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1. Introduction
1.1. Motivation and main results

In 2009, Hill, Hopkins, and Ravenel resolved a longstanding open problem in algebraic
topology. In their seminal paper [18], they showed that the Kervaire invariant elements
6; do not exist for j > 7 (see also [32,16,17] for surveys on the result). The crux of their
proof relies on a detecting spectrum €2, which detects the Kervaire invariant elements.

Theorem 1.1 (Hill-Hopkins—Ravenel detection theorem). If 6; € maj+1_oS is an element
of Kervaire invariant 1, and j > 2, then the Hurewicz image of 6; under the map m,S —
) is nonzero.

The detecting spectrum € is constructed as the Cg-fixed point of a genuine
Cg-equivariant spectrum g, which is an equivariant localization of MU(C%) .=
Ng; MUg. Here, MUy is the Real cobordism spectrum of Landweber, Fujii, and Araki
[27,9,2] and Ngj (—) is the Hill-Hopkins—Ravenel norm functor. To analyze the equivari-
ant homotopy groups of g, Hill, Hopkins, and Ravenel generalized the Cs-equivariant
filtration of Hu—Kriz ([20]) and Dugger ([8]) to a G-equivariant Postnikov filtration
for all finite groups G. They called this the slice filtration. Given any G-equivariant
spectrum X, the slice filtration produces the slice tower {P*X }, whose associated slice
spectral sequence is strongly convergent and converges to the RO(G)-graded homotopy
groups 7r§X . Using the slice spectral sequence, Hill, Hopkins, and Ravenel proved that

C,
772j+1,29 = 7T2j§_172Q@ =0

for all j > 7, hence deducing the nonexistence of the corresponding Kervaire invariant
elements.

We are interested in proving more detection theorems for the fixed points of the
equivariant theories MU(C2") = Ng;"M Ur and their localizations. Our motivation
is as follows: classically, m, MU is a polynomial ring, hence torsion free, and the map
TS — m. MU detects no nontrivial elements in the stable homotopy groups of spheres.
Equivariantly, however, computations of Hu-Kriz [20], Dugger [8], Kitchloo-Wilson [22],
and Hill-Hopkins—Ravenel [18,19] show that there are many torsion classes in the equiv-
ariant homotopy groups of the theories above. Since the Kervaire invariant elements are
detected by the fixed point of a localization of MUE3) there should be other classes
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in the stable homotopy groups of spheres that are also detected by such theories. We
prove this is indeed the case.

Theorem 1.2 (Theorem 6.11, detection theorems for MUg and BPg). The Hopf elements,
the Kervaire classes, and the k-family (see Definition 1.4) are detected by the Hurewicz
maps S — 7r*MU]RC2 and TS — W*BPRC2.

Once we obtain the detection theorem for m,. M URC 2 we use the Hill-Hopkins—Ravenel
norm functor to show that these elements are also detected by the Can-fixed point of
MUUC2n)).

Corollary 1.3 (Corollary 6.13, detection theorem for MU((G))). For any finite group G
containing Cy, the G-fixed point of MU() detects the Hopf elements, the Kervaire
classes, and the k-family.

We pause here to discuss some implications of Theorem 1.2, as well as what we mean
by the “k-family”. It is well known that the Hopf elements are represented by the elements

i

hi € Ext;> (F2,F2)

on the Fs-page of the classical Adams spectral sequence at the prime 2. By Adams’s
solution of the Hopf invariant one problem [1], only hg, h1, ha, and hg survive to the
E.-page. By Browder’s work [6], the Kervaire classes 0; € mai+1_5S, if they exist, are
represented by the elements

h2 € Ext3? " (Fy, Fy)

on the Fs-page. For j <5, h? survives. The case 84 € 3¢S is due to Barratt, Mahowald,
and Tangora [31,4], and the case 05 € 7S is due to Barratt, Jones, and Mahowald [5].
The fate of hZ is unknown. Hill, Hopkins, and Ravenel [18] showed that the hf, for j > 7,
cannot survive to the E.-page. Given this information, Theorem 1.2 and Corollary 1.3
assert that the elements 7, v, o, and 6;, for 1 < j < 5, are detected by 7&MU(E)).
The last unknown Kervaire class, g, will also be detected, should it survive the Adams
spectral sequence.

To introduce the x-family, we appeal to Lin’s complete classification of the groups
Extfé’t (F3,F2) [29]. In his classification, Lin showed that there is a family {gy |k > 1}
of indecomposable elements with

4,2F+2
gk € ExtA*

k+3
T2 (R, Fa).
The first element of this family, g1, is in bidegree (4,24). It survives the Adams spec-
tral sequence to become K € 7oS. It is for this reason that we name this family the
k-family. The element g» also survives to become the element ko € m44S. Theorem 1.2
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and Corollary 1.3 assert that they are both detected by #&MUUE), Recent computa-
tions of Isaksen—Wang—Xu [21] show that g3 supports a nontrivial ds-differential and
therefore k3 does not exist in mgeS. For k > 4, the fate of g is unknown (g4 is in
stem 188). Nevertheless, they will be detected by G MUUE) | should they survive the
Adams spectral sequence.

Definition 1.4. The k-family consists of the homotopy classes detected by the surviving
gr-family.

To prove Theorem 1.2, first observe that 2-locally, MUy splits as a wedge of suspen-
sions of BPr. Therefore we only need to prove the claim for BPg. To establish the link
between the families {h;}, {h7}, and {g;} and the equivariant homotopy groups of BPg,
we use the Cy-equivariant Adams spectral sequence developed by Greenlees [11-13] and
Hu-Kriz [20]. More precisely, we analyze the following maps of Adams spectral sequences

classical Adams spectral sequence of S ——= (7..S)}

| |

Cs-equivariant Adams spectral sequence of S ——— (7T§2S)Q

J |

Cs-equivariant Adams spectral sequence of BPr == (7722 BPr))

and prove the following.

Theorem 1.5 (Algebraic detection theorem). The images of the elements {h;|i > 1},
{h? |7 > 1}, and {gi |k > 1} on the Es-page of the classical Adams spectral sequence of
S are nonzero on the E5-page of the Cy-equivariant Adams spectral sequence of BPg.

It turns out that for degree reasons, the Cy-equivariant Adams spectral sequence of
BPg degenerates after the Fs-page. From this, Theorem 1.2 easily follows from Theo-
rem 1.5 because if any of h;, h?, or g survives to the F..-page of the classical Adams
spectral sequence to represent an element in the stable homotopy groups of spheres, it
must be detected by W%BPR.

The proof of Theorem 1.5 requires us to analyze the algebraic maps

Bxt a, (Fy, F2) — Extay (HFo, , HFs, ) — Bxtap (HFy, , HF ).

They are maps on the Es-pages of the Adams spectral sequences above. Here, A, :=
(HFy ANHF9), is the classical dual Steenrod algebra; A7} := (HFo A HF2) 4 is the genuine
Cs-equivariant dual Steenrod algebra; A} is a quotient of A% Hu and Kriz [20] studied
A% and completely computed the Hopf algebroid structure of (HFy * AY). We borrow
extensively their formulas. More precisely, we use their formulas to describe the maps
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of Hopf-algebroids. Then, by filtering these Hopf algebroids compatibly, we produce maps
of May spectral sequences:

Modified May spectral sequence of S =——= Ext 4, (F2, Fs)

l |

Cs-equivariant May spectral sequence of S ——— ExtAv:(H&*, H&*)

| i

C2-equivariant May spectral sequence of BPg == Extap (HF2 - HTFy *).

To analyze these maps, we appeal again to Hu and Kriz’s formulas. We compute the
maps on the Fs-page of the May spectral sequences above, as well as all the differentials
in the Cs-equivariant May spectral sequence of B Pg.

The readers should be warned that the May spectral sequence at the top of the
diagram above is not the classical May spectral sequence. The classical May spectral
sequence is constructed from an increasing filtration of the dual Steenrod algebra A..
However, in constructing the equivariant May spectral sequence, we filtered A} and
A% by decreasing filtrations. To rectify this mismatch of filtrations, we need to change
the filtration of A, to a decreasing filtration as well. This is necessary to ensure the
compatibility of filtrations with respect to the map A. — AL — A} — or we won’t
have a map of spectral sequences. Nevertheless, despite this change of filtration, we are
able to compute this modified May spectral sequence. This computation, together with
our knowledge of the Cs-equivariant May spectral sequence of B Pg, finishes the proof of
Theorem 1.5.

While proving Theorem 1.5, we also prove a connection between the equivariant May
spectral sequence of BPgr and the slice spectral sequence of BPg.

Theorem 1.6 (Theorem 4.9). The integer-graded Cs-equivariant May spectral sequence of
BPg is isomorphic to the associated-graded slice spectral sequence of BPg.

By the “associated-graded slice spectral sequence”, we mean that whenever we see
a Z-class on the F>-page, we replace it by a tower of Z/2-classes. Theorem 1.6 can be
intuitively explained as follows: since the Adams spectral sequence for B Py collapses for
degree reasons, the equivariant May spectral sequence of B Pr converges to an associated-
graded of (mx BPg)%. On the other hand, the slice spectral sequence

s,V _C. dim V C
By =7G pimY Bp, — 72 BPy

also computes the equivariant homotopy groups of B Pg. Moreover, works of [20] and [17]
essentially show that the Cs-slice differentials are produced from equivariant cohomology
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operations. Given this, one should naturally suspect the isomorphism in Theorem 1.6.
As we will discuss shortly, Theorem 1.6 is crucial in tackling detection theorems for Real
Johnson—Wilson theories.

Can

The homotopy groups of the fixed point spectra (MU (C2n)) can be assembled

into the commutative diagram

j

T (MU((CQH)))Czn

i
J

TS — & ¢ (MUC)C

|

T (MU (C4)))Ca

|

Ty (MUR)CQ.

As we move up the tower, more and more elements in the stable homotopy groups
of spheres are detected by m,(MU(C2n))C2n  For instance, in [19], Hill, Hopkins,
and Ravenel completely computed the Mackey functor homotopy groups of Ky, the
Cjy-analogue of Atiyah’s KR-theory [3]. The spectrum K[y is the periodization (localiza-
tion) of a quotient of MU(4) and the Cy-action on the underlying spectrum of K 2] 18
compatible with the Cy-action on Es (the height two Morava E-theory spectrum), where
C4 C G4 C So. Here, S is the second Morava stabilizer group, and G4 is the maximal
finite subgroup, which is of order 24. Using this, Hill, Hopkins, and Ravenel deduced that
n € mS, v € msS, € € msS, kK € m4S, and kK € mS are detected by 7T*C4K[2]. Of these
elements, € and x are not detected by 7&2 MUy. It is a current project to generalize the
techniques developed in this paper to prove detection theorems for the G-fixed points of
MU for |G| > 2.

The Doomsday Conjecture claims that for any s, there are only finitely many surviving
permanent cycles in Exti{i (Fo,Fy). This was proven false by Mahowald in 1977. In
particular, Maholwald exhibited a family of infinitely many surviving permanent cycles
on the 2-line of the classical Adams spectral sequence. In 1995, Minami modified the
Doomsday conjecture.

Conjecture 1.7 (New Doomsday Conjecture). For any Sq°-family

{z,9¢°(x),...,(S¢")"(x),...}
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in Exty, (Fq,F3), only finitely many elements survive to the Es-page of the classical
Adams spectral sequence.

Here, Sq°(—) is the Steenrod action defined on the Adams Es-page (see [7]). In par-
ticular, the families {h; |7 > 1}, {h3]j > 1}, and {gx | k > 1} are all Sq"-families on the
1-line, 2-line, and 4-line of the classical Adams spectral sequence, respectively. We are
interested in the fate of the i-family {gx |k > 1} in 7€ MUU) as we increase the order
of G. As G grows bigger, it’s possible that g, will all support differentials in the slice
spectral sequence of ©G MU for k large enough, hence not surviving the classical
Adams spectral sequence.

In [18], Hill, Hopkins, and Ravenel also used an algebraic detection theorem to prove
that the Kervaire classes are detected by 7¢%€Qg. They remarked that their algebraic
detection theorem can be modified to prove that the Con-fixed points of MU(C2n)),
for n > 3, detect the Kervaire classes. It’s worth pointing out the differences between
our algebraic detection theorem and their algebraic detection theorem. To prove their
detection theorem, Hill, Hopkins, and Ravenel used the map of spectral sequences

Adams—Novikov spectral sequence TS

l |

Can-homotopy fixed point spectral sequence == 7, (MU ((C27)))Can

Their algebraic detection theorem [18, Theorem 11.2] shows that if z € Extﬁ’féﬁw(} X

(MU,, MU,) is any element mapping to h? on the Es-page of the classical Adams spectral
sequence, then the image of z in H?(Con,ml,, MU(C2"))) is not zero. Once this is
proved, their detection theorem follows easily.

They further remarked that their algebraic detection theorem does not hold when
G is Oy or Cy (see [18, Remark 11.14]). For these groups, there is a jump of filtration.
In particular, for n = 1, the element x € Ext?\fz;wU(MU*,MU*) maps to 0 on the
Es-page of the C-homotopy fixed point spectral sequence of MUg. However, because
of Theorem 1.6, we deduce that there must be a nontrivial extension so that x actually
corresponds to an element of filtration 27! — 2 in the Cy-homotopy fixed point spectral
sequence. For our algebraic detection theorem, this jump of filtration does not occur
because we used maps of Adams spectral sequences.

As an application of Theorem 1.2, we study Hurewicz images of Real Johnson—Wilson
theories. The Real Johnson-Wilson theories ER(n) were first constructed and studied
by Hu and Kriz [20]. They constructed ER(n) from BPg by mimicking the classical
construction of E(n). More precisely, there is an isomorphism

Z[U17U27 .. ] = WQ*BP = 7'('C2 BP]R = Z[@l,’f}% .. .],

*p2

where v; € WiCF)iBPR are lifts of the classical generators v; € mo; BP. Quotienting out
the v; generators for all ¢ > n + 1 and inverting v,, produces the Real Johnson—Wilson
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theory ER(n). It is a Cy-equivariant spectrum whose underlying spectrum is E(n), with
an Cs-action induced from the complex conjugation action of BPg.

Many people have also studied ER(n) after Hu and Kriz. Kitchloo and Wilson [22]
proved that the fixed points ER(n) := ER(n)®? fits into the fiber sequence

YW ER(n) — ER(n) — E(n),

where A(n) = 2271 — 27+2 4 1. When n = 1, ER(1) is Atiyah’s Real K-theory KR,
with ER(1) = KR®2 = KO. In this case, Kitchloo and Wilson’s fibration recovers the
classical fibration

YKO -5 KO — KU.

When n = 2, using the Bockstein spectral sequence associated to the fibration,
Kitchloo and Wilson subsequently computed the cohomology groups FR(2)*(RP™) and
ER(2)*(RP™ ARP™). From their computation, they deduced new nonimmersion results
for even dimensional real projective spaces [23,24]. Most recently, Kitchloo, Lorman,
and Wilson have used this Bockstein spectral sequence to further compute the FR(n)
cohomology of other spaces as well [30,25,26].

In [15], Hill and Meier studied the spectra TMF;(3) and T'mf1(3) of topological
modular forms at level three. They proved that the spectrum ¢mf;(3), considered as an
Cy-equivariant spectrum, is a form of BPg(2), and tmfi(3)[as '] is a form of ER(2).
Using this identification, they computed the Cs-equivariant Picard groups and the
Cs-equivariant Anderson dual of T'm f1(3).

We are interested in the Hurewicz images of m, ER(n)2. To do so, we study the map
of slice spectral sequences

SliceSS(BPgr) — SliceSS(ER(n)).

Theorem 1.5 and Theorem 1.6 identify the classes in the slice spectral sequence of BPg
that detect the families {h;}, {h3}, and {gx}. Analyzing the images of these classes in
the slice spectral sequence of ER(n) produces the detection theorem for ER(n).

Theorem 1.8 (Detection theorem for ER(n)).

1) Forl <i,j <mn, if the element h; € ExtLQi Fy,Fy) or k2 € E:L"252’2]‘Jr1 Fo,Fy) survives
A J A
to the E~-page of the Adams spectral sequence, then its image under the Hurewicz
map 7S — T, ER(n)%2 is nonzero.
k42 k43
(2) Forl <k <mn-—1, if the element gi, € Extjf Tt

of the Adams spectral sequence, then its image under the Hurewicz map m,S —

(Fo,Fo) survives to the E-page
. ER(n)%2 is nonzero.

Theorem 1.8 is extremely useful for computing ER(n)*(RP™). In [28], we use the
fact that the Hopf elements are detected by 7¢2 ER(n) to deduce the compatibility of
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the slice differentials of FR(n) and the attaching maps of RP™. As a result, we are
able to compute ER(2)*(RP™) by a double filtration spectral sequence, solving all the
2-extensions and some 7 and v-extensions.

Hahn and the second author have shown that the Lubin—Tate theories FE,,, equipped
with the Goerss—Hopkins-Miller Cs-action ([35,10]), is Real oriented. In other words,
there is a C-equivariant map MUr — F,,. The proof for Theorem 1.8 can be modified
to prove Hurewicz images for the homotopy fixed point spectra EL‘G. In [14], the authors
show that the Hurewicz images of ER(n)“? and E“ are the same. It follows that
Theorem 1.8 holds for EQCQ as well.

1.2. Summary of the contents

In Section 2, we provide the necessary background for the Cs-equivariant dual Steen-
rod algebras — (HF3 , AR) and (Hy, AY) — and their Cs-equivariant Adams spectral
sequences. In Section 3, we compute the slice spectral sequence and the homotopy fixed
point spectral sequence of BPg. In Section 4, we construct the equivariant May spectral
sequence of BPg and prove Theorem 1.6. In Section 5, we modify the filtration of the
classical dual Steenrod algebra A, to obtain a compatible filtration with respect to the
map A, — A} — AY of Steenrod algebras. We then analyze the resulting maps of May
spectral sequences. Lastly, in Section 6, we combine results from the previous sections
and prove Theorem 1.2, Corollary 1.3, Theorem 1.5, and Theorem 1.8.

1.8. Acknowledgments
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2. The equivariant dual Steenrod algebra and Adams spectral sequence
In this section, we provide the necessary background for the Cs-equivariant dual

Steenrod algebra and the Cs-equivariant Adams spectral sequence. These have been
extensively studied by Hu—Kriz [20] and Greenlees [11-13]. Of the many ways to define
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the Cy-equivariant dual Steenrod algebra, two of them are of interest to us. The first one
is the Borel equivariant dual Steenrod algebra

‘C: = F(ECQ+,HF2 AN HFQ)*.

This has been studied by Greenlees. The second one is the genuine equivariant dual
Steenrod algebra. It is defined by using the genuine Eilenberg-Mac Lane spectrum HIFy:

m = (HFy A HF)x.
2.1. A and A}

To compute AY, Hu and Kriz first computed the RO(Cj)-graded homotopy
groups A%. This computation can be further used to deduce the RO(C3)-graded homo-
topy groups A%. We give a brief summary of Hu and Kriz’s computation of Ag and A%},
focusing on the parts that we will need again for the later sections. For more details of
their computation, see Section 6 of [20].

To start, we need the coefficient rings of the Cs-equivariant Eilenberg-Mac Lane
spectra H® := F(ECy,,HF3) and H™ := HIF;. The following are some distinguished
elements in their RO(Cy)-graded homotopy groups.

Definition 2.1. The element
ay € 77%,50

is the element corresponding to the inclusion S < S? (the one point compactification
of the inclusion {0} C ) under the suspension isomorphism 72 % 2 7§27, Under
the Hurewicz maps 7T§2S — Hy and WSZS — HY, the images of a, are nonzero. By an
abuse of notation, we will denote the images by a, as well.

Definition 2.2. The element
u, € 1% HFy

is the element corresponding to the generator of H2(S7;Fy) = 72(S7 A HFy). Tt can
also be regarded as an element in WIC'_ZUF<ECQ+, HTF5) via the map

HFy — F(ECs,HFy) ~ F(EC, ., HF,).
Hu and Kriz first computed Hg . They then used it to analyze the cofiber of the map
HFy — F(ECy,,HFy) ~ F(ECy, , HF,)

and subsequently computed the coefficient ring HFy e



G. Li et al. / Advances in Mathematics 342 (2019) 67-115 7

q q
. . L] L] L] . . .
. L] L] L] L] L] . .
L) L] L] . . . . L)
L] L] . . L] . L) L]
6
i. . . @ . . L] L] L]
ug 0 a% o o o o o o L
n o Uy, 1
T L] . . L) L] L] . . —
] U
. . L] L] L] . . .
1 1
L] . . L] L] L] . . L] L]
oUsell; p ® o o o o o o o elel, p
ua,zv '714,2, e o o o o o o o ua,zv oug
L] L] L] L] . . L] L] L] L] . . L] L] L] L]
L] L] . . . . . L] L] L] . L] . L] L] L] . L]
L] L] . . . L] . . L] L] L] . . . L) L) L] . . L)
L] L) . . . L) L) . L] L) L) L] . . L] L) L] L] . . L) L]
L] L] . . . L) L] L] . . L] L) L] . . L] L) L] L] . L] L) L) L]
Fig. 1. The coefficient rings of HFy .\ (left) and F(EC24, HF3)piqo (right). The map HFy . . —

F(EC24, HF2)p4qo induces an isomorphism in the range p > 0.

Proposition 2.3 (Hu-Kriz).
(1) The coefficient ring Hy = F(ECsy, HF2)g is the polynomial algebra

F(ECs1, HF3)piqo = Folug ,ao)-

(2) The coefficient ring Hy := HFy s

-2 i J
P ul ag

0
HF2 +qo :FQ[U@'?aU] @FQ{ ; }’ Z7.7 Z Oa

where 0 is an element in 71'2002_2}[&. The element 0 is infinitely u, and a,-divisible.

It is also u, and as-torsion. The product of any two elements x,y € Fo {uieaj } is 0.

In particular, the map H)\ . — Hy .,

shows HFy . _ and F(ECy,,HF3)piqo-

is an isomorphism in the range a > 0. Fig. 1

Remark 2.4. In [20], Hu and Kriz denoted u, by c~! and a, by a.

Remark 2.5. The element 0 € H}' can be defined as follows: consider the Tate diagram

ECy, N HFy HF, ECy A HFy

y | |

ECy, A F(ECy,, HFy) —— F(ECy,, HFy) — ECy, A F(EC,, HFy).
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Taking WSQ (—) produces the following diagram on homotopy groups

Hy —— Hy —— H}

N

!
Hi HS, H,.

The coefficient rings of Hi and Hi can be computed to be

HY =TFofuk, ak]

oo
Hf; =Fyut,a;].

Now, consider the boundary map 0 defined by using the long exact sequences of homotopy
groups for the top and bottom rows of the Tate diagram:

o:HYy — HL | —HY ..
The element 6 is the image of u;'a;! € Ht* under the boundary map 0.

With these coefficient groups in hand, we are now ready to compute the equivariant
dual Steenrod algebras. When computing A, we need to work in the category .# of
bigraded Z[a,]-modules that are complete with respect to the topology associated with
the principal ideal (a,). The morphisms in this category are continuous homomorphisms.
It turns out that even though A% is not flat over H§ as Fa-modules, completion by (a,)
ensures that AY is flat over Hg in the category .#. Thus, we can regard (Hg, AY) as
a ./ -Hopf algebroid.

Theorem 2.6 (Hu-Kriz). The ./ -Hopf algebroid (Hg , AY) can be described by the fol-
lowing structure formulas:

(1) AS = H[G i > 15, dim¢ =28 — 1;
() w(G) = D ¢y @G, with & =1;

0<j<i o
(3) mr(uy") = (u")? GaZ ~';
i>0
(4) nr(as) = a,.

The formula for A% in Theorem 2.6 is obtained from the RO(Cs)-graded homotopy
fixed point spectral sequence

H*(Cy;m(HFy A HF2) @ sgn®") = my_ g1 (o—1)- F(ECa, HFy A HF3),
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where sgn is the sign representation. The ¢; generators in A% are images of the (;
generators in the classical dual Steenrod algebra A, = F5[(; |7 > 1] under the map

HF; A HFy — F(ECQ+,HF2 /\HFQ).

Although Theorem 2.6 provides formulas describing (Hyg , A%) as a .#-Hopf algebroid,
it is not very helpful for computing the Hopf algebroid structure of (H}', A}). To fur-
ther compute A7}, Hu and Kriz constructed explicit equivariant generators &; and 7; in
both A} and AY. These generators are compatible in the sense that under the map
Ay = AY, 7 — 7 and & — &. By computing the relations between the &;’s and 7;’s,
Hu and Kriz obtained an alternative description of the .#-Hopf algebroid structure
of (Hg, AY). Afterwards, they observed that the exact same relations hold in A} as
well. This observation ultimately led them to conclude the Hopf algebroid structure of
(HEs, . A7),

We now introduce the & and 7; generators. We structure our exposition to focus on
describing the map

A, — AR,
Understanding this map will be of great importance to us later on.
Definition 2.7. For X an Cs-equivariant spectrum, let
HEX (= F(ECy,, HFo A X )%,
HY X == (HFy A X)x.

Classically, if a spectrum FE is complex oriented, then one can easily compute F,BP
as follows: choose a complex orientation b € E?(CP™). Associated to b is a coproduct
formula

b)) =Y ¥ ot

i>0

where F' is formal sum induced by the complex orientation of E. From this coproduct
formula, one is led to conclude that

E.BP = E.[&]i > 1], [&]=2(2"-1).

This argument works Cs-equivariantly as well. The genuine Eilenberg—Mac Lane spec-
trum HF, is Real oriented via the Thom map BPr — HF,. Applying the argument
above produces equivariant polynomial generators for Hy’BPr and H}' B Pg.

Proposition 2.8 (Hu-Kriz). There exist generators &; of dimensions |&;| = (2° — 1)pg in
both Hy BPr and Hy BPg, such that
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HEBPr = HyY[& |i = 1],

HYEBPr = Hy[& ] > 1]
Furthermore, the two sets of & generators are compatible in the sense that the map

HFy N BPr — F(ECs, HFy N BPg) = F(EC5 ., HFy N BPg)
induces the map
HY}BPr — HyY BPg

sending & v+ &;.
Definition 2.9. The orientation map f : BPr — HF; induces the commutative diagram

HFy A BPg AT HF, A HFy

| |

F(ECy,,HFy; N BPr) —— F(ECy, HFy N HF),
which, after taking equivariant homotopy groups 7r§2( —), becomes

H}PBPz —— A

| |

HEBPr —— A
The image of the {; generators in Proposition 2.8 produces generators &; € A} and AY.

Consider the commutative diagram

HF3 A HFy = HFy%* A HFy“? —— (HF3 A HF,)C2

\ J{

F(ECs., HFy A HF5) "

F(ECy,, HFy N HF5)2.
Taking 7. (—) produces the diagram

A, —— AT

N

A,
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Here, A" and AS© are the integer graded parts of A% and AY, respectively. The following
theorem provides formulas relating the & generators and images of the (; generators
under the maps A, — A7 — Ac°.

Theorem 2.10 (Relations between &; and ¢;).
) v(&) = > &,9¢;

0<j<i
(2) The&; generators are related to the images of the (; generators (which, by an abuse
of motation, will also be denoted by (;) by the recursion formulas

§o=1
a7 & = annlus) + Gag +&irul L i 2 1. (2.1)
Proof. We prove the relations in AY. Once we have proven that they hold in A%,
they will automatically hold in A% as well. The proof is essentially the same as the
proof of Theorem 6.18 in [20]. Let b € HF5"?(BSL) be the Real orientation and r €

HF,'(BZ/2;) be the generator of H&*(BZ/QJF). The coproduct formulas for b and r
are, by definition,

v = b e

i>0

UOED SIS

i>0
Part (1) is obtained by computing (1 (b)) in two ways through the commutative diagram

HE,*(BSY) ——— HF,*(BSL) A A}

J Jon

HF *(BS1) A A 225 HF * (BSL) A AR A AT

and comparing the coefficients of b2

S vk @& =vwb) =Y b @ p(&).

i>0 i>0
For part (2), the map BZ/2, — BS! induces the map
HF,*(BS}) — HFy*(BZ/2,)
on equivariant cohomologies. This is a map

HF  [[b]] = HFz  [[r]],
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where |b] = —pa, || = —1. We would like to express the image of b in terms of r. The

2

only terms on the right hand side that are of degree —ps are r“u, and ra,. Hu and Kriz

show that b maps to the sum of these two terms:
b r2u, + rae.
The commutative diagram

HF*(BSL) ——— HF,*(BZ/2,)

l 5

HF *(BS1) A A 2% HF X (BZ/2,) A AT,

obtained by the naturality of the coproduct, implies that

S (P +rag)? @& = p(b) = v(r?us +ras) = nr(ue) Y P @G ta, Y ¥ @G

i>0 i>0 i>0

Comparing coefficients of r2° on both sides produces the recursion formulas, as de-
b
sired. O

We will now define the 7; generators and compute their relations to the images of
the classical ¢; generators. Consider the Cy-equivariant map BS! — BS? classifying the
squaring of Real line bundles. This produces the fiber sequence

BrZ/2 - BS' 5 BS, (2.2)

where the fiber BrZ/2 is RP™, but with a nontrivial Cy-action (the fixed point of
BrZ/2 under the Cy action is RP™ [[RP>). The Real orientation b € HZ’*(BS")
restricts to a class b’ € HZ?*(BrZ/2). Under the map HZ — HF5, this gives a class
V' € HFy"* (BgZ/2):

b e HZ* (CP®) — b € HZ"*(BgZ/2)

| |

b € HFy"?(CP®) —— V' € HF5"2(BrZ/2).
The composition
HZ*(BS') — HZ*(BS') — HZ*(BrZ/2)

sends b — 20’ = 0. This implies that &’ is in the image of the Bockstein 3, induced by
HZ 2 HZ — HFy:
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- = HFy"(BeZ/2) 5 HZP*(BpZ/2) 3 HZP*(BpZ/2) — - -- .
Let ¢ € HF3 (BrZ/2) be a class such that Sc = b'.

Proposition 2.11 (Hu-Kriz). HFy* (BrZ/2) is a free HFo* -module with basis {1,b,b?,
co.yccheb? L)

Proof. Consider the cofiber sequence
BrZ/2, — BS} — Thom(BS', L?).
Taking H &*(—) produces the Gysin sequence
HF,* (Thom(BS', L?)) % HFo* (BSL) — HF* (BrZ/24).
By the Thom isomorphism theorem, HFy*(Thom(BS', L?)) HF*(BSY)[2] as
a free HFo*(BSL)-module. The generator x € HFy”*(Thom(BS',L?)) maps to

0 € HF,*(BSL), and it is the image of ¢ € HFy”(BrZ/24). It follows that as a
H&*—module,

12

HFy*(BrZ/2y) = HFy* (BSY) @ HFy* (BSL)[c] = HFy  {1,b,b%,...,¢,cb,cb’,...}.

0O
Since ¢¥(z) =z ® 1 and ¢ — x, the coproduct formula for ¢ must be of the form
Yle)=col+y () e,
i>0

where 7; are elements in A’} with dimensions |7;| = (2' — 1)p¢, + 1.
Theorem 2.12 (Hu-Kriz).
(1) Y(r)=m®l+ Z éfij ® 75.

0<j<i
(2) The 7; generators are related to the images of the (; generators by the recursion

formulas

AsTo = 77R(Uo) + U,

i i—1 .
a1 =7iu2 4 Gnrlug), i > 1.

Proof. The coproduct formula for " is the same as the one for b:

b =D VT 0k

i>0
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Similar to Theorem 2.10, part (1) can be proved by computing (¢ (c)) in two ways:

PO @1+ ") @& =) =c@lel+ Y b2 @u(r).

i>0 i>0

For part (2), similar to the proof of Theorem 2.10, we consider the map on cohomology
HF>* (BrZ/2) — HE* (RP™) = HFy, [[r]].

This map is induced by the map RP> <+ BpZ/2¢> — BpZ/2. The image of b’ €
HF»7(BrZ/2) is the same as the one we found in Theorem 2.10, r?u, + ra,. To find
the image of ¢ € HF3?(BrZ/2), note that the only terms in HFy  [[r]] of degree —o
are {rus,as,}. Hu and Kriz showed that depending on our choices, ¢ can either map
to ruy, or rus, + a,. Assume that we have chosen ¢ so that ¢ — ru, (the relationship
between 7; and (; is going to be the same regardless of this choice). There are two ways
to compute ¥(c). On one hand,

Yle)=cx1+ Z V' @1 = (rus) ® 1+ Z(r2uo +ra,)? @7
i>0 i>0

On the other hand,

w(C) = 1#(”%) = ﬂR(UaW(T) = nR(ua) ZTT ® G-

i>0

Comparing the coefficients of 2" for both expressions produces the recursion formulas,
as desired. O

Remark 2.13. The proof above also shows that in the ring HFy* (BrZ/2), there is the
relation ¢? = b"u, + ca,, regardless of the choice of c.

Using the formulas in Theorem 2.10 and Theorem 2.12; one can show that in both
% and A, the &; and 7; generators are related by the formula

12 = Tij100 + &pnr(us)  ([20, Proposition 6.37)).

This is the last ingredient needed to compute the Hopf algebroids (Hg, Ay) and
(Hy, A}).

Theorem 2.14 (Corollary 6.40 and Theorem 6.41 in [20]).
(1) The .#-Hopf algebroid (Hg., Ay) can be described by

Y = HS &, 7]/ (Toao = tuo + r(Us), 7 = Tit106 + &R (Us)),

with comultiplications
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(a) v(&) = > §?ij ®&;;

0<j<i

(b) ¥(n) =mi @1+ Z 52»2;» ® 7.
0<j<i
(2) The Hopf algebroid (HYy', A}) can be described by

* = H&*[&’ 7]/ (T0as = Uy + nR(ua)»T; = Tit105 + &iv1MR(Uo))-

The comultiplications are the same as the ones in (Hg, AY). The right unit on the

elements —%— € H&* s given by the formula

rd

0 1 . .
" (uf,af;) =0 ((ua + Toan)i+1ag+1> , 120,720,

where O is the boundary map in Remark 2.5.

There are certain extensions involving the Hopf algebroids (Hg, AY) and (HY', AY)
that will produce change of rings theorems. As we will see later, these change of rings
theorems will greatly simplify the computation of the Cs-equivariant May and Adams
spectral sequences of BPg.

Let Py = F5[¢; | i > 1]. Then with the coproduct formula

PE) =Y &8¢,

0<j<i
(Fq, Py ) is a Fo-Hopf algebra. Similarly, (Falas], Pxlas]) is a Fala,|-Hopf algebra.

Proposition 2.15 (Proposition 6.29 and Theorem 6.41(b) in [20]).
(1) There is an extension of .4 -Hopf algebroids

(Folas], Pxlac]) = (Hy, A%) = (Hy, AY),
where
% = Hgnl/ (77 = mi1a,),

with structure formulas
(a) 7 are primitive;
(b) nrlac) = ao;
(¢) nr(ug) = us + 1000
(2) There is an extension of Hopf algebroids

(Falac], Palas]) = (Hy', Ax) — (Hy', A%),
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where
AR = HFy  [1i]/ (7} = Tiy1a,).
The structure formulas for 7;, a,, and u, are the same as the ones in (Hg,AY).

2.2. The equivariant Adams spectral sequence

We now introduce the equivariant Adams spectral sequences that are associated to
the Hopf algebroids (HFy *,.A’?A?) and (Hg, AY), respectively.

Given a Cs-equivariant spectrum X, we can resolve X by HF;. The resulting
resolution is the equivariant Adams resolution of X. The spectral sequence associ-
ated to this resolution is the Cs-equivariant Adams spectral sequence associated to
(HFy x AZ). Hu and Kriz observed that the equivariant Steenrod algebra AY} is a free
HIFy *—module, hence flat over HIFy e From this, they concluded that the Fs-page of the
(HFy - AR )-Adams spectral sequence can be identified as

Extag (HFz,, HFy, X) = (132 X))

(cf. [20, Corollary 6.47]). Similar to the classical Adams spectral sequence, the equivariant
Adams spectral sequence will converge in nice cases. In particular, it will converge for
X a finite Cy-spectrum, M Ug, or BPg.

On the other hand, by work of Greenlees [11-13], we can also form the classical Adams
resolution of the underlying spectrum of X, and then apply the functor F(ECy,,—) to
the classical Adams tower. The resulting spectral sequence associated to this new tower
has Es>-page

Ext g (Hy, Hi X) = (792 F(ECs, X))5.

Again, this equivariant Adams spectral sequence will converge in our cases of interest.

By applying the functor F(EC2,,—) to the equivariant Adams resolution of X
by HIF;, we produce a map of towers, hence a map between the two Adams spectral
sequences

Extap (HFy, , HFy X) —— (13> X)}

| |

Extag (Hg, Hy X) === (n* F(ECs., X))5.
On the Es-page, the map
ExtAT(H&*, H@*X) — Extag (Hy, Hy X)

is induced from the map (HF; , AY) — (Hg, AY) of Hopf algebroids.
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When X = BPg, we can simplify the Fs-pages of both Adams spectral sequences
using Proposition 2.8 and Proposition 2.15:

Bxtap (HFy , HFy , BPy) = Extyp (HF2, , HF, ),
Extag (Hy , Hy BPg) = Extag (H, HS)-

Here, A™ = HFy Agp, HFy and A® = F(EC5,, HFy App, HF>).
3. The slice spectral sequence of B Py

We will now discuss the slice spectral sequence and the homotopy fixed point spectral
sequence of BPg.

3.1. The slice spectral sequence of BPg

For definitions and properties of the slice filtration, we refer the readers to [18, Sec-
tion 4]. We will be interested in both the integer-graded and the RO(Cy)-graded slice
spectral sequence of BPg:

E)t =72 P!BPr — 772, BPg

s,V. _ _Cs dim V' Co
Ey" =my? JFPan v BPr = my° [BPR

The gradings are the Adams grading, with rt"-differentials d,. : E§7t — ESH’H(T*”
and d, : B3V — E;+T’V+(r_1), respectively.

To produce the Es-page of the slice spectral sequence, we compute the slice sections
P!BPg. Let v; € T(2i—1)p, BPr be the equivariant lifts of the usual generators v; €
Ty(2i—1)BP. Using the method of twisted monoid rings [18, Section 2.4], we construct
the A-map

50[171,772, .. ] — BPxk.

This map has the property that after taking 7%(—), it becomes an isomorphism. Using
terminologies developed in [18], this map is a multiplicative refinement of 7% BPg. Fur-
thermore, this multiplicative refinement produces the slice sections of B Pg. The following
result is a special case of the Slice Theorem ([18, Theorem 6.1]) applied to BFk.

Proposition 3.1. The only nonzero slice sections of BPg are P3"BPg, where n > 0. They
are

I

P2"BPp = (\/ S"m) NHZ
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Fig. 2. Coefficient ring of HZS}qu‘ Multiplication by a, are drawn with solid lines and multiplication by
Uz, are drawn with dashed lines (not all multiplicative structures are drawn).

where I is the indexing set consisting of all monomials of the form z’)il 6;%%3 o with

npa = (p2)i1 + (3p2)iz + (Tp2)iz +-- - .

Proposition 3.1 shows that computing the Es-page of the slice spectral sequence of
BPg can be reduced to computing the coefficient group H Z(f.

Definition 3.2 (The classes ay and uy ). Let V be a representation of G with dim V' = d.

(1) ay € 7T€V
{0} C V.

(2) If V is oriented, uy € 7§ \ HZ is the class corresponding to the generator of
HF(SY; HZ).

S0 is the map corresponding to the inclusion S® < SV induced by

A comprehensive computation for the coefficient ring of H Ziz can be found in [8].

Theorem 3.3 (Theorem 2.8 in [8]). Fig. 2 shows the coefficient ring Hzgj_qﬂ. 1Its product

structures are as follows:
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12

0 4 8 12 16 20 24 28 32 36 40

Fig. 3. Important ds-differentials and surviving torsion classes in SliceSS(BPg).

(1) In the range p > 0, HZgqu is the polynomial algebra Zluss,as)/(2as).
2

(2) In the range p < 0, the class a = = € Hf§+20 is killed by a, and is infinitely
Uge divisible; the class 0 € H€§+3U is killed by us, and a, and it is infinitely usy

divisible and a, divisible.

Proposition 3.1 and Theorem 3.3 enable us to compute the Fs-page of the
RO(Cs)-graded slice spectral sequence of BPg. In particular, the positive part is the
polynomial algebra Z[v;, u2s, 0]/ (2a,) with

|6i| = (07 (2i - 1) + (2z - 1)0)7
luzs| = (0,2 - 20),
lag] = (1,1— o).

The E>-page of the integer graded slice spectral sequence is the sub-algebra consisting
of all the elements that have integer degrees in t—s. It is concentrated in the first quadrant

with a vanishing line of slope 1.

Proposition 3.4. In the RO(C5)-grade slice spectral sequence for WSQBP]R, a, and v; are
permanent cycles. The differentials di(ugz_l) are zero for i < 21 — 1, and

ok—1 _ gk+1_4
dyrer11(uze ) = Vkag

Proof. This is a special case of Hill-Hopkins—Ravenel’s Slice Differential Theorem ([18,
Theorem 9.9]), applied to when G = Cy. O

In Figure 3-5, we draw the first three sets of differentials of the integer-graded slice
spectral sequence. To organize this information in a clean way, we have disassembled
the spectral sequence into “stages”, corresponding to the differentials ds3, dr, dis, ....
At each stage, the important surviving torsion elements are shown. Many classes with
low filtrations (i.e., those on the 0-line) are not drawn because they are not torsion, and
hence won’t be important for the purpose of this paper.
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Fig. 4. Important d7-differentials and surviving torsion classes in SliceSS(B Pg).

3.2. SliceSS(BPy) — HFPSS(BPy)

The homotopy fixed point spectral sequence of BPy is also going to be useful to
us. It is a spectral sequence that computes the Cs-equivariant homotopy groups of
F(ECy,,BPg). The integer-graded homotopy fixed point spectral sequence for BPg
is

E3" = H*(Cy, ! BPR) = n 2 F(ECs,, BPg).

Just like the slice spectral sequence, there is also an RO(C5)-graded version of this, with
FEs-page

EyY = H*(Cy;mo(S™V A BPg)) = 732 [F(ECs, BPg).

For a more general discussion of the RO(G)-graded homotopy fixed point spectral se-
quence for any equivariant G-spectrum X, see [15, Section 2.3]. By [15, Corollary 4.7],
the Ea-page of the RO(Cs)-graded homotopy fixed point spectral sequence of BPg is
isomorphic to the polynomial algebra

Z|v;, ugia, as]/(2a4).
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Fig. 5. Important d;5-differentials and surviving torsion classes in SliceSS(BFPg).

The differentials are given by

dyess 1 (w3, ) = pal (3.1)
d2k+1—1(u2_02k71) = d2k+1—1(’u2_a2k ‘3, )
= 052 dyr 1 (3, )
= ﬁku;fka?,kﬂ_l

They can be obtained by equivariant primary cohomology operations (see [20, Lemma
3.34]). The readers might have noticed at this point that the differentials on the positive
powers of uy, are the same as the differentials in the slice spectral sequence. Indeed,
there is a map SliceSS(BPg) — HFPSS(BPg) that induces an isomorphism in a certain
range.

To explain this map of spectral sequences, we will first construct a map of towers.
Let X be a Cs-spectrum. Let Sﬁn denote the localizing subcategory generated by all
the slice cells of dimension > n, and SE, the localizing subcategory generated by all the
spheres of dimension > n. When n > 0, an - Sgn, and this gives a natural map of
towers

Post®*(X) — P*(X)
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from the Postnikov tower of X to the slice tower of X. Non-equivariantly, this map
is an isomorphism, because the slice tower is the Postnikov tower when we forget the
Cs-action. It follows that after taking F'(ECs,,—) to both towers, the horizontal map
in the following diagram is an isomorphism:

F(EC,..,Post* (X)) —— F(EC,,, P*(X))

|

P(X).

The top-left tower, F(EC>,,Post® (X)), is the tower for constructing the homotopy fixed
point spectral sequence. It follows that the vertical map induces a map of RO(C3)-graded
spectral sequences:

SliceSS(X) — HFPSS(X).

Proposition 3.5. When X = BPg, the map SliceSS(BPr) — HFPSS(BPr), considered
as a map of integer graded spectral sequences, induces an isomorphism on the Fs-page
on or below the line of slope 1.

Proof. The map of sections
P}!BPy — F(ECy, Pyl BPg)

is the map X — F(ECs,, X) induced by the collapse EC5, — SY. To prove the desired
isomorphism, it suffices to show that the map

7$? (82 NHZ) — 752 [F(ECy,, 8% N HZ)
is an isomorphism for all 2t —s > s, or t > s. This is equivalent to showing that the map

T e HL = 72 1, F(ECsy HL) = n F(EC,,, HZ)

(t—s)—

(t s)—to

is an isomorphism for all ¢ > s > 0, which is true by Lemma 3.6. O
Lemma 3.6. The coefficient ring 7732F(E02+, HZ) is the polynomial algebra

Z[“i yao]/(2a5).
The map

HZ — 7¢2

p+q0 p+qo F(ECyy, HZ) = s

C2 F(ECy,,HZ),

is an isomorphism when p > 0, sending usy — Uy, Gy — Gy, and zero when p < 0.
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Proof. This is a standard computation. We refer the readers to [15, Corollary 4.7] and
[8, Appendix B] for more details than what is written here. The key observation is that
computing W§2F(ECQ+, HZ) is equivalent to computing H*(Ca; ®,cz sgn®"), where sgn
is the integral sign representation. The elements wus, € WS_ZQUH Z and a, € ﬂ?iH Z,
under the map HZ — F(ECs,,HZ), become the elements us, € HY(Cq;sgn®?) and
ay € H'(Cy;sgn). O

Remark 3.7. In [36, Section 1.9], Ullman proves a general isomorphism result for any
G-spectrum X. When G = Cs, his isomorphism range is the region slightly below the
line of slope 1. In our case, however, BPy has pure and isotropic slices and nonnegative
slice sections. When this happens, we can extend his isomorphism range to be on or
below the line of slope 1. Since this line is also the vanishing line of SliceSS(BPg), the
map SliceSS(BPr) — HFPSS(BPg) is an inclusion on the Es-page.

Remark 3.8. Using Lemma 3.6, one can further show that the map of RO(Cs)-graded
spectral sequences

SliceSS(BPg) =——— 73> BPy

| :

HFPSS(BP) == n3*F(ECs,,BPg)

is an inclusion on the Fs-page and an isomorphism in this range. It turns out that
in HFPSS(BPFg), everything outside of this isomorphism range dies by the differentials
n (3.1). As a result, we obtain an equivalence BPr ~ F(EC5, , BPr). This is called the
strong completion theorem (or the homotopy fixed point theorem) of BPg. It is proved
by Hu and Kriz in [20, Theorem 4.1]. As noted in their paper, the homotopy fixed
point theorem holds for MUy as well, but not for BPr(n). It fails for BPr(n) because
not everything outside the isomorphism range dies in HFPSS(BPg(n)). In particular,
7. BPg(n)"“2 is not bounded below.

4. The equivariant May spectral sequence

We will now construct the equivariant May spectral sequence of BPg by filtering the
equivariant dual Steenrod algebra.

4.1. The equivariant May spectral sequence with respect to A%

Recall from Section 2.2 that for a Cs-spectrum X with good properties, its equivariant
Adams spectral sequence with respect to (HFy * AY) has Ex-page

By = Extap (HFy , HFy X) = (13 X)5.
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Table 1
Adams and May filtrations of elements.
stem Adams filtration May filtration
w; = [1i] (2" - 1)pc, 1 0
o —o 0 1
Uy 1—o 0 0

To compute the Ext-groups on the Es-page, we filter the Hopf algebroid (HFy *,A”*l)

by powers of the ideal (a,) and set the filtration of the element ¢2’ to be 2+1 — 1. We
also filter the (HFsz, , AQ)-comodule HF3 , X to make it compatible with the filtration
on (HF, ' Aqf)

Definition 4.1. The spectral sequence
Ey = Extgr,ap (gre HF2, , gr  HF2 , X) = Extap (HFy , HF3 , X)

is the Cy-equivariant May spectral sequence of X with respect to (H&*, AY). Tt is ab-
breviated by Ca-MaySS 4 (X).

We are interested in the case when X = BPg. In this case, the Es-page of the equiv-
ariant Adams spectral sequence simplifies:

By = Extap (HFy, , HFy  BPg) = Extap (HFy, , HF; ) = (3? BPg)j.
Here, A} = 7r€2 (H Fy Appy H &), and there is a quotient map
x — Ay,

which quotients out the {;-generators. The filtration on A} induces a filtration on A%,
which is also by powers of (ay). It follows that the equivariant May spectral sequence
for BPg has E;-page

By = Bxtg ap (gt HF2,  gr HFs ) = Extap (HF2,  HF; ).

To compute this Ei-page and its differentials, we use Proposition 2.15. Denote the cor-
responding class of 7; in the cobar complex Carp (H&*) by w; := [7].

Proposition 4.2. The Ex-page of Cz-MaysSS 4 (BPR) is the polynomial ring HF; [w;].
The positive part of the Ei-page (the elements in stems p + qo with p > 0) is the
polynomial ring

Z/2[uy, a5 [wi] -

The filtration of each element is given in Table 1.
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Proof. Immediate from Proposition 2.15. 0O

Proposition 4.3. In CQ—MaySSAZl (BPR), the classes w; and a, are permanent cycles.
The class u2" (n > 0) supports a differential of length (2" —1):

n on+1_q

don+1_1(u2") = wpa?

Proof. Since the 7; generators are primitive and ngr(a,) = a,, the classes w; and a, are
2n
o

permanent cycles. To obtain the differentials on the classes uZ , we use the right unit

formula for u,. By Proposition 2.15, the right unit formula for u, is
Nr(Us) = Uy + ToGs-
This translates to the d;-differential
d1(ug) = [10]ae = woa,.
In general, taking the right unit formula to the 2"-th power yields the formula

2n 2”
nr(uy ) = Nr(us)
ogn gn gn
= Uy + To Qg
2 gntl_q
=u, + Tpa, ,

where for the last equality we have repeatedly used the relations 72 = 7114, in A

on

This produces the dan+1_;-differential on uZ

, as desired. O
4.2. The equivariant May spectral sequence with respect to AY

Everything we did in the previous section can be done with respect to (Hg, AY) as
well. Consider the equivariant Adams spectral sequence

By = Extag (Hy, He X) = (152 X)5.

We can filter the Hopf algebroid (Hg , A%) by powers of the ideal (a,) to obtain a similar
equivariant May spectral sequence.

Definition 4.4. The spectral sequence
By = Extgr, ag (8re Hy, 8rg Hy X) = Ext age (Hy, Hy X)

is the Ca-equivariant May spectral sequence for X with respect to (Hg , A% ). It is abbre-
viated by C5-MaySS 4ec (X).
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When X = BPg, we can make the same simplifications as we did in Section 4.1. Let
Ay = 7T§2F(E02+, HFy App, HF3). The Ej-page of the equivariant Adams spectral
sequence and E7-page of the equivariant May spectral sequence for BPg are equal to

Ey = Extyg (Hy, Hy) = 132 (BPg))
and

By = Extgr aq (8 Hy, gTo Hy ) = Extage (Hy, Hy )

respectively. As before, denote the corresponding class of 7; in the cobar complex
Chage(Hy) by wi = [7i].

Proposition 4.5. The F1-page of C’Q-MaySSAic (BPR) is the polynomial ring
Hy [w] = Z/2[uz , ao)[wi],

where the filtration of each element is the same as before (see Proposition j.2).

Proof. The claim follows directly from [20, Proposition 6.29]. O

Proposition 4.6. In Cy -MaySSA;C (BPR), the classes w; and a; are permanent cycles. The
classes u2" and u;%" (n > 0) support differentials of length (21 —1):

o

2" ontl g

don+1_1(us ) = wpa ,
_on _on+l gn4l_q
don+1_1(uz” ) = wpuy, a; .

Proof. The proof is exactly the same as the proof of Proposition 4.3. The differentials
follow from the right unit formulas

nR(ua) = Ug + ToQo

TIR(UJI) = (uo Jr7—0(10)71

2

= u; ! + 1ou; %a, (modulo higher powers of a,),

and the relation Tf =Tit10, in AY. O
4.8. Cg-MaySSA;c(BPR) and HFPSS(BPg)

The equivariant May spectral sequence Co-MaySS Age (BPg) and the homotopy fixed
point spectral sequence HFPSS(BPg) have the same Es-page and differentials under the
correspondence w; <> v;. This is first observed in (7.1) and (7.2) of [20]. The only slight
difference is that in Cy-MaySS A;C(BPJR): instead of a single Z-class, we have a wqg-tower
of Z/2-classes. Our goal in this section is to prove this correspondence.
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Theorem 4.7. The Cs-equivariant May spectral sequence for BPgr with respect to
(Hg, AY) is isomorphic to the associated-graded homotopy fized point spectral sequence
for BPg.

Remark 4.8. By the associated-graded homotopy fixed point spectral sequence, we mean
that whenever we see a Z-class on the Es-page, we replace it by a tower of Z/2-classes.

Proof. Consider the following diagram of spectral sequences:

o

algebraic a,-Bockstein “eollapsc’ homotopy a,-Bockstein

Co-MaySS 4o (BPg) ¢------=-----> HFPSS(BPg).

We will explain each arrow in the diagram one by one:

(1) CQ—MaySSA;C(BPR) = algebraic a,-Bockstein. This is by definition: the equivari-
ant May spectral sequence for (Hg, AY) is defined by filtering A% by powers of (ao),
which is the algebraic a,-Bockstein.

(2) Homotopy a,-Bockstein = HFPSS(BPg). This is proven in [15, Lemma 4.8]. We
include their proof here because it is nice and short. Start with the cofiber sequence

SOv S0 — 59 2oy go,
Taking F(—, BFg) yields the new sequence
Y °BPr 22 BPy —s BPg V BP;.

The homotopy a,-Bockstein is the spectral sequence associated to this cofiber sequence.
The key observation is that in the cofiber sequence

S(no)y —s S0 Loy gno,

S(no)4 is the (n—1)-skeleton for the standard equivariant decomposition of EC5 ,, which
is used to construct the homotopy fixed point spectral sequence. Taking F'(—, BPg) again,
we obtain the following commutative diagram:

n+1

s-(nthopp, “2_, Bpy F(S((n+1)0)4, BPg)
[e- | |
S BPy — " 5 BPy F(S(no), BPg).

It follows that the towers for constructing the homotopy a,-Bockstein spectral sequence
and the HFPSS(BPg) are the same.
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(3) Algebraic a,-Bockstein = Homotopy a,-Bockstein. Consider the following dia-
gram:

% % i

(H°)"2 NS~ BPy 22 (H®)> NBPp —— (H)"? A (BPg V BPg)

I I |

HCAS~"BPy —2%° s H°ANBPx —— H° A (BPy V BPg)

I | I

YX"°BPy BPg BPr V BPg.

The vertical direction is the Adams resolution by H¢ = F(ECy,, HF3), and the hori-
zontal direction is filtering by powers of a, (the a,-Bockstein). There are two ways to
compute 7¢2(BPg)% from BPg V BPg: we can either first use the horizontal filtration,
then the vertical filtration, or first use the vertical filtration, and then the horizontal
filtration. This produces the following commutative diagram of spectral sequences

algebraic a,-Bockstein

EXtA;C(HC*,Hi(BPR\/BPR)) EXtAiC(HC*,HiBPR)

Adams (collapse) Adams (collapse)

homotopy a.,-Bockstein

(7S BPr V BPg)) (t2F(ECoy, BPR))y = (132 BPg)5.

The vertical spectral sequences are from the Adams (vertical) filtrations, and the
horizontal spectral sequences are from the a,-Bockstein (horizontal). The left vertical
spectral sequence collapses by degree reasons. In particular, the integer-graded part is
the non-equivariant Adams spectral sequence computing 7, BP, which collapses. The
right vertical spectral sequence collapses by degree reasons as well. For both Adams
spectral sequences, [20, Theorem 4.11] and our computation show there are no hidden
as-extensions. The top spectral sequence is the a,-Bockstein associated with the cofiber
sequences

(HO)\" NX™7BPg *% (H)"" N BPg — (H®)"" A (BPz V BF)

for n > 1. When we are computing the Ext groups, it is exactly the same as filtering
(HE, AS9) by powers of a,. Therefore this spectral sequence is the algebraic a,-Bockstein,
or in other words, the Cz-equivariant May spectral sequence with respect to AY. Fi-
nally, the bottom arrow is the homotopy a.,-Bockstein, which is the homotopy fixed
point spectral sequence by the previous discussion. The collapse of the two Adams spec-
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tral sequences (and no hidden a,-extensions) implies that the algebraic a,-Bockstein is
isomorphic to the associated-graded homotopy a,-Bockstein, as desired. O

4-4. Cy-MaySS 4 (BPR) and SliceSS(BPg)

The map (H&*,A’f) — (Hg,A%) induces maps of the corresponding May and
Adams spectral sequences:

Ma, ams
Extg, ap (ere HFo g1 HFs ) = Extap (HFa, , HFy, ) 2958 72 (BPg))

! | [

Ma; ams
Extgr, aq (gra Hy, g1, HG) === Bxtpg (Hg, Hy) =225 702(BPR)5.

For the purpose of finding Hurewicz images, we restrict our attention to the maps between
integer-graded spectral sequences. They are induced from the map of integer-graded Hopf
algebroids (HFy , AY") — (H, AS):

Exty, ar (21, HFy_, g1, HFy ) =% Extym (HFy_, HFy ) 2258 7C2(pp,)a

| ! J

Eixtge, nce (gro HE, gro HE) = Fixctpee (HS, HE) =AM, 7o (Bpy A,

The Ej-page of Cy-MaySS . (BPg) is the subring of the polynomial ring HFs , [w;]
that contains only integer-graded elements. For degree reasons, monomials of the form
k-l

ug Nag wilwi? - ~wfjj with & > 0, I > 0 do not have integer grading. It follows that the

integer graded elements are all contained in the subring
Z/2[uc, acl[wi] C HFy  [wi].

Theorem 4.9. The integer-graded Cs-equivariant May spectral sequence of BPgr with re-
spect to (H&*7 A™) is isomorphic to the associated-graded slice spectral sequence of BPg.

Proof. Consider the following diagram:

C3-MaySS . (BPg) -~ SliceSS(BPr)

| |

Cy-May$SS .. (BPg) +—— HFPSS(BPg).

The above discussion, together with Proposition 4.3 and Proposition 4.6, show that the
left vertical map is an inclusion on the Fs-page and an isomorphism on or below the
line of slope 1. Proposition 3.5 shows that the right vertical map is also an inclusion on
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the Fs-page and an isomorphism on or below the line of slope 1. Given the isomorphism
already established in Theorem 4.7, it follows that Cy-MaySS A;n(BPR) is isomorphic to
the associated-graded SliceSS(BPg), as desired. 0O

Remark 4.10. The isomorphism in Theorem 4.7 is of RO(Cs)-graded spectral sequences.
We have only proven the isomorphism in Theorem 4.9 as integer-graded spectral se-
quences. This is enough for the purpose of proving Hurewicz images.

5. Map of May spectral sequences
5.1. Map of dual Steenrod algebras

The maps A, — AL — AY induce maps of Adams FEa-pages:
E5(ASS(S)) — Ey(Cy-ASS(S)) — Ey(Cy-ASS(BPR)).

Filtering A, A}, and A} compatibly with respect to the map above produces maps of
May spectral sequences

MMaySS(S) — C-MaySS(S) — Co-MaySS(BPg).

Here, MMaySS(S) is the modified May spectral sequence, which will be defined in sec-
tion 5.2. These maps of May spectral sequences will later help us prove our detection
theorem for BPﬂg 2,

Recall that

.A* = F?[Ch C27 . .],
* = H&*[fi,ﬁ]/(ﬁz = Tit10o + &iv1Mr(Uo)),

AR = HFy [1]/ (7} = Tit100)-
The following theorem will be used later for

(1) Constructing and computing the map MMaySS(S) — Ca-MaySS(BFr) of May spec-
tral sequences.

(2) Computing the images of elements in the classical Adams spectral sequence ASS(S)
under the map

ASS(S) — Co-ASS(BPy).

Theorem 5.1. The composite map A, — Ay — A} sends the element

giti—1

i _oi 9i_ .
G T Ul a2 =1 (modulo higher powers of a, ).

3
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Proof. By an abuse of notation, we will denote ¢; to be the image of (; € A, in AY
and A} The following relations hold in A% (cf. [20, Theorem 6.18, Theorem 6.41] and

Theorem 2.10):

i i—1
aZ & = ¢ nr(ue) + Gag + S—qul
5T = Uy + NR(Us)-
To prove our claim, we will show using induction on ¢ that
1—1
G Tioanr(ug)? 71 (mod &1, 6,.. ).

For the base case when ¢ = 1, equations (5.1) and (5.2) imply

a'¢2;§1 = Nr(Us) + (100 + Ug
= Clao' = Ug + UR(UU) = QsT0 (mOd 51,62’ .. )
= (=7 (mod¢&,&,...).

Therefore the base case holds. Now, suppose we have shown that
i—2
Gi1=Ti_onr(ug)® ~' (mod &, &,...).

To prove the relation for ¢;, we use relation (5.1) again:

Gty = C¢27177R(Uo) (mod &;,&2,...)

— TE,QTIR(UU)T_li% ) (mod 51, 527 .. )
(Ti—lao')nR(uO'l)217 -1 (mOd gla 527 .- )
- <1 = TiflnR(uU)217 -1 (mOd flaé-?v e ‘)7

as desired.
To finish the proof of the theorem, we need to simplify the expression

27

Cin = (Ti—lnR(uU)Qiil_l)

modulo higher powers of a,. Since uy, + Ng(us) = Toao,
e = Nr(ty) (modulo higher powers of a,).

After applying the relation 72 = 7,114, j-times, we obtain the equality

27 2iti—l_9i 2i_1
G ag

= Tigj—1Ug modulo higher powers of a,),

as desired. O

(ri2mr (o) "1)nr(us) (mod €1,&,...) (induction hypothesis)
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5.2. Change of filtration
The maps A, — A} — A% induce maps of Ext groups

EXtA (FQ,FQ E— EXtAm HF2*7H]F2*)

\ l

Extap (H&*, H&*).
To analyze these maps, we will construct maps of May spectral sequences:
MMaySS(S) — Co-MaySS(S) — Co-MaySS(BPg).

We do so by filtering the classical dual Steenrod algebra A, and the equivariant dual
Steenrod algebras A% and AJ compatibly with respect to the maps A, — AY — A7

Recall that in constructing the classical May spectral sequence, the dual Steenrod
algebra A, = F3[(y, (o, .. ] is filtered by powers of its unit coideal, hence producing an
increasing filtration. More specifically, we can define a grading on A, by setting the
degree of h; ; 1= Cizj to be

|hi ] =2i—1

and extend additively to all unique representatives. The increasing filtration associated
to this grading is

oA, C FlA, C - CFA, CFp1 A C - C A,

where at stage p, Fj,A, consists of all elements of total degrees < p.

However, in constructing the equivariant May spectral sequence Cy-MaySS(S) and
Ca-MaySS(BFg), we filtered A} and A7 by powers of (a,) and produced decreasing
filtrations instead. To rectify this mismatch of filtrations, we need to change the filtration
of the classical dual Steenrod algebra A, to make it compatible with the decreasing
filtrations on A} and A%. In particular, it must be a decreasing filtration. To do this,
notice that by Theorem 5.1, the element h; ; is sent to

9iti—1_9j oj_
Ay

hij — Tipj—1u; ! (Modulo higher powers of a,). (5.3)
We can define a new grading on .4, on by setting the degree of the generators h; ; to be
|hijl =27 =1

and extend linearly to all unique representatives. The decreasing filtration associated to
this is
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A, =Fy A, D F1 A, D Fb A, D -+,

where F,A, contains elements whose total degrees are > p. From (5.3), it is immediate
that this filtration is compatible with the decreasing filtration of A% and AY with respect
to the maps A. — A} — AJ. Therefore, we obtain maps of May spectral sequences

MMaySS(S) ——— Cy-MaySS(S)

T

CQ MaySS(BPR)

To compute the FE;-page of our modified May spectral sequence MMaySS(S), consider
the coproduct formula for h; ;:

i1
U(hij)=1®h;; +h;; @1+ Z hi—kjtr @ by j
k=1

1®hij +hij @14+ hi—1j+1®@h1; + hioj2®ha; +
—_——  — (S —— —_——
deg=2/—1 deg=2i—1 deg=(27t1—-1)4+(27—-1) deg=(29+t2-1)+(27-1)
ot hijric1 @b
—_———

deg=(29+i=1-1)4(29-1)

With the old filtration, |h; ;| = 2i—1, and everything in the summation sign on the right
is of degree exactly 2i — 2. After changing to our new filtration, everything in this sum
is of degree at least

=@ —1)+ (2 - 1)
>2/ —1
= |hi .

)

|hi—1j4+1 ® h1j

Therefore after projecting to the associated-graded A. — gr,A., the elements h; ; are
primitive. It follows that the E;-page of our modified May spectral sequence is still the
polynomial algebra generated by the h; ;:

Ey = Extg 4, (F2,F2) = Fao[{hi;}i>1,j>0] = Exta, (Fa,F3).
The differentials obtained from the coproduct formula for h; ; is now of length 29+ —1:
dyi+r—1(hij) = hi1j41 @ h

(before changing the filtration, it was d (R ;) = S.h_ hi_kj+k @ by ;). Intuitively, with
our new filtration, the differentials are being “stretched out”.
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6. Detection theorem
6.1. Detection theorems for BPr and MUy

We will now prove our detection theorems for the Hopf, Kervaire, and k-family by
analyzing the map of spectral sequences

MMaySS(S) — Cy-MaySS 4 (BPg) = SliceSS(BPr).
Using Theorem 5.1, the following proposition is immediate.

Proposition 6.1. On the Es-page of the map MMaySS(S) — Cy-MaySS(BPr) =
SliceSS(BPg),

hln = anai"—l’

W, s 2022,

ont2 gien -1

4 —4
h’Zn = Un—i—l uo o

2n—1 -2 2(2"-1)
)

Proposition 6.2. In the slice spectral sequence of BPg, the classes vn,a; ~*, U0

— nt2 4(2" -1 .
and vf;HUg ag( ) survive to the E-page.

Proof. As discussed in Proposition 3.4, all of the differentials in the slice spectral
sequence for BPg are completely classified by the slice differential theorem ([18, Theo-
rem 9.9]). They are

k k+1_q _
dors1_1(u2 ) =a® " o, k>1.

The longest possible differentials that could possibly kill the classes mentioned are differ-
entials of length 271 — 1. The survival of these classes is a straightforward computation
(see Fig. 6). O

Theorem 6.3 (Detection of Hopf elements and Kervaire classes). If the element h,, or h?
in Exta, (Fo,Fa) survives to the Eo-page of the Adams spectral sequence, then its image
under the Hurewicz map m,S — 7T*BP]RC2 18 nonzero.

Proof. In the modified May spectral sequence, the classes hy, and h3, are permanent
cycles. Furthermore, since hy,, is of Adams filtration 1 and h%,, is of Adams filtration 2, if
they are targets of differentials in the modified May spectral sequence, then the source of
these differentials must be of Adams filtrations 0 and 1, respectively. This is clearly im-
possible. Therefore they are not targets of differentials and hence survive to the E..-page
of the modified May spectral sequence.



G. Li et al. / Advances in Mathematics 342 (2019) 67-115 105

40 T

36 | \

32 | O

28 \ \

i

24 \

B

20 \ \ \

16 \ \ \ \

12

-

Tl
=
S
o

\ \
|

0 [5] [5] [5] [5]
0 4 8 12 16 20 24 28 32 36 40 44 48 52

Fig. 6. A part of the slice spectral sequence for B Pg. The classes v, aznfl, 1_)72La(2,(2"71)’ and 5i+1u§n+2a§(2n71)

o
survive to the Esn+1-page, hence to the E,-page.

On the E.-page of the modified May spectral sequence, these classes represent the
unique elements h,, € Exti{fn (Fo,Fs) and h2 € ExtifnJrl(IFg,Fg) in their respective
bidegrees. The theorem now follows from Proposition 6.1 and Proposition 6.2. O

. _ . 4,2nt2ont3 .
Theorem 6.4 (Detection of k-family). If the element g, € Ext; (Fg,Fa) survives
to the Eo-page of the Adams spectral sequence, then its image under the Hurewicz map

*

TS — mBPllg2 18 nonzero.

Remark 6.5. As mentioned previously, the element g; survives to the element & € moS.
The element go also survives to an element in 744S. They are both detected in W*BPRC 2,
The fate of the g, elements for n > 3 is unknown.

The proof of Theorem 6.4 requires the following facts:
Lemma 6.6. The element g, is the only nonzero element in Eactjtfnﬂq'zn+3 (Fy, Fy).

Proof. We appeal to the classification theorem of Lin ([29, Theorem 1.3]). For inde-

composable elements in Exti{i (Fo,F5), binary expansion of ¢ shows that g, is the only
,2n+2+2n+3

indecomposable element in Ext® (Fo,Fg). The only possible decomposable ele-

*
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ments in the same bidegree as g,, are hy,c, and h2,h2,,. However, they are both zero
due to relations in Ext’;"(Fo,F2). O

Lemma 6.7. Let 1 <m <n, if
deg(hiy jy iy jo - Py i) < deg(hill’ji iy g -+ hir 1),
then for any k > 1,
deg(hiy gy thPin otk Py k) < de@lhig jiprPiy jyan - - P, i k)
Proof. The given condition translates to the inequality
Y@ —1) <y (@ -1,
which, after rearranging, is
Z 2im < (Z 2j;) — (n—m).

Multiplying both sides of the inequality by 2* produces the new inequality

Z odm+k (Z 2j;+k) — 2% (n — m)
< (Z 2j4z+k) — (n—m).

Rearranging this inequality gives

D@t —1) <y (@R o,

as desired. O

Lemma 6.8. The element h3, is a permanent cycle in the modified May spectral sequence
of the sphere.

Proof. It is clear from the modified May filtration that all the differentials are of odd
length. First, we have

dS(h21) = h11h127

so d3(h3;) = 0. In fact, d5(h3,) = 0 as well. To show this, notice that h3; is in tridegree
(s,t,m) = (2,12,2), where (s,t) is the degree associated to Extj{i (Fo,Fo) and m is
the modified May filtration. If h3; supports a ds, then the target must be of tridegree
(3,12,7). We will characterize all h;, j, hi,j,Rizj, Of this tridegree. The equations that
need to be satisfied are



G. Li et al. / Advances in Mathematics 342 (2019) 67-115 107

(21 — 1)271 4 (22 — 1)272 4 (2% — 1)272 = 12,
2" -1+ 22 -1)+ (25 -1)=T.

Since 7=74+04+0 = 3+ 3+ 1, it’s not hard to check that the only possibility for
Riy gy RigjoPigjs 18 Riohoohiz. However, this element cannot be the target of a differential
because it supports a nontrivial d;-differential

di(hiohaohi3) = highi1his.

Therefore ds(h3;) = 0.
By computations in the cobar complex C'(A.) (see [34, Lemma 3.2.10(b)]), we deduce
that

d7(h§1) = h?Q + h%1h13'

(Note that the computation in the cobar complex also shows that hZ; is a ds-cycle.) By
the Leibneiz rule, this differential implies that dr(h3;) = 0.

The element hj, is in tridegree (s,t,m) = (4,24,4). The target of a differential d,
with source h3; must be of tridegree (5,24,4 + 7). In particular, it must be a linear
combination of elements of the form h;, j, - - - hi,j, satisfying the equations

> (@ = 1)20k = 24, (6.1)

k

—

5
@ 1) =4+ (6.2)

k=1

Since d7(h3;) = 0, r must be at least 9. Moreover, subtracting Equation (6.2) from
Equation (6.1) yields the equation

5
D (@t — et 1) =20 -1
k=1

The left hand side is at least 5 because 75, > 1. It follows that r < 15. We will now rule
out each possibility in the range 9 < r < 15 case-by-case:

Case 1: r = 9. Equation (6.2) becomes
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The possibilities are

13=7+3+340+0
=7+3+1+1+1
=3+3+3+3+1

The second and third possibilities give nothing. The first possibility gives hiohsohishis,
which supports a nontrivial d; differential

di(h1ohsohishis) = higha1hishis.

Therefore dg(h3,) = 0.

Case 2: r = 11. Equation (6.1) becomes

The possibilities are

15=15+0+0+0+0
=7+7+1+0+0
=7+3+3+1+1
=3+3+3+3+3.

The first possibility gives h%,h3oh1s. The second possibility gives h3jha1h3; and
h11h3¢h35. The third possibility gives hi1h21h35h13. The fourth possibility gives nothing.
Now, we will rule them out one by one.
o For h3,h3,h14, we can first argue using the cobar complex that
ds(h3y) = highia + hi;.

So there is a nontrivial dz-differential

d3(h%0h§0h14) = h%ohlél(h%ohl? + h?l)
= hiohi2hia + hight hua

= hiphi2hia

(the element h3,h3,h14 = 0 on the E3-page because di(hao) = hiohi1).
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e The element h%ohmhf3 is the target of the d;-differential
d1(h1ohsohts) = highaihis,

and hence 0 on the Fs-page.
o The element hq1h3yh?; supports a nontrivial ds-differential

dB(hllhgohfs) = hllh%s(hfohu + h%) = h%lhfg

(the first term in the sum is 0 because highi; = 0 on the Es-page).
e The element hllhglh%thg supports a nontrivial d3 differential

d3(h11ha1hiyhas) = hi1hiyhas ds(hat) = b3 hishas,
hence does not survive past the Es-page.

Therefore dy1(h3,) = 0.

Case 3: r = 13. Equation (6.2) becomes

The possibilities are

17=15+1+140+0
=7+7+3+0+0
=7+7+1+1+1
=7+3+3+3+1

109

The first possibility gives hlohgoh%1h14. The second possibility gives hlohgohlgh%:}. The

third and fourth possibilities give nothing. Both elements support nontrivial d; differen-

tials:

di (h1ohaoh? his) = high3 hya,
dy (hiohaohi2h3s) = h3ghi1hiah?s.

Therefore dy3(h3,) = 0.

Case 4: r = 15. Equation (6.2) becomes
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The possibilities are

199=15+3+1+0+0
=15+1+1+1+1
=7+74+3+1+1
=7+3+3+3+3.

The first possibility gives h%0h11h12h14. The second possibility gives h‘flh14. The third
possibility gives h3 hiah?;. The fourth possibility gives hiyhi3. They do not survive
because of the following differentials:

dy (h1phoohi2h14) = h%0h11h12h14’
d3(h11h3gh1a) = harhig ds(h3)
= hirhis(highi2 + hiy)
= hi hi4,
ds(h1yharh2s) = h2 hish2s,
d7(h35has) = hishis.

Therefore dy5(h3;) = 0. This concludes the proof of the Lemma. O

Proposition 6.9. For n > 1, the elements h3, survive to the E..-page of the modified
May spectral sequence of the sphere.

Proof. We will first show that for all n > 1, h3, is not the target of a differential. By
Proposition 6.1 and Proposition 6.2, the image of h3, on the Fy-page under the map
MMaySS(S) — SliceSS(BPr) is ﬂflﬂuin“aﬁ(gn_l), which survives to the E.,-page of
the slice spectral sequence. However, if h3, is the target of a differential d,., then its
image must also be the target of a differential d,., with < r. This is a contradiction.
Therefore h3, is not the target of a differential.

We now show that hi, is also a permanent cycle. By Lemma 6.8, hi; is a permanent

cycle. This means that we can find an element z in the cobar complex C'(A.) of the form

ot ot ot et
r=& |6 16 16 + S

deg=4-(21—1)=4 deg>4
such that d(z) = 0. In the expression for z, S is a sum containing elements of the form
S=hi || s

with £ > 4 and
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deg(€3 €2 1€ 12 ) = 2" — )+ (2" = 1)+ (2" — 1) + (21 — 1)
<> (2% 1)
k
= deg(s). (6.3)

To show that h3,, is a permanent cycle, we apply the Sq’-operation introduced by Naka-
mura [33] (n — 1)-times to the element x, obtaining a new element

(Sa”)" H(a) = &71¢57 1657 1€5" + (8a”)"1(S)
deg=4-(2—1) deg>4-(27—1)

in the cobar complex. Everything in (Sq”)"~1(S) is of the form

(Sqo)n—l(s) —_ hil,j1+n71 - | - | - | . hik,ijrnfl'

Lemma 6.7, applied to inequality (6.3), shows that

deg((SQ”)" 1(€3 €3 (€3 1€37)) = 4 - (2" — 1) < deg((Sa®)" " 1(5)).

By [33, Lemma 3.1], the Sq-operation preserves the coboundary operator of the cobar
complex C(A,). Therefore

d((8a”)"*(x)) = (Sa)"*d(z) = (Sq")"~*(0) = 0.
It follows that h3, is a permanent cycle, as desired. O

Proof of Theorem 6.4. By Proposition 6.9, the elements {h3, |n > 1} survive to the
FE-page of the godif}gd May spectral sequence, hence they detect some nonzero ele-
ments in Exti{f/ 2 (Fy, Fy). By Lemma 6.6, these elements must be {g, |n > 1}.

The theorem now follows from Proposition 6.1 and Propostion 6.2. O

Remark 6.10. By [20, Theorem 4.1], the map mBPHg2 — mBP]}gC2 is an isomorphism.
Therefore Theorem 6.3 and Theorem 6.4 hold for the homotopy fixed point of BPr as
well.

Theorem 6.3 and Theorem 6.4 combine to produce our detection theorems for MUy
and BFPg:

Theorem 6.11 (Detection theorems for MUg and BPg). The Hopf elements, the Kervaire
classes, and the k-family are detected by the Hurewicz maps m,S — 7T>.<MURC2 and TS —
T2 BPS".

Theorem 6.12. Let E be an Eo, H-spectrum. If the H-fixed point spectrum of E detects
a class x € m,S, then the G-fixed point spectrum of (NEE) detects x as well.
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Proof. This follows from the following commutative diagram:

(NSE)YS —— (i, NSE)! = (EA---ANE)H —— EH

|

S

The first horizontal map is the map from the G-fixed point to the H-fixed point. The
second horizontal map is obtained by the multiplicative structure on E. Taking m,(—)
to the entire diagram gives the maps

.8 = m(NSE)Y — m(ET).

Since 2 maps to a nonzero element in 7, (EH) under the composition map, x must map
to a nonzero element in 7,(NGE)¢ as well. O

Letting £ = MUy in Theorem 6.12 gives the following:

Corollary 6.13. For any finite group G containing Cs, the G-fixed point of MUU(E))
detects the Hopf elements, the Kervaire classes, and the k-family.

Remark 6.14. Theorem 6.12 produces the detection tower

T (MU (C2m)))Con

:
i

TS — ¢ (MU0

|

T (MU (C4)))Ca

|

™ (MUR)C2 .

As we go up the tower, the size of the cyclic group increases, and . (MU((CZ”)))CW will

detect more classes in the homotopy groups of spheres.
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6.2. Detection theorem for ER(n)

Recall that the Real Johnson—Wilson theory ER(n) is constructed from B Py by killing
v; for ¢ > n + 1 and inverting v,,. Its refinement is

50[51,’[_/2,...] —— > BFPg
SO0y, ..., 0p_1,05] —— ER(n).

To prove the detection theorem for ER(n), we analyze the composite map
MMaySS(S) — SliceSS(BPr) — SliceSS(ER(n)).

Lemma 6.15. In the slice spectral sequence for 7r€2 ER(n), the classes ay, Uy, ..., Un_1, U
are permanent cycles. For 1 < k < n, the differentials di(ug(k;l) are zero fori < 2811,
and

ok—1 _ ok+l_q
d2k+1_1(u20. ):vkao .

The class u3,, is a permanent cycle.

Proof. This is immediate by comparing to the slice spectral sequence of BPg (Propo-
sition 3.4). For the class u3,, it is supposed to support a differential to 17”+1a(2,n+2’1.
However, ¥,,41 is 0 in the slice spectral sequence for ER(n). This implies that u2, is a
dgn+2_1-cycle. Furthermore, for degree reasons, there are no classes in the appropriate
degrees that can be hit by longer differentials from w3, . It follows that the class u3, is

a permanent cycle. 0O

Theorem 6.16 (Detection theorem for ER(n)).

(1) For 1 < k < n, if the element hy, or hZ in Exty, (F2,Fa) survives to the Ex-page
of the Adams spectral sequence, then its image under the Hurewicz map 7S —
1. ER(n)2 is nonzero.

. 4.9n+2  on+3 .
(2) For 1 < k < n— 1, if the element gr € Entj’ (Fa,F3) survives to the
wo-page of the Adams spectral sequence, then its image under the Hurewicz map

E ge of the Ad tral then its imag der the H ]
TS — 7r>,FE]R(n)C2 s nonzero.

Proof. By Proposition 6.1, Theorem 6.3, and Theorem 6.4, it suffices to show that the
classes tpa2 =1 (1 < k < n), 022 7V (1 < k < n), and o}, ,u2 0t D (1 <k <
n—1) survive to the E..-page of the slice spectral sequence of ER(n). This is immediate
from Lemma 6.15. O
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Remark 6.17. By the homotopy fixed point theorem ([18, Theorem 10.8]), the spectrum
ER(n) is cofree. This means that m, FR(n)¢? — 1, ER(n)"“? is an isomorphism. There-
fore Theorem 6.16 holds for the homotopy fixed point of ER(n) as well.

Remark 6.18. The detection theorem for ER(n) also holds for v, ! MUy as it splits as a
wedge of suspensions of ER(n) (with ER(n) itself being one of the wedge summands).
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