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Abstract

This thesis consists of two parts. The first is about the BP analog of
Lin’s theorem and the second is about the realization of A(n).

The BP analog of Lin’s theorem is actually about the isomorphism be-
tween the Novikov F,-term for S~! and the inverse limit of Novikov E,-term
for the spectra P.,. We construct spectral sequences which converge to the
objects we are considering by filtering them I-adically. We can prove that
the FE;-terms of the I-adic spectral sequences are isomorphic.

In the second part we find the spectrum whose cohomology is A(n)* as
an A*-module for any integer n and p > n + 3. We also find a self-map of
this spectrum which induces multiplication of v,y on its B P-cohomology for
p > n + 4. We modify Toda’s technique to accomplish this goal. It involves
BP-theory calcualtions, so we can regard this proof as obtaining ordinary
cohomology information from cobordism.
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Chapter 1

Introduction and Main Results

We will consider two problems in this thesis. The first problem is about
Lin’s theorem, which is due to W. H. Lin. It is the first step to prove Segal's
conjecture. The original proof by Lin is complicated and not published. We
can find a much simpler proof in [LDMAS80]. Here we state Lin’s theorem in

homology for convenience.

Theorem A ([LDMASQ] for p = 2, [Gun81] [AGM] for p > 2) There is an

isomorphism
Ext(Z/(p), 5~'Z/(p)) = lim Ext3(Z/(p), Ho(P-s)
which is induced by A.-comodule homomorphism
7on = (¥on)e : 5712/ (p) — Hu(P-,)
for n > 0, where A, is the dual Steenrod algebra.

Throughout this paper, g denotes 2(p — 1).

For each n > 0, there is a spectrum I’_, which is closely related to the
Thom spectrum of (—n)-times of the tautological line bundle over BZ/(2) =
P> for p =2 and over BL, for p > 2. The I’_,, which we just referred, is
denoted by the I>_,,_) in [Sad|. These spectra have the following properties:
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a) I, has one cell in each dimension k¥ when k = k'q or k'q — 1 for
K > —n;

b) There is a canonical "projection” map p_, : _, — I_,,) which
collapses cells in dimension —ng and —ng — 1 to the base point;

c) There exist maps ¥_, : S~! — I_, for all n > 0 compatible with the
projection maps in b): p_, 0 ¥, = ¥_,41. In particular ¥y is the inclusion
of the bottom cell of 1.

The cohomology of I>_, forp =2 1is .

H*(P_.;2/(2)) = Z/@2){z"i > =2(n + 1); |2] = 1}

with action of Steenrod squares given by

Sqia’ = (]) gt (1.1.1)

i
foralljeZ,:>1.
For p > 2, the cohomology of I’_,, is

H*(P_,; Z/(p) = Z/(D){e'y Tk > —n; i = 0,1,]| = 1,|y| = 2}

with the action of reduced powers P and Bockstein operation Qg given by

0 a=ua
Pla= (1.1.2)
(1:) yn.+i(p—l) a= yn
Ji a=uc
0. a=y"

foralln € Z and 7 > 1.
We will always denote the homotopy group of the Brown-Peterson spec-
trum BP as
BP. = Zfer, v,
and BP.(BP) as
I' = BL.[t),ta,- -]



The BP-homology of I’_,, is

k
BP.(P-.) = BPu(b_n,bons1, )/ (O eibron—i 1 b = 0)
i=0
which denotes the BI’,-module with the indicated generators modulo the

indicated relations. Here ¢;’s are the coefficients in the p-series

[pl(z) == i ;P (1.1.4)

i=0

and |b;| = ¢q¢ — 1. The I'-coaction of B (P-,) is given by

Ybp) =1Qb+ Y. wi @by (1.1.5)
1<i<k+n
where the elements w}s can be determined as following: for £k = —m < 0
z i me i 3
Q ot ®a?’1))7 = w; ® 7 + others (1.1.6)
and fork=m >0
£ i (m=i)g iq
O (¢t ®a? )" T =w; ®x* + others. (1.1.7)

Here F is the canonical formal group law over Bl and z is a polynomial
generator with dimension 2.

Interested readers may find these BI’-theory calculations in detail in
[Sad].

The main object of the first part of this thesis is the following B’ analog

of Lin’s theorem.
Theorem B There is an isomorphism
Ext"(BP., £7!BP.) 2 lim Exty(BP., BP.(I-,))

which is induced by the extensions of I'-comodule homomorphisms (¢_,, )«



s-igp, Y=k Bp,(P_,)

E_IBP*/(pn+l)

for all n > 0. Here we use BP, to denote the p-completion of BD,, i.e. the
inverse limit of BP. [(p"*!) .

We can generalize Theorem B to the following form.

Theorem C There is an isomorphism

Extp"(BP., BP.(S™! A X)) 2 lim Ext¥*(BP,, BP(P-y A X)) .
for any finite spectrum X.

Instead of proving Theorem B with BI’>-theory, we will find two natural
spectral sequences converging to the indicated groups and then prove the
corresponding Fs-terms are isomorphic. We obtain these spectral sequences
by filtering the cobar complexes I-adically. I denotes the ideal in BP, gen-
erated by p and all v; with ¢ > 0. The E»-terms of these spectral sequences
are Fo-terms of classical Adams spectral sequences and their inverse limit.

The following diagram explains our idea.

Extp, (Extz (Z7'Z/(p)) => Extp(Z~!BD.)

[} l (1.1.8)

lim Extp, (Extg, (H(P-,))) = lim Extp(BP., BP(I-,))



It is sufficient to prove that the first column is an isomorphism. The E,-
terms in the first column are only related to ordinary homology and classical
Adams spectral sequence. This simplifies our job.

Before we state more results, we like to introduce some basic properties
of dual Steenrod algebra A, from [Rav86], which were originally proved by
Milnor.

Lemma 1.1.9 ([Rav86], 3.1.1) A, is a graded commutative noncocommuta-

tive Hopf algebra.

(1) Forp=2, A= P[,&, -] as an algebra where P[ | denotes a polyno-
mial algebra over Z/(p) on the indicated generators, and |&,| = 2" — 1.
The coproduct A : A — A. ® A. is given by A(E,) = o<i<n fn.i— ®&,
where & = 1.

(2) Forp>2, A= Pl&,&, -] Q@ E(r9,71, ) as an algebra, where E( )
denotes the exterior algebra on the given generators, |&,| = 2(p" — 1),
and |7,| = 2p" — 1. The coproduct is given by A(&) = Tocicn ff:i_i ®E,
where § =1 and A(1,) =7, @ 1 + 20<i<n ff:i_,- ® 7.

Let P. C A, be P[e},&,--] for p = 2 and P[€},&, -] for p > 2, and let
E.=A.®p. Z/(p), ie. E. = E(£,&, ) for p =2 and E, = E(r,71,-*")
7
for p > 2. Then we have

Lemma 1.1.10 ([Rav86] 4.43) With notations as above

(1) Extg (Z/(p),Z/(p)) = Plug,us,---] with u; € Ext!2' -1 represented
in the cobar complex by [&;] for p =2 and [r;] for p > 2.

(2) P. — A. — E. is an extension of Hopf algebras.

(3) The P.-coaction on Extg (Z/(p),Z/(p)) is given by

i 63.3 Qu; p=2
¥(u,) = ,
T ®u p>2

[}



There are a series of compatible splittings ([LDMA80] Theorem 1.3) for
p=2: ‘
Theorem D

A 0. F = @, 1A 4-1). 2/ (2)

where A(r). is the quotient Hopf algebra .A*/(E{'r, oo JEP e Tryy, - 0) and
F!" is an A(r).-subcomodule of lim H.(P-,) and H.(P-,) for n>> 0.

It is crucial to the proof of Lin's theorem in the case of p = 2. Gu-
nawardena ([Gun81]) proved the Lin’s theorem in a different way for p > 2.
However we can not take the advantage of his proof directly. We will give
a proof of this theorem for p > 2 later which is similar to the proof in
[LDMAS0)].

Applying the functor

Extp (Z/(p), Extg.(Z/(p). -))

to the splittings in the above theorem and letting r and [ pass to oo, we
obtain the isomorphism in (1.1.8).

The second problem is a realization problem.

Given a left module N over the Steenrod algebra 4% we can ask the
following question: can we find a spectrum X whose cohomology is isomor-
phic to ¥ as A*-modules? We call this spectrum X the realization of N if
it exists. Of course the answer is not always yes; and in fact we can only
answer this question for some special N's. In thesis we will consider the
realization problem of the subalgebra A(n)* of A*, which is generated by
Qo, P, -+, PP as an A*-module. .A(n)* may have more than one natural
A*-module structure, i.e. there may exist more than one extension in the

following diagram.

A(n)” ® A(n)” A(n)”

l

A" ® A(n)



Davis and Mahowald [DM81] found that for LA(1)* when p = 2 there are
4 different module structures. We also know that there are 1600 module
structures for A(2)* with p = 2 found by W. H. Lin. An important result in
this direction is the existence of a self-dual .A*-module structure of A(n)* for
any n and p shown by S. Mitchell in [Mit85]. This self-dual module structure
has the property

Q"+,-.A(n)* =0
for all ¢ > 0. In this thesis we will only consider module structures of A(n)*
with this property.

We have known the existence of realizations of A(1)* [DM81], A(2)*
[Ino88] for p = 2 and direct sum of finite many copies of A(n)* (the number
is very large) [Mit85].

One of our main results is

Theorem E For any possible A*-module structure with Q. A(n)* =0 for
all 1 > 0, A(n)* is realizable for all p, n when p > n + 3.

Our tool is a modification of the algebraic sufficient condition of realiza-
tion of a given .4*-module, which was proved by H. Toda [Tod71] and was
used by him to find the existence of V(1), V(2), V(3). This condition re-
quires the vanishing of Ext%:(N, Z/(p)) for those (s,t) such that s > 2 and
t — s are dimensions of the cells of N. Unfortunately this condition is just
satisfied for Ext 4-(A(n)*,Z/(p)) with n < 2, p > 2 and n =3, p > 3. There
is an obstruction when n = 3, p = 3. It is conceivable that there are more
obstructions for n > 4 if we use this method.

We will generalize this method by considering the quotient algebra B(n)*

of A* whose dual is
Z/(p)l&li > 0] ® E(7;|j < n)

for the realization problem of A(n)*. This is the homology of the spectrum
called P(n + 1) [JW75].



The new condition we need to realize A(n)* is the vanishing of certain
terms of Ext (- (A(n)*, Z/(p)) similar to the old one. However this object
is much simpler: it gets rid of all @;’s for ¢ > n.

Both Toda and Inoue used the May spectral sequence to calculate the
Ext groups through certain range. However we do not need to do calcula-
tions in detail for our problem. What we do need is the sparseness, i.e the
corresponding Ext** are non-zero unless ¢ = 0 mod q.

Toda's idea to find geometric realization of NV is, roughly speaking, build-
ing a Posnikov tower. He started from wedge of enough many copies of
HZ/(p) which contain the cells we need to form N. Then he killed unnec-
essary cells and preserved the cells needed for N by alostnikov tower. This
procedure cannot always succeed. It fails when there is a nontrivial Steen-
rod operation connecting a cell we want to kill to a cell we want to preserve.
That cell of )V will be killed when we try to get rid of those unnecessary ones.
Hence we need the vanishing of certain terms of Ext to assure that we can
preserve all the cells we need. Our modification is based on this idea. The dif-
ference is that we begin from a wedge of copies of P(n+ 1), which reduce the
number of unnecessary cells from input and puts less restriction on Ext simul-
taneously. Then we kill unnecessary cells by constructing I’(n + 1)-Posnikov
tower. sparseness and vanishing of certain terms of Ext g(,)-(A(n)*, Z/ (p))
will secure the proceeding of the construction of ’(n + 1)-Posnikov tower.

A(n), which denotes the realization of A(n)*, is a (n + 1)-type spectrum.
So it has a self-map called v,,;-map by the periodicity theorem of M. Hopkins
and J. Smith [HS], namely

f 2 lAR) — Aln)

where f induces the multiplication of v%,; on BP homology. But we do
not have general knowledge about the lower bound of d. It is one of the
main results in [DM81] that .A(1) has a self-map such that d = 4 for p = 2.

Another main theorem in this thesis is
Theorem F For p > n + 4, there is a self-map

Ul - E'“"“IA(nv) — A(n)



which induces the multiplication of v, on the Brown-Peterson homology.

We will work on the B analog of Lin’s Theorem in Chapter 2 and the
realization of .A(n)* in Chapter 3.

In the first section of Chapter 1, we construct the I-adic spectral sequence
and show its convergence. Then we prove Theorems B and D in Section 2.2.
In the last section of this chapter, we generalize Theorem B to C.

We introduce some useful knowledge in Section 3.1. In the next section,
we prove the sufficient conditions for the realization and existence of ¢£, self-
maps for a special kind of A*-modules. Then we verify that these conditions

are satisfied for A(n)* in last section.



Chapter 2
A BP Analog of Lin’s Theorem

2.1 [-adic spectral sequences

The I-adic spectral sequence is the object of this section. The idea of I-adic
spectral sequence is simple. It has been applied to Adams-Novikov E,-term
Ext,.(BP,, BP.) by H. Miller; we can find these calculations in the end of
chapter 4 in [Rav86]. It is called the algebraic Novikov spectral sequence
there. The convergence problem of these spectral sequences in the case we
are considering is nontrivial since it involves an inverse limit. On the other
hand there is no general theorem about the I-adic spectral sequence of an
arbitrary I'-comodule, so we have to identify E;-term as well.

Homology and inverse limits do not always commute, but we will show

that they do in some relevant special cases.

Lemma 2.1.1 Suppose C(—n) is a chain complex which is finite in each
dimension and f_, : C(—n) — C(—n + 1) is a chain map for each positive
integer n. Then lim H.(C(—n)) = H.(lim C(-n)).

Proof. It follows from the Mittag-Leffler condition (Thm 7.75 [Swi75]) that
lim !C(—~n) = 0. This is the only thing we have to worry in order to prove

this lemma. " |

The first step to build our spectral sequence is to give I-adic filtrations on
the cobar complexes C\(BI.), C¥(BP.(I-,)) and the inverse limit of the lat-
ter. We will denote them as C*(BP,), C*(BP.(P-,)) and lim C*(BP.(I-,))
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for short. BP.(I-,) , BP. and BP.(BDP) are finite in each dimension, as are
C*(BP.) and C*(BP.(P-,)). By Lemma 2.1.1 we have

lim Ext,(BP,, BP.(P-,)) = H.(lim C*(BR.(P-,))).

The decreasing filtrations of C’*(BP (P_,,)) and lim C*(BP.(P-,)), which

we are interested i 1n, are

C*(BP.(P_,)) = F°c*(BP.(P.,)) 2 F'\C*(BP.(P-,)) 2 - -~

where
—-n m—+n

FiC*(BP.(P-y)) = {Z a;jbj o € I'C*(BP, )} / (Z Chbm—te 1 M > —-n)
J=jo k=0

and

lim C*(BP.(P-,)) = F'lim C*(BP.(P-y)) 2 F'lim C*(BP.(P-,)) 2

where
Filim C*(BP(P-y)) = lim FIC*(BP.(I-,)).

They are compatible with the following decreasing filtrations of B’ and
I

BP, =F'BP, D F'BP, =12 F?BP, = I3- ..,

F=FTDOFII'D...

where

I=(p=1"03 v1, U2, ')‘

FiT' = {Z ajn:jlaj € Ii, T € P}.
The associated graded objects are

EGBP* = Z/(?)["’Oa Uiy =0y Un, ] = P[U]’

11



EGT =Z/(p)lellts, ta,--- s 1wy -] = PRI,

* 3 L P’ -1 L
EOBP,..(P_”) = { Z a,-bila,- € P[’U]}/(Z vjbk—% k- —p—:-l— > —n)

i=—n

= Ple)(bu)_n/(~),
Eac*(BP*(P—n)) = C;’[v”l](P[U]? EgBP*(P_"))’

Ejlim C*(BP.(P-y)) = lim E;C*(BP.(P_,)).

P[v](b*)_,,, /(~) is a comodule over Hopf-algebroid (I’[v], P[][t]). Let us
state their structures. They can be easily deduced from the structure of Hopf
algebroid (B, T') and (1.1.5), (1.1.6) and (1.1.7):

n(v;) = vy

nR(’I}i) = Z’L’Jt{ﬂ_J with tg = 1,
i=0

=
Alt) =)t @tivy,
Jj=0
u’,(bk) =1Q® b+ Z W ® bp_;. (2.1.2‘)
1<i<hk+n

where the elements ;s can be determined as follows: for k = —m < 0

Q- ' TNE = ® 2% + others (2.1.3)

andfork=m>0

O e ) = W; ® =¥ + others. (2.1.4)

12
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We should be careful that (2.1.2), (2.1.3), (2.1.4) are over the field Z/(p) but
(1.1.5), (1.1.6), (1.1.7) are over the p-local integers Z.
We will draw a diagram to outline the proof in the rest of this section.

Extp,(Z/(p), Extz_ (Z/(p), Z~1Z/(p))) ¥ lim Extp,(Z/(p),Exte.(Z/(p), Fu(—n)))
(viii) (&)

Extp(Z/(p), ! Plo]) —E . lim Extpy(Z/(p), P[e](be)-n/(~))

(v) ‘ (vi)

Ext ppyjgy (Plo], 271 Plv]) — 22— lim Ext ppojgg (P[o], PR](b) -0/ (~))

(ii) (iii)

4

) ¥
Extr(BP., 5~1BP,) © lim Extr(BP., BR.(P-.))
(2.1.5)

(ii) and (iii) are p-adic spectral sequences shown in Theorem 2.1.7. The

homomorphism (i) is induced by
St —p.
The homomorphism (iv) is induced by

Plo] — Ple](ba)-n/(~) (2.1.6)

which sends 1 to bg. (v) is a change-of-rings isomorphism which is shown in
Theorem 2.1.8. (vi) is also a change-of-rings isomorphism shown in Lemma



(2.1.11). The homomorphism (vii) is also induced by (2.1.6). (viii) is proved
in Theorem 2.1.8 and (a ) is proved in Lemma 2.1.9 and 2.1.11. From the

proof, it is not hard to see the homomorphism is also induced by (2.1.6).

Theorem 2.1.7 There are natural spectral sequences converging to

Extp(BP., BP.)

and
lim Extr(BPs, BPu(P-n))

such that the E| terms are
By = Extiyd (Plo], Plu])
and
E.ly,m,l. — 11.511 EXt;;[”:]’[[‘L](P[U], P[’U] (b*)—n/(N))

where the first degree is the homological degree, the second one comes from
the filtration and

g

. 8L s+1,n+4r,l
d, : Bt —y Erilment

Proof.  This theorem is a consequence of [Rav86] A1.3.9. But we have to
check that

(\F'BP. =0

i>0

and

N Filim C*(BP.(P-,)) = 0.

i>0

The first identity is trivial and the second one follows from

(| F'C*(BP.(P-,)) = lim F'C*(BP.(P-,)) = 0

i>0 :

14



and the fact that inverse limits commute. [

We denote the cohomology of I’_,, by F*(—n) and the homology of I_,,
which is the dual of F*(—n), by Fi.(—n). Meanwhile we denote limF™*(~n)
by F* and lim F,(-n) by F..

We have a theorem about the relationship between the E;-terms in The-
orem 2.1.7 and F.(—n).

Theorem 2.1.8 There are isomorphisms
Extpyiyy (Plo], Plo]) = Extp(Z/(p), Ext. (Z/(p), Z/(p)))

and

lim Extpii (Plo], Pl)(b)-n/(~)) = lim Ext3(Z/(p) Ext} (Z/(p), Fu(~n)))
where P, and E. were defined in Lemma 1.1.10.

The first isomorphism is Theorem 4.4.4 in [Rav86]. We have an object as

intermediate between
lim Ext ppjy(P[o], P[e](be)-n/(~))
and
lim Extp,(Z/(p),Ext . (Z/(p), Fu(=n))).

It is
lim Extp,(Z/(p), P[¥](bs)-n/(~)).

We will prove each of the first two isomorphic to the third. Before going to

the proof of this theorem, we have to prove two lemmas.

Lemma 2.1.9
Extp,(Z/(p)aExtE.(Z/(PL Fu(=n))) = Extp (Z/(p), Plul(d)-v/(~))

where

PI@)-o/() = {3 sl € Plusyus,o+ 1/ (S, ).

i=m p=1
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The coaction of Pu}(d.)-n/(~) as a (Z/(p), P.)-comodule is determined by

™ gk ’l.(p - 1)
PF di = ( P )d:-i-l’"

for any d* € F* which is the dual of d;.

Remarks 2.1.10 The dual of . is generated by P, PP, ---. The coaction
over P, follows from the action of P on the dual of the given comodule.

Proof. Considering the Adams spectral sequence for m.(P_,, A BP), we will

have the following result after the change of rings isomorphism

By = Exta.(Z/(p), F.(~n) ® H.(BP))

= EXtE_ (Z/(p)~ F*(_n))

It collapses for degree reasons: all elements in Ext have even topological
degree. On the other hand we know BP.(I,) and its associated graded
object with respect to classic Adams spectral sequence, which is just

Plu{da)—n/(~). =

Lemma 2.1.11 The following is an isomorphism
Ext ppy)y (P[v], P[e)(bu)-n/(~)) = Extpy(Z/(p), Ple](be)-n/(~))

Proof. We can make (Z/(p), P[t]) a quotient Hopf-algebroid of (P[z], P[v][t])
by setting

fi: P[’U] — Z/(p) with fl(’l,'i.) =0

fo: PRi[t] — P with fo(v;) =0, folt:) =t
so that

Ple]lt] ® iy 2/ (p) = P[t]



By the change-of-rings isomorphism, we can obtain

Ey = Extpp(P[v], PR](ds)-n/(~))
= Extpy(Z/(p), (P[v][t] @ pp) Z/(p))Bpig L [0)(bs) —n/ (~))

= Extpy(Z/(p), Pe](b)-n/(~)). =

Proof of Theorem 2.1.8. It is elementary to verify that (Z/(p), P[t]) is
isomorphic to (Z/(p), ) as Hopf-algebroids. According to Lemma 2.1.9
and 2.1.11 what we have to do now is to find the isomorphism between
Plu){(di)-n/(~) and P[v](bs)-r/(~) as comodules.

From [Rav86] 4.3.1 we know there is a formula in I" relating 7 and 7y:

F ; F
Z tiT]R(’Uj)p = Z ’U,'t;{ N
4,520 4,20
A new formula in P[v][t] is obtained by reducing modulo I:
PIICHED SR
jz0 4,520
Applying the conjugation and separating it by degree, we get
U= Y. nR('v,-)tf'.
+j=m
The coaction of v, is

'l.‘/"(vm) = v, ® 1
= Zi-{-j:m UR(U:)tf| ®1

= Ei-{-j:m t?l ® v;.
It won’t change when we pass it to P[t] @ P[v](b.)_,./(~).
At last we have to show that the coactions of b, and d,, coincide. Reducing

(2.1.3) (2.1.4) modulo the ideal (ty,- - -), we can find the coefficient of " ®
5 s (i(z,,",”). This fact is the same as the result of Theorem 2.1.9. B
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2.2 Proof of Theorem B

We will give the proof of Theorem B in this section. Our proof parallels that
from [LDMAS(]. The difference is that the proof in [LDMAS(] only works
for p = 2 but ours works for p > 2. It will be a long story. We will divide it

into several lemmas. We write
F* = GmH*(P-.,2/(p))
= Z/(0){hi, Kiii € Z,h; = 2y’ ®~D1 and B} = y'@-D}
and

F* = lx_x_n H*(P—n-; Z/(p))

= Z/(p){d;,d::i € Z,d; = h! and d} = (h})*}.

Lemma 2.2.1 As an A(r)*-module, F* is generated by h; with j = 0 mod
P

Proof. If j=0mod p" and 0 <i<p", k=0,1, then

] aijh,-ﬂ- k=0
QeP'hj =
a,-jh§+j k=1
where
a; = .’I'(P—.l)"l)

— (kp’(Pfl)—l)
- ¢7)
£ 0. ]

Let I}, be the A(r)*-submodule of F* generated by the h; and &} with
J <l. By Lemma 2.2.1 it is sufficient to consider those F},’s with | =0 mod

r

p.



Lemma 2.2.2 There is an isomorphism of A*-modules
A* ® a0 (F*[Fiyr ;) = DI (A" @ -1 Z/(P))-
jzt

Remark 2.2.3 The above lemma is actually Theorem D in cohomology form.

Remark 2.2.4 We prove later in Lemma 2.2.14 that this splitting can be
defined using explicit generators. Since it involves complicated calculations,
we like to prove the splitting first and separately from naturality in order to

give readers a clearer idea.

We need four more lemmas to complete the proof of Lemma 2.2.2. We
will state them and give proofs before proving Lemma 2.2.2.

The A(r)*-modules F*/F, for different values of ! become isomorphic
after we 1;eg1'ade them,; so it is sufficient to consider one value of /, say [ = 0.
And as we only have to consider one value of r at one time, there is no need

to display r either, so for brevity let us write

F=F* F=Fj_

Dpryre
Lemma 2.2.5 In F we have PP'hy € Fy if i <1 — 1.

Proof. 1t is sufficient to display the following identities

r—1 . _ i_gpr—! —1}~1 .
7)11 hpx_pr—l - ((P P prl(lp )hp’

(ﬁ::i) (P‘+‘ BPi—l) hyi

= hy

P

= (3)hw

= PFhy. o

1l

Lemma 2.2.6 We have the following short ezact sequence of A(r)*-modules:

0 — 7Y A(r)* ®ae-1 Z/(p)) — F/Fy — F/F, — 0.
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Proof. It is clear that we have a short exact sequence
0'——*F2/F1 —-’F/Fl '—iF/Fg — 0.
Meanwhile Lemma 2.2.5 shows that we can define a map

o TTHAMY @ae-1)- Z/(p)) — Fo/F

by sending a®1 to ahg. This map is onto by Lemma 2.2.1. To show it is
an isomorphism, it is sufficient to show that both sides have rank 2p" over
Z/(p). This is known for Z-1(A(r)* ® a¢c—1) Z/(p)), and we have to prove it
for Fy/F).

Consider

j:Fy— TR

which sends Ay, to h,—p and A}, to i/,_ .. It is an A(r)*-module isomorphism,

13 n—p

so we have a monomorphism
i J g
Fi— [y, — YPIF,

The rank of Coker(j o 1) is the same as Fy/Fj. It is clear that the element
by or (h;,) is not in the image j o ¢ if and only if A4, (or R, ) is not in

Fj. So the rank of Coker(j o) as Z/(p) vector space equals to 2p”. W

Lemma 2.2.7 We have the following short ezact sequence of A*-modules:
0 — A" @ue-1) Z/(p)) == A* @y F/Fy — A* @ uey F/Fy — 0.

Proof. This follows by applying the functor A* ® 4;)- — to the short exact
sequence in Lemma 2.2.6, which preserves exactness since 4* is free as a
right module over A(r)*. | ]

We now introduce a quotient of A., namely

Bo= A& & Gt Tty ).



It is easy to verify that B, is a left-comodule with respect to A(r). and a
right comodule with respect to A(r — 1).. Let B* denote the dual of B,; it is
a sub-vector-space of A*, a left module over A(r)* and a right module over

A(r = 1)%.

Lemma 2.2.8 There is an isomorphism of A(r)*-modules
B: 27 'B* @ a1y Z/(p) — F/F

which sends b®1 to bhy.

Proof.  The prescription 3(b®1) = bhy gives a well-defined map from
SYB* ®a¢-1- Z/(p)) by Lemma 2.2.5; and it is a .A(r)*-map. It is onto
because for Q4P € B*(i > 0,5 = 1,2),

L hi j= 0
QoP hy = {
B j=1
and h;, k! span F/F;. In order to prove that 5 is an isomorphism, it is
sufficient to note that S7Y(B* ®4¢-1)- Z/(p)) and F/F, have the same
Poincaré series. In fact, since we know the structure of B and B is free

as a right-module over A(r — 1)* we can find that the Poincaré series for
B* ®a-1- Z/(p) is

148271 71— g2 TR
1 - t2pr—1(j,-1) b’ 1-—- tzpr—i(p.‘_l) .

On the other hand, using Lemma 2.2.6 we can filter F'/F| so as to obtain
a subquotient A(7)* ® 4¢—1)« Z/(p) every 2p"(p — 1) dimension, then we can
find the Poincaré series for F'/F} is the same as above.

This fact proves Lemma 2.2.8. [

Proof of Lemma 2.2.2. Consider the following diagram.
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SHA* Q-1 Z/(p)) - A" @a-1)+ F/F1

STHA" @ a1y Z/(P)) ~r T7HA" - B ®ue-1y Z/())
(2.2.9)
Here o and /3 are as in Lemma 2.2.7 and Lemma 2.2.8, while y is given by
the product map for A4, that is, u(a®b) = ab. We claim that

(k®1)(1®3)a) =id.
It can be easily verified by the fact that
(1@ 3)(a® 1® hy) = a® hy

and 1 ® 3 is an isomorphism.
Thus the short exact sequence in Lemma 2.2.7 splits and gives

A* @y F/F1 = A" Qute—1y- Z/ (D)) ® (A* Quqerr F/F2).  (2:2.10)
But the same conclusion applies to F'/Fy, so that
A" @ 4 F/Fi
is isomorphic to
ST A @a-1 Z/(p) © T A" @ae-1y- Z/(p)) & (A* ®ue F/Fy).
Continuing by induction, we obtain Lemma 2.2.2. |

Our next target is to prove that the splitting above is natural. Consider
the following diagrams.
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A* @y F*[Fpp ~——" @B, T (A" @1 Z/(p)

6 (2.2.11)

'A* ®A(")' F*/F;:Lp",r

@IchEkprq—l(A* ®A(f—1)* Z/(p))

Here the left-hand vertical arrow is the obvious quotient map, which ex-
ists when ! < m. The map 6 has the obvious components, namely the
zero map of L 7Y A* ® 4o—1y- Z/(p)) if j < m, and the identity map of
Ejprq_l(.A* O A(r-1) Z/(p)) ifj >m.

A" @y F*[Fiyrsr, ——— @, 7" (A" -0 2/(7))
v (2.2.12)

A* ®A(r+1')' F*/F‘[;;"'f'l,r—*'l .,i, @kzmzkprﬂ_l(fl* ®A(")‘ Z/(p))

Here the left-hand vertical arrow is the obvious quotient map. The map ¢

has the obvious components: if
j=kp
we take the obvious quotient map
P AY @ gty 2/ (p)) — SN A @ aey- Z/ (D)),

and if j # kp then we take the zero map of Y7% "1 (A* @ 4—1)- Z/(p)).
The horizontal maps in the above diagrams can be constructed after we
find the explict generators for splittings in Lemma 2.2.14.



Lemma 2.2.13 The isomorphism in Lemma 2.2.2 can be chosen so that the
diagram (2.2.11) and (2.2.13) commute, and for | < 0 the composite

bad * * * ] 1 * -
57N A" @ ae-1y Z/(p)) — A" @y F*/Fyr, = A" @ ager 7' Z/ ()
is the obuious quotient map.

We first introduce the element

ve= 2 X(P)®hj€ A @ F*/FY,.
i+j=k
Here x is the canonical anti-automorphism of .4*; and the sum is finite since
we only have to consider the range i > 0, 7 > Ip”. Then we have the following

more precise form of Lemma 2.2.2.

Lemma 2.2.14 The A*-module A* ® gy~ F™* [ Fjjr . is a direct sum of cyclic
summands T 91 (A* @ (-1~ Z/(p)) over k such that k > | with generators

Ykp -
Remark 2.2.15 We can define homomorphism

A* @ apey F* [ Fr , — @i T 47 (A* ® a1y Z/(p))
by sending a to @y>iar for any

a = Sp>aryi € A" ®A(r) F*/Fl;,r,,.

Proof.  Consider the explicit splitting used in proving Lemma 2.2.2. It
displays F//F,, as the direct sum of the cyclic submodule ©~1.4* ®A(r—1)"
Z/(p) on the generator hy = yo and the complementary summand, namely

the kernel of the splitting map

(re1)(103)7L

We claim that this kernel contains the remaining elements yy,-, i.e. those
with £ > 0. In fact we have
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B(P'®1) = h;
so we have calculation
(®1)(188) " (Zitjmip X(P')®R;)
= Tipjmty X(P)P?
=0

if £ > 0. This means that in the splitting (2.2.10) the first direct summand is
generated by yp and all yg,- with £ > 0 are in the second summand. Suppose
we have proved that in the following splitting

A* ®@aiyFfFor = ®o<ick BV THA* @y Z/(0)) P A* @ agey F/ Frr s

the first £ summands are generated by y;,r with 0 < ¢ <k and all y;,- are in
the last summand if j > k. Let us consider following composite

A* ® A(r)* F*/F&r — A* ®.A(r)~ F*/ng,—q’r = vl gx & A(r)~ F*/F&,.

which send yi,- to yp. This is equivalent to saying s, is the generator of
next copy of A* ® 4,1y Z/(p). We have finished the induction. =

It is now clear that diagram (2.2.11) commutes since we constructed the

splitting by induction. Furthermore the composite
- * L * * * 18 * - ;
SN A" @ g1y Z/(0)) — A* @ ey F*/Fly —23 A* @ 4 S7'Z/(p)

carries the generators 1,via vy, to 1. To complete to proof of Lemma 2.2.13,
we have to show the commutativity of diagram (2.2.12). We need one more

lemma.

Lemma 2.2.16 The element y. € A* ® g~ F*/F},r . is zero unlessk =0
mod p”. It is equal to the sum



Y x(P)®hy

i+j=k

where 1 and j are restricted to
4,7 =0 mod (p").
Proof of Lemma 2.2.13. It follows from Lemma 2.2.16. [

In order to prove Lemma 2.2.16 , we have to use some identities in A*
and F*.

Lemma 2.2.17 There ezist a finite number of elements a;; = a; (k) € A(r)*
of degree (ip” + Ip"~)q for i <0, such that .

(i) PO = 5 e PP

(47) Z x(@i)hepr +p—jpr-1 = 0,
i+k=m,0<j<p

(27) > X(@i,3)upr -1 = 0.
(i+k)p+j+i=mp+n,0<l<p
Proof. B* is a free as left module over .A(r)* and we can take P as an

A(r)*-basis. Therefore, we have for each k a unique formula

P+ E ai,l(k)'pjp’
i+j=k
with coefficients a;i(k) € A(r)*. Since A(r)* is a finite algebra and a; (k)
is of degree (ip” + Ip"~!)q, the sum can be taken over a finite number of ¢
which does not depend on k. In the dual, the multiplication by &’ gives
a homomorphism of A(r).—comodule. The A(r)*-module homomorphism
induced by the multiplication of & will send PR +#"™" o Plh-1p"+ip™!
a; (k)PP to a;(k)PY=VP" because a; (k) is in A(r)*. We can deduce that

a; (k) is independent to k, i.e. (7).

and
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Before giving the proof of the left two formulas, we need to build some
techniques. For any a € A*, h = h; or h;, ah is a scalar multiple of certain

h; or h; We will denote the scalar as c¢(ah). Now we can define

(a, h) = c(ah)

where a € A* , h = h; or h} and c(ah) is the coefficient of ah. We claim that
we have the following duality relation for (,):

<a? hl) = <X(a)‘ h/—-i—m)'
where |a| = mq. We will prove this in two steps. First we note that
(ab,h;) = c(abh;)

c(ac(bh;)hiym)

il

= c(bhi)C(ahi+m’)

= (b‘ h,‘)(d, hi+7u’)

where we suppose that |b] = mgq. This identity implies that we only need
to prove the the duality formula for the generators P?". We start from the
following formula about the anti-automorphism

Y. Pix(Pl)=0.

g+/=p"

Apply both sides to h; and assume the duality formula for f < p” then



we have

—X(PPYhi = Tyso PIX(P/ )
= Tys0 PUX(P)), hi)hiss
= T,v0 ((i+f)(z—1)—l) (P! R Yhipr

= Tyso ((HDED1) (GHNE-D)p

= Ey>0(_1)f((i+f)(s—l)—l) ((i+f)(p;1)+f—1) Bityr
= S D) (D
= (D iy
On the other hand we have another formula
PP R iy = (—(i+p;r)(1'—l)) K

- _ (i(P—pi)—l) _

= (=1 ((i+p')(p;r1)+p*—1)

These two imply
(PP ), he) = (PP Ky,

Therve is another property for this bioperation:

(@, hyr i) = (a, hy)

(a!h;ﬂﬂ') = (a, )

where a € A(r)*. We can begin to prove the part (i) and (7).
The formula (4%) is equivalent to the following formula

28



Z ( Z X(ai,j)hkp'+(p—j)p"‘)

0<j<p \it+h=m

= D Tmpihmsny
0<j<p

= 0.
(iii) is equivalent to

Togial 20 Xy r-iyr-1)+ 20 (20 X(@ui) iy srn—iyr-1)

i+k=m n<j<p i+k=m-~1

= Z m"L,n,jh"Lp"-f-n.p"_l + Z xm—l,p+n.,_'ihmp’+np"‘1
0<j<n n<j<p

= 0.
We can calculate these z’s explicitly by the technique we prepared before.
By the duality formula we have the following identity

Timng = Z (X(al,.l)' hk:p"+(n—j)p""")
i+k=m

- Z <ai7j! hl—kp'—n.p"—l)
i+k=m

= Z (ai,{i! h’—np""' ) ¢
i+k=m
The last identity comes from the periodicity property of operation (,). From
the other direction we can consider the formula defining the a;;: applying it
where v >> 0. Then the left side

r—1

to the cohomology class A’ (,_yv- D
p~1 "

is
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Spr=1
(7Dmp'+m' ,h’ ) (pV—1

— vy pr_npr—l

)

— (—("-—1)(1“'—1)1»'—”1»"‘)(11—1))
mpT+jipT}

= (=1)m+ (71-—1)@”—1)p'+7l-p"‘)(p—l)+mp'+jp"‘—1)
- mpT+ipt—1

_ (—1)1"_*_]' ((1n+1)p+j—n—l)
- y mp+j

_ m-§ (p+ij—n—1
= (=1) +J(P - )
The right side can be simplified to

E <ai7j7)kpr’hl_£—x—)-"_l L2 pr_ﬂ.pr—l)

i+k=mn r—1
_ Z (_(n_];))izlf"—l)pr —_ npr—l:)(p - 1) (a‘ .y . )

i+k=m kPT W kp” —11_—131__—”1'—_—111)"—711»"1

(n—1)p*—1)_r 1 —1 ko™ — 1

= Y (—) (F=E==p" + np™ ) (p — 1) + kp (o )
T Rl kp AL LESVILIE PR
_ o =1)p R\ (P =t =1,
- i-{jcém( 1) ( k 0 (a”]’hkp'—i"—_—?éf——llp'—npf-J

o3 ’
- Z ((_1')1"‘ za‘iyj? hkpr_.("__luﬂu;llpr_npr—l)'
i+k=m »—l

*
LT

Let us denote the above constant by x It is easy to verify that

3

’ . .
(a"h.’l'? h—n-p"‘) = "l':n,nxj + Ton—1,n,j
which is 0. This finishes the proof of (ii) and (iii). |

Proof of Lemma 2.2.16. We proceed by induction over r. The result is
obviously true for r = —1 if we deal with A(—1)* as Z/(p). So we can
assume this lemma is true for 7 — 1. Then y, is zero in A* @4ty F*/FY,
unless k = 0 mod p". If k = mp” then the inductive hypothesis gives



1,

Ympr = Z X(’Pipr) ® h.'ip' + Z X(Pipr+lpr~ ) ® hipr-i-(P“l)Pr'l :

i+j=m j=m—1,0<i<p
We can rewrite the second sum using Lemma 2.2.17 (i) and obtain
it jmmo1,0<t<p X(PT ™Y @ By (ptypr-t
Ec+h+j=m—1,0<l<p X(Pcpr)X(ah’l) ® hjp’+(p—l)p"‘

= Ec+h+j=7n—l,0<l<p X('Pcp ) ® X(ah,‘)h.'ipr"'@"l)l"_l .

But this gives zero by Lemma 2.2.17 (ii) .
If £ = mp” +Ip"! then the inductive hypothesis gives

» ipT -l r—1
Ympr+ipr=t = Z X('Pzp thp ) ® h’jl"+l21"'"l
ipt+ip+HHla=mp+l

where 0 < 1,1y < p. We can rewrite the second sum using Lemma 2.2.17 (i)

and obtain
Ymprlpr—t = Eip+jp+l1+lz=mp+l X (Piprﬂlpr_l) ® hjp’+lzp'"‘
= Depthptiptith=mp+l x(P¥ Ix(@nty) ® Rjpryippr-1
Yepthpiptitto=mprt X(PF) ® X(@nt, Jrjpr 13-t
So we see that y, = 0 in this case from Lemma 2.2.17 (iii) . ]

Lemma 2.2.2 is stated in cohomology for convenience in its proof. We
can rewrite it in homology as

Ay, (FT) 2 @21 A0 4-1).Z/ (p)).

J

Here j runs over all j = 0 mod p”, j > ! and F" is the dual of F*/F} ,i.e. a
bounded below subcomodule of F, over A(r).. We claim that we can deduce

the following theorem from above.

31



Theorem 2.2.18 There is an isomorphism between
lim Extp, (Z/(p), Extp.(Z/(p), Ho(P-4)))

and
Extp,(Z/(p), Exts.(Z/(p), Z~'Z/(p))).

induced by
='Z/(p) — Hu(P-)

which sends 1 to by.

Proof.
LimExt 3 (Z/(p), Exty (Z/(p), H(P-4)))

= lmlimExti,. (2 (7). Brtb, (2/(0), B(P-) &
S hmhmExtP()(Z/(p) Extly,y. (Z/(p), Hu(P-1))) (2)
= limExty,, (Z/(p), Extly,y.(Z/(p), Hu(P-,))) (3)
= lUmExty). (Z/(p) Extp.(Z/(p), F7)) (4)
= hmE«{t;,“ (Z/(p),Exty (Z/(p), AL a0, Fir)) (9)

iR

lim®;ezExt 3 (Z/(p), Exty, (Z/(p), Z#"¢ AL ac-1.Z/ (p),
= hm@JGZE’{tP(, 1.(Z/(p), Extip(,—1).(Z/(p) ), Z#" 417/ (p

= Extp "™(Z/(p), Extp-(Z/(p), £~ Z/(p)))- (6)
For a fixed n, H.(I-,) is bounded below and P(r). and E(r), are isomorphic

to . and E. up to some degree increasing to infinite with r. (1) follows
naturally. (2) comes from the commutativity of the inverse limits. Both

(3) and (4) come from the degree reason since we can choose n, and —! big
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enough with respect to r for fixed (s,u,t). With the help of the well known

“change of rings theorem, we have the following isomorphisms
EXt;;E‘;,)‘(Z/(p), EXtLE('-r).(Z/(p)a H*(P—--n)))

Ext(Z/(p), POp. Extp,), (Z/(p), Hu(P-0)))

IR

1%

EXt‘;;:‘(Z/(p), P*DP(r).. COtor%‘(y-),‘ (Z/(p)‘ H*(P—n)))

R

EXt;}:‘(Z/(p), P*l:lp(,)‘ COtorfA(r).(Z/(p)DE('I‘)-A(T)*a H*(P—-'u)))

IR

Extp(Z/(p), P.Op(r). Cotorlyyy, (P()u, Ho(P-4)))

IR

Ext7(Z/(p), Cotoriyy, (PuOr(r). P(r)s, B P-4))) (7)

iR

EXt;;f(Z/(p), COtOl‘f‘l_(P*, A*DA(r). H*(P—-n)))

i

Eth;;u(Z/(p)a COtOl.‘i;;‘ (Z/(p)s -A*D.A(r),. H*(P—n)))
= Ext"(Z/(p), Exth, (Z/(p), A aq. He(P-0)))
where (7) comes from the fact that the I’(r).-comodule structure of

Cotorlyyy, (P(7)es H(P-y))

inherits from the P(r).-comodule structure of P(r).. (5) is proved. It is
easy to obtain (6) after we can get the following commutative diagram from
(2.2.12).

Ext,(F¥)) ~—— @ Ext,_; (¥~ Z/(p))

Pu

r+1

Ext,.y (Firt)) ~— €D Ext,(Z# ' Z/(p))

Here Ext,(—) means Ext p(,, (Ext g(,y,(—)). The details of maps are exactly
as in Lemma 2.2.13 . Moreover the composite
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Extp, (Extg (2~'Z/(p))) — Extp (Extg(F.))
—  Extpe), (Extpe. (F)))

—  @Extpr—1y. (Ext g1 (Z¥ 1 Z/(p)))
j

—  Extpp-n). (Extee—-n. (27 1Z/(p)))

is the obvious projection map. _

Proof of Theorem B. By diagram (2.1.5), we can see that Theorem 2.2.18
implys Theorem B. |



2.3 Generalization of Theorem B

Our task in this section is to prove Theorem C. Before that we need a lemma

on which our generalization depends heavily.

Lemma 2.3.1 If
0 — M, 2 My, =5 Mz — 0

is a short ezact sequence of finitely presented (B, I')-comodules and M; =
Y*BD. /I, then the system of short exact sequence

0 — Im(1® f) — BP(P-0) ® My —> BP.(P-y) ® Mz — 0
gives rise to a long ezact sequence
++v — lim Extp(BP.(P_,) ® M) — lim Exty.(BP(P-,) ® Mp)
— lim Extp(BP.(P-.) ® M3) —
Proof. By the Key lemma in [Lan82] we can deduce that
Ker{BP.(P_,) ® M} — Im(1 ® f)}

= Im{Tor(BP.(I-,), My) — BP.(P-,) ® M,}.

is finitely presented if we can show that Tor(BDP,.(I-,), M3) is finitely pre-
sented and BP(I-,) ® M; has finite homological dimension. The first is
actually Lemma 5.1.4 in [Sad] and the second comes from the fact that M; is
finitely presented. Since Ker is independent of n except for degree, the fact

that it is finitely generated implies that
lim Ker = 0.

Thus the systems of {BP.(I’-,) ® M} and {Im(1 ® f)} are pro-isomorphic,
SO '
liin EXth_Bp(BP*(P—n-) QM;)= hin EXt(Im(l ®f)).

This completes the proof. ]
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Corollary 2.3.2 There is an isomorphism
Ext}(BP, 27! (BP./ L)) 2 lim Ext} (B, BP(P_)/ L))
Proof. We can apply Lemma 2.3.1 to the following series
0 — BP./I; — BP./I, — Bl /I;;; — 0

fort=1,---,k — 1. The isomorphism is proved by induction with the help

of five-lemma. [ |

Proof of Theorem C: It is actually another corollary of Lemma 2.3.1. For any
finite complex X, we have a series of short exact sequences of (B, BP.BDI)-

comodules
00— Li — Li+1 —_— Esi+lBP*/Iji — (0

fori=0,---,m with Ly = ©* BI./I;, and L,, = BP.(X) by the Landweber
filtration theorem in [Lan76]. We can apply Lemma 2.3.1 to the short exact

sequences above to obtain that
Extp(2~"BP.(X)) — lim Extp(BP.(P-,) ® BP.(X))
is an isomorphism. On the other hand by Corollary 5.1.7 in [Sad] we have

h_r_n EXCBp_Bp(BP*(P_.,L) ® BP*(X)) = IEII EXth_Bp(BP*(P_,,L A X)).

This completes the proof. B



Chapter 3
The Realization of A(n)*

3.1 Notations and Preliminaries

It is easy to see from the coproduct formulas in Lemma 1.1.9 that E, =
E(7y,--+) is a quotient-Hopf-algebra of A, and P, = P(&,- ) is a sub-Hopf-
algebra of A,. We denote E(1y, 7, -, 7,) as E(n).. It is a sub-Hopf-algebra
of E.. We will denote B(n). as I ® E(n).. It is a sub-Hopf-algebra of
A.. The quotient-Hopf-algebra E(741, ) = @(n)s, of A, appears in the

following Hopf-algebra extension
B(n)y — P.®E. =2 A, — Q(n)..

We will use P’*, E*, E(n)*, B(n)* and Q(n)* to denote the dual of P\,
E., E(n)., B(n). and Q(n). respectively. Out of them, P* and B(n)* are
quotient-Hopf-algebras of .4* and E* and Q(n)* are sub-Hopf-algebras of .4*.
E(n)* is a quotient-Hopf-algebra of E*. As usual we denote the dual of 7; as
Q);. So we have

E* = E(QO?QI: ot )*

E(n)* = E(QO: T Qn‘)a
Q(n)* = E(Qut1, )

Now we like to introduce some basic knowledge of BI>-theory.

Theorem 3.1.1 [BP66] , [Qui69] For each prime p there is an associative
commutative ring spectrum B’ such that

37



(i) BP, = m(BDP) = Zy[v1,- - -] with v; € mon_1y(BP).
(ii) H.(BP,Z/(p)) = Z/(p)[t1, -] = P as comodule of A..

(iii) (BP,,BP.(BP) = BPR.Jt,, -]) is a Hopf-algebroid(See [Rav86] Ap-
pendix Al).

(iv) The map

Lazyp)A

BP ABP Iher | HZ/(p) A BP ———-—T> HZ/(p) N HZ/(p)

induces a homomorphism
BP,(BP) — H,(BP) — A.

as Hopf—algebroids. Here [T] =1 € H%(BP). (T Alpp)« is a projection
from BP, to Z/(p) and identity on t;'s. (1xz/ AT )« sends t; to ¢(&).

Lemma 3.1.2 [Qui69] Let R = {rg : E = (e,e2,---)}. Then BP*BDP =
BP*®R. rg is a lifting in the following diagram.

BP sl Bp

HZ/(p) “Z2L 517 (p)

Here ¢( ) is the conjugacy in Steenrod algebra and PZ is the reduced power
correspondent to E.

A* is the ordinary Z/(p)-cohomology of spectrum HZ/(p). HZ/(p) plays
an important role in Toda's construction in [Tod71]. For our consideration
of B(n)*-modules, we have a similar spectrum called (n + 1). It has coho-

mology
of B(n)*-modules, we have a similar spectrum called P(n + 1). It has coho-

mology
H*(P(n+1)) = B(n)"
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Theorem 3.1.3 ([JW75] 2.9, 2.12, 2.14, 2.15 , [Wur77] 2.13) For each prime
p and integer n > 0, there is a BI’-module spectrum P’(n) with the following
properties.

(i) P(n) is a ring spectrum. For p > 2, the multiplication is unique and

commutative;

(ii) It is defined inductively by the following fibre sequences
PGy 2 P@E) — PG +1)

for ¢ > 0. Here vy denotes p and v; is defined by
AL pg; m \
sl p(i) 2 Sl A P(i) ——— P(i) A P(i) ——s P(5).
The homotopy group of I’(n) is m.(P(n)) = BL./I,.

(iii) We can associate each B’ operation rg to a I’(n) operation ®,(rg).
Inparticularly, when n = co we recover ¢(PZ). We have the following

homotopy commutative diagram.

BP — £ — winipp

y

P(n) 2208, sl p(y)

HZ/(p) <22 Sl H7/(p)
Furthermore when 2p — 2 > n, the choice of ®,(r) is unique.
(iv)
®, : BP*/[LQR ® E[Qo,Q1, ", Qu_1] — P(n)*P(n)

is an isomorphism of left BI*/I,-modules. Furthermore when 2p —
2 > n, P(n)4(P(n)) = O,((P(n)*®R)4. ®,((P(n)*®R)) inherits its
BP*(BP) comodule structure from BI’*BP via the projection

BP*®R — P(n)*®R.
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40
(v)

P(n)*(P(n)) = BP*/IH-[tl: v ] ® E(aO: e :an—l)

Here a; is the dual of @;. The coproduct of ¢; inherits from coproduct
in BP,(BP) and

A(as) = Ei.*_j:aa,' ® tj-)i + 1 ® ag.
(vi) The Thom map
T:DP(n) — HZ/(p)
induces a homomorphism
H*(HZ/(p)) = A* — H*(P(n)) = B(n — 1)".
This homomorphism is the projection onto B(n — 1)* and sends ¢(P")
to Pi.
The next lemma is useful in the proof of Lemma 3.2.1.

Lemma 3.1.4 Let
h:Z¥B(n)* — H*(X)

be a B(n)*-homomorphism and
P(n+1)MX) — HYX)
be surjective. Then there is a map
f: X —TP(n+1)
such that h = H*(f).
Proof. Take h(1) € H*(X). It should be hit by an element from P(n+1)*(X).

In other words, we have the following homotopy commutative diagram.

x 1

SEP(n + 1)

h(1)=Tof

S+ HZ/(p)



41

Since 1 € H%(P(n + 1)) is represented by T, we can deduce from the above
that H*(f)(1) = h(l). For any a € B(n)* = H*(P(n + 1)), we can find
a € A* which projects to a. It follows that

H*(f)(a) H*(f)(a1)
aH*(f)(1)
ah(1)
ah(1)
h(a)

| T T | R |

because H*(P(n + 1)) is actually a B(n)*-module. Thus
h = H*(f).
[
Remark 3.1.5 Take X = P(n+ 1) and k = 0 modulo q. Then t, € B*(n)
is hit by ro, € P(n+ 1)*P(n +1). Hence we can take f such that

[fl=re € RC P(n+1)"P(n+1).



3.2 New sufficient conditions

The goal of this section is to prove two key lemmas which are actually the
sufficient conditions for realizations of certain .A*-modules and existence of
vpy1-maps. The first lemma is about the realization, the analog of Lemma
3.1 in [Tod71].

Lemma 3.2.1 An A*-module N over Z/(p) is realizable if it satisfies the

following conditions.
(i) N is an E(n)*-free module and has trivial Q,,.; actions for all i > 0.

(ii) M, which denotes N gy~ Z/(p), is concentrated in the degrees con-

gruent to 0 modulo q.

(iii) For all t — s < w, there exists a positive integer m < ¢ —n — 1 such
that
Ext3,,- (N, Z/(p)) = {0y € Eat*™ifi € I,} =0

when all s > m. Here w is not less than the largest dimension of N
and congruent to n + 1 respect to q. Without loss of generality, we will
assume that Iy = {1}.

(iv) For any ajo with « € I, which can be represented by t, € B(n)*, we
can find correspondentr, € P(n+1)*P(n+1) as in Remark 3.1.5. The
cokernel of P(n+1)(®uer, o) is isomorphic to N ® BP* /1,11 and the
cokernel of BP*(@ el Ta) 45 tsomorphic to M ® BP* /L, respectively.

Remark 3.2.2 (i) implies that
Extgén). (N,Z/(p))=0
if t=20 mod q because of the following change-of-rings isomorphism
Extp)-(V, Z/(p)) = Extp-(M,Z/(p))

and the fact that all elements in IP* have degrees congruent to 0 modulo q.
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Proof. By condition (i) we know that N is actually a module over B(n)*.
We consider the following minimal resolution of N as module over B(n)*
0 — N0 gl — . (3.2.3)

where
C* = B(n)* ® Ext*(N,Z/(p)).

By the change-of-rings isomorphism in Remark 3.2.2, the minimal resolution
above is the same as the tensor product of E(n)* and the minimal resolution
of M as P*-module. Hence all kernels and cokernels in the above resolution
are E(n)*-free.

We claim that there exist a series of spectra X, for s = 1,---,m such

that they satisfy the following inductive conditions.

(a) There is a fibre sequence
Xop =X, 5B,
such that
Ht—s+1(Bs) — Cs,t

for each m > s > 1. In fact we will choose B, to be Y T4 ~*+! P(n4-1).

(b) Applying the H*(—) to the long exact sequence in (a), we can obtain

the following short exact sequence
0 — N — H(X,y;) — Ker(d,) — 0.

Meanwhile H*(X,4,) is split into the direct sum of N* and Ker(d,) as

A*-module.
(c) The homomorphism induced by the Thom map
P+ 1) (Xo1) — H*(Xop1)

is surjective for £k = —s mod gq.
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As the first step of the inductive proof, we have to prove (a), (b) and (c)
for s = 1. Let
X, = TP +1).

Then
H*(X,)=B(n)e® Ext%(,,,).(N, Z/(p)).

We want to find a map
Ty Xl —_— Bl

such that the homomorphism
H¥(m): H'(B)) = C' — H*(X,) = C°

is identical to d;. Since both X and B; are wedges of I’(n), it suffices to
establish similar result on the following canonical example.

Given
h: H*(2%P(n +1)) — H*(P(n+1))

to be a homomorphism of A*-modules, we can find a map
fi:P(n+1) — T¥*P(n+1)

such that H*(f) = h according to Remark 3.1.5. (a) for s = 1 is proved.

Because N is isomorphic to Coker(d;), we can easily identify the short
exact sequence in (b) from the long exact sequence obtained by applying
H*(—) to fibre sequence in (a). H*(X2) can be split into a direct sum of N*
and Ker(d;) as Z/(p)-module. We will abuse the notations N* and Ker(d;) to
denote the corresponding summands which are Z /(p) sub-modules of H*(X5).
The splitting of H*(X3) as an A*-module is equivalent to

A*Ker(dl ) = Ker(dl ) .

Assuming 4
E*Ker(d;) = Ker(d,),

we can show
P*Ker(d)) = Ker(d;).
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Since Ker(d,) is a free E(n)*-module with generators at dimensions congruent

to —1 modulog and
Ni=0 %’En+2,---,q—1 mod g,
we can deduce that
P*(Z/(p) @ pewy~ Kex(dr)) = (Z/(p) ®p(n)- Ker(dy))-

Hence ) , i A
P*Ker(d)) = P*E(n)*(Z/(p) ®E(m)- Ker(dy))

C P*E*(Z/(p) @y~ Ker(d;))
= E*P*(Z/(p) ® pn)- Ker(d))
= E*(Z/(p) ®E(n)- Ker(d}))

C E*Ker(d:)

= Ker(d;).
We still have to prove

E*Ker(d;) = Ker(dy).

Because Ker(d;) is E(n)*-free, we just need to prove there is no nontrivial
Qn+i action with ¢ > 0 on Z/(p) ® gy~ Ker(d,).
Applying Adams spectral sequence to [Xs, BP|, the Ey term is

Ext 4= (H*(_Xg), D) = Extge (H. (_Y'z_), A*Qg, Z/(p))
= Extp.(Z/(p)0wmy(Z/(p)Bewm). H(X2)), Z/(p))

= EX’GQ(,,,)_(Z/(P)DE(n). H*(-XZ)a Z/(p))

We can say that the E; term is a sub-quotient of (Z/(p)®p(uy-H*(X2))®BP* /L4
If there is a nontrivial Q.41 action from Z/(p) ® p()~ Ker(d;) to N, at least

one element of

M&Z/(P)[vns1s---] C(Z/(P) ®pny- H(X2))®BP" /1,141



will not appear in Adams spectral sequence E,. This contradicts to the fact
that BP*/I,,,®M is mapped into BP*(X5) in condition (iv). This proves
(b) for s = 1.

Similarly we can show that the Fo-term of Adams spectral sequence for
[X2,P(n+1)]is

H*(X3)®BP* /1,1 = (N ® Ker(d))®BP* [ L.11.

Here N®BDP*/I,,., comes from the Ejterm of Adams spectral sequence for
[Er14P(n+1), P(n+1)] and Ker(d,)®BP*/I,,. is mapped into the Ep-term
of Adams spectral sequence for V Z™¢~![P(n + 1), P(n +1)]. On the other
hand the Adams spectral sequence for [’(n + 1), P’(n + 1)] collapses from
E; term. Thus the only possible nontrivial Adams differential is between
two summands. But if this happens, I’(n)*(X,) will not have a summand of
N®BP*/I,.;. We have a contradiction to the condition (iv). So

P(n + 1)*(_X2_) = H*(Xz)é)BP*/In.,.l.

This will imply the condition (c) for s = 1.

Suppose we can show that (a), (b) and (c) are correct for 1, 2, ---, s. We
have to prove (a) and (b) and (c) for s+ 1 in order to finish the proof of this
lemma.

The following homomorphism of .A* modules

dey1 : C**? — Ker(d,) c C*H!
is actually a homomorphism of B(n)* modules. By (b) for s we can extend

the above homomorphism to
Ca+2 N H*("ra+l‘)-

This is still a homomorphism of .A* and B(n)* modules. The image of B(n)*
generators is in H¥(X,,,) with ¥ = —s modulo q. On the other hand by
(c) for s, we know all elements in cohomology in these dimensions are hit
by Thom homomorphism from P(n + 1) cohomology. According to Remark
3.1.5, we can obtain that the homomorphism can be realized by

ol Nyp2 — Byqpo.
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(a) for s + 1 is proved.
We can easily obtain the short exact sequence and just need to show

Q(n)*Ker(dy41) C Ker(dyt1)
in order to show the splitting as .4*-module. It suffices to show that
Qu+{(Z/(p) ® gy~ Ker(dy41)) NN =0
as we do for s = 0. It is obvious this time because
NE=0
for k = —s modulo ¢ for s > 1 and

(Z/(D) ®pny- Ker(dyy1))* =

except kK = —s — 1 modulo ¢. (b) is proved for s + 1.
Apply Adams spectral sequence to

[-Xs-i-Zs P(n)]

Since the cohomology of X, is a direct sum of N and Ker(d,;), we can

obtain the Eo term as following
Ey = (N @ Ker(dy11))®BP* [ I,11.
Considering homology degree, we can see that
(N®BP*[I,.1)F =0

except when
k=0,-1,---,-n—1 mod g¢q

and
(I{er(d3+1)®BP*/In.+1:)k =0

except when
k=s+1,s-,8s—n mod gq.



We know that the differentials in Adams spectral sequence lower degree by
1. Thus
(Z/(p) ®(ny- Ker(dyr1))®BP" /L1

which only has elements at dimensions congruent to s + 1 modulo ¢ will

survive in Adams spectral sequence when
s+1<g—-n-1.

According to the condition (ii) , we know s +1 < mand m < ¢g—n — 1.
Even though we do not prove the convergence of Adams spectral sequence for
[Xot1, P(n + 1)] here, we do know that it converges to lim I(n + x%)

where X,(fﬂl is the i-the skeleton of X,.;. The survival of

(Z/(p) ®E(n)"‘ H*(‘Xs+2))®BP*/In+1

in the Adams spectral sequence will guarantee the sujectivity we need for
(c). We just need to notice that lim H*(. iﬁl) = H*(X,41). Hence (c) is
proved for s + 1 and we finish the induction.

Now we have a spectrum X,, which satisfies
H*(Xn41) = N @ Ker(d,,).
On the other hand condition (iii) will imply that
(Ker(d,,))* =0.

for k < w.
(Ker(d,,))¥ =0

except when k = —m, - -+, n+ 1 — m modulo g and w = n+ 1 modulo q. On
the other hand, n +2 < ¢ — m. Hence we conclude

Hw+l(-x—m+l) =0.

We can take the w-skeleton of X,,;; which has cohomology V.
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Lemma 3.2.3 Consider an A* module N which satisfies the conditions (i),
(i) and (iv) and the condition (iii) for w, m and w + dfv,i|, m' > m
respectively. The conditions (3), (i), (iit) and (iv) are the same as in Lemma

3.2.1. Then there exists v,.+1-map
'U;f+1 . Edl‘u"*'ll./\’, —— .Nr.
Here we use the notation N to denote the realization of A*-module N.

Proof. According to the proof of Lemma 3.2.1, we realize N by construct-
ing a series of fibre sequences. The realization is the w-skeleton of X, ;.
Similarly we can replace w by w + d|w,+1| and m by m' and construct more
fibre sequences. N can also be obtained by taking the w + d|v,+)| skeleton

of X,41. We claim we can construct the following commutative diagrams

i ndlvngtly,
—_—

Edlv"“leH 1o Tty vdvasil B,
L L Vg 41
Xppp ——— X, . B,
fors=1,.--, m. Herev! +1 will induced ¢ +1 multiplication in B’ homology.

We will prove it by induction.

X and B, for s =1, ---, m are wedges of P(n + 1). As we can see in
Theorem 3.2.1, v, is an element of P(n+1)*P(n+1). Hence we can always
find v, self-maps for B, and X,. These maps induce L;f +1 multiplications
in B’ homology. The commutativity for the second square in the above

diagram is equivalent to

P(n+ 1) (¢ )([m]) = vai[m]. (3.24)
because we can regard [r,] as an element in P(n + 1)*(X,). We claim
that we can show that (3.2.4) is true by showing that ¢4, induces v%,,
homomorphism on B homology and I’(n)*(X,4;) with ¥ = —s mod ¢ for

s=1,---,m,
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For s = 1, (3.2.4) can be obtained from Theorem 3.1.3 since both B; and
X, are wedges of ’(n + 1) and we have -

nL(’Un.+l) = Up4l

in BP*/I,., and P(n+1)*P(n+ 1). Thus we can find self-map vZ, ;| for X,.
Applying Adams spectral sequenceto BI.(X5), we have

Ey = Exta(Z/(p), P ® Hi(X3))
= Exta.(Z/(p), ALy (M. ® (Z/(p)DE(”)‘ Ker(d))«))
> Bxtqon.(2/(0), M. © (Z/(p)sen. Ker(ds).)

= BP,.,/I,H_l ® (;”W* o) Z/(p)DE(n)’Kel‘(dl)*).

By condition (iv), we can deduce that the Ey-term collapses as we do for the
Adams spectral sequence for I’(n + 1) cohomology in the proof of Lemma
3.2.1.We can conclude that the B’ homology of X3 consists of two direct

summands
BP, /I, ® M,

and
BP*/IMH ® (Z/(p)DE(n').Ker(dl)*)'

as BP,-modules. We also know from (b) in the proof of Lemma 3.2.1 that
the first summand goes to B (X)) and the second summand comes from
BP,(S7'B;). On the other hand M, and Z/(p)dg).Ker(d) ). are concen-
trated in dimensions congruent to 0 and —1 modulo ¢ respectively. Hence

BP.(v¢, )(BP./Liy1 ® M.) N (BP./Iisy ® (Z/(p)D gy, Ker(dy).) = 0.

Noting that v¢, | induces v¢__,-multiplication on the B> homology of X| and
B, we can see that so does the self-map ¢ +1 on the B’ homology of X,.
Similarly we can show that all elements of P(n+1)¥(Xs) go to P(n+1)¢(B))
for k = —1 modulo q. Hence we can conclude that self-map v¢_, of X, has
the required property on BI” homology and I’(n + 1) cohomology.



Suppose we can construct the diagram with required properties for s.
We have to show that we can also do it for s + 1. The formula (3.2.4) and
commutativity of the second square follow from the fact that 7 is a wedges of
maps which represent the elements in ’(n + 1)¥(X,,,) with ¥ = —s modulo
g. Hence we can construct the self-map for X,,o. Applying Adams spectral
sequence to BI” A X2, we obtain

Fy = BP[Lpy ® (M. & (Z/(p)0 (. Ker(dyp1).))-

from our knowledge about H*(X,;2). The above Adams spectral sequence
collapses since there is no differential between two summands by degree rea-
son. Hence BP.(X,42) has two summands as BP,-modules which are from
BP.(X,1) and BP,(B,). It follows that BP(ve,,) is ¢4, -multiplication.
We can also prove the I’(n + 1)*(v%,;) has the required property on the
P(n + 1)*(X,42) as we do for Xo.

So far we find the self-map of X, and it induces v%, -multiplication on
BP homology. We claim we can construct the following diagrams

pdvnsil 7

d -
Untl ,*
. n41l

»

‘X—a-i-l e ‘X’s T Ba

for s =m, ---, m' such that BP,(vS,,) is v¢, ; multiplication. Here BD, ()
can be seen as a summand of BP(X,). Since T4+ N is the skeleton of
d

T+l X,,, we have the map v¢,, for T4"»+IN to X,,. The composition

of v¢,, and m, represents wedges of elements in P(n + 1)*(Z¢"+N) with

k = —s modulo ¢. Fortunately this group is 0. Thus we can life v, to

Xm+1. We have all necessary elements for another induction on s =m, ---,

m'.



Finally we have the following diagram.

ydlvnstl n7

d ' "
L d
Ut
.

inclusion <»
— X

~w+d r
X(u;-*- fonil) =N m!+1

bifs
The lifting exists since both 4"+ N and (w + d|wy1|)-skeleton of X,uy1,
which is also N, have the same highest dimensions. It is obvious that the
lifting induces v¢ 4-multiplication in B homology. B



3.3 Realization and Existence of Self-map

As we said in Chapter 1, we will only consider the .4*-module structure of

A(n)* with the following property:

Qus+iA(n)* =0.
for each 7 > 1. In other words

Q(n)*A(n)" = 0.

So we can have the following commutative diagram for this kind of module

structure.

Q(n)" ® A(n)"

\

A" ® A(n) —— A(n)*

v

B(n)* ® A(n)*

Lemma 3.3.1 We consider A(n)* as B(n)*-module for any n over coeffi-
cient ring Z/(p). When p > n+ 1, we can show that

Exth - (A(n)", Z/(p)) = 0

if (s,t) satisfiest —s < w,, and s > n+ 1. Here w, is the top dimension of
A(n)*:

Wn = Tigign 20" = D" = 1) + Tocica(2p' = 1)
— 2,np7l~+l — 2(p + .- +pn.) —n+ 3.

Proof. Applying the May spectral sequence, we have

El = E(h;’j . ’I,+_] 2 Tl+l:)®P[bi,j . ’L-i-] Z Tl+1] - ExtB(n)u(A(n)*,Z/(p_)j).



Here h;; € Ext L2 ('-1) represented by ff’j in cobar complex and b;; €
Ext>? "' ®'=D When p > n +1,

bi il — w, 2 2ppn+l _ 2pn+l - 2npn+l
WJ

= (2p—2-2n)p**t

> 0

forall¢+j>n+1and
IhiJI —w, >0

for all i+ j > n+2. We only need to consider those h;;'s withi+j =n + 1.

So we can simplify our E) term in the range we are considering to
_E(hi,j . 7,+_] =n+ 1).

It is easy to see that there is no element in Ext;,’in),, (A(n)*,Z/(p)) in the

range we are considering. ]

Remark 3.3.2 When p > n + 2, we can prove similarity that Ext** = 0 if
t—s < w, + || = w, +2p" =1

and s >n+1.

Lemma 3.3.3 In the following diagram

BP,(BP) Blulre) BP,(T¥\BP) = ©-I"e| Bp,BP

BP.(P(n)) = BP,BP[1,P=20 gD (el p(n)) = ©-Irel Bp, BP/I,

the vertical maps are just projection modulo I,,.



Proof. From [Rav86, Corollary 4.3.21], we obtain
nr(v;) =v; mod L.

In the construction of P(n) in Theorem 3.1.3(i), v;-multiplication can be seen
as both left and right multiplication by the above formula. We can prove

this lemma inductively. |

Lemma 3.3.4 Let N be A(n)*. The condition (w) in Lemma 3.2.1 is sat-
isfied.

Proof. It is well known that

BP*(P(n+1)) = Hompp~(BP.(P(n + 1)), BP*)

and
P(n+1)"P(n+ 1) = Homps1)<(P(n + 1)(P(n + 1)), P(n + 1)).

Since the Adams spectral sequence for them collapse, we can easily prove
there is no lim! problem. The above facts can also be proved accordingly.

It suffices to prove that
Ker(@uen, BLu(r4)) = (Z/(p)De.A(n)s) ® BPu/ It
and
Ker(®uer, P(n + 1)u(rs)) = A(n). ® BL/L,4,.

We will deal with B> homology first. Lemma 3.3.3 actually tells us that
we can work on BPI,BI’ and then take the quotient modulo I,,;. By the
duality we know that ,

BP,(rg)(tF) = Tof11h
where ¢v©1tf @ t#2 appears in the coproduct of ¢¥. On the other hand we can
obtain the following formula from [Rav86, 4.3.13]. '

At) = Sjppmit; @t mod Iy,

cn
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We can see that this formula is the same as the formula in homology. Since
Ker(®H.(ry)) = A(n)«

and Z/(p)3g, A(n). is hit by BP.(P(n + 1)), it follows
(Z/(p)OE, A(n)s) ® BPu/Ly1 C Ker(®@BPLu(ry)).

For any BP, /I, generators in BI.(I’(n+1)) other than those in Z/(p)0g, A(n).,
they are not in kernel of @ H.(r,). This implies that they are also not in the
kernel of @BDP,(r,). We can conclude the kernel of @BP(r,) is as we ex-
pected because it is a homomorphism of B, modules.

From Theorem 3.1.3 (v), we know that the coproduct of g; is the same
as the coproduct of @Q; in H.(P’(n + 1)) = B(n). for 0 < 4 < n. This time
B(n), is hit by P(n + 1),P(n + 1) = B(n)x ® BP./I,4+1. So we can prove
similarly that the kernel of @’(n + 1).(r,) is also what we expected. W

Proof of Theorem E and F. We just need to verify the conditons (i), (ii),
(iv) and (iv) form = m/ =n+1,d = 1, w = w, and w,, + |v,41| respectively.
(i) and (ii) are obvious. (iv) comes from Lemma 3.3.4 and (iii) comes from
Lemma 3.3.1 and Remark 3.3.2.
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