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TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 276, Number 2, April 1983

STEENROD AND DYER-LASHOF OPERATIONS ON BU
BY
TIMOTHY LANCE!

ABSTRACT. This paper describes a simple, fast algorithm for the computation of
Steenrod and Dyer-Lashof operations on BU. The calculations are carried out
in H¥(BU, Z,) and H«(BU, Z,) where p local lifts are determined by the
values on primitives and Cartan formulas. This algorithm also provides a
description of Steenrod and Dyer-Lashof operations on the fiber of any H map
(or infinite loop map) BU — BU, and applications to the classifying spaces of
surgery which arise in this fashion will appear shortly.

1. Introduction. This paper describes a simple, fast algorithm for the computation
of Steenrod and Dyer-Lashof operations on BU. The calculation is made by lifting
to cohomology and homology with coefficients in Z,,, the integers localized at p,
where polynomial bases can be defined directly in terms of the primitives. These
bases occur naturally in the study of the fibers of H maps f: BU — BU, and applica-
tions of this work in the computation of the bordism and description of the geometry
of the classifying spaces of surgery which arise in this fashion will appear shortly.

For convenience we assume throughout that p is an odd prime, although the same
arguments work for p = 2 with minor modifications. Let {d,, d,,, ...} and {c,,
C,,» - - - y denote the usual bases for the primitives in H,(BU, Z ;) and H*(BU, Z ),
respectively. For example, d, is dual in the basis of monomials to the nth Chern
class c,,.

Let Ty(ty, t1, ..., t) = tf + ptd™' + ... +pkt, be the kth Witt polynomial.
Using the Waring formula for the primitives and some elementary number theory
of multinomial coefficients we show that the equations

de,,ph = Tk(an, 0 Qn 15 ++- 5 Gy, k)

and

ce,, = Tk(a;lle’ a:zl:l’ ey a;:k)
'k

inductively define bases {a, ,} and {a},} for H(BU, Z,) and H*(BU, Z,), re-
spectively, where n ranges over the positive integers which are prime to p and k > 0.
Our general approach is to use the above formulas to define maps of polynomial al-
gebras with the correct values on primitives, and then check that the maps are indeed
well defined for Z,, coefficients and have the desired mod p reductions. For the
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498 TIMOTHY LANCE

Steenrod operations we obtain the following (where (%) equals the binomial coeffi-
cient if 0 < b < a and 0 otherwise).

THEOREM 1. There is a map of polynomial algebras P = PO + Pl 4 ... :
H*(BU, L) — H*(BU, L)) defined inductively for n prime top andk > 0by

[o0)

npk _ * *
ZE)( N )cenp"ﬂ(p—l) = Ti(Pagy, ..., Pagy).
=

The component homomorphisms Ps: H™(BU, Z ) - H"*2W"D(BU, Z ) reduce
mod p to Steenrod operations. Dually, there is a map P, = P} + Py + ... :
H(BU, L)) - H(BU, Z ) of polynomial algebras defined inductively by

< (npk — s(p — 1 np*

é)( P s(p )>m Doppi—ipry = TePutn0, > Pty 1)

where the component maps P5: H,(BU, L) — H,,_3,—1,(BU, Z4) reduce mod p
to the dual Steenrod operations.

The proof is quite easy thanks to a result of Borel and Serre [3] giving Ps(C,) as an
integral polynomial on the Chern classes defined by its effect on elementary symmetric
functions.

THEOREM 2. There is a ring homomorphism Q = Q° + Q! + .. : H(BU, Z,) —
H,(BU, L) defined inductively for n prime to p and k > 0 by

. -1
S0 (i) i = T Qo -2 Q).

The component maps Q*: H,(BU, Z ) — H 19, p—1,(BU, Z ) reduce modulo p to the
Dyer-Lashof operations.

Here H,.(BU, Z) denotes the ring of formal series X, + X; + X; + --- with
X; € Hy(BU, Z,). For the proof we must rely on Kochman’s [8] computation of
Q(d,,) to define our lift, and then check that its mod p reduction satisfies the condi-
tions of his algorithm. The hardest verification is of the Nishida relations; the proof
makes use of the particular lift P3 defined above and a monstrous identity involving
binomial coefficients whose proof was supplied by Leonard Carlitz.

The construction of the lifted map Q requires only that it is a ring homomorphism
with the right values on primitives. Hence by working p locally instead of mod p the
list of necessary properties in Kochman’s algorithm ([8, Theorem 97] or Theorem 4.1
in this paper) can be trimmed substantially.

COROLLARY. There is an algorithm for computing the p-local lift Q7: H,(BU, Z ;) —
H,yi205-1)(BU, Zyy) of the Dyer-Lashof operation using the following properties:

(1) Qr is linear for allr > 0.

() Q7(xy) = LAQxNQ~y) forallr = 0.

3 0@.,) = (;Dd.,..,-p, forr =0,m > 0.

Several spaces of geometric interest, such as Im(J) or the factor N of PL/0 with
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STEENROD AND DYER-LASHOF OPERATIONS ON BU 499

7(N) equal to the p torsion in bP*1, are defined as the fibers of p local H maps
f+ BU — BU. Such maps are studied in [9], and a simple description of the cohomology
of the fiber Fis given in terms of the basis elements a,¥, and their suspensions. In [11]
the algorithm of Theorem 1 is then applied in an Adams spectral sequence computa-
tion of the complex bordism of N and the spaces in its Postnikov tower. If fis an
infinite loop map then Theorem 2 provides a similar description of the Dyer-Lashof
operations on F. This is exploited in [10], particularly in the construction of smooth-
ings classified by N.

A number of detailed calculations of these operations on BO and BU have already
appeared. Brown, Peterson, and Davis have some partial descriptions of the Steenrod
operations in [4, 5], while in [17] Peterson obtains a formula for Ps(C,) in terms of
Chern classes and certain symmetric polynomials. Closed formulas for the Dyer-
Lashof operations have been obtained by Priddy [18] for p = 2 and D. Moore [15]
for p > 2 extending some low dimensional computations of Kochman [8]. Shay [20]
constructs integral lifts of both families of operations, deriving closed expressions
using the Newton and Waring formulae. The algorithms above also yield closed
formulas in terms of the bases {a, ;} and {a} ;} which are relatively efficient; Q7(a,, 1),
for example, is a polynomial of < (r — mp* + 1)?* terms. All of these formulas,
however, are complicated and difficult to work with. For the applications in [10, 11]
it is essential to have the simple recursive description of P and Q above.

I would like to thank Stewart Priddy and Stan Kochman for very helpful comments
about this work. I am indebted to Leonard Carlitz for providing a proof of Proposi-
tion 5.3 when I had despaired of ever finding one. Finally, it is a pleasure to thank
Peter May for asking the question which led to this research and for his help and
encouragement.

2. Witt polynomials and the homology of classifying spaces. Given indeterminants
to, 11, - . . and a fixed odd prime p we define the kth Witt polynomial at p by

Tyt) =t +ptf'™' + -+ + pht,

where we abbreviate ¢ = (y, ¢, ...). Classically, these polynomials were used to
invert functors which one might not have suspected were invertible [2]. For us their
usefulness stems from the following p-integrality result, where R denotes either the
integers or a p-local ring and t# = (¢, t1, ...).

2.1. LEMMA. Let gy, g1, &2, - - - be polynomials or formal power series in ty, ty, . ..
with coefficients in R such that g,(t) = g,_1(t?) mod p*, k = 1, 2, ... . Then the equa-
tions

gk(t) = Tk(‘PO(t)’ ¢l(t)’ ey ¢k(t))
inductively define polynomials or formal series with coefficients in R.
ProoF. Since ¢y = gy, we suppose inductively that ¢, ..., ¢,_; are polynomials

in R for some k > 0. But T,(¢) = T,_,(t¥) + p*t,, so we must verify that g,(z) —
Ty s(po®), - .., (pa-1(1)?) vanishes mod p*.
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500 TIMOTHY LANCE

Evidently the polynomials (p;(¢))? and ¢,(t#) are congruent mod p. Applying the
binomial theorem inductively it follows that (p,(#))?"* and (p,(t?))?’ are congruent
mod pi*l. Consequently,

Ty 1((po)?, - . -, (Pe—1())?) = Ty1(po(t?), .. ., @p1(t?)) mod p*.
But g, 1(t) = Tp—1(po(), ..., pp—1(t)) by definition, and so
8r-1(12) = Ty 1(po(2?), .. ., pi(t?)).

The lemma now follows from the congruence g,(t) = g,_;(¢#) mod p*. O

We use this to describe a p local decomposition of the homology and cohomology
of BU. Recall that H*(BU, R) is a polynomial Hopf algebra R[c;, ¢5, ...] on the
universal Chern classes whose coproduct, coming from the Whitney sum map g,
is given by p*c, = Y¢; ® ¢, If d, € Hp(BU, R) is dual (in the basis of monomials)
to ¢, then the correspondence ¢, — d, defines an isomorphism of Hopf algebras
H*(BU, R) - H,(BU, R).

For any n-tuple of nonnegative integers a = (ay, . . ., a,) of weight w(a) = ay +
200+ ++- +na,let c*=cpt-.-cme Hw@(BU, Zyy) and de=dpt .- de
Hy,,(BU, Z ) denote the cup and Pontrjagin products, respectively. Denote the
classes dual (in the basis of monomials) to c¢* and d* by d,, and c,, respectively. We
describe these classes directly. Let part (a) denote the partition I = iy, ..., i, of w(x)
in which the number j appears exactly «; times, and define S; to be the unique poly-
nomial satisfying Si(oy, ..., Opw) = Lt --- t}r where ¢, 0y ... are the
elementary symmetric polynomials in ¢, ..., t,, m > w(a) (we follow the notation
of [14, p. 188]). Then by a straightforward generalization of arguments in [12] we
obtain the following.

2.2. LEMMA. ¢4 = Spari(e) (€15 - - -5 Cou(ar) With coproduct
pree = )1 €y ® Cyy
ataz=a

The primitives of H*(BU, R) are generated as an R module by c,, c,, ... where
e, =1(0,0,...,0,1) is the nth unit vector. These are given explicitly by the Waring
formula

€= Siep ) = B (=D fa) e

w@=n
where |a| = @y + az + -+ + a, and {a} = |a| /(e1! - - - @,!). The corresponding
statements about d, and d, are also true.
2.3. THEOREM [7, 9). For any p local ring R and n prime to p the equations
Coppt = Ti(@h0 - - -, a5 1)
and
Ao = Tlay05 - -5 an 1)

inductively define elements a}, € H*?*(BU, R) and a, ; € Hy,,(BU, R). If A} denotes
the polynomial Hopf algebra Rla},, af,, ...] and A, = Rla,q, a, 1, .. .], then there
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STEENROD AND DYER-LASHOF OPERATIONS ON BU 501

are canonical isomorphisms of Hopf algebras
H*BU,R) =2 & Af
n prime to p
and
HBU, R = & A,

n prime to p

Proor. We first check that g, , is p-integral. By Lemmas 2.1 and 2.2 it suffices to
show that

Snp"(dl, ] dnp") - np"‘l(df’ L) drgﬁ"‘l)

vanishes mod p*. But for any o of weight np* with some entry prime to p the coefficient
of d= is given by the Waring formula as +np*{a}/|al, and {a}/le| is p integral by
Proposition 5.1. If & = pB, then the coefficient of d= is +np*Y({pg} — {})/18l
(apply Lemma 2.2 twice). But ({pg} — {8})/Igl is p divisible in Z, by Proposition
5.2, so a,; is well defined. Since a, , = nd,, + decomposables by the Waring for-
mula again, for any p local R the elements a,, , with # prime to p and k¥ > 0 form a
polynomial basis of H,(BU, R).

Note that 4, ® Q is clearly a sub Hopf algebra of H,(BU, Q) since both are
primitively generated, and hence 4, is a sub Hopf algebra of the torsion free
H,(BU, Z ). 1t follows that the map above is an isomorphism of Hopf algebras.
The proof for cohomology is the same. []

The subalgebras 4, and 4} are in fact isomorphic bipolynomial Hopf algebras.
Identify H*(BU, Z,) with the dual of H,(BU, Z,) and give the latter free Z,
module the basis of all monomials in the elements a, ;for » prime to p and j > 0.
The dual of any element of A4, lies in A}; for example, ((— 1)"*1/n)c, . is dual to

e”p
a, .. The correspondence a, ; — a* ; defines an isomorphism of Hopf algebras.
n, k n,J "y J p g

3. Lifting the Steenrod operations. Let Ps: H(X, Z/p) —» Het24~D(X, Z/p) denote
the Steenrod reduced pth powers with dual operations

Ps: Hyioi-1v(X, Z[p) —» H(X, Z/p)

(i.e. P = Hom(Ps, 1) where
H(X, Z|p) = Homg,(H*(X, Z|p), Z|p)).

For X = BU Borel and Serre described the action of Ps as follows.

3.1. THEOREM [3]. PS¢, = Spari(n—s,0,..,0,9(C1s - - - » Cutsep—1)) (the s is in the pth posi-
tion).

This is usually treated as a mod p formula and in principle determines Ps on
H*(BU, Z/p) because of the Cartan formula. In what follows we regard Theorem
3.1 as an integral lift of the Steenrod operation on ¢, and examine its p local prop-
erties. In particular, we assume all calculations are carried out in H*(BU, Z ;).
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502 TIMOTHY LANCE

3.2. COROLLARY.

Psc. — n+s(p—l)<n

P s)c"“ (p—1) + decomposables.

Proor. The fundamental symmetry principle of symmetrical algebra [13, Volume 1]
states that, given @, 8 of equal weight, the coefficient of c* in S,.s(c) equals the
coefficient of ¢f in S,,,,(c). In particular, the coefficient of c,;,—1, in P¥(c,) equals
that of ¢f~5cjin S,y (c). By Lemma 2.2 this equals [(» + s(p — D)/n](%). O

Note that this result agrees modulo p with Brown and Peterson’s Psc, =
(*sY¢pisp-1 + decomposables [4] (and dually with Kochman’s Lemma 96 in [8]).
Their formula, however, cannot be satisfied integrally by any family of lifts

Ps: H*(BU, Z(p)) i H*(BU’ Z(p))

which send primitives to primitives and satisfy the Cartan formula. If such lifts do
exist and satisfy Corollary 3.2 then Ps(c,) = (%)c,,,,, ., since c,, = (— D**lnc, +
decomposables by Lemma 2.2. We use this to construct the desired lift.

3.3. THEOREM. There is a map of polynomial algebras P = P% + P1 + ... :
H*(BU, Z ) — H*(BU, Z4) defined inductively for n prime to p andk > 0 by

d k'
np _ % %
SZ_(:)< s )cmk vsoen = TiPago, ..., Pay 2

The component homomorphisms
Ps: H™(BU, Z,,) — H™2®~D(BU, Z )

satisfy multiplicative and comultiplicative Cartan formulae, vanish if 2s > m, are
given on the Chern classes by Theorem 3.1, and reduce mod p to the Steenrod operations.

The comultiplicative Cartan formula (or co-Cartan formula) states that Psy*x =
2 D(Pix") ® (Psix") where p*x = Y x’ ® x” and follows modulo p by naturality
and the Cartan formula. The Adem relations seem to be an intrinsically mod p result
and do not lift to Z ,, coefficients.

Proor. We first check that P is well defined. By Theorem 2.3 we may write the
degree j term of

npH\ .
Z s 2np"+s(p—l)

S
as a polynomial &, ;(a) where a denotes the sequence, ordered by degree, of poly-
nomial generators a ; for m prime to p and i > 0. By Lemma 2.1 it suffices to show
that &, {a) vanishes mod p* if j is prime to p, and &, j(a) = &, sp(@?) mod p¥
when p divides j.
Since

npk
dy, (a) = ( f )cenpk+s(p—l)

with s prime to p when j is, the first requirement follows by Proposition 5.1. Thus
suppose p‘ is the highest power of p dividing j for some i > 0, and set m = Jip,
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STEENROD AND DYER-LASHOF OPERATIONS ON BU 503

j=np* + s(p — 1),and a,, = (a,,, 0 G, 15 - - -)- Then
o, j(a) — &y, j/p(ap )

- ()00 = T+ () ()
But

(7)=(5p) moar

by Proposition 5.2, while T(a) — T;_i(a?) = pia,, ;. If i > k we are done, and if
i < k then p? exactly divides s (i.e. no higher power divides it) so that

<n§) k) =0 mod pt

by Proposition 5.2.

Since P is a map of polynomial algebras, the component maps Ps: H(BU, Z ;) —
Hm+2s0-D(BU, Z ) satisfy the Cartan formula. By convention (%) = 0 if s > np*
so that Ps vanishes for s > m. To verify the co-Cartan formula and the value of
Psonc, let P= Py + P + --- denote the map of polynomial algebras given on
the Chern classes by Theorem 3.1. We show that P = P by checking that they agree
on primitives. But by Theorem 3.1 and Lemma 2.2

'U*PC,, = Z: ﬂ*c(n—s,O ..... 0, s)
s

- Z . c(i——sl, 0y.00y 0, 7) ® c(n—i—sz. 0,...,0, 59)
S1y 5252

2. Pe;® Pe, .

If follows that y*P = (P @ P)u* (thatis, P satisfies the co-Cartan formula) and hence
that P sends primitives to primitives. Using Lemma 2.2 and Corollary 3.2 it follows
that Psc, = (%)c,,, ,,, = P°c,,and hence P = P. []

By dualizing we obtain a lift of the Steenrod homology operations P§. This par-
ticular lift will be crucial in determining that the maps constructed in the next section
actually reduce modulo p to the Dyer-Lashof operations.

3.4. THEOREM. There is a mapping of polynomial algebras P, = P + PL + ...
H(BU, L)) - H,(BU, Z,) defined inductively for n prime to p and k > 0 by

& (npk — s(p — 1 np* =
SZ=2> ( p s(p >npk—-s(7;——1) Qopjsipry = Te(Psln0s - - - » Pyt ).

The component maps Py: H,(BU, Zy) — H, 5. 1,(BU, Z,) satisfy multipli-
cative and comultiplicative Cartan formulae and reduce mod p to the dual Steenrod
operations. In fact, P> = Hom(P%, 1) under the identification H*(BU, Z ) =
Hom z(,)(H*(BU, Z ), L ).

PRrOOF. P, is shown to be well defined exactly as in the proof of Theorem 3.3. By
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504 TIMOTHY LANCE

Corollary 3.2 and Theorem 3.3 the dual of the Z ,, lift of P constructed in Theorem
3.3 is a map of polynomial Hopf algebras which agrees with P, on the primitives
and hence equals it. []

4. Dyer-Lashof operations on BU. For any infinite loop space X'let Qr: H,(X, Z/p) —
H,.5,-1)(X, Z/p) denote the Dyer-Lashof operation. In constructing a lift to Z
homology when X = BU we use as our starting point the following algorithm of
Kochman [8, Theorem 97].

4.1. THEOREM. There is an inductive algorithm for computing Q(d,) using the follow-
ing properties of Dyer-Lashof operations on H*(BU, Z/p):

(@) Q": H,(BU, Z|p) » H 15,41 (BU, Zlp) is linear.

®)Qrd,, =0ifm > r.

(©) Q7(xy) = X3,0x Qr—iy (Cartan formula).

) A*Q"x = 2 20x" ® Qrix" where A is the diagonal and Ayx = 3 x' @ x"
(co-Cartan formula).

(e) 07d, = d? for allr > 0.

(f) PLQ" = X (— 1) (" 247V) Qr—=+P§ (Nishida relation).

® Q’de,,, = (= 1yt(;2%) dem+r(p—1)'

(h) Qrd,, = (=D (7 ) dyyipp1) + decomposables.

The Dyer-Lashof operations also satisfy certain naturality conditions and an
Adem type relation. We will use condition (g) and the Witt polynomial to construct
a lift of Qr just as we did for Steenrod operations. Identifying the mod p reduction
is a lot harder this time, though, since we no longer have a Borel-Serre theorem giving
Qrd, as the mod p reduction of an integral class with nice coproduct.

Our construction uses, as before, formal sums Q% + Q! + ... . But by (g) or
(h) Qrx will in general be nonzero for infinitely many r, so we work in the ring
H,.(BU, Z) of formal series xo + x; + --- where x; € Hy(BU, Z,). Finally,
recall again our convention that the binomial coefficient () vanishesif 5 < Oora < b.

4.2. THEOREM. Let Q = Q0 + Q' + ... : H(BU, Z,) - Hy(BU, Z,) be

the ring homomorphism defined inductively for n prime to p and k > 0 by

& -1
5D (i 1) ooy = TiQant - Q).

The component maps Q": H,(BU, Z ) = H,12,3-1,(BU, Zy) satisfy Cartan and
co-Cartan formulae, vanish if m > r, and reduce modulo p to the Dyer-Lashof maps.

Proor. The fact that Q is well defined follows just as in Theorem 3.3 using the fol-
lowing ((2) follows from Proposition 5.2):

® '(n;"——ll) - (n;k> ~npt =0 mod p*.
rp—l r — 1 _ npk rp _ r _
@ <np"— 1) - (npk‘l— 1) = F«npk) (npk—1>> =0 mod p*.
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STEENROD AND DYER-LASHOF OPERATIONS ON BU 505

We check that the mod p reductions of the component maps Qr satisfy the condi-
tions of Theorem 4.1 and hence equal the Dyer-Lashof operations.

By definition we have forced (g), and since d, = (—1)"*lnd, 4+ decomposables
by Lemma 2.2 it follows that

Qd, = (— l)ﬂ*f(z _ %)&’L:;D dpirp-1) + decomposables.
But
(TN n+r(p=1) TN\ ,,,<r).
( 1)+(n_l)_____T__ ( 1)++1<n )_( Drt n) P

and (h) is satisfied. The maps Qr satisfy the Cartan formula in H,(BU, Z ) since
Q is multiplicative, and they satisfy the co-Cartan formula since H,(BU, Q) is
primitively generated, Q is multiplicative and sends primitives to primitives. Since
Qrd, = 0for m > r by definition, a straightforward application of Lemma 2.2 and
the Cartan formula shows that Q7d,, = Oif m > r.

To prove (e), note first that Q'd; = Qld, = d,,,and

EP’

de _ (_1)p+|a| _lgT{a} de = dber = d{

» w(a)=p

Assume inductively that Qid; = d? mod p for all i < r, and let & = (ay, .- -, @,)
be an r-tuple of weight r. Then

Qds= ¥ 0Wdp) -+ 07d)
i1t =y
= Qal(dtiq)QZaz(dgz) - o Qror(der).
The second equality follows from the fact that for any other partition we must have
ij < ja; for some j and hence Q%i(d%/) = 0 by the Cartan formula. If « # e,, then

by the Cartan formula again, property (b) and induction it follows that Q/*i(d%/) =
d¥iforeachj =1, ...,r — 1. Thus

Q(=1y*ird) = 0@, — 3 (=10 {a} d¥)
w(a)Zr

- _ —1)ytHa T pa
4, é (-1 Ta {a} d

w(a)Zr

= — 1)t P de — — )yt T dra.
oty DT gt 4 = gy (S gy el

If @ # pg for any r-tuple 3 then {a}/|a| € Z 4 by Proposition 5.1 so that (pr/|al){a}
d= vanishes mod p. Thus the above difference of sums is congruent mod p to

(=2 + 33 (=17 (L {pa) — L~ {a} )

which equals (— 1)7*1rd? mod p by Proposition 5.2, proving (e).
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506 TIMOTHY LANCE

We are left with verifying the Nishida relations. Let &7, ®3°: H(BU, Z,) —
Hy(BU, Z ) be defined by

s = PO and

= Z (_ 1):+s ((I' _SS)—({;)I_ 1)) Qr—s-ﬁP!

We show that &5 = dps — @ vanishes identically mod p.
ASSERTION 1 (DOUBLE CARTAN FORMULA).

() = 33 (@@ ).

ProoF. Since the integral lifts P§ and Q7 satisfy a Cartan formula, ®7° clearly
satisfies a double Cartan formula. For &% note that

¢§,s(xy) Z (_1)t+$ ((r ss)(zl l)) Qr s+i pi (xy)

B (G o)

ZC 1)"““(&’: 2((1!) +_j)1 )) (QFPix) (Qr—7FPLy)

e L T )

-(QF i PLxX)(QrskH+iPLy)
= T (@) @57+>1y).

This uses the identity (¢7?) = X(9)(.%,) which follows by applying the binomial
theorem to both sides of (x + y)*™ = (x + p)*(x + y)°.

ASSERTION 2. If &7 sx = 0 mod p for all r, 5, then &7 s(x#") = 0 mod p/*1.

Proor. From Assertion 1 it follows that ®; = 3] @7 satisfies a Cartan formula,
i = 1, 2. Suppose deg x > 0 (the deg x = 0 case is clear) so that ®}x = 0. Then

Pi(x) = {a}(d) X)"

where (&,x)* = (dlx)* - .. ($7x)*. By assumption there is a formal series y, such
that d;x = ®4x + py,. Suppose, for some a, that p* exactly divides a. Then pi~*
divides {a} by Proposition 5.1. It follows that

(@) (@) = {a}(@0) + 2 {a) I
where each coefficient in Y}%, vanishes at least mod p/*1 by Proposition 5.1. Thus
d1(x) = }; {a}(®ox)* = d5(x*") mod pitl.
A

The assertion follows by taking components.
ASSERTION 3. ®¢d, ; = 0 mod p¥+l.
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PROOF. If r = O then ®7°d, = 0 = @3°d, , whileif s = O we have &}°d, = Qrd,
= ¢p*d, . In general, since

r — P L 1
Q dem = (_ 1) * (m— 1>dem+r(p—1)
and
7 m—s(p—l)) m
P *dem - ( s m —_-s_(_-p— ) dem—s(p—u’

the proof of the assertion reduces to showing that

(r— 1 ><m+(r—s)(p—1)>

m-— N

= 52 ) IS ey

modulo p*1 if p* divides m and r, s > 0. This is established in the next section
(Proposition 5.4).

To verify the Nishida relations it suffices by Assertion 1 to show that ®»sa, , =0
mod p for all r, s > 0, n prime to p, and k > 0. When k = 0 this is just Assertion
3 with & = 0, so we assume inductively that dsa, ; =0 mod p for 0 < j < k. Then

PHO@,, ) = O, ) — Bally) — oo — pIGAal ).

But each term on the right vanishes mod p#*1, the first by Assertion 3 and the remain-
ing terms by Assertion 2 and induction. Thus ®a, , = 0 mod p, as desired. []

5. Appendix—some p local properties of multinomial coefficients. For any n-tuple
a = (@, - - ., a,) of nonnegative integers we let |a| = a; + -+ + @, and {a} =
le/(aq! - - - a,!). We say that p* divides a if it divides each a;, and it exactly divides
« if no higher power divides a.

5.1. PROPOSITION. If p* divides |a| and pi exactly divides o, j < k, then p¥—i divides
{a}.

ProoF. Since {a} = {a1, a2 + -+ + a,} {aa, ..., a,} it suffices to verify the case
n = 2. If @ = (ay, az) with o; prime to p the result is well known, so suppose &z = pif
with 8; prime to p. Let [] (i) denote the product of all natural numbers < i which are
prime to p. By some simple bookkeeping we obtain

{pB}{B} = TI(pB1 + PBITI(PBVIT(PB,)

and hence

(p28) [T I BT 80 = (6} 11 T+ o).

Since [] takes values prime to p, the p divisibility of { p/3} equals that of {3} and hence
is at least p¥=7. [

5.2. PROPOSITION. If p* divides |al, then {pa} = {a} mod pk+1.
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ProoF. Generalizing the formula in the proof above, for any n-tuple ¢ we have

{pa}/{a} = TI(pal)/TI(pay) - - - TI(pe,) and hence [[(pay) - -+ (P )({pa} —{a})
= {a}(TT(Ipal) — TI(pay) - - - [1(pa,)). Suppose p/ exactly divides a, so that p¥7
divides {a} by Proposition 5.1. But by Wilson’s Theorem [6] we have that [](|pal) =
(=1)«#" mod pit1 and [[(pa;)= (—1)%/#’ mod p/*l. Since [] takes values prime
to p, pitl divides {pa}—{a}. O

The proof of the following result, which is essential in establishing the Nishida
relations on the primitives, was supplied by L. Carlitz.

5.3. PROPOSITION. Let a, b, ¢, d be nonnegative integers, a # 0. Then

b d \(b+d+j—1\_ <a+d (b+c—1 bd+ab+cd
P P G e B ) A B =
Proor. For any m and integer j > 0 define (m); = m(m + 1) --- (m + j — 1),
and set (m)y = 1. Then () = (—m),/(—k),, and using (7) + (;*1) = ("§1) it follows that

5= 22 )0

22 ) 2)0) = Blasjun)le5-)F5)

OO e,

b d (—a+D(—c+Db+d+1);
_(a—l)<c—l); o—a+d—c+2);

To get a closed form for the above sums we appeal to the theorem of Saalschiitz
119, p. 871: If q, r, s, t are integers with g > O then

7 JIOr+s—g—t+1); O (t—r—s5),
Applying this to each of the sums above yields

S=<z)<d) d+1),(=b—0), <ab )( d ) d+1), (=b—c+1),

» (=9)ir)i(s); _ (=r)(t—=5),

¢) @=c+D(=b), \a—1/\c=1)" (d=c+2),-1(=b)ay
_ b! d! (a+d)(d—c)! (b—a)(b+o)!
T alb—-a)! cWd—c)! did—c+a)! bW(b+c—a)!
b! d!

T T@=Dp=—a+D! (c=Dd—c+D!
(@+d—Dd—c+1)! (B—a+1)(b+c—1)!

di(d—c+a)! bi(b+c—a)!
_(a+d\(b+c—1\ bd+ab+cd
—< c )( a—1 ) ala+d) - =

The binomial coefficient () is often defined for any complex number m and
integer k > 0 by (%) = (—m),/(—k),. With this definition the above result and proof
are valid for any nonzero complex numbers a, d with a + d # 0 and integers c, d.
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We have not adopted that convention here since, for example, the Nishida relations
would then be incorrect if s > r.

5.4. PROPOSITION. Suppose m, r, s are positive integers such that m + (r — s)(p — 1)
> 0 and p* divides m. Then

e =

Sl (il e A IR A

The above sum is assumed taken over all values of i such that the binomial coeffi-
cients involved are nonzero. In particular, m — i(p — 1) > 1 for all such i.

ProoF. By our conventions on binomial coefficients it is easy to check thatif s > r
the above congruence is actually 0 = 0. When s = r it reduces to the identity p = p
or 0 = 0 depending on whether or not m = r = s = 0 mod p. Thus suppose r > s.
Using the identity (9)(%) = (9)(¢=9) it follows that

&= ()T S ) o=y
- Z{:(U ss)(II;I— 1))< _i(ip_1)><mi;(.;+—i1))7$+i
_ Z,-:<_(r_ssl(l;i— 1))<r—;v+1)(”rl:;vp)_r_iﬁ__l

But note that if p! divides r — s + i then

r—s+i pr — ps + pi 1
(73T =(r 75 ) mear

by Proposition 5.2 and hence

(r_f'-l- i) r —'Z ri- (p(r—;l)+pi> p(r—f’:) pi mod p#+l,
Thus
e y CART SR
U I
o (e e

where the second line is congruent to the first modulo p#+1 since we have added terms
with j prime to p so that mp/[(r — s)p + j] = 0 mod p**l. The desired result now
follows from Proposition 5.3 by setting a = m,b = (r — 5), ¢ = s,and d = (r — s)
(p=1. O
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