation L = TH(G/H) of H in G. Multiplication
by the inverse Thom class τH,L is needed to compensate this ‘twist’ on the homotopy theory side. In the
special case where H has finite index in G, then the tangent representation is zero, so in this special case
τH,L = 1 and part (iii) of the following theorem specializes to the simpler relation

ΘG(IndGH(y)) = TrGH(ΘH(y)) .

Theorem 5.28. (i) The Thom-Pontryagin map ΘG is additive.

(ii) The Thom-Pontryagin is are multiplicative, i.e., for all classes x ∈ ÑG
n (X) and y ∈ ÑG

m(Y ), the
relation

ΘG(x ∧ y) = ΘG(x) ∧ΘG(y)

holds in mOn+m(X ∧ Y ).
(iii) The Thom-Pontryagin map is compatible with the boundary maps in mapping cone sequences in equi-

variant bordism and equivariant mO-homology, i.e., ΘG is a transformation of equivariant homology
theories.

(iv) For every continuous homomorphism α : K −→ G of compact Lie groups, every based G-space X and

all x ∈ ÑG
n (X) the relation

ΘK(α∗(x)) = α∗(ΘG(x))

holds in mOK
n (α∗(X)).

(v) If H is a closed subgroup of G, then for every based H-space Y and all y ∈ ÑG
n (Y ), the relation

ΘG(IndGH(y)) = TrGH(τH,L ∧ΘH(y))

holds in mOn+d(GnH Y ), where L = TH(G/H) is the tangent H-representation and d = dim(G/H).
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Proof. (i) We consider two reduced bordism classes let x, y ∈ ÑG
n (X). We let i, j : X −→ X ∨X be

the two wedge summand inclusions. We claim that

(5.29) ΘG(i∗(x) + j∗(y)) = i∗(Θ
G(x)) + j∗(Θ

G(y))

in the group mOG
n (X ∨ X). We let p, q : X ∨ X −→ X be the two projections to the wedge summands.

Then

p∗(Θ
G(i∗(x) + j∗(y))) = ΘG(p∗(i∗(x)) + p∗(j∗(x))) = ΘG(x) = p∗(i∗(Θ

G(x)) + j∗(Θ
G(y)))

because p ◦ i = IdX and p ◦ j factors through the basepoint of X. Similarly,

q∗(Θ
G(i∗(x) + j∗(y))) = q∗(i∗(Θ

G(x)) + j∗(Θ
G(y))) .

Since the map

(p∗, q∗) : mOG
n (X ∨X) −→ mOG

n (X)×mOG
n (X)

is an isomorphism, this shows that relation (5.29). We let ∇ : X ∨X −→ X denote the fold map, so that
x+ y = ∇∗(i∗(x) + j∗(x)). Then

ΘG(x+ y) = ΘG(∇∗(i∗(x) + j∗(y))) = ∇∗(ΘG(i∗(x) + j∗(y)))

(5.29) = ∇∗(i∗(ΘG(x)) + j∗(Θ
G(y))) = ΘG(x) + ΘG(y) .

(ii) For multiplicativity we consider singular G-manifolds (M,h : M −→ X) and (M ′, h′ : M −→ Y ).
We choose smooth equivariant wide embeddings

i : M −→ V and j : M ′ −→ W

into G-representations. The product map

i× j : M ×M ′ −→ V ⊕W

is then another smooth equivariant wide embedding that we use for the Thom-Pontryagin construction with
the singular manifold (M ×M ′, h× h′) over X × Y . The normal bundle of i× j is the exterior direct sum
of the normal bundles of i and j. The unit disc D(V ⊕W ) of the direct sum is contained in the product
D(V )×D(W ) of the unit discs, so the exponential tubular neighborhood for i×j is contained in the product
of the exponential tubular neighborhoods for i and j. The collapse map

SV⊕W
cM×M′−−−−−−→ Th(Gr|V⊕W |−n−m(V ⊕W )) ∧ (X × Y )+

is equivariantly homotopic to the composite

SV ∧ SW cM∧cM′−−−−−→ (Th(Gr|V |−n(V )) ∧X+) ∧ (Th(Gr|W |−m(W )) ∧ Y+)
µ−−→ Th(Gr|V |−n+|W |−m(V ⊕W )) ∧ (X × Y )+ ,

where the second map takes direct sum of subspaces [justify]. If we multiply the stabilization of cM,h by Rn
with the stabilization of cM ′,h by Rm, we obtain the stabilization of (M ×M ′, h × h′) by Rn+m, up to
homotopy. This shows that

ΘG[M,h] ∧ΘG[M ′, h′] = ΘG[M ×M ′,proj ◦ (h× h′)] .

The compatibility of the Thom-Pontryagin maps with the exterior smash product of reduced bordism classes
then follows formally, because all this data was defined by passage to quotients.



384 V. ULTRA-COMMUTATIVE RING SPECTRA

(iii) We let f : X −→ Y be a continuous G-map. Compatibility of the Thom-Pontryagin construction
with the boundary homomorphism amounts to the commutativity of the following square:

ÑG
n (Cf)

p∗ //

ΘG

��

ÑG
n (S1 ∧X+)

(dG,R∧−)−1

∼=
//

ΘG

��

NG
n−1(X)

ΘG

��
mOG

n (Cf)
p∗

// mOG
n (S1 ∧X+)

(τG,R∧−)−1

∼= // mOG
n−1(X+)

Here p : Cf −→ S1 ∧ X+ is the projection. Indeed, the upper composite agrees with the boundary map
in equivariant bordism by Proposition 5.12; the lower composite is the homotopy theoretic boundary map
by the definition in Construction III.1.17 and the fact that the suspension isomorphism in G-equivariant
mO-homology is exterior multiplication with the class τG,R ∈mOG

1 (S1).
The Thom-Pontryagin construction is natural for continuous G-maps, so it remains to show the com-

mutativity of the right square above. However, multiplicativity and (5.27) give

ΘG(dG,R ∧ x) = ΘG(dG,R) ∧ΘG(x) = τG,R ∧ΘG(x)

for all x ∈ NG
n−1(X).

Part (iv) is straightforward from the definitions.
(v) As usual we write L = TH(G/H) for the tangent H-representation. Compatibility with restriction,

naturality, multiplicativity, Proposition 5.14 and the relation (5.27) provide the equalities

l∗(resGH(ΘG(IndGH(y))) = ΘH(l∗(resGH(IndGH(y))))(5.30)

= ΘH(dH,L ∧ y) = ΘH(dH,L) ∧ΘH(y) = τH,L ∧ΘG(y) ,

where

l = lGH ∧H Y : GnH Y −→ SL ∧ Y
is the H-equivariant Wirthmüller map. The external transfer

TrGH : mOH
n+d(S

L ∧ Y ) −→ mOG
n+d(GnH Y )

is defined as the inverse of the Wirthmüller isomorphism l∗ ◦ resGH , so applying TrGH to (5.30) gives the
desired relation. �

As before we let EP be a universal G-space for the family of proper subgroups of G. So EP is a
G-CW-complex without G-fixed points, and (EP)H is contractible for every proper subgroup of G. We

let ẼP denote the unreduced suspension of EP. Then (ẼP)G = S0, consisting of the two cone points, and

(ẼP)H is contractible for every proper subgroup of G.

Proposition 5.31. For every compact Lie group G the Thom-Pontryagin map

ΘG : ÑG
∗ (ẼP) −→ mOG

∗ (ẼP)

is an isomorphism.

Proof. We claim that the following diagram commutes:

ÑG
n (ẼP)

ΘG

��

Φgeom

∼=
//⊕

j≥0Nn−j(Grj(U⊥G )G)

⊕
Θe

��
mOG

n (ẼP)
Φ

∼= // ΦGn (mO) ∼=
//⊕

j≥0 mOn−j(Grj(U⊥G )G)
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To see this we let (M,h) be an n-dimensional singular G-manifold over ẼP. We choose a smooth G-
equivariant wide embedding i : M −→ V into a G-representation and let

cM : SV −→ Th(Grdim(V )−n(V )) ∧ ẼP+

be the associated collapse map. As before we let M (j) denote the (n − j)-dimensional component of the
fixed point manifold MG

0 over the point 0, and

νj : M (j) −→ (Grj(V
⊥))G

the classifying map for the morphism bundle of M (j) inside M , sending a fixed point x ∈ M (j) to the
orthogonal complement of (di)(Tx(M (j))) inside (di)(TxM).

The trick is now to base the Thom-Pontryagin construction for M (j) on the non-equivariant embedding

M (j) incl−−→ MG
0

iG−−−→ V G

into the G-fixed points of V . As explained in Example 4.22, the G-fixed points of the Thom space that is
the target of cM decompose as a wedge. The composite

SV
G (cM )G−−−−→ (Th(Grdim(V )−n(V )))G

with the projection to the j-th summand is then on the nose the map

SV
G νj×cM(j)−−−−−−→ Th(Grdim(V G)+j(V

G))) ∧ (Grj(V
⊥))G ,

the product of νj and the collapse map for the non-equivariant manifold M (j), based on the embedding iG.
This shows that Φ(ΘG[M,h]) is the non-equivariant Thom-Pontryagin construction applied to Φgeom[M,h].

The upper map is an isomorphism by Proposition 5.18. The lower left homotopical geometric fixed
point map Φ identifies the equivariant homotopy groups of ẼP ∧ mO with the geometric fixed point
groups ΦG∗ (mO), as shown in Proposition III.6.17. The lower right isomorphism is the calculation of these
geometric fixed point groups in Example 4.22. The right vertical map is a direct sum of non-equivariant
Thom-Pontryagin maps, hence an isomorphism by Thom’s theorem [149, Thm. IV.8]. Since the diagram
commutes, the left vertical map is also an isomorphism. �

As we explained in Theorem 5.28 (iv), the interaction of the Thom-Pontryagin map with transfers is
more subtle, and this subtlety is the key point why ΘG is not an isomorphism for general compact Lie
groups (i.e., for those not isomorphic to a product of a finite group and a torus). The geometric equivariant

bordism theories NG
∗ come with induction homomorphisms IndGH for all closed subgroups H of a compact

Lie group G, and this induction increases the dimension by dim(G/H) = dim(G) − dim(H). On the

homotopy theoretic side, the dimension shifting transfer TrGH (see Construction III.2.17), also increases
the dimension by dim(G/H), but in a twisted way by smashing with the sphere SL of the tangent H-
representation L = TH(G/H). If G is a product of a finite group and a torus, then H acts trivially on L for
every closed subgroup H of G, so there is no twisting. And in fact, for this class of groups, the induction
and homotopy theoretic match up under the Thom-Pontryagin maps.

Theorem 5.32 (Wasserman). Let G be a compact Lie group that is isomorphic to a product of a finite
group and a torus. Then for every G-space X, the Thom-Pontryagin map

ΘG(X) : NG
∗ (X) −→ mOG

∗ (X+)

is an isomorphism.

Proof. We adapt tom Dieck’s proof given in [151, Satz 5] to our setting. Tom Dieck considers
only finite groups, where homotopy theoretic transfer and geometric induction match up under the Thom-
Pontryagin construction. Our own innovation, if any, is the observation that for compact Lie groups of
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positive dimensions the difference between homotopy theoretic transfer and geometric induction is controlled
by the inverse Thom class, compare Proposition 5.14.

We prove the statement by double induction over the dimension and the number of path components
of G. The induction starts with the trivial group, i.e., the non-equivariant statement, which is Thom’s
celebrated theorem [149, Thm. IV.8]. Now we let G be a non-trivial compact Lie group that is a product
of a finite group and a torus, and we assume that the theorem has been established for all such groups of
smaller dimension, and for all groups of the same dimension but with fewer path components.

Both sides of the transformation take G-weak equivalences to isomorphism: for equivariant bordism
this is Proposition 5.1. The Thom spectrum mO is non-degenerate, i.e., the inclusion of the basepoint
into mO(Rn) is an O(n)-equivariant h-cofibration. So mOG

∗ takes G-weak equivalences to isomorphisms
by Proposition III.2.6. We can thus assume without loss of generality that X is a G-CW-complex. To show
that ΘG is an isomorphism, we exploit that NG

∗ and mOG
∗ are both equivariant homology theories and ΘG

is a morphism of homology theories. This reduces the claim to the special case X = G/H of an orbit for
a subgroup H of G. The argument for an orbit falls into two cases, depending on whether H is a proper
subgroup or H = G.

When H is a proper subgroup of G, we recall from Construction III.2.9 the H2-equivariant continuous
based map

lGH : G+ −→ SL ∧H+ ,

where L = L(H,G) = TH(G/H) is the tangent H-representation. We contemplate the commutative
diagram:

NG
∗ (G/H)

resGH //

ΘG(G/H)

��

NH
∗ (G/H)

(lGH/H)∗ //

ΘH(G/H)

��

ÑH
∗ (SL)

ΘH(SL)

��
mOG

∗ (G/H+)
resGH

// mOH
∗ (G/H+)

(lGH/H)∗

// mOH
∗ (SL)

In that diagram, the right vertical map is an isomorphism by the inductive hypothesis. The lower hor-
izontal composite is the Wirthmüller isomorphism, compare [160, Thm. 2.1] or Theorem III.2.15. Now
we use the hypothesis that the group G is a product of a finite group and a torus. In this situation the

group H acts trivially on the tangent representation L, so multiplication by the class dH,L in ÑH
∗ (SL)

is the suspension isomorphism in the homology theory NH
∗ , hence bijective, by Proposition 5.12. The

induction map IndGH : NH
∗ −→ NG

∗ (G/H) is an isomorphism as well, with inverse given by sending a
singular G-manifold f : M −→ G/H to the fiber over the coset H of an equivariant smooth approximation
of f . Proposition 5.14 thus shows that the upper horizontal composite is an isomorphism. Hence the
Thom-Pontryagin map ΘG(G/H) is an isomorphism.

Now we treat the case H = G. We let EP be a universal G-space for the family of proper subgroups
of G. So EP is a G-CW-complex without G-fixed points, and (EP)H is contractible for every proper

subgroup of G. The space ẼP is the unreduced mapping cone of the unique map EP −→ ∗. We thus get
compatible long exact ‘isotropy separation sequences’, i.e., exact sequence associated to this mapping cone:

· · · // NG
∗ (EP)

p∗ //

ΘG

��

NG
∗

i∗ //

ΘG

��

ÑG
∗ (ẼP)

∂ //

ΘG

��

NG
∗−1(EP) //

ΘG

��

· · ·

· · · // mOG
∗ (EP+)

p∗
// mOG

∗ (S0)
i∗
// mOG

∗ (ẼP)
∂
// mOG

∗−1(EP+) // · · ·

The map ΘG is an isomorphism for the fixed point free G-space EP by the previous paragraph, and ΘG

is an isomorphism for ẼP by Proposition 5.31. Since the Thom-Pontryagin map is an isomorphism for
the G-space EP and for the based G-space ẼP, the five lemma shows that the Thom-Pontryagin map for
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the one-point G-space is an isomorphism. This completes the inductive step, and hence the proof of the
theorem. �

Remark 5.33. In dimension 0, Theorem 4.20 gives an explicit description of the global functor π0(mO).
Equivariant manifolds of dimension 0 are easy to understand, and this allows us to present the groups NG

0

in a global fashion very similar to (but different from) the presentation of π0(mO) in Theorem 4.20. We
use this description to give a direct verification that the map

ΘG : NG
0 −→ πG0 (mO)

is an isomorphism for G finite or abelian. We will also use the calculation of π0(mO) to show that the
map ΘG is not is isomorphism in general.

As we mentioned above, the groups NG
0 enjoy the structure of a restricted global functor (also known

as a group-like global power monoid). Moreover, the interval [−1, 1] with C2-action by reflection at the
original is a C2-equivariant null-bordism of the free transitive C2-set. This shows that

indC2
e (1) = 0 ∈ NC2

0 ,

where 1 ∈ N e
0 is the bordism class of a point. The action on the class 1 thus factors over a morphism of

restricted global functors

(5.34) Ares/〈indC2
e 〉res −→ N 0 ,

from the quotient of the represented restricted global functor Ares = Ares(e,−) by the restricted global

subfunctor generated by indC2
e ∈ Ares(C2). We claim that this morphism is an isomorphism. Indeed, a

smooth G-manifold of dimension 0 is just a finite G-set, so the map Ares(G)/〈indC2
e 〉res(G) −→ NG

0 is
surjective.

By the same algebraic argument as for unrestricted global functors in Proposition 4.21, the value of
the restricted global functor 〈indC2

e 〉res at G is the subgroup of Ares(G) generated by 2 · Ares(G) and the

classes indGH ◦p∗H for those finite index subgroups H with Weyl group of even order. So the source of

the map (5.34) at a group G is an F2-vector space with basis the classes indGH ◦p∗H for those finite index
subgroups H with Weyl group of odd order. The same classes form a basis for the bordism group NG

0 ; this
is shown for finite groups in [143, Prop. 13.1], and the general case follows because restriction along the

projection p : G −→ π0(G) induces an isomorphism p∗ : N π0(G)
0 −→ NG

0 for bordism of 0-manifolds.
Summing up, we have calculated both sides of the Thom-Pontryagin map Θ in dimension 0; under

these isomorphisms Θ becomes the map

Ares/〈indC2
e 〉res −→ A/〈trC2

e 〉 ,
i.e., the same kind of quotient in the category of restricted versus unrestricted global functors. So the
only difference between N 0 and π0(mO) is that the left side only has finite index transfers, whereas the
right hand side also has transfers for infinite index inclusions with finite Weyl group. In finite and abelian
compact Lie groups, every subgroup inclusion with finite Weyl group is necessarily of finite index, so
for finite and abelian compact Lie groups, there is no difference in the two kinds of quotients. This is an
independent verification of Theorem 5.32 in dimension 0. Moreover, we conclude that the Thom-Pontryagin
map ΘG : NG

n −→ πG0 (mO) in dimension 0 is always injective.
On the other hand, the map ΘG is not generally surjective in dimension 0. A specific example is the

group G = SU(2): the normalizer N = NSU(2)T of a maximal torus T of SU(2) is self-normalizing, so N

has trivial Weyl group in SU(2). So the classes 1 and tr
SU(2)
N (1) are linearly independent in π

SU(2)
0 (mO).

On the other hand N SU(2)
0 = Z/2 because SU(2) is connected.

Remark 5.35 (Stable equivariant bordism and localized mO). We showed in Theorem 4.37 that stable

equivariant to the localized equivariant mO-theory mOG
∗ [1/τ ] is isomorphic to the theory MOG

∗ . Our next
task is to show that mO[1/τ ], and hence also MO, has a geometric interpretations as stable equivariant
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bordism groups. In contrast to Theorem 5.32, this stable interpretation works for all compact Lie groups,
not only for products of finite groups and tori.

In [33], Bröcker and Hook define the stable equivariant bordism groups ÑG:S
∗ (X) of a based G-space X

as the localization of the geometric bordism group ÑG
∗ (X) by formally inverting all the classes dG,V . More

precisely, their definition comes down to

(5.36) ÑG:S
n (X) = colimV ∈s(UG) ÑG

|V |+n(SV ∧X) ;

for V ⊂W in s(UG), the structure map in the colimit system is given by multiplication

ÑG
|V |+n(SV ∧X)

dG,W−V ×−−−−−−−−−→ ÑG
|W |+n(SW−V ∧ SV ∧X) ∼= ÑG

|W |+n(SW ∧X) .

Informally speaking, one can think of stable equivariant bordism as ‘equivariant bordism with transversal-
ity’.

As we explained in Example 5.26, the Thom-Pontryagin construction takes the distinguished geometric
bordism class dG,V to the inverse Thom class, i.e., ΘG(dG,V ) = τG,V in mOG

n (SV ). Since the Thom-
Pontryagin maps take the geometric product in equivariant bordism to the homotopy theoretic product
in mO, we conclude that for every compact Lie group G, every G-representation V and every based G-
space X, the following square commutes:

ÑG
n (X)

dG,V ∧−
��

ΘG // mOG
n (X)

τG,V ×−
��

ÑG
|V |+n(SV ∧X)

ΘG
// mOG

|V |+n(SV ∧X)

The Thom-Pontryagin maps thus assemble into a natural transformation

ΘG : ÑG:S
n (X) −→ mOG

n (X)[1/τ ]

between the localized theories; we denote this transformation by the same letter.

If G is a product of a finite group and a torus, then the next theorem is a direct consequence of
Theorem 5.32. The point, however, is that the following localized version holds without any restriction on
the compact Lie group G. [remove the cofibrancy hypothesis]

Theorem 5.37. For every compact Lie group G and every cofibrant based G-space X, the map

ΘG : ÑG:S
∗ (X) −→ mOG

∗ (X)[1/τ ]

is an isomorphism of graded abelian groups.

Proof. Since filtered colimits of abelian groups are exact and preserve direct sums, the localized
theories ÑG:S

∗ (−) and mOG
∗ (−)[1/τ ] are both equivariant homology theories for every fixed group G. The

theory ÑG:S
∗ is defined so that multiplication by the class dG,V is now invertible for everyG-representation V .

So Proposition 5.14 – or rather the localized versions for ÑG:S
∗ – shows that for every closed subgroup H

of G the Wirthmüller map

NG:S
∗ (G/H+)

resGH−−−→ NH:S
∗ (G/H+)

(lGH/H)∗−−−−−→ NH:S
∗ (SL(H,G))

is an isomorphism.
From this point on we can run the same inductive argument as in the proof of Proposition 5.32, i.e.,

show the claim by double induction over the dimension and the number of path components of G. But
this time the case of an orbit X = G/H for a proper subgroup H of G works without any restriction on G
and H, because both localized theories have a Wirthmüller isomorphism.
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The case X = G/G is essentially taken care of by Proposition 5.31. We let V be any G-representation,
and observe that the fixed point inclusion i : V G −→ V induces a G-homotopy equivalence.

i ∧ ẼP : SV
G

∧ ẼP −→ SV ∧ ẼP .

In the commutative diagram

ÑG
|V ⊥|+n(ẼP)

ΘG //

dG,VG∧−
��

mOG
|V ⊥|+n(ẼP)

τG,VG×−
��

ÑG
|V |+n(SV

G ∧ ẼP)
ΘG //

(i∧ẼP)∗

��

mOG
|V |+n(SV

G ∧ ẼP)

(i∧ẼP)∗

��
ÑG
|V |+n(SV ∧ ẼP)

ΘG
// mOG

|V |+n(SV ∧ ẼP)

the lower vertical maps are thus isomorphisms. The upper vertical maps are suspension isomorphisms,
hence both vertical composites are isomorphisms. The upper horizontal map is an isomorphism by Proposi-
tion 5.31, hence so is the lower horizontal map. As a colimit of isomorphisms, the localized Thom-Pontryagin
map

ΘG : NG:S
∗ (ẼP) −→ mOG

∗ (ẼP)[1/τ ]

is also an isomorphism. Now we finish the argument as in Proposition 5.32: we compare the two isotropy
separation sequences for ÑG:S

∗ (−) and mOG
∗ (−)[1/τ ], and the five lemma concludes the inductive step. �

Remark 5.38 (Stable equivariant bordism and MO). Theorems 4.37 and 5.37 together provide an
alternative proof that stable equivariant bordism agrees with equivariant MO-homology, which is the main
result of the paper [33] by Bröcker and Hook. Indeed, by these two theorems, the two maps

ÑG:S
∗ (X)

ΘG−−−→mOG
∗ (X)[1/τ ]

ΨG−−−→ MOG
∗ (X)

are isomorphisms for every cofibrant based G-space X, hence so is the composite; this reproves Theorem 4.1
of [33]. Strictly speaking there is a bit more work involved in the translation, because our group MOG

∗ (X)

is not literally the same as the homotopy theoretic equivariant bordism group ÑG
n (X) in [33]; we invite

the reader to spell out an isomorphism, which boils down to a certain rewriting of colimits, and verify that
under this implicit isomorphism our composite ΨG ◦ΘG is the map ΦS considered by Bröcker and Hook.

Remark 5.39 (RO(G)-modeled equivariant bordism groups). There is also a notion of ‘RO(G)-modeled
equivariant bordism groups’ which has to be carefully distinguished from the Z-graded bordism groups NG

∗
discussed above. In fact, in the published literature, these theories are called RO(G)-graded theories, but
that terminology is bound to create confusion here, because in equivariant stable homotopy theory, the
term ‘RO(G)-graded’ is usually reserved for ‘genuine’ G-equivariant homology theories that are endowed
with suspension isomorphism for arbitrary G-representations. So to reduce the risk of such a confusion,
we follow Costenoble’s thesis [42, Ch. 13] and use the term ‘RO(G)-modeled’ instead (even though this
terminology has not caught on).

The RO(G)-modeled bordism groups were first introduced by Pulikowski [113] and later studied by
Kosniowski [81] and Waner [156], among others. For a compact Lie group G and a class γ ∈ RO(G), a
smooth compact G-manifold M is called a γ-manifold if for every point x ∈M the relation [TxM ] = resGGx(γ)
holds in the group RO(Gx), where Gx is the stabilizer group of x and TxM the tangent Gx-representation
at x. A bordism between closed γ-manifolds M and M ′ is a (γ + 1)-manifold W with ∂W = M ∪M ′.
The set BGγ of bordism classes of closed γ-manifolds is then a group under disjoint union. Similarly, one
defines singular γ-manifolds over a G-space X as closed smooth γ-manifolds with a continuous G-equivariant
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reference map to X; then we get a group BGγ (X) of singular bordism classes. Pulikowski states in [113]

that for fixed γ ∈ RO(G), the groups BGγ+n(X), for n ∈ Z, form a G-equivariant homology theory (and
follows the prevailing tradition of not giving any details).

The product of a β-manifold and a γ-manifold is a (β+γ)-manifold, so product of G-manifolds induces
a RO(G)-graded product on RO(G)-modeled bordism groups. The unit sphere of a G-representation V is
a ([V ]− 1)-manifold; so the unit sphere of V ⊕ R represents a tautological reduced bordism class

dG,V = JS(V ⊕ R),ΠV K ∈ B̃G[V ](S
V ) .

Product with this class is a suspension homomorphism

σ(V ) : B̃Gγ (X) −→ B̃G[V ]+γ(SV ∧X) .

If G acts trivially on V , then σ(V ) is an isomorphism, but not in general. As we recalled in Section III.2, an
orthogonal G-spectrum E defines equivariant homology groups EGW (X) indexed by G-representations W .
These groups come with natural isomorphisms

ẼGW (X) ∼= ẼGV⊕W (SV ∧X)

that in turn satisfy some coherence conditions. With some extra care, one can even arrange an honest
RO(G)-grading, i.e., an indexing by the group RO(G). Because the geometric theories BG? do not have
suspension isomorphisms for general representations, they cannot be represented by a genuine G-spectrum.
In particular, there cannot be an orthogonal G-spectrum E and consistent natural isomorphisms between

B̃G[W ]−[V ](X) and EGW (SV ∧X)

for all G-representations V and W . This is why the usual terminology as ‘RO(G)-graded equivariant
homology theory’ can be misleading from the perspective of equivariant homotopy theory.

Nevertheless, for finite groups G, Waner [156, Thm. 3.7 (a)] does give an identification of B̃Gγ (X) with
the 0-th equivariant homotopy group of a G-spectrum γE that is defined in [156, Sec. 5]:

B̃Gγ (X) ∼= (γE)G0 (X)

The potentially confusing point is, however, that the right hand side is the 0-th equivariant homotopy
group of a G-spectrum that depends on γ, and not the γ-modeled homotopy group of a G-spectrum that
is independent of γ. The collection of G-spectra {γE} for varying G and γ certainly has a global feeling to
it, but it does not define a global homotopy type in our sense.

6. Connective global K-theory

In this section we define and discuss various global flavors of topological K-theory. We start with a
connective global K-theory ku, an elaboration of a model of non-equivariant connective K-theory by Se-
gal [129], constructed from certain equivariant Γ-spaces of ‘orthogonal subspaces in the symmetric algebra’.
Then we recall a model KU for periodic global K-theory, due to Joachim [79]. A certain homotopy pullback
of the periodic theory KU, its associated global Borel theory, and the global Borel theory of connective K-
theory define global connective K-theory, a global refinement of Greenlees ‘equivariant connective K-theory’
kuc [63]. One should note the different order of the adjectives ‘global’ and ‘connective’, indicating that ku
and kuc are quite different global homotopy types (with the same underlying non-equivariant homotopy
type).

Construction 6.1. We let U be a complex vector space of countable dimension (finite or infinite)
equipped with a hermitian inner product. We recall a certain Γ-space C (U) of ‘orthogonal subspaces in U ’,
due to Segal [129, Sec. 1]. The Γ-space C (U) is special whenever U in infinite dimensional; so the associated
orthogonal spectrum obtained by evaluating C on spheres is a positive Ω-spectrum and a (non-equivariant)
model for connective complex topological K-theory.
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For a finite based set A we let C (U , A) be the space of tuples (Va), indexed by the non-basepoint
elements of A, of finite dimensional, pairwise orthogonal subspaces of U . The topology on C (U , A) is that
of a disjoint union of subspaces of a product of Grassmannians. The basepoint of C (U , A) is the tuple where
each Va is the zero subspace. For a based map α : A −→ B the induced map C (U , α) : C (U , A) −→ C (U , B)
sends (Va) to (Wb) where

Wb =
⊕
α(a)=b

Va .

Then C (U) is a Γ-space whose underlying space is

C (U , 1+) =
∐
n≥0

Grn(U)

the disjoint union of the different Grassmannians of U . Of course, if U is finite dimensional, then Grn(U)
is empty when n exceeds the dimension of U .

Every Γ-space can be evaluated on a based space by a coend construction, compare (4.15) of Chapter IV.
We write C (U ,K) = C (U)(K) for the value of the Γ-space C (U) on a based space K. Elements of C (U ,K)
can be interpreted as ‘labeled configurations: a point is represented by a tuple

(V1, . . . , Vn; k1, . . . , kn)

where (V1, . . . , Vn) is an n-tuple of finite dimensional, pairwise orthogonal subspaces of U , and k1, . . . , kn
are points of K, for some n. The topology is such that, informally speaking, the labels are summed up
whenever two points collide and a label disappears whenever a point approaches the basepoint of K.

Remark 6.2. When K is compact, the space C (U ,K) can be described differently, compare again [129,
Sec. 1], namely as the space

C∗(C0(K),F(U))

of C∗-algebra homomorphisms, with the subspace topology of the compact open topology on the space of
all continuous maps. Here C0(K) is the C∗-algebra of continuous C-valued functions on K that vanish at
the point at infinity, F(U) is the C∗-algebra of finite rank operators on U (i.e., C-linear endomorphisms
with finite dimensional image); the basepoint is the zero map. [F(U) need not be complete, hence not a
C∗-algebra...] A homeomorphism

C (U ,K) −→ C∗(C0(K),F(U))

is given by sending a configuration [V1, . . . , Vn; k1, . . . , kn] in C (U ,K) to the homomorphism that takes a
function ϕ ∈ C0(K) to

n∑
i=1

ϕ(ki) · pVi ,

where pVi : U −→ U is the orthogonal projection onto the subspace Vi.

If U is infinite dimensional, then the Γ-space C (U) is special, compare Theorem 6.16 (i) below (with G
the trivial group). The orthogonal spectrum C (U)(S) is then a positive Ω-spectrum by the general theory.
In particular, the space C (U)(S)1 = C (U , S1) is an infinite loop space. In fact, C (U , S1) is a familiar space,
namely the infinite unitary group U(U), i.e., the group of linear self-isometries of U that are the identity
on the orthogonal complement of some finite dimensional subspace. To construct a homeomorphism from
C (U , S1) to U(U) we identify S1 with the unit circle U(1) in the complex numbers, sending the basepoint in
S1 to 1. Given a tuple (E1, . . . , En) of pairwise orthogonal subspaces of U and a point (λ1, . . . , λn) ∈ U(1)n

we let ψ(E1, . . . , En; λ1, . . . , λn) be the isometry of U that is multiplication by λi on Vi and the identity on
the orthogonal complement of

⊕n
i=1 Vi. In other words: Ei is the eigenspace of ψ(E1, . . . , En; λ1, . . . , λn)
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for eigenvalue λi As n varies, these maps are compatible with the equivalence relation and so they assemble
into a continuous map

(6.3) C (U , U(1)) =

∫ n+∈Γ

C (U , n+)× U(1)n −→ U(U) .

This map is bijective because every unitary transformation is diagonalizable with eigenvalues in U(1) and
pairwise orthogonal eigenspaces.

We let U and U ′ be two hermitian vector spaces (of countable dimension, but possibly finite dimen-
sional). We endow the tensor product U ⊗ U ′ with a scalar product by declaring

(6.4) 〈u⊗ u′, v ⊗ v′〉 = 〈u, v〉 · 〈u′, v′〉

on elementary tensors and extending biadditively. If V,W are orthogonal subspaces of U and V ′ is a
subspace of U ′, then V ⊗ V ′ and W ⊗ V ′ are orthogonal subspaces of U ⊗ U ′ (and similarly in the second
variable). For finite based sets A and A′ we can thus define a multiplication map

(6.5) C (U , A) ∧ C (U ′, A′) −→ C (U ⊗ U ′, A ∧A′) , (Va) ∧ (Wb) 7−→ (Va ⊗Wb)a∧b .

These multiplication maps are associative, and commutative in the sense that the following square commute:

C (U , A) ∧ C (U ′, A′) //

τC(U,A),C(U′,A′)

��

C (U ⊗ U ′, A ∧A′)

C (τU,U′ ,τA,A′ )

��
C (U ′, A′) ∧ C (U , A) // C (U ′ ⊗ U , A′ ∧A)

Our construction of connective global K-theory needs induced inner products on symmetric powers.
We explain the complex version; the real version works in much the same way. For a C-vector space V we
denote by

Symn(V ) = V ⊗n/Σn

the n-th symmetric power of V and by Sym(V ) =
⊕

n≥0 Symn(V ) the symmetric algebra of V . If W
is another C-vector space, then the two direct summand embeddings of V and W into V ⊕ W induce
homomorphisms of symmetric algebras that combine (by multiplying in the target) into a natural C-algebra
isomorphism

(6.6) Sym(V )⊗ Sym(W ) ∼= Sym(V ⊕W ) .

If V is equipped with a hermitian inner product, then the symmetric powers inherit a preferred inner
product:

Proposition 6.7. For every hermitian inner product space V there is a unique inner product on
Symn(V ) that satisfies

(6.8) (v1 · . . . · vn, v̄1 · . . . · v̄n) =
∑
σ∈Σn

(v1, v̄σ(1)) · . . . · (vn, v̄σ(n))

for all vi, v̄i ∈ V . This inner product on Symn(V ) is natural for C-linear isometric embeddings and it makes
the algebra isomorphism (6.6) into an isometry.

Proof. Uniqueness of the scalar product follows from the fact that the symmetric products v1 · . . . · vn
generate Symn(V ). To construct the induced inner product we consider the C-linear ‘symmetrization’
embedding

(6.9) Symn(V ) −→ V ⊗n , v1 · . . . · vn 7−→
∑
σ∈Σn

vσ(1) ⊗ . . .⊗ vσ(n)
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that identifies Symn(V ) with a linear subspace of the n-fold tensor product. The tensor product V ⊗W of
two hermitian inner product spaces V and W has a preferred inner product characterized by

〈v ⊗ w, v̄ ⊗ w̄〉 = 〈v, v̄〉 · 〈w, w̄〉

for all v, v̄ ∈ V and w, w̄ ∈ W . By iteration, the n-fold tensor product V ⊗n inherits an inner product.
There is thus a unique inner product 〈−,−〉′ on Symn(V ) that makes (6.9) a linear isometric embedding.
This inner product satisfies

〈v1 · . . . · vn, v̄1 · . . . · v̄n〉′ =
∑

(κ,τ)∈Σ2
n

〈vκ(1) · . . . · vκ(n), v̄τ(i) · . . . · v̄τ(n)〉

=
∑

(κ,τ)∈Σ2
n

〈vκ(1), v̄τ(1)〉 · . . . · 〈vκ(n), v̄τ(n)〉

=
∑

(κ,τ)∈Σ2
n

〈v1, v̄τ(κ−1(1))〉 · . . . · 〈vn, v̄τ(κ−1(n))〉

= n! ·
∑
σ∈Σn

〈v1, v̄σ(1)〉 · . . . · 〈vn, v̄σ(n)〉 .

Dividing the inner product 〈−,−〉′ by n! then gives an inner product on Symn(V ) that satisfies (6.8). The
naturality for linear isometric embeddings is straightforward.

The algebra isomorphism (6.6) is the sum of the embeddings

Symn(V )⊗ Symm(W ) −→ Symn+m(V ⊕W )

(v1 · . . . · vn)⊗ (w1 · . . . · wm) 7−→ (v1, 0) · . . . · (vn, 0) · (0, w1) · . . . · (0, wm) .

The relation

〈(v1 · . . . · vn)⊗ (w1 · . . . · wm), (v̄1 · . . . · v̄n)⊗ (w̄1 · . . . · w̄m)〉
= 〈v1 · . . . · vn, v̄1 · . . . · v̄n〉 · 〈w1 · . . . · wm, w̄1 · . . . · w̄m〉

=
∑

(σ,τ)∈Σn×Σm

〈v1, v̄σ(1)〉 · . . . · 〈vn, v̄σ(n)〉 · 〈w1, w̄τ(1)〉 · . . . · 〈wm, w̄τ(n)〉

= 〈(v1, 0) · . . . · (vn, 0) · (0, w1) · . . . · (0, wm), (v̄1, 0) · . . . · (v̄n, 0) · (0, w̄1) · . . . · (0, w̄m)〉

then proves that (6.6) preserves the inner product. The last equation uses that 〈(v, 0), (0, w)〉 = 0 for all
v ∈ V and w ∈W . �

Example 6.10. To given a better idea of the induced inner product on Symn(V ) we consider the case
n = 2. We let {e1, . . . , ek} be an orthonormal basis of V . Then

〈e2
i , e

2
i 〉 = 〈ei, ei〉 · 〈ei, ei〉+ 〈ei, ei〉 · 〈ei, ei〉 = 2

and

〈ei · ej , ei · ej〉 = 〈ei, ei〉 · 〈ej , ej〉+ 〈ej , ei〉 · 〈ej , ei〉 = 1

for i 6= j. Moreover, for {i, k} 6= {j, l} we have

〈ei · ek, ej · el〉 = 〈ei, ej〉 · 〈ek, el〉+ 〈ei, el〉 · 〈ek, ej〉 = 0 .

So the vectors
1√
2
· e2
i (1 ≤ i ≤ k) and ei · ej (1 ≤ i < j ≤ k)

form an orthonormal basis of Sym2(V ).
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Construction 6.11 (Connective global K-theory). We can now define an ultra-commutative ring
spectrum ku, the connective global K-theory spectrum. The value of ku on a real inner product space V is

(6.12) ku(V ) = C (Sym(VC), SV ) ,

the value of the Γ-space C (Sym(VC)) on the one-point compactification of V . Here VC is the complexification
of V with the induced hermitian inner product, and the inner product on the symmetric algebra described
in Proposition 6.7. The action of O(V ) on V then extends to a unitary action on Sym(V ).

We let the orthogonal group O(V ) act diagonally, via the action on the sphere SV and the action on
the Γ-space C (Sym(VC)). Explicitly, given an orthogonal automorphism ϕ : V −→ V , pairwise orthogonal
subspaces E1, . . . , En of Sym(VC) and elements v1, . . . , vn of SV , we set

ϕ · [E1, . . . , En; v1, . . . , vn] = [(ϕC)∗(E1), . . . , (ϕC)∗(En); ϕ(v1), . . . , ϕ(vn)] .

Using the tensor product pairing (6.5) we define an O(V )×O(W )-equivariant multiplication map

µV,W : ku(V ) ∧ ku(W ) = C (Sym(VC), SV ) ∧ C (Sym(WC), SW )

−→ C (Sym(VC)⊗C Sym(WC), SV ∧ SW )

∼= C (Sym((V ⊕W )C), SV⊕W ) = ku(V ⊕W ) .

The maps µV,W are associative and commutative. A O(V )-equivariant unit map is given by

ιV : SV −→ C (Sym(VC), SV ) = ku(V ) , v 7−→ [C·1; v] ,

where C·1 is the homogeneous summand of degree 0 in the symmetric algebra, i.e., the line spanned by the
multiplicative unit.

The space ku0 = C (C ·1, S0) consists of all subspaces of Sym(0) = C ·1, so it has two points, the
basepoint 0 and the point C ·1. The unit map ι0 : S0 −→ ku0 is thus an isomorphism; the unitality
condition for the maps µn,0 and µ0,n holds. This structure makes ku into a commutative orthogonal ring
spectrum.

Example 6.13. The dimension homomorphism is a homomorphism of ultra-commutative ring spectra

dim : ku −→ HZ ,

from connective global K-theory to the Eilenberg-Mac Lane spectrum of the integers (in the sense of Con-
struction 3.21). The value of this homomorphism at an inner product space V is the map

dim(V ) : ku(V ) = C (Sym(VC), SV ) −→ Z[SV ] = HZ(V )

[E1, . . . , En; v1, . . . , vn] 7−→
n∑
i=1

dim(Ei) · vi ,

i.e., a configuration of vector spaces is mapped to the configurations of its dimensions. The map is multi-
plicative because dimension is multiplicative on tensor products.

Now we will justify that for every finite group G the associated orthogonal G-spectrum represents
connective G-equivariant topological K-theory. Every linear isometric embedding u : U −→ Ū of complex
inner product spaces induces a morphism of Γ-space C (u) : C (U) −→ C (Ū) by applying u elementwise to
a tuple of orthogonal subspaces. So if a compact Lie group G acts on U by linear isometries (for example
if U is a G-universe), then the Γ-space C (U) inherits a G-action, so it becomes a Γ-G-space.

Proposition 6.14. let G be a compact Lie group. For every G-equivariant linear isometric embedding
u : U −→ Ū between complete complex G-universes and every based G-space K the map

C (u,K) : C (U ,K) −→ C (Ū ,K)

is a G-homotopy equivalence.
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Proof. We start with the special case where Ū = U . The space of G-equivariant linear isometric
embeddings from U to itself is contractible. A homotopy from u to the identity then induces a G-homotopy
from C (u,K) to the identity of the G-space C (U ,K). In the general case we choose a G-equivariant linear
isometric embedding v : Ū −→ U in the opposite direction. By the previous paragraph the two G-maps

C (vu,K) : C (U ,K) −→ C (U ,K) and C (uv,K) : C (Ū ,K) −→ C (Ū ,K)

are G-homotopic to the respective identity maps. �

If F is any Γ-space and S a finite set, then we define the map

PS : F (S+) −→ map(S, F (1+))

by

PS(x)(s) = F (ps)(x) ,

where ps : S+ −→ 1+ sends s to 1 and all other elements of S+ to the basepoint. The map PS is natural
for bijections in S; so whenever a group G acts on S, then PS is G-equivariant.

Definition 6.15. Let G be a finite group. A Γ-G-space F is special if for every finite G-set S the map

PS : C (U , S+) −→ map(S,C (U , 1+))

is a G-weak equivalence.

Theorem 6.16. Let G be a finite group. Then for every complete complex G-universe U the Γ-G-space
C (U) is special.

Proof. For all subgroupsH ofG the underlyingH-universe of a completeG-universe is again complete,
so it suffices to show that for every finite G-set S and every the map

(6.17) (PS)G : C (U , S+)G −→ mapG(S,C (U , 1+))

is a weak equivalence. We may assume that S = {1, . . . ,m} with some action of G, which is then specified by
a continuous homomorphism α : G −→ Σm. The G-fixed points above are the the same as the fixed points
of the graph subgroup of α with respect to the (G × Σm)-action on C (U ,m+) and map(m+,C (U , 1+)) =
C (U , 1+)m. In other word, it suffices to show that the map

Pm : C (U ,m+) −→ C (U , 1+)m

is an F(G; Σm)-weak equivalence, where F(G; Σm) is the family of graph subgroups of (G× Σm).
We define a morphism of (G× Σm)-spaces

λm : C (U , 1+)m −→ C (Cm ⊗ U ,m+) ;

here the Σm-action on the target is diagonally, from the permutation action on m+ and on the tensor
factor Cm. The map λm sends a tuple (V1, . . . , Vm) of finite dimensional subspace of U to the tuple

(e1 ⊗ V1, . . . , em ⊗ Vm)

of pairwise orthogonal subspaces of Cm ⊗ U , where (e1, . . . , em) is the canonical basis of Cm.
Now we consider the two composites λm ◦ Pm and P ′m ◦ λm, where P ′m is the map Pm for the universe

Cm ⊗ U (as opposed to U):

C (U ,m+)
Pm

//

'
))

C (U , 1+)m
λm //

'

55
C (Cm ⊗ U ,m+)

P ′m // C (Cm ⊗ U , 1+)m
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We start by investigating the composite λm ◦Pm : C (U ,m+) −→ C (Cm⊗U ,m+). For 1 ≤ i ≤ m, we define
a 1-parameter family of unit vectors

ui : [0, 1] −→ Cm by ui(t) = t · ei +

√
1− t2
n− 1

·
∑
j 6=i

ei ,

where ei = (0, . . . , 0, 1, 0, . . . , 0) is the i-th vector of the standard basis of Cm. This provides a homotopy

H : C (U ,m+)× [0, 1] −→ C (Cm ⊗ U ,m+)

by

H(V1, . . . , Vm; t) = (u1(t)⊗ V1, . . . , um(t)⊗ Vm) .

We emphasize that because (V1, . . . , Vm) are pairwise orthogonal in U , theH(V1, . . . , Vm; t) is indeed another
tuple of pairwise orthogonal subspaces, now in Cm ⊗ U . We have

u1(1/
√
n) = . . . = um(1/

√
n) =

1√
n
· (1, . . . , 1)

and

H(V1, . . . , Vm; 1) = (e1 ⊗ V1, . . . , em ⊗ Vm) = (λm ◦ Pm)(V1, . . . , Vm) .

Moreover, each of the maps H(−, t) is (G × Σm)-equivariant, so the composite λm ◦ Pm : C (U ,m+) −→
C (Cm ⊗ U ,m+) is (G×Σm)-equivariantly homotopic to the morphism C (j,m+), where j : U −→ Cm ⊗ U
is the (G× Σm)-equivariant linear isometric embedding given by

j(v) =
1√
n
· (1, . . . , 1)⊗ v .

Now we let α : H −→ Σm be a continuous homomorphism defined on a closed subgroup H of G. Since U
is a complete complex G-universe, both U and α∗(Cm)⊗U are complete complex H-universes, and j is an
H-equivariant linear isometric embedding

j : resGH(U) −→ α∗(Cm)⊗ resGH(U) .

Interpreted in this way, the map C (j,m+)H . is a homotopy equivalence by Proposition 6.14. This shows
that the morphism C (j,m+) is an F(G; Σm)-weak equivalence, hence so is the morphism λm ◦ Pm.

Now we show that the composite P ′m ◦ λm is an F(G; Σm)-weak equivalence. We let α : G −→ Σm
be a continuous homomorphism, and let Γ = {(g, α(k)) | g ∈ G} ≤ G × Σm be the graph of α. We let
a1, . . . , ak ∈ {1, . . . ,m} be a set of representatives of the orbits of the G-action on {1, . . . ,m} through α.
We let Hi ≤ G be the stabilizer group of ai. Then projection to the factors indexed by a1, . . . , ak provides
homeomorphisms

(C (U , 1+)m)Γ =

k∏
j=1

C (U , 1+)Hi and (C (Cm ⊗ U , 1+)m)Γ =

k∏
j=1

C (Cm ⊗ U , 1+)Γi ,

where Γi = (Hi × Σm) ∩ Γ is the graph of the restriction of α to Hi. Under these identifications, the
morphism P ′m ◦ λm becomes the product, for i = 1, . . . , k of the morphisms

(6.18) (C (U , 1+))Hi −→ C (Cm ⊗ U , 1+)Γi = C (α∗(Cm)⊗ U , 1+)Hi

induced by the Hi-equivariant linear isometric embeddings

U −→ α∗(Cm)⊗ U , v 7−→ eai ⊗ v .
Since U is a complete complex G-universe, both U and α∗(Cm)⊗U are complete complex Hi-universes. So
the map (6.18) is a homotopy equivalence by Proposition 6.14.

The F(G; Σm)-weak equivalences satisfy the 2-out-of-6 property; since λm ◦ Pm and P ′m ◦ λm are
F(G; Σm)-weak equivalences, so is the morphism Pm : C (U ,m+) −→ C (U , 1+)m. �
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The orthogonal spectrum ku is trying to be a ‘positive global Ω-spectrum’. However, the global
Ω-spectrum condition on the adjoint structure maps only hold in certain situations. For every finite
group G the underlying orthogonal G-spectrum ku〈G〉 has the G-stable homotopy type of the connec-
tive G-equivariant complex K-theory spectrum.

Definition 6.19. Let G be a compact Lie group. An orthogonal G-representation is ample if the
complexified symmetric algebra Sym(V ) is a complete complex G-universe.

Remark 6.20. The author does not know a good characterization of ample G-representations, i.e.,
those G-representations V such that the symmetric algebra Sym(VC) of the complexification is a complete
complex G-universe; a necessary condition is clearly that V is non-zero and G acts faithfully on V .

A class of representations that qualify in this context are non-empty faithful permutation representa-
tions. Indeed, we let A be a faithful finite G-set, which means in particular that the group G is finite, and
we let RA denote the associated permutation representation. Then (RA)C = CA is the complex permu-
tation representation and its symmetric algebra Sym(CA) is also a complex permutation representation,
namely of the infinite G-set NA = map(A,N) of functions from A to N. Since G acts faithfully on A,
every injective map A −→ N generates a free G-orbit in the G-set NA. Since A is non-empty, there are
infinitely many injections from A to N with pairwise disjoint images, and these generate infinitely many
distinct free G-orbits in NA. So Sym(CA) = C[NA] contains infinitely many copies of the complex regular
G-representation, and is thus a complete G-universe.

Theorem 6.21. Let G be a finite group and V an ample orthogonal G-representation. Then for every
complex G-representation W the adjoint structure map

σ̃V,W : ku(V ) −→ map(SW ,ku(V ⊕W ))

is a G-weak equivalence.

Proof. The adjoint structure map σ̃V,W factors as the composite

C (Sym(VC), SV )
C (Sym(iC),SV )−−−−−−−−−−→ C (Sym((V ⊕W )C), SV )

α̃−−→ map(SW ,C (Sym((V ⊕W )C), SV⊕W )) ;

here i : V −→ V ⊕W is the inclusion of the first summand and α̃ is the adjoint of the assembly map for the
Γ-G-space C (Sym((V ⊕W )C)). By the hypothesis on V the map Sym(iC) : Sym(VC) −→ Sym((V ⊕W )C)
is an equivariant linear isometric embedding between complete complex G-universes. So the first map
is a G-homotopy equivalence by Proposition 6.14. Since C (Sym((V ⊕W )C)) is a special Γ-G-space (see
Theorem 6.16), the second map is a G-weak equivalence by Shimakawa’s theorem [132, Thm. B]. We are
using here without proof here that C (Sym((V ⊕W )C), SV⊕W ) (which is a categorical coend) is G-weakly
equivalent to the bar construction used by Shimakawa (which is the corresponding homotopy coend). In
the context of Γ-G-spaces of simplicial sets (as opposed to topological spaces), the analogous comparison
can be found in [109, Lemma 5.3]. �

Construction 6.22. We define a morphism of orthogonal spaces

(6.23) c : GrC −→ Ω•(ku) .

The value at an inner product space V is the continuous map

c(V ) : GrC(V ) −→ map(SV ,ku(V )) = (Ω•ku)(V )

that sends a complex subspace L ⊂ VC to the continuous based map

[−;L] : SV −→ C (Sym(VC), SV ) = ku(V ) , v 7−→ [L; v] .

It will be useful to also define a delooping of the morphism c, namely a morphism of orthogonal spaces

(6.24) eig : U −→ Ω•(sku) ,
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where U is the ultra-commutative monoid of unitary groups (compare Example II.4.2), and sku is essentially
a shift of ku. More precisely, sku is defined in level V as

(6.25) sku(V ) = C (Sym(VC), SR⊕V ) .

The only difference between sku and the shift sh ku as defined in (1.29) of Chapter III is that we take
configurations of subspaces in Sym(VC), as opposed to Sym((R ⊕ V )C), The name ‘eig’ refers to the fact
that the morphism records the eigenspace decomposition of a unitary isomorphism. The definition uses the
homeomorphism

h : U(1) ∼= S1 , h(λ) = i · λ+ 1

λ− 1
,

the inverse of the ‘Cayley transform’. Every unitary automorphism of a finite dimensional hermitian inner
product space is diagonalizable with eigenvalues in U(1) and pairwise orthogonal eigenspaces. So given an
inner product space V we define

eig(V ) : U(V ) = U(VC) −→ map(SV , sku(V )) = (Ω•(sku)) (V )

by
eig(V )(A)(v) = [E(λ1), . . . , E(λn); (h(λ1), v), . . . , (h(λn), v)] .

Here λ1, . . . λn ∈ U(1) are the eigenvalues of A and E(λi) is the eigenspace of λi. Strictly speaking, E(λi)
is a subspace of VC, which we identify with the linear summand of Sym(VC).

Theorem 6.26. The morphism
eig : U −→ Ω•(sku)

is a Fin-global equivalence of orthogonal spaces.

Proof. We let Ū denote the orthogonal space with

Ū(V ) = U(Sym(VC)) .

The structure map induced by ϕ : V −→ W is given by extending by the identity on the orthogonal
complement of Sym(ϕC) : Sym(VC) −→ Sym(WC). The eigenspace decomposition map then factors as the
composite

U −→ Ū
ēig−−−→ Ω•(sku) ,

where ēig is defined in the same way as eig, recording the set of eigenvalues and eigenspaces. Since Ū(V )

is the colimit, along closed embeddings, of the spaces U(Sym[n](VC)), the morphism U −→ Ū is a global
equivalence of orthogonal spaces by Proposition I.1.14 and Proposition I.1.12 (vii). We may thus show that
the morphism

Ū
ēig−−−→ Ω•(sku)

is a Fin-global equivalence. We show the stronger statement that for every finite group G and every ample
G-representation V the map

ēig(V ) : U(Sym(VC)) = Ū(V ) −→ (Ω•(sku))(V ) = map(SV ,C (Sym(VC), SR⊕V ))

is a G-weak equivalence. Indeed, the map ēig(V ) factors as the composite

U(Sym(VC))
∼=−−→ C (Sym(VC), S1)

∼−−→ map(SV ,C (Sym(VC), SV⊕R)) .

The first map is the eigenspace decomposition, hence a homeomorphism. The second map is adjoint to the
assembly map

C (Sym(VC), S1) ∧ SV −→ C (Sym(VC), SR⊕V )

of the Γ-G-space C (Sym(VC)). Since V is ample, Sym(VC) is a complete complex G-universe, and so
C (Sym(VC)) is a special Γ-G-space by Theorem 6.16. So the adjoint assembly map is a G-weak equivalence
by Shimakawa’s theorem [132, Thm. B]. �
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Now we make precise in which way the eigenspace morphism deloops the morphism c. In Construc-
tion II.6.37 we defined a morphism of ultra-commutative monoids

β : GrC −→ ΩU

that is a global group completion by Theorem II.6.38. We define a global equivalence of orthogonal spectra

ω : ku −→ Ω(sku)

in level V as the map

C (Sym(VC), SV ) −→ map(S1,C (Sym(VC), SR⊕V ))

adjoint to the assembly map

S1 ∧ C (Sym(VC), SV ) −→ C (Sym(VC), SR⊕V ) .

[show global equivalence] The delooping property then means that following square of orthogonal spaces
commutes:

(6.27)

GrC

i

��

β

��

c // Ω•ku

Ω•ω'
��

ΩU

��

Ω′ eig

// Ω (Ω•(sku))

'
��

BUP
β

// Ω sh⊗U
Ω sh⊗ eig

// Ω sh⊗ (Ω•(sku))

To verify the commutativity of the square we let V be any inner product space and L ∈ GrC(V ) any
complex subspace of VC. Then

(Ω eig)(β(L))(t)(v) = eig(β(L)(t))(v)

= eig(exp(t · pL))(v)

= [L; (h(exp(t)), v)]

= (c(V )(L))(h(exp(t)), v)

= (Ω•ω)(c(V )(L))(t)(v)

where pL is the orthogonal projection of VC onto L.

A corollary of Theorem 6.26 is thus that ku is a globally connective Fin-global delooping of BUP: of
the two morphisms of orthogonal spaces

BUP
(Ω sh⊗ eig)◦β−−−−−−−−→ Ω sh⊗(Ω•(sku))

'←−− Ω•ku

the left one is a Fin-global equivalence, and the right one is a global equivalence.

We draw some more consequences of Theorem 6.26. We let G be a compact Lie group and B a compact
G-space. We introduce a ring homomorphism

〈−〉 : KG(B) −→ ku0
G(B+)

from the equivariant K-group of B to the equivariant ku-cohomology of B. Given a complex G-vector
bundle ξ : E −→ B, we can choose an orthogonal G-representation V and a classifying G-map

j : B −→ GrC(VC) = GrC(V )
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such that ξ is isomorphic to the pullback of the tautological G-vector bundle along j. Then 〈ξ〉 ∈ ku0
G(B+)

is the homotopy class of the based G-map

(6.28) B+ ∧ SV −→ C (Sym(VC), SV ) = ku(V ) , b ∧ v 7−→ [j(b); v] ,

where VC is identified with the linear summand in the symmetric algebra Sym(VC). The equivariant stable
homotopy class of the above map only depends on the isomorphism class of the bundle ξ. We denote the
induced map by

(6.29) [−] : VectG(B) −→ ku0
G(B+) .

Theorem 6.30. For every compact Lie group G and every finite G-CW-complex B the map [−] is
additive, hence it extends unique to a homomorphism

(6.31) 〈−〉 : KG(B) −→ ku0
G(B+)

from the G-equivariant K-group of B. This extension is a ring homomorphism, natural for G-maps in B,
and an isomorphism if all stabilizer groups of B are finite.

Proof. We consider the commutative square of abelian monoids obtained by applying [B,−]G to the
square of orthogonal spaces (6.27):

VectG(B) ∼=
//

[−]

,,
[B,GrC]G

β∗

��

c∗
// [B,Ω•ku]G

(Ω•ω)∗∼=
��

[B,ΩU]G
(Ω eig)∗

∼= // [B,Ω (Ω•(sku))]G

The composite of the two upper horizontal maps is the map [−] in question. In the diagram, the map β∗
is additive because β is a homomorphism of ultra-commutative monoids. The map (Ω eig)∗ is a monoid

homomorphism because it arises from a loop map. So the composite of [−] with (Ω•λ̃)∗ is additive. However,

λ̃ is a global equivalence of orthogonal spectra, so the induced map (Ω•λ̃)∗ is an isomorphism of abelian
groups. So the map [−] must be additive as well. This shows that [−] extends uniquely to a homomorphism
on the Grothendieck group KG(B).

Naturality in G-maps is straightforward. For a G-map ψ : B′ −→ B, the composite

j′ = j ◦ ψ : B′ −→ GrC(V )

classifies the pullback bundle ψ∗(ξ) : B′ ×B E −→ B′. With this choice the class that represents [ψ∗(ξ)] is
the composite

B′+ ∧ SV
ψ+∧SV−−−−−−→ B+ ∧ SV

[j(−);−]−−−−−→ ku(V ) ,

where the second map is the representative for [ξ]. So

[ψ∗(ξ)] = ψ∗[ξ] .

This shows that the two homomorphisms

ψ∗ ◦ 〈−〉 , 〈−〉 ◦ ψ∗ : KG(B) −→ ku0
G(B′)

agree after restriction to VectG(B). So they must agree in general by the universal property of the
Grothendieck construction.

Now we show that the extension (6.31) is a ring homomorphism. The multiplicative unit of KG(B)
is the class of the trivial 1-dimensional line bundle. This bundle is pulled back from the one point G-
space, so by naturality it suffices to consider the case B = ∗ [is this really enough?]. We let C denote the
trivial 1-dimensional G-representation and show that 〈C〉 = 1 in the group πG0 (ku). By naturality for the
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restriction along the homomorphism G −→ e it suffices to show the case G = e of the trivial group. Then
the elements 1 and 〈C〉 are represented by the two maps

ηC , [C;−] : SR −→ ku(R) = C (Sym(C), SR)

that send x to [i0(C);x] respectively [i1(C2);x], where

i0, i1 : C −→ Sym(C2)

are two different embeddings as the constant respectively the linear part of the symmetric algebra. Since
the images of the i0 and i1 are orthogonal, they are homotopic, through linear isometric embeddings
C −→ Sym(C) (by the complex analog of Lemma I.6.6). If {Ht}t∈[0,1] is such a homotopy between the
linear isometric embeddings, then x 7→ [Ht(C);x] is a homotopy between ηC and [C;−].

Now we consider a second G-vector bundle η : F −→ B, and we show that

[ξ] · [η] = [ξ ⊗ η]

in the group ku0
G(B). We choose an embedding

j′ : F −→ WC ×B

of G-vector bundles over B. [...] We let V and W be two G-representations and show that then

〈V 〉 × 〈W 〉 = 〈V ⊗W 〉

in the group πG0 (ku). The class 〈V 〉 × 〈W 〉 is represented by the G-map

[V ;−]× [W ;−] : SV+W −→ ku(V ⊕W ) .

The stabilization

[V ;−]× [W ;−] � (V ⊗W ) : SV+W+V⊗W −→ ku(V ⊕W ⊕ V ⊗W ) .

by V ⊗W is then another representative for 〈V 〉× 〈W 〉. On the other hand, 〈V ⊗W 〉 is represented by the
G-map

V �W � [V ⊗W ;−] : SV+W+V⊗W −→ ku(V ⊕W ⊕ (V ⊗W )) .

These two maps send an element x ∈ V ⊕W ⊕ (V ⊗W ) to

[i0(V ⊗W ); x] respectively [i1(V ⊗W ); x]

where i0, i1 : V ⊗W −→ Sym((V ⊕W⊕V ⊗W )2) are two differentG-equivariant linear isometric embeddings:
i0 includes V ⊗W via the composite

V ⊗W −→ (V ⊕W )⊗2/Σ2
incl−−→ Sym((V ⊕W )2)

Sym(i2V⊕W )
−−−−−−−−→ Sym((V ⊕W ⊕ (V ⊗W ))2) ,

whereas i1 is the composite

V ⊗W incl−−→ Sym((V ⊗W )2)
Sym(i2V⊗W )
−−−−−−−−→ Sym((V ⊕W ⊕ (V ⊗W ))2) .

The images of i0 and i1 land in the quadratic respectively linear part of the symmetric algebra; so the
images of i0 and i1 are orthogonal. Lemma I.6.6 provides a G-equivariant homotopy it : (V ⊗W ) −→
Sym(V ⊕W ⊕ V ⊗W ), t ∈ [0, 1], from i0 to i1 through linear isometric embeddings. Then

SV+W+V⊗W −→ ku(V ⊕W ⊕ (V ⊗W )) , x 7−→ [it(V ⊗W ); x]

is a G-equivariant based homotopy between the maps [V ;−] · [W ;−] � (V ⊗W ) and V �W � [V ⊗W ;−].
We conclude that the classes 〈V 〉 · 〈W 〉 and 〈V ⊗W 〉 represented by these maps are equal in πG0 (ku).

The lower right map induced by Ωγ is bijective because γ is a Fin-global equivalence and B has only
finite isotropy groups, so it is built from G-cells of orbit type G/H for finite subgroups H of G. �



402 V. ULTRA-COMMUTATIVE RING SPECTRA

We specialize Theorem 6.30 to the case B = ∗, i.e., when the base is a single point. In this case the
bundle projection is no information, G-vector bundles over a point specialize to G-representations, and the
group KG(∗) becomes the representation ring RU(G). On the other hand, ku0

G(S0) specializes to πG0 (ku).
The ring homomorphism

〈−〉 : RU(G) −→ πG0 (ku)

is then determined by its effect on the classes of actual representations; if V is a G-representation, then 〈V 〉
is the homotopy class of the G-map

[VC;−] : SV −→ C (Sym(VC), SV ) = ku(V ) , v 7−→ [VC; v] .

Here, as before, VC is identified with the linear summand in the symmetric algebra Sym(VC).
Both RU(G) and πG0 (ku) have restriction maps, transfers and multiplicative power operations in G,

i.e., they are global power functors in the sense of Definition 1.4. The maps 〈−〉 : RU(G) −→ πG0 (ku)
preserve most of this additional structure, but that is not apparent from what we discussed so far.

Theorem 6.32. For every compact Lie group G, the map

(6.33) 〈−〉 : RU(G) −→ πG0 (ku)

is a ring homomorphism. As G varies over all compact Lie groups, the homomorphisms (6.33) are compatible
with restriction maps, with conjugation, with finite index transfers, and with multiplicative power operations.
Moreover, the map 〈−〉 is an isomorphism whenever the group G is finite.

Proof. The fact that the map is a ring homomorphism and an isomorphism for finite groups is a
special case of Theorem 6.30 for a one-point G-space. The compatibility with restrictions is straightforward
from the definition. [conjugation; finite index transfers]

We let V be a G-representation and m ≥ 1. Then

Pm〈V 〉 = 〈V ⊗m〉

in the group πΣmoG
0 (ku), i.e., the maps (6.33) are compatible with multiplicative power operations. [...fill

in...] �

Remark 6.34. It is a formal consequence of Theorem 6.32 that the maps (6.33) are also compatible
with external multiplication and with norm maps (‘multiplicative transfers’). Indeed, the external product

⊗ : RU(G)×RU(K) −→ RU(G×K)

can be obtained from the internal product as

x⊗ y = p∗G(x)× p∗K(Y ) ,

where pG : G×K −→ G and pK : G×K −→ K are the projections. Similarly, the norm

NG
H : RU(H) −→ RU(G)

is the composite of the power operation Pm with a certain restriction map, where m = [G : H]. Since
the maps 〈−〉 commute with restrictions, internal product and power operations, they also commute with
external products and norms.

Remark 6.35. Segal [131, §2] discusses a ‘smooth transfer’ i! : RU(H) −→ RU(G) where i : H −→ G
is the inclusion of a closed subgroup of a compact Lie group G. One could hope that the maps 〈−〉 :
RU(G) −→ πG0 (ku) take the smooth transfer to the homotopy theoretic transfer

trGH : πH0 (ku) −→ πG0 (ku) .

This (false!) expectation is suggested by the fact that the smooth transfer has all the right formal properties,
and the complex representations rings do form a global power functor.
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� However, contrary to the obvious guess, though, the maps 〈−〉 do not in general transform the smooth
transfer into the homotopy theoretic transfers in π0(ku); a specific example will be discussed below.

In other words, the collection of ring homomorphisms 〈−〉 : RU(G) −→ πG0 (ku) comes very close to being
a morphism of global functors, but it fails to commute with infinite index transfers. For periodic global
K-theory KU, discussed below in Construction 7.6, the two transfers do correspond also for infinite index
inclusions; in other words, π0(KU) is isomorphic, as a global power functor, to the representation ring
global functor, see Theorem 7.17.

To illustrate the issue we discuss a specific example and recall the smooth transfer to G = SU(2) from
its diagonal maximal torus

T =

{(
λ 0
0 λ−1

)
: λ ∈ U(1)

}
.

The representation ring RU(T ) = Z[x, x−1] is a Laurent polynomial ring generated by the class x of
the tautological T -representation on C. The representation ring RU(SU(2)) = Z[s] is a polynomial ring
generated by the class s of the tautological 2-dimensional representation. The restriction map

res
SU(2)
T : RU(SU(2)) −→ RU(T )

identifies RU(SU(2)) with the polynomial subring of RU(T ) generated by res
SU(2)
T (s) = x+ x−1.

We use Segal’s character formula [131, p. 119] to calculate the character of the smooth transfer i!(1) of
the trivial 1-dimensional representation. The normalizer of T in SU(2) is generated by T and the matrix

t =

(
0 1
−1 0

)
. Conjugation by t is the involution of T that interchanges the diagonal entries. So the space

of conjugacy classes

T/NSU(2)T ∼= SU(2)/conj

is the quotient of T by λ ' λ̄. An element λ ∈ T is regular if and only if λ has infinite order. In particular,
a regular λ is different from 1 and −1, and the fixed set of a regular λ is thus Fλ = {T, tT} (independent
of λ). So

χi!(1)(λ) = χ1(λ) + χ1(t−1λt) = 2 .

Since the character is continuous and determines the representation, we have i!(1) = 2.

We claim that in contrast to this relation in RU(SU(2)), the elements tr
SU(2)
T (1) and 2 are linearly

independent (so in particular different) in π
SU(2)
0 (ku). We can detect this through the dimension homo-

morphism dim : ku −→ HZ introduced in Example 6.13. As we discuss in Example 3.26, the elements

tr
SU(2)
T (1) and 2 are linearly independent in π

SU(2)
0 (HZ), so they must also be linearly independent in

π
SU(2)
0 (ku).

Remark 6.36. For finite groups G, the ring homomorphism 〈−〉 : RU(G) −→ πG0 (ku) is an isomor-
phism. It will follow from Theorem 7.17 below that the map 〈−〉 : RU(G) −→ πG0 (ku) is always a split
monomorphism, also when G has positive dimension. On the other hand Remark 6.35 shows that the map

is not always surjective, as the class tr
SU(2)
T (1) in π

SU(2)
0 (ku) is not in the image. In [68], Hausmann and

Ostermayr give a complete calculation of π0(ku) as global functor. The strategy of [68] is to identify the
global homotopy types of the subquotients of the rank filtration (see Construction 6.41 below) and deduce
from it a presentation π0(ku) by generators an relations. The final answer is that π0(ku) is generated as a
global functor by the classes

xn = 〈Cn〉 ∈ π
U(n)
0 (ku) ,

where Cn denotes the tautological U(n)-representation. There are two kinds of relations; on the one hand,
the relations

res
U(n+m)
U(n)×U(m)(xn+m) = p∗(xn) + q∗(xm) ∈ πU(n)×U(m)

0 (ku)
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for all n,m ≥ 1, where p : U(n)× U(m) −→ U(n) and q : U(n)× U(m) −→ U(m) are the two projections.
Theses relations follow from the fact that the maps 〈−〉 are additive and compatible with restrictions. The
other set of relations equates finite index transfers of representations with the corresponding finite index
transfer in homotopy theory.

Construction 6.37 (Complex conjugation on ku). The ultra-commutative ring spectrum ku comes
with an involution by ‘complex conjugation’ that preserves all the structure available. Indeed, for every
real inner product space V the complex symmetric algebra Sym(VC) of the complexification is canonically
O(V )-equivariantly isomorphic to C⊗R SymR(V ), the complexification of the real symmetric algebra of V .
So Sym(VC) comes with an involution ψSym(V ) that is semilinear and preserves the orthogonality relation.
Applying this involution elementwise to tuples of orthogonal subspaces given an involution C (ψSym(V )) :
C (Sym(VC)) −→ C (Sym(VC)) of the Γ-space and hence a homeomorphism

ψ(V ) = C (ψSym(V ), S
V ) : ku(V ) = C (Sym(VC), SV ) −→ C (Sym(VC), SV ) = ku(V )

of order 2. As V varies, the maps ψ(V ) form an automorphism

(6.38) ψ : ku −→ ku

of the ultra-commutative ring spectrum ku. The complex conjugation (6.38) deloops the complex conju-

gation of the orthogonal monoid spaces GrC and U that we discussed in Example II.4.11 and Construc-
tion II.4.2 in the sense of the following commutative diagrams of orthogonal spaces:

GrC

ψ

��

c // Ω•ku

Ω•ψ

��

U

ψ

��

eig // Ω•(sh ku)

Ω•(shψ)

��
GrC

c
// Ω•ku U

eig
// Ω•(sh ku)

Here c is the morphism introduced in (6.23), and eig was defined in (6.24).

Remark 6.39 (Connective real global K-theory). There is a straightforward real analog ko of the
complex connective global K-theory spectrum ku. The value of ko on a real inner product space V is

ko(V ) = CR(Sym(V ), SV ) ,

where now Sym(V ) is the symmetric algebra, over the real numbers, of the real inner product space V , and
CR(Sym(V )) is the Γ-space of tuples of pairwise orthogonal, finite dimensional (real) subspaces of Sym(V ).
As V varies, the spaces ko(V ) again come with the structure of a commutative orthogonal ring spectrum.
There is a morphism of orthogonal spaces

c : Gr −→ Ω•(ko)

define in much the same way as its complex analog (6.23). Derived from this are ring homomorphisms

〈−〉 : KOG(B) −→ ko0
G(B+)

for every compact G-space B, analogous to the homomorphism (6.31) in the complex case. For a one-point
G-space this specializes to a ring homomorphism

〈−〉 : RO(G) −→ πG0 (ko) ,

where RO(G) is the real representation ring of G. The analog of Theorem 6.32 than says that these
homomorphisms are compatible with restriction, finite index transfer and multiplicative power operations,
and an isomorphism for finite groups G. However, in the real situation there is no eigenspace decomposition,
hence no direct analog of the delooping eig : U −→ Ω•(sh ku) of the morphism c. So to prove the real
analog of Theorem 6.30 one has to use a different proof.
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Complexification defines a morphism of ultra-commutative ring spectra

(6.40) c : ko −→ ku .

In more detail: if V is a real inner product space, then a morphism of Γ-spaces

CR(Sym(V )) −→ C (Sym(VC))

is defined by sending a configuration [E1, . . . , En; v1, . . . , vn] to the ‘complexified’ configuration

[(E1)C, . . . , (En)C; v1, . . . , vn] .

Evaluating at the V -sphere gives a continuous, O(V )-equivariant based map

c(V ) : ko(V ) = CR(Sym(V ), SV ) −→ C (Sym(VC), SV ) = ku(V ) .

As V varies, these maps form the morphism (6.40) of ultra-commutative ring spectra. The complexification
of a real subspace of Sym(V ) is invariant under the complex conjugation involution ψSym(V ) of Sym(VC),
so the image of the complexification morphism is invariant under the complex conjugation involution ψ of
ku defined in (6.38),

ψ ◦ c = c : ko −→ ku .

Even more is true: a complex subspace of Sym(VC) is ψ-invariant if and only if it is the complexification
of its real part (the +1 eigenspaces of the restriction of ψSym(V )). This means that ko ‘is’ the ψ-fixed
orthogonal ring subspectrum of ku; more formally, the complexification morphism is an isomorphism

c : ko ∼= kuψ

to the ψ-fixed orthogonal ring subspectrum of ku.

Construction 6.41 (Rank filtrations). The connective global K-theory spectra also come with an
exhaustive multiplicative filtration

ko[1] −→ ko[2] −→ . . . −→ ko[m] −→ . . . −→ ko

respectively

ku[1] −→ ku[2] −→ . . . −→ ku[m] −→ . . . −→ ku

by orthogonal subspectra. The first piece ko[1] and ku[1] are multiplicative models for the global classifying
space of the cyclic group C2 = O(1) respectively the circle group T = U(1). We define define the filtration
for ku, the case of ko being similar.

For m ≥ 0 and U a complex inner product space we define a sub-Γ-space C [m](U) ⊆ C (U) of tuples
of orthogonal vector spaces whose total dimension is at most m. So a tuple (Va)a∈A ∈ C (U , A) belongs to
C [m](U , A) if and only if the sum of the dimensions of the vector spaces Va is at most m. We define an

orthogonal subspectrum ku[m] of ku by

ku[m](V ) = C [m](Sym(VC), SV ) ⊂ C (Sym(VC), SV ) = ku(V ) .

In other words, ku[m](V ) is the subspace of those configurations [E1, . . . , En; v1, . . . , vn] such that
n∑
i=1

dim(Ei) ≤ m .

As V varies, the spaces ku[m](V ) form an orthogonal subspectrum ku[m] of ku.
The dimension function is multiplicative on tensor products, so the multiplication of ku restricts to

associative and unital pairings

ku[m] ∧ ku[n] −→ ku[mn] .

For m = 1 this gives ku[1] the structure of a commutative orthogonal ring spectrum and it gives ku[n] a

module structure over ku[1]. The inclusion ku[1] −→ ku is multiplicative, i.e., a morphism of orthogonal
ring spectra.
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A configuration of points in K labeled by vector spaces of total dimension 1 has to be concentrated on
at most one point. So the map

PC(V )+ ∧ SV = P (Sym(VC))+ ∧ SV −→ C [1](Sym(VC), SV ) = ku[1](V ) , L ∧ v 7−→ [L; v]

is a homeomorphism. As V varies through real inner product spaces, these maps form an isomorphism of
orthogonal ring spectra

Σ∞+ PC ∼= ku[1]

from the unreduced suspension spectrum of the global complex projective space. [ref for PC] Since PC is
a multiplicative model of the global classifying space of the circle group U(1), the ultra-commutative ring

spectrum ku[1] is globally a suspension spectrum of a global classifying space of the circle group. Similarly,

the ultra-commutative ring spectrum ko[1] is globally a suspension spectrum of a global classifying space
of the group C2.

The underlying non-equivariant spectrum of Σ∞+ BglU(1), hence of ku[1], has the stable homotopy type
of the suspension spectrum of CP∞; moreover, on underlying non-equivariant spectra, the morphism

(6.42) ku[1] −→ ku

is a rational stable equivalence. However, the morphism (6.42) is not a rational global equivalence, which
can be seen already on the level of π0 for the group C2. Indeed, by Proposition III.3.13 the homotopy

group global functor π0(Σ∞+ BglU(1)), and hence also the global functor π0(ku[1]), is the represented global

functor A(U(1),−). The inclusion ku[1] −→ ku induces a morphism of global power functors A(U(1),−) ∼=
π0(ku[1]) −→ π0(ku). An element of infinite order in the kernel of the map A(U(1), C2) −→ πC2

0 (ku) is

trC2
e ◦ resTe −z∗ − res

U(1)
C2

∈ A(U(1), C2) ,

where z : U(1) −→ C2 is the trivial homomorphism. This element maps trivially to π0(ku) because the
regular representation of C2 splits as the sum of the 1-dimensional trivial and sign representations.

7. Periodic global K-theory

Our next goal is to define periodic global K-theory, an ultra-commutative ring spectrum KU whose G-
homotopy type realizesG-equivariant periodicK-theory. The model for KU we use is due to M. Joachim [79],
and is made of spaces of homomorphisms of Z/2-graded C∗-algebras, with source the graded C∗-algebra
s = C0(R) of continuous C-valued functions on R that vanish at infinity. Similar constructions of orthog-
onal or symmetric spectra that represent topological K-theory of spaces, and generalizations to K-theory
of C∗-algebras or equivariant C∗-algebras can be found in [78, Sec. 4.1] or [46, Sec. 3.3]. In the Greenlees-
May context of global homotopy theory, it was also observed by Bohmann ([21, Sec. 4.3], [22, Sec. 4]) that
Joachim’s model is ‘global’.

Construction 7.1 (The C∗-algebra s). The construction of the orthogonal spectrum KU is based
on a certain C∗-algebra and on spaces of ∗-homomorphisms out of it. We recall some basic facts. Now
we consider graded C∗-algebras, i.e., C∗-algebras A equipped with a ∗-automorphism α : A −→ A such
that α2 = Id. We can then decompose A into the ±1 eigenspaces of α and obtain a Z/2-grading of the
underlying C-algebra by setting

Aev = {a ∈ A | α(a) = a} and Aodd = {a ∈ A | α(a) = −a} .

The conjugation of A preserves the grading into even and odd parts.
We let s denote the C∗-algebra of complex valued continuous functions on R vanishing at infinity; this

is a Z/2-graded C∗-algebra with involution α : s −→ s defined by

α(f)(t) = f(−t) .
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With respect to this grading, ‘even’ and ‘odd’ have their usual meaning: a function f ∈ s is even (respectively
odd) if and only if f(−t) = f(t) (respectively f(−t) = −f(t)) for all t ∈ R.

Graded ∗-morphisms out of s correspond to special elements in the target C∗-algebra. The continuous
function

r(t) =
2i

t− i
: R −→ C

is an element of s that satisfies

(7.2) rr∗ + r + r∗ = 0 and α(r) = r∗ .

Moreover, s is the universal Z/2-graded C∗-algebra generated by such an element, i.e., the assignment
ϕ 7→ ϕ(r)

C∗gr(s,B) ∼= {x ∈ B : xx∗ + x+ x∗ = 0, α(x) = x∗}
is a bijection for every graded C∗-algebra B. In fact, after adjoining a unit, the relations (7.2) are equivalent
to saying that 1 + r is a unitary element with α(1 + r) = 1 + r∗. Adjoining a unit to the algebra s gives the
unital C∗-algebra C(S1) of continuous functions on S1 = R ∪ {∞}, so the universal property of s follows
from the fact that C(S1) is freely generated, as an ungraded, unital C∗-algebra, by the unitary element 1+r
[ref]. The element r is not homogeneous; its even respectively odd components are given by

r+(t) =
−2

t2 + 1
respectively r−(t) =

2ti

t2 + 1
.

The algebra s has another important piece of extra structure, namely a comultiplication ∆ : s −→ s⊗̂s
in the category of Z/2-graded C∗-algebras. Here, and in what follows, ⊗̂ denotes the minimal tensor product
of graded C∗-algebras, see [70, Def. 1.10]

� While the ungraded C∗-algebra underlying s is commutative, the multiplication of s is not commutative
in the graded sense (because it has non-trivial odd elements). The underlying C∗-algebra of the graded

tensor product s⊗̂s is not commutative anymore. In particular, s⊗̂s does not embed into the algebra of
continuous functions on any space.

The algebra s is also generated by the self-adjoint functions

u(t) = e−t
2

and v(t) = t · e−t
2

,

and the comultiplication is completely determined by the values on these; indeed, there is a unique graded ∗-
homomorphism ∆ : s −→ s⊗̂s that satisfies

∆(u) = u⊗ u respectively ∆(v) = u⊗ v + v ⊗ u ,

see for example Lemma 1.3.1 and Remark 1.3.3 of [70]. This characterization readily implies the cocom-
mutativity and coassociativity of ∆.

We recall that for every C∗-algebra A the set

π0(C∗gr(s,A⊗KC)) = Js,A⊗KCK

has a natural structure of an abelian group. To define the addition, we choose a Z/2-graded linear isometry

j : HC ∼= HC ⊕HC

from the Hilbert space HC to two copies of it. The isometry gives rise to a graded ∗-homomorphism

(A⊗KC)× (A⊗KC) −→ (A⊗KC) , (F,G) 7−→ j−1 ◦ (F ⊕G) ◦ j

[elaborate]. The inverse in this group structure is realized by the involution

A⊗m : A⊗KC −→ A⊗KC ,
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where
m : KC −→ KC , m(F ) = uFu∗

where u is the self-adjoint unitary endomorphism

H j−−→ H⊕H twist−−−→ H⊕H j−1

−−−→ H
of HC.

Construction 7.3 (Clifford algebras). We let V be a euclidean inner product space. We define the
complex Clifford algebra of V as

ClC(V ) = Tensor(VC)/(v ⊗ v − 〈v, v〉 · 1) ,

the quotient of the tensor algebra of the complexification by the ideal generated by the element v⊗v−|v|2 ·1
for all v ∈ V . In other word, Cl(V ) is the complexification of the Clifford algebra Cl(V ) considered in the
definition of the ultra-commutative monoids Pin and Spin in Example II.4.3. [no: only isomorphic, using
i...] The composite

V
1⊗−−−−→ C⊗R V = VC −→ Tensor(VC) −→ ClC(V )

is R-linear and injective, and we will identify elements of V with their images in ClC(V ). The Clifford
algebra construction is functorial for isometries, so ClC(V ) inherits an action of the orthogonal group O(V ).
The Clifford algebra is Z/2-graded, coming from the grading of the tensor algebra by even and odd tensor
powers. Since we have complexify, if would make a serious difference if we instead had divided by the
relations v ⊗ v + 〈v, v〉 · 1. Indeed, the map

V −→ ClC(V ) , v 7−→ i · v
extends to an isomorphism of C-algebras with source Tensor(VC)/(v ⊗ v + 〈v, v〉 · 1).

The Clifford algebra functor sends orthogonal direct sum to graded tensor product, in the following
sense. The R-linear map

V ⊕W −→ ClC(V )⊗ ClC(W ) , (v, w) 7−→ v ⊗ 1 + 1⊗ w
satisfies

(v ⊗ 1 + 1⊗ w)2 = v2 ⊗ 1 + 1⊗ w2 = (|v|2 + |w|2) · 1⊗ 1

because the elements v ⊗ 1 and 1 ⊗ w anti-commute in ClC(V ) ⊗ ClC(W ). The universal property then
provides a unique extension to a morphism of graded C-algebras

(7.4) ClC(V ⊕W ) ∼= ClC(V )⊗ ClC(W ) ,

and this morphism is an isomorphism.
The Clifford algebra is in fact a Z/2-graded O(V )-C∗-algebra. It remains to define the norm on ClC(V ),

which arises from an embedding into the endomorphism of the exterior algebra ΛVC. More precisely, we
use the hermitian inner product on ΛVC characterized by the formula

(v1 ∧ . . . ∧ vn, w1 ∧ . . . ∧ wn) = det((vi, wj)i,j) .

Another way to say this is that if (ei)i=1,...,k is an orthonormal basis of V , then the vectors

ei1 ∧ . . . ∧ ein
form an orthonormal basis of Λ(VC) as the indices run through all tuples with 1 ≤ i1 < · · · < in ≤ k. An
anti-involution (−)∗ : End(Λ(W )) −→ End(Λ(W )) is given by adjoint operator with respect to the inner
product of the previous paragraph, i.e., A∗ is characterized by

(x,A∗y) = (Ax, y)

for all x, y ∈ Λ(W ). Together with the operator norm

|A| = sup{|Ax| : x ∈ Λ(W ), |x| = 1}
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this makes End(Λ(W )) a Z/2-graded C∗-algebra. An algebra monomorphism is given by

δ : ClC(V ) −→ EndC(Λ(VC)) , v 7−→ (v ∧ −) + (v ∧ −)∗ .

We endow ClC(V ) with the norm induced from the operator norm on the endomorphism algebra. [is the
embedding V −→ ClC(V ) isometric?] The ∗-involution

(−)∗ : ClC(V ) −→ ClC(V )

is the unique C-semilinear anti-involution characterized by v∗ = v for all v ∈ V .
A key piece of structure is a continuous based map

(7.5) fc : SV −→ C∗gr(s,ClC(V )) , v 7−→ (−)[v] ,

often referred to as ‘functional calculus’. For v ∈ V the ∗-homomorphism fc(v) is given on homogeneous
elements of s by

f [v] = fc[v](f) =

{
f(|v|) · 1 when f is even, and

f(|v|)/|v| · v when f is odd.

For v = 0 the second formula for odd functions f is to be interpreted as f [0] = 0; this in continuous because
for v 6= 0, the norm of f(|v|)/|v| · v is f(|v|), which tends to f(0) = 0 if v tends to 0.

If the norm of v tends to infinity, then f(|v|) tends to 0, so fc(v) tends to the constant ∗-homomorphism
with value 0, the basepoint of C∗gr(s,ClC(V )) So fc extends to a continuous map on the one-point com-

pactification SV . The functional calculus map is O(V )-equivariant for the O(V )-action on the mapping
space C∗gr(s,ClC(V )) through the action on the target. To see that we consider ϕ ∈ O(V ) and v ∈ V ; then
for an even function f

f [ϕ(v)] = f(|ϕ(v)|) · 1 = f(|v|) · 1 = ClC(ϕ)(f(|v|) · 1) = ClC(ϕ)(f [v]) .

Similarly, for an odd function g we have

g[ϕ(v)] = g(ϕ(|v|))/|ϕ(v)| · ϕ(v) = ClC(ϕ)(g(|v|)/|v| · v) = ClC(ϕ)(g[v]) .

In terms of the homeomorphism

C∗gr(s,ClC(V )) ∼= {x ∈ ClC(V ) | xx∗ + x+ x∗ = 0, α(x) = x∗}
the functional calculus is given by

fc(v) =
2(iv − 1)

|v|2 + 1
.

Construction 7.6 (Periodic global K-theory). We let V be a real inner product space. As we
explained in Proposition 6.7, the symmetric algebra Sym(VC) of the complexification inherits a hermitian
inner product and an action of O(V ) is by C-linear isometries. The inner product space Sym(VC) is usually
infinite dimensional (unless V = 0), but it is not complete. We denote by HV the Hilbert space completion
of Sym(VC). Since the action of O(V ) on Sym(VC) is by linear isometries, it extends to an analogous
action on the completion HV . So HV becomes a complex Hilbert space representation of the orthogonal
group O(V ). We denote by KV the C∗-algebra of compact operators on the Hilbert space HV .

The orthogonal spectrum KU assigns to a euclidean inner product space V the space

KU(V ) = C∗gr(s,ClC(V )⊗KV )

of Z/2-graded ∗-homomorphisms from s to the tensor product, over C, of ClC(V ) and KV . Here we
consider KV as evenly graded, so the grading comes entirely from the grading of the Clifford algebra. The
topology is the topology of pointwise convergence in the operator norm of KV ; the basepoint is the zero
∗-homomorphism.

The continuous, graded, action of the orthogonal group O(V ) by linear isometries of HV induces an
graded action on the algebra KV by conjugation, and together with the action on ClC(V ) it gives an



410 V. ULTRA-COMMUTATIVE RING SPECTRA

O(V )-action on ClC(V ) ⊗ KV by ∗-automorphisms. This induces an O(V )-action on the mapping space
KU(V ).

The multiplication of the spectrum KU starts from the natural, graded, (O(V ) × O(W ))-equivariant
isometric isomorphism

Sym(VC)⊗ Sym(WC) ∼= Sym(VC ⊕WC) ∼= Sym((V ⊕W )C) .

Tensor product of compact operators and conjugation with this isometry are two graded ∗-isomorphisms

KV ⊗̂KW ∼= K(HV ⊗̂HW ) ∼= K(HV⊕W ) = KV⊕W .

[explain the tensor product here] On the other hand, an isomorphism between ClC(V ) ⊗ ClC(W ) and
ClC(V ⊕W ) was specified in (7.4). The multiplication map

µV,W : KU(V ) ∧KU(W ) −→ KU(V ⊕W )

is now defined as the composite

C∗gr(s,ClC(V )⊗KV ) ∧ C∗gr(s,ClC(W )⊗KW )
⊗̂−−→ C∗gr(s⊗̂s, (ClC(V )⊗KV )⊗̂(ClC(W )⊗KW ))

C∗gr(∆,
∼=)

−−−−−−→ C∗gr(s, (ClC(V )⊗ ClC(W ))⊗ (KV ⊗̂KW ))

∼= C∗gr(s,ClC(V ⊕W )⊗KV⊕W ) .

These multiplication maps are associative and commutative.
Next we define O(V )-equivariant continuous based maps

(7.7) j(V ) : ku(V ) = C (Sym(VC), SV ) −→ C∗gr(s,ClC(V )⊗KV ) = KU(V )

that form a morphism of ultra-commutative ring spectra. We consider a configuration

[v1, . . . , vn; E1, . . . , En] ∈ C (Sym(VC), SV )

of pairwise orthogonal, finite dimensional subspaces on SV . The associated ∗-homomorphism

j(V )[v1, . . . , vn; E1, . . . , En] : s −→ ClC(V )⊗KV
is then defined on a function f ∈ C0(R) by

j(V )[v1, . . . , vn; E1, . . . , En](f) =

n∑
i=1

f [vi]⊗ pEi ,

where f [vi] = fc(f)(vi) is the functional calculus (7.5) and pE denotes the orthogonal projection onto a
subspace E. We check that the map j(V ) is O(V )-equivariant:

j(V )(ϕ∗[v1, . . . , vn; E1, . . . , En])(f) = j(V )[ϕ(v1), . . . , ϕ(vn); ϕ(E1), . . . , ϕ(En)](f)

=

n∑
i=1

f [ϕ(vi)]⊗ pϕ(Ei) =

n∑
i=1

ClC(ϕ)(f [vi])⊗ ϕ(pEi)

= ϕ∗

(
n∑
i=1

f [vi]⊗ pEi

)
= ϕ∗(j(V )[v1, . . . , vn; E1, . . . , En])(f) .

The unit map

ηV : SV −→ C∗gr(s,ClC(V )⊗KV ) = KU(V )

is then defined as the composite

SV
ηV−−−→ ku(V )

j(V )−−−−→ KU(V )
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of the unit map for the connective global K-theory spectrum and the map j(V ) just defined. Unraveling
the definitions shows that

(7.8) ηV (v)(f) = f [v]⊗ pC .

For the time being, we omit the verifications needed to show that the maps j(V ) form a morphism of
ultra-commutative ring spectra j : ku −→ KU.

Example 7.9. The inner product space Sym(0) is just the copy of C generated by 1. This is already
complete, so H0 = Sym(0) = C and ClC(0) = K0 = C. The space KU(0) = C∗gr(s,ClC(0) ⊗ H0) is thus
discrete with two points: the zero homomorphism as basepoint and the augmentation

s −→ ClC(0)⊗H0 , f 7−→ f(0)⊗ 1 .

This non-basepoint is a unit for the multiplication maps µV,W .
We can also identify the next space KU(R) as follows. We claim that the map

j(R) : ku(R) −→ KU(R)

is a homotopy equivalence. Indeed, if A is an (ungraded) C∗-algebra, then ∗-homomorphisms from s to A
(in the ungraded sense) biject with graded ∗-homomorphisms from s to to ClC(R)⊗A, via

C∗gr(s,ClC(R)⊗A) ∼= C∗(s,A) , f 7−→ p ◦ f ,

where

p : ClC(R)⊗A −→ A

is the ∗-homomorphism that sends 1⊗ a and e⊗ a to a, with e = [1] ∈ ClC(R). The inverse is given by

C∗(s,A) ∼= C∗gr(s,ClC(R)⊗A) , f 7−→ f̄

where

f̄(λ) = p⊗ f(λ) + q ⊗ f(λ̄) .

Here

p = (1 + e)/2 and q = (1− e)/2
are the two self-adjoint orthogonal idempotents of ClC(R).

The composite

S1 fc−−→ C∗gr(s,ClC(R))
p◦−−−→∼= C∗(s,C)

sends t ∈ S1 to evaluation at t, or equivalently,

p(f [t]) = f(t)

for all functions f in s = C0(R). This implies that the following square commutes:

C (Sym(C), S1) = ku(R)
j(R) //

∼=
��

KU(R) = C∗gr(s,ClC(R)⊗KR)

∼=
��

colimn C
∗(s,EndC(Sym[n])) // C∗(s,KR)

Here the lower horizontal map is induced by the ∗-homomorphisms EndC(Sym[n]) −→ KR that extend
an endomorphism by zero on the orthogonal complement, and the left vertical map sends a configuration
[E1, . . . , En; t1, . . . , tn] to the ∗-homomorphism

f 7−→
n∑
i=1

f(ti) · pEi .
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The two vertical maps are homeomorphisms (compare Remark 6.2) and the lower horizontal map is a
homotopy equivalence by [129, Prop. 1.2] or [73, Prop. 4.6] (or rather its complex analog). So the map j(R)
is a homotopy equivalence.

Remark 7.10 (Homeomorphism type of KU(V )). Up to isomorphism, there are only three different
graded C∗-algebras of the form ClC(V ) ⊗ KV , and only three different homeomorphism types of spaces
KU(V ).

The case V = 0 is degenerate in that HV = Sym(V ) = C; so in this case ClC(V ) ⊗ KV ∼= C, and the
space KU(0) has only two points, the zero ∗-homomorphism (the basepoint) and the augmentation s −→ C
sending a function f ∈ s to f(0).

For the rest of this remark we consider a non-zero inner product space V . Then

HV and Λ∗(C)⊗HV⊕uC
are two graded Hilbert spaces whose even and odd summands are infinite dimensional and separable, so they
are isometrically isomorphic as graded Hilbert spaces. Conjugation with a graded isometric isomorphism
induces an isomorphism of graded C∗-algebras

KV = K(HV ) ∼= K(Λ∗(C)⊗HV⊕C) ∼= EndC(Λ∗(C2))⊗KV⊕uC ∼= ClC(uC)⊗KV⊕uC .
This in turn induces an isomorphism of C∗-algebras

ClC(V )⊗KV ∼= ClC(V )⊗ ClC(uC)⊗KV⊕uC ∼= ClC(V ⊕ uC)⊗KV⊕uC .

Applying C∗gr(s,−) provides a homeomorphism

KU(V ) = C∗gr(s,ClC(V )⊗KV ) ∼= C∗gr(s,ClC(V ⊕ uC)⊗KV⊕uC) = KU(V ⊕ uC) .

So KU is either homeomorphic to KU(R) or to KU(R2), depending on whether the dimension of V is odd
or even, a reflection of Bott periodicity. Of course, these identifications don’t yet contain any equivariant
information because they do not pay attention to actions of the isometry groups of the inner product spaces.

The space KU(R), and hence all the spaces of KU in odd dimensions, is homotopy equivalent to the
infinite unitary groups by Example 7.9. The space

KU(R2) = C∗gr(s,ClC(R2)⊗KR2) ∼= C∗gr(s,M(2× 2,K))

ought to be homotopy equivalent to Z×BU [???].

Remark 7.11. We have defined KU(V ) in a slightly different way, compared to the presentation of
Joachim [79]. We use the Hilbert space completion of Sym(VC), instead of the Hilbert space L2(V ) of
C-valued square integrable functions on V . These two Hilbert spaces are naturally isomorphic, as follows.
We use the inner product on V to identify it with its dual space V ∗, and hence the symmetric algebra
Sym(VC) with Sym(V ∗C ). Elements of Sym(V ∗C ) are complex valued polynomial functions on V . We make
them square integrable by multiplying with the rapidly decaying function v 7→ exp(−〈v, v〉). This provides
an O(V )-equivariant linear isometric embedding

Sym(V ∗C ) −→ L2(V ) , f 7−→ f · exp(−〈−,−〉)
with dense image. Altogether this exhibits L2(V ) as a Hilbert space completion of Sym(VC).

The analysis of the global homotopy type of KU depends on the operator theoretic formulation of
equivariant Bott periodicity that we now recall. We let G be a compact Lie group and V an orthogonal
G-representation. We denote by

C (V ) = C0(V,ClC(V ))

the G-C∗-algebra of continuous ClC(V )-valued functions on V that vanish at infinity. Functional calculus
provides a distinguished graded ∗-homomorphism

βV : s −→ C (V ) , βV (f)(v) = f [v] .
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Since the functional calculus map is G-equivariant, the ∗-homomorphism βV is a G-fixed point of C (V ).
We let HG be any complete G-Hilbert space universe, i.e., a Hilbert G-representation that is isometri-

cally isomorphic to the completion of a complete unitary G–universe. We let KG be the G-C∗-algebra of
(not necessarily equivariant) compact operators on HG, with G acting by conjugation.

Theorem 7.12 (Equivariant Bott periodicity). Let G be a compact Lie group and V an orthogonal
G-representation. Then for every graded G-C∗-algebra A, the map

− · βV : C∗gr(s,A⊗KG) −→ C∗gr(s,A⊗KG ⊗ C (V ))

is a G-weak equivalence.

When G = e is a trivial group, KG reduces to the C∗-algebra of compact operators on a separable
Hilbert space, and then this formulation of Bott periodicity can be found in [70, Thm. 1.14]. Unfortunately,
we are lacking a reference in the generality of compact Lie groups. If one specializes [69, Sec. 3, Thm. 5] to
finite dimensional representations of finite groups, one obtains a formulation very close to (but not exactly
the same as) Theorem 7.12. Since the unit maps ηV : SV −→ KU is essentially the functional calculus
map, a direct consequence of the formulation equivariant Bott periodicity in Theorem 7.12 implies that
KU is ‘eventually’ a global Ω-spectrum.

We recall from Definition 6.19 that an orthogonal G-representation is ample if the complexified sym-
metric algebra Sym(V ) is a complete complex G-universe.

Theorem 7.13. For every ample orthogonal G-representation V and every G-representation W , the
map

σ̃V,W : KU(V ) −→ map(SW ,KU(V ⊕W ))

is a G-weak equivalence.

Proof. We contemplate the following diagram:

πn((C∗gr(s,ClC(V )⊗KV ))G)
∼= //

−∧SW

��

(σ̃GV,W )∗

��

Js, (C0(Sn)⊗ ClC(V )⊗KV )GK

∼= −·βW

��

πn(mapG(SW , C∗gr(s,ClC(V )⊗KV ) ∧ SW ))

(−×fc)∗

��
πn(mapG(SW , C∗gr(s,ClC(V )⊗KV ⊗ ClC(W ))))

∼=
��

∼=
// Js, (C0(Sn)⊗ ClC(V )⊗KV ⊗ C0(W,ClC(W )))GK

∼=
��

πn(mapG(SW , C∗gr(s,ClC(V ⊕W )⊗KV⊕W ))) ∼=
// Js, (C0(Sn)⊗ C0(SW )⊗ ClC(V ⊕W )⊗KV⊕W )GK

The horizontal maps are the adjunction bijections [ref]. The functional calculus map SW −→ C∗gr(s,ClC(W ))
is just the adjoint form of the Bott map βW ; so the upper part of the diagram commutes. The unit map
ηW : SW −→ KU(W ) is the composite of the functional calculus map and the map induced by the
∗-homomorphism −⊗ pC : ClC(W ) −→ ClC(W )⊗KW , so the diagram commutes altogether.

Since V is ample, HV is a Hilbert G-universe. Bott periodicity for the G-C∗-algebra A = C0(Sn) ⊗
ClC(V ) (Theorem 7.12) shows that the upper right vertical map is bijective. So the left vertical composite
is bijective as well. The map (σ̃V,W )G thus induces isomorphisms of homotopy groups based at the distin-
guished basepoint. Since V is ample, it is in particular non-zero, so source and target of σ̃GV,W are grouplike

H-spaces. So σ̃GV,W is a weak equivalence. �



414 V. ULTRA-COMMUTATIVE RING SPECTRA

The orthogonal spectrum sku was defined in (6.25), and is essentially a shift of the connective global
K-theory ku. We now introduce the periodic analog: we define an orthogonal spectrum sKU at an inner
product space V by

(sKU)(V ) = C∗gr(s,ClC(R⊕ V )⊗KV ) .

The O(V )-action and structure maps are defined in much the same way as for KU. The spectrum sKU
is essentially a shift of KU; the only difference between sKU and the shift sh KU as defined in (1.29) of
Chapter III is that we take compact operators in the Hilbert space HV , as opposed to HR⊕V . We define a
morphism of orthogonal spectra

sj : sku −→ sKU

in an analogous fashion to the morphism j : ku −→ KU in (7.7).

Theorem 7.14. The composite

U
eig−−−→ Ω•(sku)

Ω•sj−−−→ Ω•(sKU)

is a global equivalence of orthogonal spaces.

Proof. As in the proof of Theorem 6.26 we let Ū denote the orthogonal space with

Ū(V ) = U(Sym(VC)) ,

and we factor the eigenspace decomposition morphism as the composite

U −→ Ū
ēig−−−→ Ω•(sku) ,

where the first morphism U −→ Ū is a global equivalence of orthogonal spaces.
We claim that composite

Ū
ēig−−−→ Ω•(sku)

Ω•sj−−−→ Ω•(sKU)

is an ‘eventually strong level equivalence’. More precisely, we show that for every ample G-representation V
the map

U(Sym(VC)) = Ū(V ) −→ (Ω•(sKU))(V ) = map(SV , C∗gr(s,ClC(R⊕ V )⊗KV ))

is a G-weak equivalence. This map factors through the G-equivariant map

U(Sym(VC)) ∼= C (Sym(VC), U(1)) −→ Ĉ (HV , S1) ∼= C∗(s,KV ) ∼= C∗gr(s,ClC(R)⊗KV ) .

Here Ĉ (HV , S1) is the space of configurations, not necessarily finite, of pairwise orthogonal subspaces ofHV ,
that are allowed to accumulate around ∞. This map ought to be a G-equivariant homotopy equivalence,
because the maps and homotopies of [129, Prop. 1.2] or [73, Prop. 4.6] (or rather its complex analog) are
equivariant. [expand]

By the operator theoretic equivariant Bott periodicity theorem (Theorem 7.12), multiplication by the
graded ∗-homomorphism βV : s −→ C (V ) is a G-weak equivalence

− · βV : C∗gr(s,ClC(R)⊗KV ) −→ C∗gr(s,ClC(R)⊗KV ⊗ C (V ))

We use here that ClC(R) ⊗ KV is a KG because the G-representation V is ample. The target is G-
equivariantly homeomorphic to

C∗gr(s,ClC(R)⊗KV ⊗ C (V )) ∼= C∗gr(s,ClC(V ⊕ R)⊗KV ⊗ C0(V ))

∼= map(SV , C∗gr(s,ClC(V ⊕ R)⊗KV )) = map(SV , sKU(V )) . �

We emphasize that in contrast to Theorem 6.26, the composite in Theorem 7.14 is a global equivalence
for all compact Lie groups (as opposed to only a Fin-global equivalence). Another key difference is that
the spectrum ku is globally connective; in contrast, we will see in Theorem 7.26 below that KU is Bott
periodic, so applying Ω• is losing a substantial amount of information.
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Remark 7.15 (KU globally deloops BUP). A corollary of the previous proposition is that KU globally

deloops the orthogonal space BUP. Indeed, the morphism i : GrC −→ BUP defined in Example II.5.9 (or
rather its complex analog) is a group completion by the unitary analog of Theorem II.6.33. The morphism

β : GrC −→ ΩU is another global group completion by Theorem II.6.38. Since global group completions
satisfy a universal property, they are unique up to preferred isomorphism in the homotopy category of
ultra-commutative monoids. So the two ultra-commutative monoids BUP and ΩU are globally equivalent.
Combining all this yields a chain of global equivalences of orthogonal space

BUP ' ΩU ' Ω(Ω•(sKU)) ' Ω•KU .

We spell out another corollary of Theorem 7.14. We recall that KG(B) denotes the Grothendieck group
of isomorphism classes of G-vector bundles over a compact G-space B. A ring homomorphism 〈−〉 from
this Grothendieck group to the equivariant cohomology group kuG(B+) was defined in Theorem 6.30.

Corollary 7.16. For every compact Lie group G and every finite G-CW-complex B the composite

KG(B)
〈−〉−−−→ kuG(B+)

j∗−−→ KUG(B+)

is an isomorphism.

Proof. We contemplate the commutative diagram of orthogonal spaces:

GrC

β

��

c // Ω•ku

Ω•ω'
��

Ω•j

'
// Ω•KU

Ω•ω'
��

ΩU
Ω eig

// Ω (Ω•(sku))
Ω(Ω•sj)

' // Ω(Ω•(sKU))

The morphism (Ω•sj) ◦ eig is a global equivalence by Theorem 7.14 [expand], so the lower horizontal
composite in the above diagram is also a global equivalence. The right vertical morphism is a global
equivalence by Proposition III.1.31. In the commutative square of abelian monoids

[B,GrC]G

β∗

��

((Ω•j)◦c)∗ // [B,Ω•KU]G

(Ω•ω)∗∼=
��

KUG(B)

[B,ΩU]G
((ΩΩ•sj)◦(Ω eig))∗

∼= // [B,ΩΩ•(sKU)]G

the lower horizontal and right vertical maps are thus isomorphisms. The group KG(B) is the group

completion of the abelian monoid [B,GrC]G and the map

β̃∗ : KG(B) −→ [B,ΩU]G

induced by β∗ is an isomorphism since β : GrC −→ ΩU is a global group completion. So we obtain a
commutative square of abelian groups and homomorphisms:

KG(B)

β̃∗ ∼=
��

j∗◦〈−〉 // KUG(B)

(Ω•ω)∗∼=
��

[B,ΩU]G
((ΩΩ•sj)◦(Ω eig))∗

∼= // [B,ΩΩ•(sKU)]G

Since the other three homomorphisms are isomorphisms, this proves the claim. �
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The special case B = ∗, a one-point G-space, of the previous corollary is worth spelling out explicitly.
In this case the group KG(∗) becomes the unitary representation ring RU(G) and KUG(∗) becomes the
0-th equivariant homotopy group πG0 (KU). So the corollary specializes to:

Theorem 7.17. As G ranges of all compact Lie groups, the composite maps

RU(G)
〈−〉−−→ πG0 (ku)

πG0 (j)−−−−→ πG0 (KU)

form an isomorphism of global power functors between RU and π0(KU).

Proof. By Corollary 7.16 for B = ∗ the composite is an isomorphism for every compact Lie group G.
The second maps are induced by a homomorphism j : ku −→ KU of ultra-commutative ring spectra, so
they form a morphism of global power functors.

The maps 〈−〉 : RU(G) −→ πG0 (ku) are ring homomorphisms, compatible with restriction homomor-
phisms, with finite index transfers and multiplicative power operations by Theorem 6.32. There is still
something to show, though, because the maps 〈−〉 are definitely not compatible with general transfers (i.e.,
of infinite index). So an additional argument is needed to see that the composite does commute with all
transfers.

We consider a closed subgroup H of a compact Lie group G, not necessarily of finite index, and want
to show that

(7.18) trGH〈x〉 = 〈trGH(x)〉

in πG0 (KU) for all classes x ∈ RU(H). Since representations are detected by characters, two classes in
RU(G) are equal already if their restrictions to all abelian closed subgroups of G coincide. Since the
composite maps RU(G) −→ πG0 (KU) are all isomorphisms and compatible with restriction, the analogous
property holds for the global functor π0(KU). So it suffices to show that the relation (7.18) holds after
restriction to any abelian closed subgroup A of G. The double coset formula

resGA ◦ trGH =
∑
[M ]

χ](M) · trAA∩gH ◦c∗g ◦ resHAg∩H

holds for RU by [139, Thm. 2.4], and it holds in the homotopy global functor of every orthogonal spectrum.
Since A is abelian, all its subgroups either have finite index or infinite Weyl group in A. Transfers from
subgroups with infinite Weyl groups are zero, so after dropping those terms, the right hand side of the
double coset formula only contains finite index transfers. Since the maps from RU(G) to πG0 (KU) under
consideration do commute with finite index transfers, they commute with the right hand side of the double
coset formula, hence also with the left hand side. �

Remark 7.19. In Construction 6.41 we discussed the rank filtration of the connective global K-theory

spectrum ku, and we identified the first stage ku[1] with the suspension spectrum of the ultra-commutative
monoid PC. On π0, the morphisms of ultra-commutative ring spectra

Σ∞+ PC ∼= ku[1] −→ ku −→ KU

induce morphisms of global power functors. Since PC is a global classifying space of the circle group U(1),
the global functor π0(Σ∞+ PC) is representable by U(1), by Proposition III.3.13. On the other hand, π0(KU)
is isomorphic to the representation ring global functor KU, by Theorem 7.17. Under these identifications,
the composite morphism Σ∞+ PC −→ KU of ultra-commutative ring spectra becomes the morphism

A(U(1),−) −→ KU

that sends the generator IdU(1) ∈ A(U(1), U(1)) to the class of the tautological U(1)-representation on C.
As we recall in Remark 3.12, this morphism is surjective, and ‘explicit Brauer induction’ provides a specific
section.
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Our next aim is to establish ‘equivariant Bott periodicity’ for the global K-theory spectrum KU. We
formulate this by defining, for every unitary G-representation W , explicit classes

βG,W ∈ ku0
G(SW ) and λG,W ∈ KUG

0 (SW )

that become multiplicative inverses to each other in the ring πG0 (KU), compare Theorem 7.26. We call
βG,W the Bott class and λG,W the inverse Bott class of W . We emphasize that the Bott classes already
‘live’ in the connective theory ku, but they only become invertible in the periodic theory KU. The Bott
classes are multiplicative and compatible with power operations, i.e.,

βG,W · βG,W ′ = βG,W⊕W ′ and NG
H (βH,V ) = βG,indGH V ;

in the second relation, V is any unitary representation of a finite index subgroup H of G.

Construction 7.20. We let W be a hermitian inner product space, i.e., a finite dimensional complex
vector space equipped with a hermitian inner product. The construction of the Bott and inverse Bott classes
depend heavily on a certain canonical isomorphism between ClC(uW ), the complexified Clifford algebra of
the underlying euclidean vector space of W , and EndC(Λ∗(W )), the endomorphism algebra of the exterior
algebra of W . We recall this isomorphism now.

The underlying R-vector space uW then has a euclidean inner product defined by

〈w,w′〉 = Re(w,w′) ,

the real part of the complex inner product. For w ∈W we let

dw : Λ∗(W ) −→ Λ∗(W ) , dw(x) = w ∧ x

denote left exterior multiplication by w. We let d∗w : Λ∗(W ) −→ Λ∗(W ) denote the adjoint of dw, charac-
terized by

〈x, d∗w(y)〉 = 〈dw(x), y〉 = 〈w ∧ x, y〉
for all x, y ∈ Λ∗(W ). Exterior multiplication by w takes Λn(W ) to Λn+1(W ), so its adjoint takes Λn+1(W )
to Λn(W ). So

δw = dw − d∗w ,

is an odd operator on the exterior algebra. It is straightforward to check that

δw ◦ δw = −|w|2 · Id ;

so the universal property of the Clifford algebra provides a unique homomorphism of Z/2-graded R-algebras

Cl(uW ) −→ EndC(Λ∗(W ))

sending w ∈W to δw. This map is not C-linear (because d∗λw = (λ ·dw)∗ = λ̄ ·d∗w is generally different from
λ · d∗w), but it extends to a homomorphism

(7.21) ClC(uW ) = C⊗R Cl(uW ) ∼= EndC(Λ∗(W ))

of Z/2-graded C-algebras. This homomorphism is in fact an isomorphism. In particular, this homomorphism
makes the exterior algebra Λ∗(W ) into a Z/2-graded ClC(uW )-module.

Construction 7.22 (Bott classes). We letG be a compact Lie group andW a unitaryG-representation.
We recall the definition of the Bott class as given, for example, in [80, III p.44]. The Bott class arises first
as an element in the relative equivariant K-group KG(D(W ), S(W )) of the unit disc relative to the unit
sphere of W ; elements in this group are equivalence classes of triples (E0, E1, ψ) where E0 and E1 are
two G-vector bundles over the unit disc D(W ) (necessarily trivial) and α : (E0)|S(W )

∼= (E1)|S(W ) is an
isomorphism between the restrictions of the two bundles to the unit sphere. The Bott class is then the
element

βG,W = [D(W )× Λev(W ), D(W )× Λodd(W ), α] ∈ KG(D(W ), S(W )) ,
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where the equivariant bundle isomorphism α is given by the Clifford action of Construction 7.20:

α : S(W )× Λev(W ) −→ S(W )× Λodd(W ) , (w, x) 7−→ (w, δw(x)) .

Equivariant Bott periodicity [8, Thm. 4.3] says that for every compact G-space X and every unitary G-
representation W , exterior product with the Bott class is an isomorphism

−× βG,W : KG(B) −→ KG(B ×D(W ), B × S(W )) .

To represent the Bott class in ku0
G(SW ) we interpret the Clifford action as a clutching function for a

vector bundle. We define a G-vector bundle ξ(W ) over SW by gluing the trivial bundle with fiber Λev(W )

over D(W ) with the trivial bundle with fiber Λodd(W ) over SW − D̊(W ) using the map

S(W ) −→ LC(Λev(W ),Λodd(W )) , w 7−→ δw .

The map
[−] : VectG(SW ) −→ ku0

G(SW+ )

defined in (6.29) turns the vector bundle into an unreduced equivariant ku-cohomology class. By construc-
tion, the fiber of ξ(W ) over the basepoint at infinity is the G-representation Λodd(W ). So by subtracting
the class of the trivial vector bundle with fiber Λodd(W ) we obtained a reduced equivariant ku-cohomology
class, the Bott class

βG,W = 〈ξ(W )〉 − 〈SW × Λodd(W )〉 ∈ ku0
G(SW )

of the unitary G-representations W .

Proposition 7.23. The Bott classes βG,W have the following properties.

(i) For every isomorphism ϕ : W −→W ′ of unitary G-representations, the induced isomorphism (Sϕ)∗ :

ku0
G(SW

′
) −→ ku0

G(SW ) takes the class βG,W ′ to the class βG,W .

(ii) The Bott class βG,0 of the trivial 0-dimensional G-representation is the unit element 1 ∈ ku0
G(S0)

(iii) For every continuous homomorphism α : K −→ G of compact Lie groups the relation

α∗(βG,W ) = βK,α∗W

holds in ku0
K(Sα

∗(W )).
(iv) For all unitary G-representations W and all unitary K-representations W ′ the relation

βG,W × βK,W ′ = βG×K,W⊕W ′ holds in ku0
G×K(SW⊕W

′
) .

Proof. �

The naturality (iii) and the external product formula (iv) of the previous proposition together imply
an ‘internal’ product formula by restriction along the diagonal homomorphism ∆ : G −→ G × G: for all
unitary G-representations W and W ′ the relation

βG,W · βG,W ′ = βG,W⊕W ′

holds in ku0
G(SW⊕W

′
).

Construction 7.24 (Inverse Bott classes). We let W be a unitary G-representation. We denote by
qW ∈ ClC(uW ) the self-adjoint idempotent in ClC(uW ) that corresponds under the isomorphism (7.21)

ClC(uW ) ∼= EndC(Λ∗(W ))

to the projection onto the constant subspace C = Λ0(W ) in Λ∗(W ). Moreover, we denote by pC ∈ KuW
the orthogonal projection onto the subspace C · 1 in HuW = Ŝym((uW )C). Then the element

qW ⊗ pC ∈ ClC(uW )⊗KuW .

is an even self-adjoint idempotent, so the map

s −→ ClC(uW )⊗KuW , f 7−→ f(0) · qW ⊗ pC
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is a Z/2-graded ∗-homomorphism. This ∗-homomorphism is a G-fixed point in

C∗gr(s,ClC(uW )⊗KuW ) = KU(uW ) .

We define the inverse Bott class

λG,W ∈ KUG
0 (SW )

as the equivariant homotopy class defined by this G-fixed point.

Proposition 7.25. The inverse Bott classes λG,W have the following properties.

(i) For every isomorphism ϕ : W −→W ′ of unitary G-representations, the induced isomorphism (Sϕ)∗ :

KU0
G(SW

′
) −→ KU0

G(SW ) takes the class λG,W ′ to the class λG,W .
(ii) The inverse Bott class λG,0 of the trivial 0-dimensional G-representation is the unit element 1 ∈

KU0
G(S0)

(iii) For every continuous homomorphism α : K −→ G of compact Lie groups the relation

α∗(λG,W ) = λK,α∗W

holds in KU0
K(Sα

∗(W )).
(iv) For all unitary G-representations W and all unitary K-representations W ′ the relation

λG,W × λK,W ′ = λG×K,W⊕W ′ holds in KU0
G×K(SW⊕W

′
) .

Proof. �

Now we come to the key relation between the Bott and inverse Bott classes, which also explains the
terminology. In Construction 7.6 we defined a homomorphism of ultra-commutative ring spectra j : ku −→
KU. The next theorem shows that the image of the Bott class under the induced homomorphism

j∗ : ku0
G(SW ) −→ KU0

G(SW )

is invertible in the periodic K-theory spectrum KU, and that the inverse Bott class is its inverse (whence
the name). The product of βG,W and λG,W is to be interpreted in the ‘RO(G)-graded’ sense, which we
realize via the Kronecker pairing:

〈−,−〉 : KU0
G(SW )×KUG

0 (SW ) −→ πG0 (KU)

The pairing sends a pair

([f : SU⊕W −→ KU(U)], g : SV −→ KU(V ) ∧ SW ]) ∈ KU0
G(SW )×KUG

0 (SW )

of equivariant (co-)homology classes to the class represented by the composite

SU⊕V⊕W ∼= SU⊕W⊕V
f∧g−−→ KU(U) ∧KU(V ) ∧ SW

µU,V ∧SW−−−−−−→ KU(U ⊕ V ) ∧ SW σU⊕V,W−−−−−→ KU(U ⊕ V ⊕W ) .

Theorem 7.26. For every compact Lie group G and every unitary G-representation W the relation

〈j∗(βG,W ), λG,W 〉 = 1

holds in πG0 (KU).

Proof. We proceed in sequence of steps.
Step 1: We denote by C(1) the tautological unitary U(1)-representation on C by scalar multiplication.

We let a ∈ SU(1)
0 (SC(1)) denote the class represented by the fixed point inclusion

i : S0 −→ SC .
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We use the same symbol to denote the image of a in ku
U(1)
0 (SC(1)) and in KU

U(1)
0 (SC(1)) under the unit

morphism S −→ ku respectively S −→ KU. We claim that the relation

(7.27) λU(1),C · (〈C(1)〉 − 1) = a

holds in π
U(1)
0 (KU).

The class a sends the non-basepoint 0 to the ∗-homomorphism

s −→ ClC(uC(1))⊗KuC(1) , f 7−→ f [0]⊗ pC = f(0) · 1⊗ pC .

This is the same as the composite

s
ε−−→ C −→ ClC(uC)⊗KuC

where the second map is given by the orthogonal idempotent 1⊗ pC. Under ClC(uC(1)) ∼= EndC(Λ∗(C(1)))
the unit 1 corresponds to the identity, which is the sum of the projections to the exterior powers. Since the
even powers are even and the odd powers are odd, the claim follows.

Step 2: We prove the claim for the tautological unitary U(1)-representation C(1). Step 1 then shows
that

a · 〈j∗(βU(1),C(1)), λU(1),C(1)〉 = 〈a · j∗(βU(1),C(1)), λU(1),C(1)〉
= 〈j∗(a · βU(1),C(1)), λU(1),C(1)〉
= 〈〈C(1)〉 − 1, λU(1),C(1)〉 = (〈C(1)〉 − 1) · λU(1),C(1) = a .

In other words, the desired relation holds after multiplication by the class a ∈ KU
U(1)
0 (SC(1)).

The cofiber sequence of based U(1)-spaces

S(C(1))+ −→ S0 i−−→ SC(1) −→ S1 ∧ S(C(1))+

induces a long exact sequence in U(1)-equivariant KU-homology. The Wirthmüller isomorphism (see
Theorem III.2.15) shows that

KU
U(1)
0 (S(C(1))+) ∼= KU

U(1)
0 (U(1)+) ∼= KUe

0(S1) = 0.

[justify the vanishing...] So the map

i∗ : π
U(1)
0 (KU) = KU

U(1)
0 (S0) −→ KU

U(1)
0 (SC(1))

is injective. Since this map equals multiplication by the class a, this proved the claim.
Step 3: We prove the claim for the tautological unitary U(n)-representation on Cn. We let Tn denote

the diagonal maximal torus inside U(n). Step 2 and the multiplicativity properties of Bott classes, inverse
Bott classes and the Kronecker pairing give

res
U(n)
Tn 〈j∗(βU(n),Cn), λU(n),Cn〉 = 〈j∗(βTn,Cn), λTn,Cn〉

= 〈j∗(βU(1),C(1))× · · · × j∗(βU(1),C(1)), λU(1),C(1) × · · · × λU(1),C(1)〉
= 〈j∗(βU(1),C(1)), λU(1),C(1)〉 × · · · × 〈j∗(βU(1),C(1)), λU(1),C(1)〉 = 1 .

In other words, the desired relation holds after restriction to the maximal torus. The horizontal maps in
the commutative square

RU(U(n))
j∗◦〈−〉//

res
U(n)
Tn

��

π
U(n)
0 (KU)

res
U(n)
Tn

��
RU(Tn)

j∗◦〈−〉
// πT

n

0 (KU)



7. PERIODIC GLOBAL K-THEORY 421

are isomorphisms by Theorem 7.17. Representations of connected compact Lie groups are detected on a
maximal torus, i.e., the left vertical map is injective. So the right vertical map is injective, which shows
that 〈j∗(βU(n),Cn), λU(n),Cn〉 = 1.

Step 4: A naturality argument now proves the claim in general. Indeed, for every unitary G-
representation W there is a continuous homomorphism α : G −→ U(n) and an isomorphism ϕ : W ∼=
α∗(Cn). Thus

〈j∗(βG,W ), λG,W 〉 = 〈j∗(βG,α∗(Cn)), λG,α∗(Cn)〉
= 〈j∗(α∗(βU(n),Cn)), α∗(λU(n),Cn)〉
= α∗〈j∗(βU(n),Cn), λU(n),Cn〉 = α∗(1) = 1 ,

using step 3 and various naturality properties of the Kronecker pairing. �

Example 7.28. Our language allows a reformulation of the generalization, due to Adams, Haeberly,
Jackowski and May [1], of the Atiyah-Segal completion theorem: the global K-theory spectrum KU is right
induced from the global family cyc of finite cyclic groups.

If G is a compact Lie group then a virtual G-representation that restricts to zero on every finite
cyclic subgroup is already zero. In other words, the intersection of the kernels of all restriction maps
resGC : R(G) −→ R(C) for all finite cyclic subgroups C of G, is trivial. Then by [1, Cor. 2.1], the projection
A× E(cyc ∩G) −→ A induces an isomorphism

K∗G(A) ∼= K∗G(A× E(cyc ∩G))

on equivariant K-groups for every finite G-CW-complex A, where E(cyc ∩ G) is a universal G-space for
the family of finite cyclic subgroups of G. The Milnor short exact sequence lets us extend this to infinite
G-CW-complexes, so the criterion provided by Proposition IV.4.24 for being right induced from the global
family cyc is satisfied.

Construction 7.29 (Global connective K-theory). Now we define global connective K-theory kuc, an
ultra-commutative ring spectrum whose associated G-homotopy type, for compact Lie groups G, is that
of G-equivariant connective K-theory in the sense of Greenlees [63]. This is not a connective equivariant
theory, i.e., the equivariant homotopy groups πGk (kuc) do not generally vanish in negative dimensions, as
soon as the group G is non-trivial. Hence the order of the adjectives ‘global’ and ‘connective’ matters,
i.e., ’global connective’ K-theory is different from ‘connective global’ K-theory. Two of the key advantages
of kuc over ku are that kuc is equivariantly (and in fact globally) orientable, and that kuc satisfies a
completion theorem in the sense that for every compact Lie group G, the completion of the graded ring
πG∗ (kuc) at the augmentation ideal is the connective ku-cohomology of the classifying space BG. [ref; is
this true for compact Lie groups?]

Our construction of kuc is a direct ‘globalization’ of Greenlees’ definition in [63, Def. 3.1]. We define kuc

as the homotopy pullback in the square of ultra-commutative ring spectra

(7.30)

kuc //

��

b(ku)

bj

��
KU

iKU

// b(KU)

Here KU is periodic global K-theory (see Construction 7.6), and the Borel theory functor b and the natural
transformation i : Id −→ b were defined in Section III.7. So more explicitly, we set

kuc = KU×b(KU) b(KU)[0,1] ×b(KU) b(ku) .

As a homotopy pullback, the square (7.30) does not commute, but the construction comes with a preferred
homotopy between the two composites around the square.



422 V. ULTRA-COMMUTATIVE RING SPECTRA

Since the spectra KU, b(KU) and b(ku) are ultra-commutative ring spectra and the two morphisms
iKU : KU −→ b(KU) and bj : b(ku) −→ b(KU) are homomorphisms, the homotopy pullback is canonically
an ultra-commutative ring spectrum and the two morphisms from kuc to KU and b(ku) are morphisms of
ultra-commutative ring spectra.

Naturality of the morphism iku : ku −→ b(ku) provides a morphism of ultra-commutative ring spectra

ku −→ kuc

from connective global K-theory to global connective K-theory. For finite groups, this morphisms induces
an isomorphism on homotopy global functors in non-negative dimensions. The construction of kuc endows
it with a ring spectrum homomorphism kuc −→ KU.

The composite

dimc : kuc −→ b(ku)
b(dim)−−−−→ b(HZ)

is a morphism of ultra-commutative ring spectra, where HZ is the Eilenberg-Mac Lane spectrum of the
integers (see Construction 3.21) and the dimension homomorphism dim : ku −→ HZ was defined in
Example 6.13. We claim that there is a global homotopy cofiber sequence

(7.31) S2 ∧ kuc
β−−→ kuc

dimc

−−−→ b(HZ) .

Indeed, the sequence

S2 ∧ ku
β−−→ ku

dim−−→ HZ
is a non-equivariant homotopy fiber sequence; the Borel theory functor b takes this non-equivariant homo-
topy fiber sequence to the global homotopy fiber sequence

S2 ∧ b̃(ku)
b(β)−−→ b(ku)

b(dim)−−−−→ b(HZ) .

Since the spectra KU and b(KU) are Bott periodic, the two sequences

S2 ∧ b(KU)
b(β)−−→ b(KU) −→ ∗

and

S2 ∧KU
β−−→ KU −→ ∗

are global homotopy fiber sequences. Passing to homotopy pullbacks gives the desired global homotopy
fiber sequence (7.31).

The global homotopy cofiber sequence (7.31) and the isomorphism

πGn (b(HZ)) ∼= H−n(BG,Z)

of Proposition III.7.3 (iii) give rise to a long exact sequence of global functors

· · · −→ πn+1(b(HZ))
∂−−→ πn(kuc)

β·−−→ πn(kuc)
dimc
∗−−−−→ πn(b(HZ)) −→ · · · .

This way Greenlees calculates some of the homotopy group global functors of equivariant connective K-
theory in [63, Prop. 2.6].

We review Greenlees’ calculations in our language. The group H−k(BG,Z) vanishes for k > 0. So
multiplication by the Bott class

β · − : πk−2(kuc) −→ πk(kuc)

is an isomorphism for k > 0 and a monomorphism for k = 0. In particular, we conclude that

πk(kuc) ∼=

{
RU for k ≥ 0 and k even, and

0 for k ≥ −1 and k odd.



7. PERIODIC GLOBAL K-THEORY 423

The global functor G 7→ πG0 (b(HZ)) = H0(BG,Z) is constant with value Z and the morphism dimc
∗ :

π0(kuc) −→ π0(b(HZ)) is isomorphic to the augmentation morphism dim : RU −→ Z of global functors.
This is an epimorphism, so the sequence of global functors

0 −→ π−2(kuc)
β·−−→ π0(kuc)

dimc
∗−−−−→ π0(b(HZ)) −→ 0

is short exact and
π−2(kuc) ∼= JU = ker(dim : RU −→ Z)

is the augmentation ideal global functor. Again since the map dimc
∗ : π0(kuc) −→ π0(b(HZ)) surjective,

the global functor π−3(kuc) injects into π−1(kuc) which is trivial by the above. So we conclude that also

π−3(kuc) = 0 .

The group πG−1(b(HZ)) ∼= H1(BG,Z) is isomorphic to Hom(π1(BG),Z) by the universal coefficient theorem;
since G is compact, the group π1(BG) ∼= π0(G) is finite, and so H1(BG,Z) vanishes for all compact Lie
groups G; so the global functor π−1(b(HZ)) vanishes. The long exact sequence splits off an exact sequence
of global functors

(7.32) 0 −→ π−4(kuc)
β·−−→ π−2(kuc)

dimc
∗−−−−→ π−2(b(HZ))

∂−−→ π−5(kuc) −→ 0 .

The square

πG−2(kuc)

∼=
��

dimc
∗ // πG−2(b(HZ))

∼=
��

JU(G)
c1◦det

// H2(BG,Z)

commutes, where the lower horizontal map sends a virtual representation [V ] − [V ′] of dimension zero to
the first Chern class of the determinant line bundle det(V )⊗ det(V ′)−1 [show]. Every class in H2(BG,Z)
is the Chern class of a line bundle induced by a 1-dimensional representation V of G. The class of [V ]− 1
in JU(G) then hits the given cohomology class. So the map c1 ◦ det : JU(G) −→ H2(BG,Z), and hence
the map dimc

∗ : πG−2(kuc) −→ πG−2(b(HZ)) is surjective. The exact sequence (7.32) above then shows that

π−4(kuc) ∼= JSU(G) = {x ∈ JU(G) | det(x) = 0}
and that π−5(kuc) = 0. The next piece below in the long exact sequence is:

0 −→ π−3(b(HZ))
∂−−→ π−6(kuc)

β·−−→ π−4(kuc)
dimc
∗−−−−→ π−4(b(HZ))

∂−−→ π−7(kuc) −→ 0

Using the already established isomorphism, this translates into an exact sequence

0 −→ H2(BG,Z)
∂−−→ πG−6(kuc) −→ JSU(G)

dimc
∗−−−−→ H4(BG,Z)

∂−−→ πG−7(kuc) −→ 0

The group H2(BG,Z) classifies central extensions of the Lie group G by the circle group U(1). [what is
the map JSU(G) −→ H4(BG,Z)?] This shows that the global functor π−6(kuc) can have additive torsion
and π−7(kuc) may be non-zero. In fact, the global functor πk(kuc) is supposedly non-zero for every integer
k ≤ −6. After this point things become less explicit.





APPENDIX A

Miscellaneous tools

1. Compactly generated spaces

In this section we recall some background material about compactly generated spaces, our basic category
to work in.

Compactly generated [name?] spaces were introduced [where ??]; they are also called ‘k-spaces’ or
‘Kelley spaces’ [ref to Kelley’s 1955 book]. Compactly generated Hausdorff spaces were popularized by
Steenrod in his paper [140] as a ‘convenient category of spaces’. The weak Hausdorff condition first appears
in print in McCord’s paper [102], who credits the idea to J. C. Moore. McCord also was the first to use the
terminology ‘compactly generated spaces’ for weak Hausdorff k-spaces. The fact that much of the recent
literature in equivariant and stable homotopy theory uses compactly generated spaces can be taken as
evidence that the weak Hausdorff condition is even more convenient than the actual Hausdorff separation
property.

Let us fix some terminology. A topological space is compact if it is quasi-compact (i.e., every open cover
has a finite subcover) and satisfies the Hausdorff separation property (i.e., every pair of distinct points can
be separated by disjoint open subsets).

Definition 1.1. Let X be a topological space.

• A subset A of X is compactly closed if for every compact space K and every continuous map
f : K −→ X, the inverse image f−1(A) is closed in K.

• X is a k-space if every compactly closed subset is closed.
• X is weak Hausdorff if for every compact space K and every continuous map f : K −→ X the

image f(K) is closed in X.
• X is a compactly generated space if it is a k-space and weak Hausdorff.

It is straightforward from the definition that every quotient space of a k-space is again a k-space.
Similarly, every subspace of a weak Hausdorff space is automatically weak Hausdorff.

We denote by Spc the category of topological spaces and continuous maps, by K its full subcategory
of k-spaces and by T the full subcategory of Spc and K of compactly generated spaces. We collect some
immediate observations. If K is compact and f : K −→ X continuous, then the image f(K) is always
quasi-compact; if X is Hausdorff, then any quasi-compact subset such as f(K) is closed. In other words,
Hausdorff spaces are also weak Hausdorff spaces. Any point of any space is the continuous image of a
compact space. So in weak Hausdorff spaces, all points and thus all finite subsets are closed. If X is weak
Hausdorff, K compact and f : K −→ X continuous, then the image f(K) is compact in the subspace
topology [102, Lemma 2.1].

Every closed subset is also compactly closed. One can similarly define compactly open subsets of X
by demanding that for every compact space K and every continuous map f : K −→ X, the inverse image
is open in K. A subset is then compactly open if and only if its complement is compactly closed. Thus
k-spaces can equivalently be defined by the property that all compactly open subsets are open.

All compact spaces are compactly generated. More generally, every locally compact Hausdorff space
is compactly generated [146, Prop. 1.7] [also in Lewis?]. If X is a k-space (respectively weak Hausdorff,

425
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respectively compactly generated) and K is compact, then the X ×K with the product topology is also a
k-space (respectively weak Hausdorff, respectively compactly generated). [check; ref or proof]

If X is any topological space we let kX be the space which has the same underlying set as X, but such
that the open subsets of kX are the compactly open subsets of X. This indeed defines a topology which
makes kX into a k-space and such that the identity Id : kX −→ X is continuous. Part (i) of the next
proposition is a fancy way of saying that any continuous map Y −→ X whose source Y is a k-space is also
continuous when viewed as a map to kX. If X is weak Hausdorff, then so is kX.

It follows formally from the existence of the left adjoint that the category K of k-spaces has small limits
and colimits. Colimits can be calculated in the ambient category of all topological spaces; equivalently, any
colimits of k-spaces is again a k-space. To construct limits, we can first take a limit in the ambient category
of all topological spaces; this ‘ambient limit’ need not be a k-space, but applying the functor k : Spc −→ K
yields a limit in K. Since k does not change the underlying set, the categories K and Spc share the property
that the forgetful functor to sets preserves all limits and colimits. More loosely speaking, the underlying
set of a limit or colimit in K is what one first thinks of.

There is a useful criterion, due to McCord [102, Prop. 2.3], for when a k-space X is weak Hausdorff
(and hence compactly generated): a k-space X is weak Hausdorff if and only if the diagonal subset in X×X
is closed in the k-topology (i.e., compactly closed in the usual product topology).

Now we consider a k-space X and a continuous map f : X −→ Y to a compactly generated space. The
equivalence relation

E = {(x, x′) ∈ X ×X | f(x) = f(x′)}
is the preimage of the diagonal under the continuous map

f ×k f : X ×k X −→ Y ×k Y .

Since the diagonal is closed in Y ×k Y , the equivalence relation E is closed in X ×k X.

Proposition 1.2. Let X be a k-space and E ⊂ X×X an equivalence relation. Then the quotient space
X/E is compactly generated if and only if E is closed in the k-topology of X ×k X.

Proof. Any quotient space of a k-space is automatically a k-space. The relation E can be recovered
as the relation associated to the quotient map p : X −→ X/E. So if X/E is weak Hausdorff, then E is
closed in X ×k X be the remark preceding this proposition.

Conversely, suppose that E is closed in X ×k X. Since X and X/E are k-spaces, the map

p×k p : X ×k X −→ (X/E)×k (X/E)

is again a quotient map (i.e., the target has the quotient topology) by [102, Prop. 2.2]. Since

E = (p×k p)−1(∆X/E)

is closed by hypothesis, ∆X/E is closed in (X/E)×k (X/E). So X/E is weak Hausdorff. �

This suggests how to construct a ‘maximal compactly generated quotient’ of a k-space:

Proposition 1.3. Let X be a k-space. Let Emin be the intersection of all equivalence relations on X
that are closed in the k-topology of X ×k X. Then X/Emin with the quotient topology is a compactly
generated space and the quotient map X −→ X/Emin is the initial example of a continuous map from X to
a compactly generated space.

Proof. The intersection Emin is again an equivalence relation, and the quotient space X/Emin is a
coequalizer, hence a colimit, so it is again a k-space. Moreover, Emin is closed in X ×kX as an intersection
of closed subsets, so the quotient topology is also weak Hausdorff by Proposition 1.2.

If Y is compactly generated and f : X −→ Y continuous, then by the remark immediately preceding
the proposition the equivalence relation E = {(x, x′) | f(x) = f(x′)} is closed, so Emin ⊆ E. So f factors
uniquely over a continuous map from X/Emin, by the universal property of the quotient space. �
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The previous proposition implies that the assignment

X 7−→ X/Emin = w(X)

extends canonically to a functor

w : K −→ T

that is left adjoint to the inclusion of compactly generated spaces into K-spaces. Moreover, if X is already
compactly generated, then the diagonal is closed in X×kX; every equivalence relation contains the diagonal,
so Emin = ∆X whenever X is compactly generated. In this situation the quotient map

X −→ X/Emin = w(X)

is a homeomorphism, and we will pretend in the following that w(X) = X for compactly generated spaces.
If X is a compactly generated space and Y a locally compact Hausdorff space, then the usual product

topology makes X×Y into a k-space [146, Prop. 2.6], which is thus the product in the category of k-spaces.
So the categorical product in T with a locally compact Hausdorff space is given by the usual product
topology.

It follows formally from the existence of the left adjoint w : T −→ K to the inclusion that the category
T of compactly generated spaces has small limits and colimits. Limits can be calculated in the category K
of k-spaces as explained in the previous paragraph. To construct a colimit of a diagram in T, we can first
take a colimit in the category K of k-spaces (or equivalently in Spc); while a k-space, this colimit need not
be weak Hausdorff, but applying the functor w : K −→ T yields a colimit in T.

� If the colimit, taken in the category K of k-spaces, of a diagram of compactly generated spaces is not
already weak Hausdorff, then the minimal closed equivalence relation on it is strictly larger than the

diagonal, so the ‘maximal weak Hausdorff quotient’ identifies at least two distinct points and thus changes
the underlying set. So one has to be especially careful with general colimits in T: unlike for Spc of K, the
forgetful functor from T to sets need not preserve colimits. More loosely speaking, the underlying set of
colimit in T may be smaller than one first thinks.

An important example where a limit in K resp. T can differ from the limit in Spc is the product of
two CW-complexes X and Y . All CW-complexes are compactly generated [ref?], and the product X × Y
with the usual product topology is a Hausdorff space which comes with a natural filtration (X × Y )(n) =
∪p+q=nX(p) × Y(q), where X(p) is the p-skeleton of the CW structure on X. If X or Y is locally finite,
then the product topology is compactly generated, and then the above filtration makes X × Y into a CW-
complex. In general, however, X × Y may not be a k-space, and hence cannot have a CW structure. But
the product in the category K, i.e., the space k(X ×Y ), is always compactly generated and a CW-complex
via the above filtration.

The fact that colimits in T may be hard to identify may seem like a problem at first. However, the
issue is largely irrelevant for purposes of homotopy theory because we don’t expect to have homotopical
control over arbitrary colimits anyhow. The colimits that we do care about turn out to be ‘as expected’; in
particular for wedges, pushouts along closed embeddings, sequential colimits along closed embeddings and
orbits by actions of compact Lie groups it makes no difference if we calculate the colimit in the category T
or in K respectively Spc.

We call a continuous map f : X −→ Y between topological spaces a closed embedding if f is injective
and a closed map; equivalently, the image f(X) is closed in Y and f is a homeomorphism onto its image.
The base change, in Spc or K, of a closed embedding is again a closed embedding.
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� There is an ambiguity with the meaning of ‘embedding’ in general, due to the fact that a general subset
of a k-space, endowed with the subspace topology, need not be a k-space, and so one may or may not

want to apply ‘Kelleyfication’ k : Spc −→ K to the subspace topology. However, closed subsets of k-spaces
are again k-spaces with the usual subspace topology [this is OK for subsets which are the intersection of
an open and a closed subset], so there is no such ambiguity with the notion of ‘closed embedding’.)

A partially ordered set is a set P equipped with a binary relation ‘≤’ which is reflexive (i.e., x ≤ x
for all x ∈ P ), antisymmetric (i.e., x ≥ y and y ≤ x imply x = y) and transitive (i.e., x ≥ y and y ≤ z
imply x ≤ z). The partially ordered set P is filtered if for every pair of elements x, y ∈ P there exists an
element z ∈ P such that x ≤ z and y ≤ z. [non-empty?] We will routinely interpret a partially ordered
set P as a category without change in notation. In the associated category, the objects are the elements of
P and there is a unique morphism from x to y if x ≤ y, and no morphism from x to y otherwise. Via this
interpretation we can consider functors defined on partially ordered sets.

Proposition 1.4. (i) Given a pushout in the category K of k-spaces

X
f //

��

Z

��
Y

g
// Y ∪f Z

such that f is a closed embedding, then g is also a closed embedding. If moreover, X,Y and Z are
weak Hausdorff, then so is Y ∪f Z, and hence the diagram is a pushout in T.

(ii) Let P be a filtered partially ordered set and F : P −→ T a functor from the associated poset category.
Let F∞ be the colimit of F in the category K of k-spaces (or, equivalently, in Spc) and κi : F (i) −→
F∞ the canonical map. If for every i ≤ j in P the map F (i) −→ F (j) is injective, then the maps
κi are also injective and the colimit F∞ is weak Hausdorff, thus a colimit of F in the category T. If
moreover, all maps F (i) −→ F (j) are closed embedding, then so are the maps κi : F (i) −→ F∞.

(iii) Let λ be a regular (?) cardinal and X : λ −→ T a λ-sequence of injective maps. Then the colimit
colimλX in the category Spc is again compactly generated and thus a colimit of X in T.

(iv) Let G be a compact topological group and X a compactly generated G-space. Then the orbit space G\X
is again compactly generated.

Proof. Part (i) is proved in [102, Prop. 2.5] and [85, Prop. 7.5]. Part (ii) is [85, Prop. 9.3] and (iii)
is in Hovey [74, ].

(iv) Proposition 1.2 reduces us to showing that the orbit equivalence relation

E = {(gx, x) | g ∈ G, x ∈ X}

is closed in X ×k X. Since G is compact, projection away from G is a closed map; so the composite

G×k X ×k X
(g,x,y)7→(g,gx,y)−−−−−−−−−−−→ G×k X ×k X

proj−−−−→ X ×k X

is a closed map since the first map is a homeomorphism. Since X is weak Hausdorff, the diagonal ∆X is
closed in X ×k X. So G × ∆X is closed in G ×k X ×k X. The orbit relation E is the image of G × ∆X

under the above composite, so E it is closed in X ×k X. �

An example of Lewis [85, ] shows that a pushout in T along a non-closed embedding need not even be
injective.

The following proposition says that compact spaces are ‘small with respect to closed embeddings’.
Note that if all spaces in the λ-sequence are compactly generated, then by Proposition 1.4 (ii) it makes no
difference whether the colimit is calculated in the category Spc, K or T.
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Proposition 1.5. [74, Prop. 2.4.2] Let λ be an ordinal and X : λ −→ T a λ-sequence of closed
embeddings [def? what happens at limit cardinals ?]. Then for every compact space K the natural map

colimi>λ C(K,Xi) −→ C(K, colimλX))

is bijective.

It is not in general true that C(K,−) commutes with filtered colimits over closed embeddings. An
example from Lewis’ theses (which he credits to Myles Tierney) is the unit interval [0, 1]. A subset of [0, 1]
is closed if and only if its intersection with every countable closed subset J of [0, 1] is closed in J , which
implies that [0, 1] is the filtered colimit of its countable closed subsets, ordered by inclusion. Since [0, 1] is
uncountable, the identity map of [0, 1] does not factor through any of the spaces in the filtered system.

[is there a criterion in terms of the poset P when for every compact space K the natural map

colimi∈P C(K,F (i)) −→ C(K, colimP F ))

is bijective. ? [or even a homeomorphism ?]]

Proposition 1.6. Let {Xi}i∈I be a family of based compactly generated spaces. Then the wedge (one-
point union)

∨
i∈I Xi is compactly generated, thus the coproduct of the family in T. Moreover, for every

compact space K and every continuous map f : K −→
∨
i∈I Xi there is a finite subset J of I such that f

factors through the sub-wedge
∨
i∈J Xi.

Proof. �

Corollary 1.7. Let λ be an ordinal and X : λ −→ T a λ-sequence of compactly generated spaces.
If all maps in the sequence are closed embeddings [def? what happens at limit cardinals ?], then for every
point x ∈ X∅ and every n ≥ 0 the natural map

colimi>λ πn(Xi, x) −→ πn(colimλX,x)

is bijective. If in addition all maps in the sequence are weak equivalences, then so is the transfinite composite
X∅ −→ colimλX.

[check out also Lemma 9.3 of [140]]
There is a suitable version of the compact open topology which gives mapping spaces in the category T

of compactly generated spaces. For spaces X and Y , we let C(X,Y ) denote the set of continuous maps
from X to Y . A subbasis for a topology is given by all sets S(U, f : K −→ X) where U is an open subset of
Y , K a compact space and f a continuous map; the set S(U, f) consists of all those continuous ϕ : X −→ Y
such that ϕ(f(k)) ⊂ U . If X and Y are compactly generated, then the space C(X,Y ) is weak Hausdorff,
but not necessarily a k-space. So the mapping space map(X,Y ) is defined as kC(X,Y ), which is then a
compactly generated space.

Theorem 1.8. The category of compactly generated spaces is cartesian closed, i.e., the natural map

map(X × Y,Z) ∼= map(X,map(Y, Z))

is a homeomorphism for all compactly generated spaces X,Y and Z, where the product on the left hand side
is taken in the category T. [ref to Lewis]

We recall that a continuous map f : A −→ B between compactly generated spaces is an h-cofibration
if it has the homotopy extension property, i.e., given a continuous map ϕ : B −→ X and a homotopy
H : [0, 1]× A −→ X starting with ϕf , there is a homotopy H̄ : [0, 1]×B −→ X starting with ϕ such that
H̄ ◦ ([0, 1]× f) = H.

Proposition 1.9. (i) Let j : X −→ Y and r : Y −→ X be continuous maps of compactly generated
spaces such that rj = IdX . Then j is a closed embedding and r is a quotient map.

(ii) Every h-cofibration between compactly generated spaces is a closed embedding.
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Proof. (i) This is [146, Cor. 2.29].
(ii) Since the map i0 : A −→ A× [0, 1] given by i0(a) = (a, 0) is a closed embedding, Proposition 1.4 (i)

says that the pushout B∪iA× [0, 1] in the category T can in fact be calculated in K or Spc. In particular,
the map i1 : A −→ B ∪f A× [0, 1] sending a to the image of (a, 1) is a closed embedding.

The universal example of the homotopy extension property provides a retraction to the canonical map

j = (−, 0) ∪ (f × [0, 1]) : B ∪f A× [0, 1] −→ B × [0, 1] .

So j is a closed embedding by part (i). Hence the map

j ◦ i1 : A −→ B × [0, 1] , a 7−→ (i(a), 1)

is a closed embedding as the composite of two closed embeddings. Since this map factors as

A
f−−→ B

b7→(b,1)−−−−−→ B × [0, 1]

and the second map is a closed embedding, so is f . �

2. Model structures for equivariant spaces

The ‘classical’ model structure on the category of all topological spaces was established by Quillen
in [114, II.3 Thm. 1]. We use the straightforward adaptation of this model structure to the category of
compactly generated spaces, which is described for example in [74, Thm. 2.4.25]. In this model structure
on the category T, the weak equivalences are the weak homotopy equivalences and fibrations are the Serre
fibrations. The cofibrations are the retracts of generalized CW-complexes, i.e., cell complexes in which cells
can be attached in any order and not necessarily to cells of lower dimensions.

We let M be a topological monoid, i.e., a compactly generated space equipped with an associative and
unital multiplication

µ : M ×M −→ M

that is continuous with respect to the compactly generated product topology. An M -space is then a
compactly generated space X equipped with an associative and unital action

α : M ×X −→ X

that is continuous with respect to the compactly generated product topology.
We let N be a submonoid of M and denote by

XN = {x ∈ X | nx = x for all n ∈ N}

the subspace of N -fixed points. For an individual element n ∈ N the n-fixed subspace {x ∈ X | nx = x} is
the preimage of the diagonal under the continuous map (Id, n ·−) : X −→ X×X, so it is a closed subspace
of X by the weak Hausdorff condition. The N -fixed points XN are then closed in X as an intersection of
closed subsets. This means that the subspace topology on XN is again compactly generated and so

(2.1) XN incl // X //// map(N,X)

is an equalizer diagram in the category of compactly generated spaces, where the two maps on the right
are adjoint to the projection N ×X −→ X respectively the composite

N ×X incl×X−−−−−→ M ×X α−−→ X .

Definition 2.2. A submonoid N of a topological monoid M is biclosed if the following two conditions
hold:

(i) the set N is closed in the topology of M , and
(ii) if m ∈M and n ∈ N satisfy mn ∈ N , then m ∈ N .



2. MODEL STRUCTURES FOR EQUIVARIANT SPACES 431

Remark 2.3. Eventually we want to define classes of weak equivalences for M -spaces by testing on the
fixed point spaces XN for collections of submonoids. For this purpose it is no loss of generality to restrict
to biclosed submonoids, as we now explain. First we observe that any intersection of biclosed submonoids
of a topological monoid is again biclosed. So an arbitrary submonoid N of M has a biclosure N̄ , defined as
the intersection of all biclosed submonoid of M that contain N , which is the smallest biclosed submonoid
of M that contains N .

We will now argue that for every M -space X the N -fixed points agree with the N̄ -fixed points:

XN = XN̄ .

The stabilizer of a point x ∈ X is the submonoid

stabM (x) = {m ∈M | mx = x} .

The stabilizer is also the preimage of {x} under the continuous map − · x : M −→ X; since singletons in
compactly generated spaces spaces are closed, the stabilizer is a closed subset of M . Moreover, if m,n ∈M
are such that n and mn stabilize x, then

mx = m(nx) = (mn)x = x ,

i.e., m ∈ stabM (x). So the point stabilizer of M -spaces are always biclosed submonoids.
More generally, for every subset S ⊆ X the stabilizer

stabM (S) = {m ∈M | mx = x for all x ∈ S}

is the intersection of the stabilizers of all points in S, so it is another biclosed submonoid of M . If N is a
submonoid of M , not necessarily biclosed, then

N ⊆ stabM (XN )

and the stabilizer monoid on the right is biclosed. So the biclosure N̄ of N is contained in stabM (XN ), and

hence XN = XN̄ .

Example 2.4. For example, every closed subgroup G of a topological monoid M is biclosed, because
the assumptions g ∈ G and mg ∈ G imply m = (mg)g−1 ∈ G.

Another example relevant to global homotopy theory is the topological monoid L = L(R∞,R∞) of
linear isometric self-embeddings of R∞. The topology on L is as the inverse limit of the spaces L(Rn,R∞),
and L(Rn,R∞) has the colimit topology as the union of the compact spaces L(Rn,Rm). If V is a finite
dimensional inner product space, then the space L(V,R∞) of linear isometric embeddings (again with the
colimit topology of the sequence map(V,Rm)) is an L-space under composition of isometries. For every
linear isometric embedding α : V −→ R∞ the stabilizer

stabL(α) = {ϕ ∈ L | ϕ ◦ α = α}

is thus a biclosed submonoid of L, compare the previous remark.

Now we show that the functor sending an M -space X to the set of N -fixed points is representable by
an ‘orbit space’ M/N . We denote by M/N a coequalizer in the category of M -spaces

(2.5) M ×N
proj //
µ′

// M
q // M/N ,

where µ′ = µ ◦ (M × incl). Since the forgetful functor creates colimits, we could equivalently take a
coequalizer in the underlying category of compactly generated spaces, and that inherits a unique M -action
that makes the projection q : M −→M/N a homomorphism of M -spaces.
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Now we let K be any compactly generated space. Since product with K is a left adjoint, the diagram

M ×N ×K
proj×K //
µ′×K

// M ×K
q×K // M/N ×K .

is another coequalizer of M -spaces, where M acts trivially on K. So for every M -space X, precomposition
with q ×K is a bijection from MT(M/N ×K,X) to the equalizer of the two maps

MT(M ×K,X)
MT(proj×K,X)//
MT(µ′×K,X)

// MT(M ×N ×K,X) .

The free-forgetful adjunction and the adjunction between N × − and map(N,−) identifies this with the
set of those continuous maps f : K −→ X that are equalized by the two right maps in the equalizer
diagram (2.1). Since the inclusion of XN into X is an equalizer, we have shown altogether that evaluation
at the class of the identity element is a bijection

(2.6) MT(M/N ×K,X) −→ T(K,XN )

from the set of continuous M -maps from M/N × K to X to the set of continuous maps from K to the
N -fixed points of X.

One more time we do not lose any generality by restricting to biclosed submonoids. Indeed, the proof of
the adjunction (2.6) did not use any property of the submonoid N . Since XN = XN̄ for every M -space X,
the M -spaces M/N and M/N̄ represent the same functor, and so they are isomorphic. In other words, the
‘orbit space’ M/N only depends on the biclosure N̄ of the submonoid N .

� As we explained in Proposition 1.4 (iv), orbit spaces of compactly generated spaces by actions of
compact topological groups behave as expected, i.e., the usual quotient topology on the orbit set

is compactly generated. One should beware that this need not be the case if we drop the compactness
hypothesis or the existence of inverses. So even for biclosed submonoids N , the ‘orbit space’ M/N may not
be what one expects at first sight. To construct M/N , one could start from the equivalence relation ∼N
on M generated by m ∼N mn for all m ∈ M and n ∈ N . If N is biclosed, then it is the equivalence class
of the unit element 1, but the other equivalence classes may still be hard to identify.

Since M is compactly generated, the quotient topology on the set M/ ∼N of equivalence classes will
automatically yield a k-space, but not necessarily a weak Hausdorff space. So in a second step one has to
apply the left adjoint to the inclusion of compactly generated spaces into k-spaces, but this step can change
the topology and may even alter the underlying set by identifying different equivalence classes.

Example 2.7. Here are two examples of particular relevance for us where we can describe an ‘orbit
space’ more explicitly. If G is a compact topological group and H a closed subgroup, then the set G/H of
left cosets endowed with the quotient topology is compact, so it is a coequalizer in then sense of (2.5). So
in this situation the orbit space notation is unambiguous.

For the monoid L of linear isometric self-embeddings of R∞ and a finite dimensional inner product
space V , the L-space L(V,R∞) ought to be a quotient of L by the stabilizer of any particular linear
isometric embedding α : V −→ R∞. In fact, L(V,R∞) is transitive as an L-space in the strong sense that
any two points are related by the action of an invertible element in L. So the stabilizers of any two points
in L(V,R∞) are conjugate in L.

Lemma 2.8. For every topological monoid M , every submonoid N and every compact space K the
M -space M/N ×K is finite with respect to sequences of closed embeddings of M -spaces.

Proof. We let

X0
f0−−→ X1

f1−−→ X2
f2−−→ . . .
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be a sequence of morphisms of M -spaces that are closed embeddings of underlying spaces, and

f : M/N ×K −→ colimi≥0 Xi

a morphism of M -spaces. The composite

K
(N,−)−−−−→ M/N ×K f−−→ colimi≥0 Xi

factors through a continuous map g : K −→ Xi for some i ≥ 0 by [74, Prop. 2.4.2] (this uses that singletons
in weak Hausdorff spaces are closed). Sequential colimits of compactly generated spaces along injective
continuous maps are given by the colimits of underlying sequence of sets [ref to Appendix of Lewis’ thesis],
so the canonical map Xi −→ colimi≥0 Xi is injective. Since the map f(N,−) : K −→ colimi≥0 Xi lands
in the N -fixed points of the colimit, the factorization g lands in the N -fixed points, so it extends uniquely
to a morphism of M -spaces g̃ : M/N × K −→ Xi by the adjunction (2.6). Since morphisms out of
M/N × K are determined by their restriction to K, the morphism g̃ is the desired factorization of the
original morphism f . �

Now we let C be a collection of biclosed submonoids of M that is stable under conjugacy by invertible
elements of M . We call a morphism f : X −→ Y of M -spaces a C-equivalence (respectively C-fibration) if the
restriction fN : XN −→ Y N to N -fixed points is a weak equivalence (respectively Serre fibration) of spaces
for all submonoids N of M that belong to the collection C. A C-cofibration is a morphism with the right
lifting property with respect to all morphisms that are simultaneously C-equivalences and C-fibrations. The
resulting ‘C-projective model structure’ is well known in the case when M is a group and C is a collection
of closed subgroups, and the proof for monoids is not much different and fairly standard. However, I do
not know a reference in the monoid case, so I provide the proof.

One aspect of the proof occurs several other times in similar contexts, namely that a certain model
structure is topological. To avoid repeating the same kind of argument several times, we axiomatize it.
We consider a model category M that is also enriched, tensored and cotensored over the category T of
compactly generated spaces. We denote the tensor by ×. Given a continuous map of spaces f : A −→ B
and a morphism g : X −→ Y in M, we denote by f�g the pushout product morphism defined as

f�g = (f × Y ) ∪ (A× g) : A× Y ∪A×X B ×X −→ B × Y .

We recall that the model structure is called topological if the following two conditions hold:

• if f is a cofibration of spaces and g is a cofibration in M, then the pushout product morphism
f�g is also a cofibration;

• if in addition f or g is a weak equivalence, then so is the pushout product morphism f�g.

In the next proposition, we denote by

ik : ∂Dk −→ Dk and jk : Dk × {0} −→ Dk × [0, 1]

the inclusions. Then {ik}k≥0 is the standard set of generating cofibrations for the Quillen model structure
on the category of spaces, and {jk}k≥0 is the standard set of generating acyclic cofibrations, compare The-
orem [74, Thm. 2.4.25]. The pushout product condition can also be stated in two different, but equivalent,
adjoint forms, compare [74, Lemma 4.2.2].

Proposition 2.9. Let M be a model category that is also enriched, tensored and cotensored over the
category T of spaces. Suppose that there is a set of objects G of M with the following properties:

(a) The acyclic fibrations are characterized by the right lifting property with respect to the morphisms of
the form ik ×K for all k ≥ 0 and K ∈ G.

(b) The fibrations are characterized by the right lifting property with respect to the morphisms of the form
jk ×K for all k ≥ 0 and K ∈ G.

Then the model structure is topological.



434 A. MISCELLANEOUS TOOLS

Proof. The hypothesis are saying that {ik × K}k≥0,K∈G is a set of generating cofibrations for the
given model structure on M, and that {jk ×K}k≥0,K∈G is a set of generating acyclic cofibrations. Since
the tensor bifunctor × has an adjoint in each variable, it preserves colimits in each variable. So it suffices to
the check the pushout product properties when the maps f and g are from the sets of generating (acyclic)
cofibrations, compare [74, Cor. 4.2.5].

The set of inclusions of spheres into discs is closed under pushout product, in the sense that ik�il
is homeomorphic to ik+l. So pushout product with ik preserves the set {ik × K}k≥0,K∈K of generating
cofibrations (up to isomorphism). Similarly, the pushout product of a sphere inclusion ik with the inclusion jl
isomorphic to jk+l. So pushout product with ik preserves the set {jl×K}l≥0,K∈K of generating cofibrations;
and pushout product with jk takes the set {il×K}l≥0,K∈K of generating cofibrations to the set of generating
acyclic cofibrations. �

Proposition 2.10. Let M be a topological monoid and C a collection of biclosed submonoids of M .
Then the C-equivalences, C-cofibrations and C-fibrations form a model structure, the C-projective model
structure on the category of M -spaces. This model structure is proper, cofibrantly generated and topological.

Proof. We refer the reader to [50, 3.3] for the numbering of the model category axioms. The forgetful
functor from the category of M -spaces to the category of compactly generated spaces has a left adjoint
free functor M ×− and a right adjoint cofree functor map(M,−); so the category of M -spaces is complete
and cocomplete and all limits and colimits are created in the underlying category of compactly generated
spaces.

Model category axioms MC2 (2-out-of-3) and MC3 (closure under retracts) are clear. One half of
MC4 (lifting properties) holds by the definition of C-cofibrations. The proof of the remaining axioms uses
Quillen’s small object argument, originally given in [114, II p. 3.4], and later axiomatized in various places,
for example in [50, 7.12] or [74, Thm. 2.1.14]. We recall the ‘standard’ set of generating cofibrations and
generating acyclic cofibrations. In the category of (non-equivariant) spaces, the set {∂Dk −→ Dk}k≥0 of
inclusions of spheres into discs detects Serre fibrations that are simultaneously weak equivalences (where
∂D0 is the empty set). By adjointness (i.e., the bijection (2.6)), the set

(2.11) IC = {M/N × ∂Dk −→ M/N ×Dk}k≥0,N∈C

then detects acyclic fibrations in the C-projective model structure on M -spaces. Similarly, the set of
inclusions {Dk × {0} −→ Dk × [0, 1]}k≥0 detects Serre fibrations; so by adjointness, the set

(2.12) JC = {M/N ×Dk × {0} −→ M/N ×Dk × [0, 1]}k≥0,N∈C

detects fibrations in the C-projective model structure on M -spaces.
All morphisms in IC and JC are closed embeddings, and this property is preserved by coproducts, cobase

change and sequential colimits in the category of M -spaces. Lemma 2.8 guarantees that sources and targets
of all morphisms in IC and JC are finite (sometimes called ‘finitely presented’) with respect to sequences of
closed embeddings of M -spaces. In particular, the sources of all these morphisms are finite with respect to
sequences of morphisms in IC-cell and JC-cell.

Now we can prove the factorization axiom MC5. Every morphism in IC and JC is a C-cofibration
by adjointness. Hence every IC-cofibration or JC-cofibration is a C-cofibration of M -spaces. The small
object argument applied to the set IC gives a (functorial) factorization of any morphism of M -spaces as a
C-cofibration followed by a morphism with the right lifting property with respect to IC . Since IC detects
the C-acyclic C-fibrations, this provides the factorizations as cofibrations followed by acyclic fibrations.

For the other half of the factorization axiom MC5 we apply the small object argument to the set JC ; we
obtain a (functorial) factorization of any morphism of M -spaces as a JC-cell complex followed by a morphism
with the right lifting property with respect to JC . Since JC detects the C-fibrations, it remains to show that
every JC-cell complex is a C-equivalence. To this end we observe that the morphisms in JC are inclusions
of deformation retracts internal to the category of M -spaces. This property is inherited by coproducts and
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cobase changes, so every morphisms obtained by cobase changes of coproducts of morphisms in JC is a
homotopy equivalence of M -spaces, hence also a C-equivalence. We also need to pass to sequential colimits,
which is fine because JC-cell complexes are closed embeddings, and taking N -fixed points commutes with
sequential colimits over closed embeddings.

It remains to prove the other half of MC4, i.e., that every C-acyclic C-cofibration f : A −→ B has
the left lifting property with respect to C-fibrations. In other words, we need to show that the C-acyclic
C-cofibrations are contained in the JC-cofibrations. The small object argument provides a factorization

A
j−−→ W

q−−→ B

as a JC-cell complex j followed by a C-fibration q. In addition, q is a C-equivalence since f is. Since f is a
C-cofibration, a lifting in

A
j //

f

��

W

q∼
��

B

>>

B

exists. Thus f is a retract of a morphism q that has the left lifting property for C-fibrations. So f itself has
the left lifting property for C-fibrations.

Right properness of the model structure is straightforward from right properness of the model structure
on spaces, since the N -fixed point functor, for N ∈ C, preserves pullbacks and takes C-fibrations to Serre
fibrations. For left properness we consider a pushout square of M -spaces

A
i //

f

��

B

g

��
C // D

such that i is a C-cofibration and f is a C-equivalence. We let N be a submonoid in the collection C. Taking
N -fixed points preserves pushouts along C-cofibrations [justify], so the square

AN
iN //

fN

��

BN

gN

��
CN // DN

is a pushout. Since i is an h-cofibration of M -spaces, the fixed point map iN is an h-cofibration of spaces.
Since fN is a weak equivalence and the model category of spaces is left proper, the cobase change gN is a
weak equivalence. Since N was any monoid from the collection C, we conclude that g is a C-equivalence.

The model structure is topological by Proposition 2.9. �

Definition 2.13. Let M be a topological monoid and C a collection of biclosed submonoids of M . A
universal space for the collection C is an M -space E with the following properties:

(i) for every submonoid N ∈ C the fixed point space EN is weakly contractible;
(ii) E is M -homotopy equivalent to a C-cofibrant M -space.

Any cofibrant replacement of the one-point M -space in the C-projective model structure is a universal
space for the family C, so universal spaces exist for any collection. Moreover, the following proposition
shows that any two universal spaces for the same collection are M -equivariantly homotopy equivalent.

Proposition 2.14. Let M be a topological monoid, C a collection of biclosed submonoids of M , and E
a universal M -space for the collection C.
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(i) Every C-cofibrant M -space admits a homomorphism to E, and any two such morphisms are homotopic
as M -maps.

(ii) If E′ is another universal M -space then every homomorphism from E′ to E is an M -equivariant
homotopy equivalence.

Now we are going to formulate a version of Elmendorf’s theorem [51] for the homotopy theory of M -
spaces relative to a collection C of biclosed submonoids. Again, this is well known for topological groups
and the proof for topological monoids is essentially the same. However, I do not know a reference of the
generalization of Elmendorf’s theorem to this context, so I provide a proof.

Construction 2.15. Associated to the collection C of submonoids of M we define the topological orbit
category OM,C as the full topological subcategory of the category of M -spaces with objects the orbits M/N
for N ∈ C. More precisely, we let C be the object set of OM,C , and for N,N ′ ∈ C the morphism space is

OM,C(N,N
′) = MT(M/N,M/N ′) ∼= (M/N ′)N ,

where the bijection on the right hand side is by evaluation at the image of the unit element in M/N . The
topology of this space is specified by the right hand side, i.e., the subspace topology of the N -fixed points
of the orbit space M/N ′. Composition is given by composition of M -maps.

For every M -space X the various fixed point subspaces assemble into a continuous functor Φ : Oop
M,C −→

T on the orbit category via

Φ(X)(N) = XN ∼= MT(M/N,X) ,

with subspace topology of X. The functoriality in N as an object of OM,C comes from bijection (2.6) and
composition of M -maps between the orbit spaces.

For every small topological category J with discrete object set the category JT of continuous functors
from J to spaces has a well-known ‘projective’ model structure (see for example [100, VI Thm. 5.2]) in
which the weak equivalence and fibrations are those natural transformations that are weak equivalences
respectively Serre fibrations at every object.

In the case of M -spaces and a collection C of biclosed submonoid the fixed point functor

Φ : MT −→ OM,CT

has a left adjoint Λ, with value at an OM,C-space F given by a coend of the functor

Λ(F ) =

∫
N∈C

M/N × F (N) ,

i.e., a coequalizer, in the category of M -spaces, of the two morphisms∐
N,N ′∈CM/N ×OM,C(N,N

′)× F (N ′) ////
∐
N∈CM/N × F (N) .

All we will need to know about the left adjoint is that for all N ∈ C it takes the representable OM,C-space
OM,C(−, N) = Φ(M/N) to M/N . Indeed, the counit εM/N : Λ(Φ(M/N)) −→ M/N induces a bijection of
morphism sets

MT(Λ(Φ(M/N), X) ∼= OM,CT(Φ(M/N),Φ(X)) = OM,CT(OM,C(−, N),Φ(X))

∼= Φ(X)(M/N) = MT(M/N,X) .

So the counit εM/N : Λ(Φ(M/N)) −→M/N is an isomorphism of M -spaces.
The projective C-model structure is defined so that the fixed point functor Φ preserves and detects

weak equivalence and fibrations. So (Λ,Φ) is a Quillen adjoint functor pair.

Proposition 2.16. Let M be a topological monoid and C a collection of biclosed submonoids of M .

(i) For every cofibrant OM,C-space F the adjunction unit F −→ Φ(ΛF ) is an isomorphism.
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(ii) The adjoint functor pair

MT
Φ
// OM,C

Λoo

is a Quillen equivalence with respect to the C-projective model structure on M -spaces and the projective
model structure for OM,C-spaces.

Proof. (i) We let G denote the class of OM,C-spaces for which the adjunction unit is an isomorphism.
We show the following property: For every index set I, every I-indexed family Ni of monoids in C, all
numbers ni ≥ 0 and every pushout square OM,C-spaces

(2.17)

∐
i∈I OM,C(−, Ni)× ∂Dni //

��

∐
i∈I OM,C(−, Ni)×Dni

��
F // G

such that F belongs to G, the OM,C-space G also belongs to G.
As a left adjoint, Λ preserves pushout and coproducts. For every space K the functor −×K is a left

adjoint, so it commutes with colimits and coends. So Λ also commutes with products with spaces. Thus Λ
takes the original square to a pushout square of M -spaces:∐

i∈IM/Ni × ∂Dni //

��

∐
i∈IM/Ni ×Dni

��
ΛF // ΛG

The upper horizontal morphisms in this square is a closed embedding. For every biclosed submonoid P
of M the P -fixed point functor (−)P commutes with disjoint unions, products with spaces and pushouts
along closed embeddings. So the square∐

i∈I(M/Ni)
P × ∂Dni //

��

∐
i∈I(M/Ni)

P ×Dni

��
(ΛF )P // (ΛG)P

is a pushout in the category of compactly generated spaces. Colimits and products with spaces of OM,C-
spaces are formed objectwise, so letting P run through the monoids in the collection C shows that the
square ∐

i∈I Φ(M/Ni)× ∂Dni //

��

∐
i∈I Φ(M/Ni)×Dni

��
Φ(ΛF ) // Φ(ΛG)

is a pushout in the category of OM,C-spaces. The adjunction units induce compatible maps from the original
pushout square (2.17) to this last square. Since Φ(M/Ni) = OM,C(−, Ni) and the unit ηF : F −→ Φ(ΛF )
is an isomorphism, the unit ηG : G −→ Φ(ΛG) is also an isomorphism.

(ii) The adjoint functor pair (Λ,Φ) is a Quillen pair and the right adjoint Φ preserves and detects weak
equivalences. Moreover, for every cofibrant OM,C-space F the adjunction unit ηF : F −→ Φ(Λ(F )) is an
isomorphism by (i), hence a weak equivalence. So (Λ,Φ) is a Quillen equivalence [ref]. �
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2.1. Compact Lie groups. Now we specialize to equivariant spaces with actions of compact Lie
groups. We let G be a compact Lie group and F be a family of closed subgroup of G that is stable under
conjugacy and passage to closed subgroups. We call a morphism f : A −→ B of G-spaces an F-equivalence if
the restriction fH : AH −→ BH to H-fixed points is a weak equivalence of spaces for all closed subgroups H
of G that belong to the family F .

Proposition 2.18. Let G be a compact Lie group and

C

γ

��

A
goo

α

��

f // B

β

��
C ′ A′

g′
oo

f ′
// B′

a commutative diagram of G-spaces such that g and g′ are h-cofibrations of G-spaces. Let F be a family of
closed subgroups of G and suppose that the maps α, β and γ are F-equivalences. Then the induced map of
pushouts

γ ∪ β : C ∪A B −→ C ′ ∪A′ B′ .
is an F-equivalence.

Proof. We let H be a closed subgroup of G from the family F , and we contemplate the commutative
diagram of fixed points:

CH

γH

��

AH
gHoo

αH

��

fH // BH

βH

��
(C ′)H (A′)H

(g′)H
oo

(f ′)H
// (B′)H

Since g and g′ are h-cofibrations of G-spaces, gH and (g′)H are h-cofibrations of spaces. The three vertical
maps are weak equivalences by hypothesis. The gluing lemma for weak equivalences and pushout along
h-cofibrations shows that then the induced map on horizontal pushouts

γH ∪ βH : CH ∪AH BH −→ (C ′)H ∪(A′)H (B′)H

is a weak equivalence, see for example [20, Appendix, Prop. 4.8 (b)]. Since g and g′ are h-cofibrations of
G-spaces, they are in particular h-cofibrations of underlying spaces, and hence closed embeddings (Propo-
sition 1.9 (ii)). So taking H-fixed points commutes with the horizontal pushout, and we conclude that also
the map

(γ ∪ β)H : (C ∪A B)H −→ (C ′ ∪A′ B′)H

is a weak equivalence. This proves the claim. �

The category of G-spaces then admits two model structures with F-equivalences as the weak equiv-
alences. A morphism f : X −→ Y of G-space is an F-fibration if the restriction fH : XH −→ Y H to
H-fixed points is a Serre fibration for all subgroups H in the family F . A F-cofibration is a morphism
with the right lifting property with respect to all morphisms that are simultaneously F-equivalences and
F-fibrations. The resulting ‘F-projective model structure’ is well known (under various names) and just a
special case of Proposition 2.10 above.

Proposition 2.19. Let G be a compact Lie group and F a family of closed subgroups of G. Then the
F-equivalences, F-cofibrations and F-fibrations form a model structure, the F-projective model structure
on the category of G-spaces. This model structure is proper, cofibrantly generated and topological.
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For later reference we recall the ‘standard’ set of generating cofibrations and generating acyclic cofibra-
tions for the F-projective model structure on G-spaces. In the category of (non-equivariant) spaces, the set
{∂Dn −→ Dn}n≥0 of inclusions of spheres into discs detects Serre fibrations that are simultaneously weak
equivalences (where ∂D0 is the empty set). By adjointness, the set

(2.20) {G/H × ∂Dn −→ G/H ×Dn}n≥0,H∈F

then detects acyclic fibrations in the F-projective model structure on G-spaces (with trivial G-action on
the sphere and disc). Similarly, the set of inclusions {Dn×{0} −→ Dn× [0, 1]}n≥0 detects Serre fibrations;
so by adjointness, the set

(2.21) {G/H ×Dn × {0} −→ G/H ×Dn × [0, 1]}n≥0,H∈F

detects fibrations in the F-projective model structure on G-spaces (with trivial G-action on the disc and
interval). Sources and targets for all these maps are finite (sometimes called ‘finitely presented’) with
respect to sequences of closed embeddings, see Lemma 2.8.

We want to clarify the relationship between F-cofibrations and relative F-CW-complexes. A relative F-
CW-complex is a relative G-CW-complex where all relative cells are of orbit type G/H for H in the family F .
Equivalently, the isotropy group of all points in the complement of the image are in F . Relative F-CW-
complexes are built from the generating cofibrations (2.20) by coproducts, cobase change and countable
compositions, so every relative F-CW-complex is an F-cofibration. Conversely, every F-cofibration is
G-homotopy equivalent to a relative F-CW-complex, in the following precise sense:

Proposition 2.22. Let F be a family of closed subgroups of a compact Lie group G and i : A −→ B an
F-cofibration of G-spaces. Then there is a relative F-CW-complex j : A −→ B′ and G-maps f : B −→ B′

and g : B′ −→ B such that both gf and fg are G-homotopic, relative A, to the respective identity maps. In
particular, every F-cofibrant G-space is G-homotopy equivalent to a G-CW-complex with all isotropy groups
in F .

Proof. By attaching F-cells we can factor the map i : A −→ B as a relative F-CW-complex j : A −→
B′ followed by G-map g : B′ −→ B that is an F-equivalence [elaborate]. The category of G-spaces under A
inherits a model structure in which a morphism (of G-spaces under A) is a weak equivalence, cofibration or
fibration if the underlying G-map (i.e., after forgetting all references to A) is an F-equivalence, F-cofibration
respectively F-fibration. The morphisms i : A −→ B and j : A −→ B′ are then cofibrant-fibrant objects
in this under category, and g is a weak equivalence from j to i. By general model category theory, every
weak equivalence between cofibrant-fibrant objects is a homotopy equivalence, and in the case of the under
category at hand, this means precisely that g has a G-homotopy inverse relative A. �

If H and K are closed subgroups of a compact Lie group G and the dimension of K is strictly smaller
than that of G, then the homogeneous space G/H typically has no preferred K-CW-structure. Hence
the underlying K-spaces of G-CW-complexes cannot be made into K-CW-complexes in any natural way.
The next proposition is usually sufficient to remedy this, because it says in particular that the restriction
functor takes cofibrant G-spaces (for example G-CW-complexes) to cofibrant K-spaces. A G-cofibration
is a morphism with the right lifting property with respect to all morphisms that are simultaneously weak
equivalences and Serre fibrations on the fixed points for all subgroups of G. Equivalently, G-cofibrations are
the F-cofibrations for the maximal family of all subgroups of G. Thus we have the following implications
between the various kinds of ‘nice equivariant embeddings’:

relative G-CW-complex =⇒ relative G-cell complex =⇒ G-cofibration =⇒ h-cofibration of G-spaces

All these implications are strict. However, Proposition 2.22 (for the family of all subgroups) makes precise
that relative G-CW-complex, relative G-cell complex and G-cofibration are all equally good ‘up to G-
homotopy’.
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Proposition 2.23. Let G be a compact Lie group.

(i) For every compact Lie group K and every continuous homomorphism α : K −→ G the restriction
functor α∗ : GT −→ KT takes G-cofibrations to K-cofibrations.

(ii) For every closed subgroup H of G the induction functor G ×H − : HT −→ GT takes H-cofibrations
to G-cofibrations.

(iii) For every closed normal subgroup N of G the quotient functor N\− : GT −→ (G/N)T takes G-
cofibrations to G/N -cofibrations.

Proof. (i) The restriction functor α∗ preserves all colimits, so it suffices to show that it takes the
generating G-cofibrations G/H × ∂Dn −→ G/H × Dn to K-cofibrations, for any subgroup H of G. We
treat two special cases separately.

If α is surjective, then α∗(G/H) is K-equivariantly homeomorphic to K/L for the closed subgroup
L = α−1(H) of K. So in this case α∗ takes the generating G-cofibration to a K-map isomorphic to
K/L× ∂Dn −→ K/L×Dn, which is then a K-cofibration.

If α is the inclusion of a closed subgroup K of G, then the left translation action is a smooth K-action
on the smooth compact manifold G/H. Illman’s theorem [77, Cor. 7.2] provides a finite K-CW-structure
on G/H, so in particular G/H is cofibrant as a K-space. Since the projective model structure on K-spaces
(for the family of all subgroups) is topological, the map G/H × ∂Dn −→ G/H ×Dn is a K-cofibration.

Any continuous homomorphism factors as a continuous epimorphism onto its image, followed by the in-
clusion of the image, so the two special cases combine to show that α∗ takes G-cofibrations to K-cofibrations.

(ii) Since G×H − preserves all colimits, it suffices to show that it takes the generating H-cofibrations
H/J × ∂Dn −→ H/J ×Dn to G-cofibrations, for any closed subgroup J of H. This in turn is clear since
G×H (H/J) is G-homeomorphic to G/J .

(iii) Since N\− preserves all colimits, it suffices to show that it takes the generating G-cofibrations
G/H × ∂Dn −→ G/H × Dn to G/N -cofibrations, for any closed subgroup H of G. This in turn is clear
since N\(G/H) is (G/N)-homeomorphic to (G/N)/(H/H ∩N). �

If G is a compact Lie group, then a cofamily is a set C of closed subgroups of G that is closed under
conjugation and passage to supergroups. For every G-space X and every such cofamily C, we define

X(C) = {x ∈ X | Gx ∈ C} ,

the subset of elements whose stabilizer group belongs to C. Then X(C) is a G-invariant subset of X.

� By our general convention a ‘space’ is a compactly generated space. It is not clear to me if the
subspace topology on X(C) always yields a k-space; for example X(C) need not be closed nor open.

So in general we may have to re-topologize X(C) to get back into the category T . In practice, however, we
will only consider X(C) when X is G-cofibrant, and then then X(C) is a closed subset of X [justify] and the
inclusion X(C) −→ X is a G-cofibration (by the next proposition).

Proposition 2.24. Let G be a compact Lie group.

(i) For every cofamily C of closed subgroups of G and every G-cofibration i : A −→ B the maps

i(C) : A(C) −→ B(C) and i ∪ incl : A ∪A(C) B(C) −→ B

are G-cofibrations.
(ii) For every closed normal subgroup N of G and every G-cofibration i : A −→ B the maps

iN : AN −→ BN and i ∪ incl : A ∪AN BN −→ B

are G-cofibrations.
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Proof. (i) The class of G-cofibrations for which the claim holds is clearly closed under coproducts and
retracts. We consider a pushout square of G-spaces on the left

A
i //

��

B

��

A(C)
i(C) //

��

B(C)

��
C

j
// D C(C) j(C)

// D(C)

such that i is a G-cofibration for which the claim holds. Then i is in particular a closed embedding, and
the square on the right is also a pushout of G-spaces. In particular, j(C) is a G-cofibration whenever i(C) is.
This means that C ∪C(C) D(C) is also a pushout of the maps of C and B(C) over A(C), and hence the square

A ∪A(C) B(C)
i∪incl //

��

B

��
C ∪C(C) D(C)

j∪incl
// D

is another pushout of G-spaces. The upper horizontal map is a G-cofibration by hypothesis, hence so is the
lower horizontal map. So the class of G-cofibrations satisfying the claim is closed under cobase change. So
the class of G-cofibrations satisfying the claim is closed under sequential composites [justify].

Given these closure properties, it suffices to verify the claim for the generating G-cofibrations of the
form

G/H × ik : G/H × ∂Dk −→ G/H ×Dk .

Because (G/H)(C) is either empty (whenever H 6∈ C) or all of G/H (whenever H ∈ C), the map in question

is either the map G/H × ik or the identity of G/H ×Dk; in either case it is a G-cofibration. This proves
the claim for the generating cofibrations, and thus concludes the proof.

Part (ii) is the special case of part (i) for the cofamily of all those closed subgroups H that contain N . �

Now we discuss when taking cartesian product preserves equivariant cofibrations. There are two related
questions, namely ‘external products’ of a G-space and a K-space and ‘internal products’ of two G-spaces
with diagonal action.

Proposition 2.25. Let G and K be topological groups.

(i) The pushout product of a G-cofibration with a K-cofibration is a (G×K)-cofibration.
(ii) If G is a compact Lie group, then the pushout product of two G-cofibrations is a G-cofibration with

respect to the diagonal G-action.

Proof. (i) The product functor

× : GT×KT −→ (G×K)T

preserves colimits in each variable, so it suffices to check the pushout product of a generating G-cofibration
G/H× im with a generating K-cofibration K/L× in, where in : ∂Dn −→ Dn is the inclusion. The pushout
product of these is isomorphic to

(G×K)/(H × L)× (in�im)

and hence a cofibration of (G×K)-spaces.
(ii) By (i) the pushout product of two G-cofibrations is a (G×G)-cofibration. Since G is compact Lie

and the diagonal is a closed subgroup, restriction along the diagonal embedding G −→ G × G preserves
cofibrations by Proposition 2.23 (i). �
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Proposition 2.26. Let G be a closed normal subgroup of a compact Lie group J and let K = J/G be

the quotient group. Let F a family of closed subgroups of K. Let F̃ denote the family of those subgroups
Γ ≤ J such that

Γ ∩G = {1} and p(Γ) ∈ F .

Let A be a G-free cofibrant J-space. Then the functor A ×G − takes F̃-weak equivalences of J-spaces to
F-weak equivalences of K-spaces.

Proof. We let f : X −→ Y be any F̃-weak equivalence of J-spaces. We must show that for every
closed subgroup L ≤ K in the family F the map

(A×G f)L : (A×G X)L −→ (A×G Y )L

is a weak equivalence.
We start by considering the special case L = K, which forces F to be the family of all closed subgroups

of K and F̃ the family of all closed subgroup of J such that Γ ∩ G = {1}. Since A is cofibrant, it is
equivariantly homotopy equivalent to a J-CW-complex; so it is no loss of generality to assume a J-CW-
structure on A with skeleta An. We start by showing the claim for all An (instead of A), by induction
on n. The induction starts with A−1, which is empty, and there is nothing to show. Then we let n ≥ 0 and
assume the claim for An−1. By hypothesis there is a pushout square of J-spaces:

(2.27)

∐
i∈I J/Γi × ∂Dn //

��

∐
i∈I J/Γi ×Dn

��
An−1 // An

Here I is an indexing set for the n-cells of the equivariant CW-structure and Γi is a closed subgroup of J .
Since the G-action on A is free, each of the subgroups Γi intersects G trivially, so it belongs to the family F̃ .

Applying (− ×G X)K takes the square (2.27) to a pushout of spaces. Indeed, the upper vertical map
in (2.27) is an h-cofibration of J-spaces, so it becomes an h-cofibration of K-spaces after applying −×GX.
Such h-cofibrations are in particular closed embeddings, and K-fixed points commutes with pushouts in
which one of the legs is a closed embedding.

We rewrite the resulting pushout, using that for every closed subgroup Γ ≤ J with Γ ∩ G = {1} we
have

((J/Γ×Dn)×G X)
K ∼= Dn × (J/Γ×G X)

K ∼=

{
Dn ×XΓ if p(Γ) = K, and

∅ if p(Γ) 6= K.

So we obtain a pushout square of spaces

∂Dn ×
∐
i∈I′ X

Γi //

��

Dn ×
∐
i∈I′ X

Γi

��
(An−1 ×G X)K // (An ×G X)K

where I ′ ⊂ I is the subset of those indices for which Γi projects onto all of K. The same kind of pushout
arises for Y instead of X.

Since Γi is a graph subgroup, the map

fΓi : XΓi −→ Y Γi

is a weak equivalence for every i ∈ I ′, by hypothesis. The disjoint union, over I ′, of these maps is then also
a weak equivalence; by the inductive hypothesis and the gluing lemma [49, Lemma A.1], the induced map
on pushouts

(An ×G f)K : (An ×G X)K −→ (An ×G X)K
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is then also a weak equivalence.
Now we pass to the colimit over n. Since the skeleton inclusions An−1 −→ An are h-cofibrations of

J-spaces, the induced maps
(An−1 ×G X)K −→ (An ×G X)K

are h-cofibrations (of non-equivariant spaces). Since (A ×G X)K is a colimit of the sequence of spaces
(An×GX)K and a colimit of weak equivalences over a sequence of h-cofibrations is another weak equivalence,
the claim follows.

Now we treat the case of a general closed subgroup L ≤ K that belongs to the family F . We let
J̄ = p−1(L) be the inverse image of L under the projection p : J −→ J/G = K. Then J̄/G = L, and

F̃ ∩ L = F̃ ∩ J̄ and the underlying J̄-space of A is cofibrant (by Proposition 2.23 (i)). So the special case
above, applied to J̄ and L instead of J and K, proves that the map (A×G f)L is a weak equivalence. �

We point out an important special case of the previous proposition. We recall that F(K;G) denotes
the family of graph subgroups of the product K × G, i.e., the family of closed subgroups Γ ≤ K × G
that intersect 1 × G only in the neutral element (1, 1). These are precisely the graphs of all continuous
homomorphisms L −→ G for all closed subgroups L of K. The following proposition is the special case of
Proposition 2.26 where J = K ×G with respect to the normal subgroup {1} ×G.

Corollary 2.28. Let G and K be compact Lie groups and F a family of closed subgroups of K. Let F̃
denote the family of those graph subgroups of K×G whose projection to K belongs to F . Let A be a G-free
cofibrant (K ×G)-space. Then the functor A×G− takes F̃-weak equivalences of (K ×G)-spaces to F-weak
equivalences of K-spaces.

Now we discuss another model structure on G-spaces with F-equivalences as the weak equivalences. We
need a universal G-space for the family F . In Definition 2.13 we introduced universal spaces for collections of
submonoids of a topological monoid. We are mostly interested in universal spaces for topological groups with
respect to a family of closed subgroup, i.e., a collection that is also closed under passage to subgroups. In this
situation universal spaces have a slightly different characterization that may be more familiar. Traditionally,
it is often required that a universal space ‘is’ (or can be given the structure of) a G-CW-complex. We only
require the weaker condition (iii) that still guarantees that a universal space is equivariantly homotopy
equivalent to a G-CW-complex.

Proposition 2.29. Let G be a topological group. Then a G-space E is a universal G-space for a
family F of closed subgroups of G if and only if it satisfies the following three conditions.

(i) For every closed subgroup H ∈ F the fixed point space EH is weakly contractible, and
(ii) for every closed subgroup H 6∈ F the fixed point space EH is empty, and
(iii) E is G-homotopy equivalent to a G-cofibrant G-space.

Proof. A universal G-space E for the family F has property (i) by definition. It also has property (iii)
because every F-cofibrant G-space is in particular G-cofibrant. If H is a closed subgroup of G that does
not belong to F , then it is not subconjugate to any group in F (because F is closed under subconjugates),
so the fixed points (G/K)H are empty for all K ∈ F . Any F-cofibrant G-space is a retract of a G-space
built by attaching cells of the form G/K ×Dn for K ∈ F . So for every F-cofibrant G-space A and every
H 6∈ F the fixed points AH are empty. If E is homotopy equivalent to an F-cofibrant G-space A, then in
particular there exists a G-map E −→ A, and hence a map EH −→ AH = ∅, so EH is also empty. So every
universal G-space for F satisfies condition (ii).

Now we suppose that conversely a G-space E satisfies conditions (i), (ii) and (iii) of this proposition,
and we let A be a G-homotopy equivalent G-CW-complex. Then there exists a G-map A −→ E, hence a
map AH −→ EH = ∅ for all H 6∈ F , so AH is also empty. So the equivariant cells used in any G-CW-
structure for A must be of the form G/K × Dn for K ∈ F . So A is F-cofibrant, and E satisfies both
defining conditions of a universal G-space for the family F . �
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In the following we write EF for any universal G-space for a given family F of closed subgroups.

Proposition 2.30. Let G be a compact Lie group, EF be a universal G-space for a family F and EF ′
be a universal G-space for a family F ′. Then (EF)× (EF ′) is a universal G-space for a family F ∩F ′ with
respect to the diagonal G-action.

Proof. We check the criterion given in Proposition 2.29. The G-space (EF)× (EF ′) is equivariantly
homotopy equivalent to a cofibrant G-space by Proposition 2.25 (ii). Moreover, if H ≤ G is a subgroup,
then

((EF)× (EF ′))H = (EF)H × (EF ′)H .

If H ∈ F ∩F ′, then both factors on the right hand side are weakly contractible, hence so is the product. If
H 6∈ F ∩ F ′, then at least one of the factors on the right hand side is empty, hence so is the product. �

We let G and K be compact Lie group and A a (K×G)-space. We want to describe the K-fixed points
(G\A)K of the G-orbit space G\A. For a continuous homomorphism α : K −→ G we set

Aα = {a ∈ A | (k, α(k))a = a for all k ∈ K} .

Equivalently, Aα is the fixed point space of the graph of α, which is a closed subgroup of K ×G because K
is compact. The subspace Aα of A is stabilized by the centralizer

C(α) = ZG(α(K)) = {g ∈ G | gα(k) = α(k)g for all k ∈ K}

of the image of α. The inclusion Aα −→ A then passes to a continuous map

α[ : C(α) \Aα −→ G\A

on orbit spaces. For a ∈ Aα and k ∈ K the relation

k(Ga) = G(ka) = G(α(k)−1a) = Ga

shows that α[ takes values in the K-fixed points (G\A)K . Moreover, for g ∈ G we have

g ·Aα = Ag
−1αg

as subspaces of A. So the maps α[ and (g−1αg)[ arising from conjugate homomorphisms have the same
image in the orbit space G\A.

Proposition 2.31. Let G and K be compact Lie groups and i : A −→ X be a cofibration of (K ×G)-
spaces such that G acts freely on the complement of the image of i. Then the commutative square

(2.32)

∐
〈α〉 C(α)\Aα

∐
α[ //

∐
C(α)\iα

��

(G\A)K

(G\i)K

��∐
〈α〉 C(α)\Xα ∐

α[
// (G\X)K

is a pushout. Here the wedge runs over conjugacy classes of homomorphisms α : K −→ G and C(α) is the
centralizer, in G, of the image of α.

Proof. We start with a special case, namely where A is empty and X = (K × G)/Γ for a closed
subgroup Γ of K ×G. The freeness hypothesis means that the group Γ is the graph of a unique continuous
homomorphism β : L −→ G, where L is the projection of Γ to K. The map

G\((K ×G)/Γ) −→ K/L , G(k, g)Γ 7−→ kL
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is a K-equivariant homeomorphism, so

(G\((K ×G)/Γ)K ∼= (K/L)K =

{
K/K if L = K

∅ if L 6= K.

Now we let α : K −→ G be any continuous homomorphism. If ((K ×G)/Γ)α 6= ∅, then we let

(κ, γ)Γ ∈ ((K ×G)/Γ)α

be any α-fixed point. Then for every k ∈ K we have

(κ, γ)Γ = (κk, α(κk))(κ, γ)Γ = (κk, α(κk)γ)Γ ,

or equivalently

(k, γ−1α(κk)γ) ∈ Γ .

Since Γ is the graph of β : L −→ G we must have k ∈ L. So if the set ((K × G)/Γ)α is non-empty, then
L = K.

If, on the other hand, L = K, then the map

G −→ (K ×G)/Γ , g 7−→ (1, g)Γ

is a homeomorphism, and it is (K ×G)-equivariant with respect to the action on the source by

(K ×G)×G −→ G , ((k, g), γ) 7−→ gγβ(k)−1 .

So

((K ×G)/Γ)α ∼= Gα = {g ∈ G | α(k)gβ(k)−1 = g for all k ∈ K}
= {g ∈ G | g−1α(k)g = β(k)−1 for all k ∈ K} .

The last set is empty if α is not conjugate to β, and otherwise the centralizer C(α) acts freely and transitively
on it. So the disjoint union over all conjugacy classes of homomorphisms of the spaces C(α)\((K ×G)/Γ)α

is a single point. Altogether this verifies the claim in the special case A = ∅ and X = (K ×G)/Γ. Product
with a fixed space (without any action) commutes with fixed points and orbits, so the claim also holds for
the map

(2.33) (K ×G)/Γ× ik : (K ×G)/Γ× ∂Dk −→ (K ×G)/Γ×Dk .

Now we let X be the class of those (K × G)-cofibrations i : A −→ X for which G acts freely off the
image and for which the proposition holds. The class of (K ×G)-cofibrations such that G acts freely away
from the image is generated, under retract, disjoint union, cobase change, and countable compositions by
the maps (2.33), so the set X contains these generators by the previous paragraph. We may thus show that
the class X is closed under the following operations:

• retract,
• disjoint unions,
• cobase change,
• finite and countable composition.

Closure under retracts holds by functoriality, because a retract of a pushout is a pushout. Closure under
disjoint union is clear because orbits and fixed points all preserves disjoint unions.

The closure under cobase change is a rather formal consequence of the fact that orbits and coproducts
preserves pushouts, and fixed points of a compact group action preserves pushouts along closed embeddings,
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and closed embeddings are stable under orbits and fixed points. In more detail, we consider a pushout of
(K ×G)-spaces on the left

A
f //

i

��

B

j

��

G\A
G\f //

G\i
��

G\B

G\j
��

X
g
// Y G\X

G\g
// G\Y

such that i belongs to the class X . This gives rise to a pushout of G-orbit spaces on the right. Since i is a
closed embedding, so is G\i, and hence taking K-fixed points yields another pushout square:

(G\A)K
(G\f)K //

(G\i)K

��

(G\B)K

(G\j)K

��
(G\X)K

(G\g)K
// (G\Y )K

On the other hand, taking fixed points of the graph of a homomorphism α : K −→ G of the original pushout
yields another pushout square on the left:

Aα
fα //

iα

��

Bα

jα

��

C(α)\Aα
C(α)\fα //

C(α)\iα

��

C(α)\Bα

C(α)\jα

��
Xα

gα
// Y α C(α)\Xα

C(α)\gα
// C(α)\Y α

Taking C(α)-orbits yields another pushout square on the right. Everything together produces a commutative
diagram ∐

〈α〉 C(α)\Xα

∐
α[

��

∐
〈α〉 C(α)\Aαoo

∐
α[

��

// ∐
〈α〉 C(α)\Bα

∐
α[

��
(G\X)K (G\A)Koo // (G\B)K

The space
∐
〈α〉 C(α)\Y α is a pushout of the upper row, and then space (G\Y )K is a pushout of the lower

row. Moreover, the left square is a pushout because the morphism i was assumed to belong to X . So the
square ∐

〈α〉 C(α)\Bα

∐
α[

��

∐
C(α)\jα // ∐

〈α〉 C(α)\Y α

∐
α[

��
(G\B)K

(G\j)K
// (G\Y )K

is also a pushout, i.e., the morphism j belongs to X . �

In the special case where A = ∅, the previous proposition becomes:

Corollary 2.34. Let G and K be compact Lie groups and X be a cofibrant (K ×G)-space. If G acts
freely on X, then the map ∐

α[ :
∐

C(α)\Xα −→ (G\X)K
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is a homeomorphism, where the union runs over all conjugacy classes of continuous homomorphisms α :
K −→ G.

In the special case where A = ∗ is a single basepoint, Proposition 2.31 becomes:

Corollary 2.35. Let G and K be compact Lie groups and X be a based cofibrant (K × G)-space. If
the group G acts freely away from the basepoint, then the map

(2.36) ∨ α[ :
∨
〈α〉

C(α)\Xα −→ (G\X)K

is a homeomorphism, where the wedge runs over all conjugacy classes of continuous homomorphisms α :
K −→ G.

3. Background on enriched functor categories

In this section we review some general definitions, properties and constructions involving categories of
enriched functors. The general setup consists of the following data:

• a complete and cocomplete symmetric monoidal category V (the ‘base category’)
• a skeletally small V-category D (the ‘index category’) [spell out].

We denote by D∗ the category of covariant V-functors F : D −→ V from the index category to the base
category.

We are mostly interested in the following special cases of such functor categories:

(i) orthogonal spaces (where V = T and D = L);
(ii) I-spaces (where V = T and D = I);
(iii) orthogonal spectra (where V = T∗ and D = O);
(iv) global functors (where V = Ab and D = A).

Notation. In the following we will deal a lot with symmetric monoidal categories and their actions
on other categories. Part of the data are then typically associativity isomorphisms that satisfy a pentagon
coherence conditions. We will generally denote all associativity isomorphisms by the letter α, decorated
with three indices that indicated the objects involved. So in the same diagram, difference occurrences of α
may refer to different kinds of associativity isomorphism, but the context always makes it clear which one is
intended. Various times, symmetry isomorphisms will also come up that satisfy a hexagon condition with
respect to the associativity isomorphisms. We will generally use the letter τ , decorated with two indices
that indicated the objects involved, to denote symmetry isomorphisms.

3.1. Convolution product. In this section we review a general method, due to B. Day [45] for con-
structing symmetric monoidal structures on certain functor categories. We make the additional assumption
that the index category D is a symmetric monoidal V-category D (the ‘index category’) [spell out]. We
denote the monoidal product on D by ⊕.

We get the cases of interest above by specializing as follows:

(i) For V = T the category of spaces under cartesian product and D = L the topological category of
inner product spaces, D∗ = spc is the category of orthogonal spaces. This yields the box product of
orthogonal spaces.

(ii) For V = T the category of spaces under cartesian product and D = I the category of finite sets and
injections, D∗ = I-spc is the category of I-spaces. This yields the box product of I-spaces.

(iii) For V = T∗ the category of based spaces under smash product and D = O the Thom space category
of the orthogonal complement bundles, D∗ = Sp is the category of orthogonal spectra. This yields
the smash product of orthogonal spectra.

(iv) For V = Ab the category of abelian groups under tensor product and D = A the pre-additive Burnside
category, D∗ = GF is the category of global functors. This yields the box product of global functors.
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Given two V-functors X,Y : D −→ V, the composite

X × Y : D ×D X×Y−−−→ V × V ×−→ V

is a V-functor on the product category.

Definition 3.1. A bimorphism b : (X,Y ) −→ Z from a pair of objects (X,Y ) of D∗ to another object
Z of D∗ is a V-natural transformation b : X × Y −→ Z ◦ ⊕ of functors D ×D −→ V.

So a bimorphism b : (X,Y ) −→ Z consists of V-morphisms

b(d, e) : X(d) ∧ Y (e) −→ Z(d⊕ e)

for all objects d, e of D, that form a V-natural transformation.
We can then define a box product of X and Y as a universal example of an object of D with a

bimorphism from X and Y .

Definition 3.2. A box product for objects X and Y of D∗ is a pair (X�Y, i) consisting of a D∗-
object X�Y and a universal bimorphism i : (X,Y ) −→ X�Y , i.e., a bimorphism such that for every
symmetric spectrum Z the map

(3.3) D∗(X�Y,Z) −→ Bimor((X,Y ), Z) , f 7−→ f ◦ i

is bijective.

Remark 3.4 (Uniqueness of box products). The universal property makes box products of two functors
unique up to preferred isomorphism. Indeed, if (X�Y, i) and (X�′Y, i′) are two box products, then the
universal properties provide unique morphisms f : X�Y −→ X�′Y and g : X�′Y −→ X�Y that satisfy

f ◦ i = i′ and g ◦ i′ = i .

Then (g ◦ f) ◦ i = g ◦ i′ = i = IdX�Y ◦i, so g ◦ f = IdX�Y by the uniqueness part of the universal property.
Reversing the roles gives f ◦ g = IdX�′Y .

Proposition 3.5. Every pair of objects of D∗ has a box product.

Proof. The universal property of the Box product precisely means that (X�Y, i) is an enriched left
Kan extension of the functor X × Y : D × D −→ V along the V-functor ⊕ : D × D −→ D. Such a Kan
extension exists because V is cocomplete and D is skeletally small. �

Remark 3.6. The box product is constructed as an enriched Kan extension along the functor ⊕ :
D × D −→ D. We can make this a little more explicit. Given X,Y ∈ D∗, a box product X�Y is a
coequalizer of the two morphisms of functors∐

e,e′,d,d′

D(e⊕ e′,−)×D(d, e)×D(d′, e′)×X(d)× Y (d′)

// //
∐
d,d′

D(d⊕ d′,−)×X(d)× Y (d′) .

The left coproduct is indexed over all quadruples (e, e′, d, d′) in a set of representatives of the isomorphism
classes of D-objects. The right coproduct is indexed over pairs (d, d′) of such representatives. One of the
two morphisms to be coequalized is the coproduct of the products of

D(e⊕ e′,−)×D(d, e)×D(d′, e′) −→ D(d⊕ d′,−) , (ϕ, τ, τ ′) 7−→ ϕ ◦ (τ × τ ′)

and the identity on X(d)× Y (d′). The other morphism is the coproduct of the products of the identity on
D(e× e′,−) and the action maps D(d, e)×X(d) −→ X(e) respectively D(d′, e′)× Y (d′) −→ Y (e′).
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Example 3.7. We start with a toy example of the box product, the tensor product of modules over a
commutative ring R. For this purpose we take the base category V = Ab as the category of abelian group
under tensor product. We view the ring as a pre-additive category R with one object ∗ whose abelian
endomorphism group is R; composition is the multiplication in R.

A symmetric monoidal structure on R is defined as follows: the monoidal product µ : R × R −→ R is
µ(∗, ∗) = ∗ on objects (there is no room for anything else) and also given by the multiplication

R(∗, ∗)⊗R(∗, ∗) = R⊗R −→ R = R(∗, ∗)
on morphisms. The hypothesis that R is commutative is needed to make this a functor. The symmetric
monoidal structure is (very) strict, i.e., all coherence isomorphisms for unit, associativity and even symmetry
are the identities.

The category of (left, say) R-modules is isomorphic to the category of additive functors from R to
abelian groups, and we leave it as an exercise to the reader that under the usual isomorphism the tensor
product of R-modules corresponds to the box product of enriched functors.

In fact, this example works more generally in any base symmetric monoidal category V, not just in the
special case V = Ab. Every commutative monoid R in V gives rise to a symmetric monoidal V-category
R such that the category of R-modules is isomorphic to the category of V-functors R −→ V. The ‘tensor’
product of R-objects in V corresponds to the box product of enriched functors.

It is a fact of life that Kan extensions such as a box product are not unique, but only unique up to
preferred isomorphism. In the following we choose a box product (X�Y, iX,Y ) for every pair of objects X
and Y of D∗. The universal bimorphism i is often omitted from the notation, but one should remember that
it is the pair (X�Y, i), and not the object X�Y alone, that has a universal property. It will be convenient
later to make the constant functor 0∗ into a strict unit for the box product (as opposed to a unit up to
coherent isomorphisms). So we make the following conventions:

• (Right unit) We choose X�0∗ = X with universal bimorphism i : (X, 0∗) −→ X given by the
maps

X(d)× 0∗(e) = X(d)×D(0, e)
X(d)×(d⊕−)−−−−−−−−→ X(d)×D(d⊕ 0, d⊕ e)

∼= X(d)×D(d, d⊕ e) ◦−−→ X(d⊕ e) .
• (Left unit) We choose 0∗�Y = Y with universal bimorphism i : (0∗, Y ) −→ Y given by the

composite

0∗(d)× Y (e) = D(0, d)× Y (e)
(−⊕e)×Y (e)−−−−−−−−→ D(0⊕ e, d⊕ e)× Y (e)

∼= D(e, d⊕ e)× Y (e)
◦−−→ Y (d⊕ e) .

The unnamed isomorphism are induced by the right respective left unit isomorphisms in D, and ‘◦’ is the
functor structure of X respectively Y . For X = Y = 0∗ these two bimorphisms (0∗, 0∗) −→ 0∗ are equal, so
there is no ambiguity. While the box products are choices, the good new is that these are the only choices
that need to be made – the rest of the structure is canonically determined by the choices of box product.

Construction 3.8 (Functoriality). For example, with these choices made, the box product X�Y
automatically becomes a functor in both variables: if f : X −→ X ′ and g : Y −→ Y ′ are morphisms in D∗,
then the collection of V-maps{

X(d)× Y (e)
f(d)×Y (e)−−−−−−−→ X ′(d)× Y ′(e)

i′d,e−−→ (X ′�Y ′)(d⊕ e)
}
d,e

forms a bimorphism (X,Y ) −→ X ′�Y ′. So there is a unique morphism f�g : X�Y −→ X ′�Y ′ such that
(f�g)(d ⊕ e) ◦ id,e = i′d,e ◦ (f(d) × g(e)) for all objects d, e of D. The uniqueness part of the universal
property implies that this is compatible with identities and composition in both variables.
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Construction 3.9 (V-enrichment). The category D∗ is tensored over the base category V. In more
detail we consider an object A of V and a functor Y ∈ D∗. We define a new functor A × Y ∈ D∗ by
objectwise product in V, i.e., A× Y is the composite V-functor

D Y−−→ V A×−−−−→ V

[explain how A × − is a V-functor and how composites of V-functors are V-functors] This construction is
an action of V on D∗, which means preferred natural associative and unital isomorphisms (A × B) × Y ∼=
(A× (B × Y ) and 1× Y ∼= Y :

The box product commutes with such V-tensors up to distinguished isomorphism

αA,Y,Z : (A× Y )�Z ∼= A× (Y�Z)

that we now construct. The family of morphisms

(A× Y (d))× Z(e)
αA,Y (d),Z(e)−−−−−−−−→ A× (Y (d)× Z(e))

A×id,e−−−−→ A× (Y�Z)(d⊕ e)

forms a bimorphism from ((A× Y ), Z) to A× (Y�Z). So the universal property provides a distinguished
morphism αA,Y,Z : (A×Y )�Z −→ A×(Y�Z). Since the monoidal structure on V is closed, the functor A×−
is a left adjoint, so it preserves coends. So the morphism αA,Y,Z is an isomorphism. A minimally more
complicated construction that also involves the symmetry constraint in V to move the object A past the
functor Y provides an isomorphism

Y�(A× Z) ∼= A× (Y�Z) .

The two types of associativity isomorphisms (A×B)×Y ∼= (A× (B×Y ) and (A×Y )�Z ∼= A× (Y�Z)
are compatible in the sense of a commuting pentagon

((A×B)× Y )�Z
αA,B,Y �Z

tt

αA×B,Y,Z

**
(A× (B × Y ))�Z

αA,B×Y,Z &&

(A×B)× (Y�Z)

αA,B,Y�Zxx
A× ((B × Y )�Z)

A×αB,Y,Z
// A× (B × (Y�Z))

Construction 3.10 (Coherence isomorphisms). Now that we have constructed a box product functor

� : D∗ ×D∗ −→ D∗ ,

we can show it ‘is’ automatically symmetric monoidal. Since ‘symmetric monoidal’ is extra data, and not
a property, we are obliged to construct associativity isomorphisms

αX,Y,Z : (X�Y )�Z −→ X�(Y�Z)

and symmetry isomorphisms

τX,Y : X�Y −→ Y�X .

We have arranged things so that the constant functor 1 is a strict unit, so the left and right unit isomorphisms
which are part of a symmetric monoidal structure are the identity maps and don’t have to be explicitly
mentioned.

We can obtain αX,Y,Z and τX,Y just from the universal property of the box products. For the associa-
tivity isomorphism we notice that the family{

X(d)× Y (e)× Z(f)
id,e×Z(f)−−−−−−→ (X�Y )(d⊕ e)× Z(f)

id⊕e,f−−−−→ ((X�Y )�Z)((d⊕ e)⊕ f)

}
d,e,f
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and the family{
X(d)× Y (e)× Z(f)

X(d)×ie,f−−−−−−→ X(d)× (Y�Z)(e⊕ f)
ie,d⊕f−−−−→ (X�(Y�Z))(d⊕ (e⊕ f))

}
p,q,r≥0

both have the universal property of a tri morphism (whose definition is hopefully clear) out of X, Y and Z.
The uniqueness of representing objects gives a unique isomorphism of enriched functors

αX,Y,Z : (X�Y )�Z ∼= X�(Y�Z)

such that (αX,Y,Z)p+q+r ◦ ip+q,r ◦ (ip,q�Zr) = ip,q+r ◦ (Xp�iq,r).
The symmetry isomorphism τX,Y : X�Y −→ Y�X corresponds to the bimorphism from (X,Y ) to

Y�X with components

(3.11) X(d)�Y (e)
τX(d),Y (e)−−−−−−→ Y (e)�X(d)

ie,d−−→ (Y�X)(e⊕ d)
(Y�X)(τe,d)−−−−−−−−→ (Y�X)(e⊕ d) .

The following theorem is due to B. Day. In fact, Theorem 3.3 and 4.1 of [45] together imply the
‘monoidal’ part, and Theorems 3.6 deals with the symmetries.

Theorem 3.12. [45] The associativity and symmetry isomorphisms make the box product into a sym-
metric monoidal product on the category D∗ with the functor 1 as a strict unit object.

For objects a, b of D the represented functors of a, b and a⊕ b are related by a preferred isomorphism.
Indeed, the V-morphisms

a∗(d)× b∗(e) = D(a, d)×D(b, e)
⊕−−→ D(a⊕ b, d⊕ e) = (a⊕ b)∗(d⊕ e)

form a bimorphism as d and e vary. So there is a unique morphism

ja,b : a∗�b∗ ∼= (a⊕ b)∗

such that ja,b ◦ ia∗,b∗ = ⊕.

Proposition 3.13. For all objects a, b of D the morphism ja,b : a∗�b∗ −→ (a⊕ b)∗ is an isomorphism.
As a and b vary, these isomorphism form a strong symmetric monoidal structure on the Yoneda functor

Y : Dop −→ D∗ , a 7−→ a∗ .

Construction 3.14 (Internal function object). The box product is a closed monoidal product in the
sense that for all objects Y and Z of D∗ the functor

D∗(−�Y, Z) : D∗ −→ V , X 7−→ D∗(X�Y,Z)

is representable. A representing object can be constructed as follows. Given Z ∈ D∗ and d ∈ D, we define
the d-shift Zd as the composite V-functor

D d⊕−−−−−→ D Z−−→ V .
Then we define an object Hom(Y,Z) of D∗ by

Hom(Y, Z)(d) = D∗(Y,Zd) .
We define a morphism

εY,Z : Hom(Y,Z)�Y −→ Z

from the bimorphism from (Hom(Y, Z), Y ) to Z with components

Hom(Y, Z)(d)× Y (e) = D∗(Y,Zd)× Y (e) −→ Z(d⊕ e)
defined as the adjoint to evaluation at e

D∗(Y,Zd) −→ V(Y (e), Zd(e)) = V(Y (e), Z(d⊕ e)) .
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[ref or proof that this represents D∗(−�Y,Z)] We choose, for all Y,Z ∈ D∗, a representing object, i.e., a
pair (Hom(Y,Z), ε) consisting of an object Hom(Y,Z) of D∗ and a morphism εY,Z : Hom(Y, Z)�Y −→ Z
such that for all X ∈ D∗ the map

D∗(X,Hom(Y,Z)) −→ D∗(X�Y, Z) , f 7→ εY,Z(f�Y )

is bijective. As for the box product, there is generally no way to avoid the choice here, but one these choices
have been made, the rest of the structure is determined. In particular, there is now a preferred way to make
the choice Hom(Y,Z) the object part of a functor

Hom(−,−) : (D∗)op ×D∗ −→ D∗ .

Once this is done, the morphisms εY,Z are automatically the counits of an adjunction between the functor
−�Y and the functor Hom(Y,−).

There are natural composition morphisms

(3.15) ◦ : Hom(Y, Z)�Hom(X,Y ) −→ Hom(X,Z)

which are associative and unital with respect to the unit map 0∗ −→ Hom(X,X) adjoint to the identity
of X. The composition morphism is obtained, by the universal property of the box product, from the
bimorphism consisting of the maps

D∗(Y,Zd) ∧ D∗(X,Ye)
(−)d∧Id−−−−−→ D∗(Yd, (Ze)d) ∧ D∗(X,Ye)
∼= D∗(Yd, Zd⊕e) ∧ D∗(X,Yd)

◦−−−−→ D∗(X,Zd⊕e)

where the second map is the composition pairing. The unnamed isomorphism is induced by the isomorphism
(Ze)d ∼= Zd⊕e in D∗ whose value at an object f is

((Ze)d)(f) = Z(e⊕ (d⊕ f))
Z(α−1

e,d,f )
−−−−−−→ Z((e⊕ d)⊕ f)

Z(τe,d⊕f)−−−−−−→ Z((d⊕ e)⊕ f) = Zd⊕e(f) .

We recall that a monoid in a the symmetric monoidal category D∗ with respect to the box product is
an object M ∈ D∗ equipped with a multiplication morphism µ : M�M −→ M and a unit morphism η :
0∗ −→M such that the following associativity and unit diagrams commute:

(3.16)

(M�M)�M

αM,M,M∼=
��

µ�M // M�M

µ

��

M�0∗
M�η // M�M

µ

��

0∗�M
η�Moo

M�(M�M)
M�µ

// M�M
µ

// M M

A monoid M is commutative if also µ ◦ τM,M = µ, i.e., the following triangle commutes:

M�M
µ

**τM,M

��
M

M�M
µ

44

A morphism of monoids is a morphism f : R −→ S in D∗ such that f ◦ µR = µS ◦ (f�f) and fηR = ηS .
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3.2. Skeleton filtration. In the section we assume that the index category D comes with a dimension
function dim : ob(D) −→ N to the natural numbers, satisfying the following conditions:

(i) If two object d, e satisfy dim(e) < dim(d), then D(d, e) is an initial object of the base category V.
(ii) If two object d, e satisfy dim(e) = dim(d), then d and e are isomorphic.

A well known example is then D = ∆ is the simplicial indexing category, with dim([n]) = n, and when V
is the category of sets. Then the functor category D∗ is the category of simplicial sets and our skeleton
construction specializes to the traditional skeleton of a simplicial set.

Other examples that we care about in this book are:

• For D = L the topological category of inner product spaces, and D = O the Thom space category
of the orthogonal complement bundles, dim(V ) is the dimension as an R-vector space. D∗ = spc
is the category of orthogonal spaces.

• For D = I the category of finite sets and injections, dim(A) is the cardinality of A.

We denote by D≤m the full enriched subcategory of D spanned by all objects of dimension at most m.
We denote by D∗≤m = (D≤m)∗ the category of enriched functors from D≤m to V. The restriction functor

D∗ −→ D∗≤m , Y 7−→ Y ≤m = Y |D≤m
has a left adjoint

lm : D∗≤m −→ D∗

given by an enriched Kan extension as follows. For every k ≥ 0 we choose an object k of D of dimension k.
The extension lm(Z) of an enriched functor Z : D≤m −→ V is a coequalizer of the two morphisms in D∗

(3.17)
∐

0≤j≤k≤mD(k,−)×D(j,k)× Z(k)
V
//

U // ∐
0≤i≤mD(i,−)× Z(i) // lm(Z)

The morphism U arises from the composition morphisms

D(k,−)×D(j,k) −→ D(j,−)

and the identity on Z(k); the morphism V arises from the action maps

D(j,k)× Z(j) −→ Z(k)

and the identity on the represented functor D(k,−). Colimits in the functor category D∗ are created
objectwise, so the value lm(Z)(d) at an object d can be calculated by plugging d into the variable slot in
the coequalizer diagram (3.17).

It is a general property of Kan extensions along a fully faithful functor [ref] (such as the inclusion
D≤m −→ D) that the values do not change on the given subcategory. More precisely, the adjunction unit

Z −→ (lm(Z))≤m

is an isomorphism for every functor Z : D≤m −→ V.

Definition 3.18. The m-skeleton, for m ≥ 0, of an enriched functor Y : D −→ V is the functor

skm Y = lm(Y ≤m) ,

the extension of the restriction of Y to D≤m. It comes with a natural morphism im : skm Y −→ Y , the
counit of the adjunction (lm, (−)≤m). The m-th latching object of Y is the D(m)-object

LmY = (skm−1 Y )(m) ;

it comes with a natural D(m)-equivariant morphism

νm = im−1(m) : LmY −→ Y (m) ,

the m-th latching morphism.
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We also agree to set sk−1 Y = ∅, an initial object of D∗; then L0Y = ∅, an initial V-object. The value

im(d) : (skm Y )(d) −→ Y (d)

of this morphism is an isomorphism for all objects d of dimension at most m.
Now we consider 0 ≤ l ≤ m. The two morphisms il : skl Y −→ Y and im : skm Y −→ Y both restrict

to isomorphisms on D≤l, so there is a unique morphism jl,m : skl Y −→ skm Y such that im ◦ jl,m = il.
These morphisms satisfy

jl,m ◦ jk,l = jk,m

for all 0 ≤ k ≤ l ≤ m. The sequence of skeleta stabilizes to Y in a very strong sense. For every object d
of D, the morphisms jm,m+1(d) and im(d) are isomorphism as soon as m ≥ dim(d). In particular, Y (d) is
a colimit, with respect to the morphisms im(d), of the sequence of maps jm,m+1(d), Since colimits in the
functor category D∗ are created objectwise, we deduce that Y is a colimit, with respect to the morphisms
im, of the sequence of morphisms jm,m+1.

Example 3.19 (Latching objects of represented functors). Let d be an object of D of dimension n =
dim(d), and A an object of V. Then the functor D(d,−) × A is ‘purely n-dimensional’ in the following
sense. The evaluation functor

evd : D∗ −→ V
factors through the category D≤n as the composite

D∗ −→ D≤n
evd−−→ V .

So the left adjoint free functor A 7→ D(d,−)×A can be chosen as the composite of the two individual left
adjoints

D(d,−)×− = ln ◦ (D≤n(d,−)×−) .

space W of dimension at most n by

(lG,VA)(W ) =

{
D(V,W )×G A if dim(W ) = n,

∅ if dim(W ) < n.

The object D(d, e) × A is initial for dim(e) < n, by hypothesis on the dimension functions, and hence the
latching object Lm(D(d,−)×A) is initial for m ≤ n. For m > n the latching morphism νm : Lm(D(d,−)×
A) −→ D(d,m) × A is an isomorphism. So the skeleton skm(D(d,−) × A) is initial for m < n and
skm(D(d,−)×A) = D(d,−)×A is the entire functor for m ≥ n.

We denote by

Gm : D(m)V −→ D∗

the left adjoint to the functor Y 7→ Y (m). As a special case [a consequence?] of the previous example, the
orthogonal space GmA = D(m,−)×D(m) A is purely m-dimensional for every D(m)-object A.

Proposition 3.20. For every enriched functor Y : D −→ V and every m ≥ 0 the commutative square

(3.21)

GmLmY
Gmνm //

��

GmY (m)

��
skm−1 Y

jm−1,m

// skm Y

is a pushout in the category D∗. The two vertical morphisms are adjoint to the identity of LmY respec-
tively Y (m).
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Proof. All four functors are ‘m-dimensional’, i.e., isomorphic to the extensions of their restrictions
to D≤m; for GmLmY and GmY (m) this follows from Example 4.3. So it suffices to check that the square
is a pushout of spaces when evaluated at objects d of dimension at most m. When the dimension of d
is strictly less than m, then (GmLmY )(d) and (GmYm)(d) are initial objects and the map jm−1,m(V ) :

(skm−1 Y )(d) −→ (skm Y )(d) is an isomorphism (both source and target are isomorphic to Y (d)). So for
dim(d) < m both horizontal maps are isomorphisms at d. When dim(d) = m, then d is isomorphic to m,
so we may suppose that d = m. Then the square (3.21) evaluates to

D(m,m)×D(m) (LmY )
D(m,m)×D(m)νm //

��

D(m,m)×D(m) Y (m)

��
LmY

jm−1,m(m)
// Y (m)

So for dim(d) = m, both vertical maps are isomorphisms at d. �

Example 3.22. As an illustration of the definition, we describe the skeleta and latching objects for
small values of m. We have

sk0 Y = const(Y (0)) ,

the constant functor with value Y (0) with trivial D(1)-action; the latching map

ν1 : L1Y = (sk0 Y )(1) = Y (0)
Y (u)−−−→ Y (1)

is the map induced by the unique [???] morphism u : 0 −→ 1. Now we evaluate the pushout square (3.21)
for m = 1 at an object d; the results is a pushout square of D(1)-objects

D(1, d)/D(1)× Y (0) //

proj

��

D(1, d)×D(1) Y (1)

��
Y (0) // (sk1 Y )(d)

Here we exploited that D(1) acts trivially in L1Y = Y (0) and we can thus identify

(G1L1Y )(d) = D(1, d)×D(1) Y (0) ∼= D(1, d)/D(1)× Y (0) .

Given any morphism f : A −→ B of enriched functors in D∗, we define a relative skeleton filtration as
follows. We have a commutative square of enriched functors

skmA
skm f //

im
��

skmB

im
��

A
f

// B

The relative m-skeleton of f is the pushout

(3.23) skm[f ] = A ∪skm A skmB ;

it comes with a unique morphism im : skm[f ] −→ B which restricts to f : A −→ B respectively to
im : skmB −→ B.

Since LmA = (skm−1A)(m) we have

(skm−1[f ])(m) = A(m) ∪LmA LmB ,
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the m-th relative latching object. A morphism jm[f ] : skm−1[f ] −→ skm[f ] is obtained from the commuta-
tive diagram

A skm−1A
skm−1 f //im−1oo

jAm−1,m

��

skm−1B

jBm−1,m

��
A skmA

skm f
//

im
oo skmB

by taking pushouts. The square

(3.24)

Gm(Am ∪LmA LmB)
Gm(νmf) //

��

GmBm

��
skm−1[f ]

jm[f ]
// skm[f ]

is a pushout [deduce this from Proposition 3.20] and the original morphism f : A −→ B factors as the
composite of the countable sequence

(3.25) A = sk−1[f ]
j0[f ]−−−→ sk0[f ]

j1[f ]−−−→ sk1[f ] −→ · · · jm[f ]−−−→ skm[f ] −→ · · · .
If d has dimension n, then the sequence stabilizes to the identity map of B(d) from (skn[f ])(d) on; in
particular, the compatible morphisms jm : skm[f ] −→ B exhibit B as a colimit of the sequence.

The following proposition is an immediate application of the relative skeleton filtration. It is the key
ingredient to the lifting properties of the various level model structures in this book. We recall that a pair
(i : A −→ B, f : X −→ Y ) of morphisms in some category has the lifting property if for all morphism
ϕ : A −→ X and ψ : B −→ Y such that fϕ = ψi there exists a lifting, i.e., a morphism λ : B −→ Y such
that λi = ϕ and fλ = ψ. Instead of saying that the pair (i, f) has the lifting property we may equivalently
say ‘i has the left lifting property with respect to f ’ or ‘f has the right lifting property with respect to i’.

Given any morphism f : A −→ B of enriched functors in D∗ and m ≥ 0, we have a commutative square
of D(m)-objects

LmA
Lmf //

νm

��

LmB

νm

��
A(m)

f(m)
// B(m)

Proposition 3.26. Let i : A −→ B and f : X −→ Y be morphisms of enriched functors in D∗. If the
pair

(νmi : A(m) ∪LmA LmB −→ B(m), f(m) : X(m) −→ Y (m))

has the lifting property in the category of D(m)-objects for every m ≥ 0, then the pair (i, f) has the lifting
property in the functor category D∗.

Proof. We consider the class f -cof of all morphisms in D∗ that have the left lifting property with
respect to f ; this class is closed under cobase change and countable composition. Since the pair (νmi, fm)
has the lifting property in the category of D(m)-objects, the morphism Gm(νmi) belongs to the class f -
cof by adjointness. The relative skeleton filtration (3.23) shows that i is a countable composite of cobase
changes of the morphisms Gm(νmi), so i belongs to the class f -cof. �

Now we discuss a general recipe for constructing level model structures on the functor category D∗.
As input we need, for every m ≥ 0, a model structure C(m) on the category of D(m)-objects. We call a
morphism f : X −→ Y in D∗
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• a level equivalence if f(m) : X(m) −→ Y (m) is a weak equivalence in the model structure C(m)
for all m ≥ 0;

• a level fibration if the morphism f(m) : X(m) −→ Y (m) is a fibration in the model structure
C(m) for all m ≥ 0;

• a cofibration if the latching morphism νmf : X(m) ∪LmX LmY −→ Y (m) is a cofibration in the
model structure C(m) for all m ≥ 0.

Proposition 3.28 below shows that if the various model structures C(m) satisfy the following ‘consistency
condition’, then the level equivalences, level fibrations and cofibrations define a model structure on the
functor category D∗.

Definition 3.27 (Consistency condition). For all m,n ≥ 0 and every acyclic cofibration i : A −→ B
in the model structure C(m) on D(m)-objects, every cobase change, in the category of D(m + n)-objects,
of the morphism

D(m,m + n)×D(m) i : D(m,m + n)×D(m) A −→ D(m,m + n)×D(m) B

is a weak equivalence in the model structure C(m+ n).

Proposition 3.28. Let C(m) be a model structure on the category of D(m)-objects, for m ≥ 0, such
that the consistency condition holds.

(i) The classes of level equivalences, level fibrations and cofibrations define a model structure on the
functor category D∗.

(ii) A morphism i : A −→ B in D∗ is simultaneously a cofibration and a level equivalence if and only if
for all m ≥ 0 the latching morphism νmi : A(m)∪LmA LmB −→ B(m) is an acyclic cofibration in the
model structure C(m).

(iii) Suppose that the fibrations in the model structure C(m) are detected by a set of morphisms J(m); then
the level fibrations of orthogonal spaces are detected by the set of morphisms

{Gmj | m ≥ 0, j ∈ J(m)} .

Similarly, if the acyclic fibrations in the model structure C(m) are detected by a set of morphisms
I(m), then the level acyclic fibrations of orthogonal spaces are detected by the set of morphisms

{Gmi | m ≥ 0, i ∈ I(m)} .

Proof. We start by showing one of the directions of part (ii): we let i : A −→ B be a morphism
such that the latching morphism νmi : A(m) ∪LmA LmB −→ B(m) is an acyclic cofibration in the model
structure C(m) for all m ≥ 0; we show that then i is a level equivalence.

The map i(n) : A(n) −→ B(n) is the finite composite

A(n) = (sk−1[i])(n)
(j0[i])(n)−−−−−−→ (sk0[i])(n)

(j1[i])(n)−−−−−−→ . . .
(jn−1[i])(n)−−−−−−−→ (skn−1[i])(n)

(jn[i])(n)−−−−−−→ (skn[i])(n) = B(n) ,

so it suffices to show that jk[i] is a level equivalence for all k ≥ 0. The pushout square (3.24) in level m+n
is a pushout of D(m+ n)-objects

D(m,m + n)×D(m) (A(m) ∪LmA LmB)
D(m,m+n)×D(m)(νmi) //

��

D(m,m + n)×D(m) B(m)

��
(skm−1[i])(m + n)

(jm[i])(m+n)
// (skm[i])(m + n)

The consistency condition guarantees that the lower horizontal morphism is a C(m+ n)-weak equivalence.



458 A. MISCELLANEOUS TOOLS

(i) Several of the axioms are straightforward: the functor category D∗ inherits all small limits and
colimits and colimits from the base category V; the level equivalences satisfy the 2-out-of-3 property; the
classes of level equivalences, cofibrations and fibrations are closed under retracts.

Now we prove the factorization axiom, i.e., we show that every morphism f : A −→ X of orthogonal
spaces can be factored as f = qi where q is a level acyclic fibration and i a cofibration; and it can be
factored as f = pj where p is a level fibration and j a cofibration and level equivalence. We start with the
first factorization and construct an enriched functor B and morphisms i : A −→ B and q : B −→ X by
induction over the dimension. [factor successively in D∗≤m] In level 0 we choose a factorization

A(0)
i(0)−−−→ B(0)

q(0)−−−−→ X(0)

of f(0) in the category of D(0)-objects such that i(0) is a cofibration and q(0) is an acyclic fibration in the
model structure C(0). Now we suppose that the enriched functor B and the morphisms i and q have already
been constructed up to dimension m− 1. Then we have all the data necessary to define the m-th latching
object LmB; moreover, the ‘partial morphism’ q : B −→ X provides a D(m)-morphism LmB −→ X(m)
such that the square

LmA
Lmi //

νm

��

LmB

��
A(m)

f(m)
// X(m)

commutes. We factor the resulting morphism A(m)∪LmALmB −→ X(m) in the category of Dc(m)-objects

(3.29) A(m) ∪LmA LmB
νmi−−−→ B(m)

q(m)−−−−→ X(m)

such that νmi is a cofibration and q(m) is an acyclic fibration in the model structure C(m). The intermediate
D(m)-object B(m) defines the value of B at the object m, and the second morphism q(m) is the m-th level
of the morphism q. For 0 ≤ i < m, the structure morphism is the composite

D(i,m)×B(i) −→ LmB −→ A(m) ∪LmA LmB
νmi−−→ B(m)

and the composite of νmi with the canonical morphism A(m) −→ A(m)∪LmALmB is the m-th level of the
morphism i.

At the end of the day we have indeed factored f = qi in the category D∗ such that q is a level
equivalence and level fibration. Moreover, the m-th latching morphism comes out to be the morphism νmi :
A(m)∪LmA LmB −→ B(m) in the factorization (3.29), which is a cofibration in the model structure C(m).
So the morphism i is indeed a cofibration.

The second factorization f = pj as a cofibration and level equivalence j followed by a level fibration p
is similar, but instead of the factorization (3.29) we use a factorization, in the model category C(m), as
an acyclic cofibration followed by a fibration. Then the resulting morphism p is a level fibration and
the morphism j has the property that all its latching morphisms νmj are acyclic cofibrations. So j is a
cofibration (by definition) and a level equivalence (by the part of (ii) established above).

It remains to show the lifting axioms. In each of the model structures C(m) the cofibrations have the
left lifting property with respect to the acyclic fibrations; so by Proposition 3.26 the cofibrations in D∗ have
the left lifting property with respect to level equivalences which are also level fibrations.

We postpone the proof of the other lifting property and prove the remaining direction of (ii) next. We
let i : A −→ B be a cofibration and a level equivalence. The second factorization axiom proved above
provides a factorization i = pj where j : A −→ D is a level equivalence such that each latching morphism
νmj is an acyclic cofibration in the model structure C(m), and p : D −→ B is a fibration in C(m). Since i
and j are level equivalences, so is p. So the cofibration i has the left lifting property with respect to the
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level equivalence and level fibration p by the previous paragraph. In particular, a lift λ : B −→ D in the
square

A
j //

i

��

D

p

��
B

λ

>>

B

shows that the morphism i is a retract of the morphism j. So the latching morphism νni is a retract of the
latching morphism νnj, hence also an acyclic cofibration in the model structure C(m). This proves (ii).

Now we prove the remaining half of the lifting properties. We let i : A −→ B be a cofibration that
is also a level equivalence. By (ii), which has just been shown, each latching morphism νmi is an acyclic
cofibration in the model structure C(m). So i has the left lifting property with respect to all level fibrations
by Proposition 3.26.

Property (iii) is a straightforward consequence of the fact that the functorGm is left adjoint to evaluation
at m. �

4. Realizations of algebras over operads

In this section we explain the fact that in fairly general situations, the forgetful functor from a category
of algebras to an underlying category preserves realization of simplicial objects. We do not claim much
originality, and many results of this kind, often in special cases, can be found in the literature, for example
[99, Thm. 12.2], [52, VII Prop. 3.3], [101, Prop. 4.5], or [61, Thm. 2.2]. However, the author is not aware
of a reference in the generality that we need, so we provide a proof.

The generality that we work in is a symmetric monoidal category C that is an ‘algebra’ over the
symmetric monoidal category (under cartesian product) of simplicial sets. Then for every operad O in C
and every simplicial O-algebra B• the term ‘realization’ has two potentially different interpretations. On
the one hand we can form the realization |B•| in the underlying category C; this is, by definition, a coend
in C, of the functor

∆×∆op −→ spc , ([k], [m]) 7−→ ∆k ×Bm .

We call this the underlying realization of B•. It is not a priori obvious, however, whether this realization
inherits any O-algebra structure.

In, on the other hand, the category of O-algebras is again tensored over the category of simplicial sets,
then we can also consider the realization |B•|O internal in O-algebras, i.e., a coend, in the category of
O-algebras, of the functor

∆×∆op −→ O -alg , ([k], [m]) 7−→ ∆k�OBm .

Here we write A�OR for the ‘internal’ tensor of a simplicial set A with an O-algebra R, in order to
distinguish it from the product A⊗R in C of A with the underlying C-object of R. The internal realization
is an O-algebra (by definition), but it is not clear at all how it relates to the underlying C-realization of |B•|.
Proposition 4.6 below show that the underlying realization |B•| has a preferred O-algebra structure and
with respect to this structure, it is also an internal realization. This can be rephrased by saying that the
commutative square

(O -alg)∆op U∆op

//

|−|O
��

C∆op

|−|
��

O -alg
U

// C

commutes up to preferred natural isomorphism, where U is the forgetful functor.



460 A. MISCELLANEOUS TOOLS

We let C be a category that is tensored over the monoid category of finite simplicial sets (under cartesian
product). This data allows us to define realizations of simplicial object in C. Indeed, if X : ∆op −→ C is a
simplicial object, we denote by |X| any coend, if it exists, of the functor

∆×∆op −→ C , ([m], [n]) 7−→ ∆m ⊗Xn ;

we refer to |X| as a realization of the simplicial object X. Similarly, a bisimplicial object Y : (∆×∆)op −→ C
has a birealization ||Y || defined as a coend of the functor

∆2 × (∆2)op −→ C , ([k], [l], [m], [n]) 7−→ (∆k ×∆l)⊗ Ym,n .

The first result of this section is that bisimplicial objects can also be realized diagonally. The maps

∆m ⊗ (diag Y )m = ∆m ⊗ Ym,m
diag⊗Ym,m−−−−−−−→ (∆m ×∆m)⊗ Ym,m

can−−→ ||Y ||

are compatible for varying m, so they assemble into a morphism

(4.1) |diag Y | −→ ||Y || .

Proposition 4.2. For every bisimplicial object Y in C the morphism (4.1) is an isomorphism.

Proof. We define a morphism in the opposite direction. We recall the prism decomposition of the
product ∆k ×∆m. Given a k-element subset A of {1, . . . , k +m}, we denote by cA : [k +m] −→ [k]× [m]
the injective monotone map defined by

cA(i) = (|{1, . . . i} ∩A|, |{1, . . . i} ∩ Ā|) ,

where Ā = {1, . . . , k + m} − A is the complement of A. As A runs through all k-element subsets of
{1, . . . , k +m}, these give all of the injective monotone maps form [k +m] to [k]× [m]. The induced map

∪|A|=kcA :

(
k+m∐
i=0

∆k+m

)
/ ∼ −→ ∆k ×∆m

is an isomorphism.
We denote by c1A : [k + m] −→ [k] and c2A : [k + m] −→ [k] the first respectively second component

of cA. The morphisms

∆k+m ⊗ Yk,m
∆k+m⊗((c1A)∗,(c2A)∗)−−−−−−−−−−−−−−→ ∆k+m ⊗ Yk+m,m+m = ∆k+m ⊗ (diag Y )k+m

can−−→ |diag Y |

thus assemble into a morphism

Ck,m : (∆k ×∆m)⊗ Yk,m −→ | diag Y | .

The morphisms Ck,l are compatible for varying k and m, so they assemble into a morphism

C : ||Y || −→ | diag Y |

defined on the coend for the birealization. It remains to show that C is inverse to the map (4.1).
We define t : [m] −→ [m+m] by t(i) = 2i and set A = {2j : 1 ≤ j ≤ m}. Then the composite

∆m t∗−−→ ∆m+m cA−−−→ ∆m ×∆m
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is the diagonal. The composite C ◦ (4.1) : |diag Y | −→ | diag Y | thus restricts along the canonical mor-
phism ∆m ⊗ Ym,m to the composite around the upper right corner in the diagram:

∆m ⊗ Ym,m
t∗⊗Ym,m //

∆m⊗(c1A,c
2
A)∗

��

∆m+m ⊗ Ym,m
cA⊗Ym,m //

∆m+m⊗(c1A,c
2
A)∗

��

(∆m ×∆m)⊗ Ym,m

Cm,m

��
∆m ⊗ Ym+m,m+m

t∗⊗Ym+m,m+m

//

∆m⊗(t,t)∗ ++

∆m+m ⊗ Ym+m,m+m can
// |diag Y |

∆m ⊗ Ym,m

can

33

Since the diagram commutes and since

(t, t)∗ ◦ (c1A, c
2
A)∗ = (c1A ◦ t, c2A ◦ t)∗ = (Id[m], Id[m])

∗ : Ym,m −→ Ym,m

is the identity, the composite around the upper right corner is the canonical morphism ∆⊗Ym,m −→
|diag Y |. Since this holds for all m ≥ 0, we can conclude that C ◦ (4.1) is the identity of |diag Y |.

In order to check that the composite (4.1) ◦ C : ||Y || −→ ||Y || is the identity, The relations

(4.1) ◦ C ◦ canYk,m ◦ (cA ⊗ Yk,m) = (4.1) ◦ Ck,m ◦ (cA ⊗ Yk,m)

= (4.1) ◦ candiag Y
k+m ◦ (∆k+m ⊗ (c1A, c

2
A)∗)

= canYk+m,k+m ◦ (diag∆k+m

⊗Yk+m,k+m) ◦ (∆k+m ⊗ (c1A, c
2
A)∗)

= canYk+m,k+m ◦ ((∆k+m ×∆k+m)⊗ (c1A, c
2
A)∗) ◦ (diag∆k+m

⊗Yk,m)

= canYk,m ◦ (((c1A)∗ × (c2A)∗)⊗ Yk,m) ◦ (diag∆k+m

⊗Yk,m)

= canYk,m ◦ (cA ⊗ Yk,m)

show that (4.1) ◦ C agrees with the identity of ||Y || after restriction along the canonical morphism (∆k ×
∆m)⊗ Yk,m and precomposition with cA⊗ Yk,m for every k-element subset A of {1, . . . , k+m}. Since ||Y ||
is a coend of a coequalizer of the object ∆k+m × Yk,m, this shows that (4.1) ◦ C = Id||Y ||. �

Now we let C be a closed symmetric monoidal category that is an algebra over the symmetric monoidal
category of simplicial sets (under cartesian product). We let ⊗ denote the monoidal product of C, we denote
by I the unit object of C and we suppress the unit and associativity isomorphisms of the monoidal structure.
So we require natural isomorphisms

(A⊗X)� Y ∼= A⊗ (X � Y )

for simplicial sets A and C-objects X and Y , that are coherently compatible with the various associativity,
symmetry and unit isomorphisms. From this we can concoct ‘shuffle isomorphisms’

(A1 × · · · ×An)⊗ (X1 � · · ·�Xn) ∼= (A1 ⊗X1)� · · ·� (An ⊗Xn) .

The case we care most about is when C = spc is the category of orthogonal spaces under the box product,
and the algebra structure over simplicial sets is via objectwise product with the geometric realization.
Another case relevant for us is when C = Sp is the category of orthogonal spectra under smash product.

We let B• be a simplicial object in C and n ≥ 1. The morphisms

(4.3) ∆m ⊗ (Bm)�n
diag⊗B�n

m−−−−−−−→ (∆m)n ⊗ (Bm)�n
∼=−−−−→

shuffle
(∆m ⊗Bm)�n

(canm)�n−−−−−−→ |B•|�n
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are compatible as m varies over the objects of ∆. The universal property of the coend thus provides a
unique C-morphism

(4.4) δn : |diag(B�n
• )| −→ |B•|�n

whose composite with the canonical maps is (4.3) for every m ≥ 0.

Corollary 4.5. Let (C,�, I) be a symmetric monoidal category and let B• be a simplicial object in C.
Then for every n ≥ 1 the morphism (4.4) is an isomorphism.

Proof. We argue by induction of n, starting with n = 1 where there is nothing to show. The inductive
hypothesis provides an isomorphism

δn � |B•| : |diag(B�n
• )|� |B•| ∼= |B•|�n � |B•| ∼= |B•|�(n+1) .

By the ‘Fubini formula’ for iterated coends [ref] and the fact that � preserves colimits, hence coends, in
both variables, the iterated product |diag(B�n

• )|� |B•| is a coend of the functor

∆2 × (∆2)op −→ C , ([k], [k′], [m], [m′]) 7−→ (∆k ×∆k′)⊗ (diag(B�n
• )m �Bm′) ,

i.e., a birealization of the bisimplicial object that takes ([m], [m′]) to B�n
m �Bm′ . Proposition 4.2 identifies

this birealization with the realization of the diagonal simplicial object. This proves the claim because

diag(diag(B�n
• )�B•) = diag(B

�(n+1)
• ) . �

For the rest of this section we consider an operad O in the symmetric monoidal category (C,�, I).
When C is the category of orthogonal spaces under the box product, and O is the commutative operad
(with O(n) a constant one-point orthogonal space for every n ≥ 0), then the O-algebras are the ultra-
commutative monoids of Chapter II. We consider a simplicial O-algebra B•, i.e., a simplicial object in the
category of O-algebras in (C,�, I). We denote by |B•| the realization of the underlying simplicial C-object;
this is, by definition, a coend, in the category C, of the functor

∆×∆op −→ C , ([k], [m]) 7−→ ∆k ⊗Bm .

The following proposition shows that this underlying realization has a canonical O-algebra structure, and
with structure |B•| is even a ‘structured realization’ internal to the category of O-algebras (compare Re-
mark 4.9). For the statement of the following proposition we have to recall how O-algebra structures are
inherited by cotensors.

We let A be a simplicial set and Y an object of C. We define a diagonal type morphism

DY,A,n : (Y A)�n −→ (Y �n)A

as the adjoint of the composite

A⊗ (Y A)�n
diag⊗(Y A)�n−−−−−−−−−→ An ⊗ (Y A)�n

∼=−−−−→
shuffle

(A⊗ Y A)�n
ε�n−−→ Y �n ,

where ε : A⊗ Y A −→ Y is the ‘evaluation’ map, adjoint to the identity of Y A. Now we let O be an operad
in C under �, and we let R be an O-algebra with structure morphisms γn : O(n)� R�n −→ R. Then the
morphisms

O(n)� (RA)�n
O(n)⊗DR,A,n−−−−−−−−−→ O(n)� (R�n)A

assembly−−−−−→ (O(n)�R�n)A
γAn−−−→ RA

define an O-algebra structure on the object RA. The intuition here is that RA is a kind of C-object of
functions from A to R, and then the above defined the ‘pointwise’ O-algebra structure. The next proposition
refers to the ‘pointwise’ O-algebra structure for A = ∆k.

Proposition 4.6. Let O be an operad in the symmetric monoidal category (C,�, I), and let B• be a
simplicial object in the category of O-algebras.
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(i) There is a unique O-algebra structure on the realization |B•| of the underlying simplicial C-object such

that the morphism κk : Bk −→ |B•|∆
k

is a homomorphism of O-algebras for every k ≥ 0.
(ii) For every O-algebra S, the set O -alg(|B•|, S) of O-algebra homomorphisms is an end of the functor

∆op ×∆ −→ (sets) , ([k], [m]) 7−→ O -alg(Bm, S
∆k

)

with respect to the maps

O -alg(|B•|, S) −→ O -alg(Bk, S
∆k

) , f 7−→ (f∆k

◦ κk)k≥0 .

Proof. We start with the existence statement in (i), i.e., we construct an O-algebra structure on |B•|
with the required property. For varying m the composite morphisms

(4.7) ∆m ⊗ (O(n)�B�n
m )

∆m⊗γBmn−−−−−−→ ∆m ⊗Bm
canm−−−→ |B•|

are compatible because the structure morphisms in B• are O-algebra homomorphisms. The universal
property of the coend thus provides a unique C-morphism

γn : |diag(O(n)�B�n
• )| −→ |B•|

whose composite with the canonical morphism is (4.7) for every m ≥ 0. Corollary 4.5 and the fact
that O(n)�− preserves colimits, hence also coends, allows us to rewrite the source of γn as O(n)� |B•|�n.
We claim that these morphisms for varying n are the desired O-algebra structure on |B•| [elaborate...]

Now we establish that the O-algebra structure on |B•| just constructed has the property claimed
in (ii). This is a rather formal consequence of Proposition 4.2 and the fact that � preserves colimits in both
variables. For any pair R and S of O-algebras, the set O -alg(R,S) is an equalizer of the two maps

(4.8) C(R,S)
D //
E
//
∏
n≥0 C(O(n)�R�n, S) ,

given by

D(f) = (γSn ◦ (O(n)� f�n))n≥0 respectively E(f) = (f ◦ γRn )n≥0 ,

where γRn : O(n)�R�n −→ R and γSn : O(n)� S�n −→ S are the O-algebra structure maps.
By definition of the realization as a coend, the set C(|B•|, S) is an end of the functor

∆op ×∆ −→ (sets) , ([k], [m]) 7−→ C(Bm, S∆k

) .

We have also used the tensor-cotensor adjunction to identify the sets C(∆k ⊗ Bm, S) and C(Bm, S∆k

).
Since |B•|�n is a realization of the diagonal simplicial object diag(B�n

• ) (by Corollary 4.5), the set C(O(n)�
|B•|�n, S) is an end of the functor

∆op ×∆ −→ (sets) , ([k], [m]) 7−→ C(O(n)�B�n
m , S∆k

) .

Again we have identified C(∆k ⊗ (O(n)�B�n
m ), S) and C(O(n)�B�n

m , S∆k

).
Since limits commute among themselves, we can commute the equalizer (4.8) for R = |B•| past the two

ends that describe C(|B•|, S) and C(O(n) � |B•|�n, S). This exhibits the set O -alg(|B•|, S) as an end of
the functor

∆op ×∆ −→ (sets) , ([k], [m]) 7−→ equalizer

(
C(Bm, S∆k

)
D //
E
//
∏
n≥0 C(O(n)�B�n

m , S∆k

)

)
.

The set O -alg(Bm, S
∆k

) is an equalizer of the two maps (4.8) for R = Bm (and S∆k

instead of S), so
altogether we have exhibited the morphism set O -alg(|B•|, S) as an end of the functor

∆op ×∆ −→ (sets) , ([k], [m]) 7−→ O -alg(Bm, S
∆k

) .

We omit the verification that the final bijection is indeed realized by sending f to the tuple(f∆k ◦ κk)k≥0.
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It remains to show the uniqueness claim of part (i). For this we consider any O-algebra structure

on |B•| for which all the morphisms κk : Bk −→ |B•|∆
k

are O-algebra homomorphisms. We set S = |B•|
with this possibly new O-algebra structure. The tuple (κk)k≥0 is then an element in the coend of the

functor O -alg(Bm, S
∆k

). By part (ii) there is a unique morphism of O-algebras f : |B•| −→ S such that

f∆k ◦ κk = κk for all k ≥ 0. By the universal property of |B•| as a coend in C, this forces f to be the
identity of |B•|. Since the identity of |B•| is a homomorphism from the O-algebra structure of part (i) to
the possibly new O-algebra structure, these two structures must coincide. �

Remark 4.9. Part (ii) of Proposition 4.6 is essentially saying that the forgetful functor from O-algebras
to C commutes with realizations. To make this precise, let us suppose that the category of O-algebras is
again tensored over the category of simplicial sets; in other words, we suppose assume for every simplicial
set A and every O-algebra R the functor

O -alg −→ (sets) , S 7−→ O -alg(R,SA)

is representable. We denote by A�OR any representing object, which is then the ‘internal’ tensor of a
simplicial set A with a the O-algebra R; this has to be carefully distinguished from the C-tensor A⊗R of A
and the underlying C-object of R. For every simplicial O-algebra B•, we can then also ask for an internal
realization in O-algebras, i.e., a coend in the category of O-algebras of the functor

∆×∆op −→ O -alg , ([k], [m]) 7−→ ∆k�OBm .

Such an internal realization (if it exists) is an O-algebra by definition, but it is a priori unrelated to the
underlying realization of |B•|. Via the tensor-cotensor adjunction internal to O-algebras, Proposition 4.6 (ii)
becomes the statement that |B•| with its preferred O-algebra structure represents the functor

∆op ×∆ −→ (sets) , ([k], [m]) 7−→ O -alg(∆k�OBm, S) .

This is precisely the universal property of the internal realization in O-algebras. So not only does the
underlying realization |B•| have a preferred O-algebra structure, this O-algebra structure also makes it an
‘internal realization’ of the simplicial O-algebra B•.
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F ], orthogonal space of Rep-functor F 60

FG,V , free orthogonal spectrum generated by (G,V )
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GL1(R), global units of the ultra-commutative ring

spectrum R 306

G-representation

ample, see ample G-representation

GSp, category of orthogonal G-spectra 288

G-SH, G-equivariant stable homotopy category 289

HM , Eilenberg-Mac Lane spectrum 336

HZ, Eilenberg-Mac Lane spectrum 337

K\G/H, double coset space 206

LmY , m-th latching object of Y 453

MTO(m), 227

M], ultra-commutative monoid of a global power monoid

M 119

MglT (m), 227

Rn×, naive units of the orthogonal monoid space R
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RK(A), cofree orthogonal space of a K-space A 48

Sp∞, infinite symmetric product 339

VC, complexification of the inner product space V 26

[m], m-th power operation in an ultra-commutative
monoid 97

�, box product of global functors 223

Cl, class functions global functor 331

F , global family 62

F(K;G), family of graph subgroups of K ×G 24

F(m), subgroups of O(m) belonging to F 63

F ∩G, subgroups of G belonging to F 63

Fin, global family of finite groups 254

GF , category of global functors 202

GH, global stable homotopy category 186

GHF , global stable homotopy category with respect to

the global family F 257

L, monoid of linear isometric self-embeddings of R∞
70

Ω•, 185

Out, category of finite groups and conjugacy classes of

epimorphisms 295

Rep, category of compact Lie groups and conjugacy
classes of homomorphisms 55

Σ∞, suspension spectrum of an orthogonal space 203

TrGH , dimension shifting transfer 196
UG, complete G-universe 21

Z(j), set of pushout products of cylinder inclusions 41

A, Burnside category 201
BO, global BO 135

BOP, periodic global BO 135
F, ultra-commutative monoid of unordered frames 130

F〈k〉, orthogonal space of orthogonal k-tuples of

orthonormal frames 131
Gr, additive Grassmannian 125

GrC, complex additive Grassmannian 128

GrC,SU , complex oriented Grassmannian 129
Gror, oriented Grassmannian 127

Gr⊗, multiplicative Grassmannian 132

Gr〈k〉, additive Grassmannian of pairwise orthogonal
subspaces 127

IO, augmentation ideal of orthogonal representation ring

135
K, category of k-spaces 425

KU, periodic global K-theory 409
L, category of finite dimensional inner product spaces

7

L(V,W ), space of linear isometric embeddings 7
LC(V,W ), space of C-linear isometric embeddings 27

MO, global Thom spectrum 355

MOP, periodic MO 361
MU, unitary global Thom spectrum 364

O, ultra-commutative monoid of orthogonal groups

120
O(V,W ), Thom space of orthogonal complement bundle

181

Ogl, global orbit category 86
P, orthogonal projective space 133

Pin, orthogonal monoid space of pin groups 123

RO, orthogonal representation ring global functor 136
SO, orthogonal monoid space of special orthogonal

groups 121
SU, orthogonal monoid space of special unitary groups

122
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Spc, category of topological spaces 425

Spin, orthogonal monoid space of spin groups 124

T, category of (unbased) spaces 7, 425

T∗, category of based spaces 7

U, ultra-commutative monoid of unitary groups 121

bO, restricted Grassmannian 143

bOP, periodic restricted Grassmannian 150

β, Bott morphism from BUP to ΩU 154, Bott

morphism from BUP to ΩU 178

ko, real connective global K-theory 404

ku, connective global K-theory 394

kuc, global connective K-theory 421

mO, 341

mOP, 353

mO(m), 343

mU, unitary restricted Thom spectrum 363

�, box product of orthogonal spaces 28

�L, operadic product of L-spaces 83

χ, character morphism RU −→ Cl 333

cyc, global family of finite cyclic groups 421

exp(R), global Green functor of exponential sequences

314

JX,Y KF , morphism group in the F-global stable

homotopy category 262

λX , natural morphism of orthogonal spectra

S1 ∧X −→ shX 190

λG,V,W , fundamental global equivalence of orthogonal
spectra 228

A, Burnside ring global functor 206

A+(G), monoid of isomorphism classes of finite G-sets

130

A+(G,K), monoid of isomorphism classes of K-G-sets

103

P(Y ), free ultra-commutative monoid generated by Y
90

S, sphere spectrum 206

Ŝ, completed sphere spectrum 241

NG
n (X), equivariant geometric bordism 366

orbispc, category of orbispaces 87

pic(R), Picard monoid of an ultra-commutative ring

spectrum 306

ρG,V,W , fundamental global equivalence of orthogonal
spaces 25

shX, shift of the orthogonal spectrum X 190

σU
G,V , unitary Thom class in MUG

V (S2n) 365

σG,V , Thom class in MOG
V (Sn) 358

skm A, m-skeleton of A 453

∧, smash product of orthogonal spectra 214

∧LF , derived smash product 257

spc, category of orthogonal spaces 7

τGF , G-translate of the global functor F 223

τm, universal mO(m)-homology class 343

τG,V , inverse Thom class 342

〈e〉, global family of trivial groups 63

trGH , transfer map 107

ξ(V,W ), orthogonal complement vector bundle 181

bE, global Borel theory 238

cg , conjugation by g 54

dG,V , equivariant bordism class of a representation 370

e(V ), Euler class in πG
∗ (MO) 361

eG,V , stable tautological class in πG
0 (Σ∞+ LG,V ) 204

k-space, 425

s(UG), poset of G-subrepresentation of UG 21

uG,V , tautological class in πG
0 (LG,V ) 55

F-global model structure

for R-algebras, 69

for R-modules, 69

additive Grassmannian, 125, 141, 154, 166, 178

complex, 128

of pairwise orthogonal subspaces, 127

ample G-representation, 397, 413

assembly map

of a Γ-space, 280

augmentation ideal

of the orthogonal representation ring, 135, 137, 140

bar construction

of a topological group, 137

of an orthogonal monoid space, 171

biclosed monoid, 430

bimorphism, 448

of global functors, 223

of orthogonal spaces, 27

of orthogonal spectra, 213

Bott class

of a unitary representation, 417

Bott periodicity, 154, 178

box product, 448

derived, 46

of global functors, 223, 272, 312

of orthogonal spaces, 28

Brauer induction

explicit, 329

Burnside category, 201

Burnside ring global functor, 206, 211, 223, 283, 295, 323

C∗-algebra, 152

C-cofibration, 433

C-fibration, 433

Cayley transform, 155, 178, 398

character morphism, 333

class functions global functor, 331

classifying space

global, see global classifying space

Clifford algebra, 123

closed embedding, 13, 427

cofamily

of closed subgroups, 440

cofibration

positive, 112, 308

cofree orthogonal space, 48, 133

cohomological functor, 263

colimit

in T, 427

compact, 262
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compactly generated space, 425

compactly open, 425

completed sphere spectrum, 241

completion map, 240

complex conjugation

on GrC, 404

on ku, 404

on U, 122, 404

complexification morphism

from Gr to GrC, 129

from ko to ku, 405

from O to U, 122

connecting homomorphism, 188

for equivariant homology groups, 192

for equivariant homotopy groups, 188

connective global K-theory, 394

real, 404

consistency condition, 457

constant global functor, 212

derived smash product, 257, 275

dimension homomorphism, 394, 403, 422

double coset formula, 206

for transfer map, 107

double coset space, 206

E∞ orthogonal monoid space, 147

Eilenberg-Mac Lane spectrum

of a commutative ring, 326

of a global functor, 270

of a global power functor, 335

of an abelian group, 212, 336

embedding

closed, see closed embedding

wide, see wide embedding

equivariant bordism, 365–390

RO(G)-modeled, 389

reduced, 368

stable, 388

equivariant homology group, 191

of an orthogonal spectrum, 301

equivariant homotopy group

of a product, 190, 264, 287

of a wedge, 189

of an orthogonal spectrum, 184

equivariant homotopy set

of an orthogonal space, 53

Euler class

in MO, 361

in MU, 365

exhaustive sequence

of representations, 9

exponential homomorphism

from RO(G) to A(G)×, 167

from A(G) to A(G)×, 168

exponential sequence

in a global power functor, 314

F-coconnective, 269

F-cofibration, 438

F-connective, 269

F-CW-complex, 439

F-equivalence

of orthogonal spaces, 64, 67

of orthogonal spectra, 249, 253

F-fibration, 438

F-global fibration

of orthogonal spaces, 64

F-global functors, 282

F-global model structure

for R-algebras, 261

for R-modules, 261

for orthogonal spaces, 66

F-global model structure

for orthogonal spectra, 252

F-level equivalence

of orthogonal spaces, 63, 245

F-level fibration

of orthogonal spaces, 63, 245

F-level model structure

for orthogonal spaces, 63

for orthogonal spectra, 246

F-Ω-spectrum, 249, 252

F-static, 66

fiber inclusion

of a linear isometric embedding, 341

fibration

global, see global fibration

fixed point functor

of an L-space, 87

fixed points

geometric, 231

flat

orthogonal space, 38

orthogonal spectrum, 244

flat cofibration

of orthogonal spaces, 37

of orthogonal spectra, 244

flatness theorem, 257

free orthogonal spectrum, 227

free ultra-commutative monoid, 90

G-cofibration, 439

G-global equivalence, 91

G∞ ring spectrum, 334

G-preuniverse, 74

G-representation, 8

G-spectrum

orthogonal, 183

G-universe, 21

complete, 21

Γ-space, 280, 336, 390

special, 395

generator

weak, 262

geometric fixed point homomorphism

in equivariant bordism, 376



474 INDEX

geometric fixed point map, 232

geometric fixed points, 231

of MO, 355

of mO, 351

of mO(m), 351

global Borel theory, 238–241, 277, 286, 334

global classifying space

of a compact Lie group, 25, 262

global delooping, 306

global equivalence

of L-spaces, 77

of orthogonal spaces, 8, 44

of orthogonal spectra, 186, 255

strong

of L-spaces, 77

global family, 62, 245

multiplicative, see multiplicative global family

of finite cyclic groups, 421

of finite groups, 254, 281, 284, 293–298, 336

reflexive, see reflexive global family

global fibration

of orthogonal spaces, 40

of orthogonal spectra, 247

global functor, 201

constant, see constant global functor, 295

induced, see induced global functor

global Green functor, 312

global group completion, 163

of an ultra-commutative monoid, 171

global K-theory

connective, 421

periodic, 409, 421

global model structure

F-, 66, 252

for L-spaces, 80

for orthogonal spaces, 43

for orthogonal spectra, 255

for ultra-commutative monoids, 118

for ultra-commutative ring spectra, 311

mixed, 67, 254

positive, 112, 308

global Ω-spectrum, 238, 248

positive, 308

global orbit category, 86

global power functor, 300

constant, 320, 326

free, 325

global power monoid, 98

global stable homotopy category, 186

global Thom spectrum, 355

global unit morphism, 163

globally connective, 272

globally discrete, 57

graph subgroup, 24, 443

Grassmannian

additive, see additive Grassmannian

complex additive, see additive Grassmannian

multiplicative, see multiplicative Grassmannian

oriented, see oriented Grassmannian

group completion, 135

global, see global group completion

in a pre-additive category, 158

of a global power monoid, 102

of an ultra-commutative monoid, 136

group-like, 158

global power monoid, 102

ultra-commutative monoid, 136, 163

h-cofibration, 13, 68, 261, 429

H∞ ring spectrum, 334

Hausdorff space

weak, see weak Hausdorff space

heart

of a t-structure, 265

homotopy

of morphisms of orthogonal spaces, 13

homotopy equivalence

of orthogonal spaces, 13

homotopy fiber, 188

homotopy group

equivariant, 184

induced global functor, 282

infinite symmetric product, 339

injective L-space, 78

inner product space, 7

inverse Bott class, 419

inverse Thom class, 342, 353

in mU, 363

isotropy separation sequence, 237, 288

J-homomorphism, 167

(K,G)-bundle, 26, 212

K-theory

connective global, 394, 404

global connective, 421

periodic global, 409

kernel, 159

L-space, 70, 72

injective, see injective L-space

latching object

of an enriched functor, 453

latching space

of an orthogonal space, 32

of an orthogonal spectrum, 243

left induced, 278, 336

left lifting property, 14, 456

level equivalence

positive strong

of orthogonal spaces, 113

of orthogonal spectra, 308

strong, see strong level equivalence

level fibration

positive strong

of orthogonal spaces, 113
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of orthogonal spectra, 308

lifting property

left, see left lifting property

of a pair of morphisms, 456

right, see right lifting property

limit

in T, 427

linear isometries operad, 147

linearization

of a space, 336

localizing subcategory, 263

long exact sequence

of equivariant homotopy groups, 188

loop spectrum, 186

mapping cone, 187

mixed global model structure, 67, 254

model structure

global, see global model structure

strong level, see strong level model structure

topological, see topological model structure

monoid

biclosed, see biclosed monoid

commutative, 452

in a the symmetric monoidal category, 452

ultra-commutative, see ultra-commutative monoid

monoid axiom

for flat F-global model structure, 68

for smash product of orthogonal spectra, 261

monoid space

orthogonal, see orthogonal monoid space

morphism

of monoids, 452

of orthogonal ring spectra, 220

of orthogonal spaces, 7

of orthogonal spectra, 182

multiplicative global family, 256, 261, 275, 278

multiplicative Grassmannian, 132

naive units, 166

non-degenerate, 191

norm map, 301

orbispace, 87

orbit type, 207

orbit type manifold, 207

oriented Grassmannian, 127

orthogonal G-spectrum, 288

orthogonal group ultra-commutative monoid, 120

orthogonal monoid space, 68

commutative, 69

orthogonal projective space, 133

orthogonal ring spectrum, 220, 236

commutative, 220

orthogonal space, 7

closed, 21, 24

cofree, see cofree orthogonal space

flat, 38

free, 24

reduced, 96
orthogonal spectrum, 182

flat, 191, 244
free, 227

rational, 293

partially ordered set
filtered, 428

periodic global BO, 135

periodic global BU , 178
periodic global K-theory, 328, 409

π∗-isomorphism
of orthogonal G-spectra, 289

Picard group, 277

of an ultra-commutative ring spectrum, 306
of the F-global stable homotopy category, 278

of the stable G-homotopy category, 291

pin group, 123, 125
pin group monoid space, 123

positive cofibration

of orthogonal spaces, 112
of orthogonal spectra, 308

positive global Ω-spectrum, 308
positive global model structure

for orthogonal spaces, 112

for orthogonal spectra, 308
positively static, 112

Postnikov section

of an orthogonal spectrum, 270
power operation

in an ultra-commutative monoid, 97

in an ultra-commutative ring spectrum, 299
in equivariant homology groups, 302

pre-additive category, 156

preuniverse, see G-preuniverse
product

on equivariant homology groups
external, 215

on equivariant homotopy sets

external, 60
on geometric fixed point homotopy groups

external, 235

on global homotopy groups
external, 217

pushout product, 45, 255, 433
pushout product property, 45

rank filtration
of mO, 343
of ku, 405, 416

realification morphism

from GrC to Gror,ev, 129
from U to O, 123

realization
of a simplicial object, 460

recollement, 276

reflexive global family, 278, 284
relative skeleton

of a morphism, 455
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Rep-functor, 55

representation ring

orthogonal, 136

unitary, 212, 298, 327

restricted Grassmannian, 341, 353

restriction homomorphism

in equivariant homology theory, 199

restriction map

of equivariant homotopy sets, 54

of equivariant stable homotopy groups, 185

of geometric fixed point homotopy groups, 234

right induced, 278

right lifting property, 456

ring spectrum

orthogonal, see orthogonal ring spectrum

ultra-commutative, see ultra-commutative ring

spectrum

shearing morphism

of an orthogonal monoid space, 163

shift

of an orthogonal space

additive, 20

multiplicative, 20, 30, 91, 93

of an orthogonal spectrum, 190, 248

singular G-manifold, 365

skeleton, 453

of an orthogonal space, 32

of an orthogonal spectrum, 243

relative, see relative skeleton

small object argument, 43, 60, 79, 119, 434

smash product, 214

derived, see derived smash product, 272

of free spectra, 227

space

orthogonal, see orthogonal space

spectrum

orthogonal, see orthogonal spectrum

symmetric, see symmetric spectrum

sphere spectrum, 133, 206, 212, 324

completed, see completed sphere spectrum

spin group, 124

spin group monoid space, 124

split G-spectrum, 186

stable equivariant bordism, 376

stable homotopy category

G-equivariant, 289

stable tautological class, 204, 222, 262

?-module, 86

static

orthogonal space, 40

positively, 112

strong commutative monoid axiom, 114

strong level equivalence

of orthogonal spaces, 12

of orthogonal spectra, 247

strong level fibration

of orthogonal spaces, 37

of orthogonal spectra, 247

strong level model structure

for orthogonal spaces, 38
for orthogonal spectra, 247

structure map

of an orthogonal G-spectrum, 288
of an orthogonal spectrum, 182

suspension, 186

suspension spectrum
of an orthogonal space, 203

symmetric spectrum, 5, 254
symmetrizable acyclic cofibration, 114, 309

symmetrizable cofibration, 114, 309

t-structure, 265
non-degenerate, 265

Tambara functor, see TNR-functor

tautological class
stable, see stable tautological class

unstable, see unstable tautological class
Thom class

in equivariant bordism, 358

inverse, see inverse Thom class
Thom-Pontryagin construction, 378

TNR-functor, 301

topological model structure, 433
transfer, 195

dimension shifting, 195

transfer map, 107
translate

of a global functor, 223

ultra-commutative monoid, 69, 89–180

free, see free ultra-commutative monoid

ultra-commutative ring spectrum, 299–423
underlying G-space

of an orthogonal space, 21, 89

unit morphism
in a pre-additive category, 158

unitary global bordism, 364

unitary group ultra-commutative monoid, 121, 154, 178
units

of a global power monoid, 102, 165
of an orthogonal monoid space

naive, 101, 166, 305
of an ultra-commutative monoid, 163, 165
of an ultra-commutative ring spectrum, 305

universal equivalence

of L-spaces, 77
universal model structure

for L-spaces, 78
universal property

of box product, 28, 223
of smash product, 214

universal space
for a collection of submonoids, 435
for the family of graph subgroups, 25

universal subgroup
completely, 76
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of the monoid L, 76

universe, see G-universe

unordered frames, 130, 166
unstable tautological class, 55

untwisting homeomorphism, 182, 228

weak Hausdorff space, 425

wide embedding, 378

Wirthmüller isomorphism, 193, 303, 386
Wirthmüller map, 194
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