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THE ADAMS SPECTRAL SEQUENCE AND THE TRIPLE TRANSFER
By NoORIHIKO MINAMI

Dedicated to Professor Shoro Araki

0. Introduction. Recently, we [M1][M2] discovered some very strong re-
strictions on the mod-p Hurewicz image of X*°BZ, A Z,, using BP-Adams oper-
ations [N][Ar2].

In this paper, we apply this BP-Adams operation technique to the case of
BV3, where V3 = (Z/2)3. Just as before [M1][M2], the calculation of BP,( A" P)
by Johnson-Wilson-Yang [JW][JWY], based upon the affirmative solution of the
Conner-Floyd conjecture [RW][Mt], is used in an essential way. But the new
ingredient here is the determination of PH.(BV3) (:=Z/2 ® 4, H«.(BV3)) due to
Kameko and others [K][ACH][B2]. (Of course, only those elements in BP,.(BV3),
whose Thom reduction image is contained in PH.(BV3), are relevant for our
purpose.) Furthermore, Boardman [B2] gave a complete analysis of the composite

PH,(BV3) — Z/2 ®c1,w,) PH/(BV3) — Exty{" (Z/2,Z/2)

and showed this latter map, defined by Singer [S], is an isomorphism. Notice that
this composite is induced by the triple transfer

BV3+—>SO’

which is the stable adjoint to the composite

Breg D—L
BV; ——— BZg —— Q38

where reg : V3 — Ty, =2gis the regular representation, and D—L : B¥g — QgS0
is the Dyer Lashof map. Anyway, this allows us to interpret our calculation in
the context of the Adams spectral sequence [Ad1][Wa].

Now, the following is our main result.
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966 NORIHIKO MINAMI

THEOREM 0.1. Suppose an element in Extiﬁ+3 (Z/2,7]2) is a permanent cycle
and detects an element of ﬂfl(SO ) which factors through the triple transfer BV3, —
SO. Then it is one of the following

( hyh gy suchthats > 2,t >2,u<6
Cu suchthats =2,t=1,u<6
h1+uh§+u_1 suchthats > 5,t=0,u <5
hﬁhﬂu, h1+,,h§+u_1 + h,%hsm such thats > 5,t=0,u <6
hﬁhsm suchthat3 <s<4,t=0,u<6
hzﬂ = h3h2+u suchthats =2,t=0,u <5
hoh,2 such thats =0,t > 3
hy

COROLLARY 0.2. No element in the image of
(5¢°)" : Ext™ (2/2,2/2) — BxiF " (2/2,2,/2)

detects an element of 73, (143)—3 (8%) which factors through the triple transfer BV, —

s°.

These, together with our previous results [M1][M2], tempt us to propose:

NEw DoomsDAY CONIECTURE. For each s, there exists some integer n(s) such
that no element in the image of

* 8)
POy (Bxty: (2/p.2/p)) S (Bxt" (2/p. Z/p) )
is a nontrivial permanent cycle.

Following a suggestion of Mark Mahowald, we can also formulate an anal-
ogous speculation in terms of the root invariant:

R.I. DooMsDAY CONJECTURE. For each s, there exists some integer m(s) such
that, for any element f € w5 (S°) of Adams filtration s, its m(s)-fold iterated root
invariant R™9( ) has Adams filtration strictly higher than s.

This paper is organized as follows: In §1, we use the Adams spectral sequence
to show that those relevant elements in BP,( A® P) have gigantic order. In §2,
we study the action of the BP-Adams operations on BP,( A> P). This forces
elements in the BP-Hurewicz image 7$( A*> P) — BP,( A* P) to have relatively
low order. In §3, we recall the results of Kameko [K], Ali-Crabb-Hubbuck [ACH],
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THE ADAMS SPECTRAL SEQUENCE AND THE TRIPLE TRANSFER 967

and Boardman [B1, B2]; then these results allow us to apply our studies in §1
and §2 to prove Theorem 0.1, whose statement involves the third line elements
in the Adams spectral sequence of the sphere and the triple transfer. Finally,
in §4, we pose the aforementioned conjectures, and discuss their background.
Philosophically, this is the core of this paper.

Acknowledgments. The main result in this paper was announced during
the Cech centennial homotopy theory conference at Northeastern University in
June 1993. The author would like to thank Mike Boardman, Mark Mahowald,
Haynes Miller, Doug Ravenel, and Steve Wilson for their suggestions and con-
stant encouragement. The referee’s suggestions greatly helped us to improve our
presentation of this paper. Also, the author would like to express his gratitude to
mathematicians at the Massachusetts Institute of Technology for their hospitality
during the author’s visits to MIT during the summer of 1993. Neil Strickland
offered the author significant help with Emacs. The author’s visit to MIT would
not have been made possible without the generous support of Dan and Nora Kan,
to whom the author expresses his highest gratitude. The travel support to MIT
was provided by Alabama EPSCoR.

Notation and conventions.

Z/2{g} stands for Z/2 with g as its generator.
H, stands for the mod-2 homology
P = Z®RP>®
x; € H;(P) is the generator.
BP, = Zylv, vo, .. 1.
A =P(1,6,...) where |£,] =2" — 1
Ext’;" (Z/2,H. (BP)) = Exty” (Z/2,72/2) = Z/2[uo, u1, . . ],

where u; € Ext,lg’fm_1 (Z/2,7]2) is expressed as [£;+1] in the cobar complex, and
corresponds to the usual (Hazewinkel [H] or Araki [Arl], whichever) generator
Ui € BP,ini_, (resp. p) when i 2 1 (resp. i = 0). E(k) is the exterior quotient Hopf
algebra of A,, generated by &, ..., &1, whose notation is intended to suggest

EXCy” (Z/2,H. (BP(K))) = Exty,y (Z/2,Z/2).

1. The Adams spectral sequence of BP,(A*P). For our purpose, we need
to know BP,.(BV3). But the canonical projection

BV; = (BZ/2) x (BZ/2) x (BZ/2) — (BZ/2) A (BZ/2) A (BZ/2) = A°P
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968 NORIHIKO MINAMI

stably splits so that A3P constitutes the essential part of BV3: x; ® x; ® x¢ €
H.(BV3,) 0 < i,j,k is contained in H,( A® P) iff. 1 < i,j k.

Therefore, we are going to study BP.( A> P), which still has a very compli-
cated additive structure. Fortunately, as was noticed by [JWY][JW], the affirma-
tive solution [RW][Mt] of the Connor-Floyd conjecture implies that its classical
Adams spectral sequence collapses at its E»-term, and this allows us to use more
tractable Extzy (Z/2,Hx (A’P)), instead of BP.(A* P), to evaluate the BP,-
order of those elements we are interested in. (Note that the multlphcatlon by 2
in BP,( A? P) corresponds to the multiplication by ug € ExtE<3 - (Z/2,7/2) in
Extz,, (2/2,H. (A3P)).) We begin with a summary of known results, which
are necessary in our approach:

PROPOSITION A. (a) The Adams spectral sequence
Ext’y’ (Z/z H. (BP/\ /\3P)) = BP,(A}P)

collapses.
(b) As Z/2[u3]-modules,

Extyly, (2/2,Ho (NP)) =Bxtyy, (2/2.Ho (AP)) ® Z/20s1.

() Extz.go‘id (Z/2,H. (A>P)) contains a sub Z/2[uo, u1, ua, u3]-module

O im>1Z)2{xk—1 & X21—1 ® X2m—1} ® Z/2[u3],

where x| ® X31—1 @ Xom—1 € Ext%?;;‘:l+m)_3 (Z/2,H, (A3P)) .

(d) There is a canonical identification of the above Z/2[ug,u;, uy, uz]-sub-
modules of Extz’g;‘:dd (Z/2,H, (A\*P))

L @pgm>1 /2 Xy @ X1y @ Xom—1} ® Z/2[u3), — ®%/2luo»“|,uz»'lal EXtZ’Z})* (Z/Z, H. (P))

Xop—1 ® Xy @ X2m—1 — Xok—1 @ Xp1_| @ Xom—1

Proof. For (a)(b), see [JWY][JW]. (c) follows from (a)(b) and the solution of
the Conner-Floyd conjecture [RW] [Mt], which was also used in (a) [JWY].

For (d), we first notice that ®3, 2l pir ] Ext* o (Z/ 2,H, (P)) is generated
by Sk im>12/2{x2%—1 @ X21—1 ® Xom—1}, as a Z/Z[uo,ul,uz,u3] module. This is
because such is the case for each tensor factor Ext (Z/ 2,H. (P)) [D]. So the
claim would follow if we could canonically embed

®Z/2[ug uy,uo,u3) EXtE(3 (Z/Z H, (P))
in Extys (Z/2,H, (A3P)), thanks to (c). Thus, it is enough to establish a short
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THE ADAMS SPECTRAL SEQUENCE AND THE TRIPLE TRANSFER 969

exact sequence

* % *,x+odd
0 = ®3 o o) EXUEy . (212, Hi (P)) — Extz5°™ (Z/2,H (A°P))

(K) — Torz/z[uo wy tt.03] (ExtE<3 (Z/2,H, (P)),
TorZ/Z[uo,m,uz,u;] (EXtE:<3>* (Z/z’ H* (P)) EXt* " (Z/Z H* (P /\ P)) )) —_— 0

But, (K) is an immediate consequence of the Ext-analogue of the Landweber’s
bordism Kiinneth theorem [L]: The point is that the cofiber sequence

RP> ——l————> CP*® —— T,

where i is induced by the inclusion Z/2 < S' and T is the cofiber of i (actually
a Thom complex), induces the short exact sequence (here we use the notation
= XPRP>)

0 — Exty)™' (2/2,H. (z7'CP™))

—~ Xty (z/2.H. (7'T))

— Ext} (Z/2,H. (P)) — 0,

E(3).
where Exty5, (Z/2,H, (XCP>)) ¥ Extyyy, (Z/2,H, (717)) is a free Z/2[uo,
Uy, uy, u3l- module Actually, the usual Landweber’s bordism Kiinneth theorem

[L][IW] is based on the fact that BP,(£~!CP*) and BP.(X~'T) ¥ BP.(2CP)
are both free over BP,, and the following short exact sequence

0 — BP,(2~'CP®) — BP.(2~'T) — BP.(P) — 0.

Thus, we get (K) just as in [JW] (see also our discussion after Lemma 2.1). O

For us to understand the order of those relevant elements in BP,( A3 P), we
need to know the formula for the ug-action on

B tm>12[2{x2k~1 ® X21-1 ® X2m—1} ® Z/2[u3],
regarded as a Z/2[ug, uy, ua, u3]-submodules of Ext*Z‘JS"dd (Z/2,H, (A3P)) .
For a technical reason, we can minimize our task by writing down the actions

of u; and u, simultaneously. To express such actions concisely, we let u;X"Y*Z'
stand for the Z/2[u3]-module map

X2k—1 & X21—1 ® Xom—1 > UiXo(k—r)~1 B X2(l—5)—1 ® X2(m—1)—1-
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970 NORIHIKO MINAMI
Now, the following is the action formula:

LEMMA 1.1. The Z/2[ug, uy, u, u3]-module structure on
B im>12L)2{xk—1 @ X21-1 ® Xom—1} @ Z/2[u3]
is determined by the following equalities as 7./2[u3]-module self-maps on it:
w=u Y Xy
i KE A ij+k=T

wo=u Yy  Xyzt
ij KEA,i+j+k=6

wy=u3 Y XVZ,
ij kEA i+j+k=4

where A = {0,1,2,4}.

Proof. As these actions of ug, u;, up, and u3 clearly commute, they together
define a Z/2[ug, u1, uz, u3]-module structure. Also, we can see very easily

ug+u X + u2X3 + u3X7 =0
(C) wy+m Y +uwY+uzY’ =0

uo+mZ +upZ +usZ' = 0.
Actually,

uoru X+ X +usX = us(XAY?Z+X Y22+ XP Y Z+ X2 YZA + XY* 22+ XY?Z%)
+ XX+ XHYZ + X022+ XPYt + XY 2R
+ X2ZV 4 XYAZ + XYZH + YAZP + Y2 ZY
+ XX+ XPY? + XPYZ + XPZP + XY?Z + XYZ?
+ Y4+ Y2Z22 4+ 7%
+ u3X7
=0,
for example.
Notice that (C) is nothing but the characterizing property of the Z/2[ug, u;,
uy, u3]-module structure on ®3, 2l 1 o 5] Extz’é>* (Z/2,H, (P)) . This is because

Extz’<*3>* (Z/2,H. (P)) is generated by {x;_1}ien With the relations {uoxor—; +
UIX(k—1)—1 + U2Xo(k—3)—1 + u3x2(k_7)_1}k28 (i.e. ug+um X+ u2X3 + u3X7 = 0), as a
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THE ADAMS SPECTRAL SEQUENCE AND THE TRIPLE TRANSFER 971

Z/2[ug, u1,uz, u3}-module [D]. So, ®Z/2[u0 writrats] Ext (Z/2 H, (P)) is gen-
erated as a Z/2[ug, u1, uz, u3]-module by {xy_1 ®x. 1®x2m 1 }kim>1 subject to
(C). Therefore, when we denote (B 1m>Z/2{x2x—1 @ X21-1 @ Xpm_1} ® Z/2[u3])'
by @k,l,mZIZ/z{ka_l R X1 ® XQm_l} ® Z/2[u3] equipped with the proposed
Z/2[uo,u1,uz,u3]-module structure, we can define a Z/2[ug, u, uz, u3]-module
homomorphism

h: ®Z/2[u0 U1z, u3]EXtE(3 (Z/Z H, (P))
= (Dkim>1Z/2{x2-1 ® X21-1 ® Xom—1} ® Z/2[u3])’
so that h(xz—1 @ X2i—1 @ Xom—1) = Xok—1 ® X211 ® Xom—1 for any k,l,m > 1.

On the other hand, in Proposition A (d), we constructed a Z/2[ug, u1, uy, u3]-
module homomorphism

[: @rtm>1Z)2{xo—1 @ Xo1-1 ® Xom—1} @ Z/2[u3]
- ®Z/2[uo uy,u2,U3] EXtE(3 (Z/2 H, (P))

such that i(xor—1 ® X21—1 ® Xom—1) = X2k—1 @ X2/—1 @ X2y for any k,L,m > 1.
Then, clearly,

hoi: @uim>1 Z)/2{xp—1 @ x2-1 @ Xam—1} ® Z/2[u3]
— (Prim>12/2{x21—1 @ x01-1 ® Xpm—1} ® Z/2[u3])’
is a Z/2[ug, u1,uz, u3]-module isomorphism which induces the identity map on
the underlying set. This immediately implies that the proposed Z/2[u, uy, uy, u3]-

module structure on Gy 1m>12/2{x2k—1 @ X21-1 ® Xom—1} ® Z/2[u3] is the right
one. m]

Remark 1.2. Using the similar method, we can write down explicitly the
Z/plug, . . ., u,]-module structure of

®%/p[uo Unl EXt (Z/p’ H, (P))

for any n and p. For this, see [M3].

We now define Sq° : H,(BV3) — Hy.,3(BV3) by S¢°(x; ® X ® X)) = X201 ®
X2j+1 & X2k+1-
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972 NORIHIKO MINAMI

PROPOSITION 1.3. The order of any element in BPyu(x43)—3(BV3), whose Thom
reduction image is contained in (Sq°)*H,(BV3), is divisible by

2[2u8_1]+1 =20 i >3

Proof. We begin by introducing the usual lexicographical order among mono-
mials in H,(BV3):

Xg @xp @ Xe < Xyt Q Xpr Q Xt

< a<d;ora=d,b<b;ora=d,b=b,c<c.
Then, we may assume that any element in (S¢°)“H,(BV3) is of the form
Xiy @ Xjy ® xi, + sum of monomials with higher order

with 2% — 1 < iy < jo < kg, by changing the order of the factors if necessary.
Now, suppose that the Thom reduction of an element © € BPju(443)—3)(BV3)
is in (S¢°)“H.(BV3). Then, as Sq° (H, (BV3)) C Ha3( A3 P) and AP is a stable
summand of BV3, we may assume © € BPju(,43)—3)( A3 P) and it is enough to
pr|

show 2[ § ]@ # 0 for such @. By Proposition A, what we have to show is

7]

ug (Xi, ® Xj, ® Xy, + sum of monomials with higher order)

# 0 € Brim>12Z/2{x2—1 @ Xp—1 Q@ Xpm—1} ® Z/2[u3]

But this is certainly so, for Lemma 1.1 implies the left-hand side is

24—
B

Uz

] ® ® + sum of monomials
Yio-8[ 2] @ Yo-a[X] © Fo-2[#7] T with higher order

which is clearly nonzero, as 2 — 1 < iy < jo < ko. O
2. Adams operations on BP,;( A> P). Here we study the action of the
BP-Adams operation 1> [N][Ad2] on BP,4( A* P). For this purpose, we need
to describe the 93 action on BP,(X A P) for general X, in the context of the
Landweber bordism Kiinneth theorem [L]:
0 — BP,(P) ® BP.(X) — BP.(X A P) — Tor (BP. (P),BP. (X)) — 0.
We now list necessary elementary results about the BP-Adams operation 1)°.
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THE ADAMS SPECTRAL SEQUENCE AND THE TRIPLE TRANSFER 973

LEMMA B. (a) 13 : BPy_1(P) — BPy_(P) acts as the multiplication by 3*.

(b) Let a3 : CP® — CP™ be the map induced by S' — S', regarding
CP> = BS'. Then ¢33, ; BPy(CP>®) — BPy(CP>) acts as the multiplication
by 3. |

() Y3 is a map of ring spectrum, and so commutes with the pairings: The
diagram

BP.(P) ® BP,(X) —— BP,(PAX)
ldﬁ@zﬂ 1«&3
AN

BP.(P) ® BP«(X) —— BP«(P A\ X)

commutes.
(d) The diagram
A
BP.(CP*) ® BP.(X) — BP,(CP>® A X)
11/’303*@1#3 l¢3a3*
A
BP,(CP*®) ® BP.(X) — BP.(CP*® A X)
commiutes.

Proof. (a)(b) This is well-known; see for instance [H].

(c) This is also well-known: see [Ad2] or [W].

(d) This follows from the following commutative diagram:
(BPANX)N(BPANCP®) —— BP A (X ACP>®)
(w3/\1)/\(¢3A1)l “3/\(1/\1)
(BPANX)N(BP ANCP*®) —— BP A (X ACP>)

(1/\1)/\(1/\a3)l ll/\(l/\m)

(BPANX)N(BP ANCP*®) —— BP A (X NCP>®),

where the commutativity of the upper diagram follows from the fact that 3 is a
map of ring spectra. O

For our purpose, it is more convenient to express the above results in the
following form:
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974 NORIHIKO MINAMI

LEMMA 2.1. We have the following commutative diagrams:

®BPy—1(P) ® BP.(X) —» BP.(P)® BP.(X) — BP.(PAX)
() @k3k®¢3j ¢3j ¢3j
@kBPy—1(P)® BP.(X) — BP.(P)®BP.(X) — BP.(PAX)

BP.(PAX) —» Torgp, (BP.P,BP.X) — @BPy(CP®)® BP(X)

) wﬂ zﬂ @,31®¢31
BP.(PNX) — Torgp, (BP.P,BP.X) — @BPy(CP>®)® BP.(X)

Proof. (1) This follows from Lemma B(a)(c).

(2) For this, just recall that the bordism Kiinneth formula is induced by the
cofibration sequence associated with the canonical nontrivial map P — CP°,
which accompanies the homotopy commutative diagram:

P —— CP*

ll [

P —— CP*>.
Then the claim is an immediate consequence of Lemma B(b)(d). O

Now, we are ready to write down the z[)3 action on BP,4;( A3 P) almost
completely. For this, we recall the presentation of BP,4( A> P) via the bordism
Kiinneth theorem [L][JW]: First, by putting X = P in the bordism Kiinneth theo-
rem,

BPyen(P N P) = BP«(P) ®pp, BP.(P)
BP,4a(P N\ P) = Torgp, (BP, (P),BP.(P)).
Then, apply the bordism Kiinneth theorem of [L] again, by putting P A P in the
above forms,
0 — ®pp, BP+(P) — BPoa( N’ P)
— Torgp, (BP. (P), Torsp, (BP. (P),BP. (P))) — 0.

(cf. [JW] and our proof of Prop. A (d).)
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THE ADAMS SPECTRAL SEQUENCE AND THE TRIPLE TRANSFER 975

COROLLARY 2.2. The following diagram is commutative:

[®}p, BP+(PYln—3 > BPu_3(A’P) — [Torgp, (BP.P,Torgp, (BP+P,BP.P)ln—3

X3HJ( 'w}l X3n—1J/

[®pp, BP«(Pln—3 > BPm_3(A*P) —» [Torgp, (BP.P,Torgp, (BPP,BPsP))l2n—3
Proof. We just have to use Lemma 2.1 (1) (resp. (2)) repeatedly twice for the
commutativity of the left (resp. right) hand side diagram. O

We now recall the usual result in the elementary number theory [AA][MM]
[H][M1]:

LemMA C. Write n = 2"m, with m odd. Then

r+2 ifr=1

V2(3n_1)={ 1 it r=0

Proof. This is well-known and quite easy to show: The key is to prove
1+2% =1+2"*? (mod 2')
for all » = 1, by mathematical induction. O
Now, Corollary 2.2 and Lemma C immediately imply the following:

PROPOSITION 2.3. The order of any element in
3
Ker (¥” —1) |BP4d_3(/\3P)
divides 272(D+4,

Proof. Let x € Ker (* = 1) |gp, . (psp) - We first claim 2x € [ ®3p,

BP.(P)]44—3. But, this immediately follows from Corollary 2.2, as 1,(32¢~1—1) =
1 by Lemma C. Now, using Corollary 2.2 and Lemma C again, we see that the
order of 2x divides 222G* =1 = 212(@*3_ S0 the claim follows. O

3. The main theorem and its proof. Our main result focuses upon the
composite

T (BV3) = PH(BV3) —» Z/2 ®cr,r,) PHJ(BV3) — Exty" (2/2,2/2),

where the last map, defined by [S], was shown to be an isomorphism by [B2][Wa].
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976 NORIHIKO MINAMI

To state known results related to this composite, we need different types of
Steenrod operations which we now review. A general reference here is [My].
(For simplicity, we consider only the 2 primary case):

Let C, be the cyclic group of order 2 generated by ¢. Then one of the
definitions of the Steenrod operations on a topological space X, the one given
as the cup-r products, begins with a map of augmented chain complexes of
Z,/2[C,]-modules

where W is the standard free resolution of Z/2 over Z/2[C,] (W; = Z/2[C;1{e;}
d(eir1) = (1 + p)e; for i > 0), S,(X) is the singular chain complex of X tensored
with Z/2, and Z/2 acts on the source (resp. the target) through its action on W
(resp. by interchanging the factors). Such a map is obtained by the method of the
acyclic models, and induces a map of chain complexes

0 : W Qz)cy ($*X) ® S* (X)) — S*(X).

Here §*(X) = Homg; (S«(X),Z/2), and the Z/2[C;]-module structure of
($*(X) ® §*(X)) is induced from the C,-action given by interchanging the factors.
# may be chosen to extend the square S*(X) ® $*(X) — S§*(X) induced by the
Alexander-Whitney map, and defines the Steenrod squares {Sq'}i>0 by

Sq'([x]) = HO)(en—i ® x ® x) € H™(X,Z/2)

for [x] € H(X,Z/2).

Now, the Steenrod squares are also defined on the cohomology of the cocom-
mutative Hopf algebras over Z/p, in particular, the Ext of the Steenrod algebras
[L1][My]: Let A be a cocommutative Hopf algebra over Z/2, e.g. the mod 2
Steenrod algebra. Let B.(A) be the inhomogeneous bar resolution of A, and let
C.(A*) = Homy (B*(A), Z/2) be the corresponding cobar complex for A*, the
dual Hopf algebra of A. Recall that Ext} (Z/2.Z/2) = Hs(C«(A*)). Then there is
an appropriate map of augmented chain complexes of C,-equivariant A-modules

W ® B.(A) — Bi(A) ® B«(A),
from which we get a map of augmented chain complexes of Z/2-modules

0 : W 21,1 (Cx(A") ® Cu(A¥)) = Cu(A™).
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Then, as before, the Steenrod squares {Sg’ }i>o0 on the Ext are defined by
Sq'([w]) = H(O)(en—i ® w ® w) € Exti (Z/2,7,/2)

for [w] € Ext} (Z/2,7/2).
Even though the Sq'’s on Ext shares most properties with the Sq'’s on H*(X),
Sq° is not necessarily identity. In fact, when A is graded,

Sq°  Ext§ (2/2,2)2) — Ext{* (Z/2,7./2)
(GGl 161 — 1¢I3] - 1¢2,

in terms of the cobar complex [My].
Recently, Kameko [K] defined

Sq° : PH,(BV;) — PHyy.s(BVy)

by Xi, @ xi, @ + -+ @ Xi; > X2i,41 ® X2i,41 @ - - - @ X2;,+1, and made full use of it in
[K]. This usage of the same notation is more than accidental. Actually, Kameko’s
Sq° is shown to commute with the S¢° on Ext**** of the mod 2 Steenrod algebra
through the Singer homomorphism by [B2] for s = 3 and by [M3] for general s.

Now we are ready to state a known result, where we suppose n can be
uniquely written as

n= (2s+t+u _ 1) + (2t+u _ l) + (2u _ 1) — 2s+t+u + 2t+u + 2u _ 3’

for some s, t,u > 0 such that s = 0 only if u = 0. Actually, if # is not of this form,
PH,(BV3) = 0 by the theorem of Wood [Wo] (formally Peterson’s conjecture [P]),
and the uniqueness of such an expression of » is not difficult to see [B1].

ProposiTION D. (a) [Wa]

( Z/2{huht+uhs+t+u} ifs>2,t>2
Z)2cw = (huv hus By)} ifs=2,1=1
Z)2{W2hgea} ® Z)2{ By} ifs>5,6=0

7)2{R2hew} if3<s<4,1=0
Z)26Rhyey = H3,,} ifs=2,t=0
7)2{hoh?} ifs=0,t>3
Z)2{R} ifs=0,t=0

\ 0 if otherwise.

Exty" (Z/2,2/2) =
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(b) [K][ACH][B2]

wlhihihsasa}  ifs > 2,022
m{cu} fs=2,t=1
w{R2hs} ® wihih2, |} ifs>51=0
w{hhsp} &N ifs=4,t=0
PH,(BV3) = w{lhs} ®p' ifs=3,1=0
w{hlhyy} ifs=2,t=0
w{hoh?} ifs=0,t>3
w{h} ifs=0,t=0

0 if otherwise.

Here w{h,-hjhk} is the GL3(IF,) representation inside PH,(BV3), generated by h;h;hy
(such a representation is said to be an h — orbit [B2]); w{c,} is the GL3(F,)
representation inside PH,(BV3), generated by ¢, = (Sqo)“co, where co = x3 @13 ®
X +xX3 Qx4 QX +X5 QX QX1 +x6 @ x1 ®x1 € PHg(BV3); N and ' are some
h-orbits (see [B2] for more details).

(¢) In (b), the GL3(IFy)-coinvariant of all the nontrivial representations is iso-
morphic to 7.)2, except for X' and 11, which have the trivial GL3(IF,)-coinvariant.

(d) Under the map

PH,(BV3) — Z/2 ®cL,w,) PH/(BV3) — Ext{™ (Z/2,2,/2),

an element in the list of (b) is mapped to the element in the list of (a) with the same
name. Furthermore, this map commutes with the Squaring operations Sq°’s; i.e.
i) Kameko’s [K] Sq0 : PH,(BV3) — PHy,43(BV3), whichis induced by x; ®x;@xy +—
X2is1 ® X1 @ Xoke1 (cf. Corollary 1.3), and ii) Sq° defined in EXti’C (Z)2,7)2),
using the cobar complex [LIJ[AdI ][My].

(e) Kameko’s Sq0 [K] acts as

Sq°(hihihe) = hivi s Bar, Sq°(ci) = cisi,
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and its iterations induce isomorphisms

(Sq°)" : wihohihss}y = w{huhuhssrd} ifs > 2,622

(Sg%)" : w{co} = m{eu} ifs=2,1=1
SO : wikhs} = w{h2hs} ifs>5,1=0
(g% : wihoh?_,} = w{hiwuh?,_} ifs>51t=0
(g% : wikha} = wi{hZhar,} ifs=4,t=0
(S")" : w{hdhs} = w{hihsei} ifs=3,1=0
Sq%" : wihdha} = w{hZhy,} ifs=2,1=0

() In (b), w{hihjly }L2F) = 7,/2, and the GL3(F,)-invariant of the rest of the
representations are trivial. As a special case, we have

w{B2ho }) = Z)2{h3, | } = Z/2{(Sq°)“* () }.

(g) Suppose h;hjhy € Extii':+3 (Z/2,7.]2) (or a linear combination of such) is

the image of an element 0 € m,(BV3), then we may modify 0 (if necessary) so that
its stable mod-2 Hurewicz image is invariant under the action of GL3(I,).

Proof. For these claims from (a) to (f), see [B2] and the references there.

For (g), we first recall from [B2] that, if s > 2,¢ > 2, w{hhrruhstrsu} 1S
the permutation module of dimension 21 corresponding to the upper triangular
subgroup, and any A-orbit is a quotient module of this permutation representation.
In particular, the nontrivial GL3(IF;)-invariant elements in those A-orbits are the
images of such an element in this 21 dimensional permutation representation
under the quotient map. Now, notice that GL3(IF,) has a subgroup H of order
21. Actually, GL3(IF,) = PSL,(IF7), which acts transitively on P;(IF7), a finite set
consisting of 8 elements. So we simply take H to be the isotropy subgroup under
this action (through the isomorphism). Then, it is immediate that the element
Y e 8«0 € m,(BV3) satisfies the desired property. a

We now prove our main theorem. Of course, this would follow from Propo-
sition 1.3, Proposition 2.3, and Proposition D: We may suppose u > 3. First, by
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Proposition 1.3 and Proposition D (especially (e)(f)), we see if

Cy

hghﬁu , h l+uh§+u__
2 hs

hu ht+u hs+t+u

2
hl+uhs+u——l

such that s > 2, > 2
such that s =2,r=1
such that s > 5,r=0
such that s > 5,1 =0
such that 3 <s<4,r=0

\

B,y = W2hoy such that s =2,1=0

comes from the triple transfer, then

2(214—3)
2(214—3)
2247 divides the order of the BP,-Hurewicz image of
(2" an appropriate triple transfer lift.

2(2u—3)

2(2u—2)
On the other hand, let us set d by

n = (2s+t+u _ 1)+(2t+u _ 1)+(2u _ 1) - 2s+t+u +2t+u +2u _ 3
= 4d — 3,

as in Proposition 2.3. Then we can easily see that 1,(d) is given by

u—2 ifr>1
u—1 ifs>2,t=0

Thus, by Proposition 2.3, if

N\

huhuhg i such that s > 2,1 > 2
Cu such that s =2, =1
hivuh? such that s > 5, =0

s+u—1

W2hgsus hisuh?,, |+ h2hsy, such thats > 5,1=0

S+u—

h,%hﬁ,, suchthat 3 <s<4,t=0

1.y = h2hyyy such that s =2,¢=0
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comes from the triple transfer, then the order
of the BP,.-Hurewicz image of the above
triple transfer lift divides

Therefore, combining these two arguments, we see if

hu ht+u hs+t+u

hl+uh2

s+u—1

hghﬁu, hl+uh2

S+u—

3 52
Purt = Rihosu

comes from the triple transfer, then

Now the claim follows immediately.

"

2u+2
2u+2
qu+3
2u+3
qu+3
qu+3

such that s > 2,¢ > 2
Cu such that s=2,r=1

such that s > 5,r=0
| +h2hsy, such thats >5,t=0
B2y such that 3 < s <4,t=0
such that s =2,r=0

203 <u+2 )
U3 <42
202 <y 3
243 < y+3
W3 < y+3
22 <y +3

\

)

981

O

Remark 3.1. Even before the appearance of our [M1], Mahowald conjec-
tured that the higher hf’s are not permanent cycles, as early as the summer of
1988 (during the Toda’s conference, Kinosaki, Japan). So the special case of
our Theorem 3.1 can be regarded as a supporting evidence of this conjecture of

Mahowald.

4. Speculations. The following was made by Joel Cohen, named by Michael
Barratt, and appears in Algebraic Topology, Proceedings of Symposia in Pure Math-
ematics, XXII, page 199, Conjecture 73 (we thank the referee for supplying this

information):
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Doomspay CONJECTURE. Fix a prime number p, and consider the Adams spec-
tral sequence of the stable homotopy groups of the sphere at p. Then EY} is finite
for each s.

But the doomsday conjecture was doomed: Mark Mahowald’s 7; family [Ma2]
was the first counter-example. Soon after that, Ralph Cohen’s hob; family [C] was
added to the list.

Now, to fix the situation, we are tempted to propose the following in view
of Corollary 3.2 and our previous results [MO][M1][M2]:

NEw DoomspaYy CONJECTURE. For each s, there exists some integer n(s) such
that no element in the image of

PO (Exty, (2/p.2/p)) (S ExC{ (2/p.2/p))

is a permanent cycle. Here P° = Sq°, when p = 2.

Notice that, unlike the case of the classical doomsday conjecture, neither Mark
Mahowald’s 7; family [Ma2] nor Ralph Cohen’s hob; family [C] are counter-
examples of this new doomsday conjecture. But this conjecture is extremely
difficult to attack whether it is right or wrong, as its first nontrivial unsolved case
corresponds to the Kervaire invariant one problem. On the other hand, recall that
many known differentials in the (classical) Adams spectral sequence are conse-
quences of either the Hopf invariant one differentials or the Toda’s differentials
strengthened significantly by Ravenel [RO]), both of which represent the new
doomsday phenomena. Therefore, it might be the case that most of the differ-
entials of the classical Adams spectral sequence are consequences of this N.D.
(which stands for New Doomsday) phenomenon. Of course, this might be true,
even if the new doomsday conjecture does not hold.

Recently, Mark Mahowald suggested us to relate the N.D. philosophy with
the root invariant [Mal][MR]. Mahowald’s suggestion was based on the fact that
Sqo becomes quite frequently the (algebraic) root invariant [Ka][Mg][J][MR],
which we now summarize. Roughly speaking, the connection between S¢° and
the root invariant is given as follows: Recall the map

0 : W ®z/2c,1 (Co(A") ® Cu(A™)) — Cu(A"),

considered at the beginning of §3. This is clearly a reminiscence of the extended
power map

ECy, N, (SO/\SO> -—>SO,

induced by the H*°-ring structure of the sphere. The precise connection between
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these two points of view was clarified by [Ka][Mg]. In this way, Sq¢’’s on Ext,
defined as the algebraic cup-r construction, are related to the geometric cup-r
construction given by the extended power map. But unlike the Ext situation, the
geometric cup product o U, o € 73,,,,(S°) for a € 75(S?) and its stable analogue
(see [J]) are defined only when « U;  contains O for any 0 < i < r. Then the
Jones’ key observation [J] claims that the first nontrivial geometric stable cup-r
product is none other than the root invariant. (To be precise, both are well-defined
only as cosets.)
Now the following iteration of the root invariant is very suggestive:

R R R R R R
2!—)7]!—)V|—>0’I—>03=0’2I—)04|—)05?

where a v b indicates that the root invariant of a contains b. Notice that the
corresponding Adams spectral sequence E,-term elements are connected by Sq°
as follows

S . S . Sq°
ho W hy ¥ by Vo b

Sq° Sq°
h: & 2 k2,

but Sq° does not connect between /3 and h%. Of course, the Adams filtration jumps
by 1 here and the right map is Sq'. But a more fundamental reason is that /4 is not
a permanent cycle because of the Hopf invariant-1 differential, which we regard
as an example of N.D. phenomena. Furthermore, N.D. philosophy predicts that
the higher Kervaire invariant elements 6;’s do not exist, which in turn suggests
that some iteration of the root invariant of 64 to have Adams filtration strictly
higher than 2. In this way, we are led to speculate the following:

R.I. DooMsDAY CONJECTURE. For each s, there exists some integer m(s) such
that, for any element of the stable homotopy groups of the sphere f € m,(S°) with
Adams filtration s, its m(s)-fold iterated root invariant R™)( f) has Adams filtration
strictly higher than s.

A nice thing about this formulation is that it is stated solely in terms of
permanent cycles. We thank Mark Mahowald for his substantial help with the
Mahowald invariant (alias root invariant).

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF ALABAMA, Box 870350,
TUSCALOOSA, AL 35487-0350
Electronic mail: NORIHIKO@UA1VM.UA.EDU

This content downloaded from 128.151.13.26 on Sun, 07 Apr 2019 21:30:15 UTC
All use subject to https://about.jstor.org/terms



984

[Ad1]

[Ad2]
[AA]

[ACH]
[AD]
[Arl]

[Ar2]
[B1]

[B2]

[C]
[D]
[H]
[Hz]
W]
IWY]
(1

[Ka]
[KP]

K]

(L]
[L1]

[Mal]
[Ma2)
MM]
[MR]
My]
Mg]

[Mi]
(MO]

Mi]
(M2]

NORIHIKO MINAMI

REFERENCES

J. F. Adams, On the non-existence of elements of Hopf invariant one, Ann. of Math. 72 (1960),
20-104.

, Vector fields on spheres, Ann. of Math. 75 (1962), 603-632.

J. F. Adams and M. F. Atiyah, K-theory and the Hopf invariant, Quart. J. Math. Oxford 17 (1966),
31-38.

M. Ali Alighamdi, M. C. Crabb, and J. R. Hubbuck, Representations of the homology of BV and
the Steenrod algebra I, Adams Memorial Symposium, 1992.

D. W. Anderson and D. M. Davis, A vanishing theorem in homological algebra, Comment. Math.
Helv. 48 (1973), 318-327.

S. Araki, Typical Formal Groups in Complex Cobordism and K-Theory, Lecture Notes in Math., Kyoto
Univ., vol. 6, Kinokuniya Book Store, 1973.

, Multiplicative operations in BP cohomology, Osaka J. Math. 12 (1975), 343-356.

J. M. Boardman, Original Brown-Peterson spectra, Lecture Notes in Math., vol. 741, Springer-Verlag,
New York, 1979, pp. 355-372.

, Modular representations on the homology of powers of real projective space, Alge-
braic Topology: Oaxtepec 1991 (M. C. Tangora, ed.), Contemp. Math., vol. 146, American
Mathematical Society, Providence, RI, 1993, pp. 49-70.

R. L. Cohen, Odd primary infinite families in stable homotopy theory, Mem. Amer. Math. Soc. 242
(1981).

D. M. Davis, The BP-coaction for projective spaces, Canad. J. Math. 30 (1978), 45-53.

I. Hansen, Primitive and framed elements in MU.Z/p, Math. Z. 157 (1977), 43-52.

M. Hazewinkel, Formal Groups and Applications, Academic Press, New York, 1978.

D. C. Johnson and W. S. Wilson, The Brown-Peterson Homology of Elementary p-groups, Amer. J.
Math. 107 (1985), 427-453.

D. C. Johnson, W. S. Wilson, and D.-Y. Yan, The Brown-Peterson homology of elementary p-
groups, II, Topology Appl. 59 (1994), 117-136.

J. D. S. Jones, Root invariants, cup-r products and the Kahn-Priddy theorem, Bull. London Math.
Soc. 17 (1985), 479-483.

D. S. Kahn, Cup-i products and the Adams spectral sequence, Topology 9 (1970), 1-9.

D. S. Kahn and S. B. Priddy, Applications of the transfer to stable homotopy theory, Bull. Amer.
Math. Soc. 78 (1972), 981-987.

M. Kameko, Products of projective spaces as Steenrod modules, Ph.D. thesis, Johns Hopkins Univer-
sity, May 1990.

P. S. Landweber, Kiinneth formula for bordism theories, Trans. Amer. Math. Soc. 121 (1966), 242-256.

A. L. Liulevicius, The factorization of cyclic reduced power by secondary cohomology operations,
Mem. Amer. Math. Soc. 42 (1962).

M. Mahowald, The metastable homotopy of S”, Mem. Amer. Math. Soc. 72 (1967).

., A new infinite family in ,7$, Topology 16 (1977), 249-256.

M. E. Mahowald and R. J. Milgram, Operations that detect Sq* in connective K-theory and their
applications, Quart. J. Math. Oxford 27 (1976), 415-432.

M. E. Mahowald and D. C. Ravenel, The root invariant in Homotopy Theory, Topology 32 (1993),
865-898.

J. P. May, A general algebraic approach to Steenrod operations, Lecture Notes in Math., vol. 168,
Springer-Verlag, New York, 1970, pp. 153-231.

R. J. Milgram, Group representations and the Adams spectral sequence, Pacific J. Math. 41 (1972),
157-182.

J. W. Milnor, The Steenrod algebra and its dual, Ann. of Math. 67 (1958), 150-171.

N. Minami, On the double transfer, Algebraic Topology: Oaxtepec 1991 (M. C. Tangora, ed.), Con-
temp. Math., vol. 146, American Mathematical Society, Providence, RI, 1993, pp. 339-347.

, The Kervaire invariant one element and the double transfer, Topology (to appear).
, The 3 primary Kervaire invariant one element and the double transfer, preprint.

This content downloaded from 128.151.13.26 on Sun, 07 Apr 2019 21:30:15 UTC
All use subject to https://about.jstor.org/terms



(M3]
Mt]
[N]
(P]
(RO]
[R1]
(R2]
[R3]
[RW]

[S]
[Wa]

W]

[Wo]

THE ADAMS SPECTRAL SEQUENCE AND THE TRIPLE TRANSFER 985

, On the Hurewicz image of elementary p groups and an iterated transfer analogue of the
new doomsday conjecture, preprint.
S. A. Mitchell, A proof of the Conner-Floyd conjecture, Amer. J. Math. 106 (1984), 889-891.
S. P. Novikov, The methods of algebraic topology from the viewpoint of cobordism theories, Izv.
Akad. Nauk SSSR Ser. Mat. 31 (1967), 855-951 (Russian); English transl., Math. USSR-Izv.
(1967), 827-913.
F. P. Peterson, A-generators for certain polynomial algebras, Math. Proc. Cambridge Philos. Soc. 105
(1989), 311-312.
D. C. Ravenel, The nonexistence of odd primary Arf invariant elements in stable homotopy, Math.
Proc. Cambridge Philos. Soc. 83 (1978), 429-443.
Localization with respect to certain periodic homology theories, Amer. J. Math. 106
(1984), 351-414.
, Complex Cobordism and Stable Homotopy Groups of Spheres, Academic Press, Orlando,
FL, 1986.
, Nilpotence and Periodicity in Stable Homotopy Theory, Ann. of Math. Stud., vol. 128,
Princeton University Press, Princeton, NJ, 1992.
D. C. Ravenel and W. S. Wilson, The Morava K-theories of Eilenberg-MacLane spaces and the
Conner-Floyd conjecture, Amer. J. Math. 102 (1980), 691-748.
W. M. Singer, The transfer in homological algebra, Math. Z. 202 (1989), 493-523.
J. S. P. Wang, On the cohomology of the mod-2 Steenrod algebra and the non-existence of elements
of Hopf invariant one, Illinois J. Math. 11 (1967), 480-490.
W. S. Wilson, Brown—Peterson Homology: An Introduction and Sampler, Regional Conference Series
in Math., no. 48, American Mathematical Society, Providence, RI, 1980.
R. M. W. Wood, Steenrod squares of polynomials and the Peterson conjecture, Math. Proc. Cambridge
Philos. Soc. 105 (1989), 307-309.

This content downloaded from 128.151.13.26 on Sun, 07 Apr 2019 21:30:15 UTC
All use subject to https://about.jstor.org/terms



	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7
	image 8
	image 9
	image 10
	image 11
	image 12
	image 13
	image 14
	image 15
	image 16
	image 17
	image 18
	image 19
	image 20
	image 21

	Issue Table of Contents
	American Journal of Mathematics, Vol. 117, No. 4, Aug., 1995
	Front Matter
	Geometric Residue Theorems [pp.829-873]
	On Multiplicative Galois Structure Invariants [pp.875-903]
	Approximation in Compact Nash Manifolds [pp.905-927]
	Higher Dimensional Electromagnetic Scattering Theory on C and Lipschitz Domains [pp.929-963]
	The Adams Spectral Sequence and the Triple Transfer [pp.965-985]
	Explosion Géométrique pour des Systèmes Quasi-Linéaires [pp.987-1017]
	On a Conjecture of Shimura Concerning Periods of Hilbert Modular Forms [pp.1019-1038]
	Points Entiers, Points de Torsion et Amplitude Arithmétique [pp.1039-1055]
	Teichmüller Modular Forms of Degree 3 [pp.1057-1061]
	On the Hopf Ring for a Symplectic Oriented Spectrum [pp.1063-1088]
	Diophantine Approximation on Abelian Varieties in Characteristic p [pp.1089-1095]
	Back Matter



