CHAPTER S§: The Japanese Stems (nN, 9 = N = 31)

1. Introduction

In 1962 Toda [B0] introduced the idea of a triple bracket. Using this
innovation and the EHP sequence he calcualted the first nineteen stable stems.
We will compute these stable stems in Section 2 using our spectral sequence.
However, we will not use Toda’s notation. Instead we will use the new
notation that was introduced at the end of Chapter 1 as well as the notation
from Chapter 4 for elements in the image of J. The stable stems in degrees 20
through 31 were computed by Mahowald, May, Mimura , Mori, Oda, Tangora and
Toda [101, (371, [39], [44], [45], [46], [50]. The Japanese authors on this
list gave very careful expositions, along the lines of Toda, of the
computations including unstable calculations while the American authors used
the Adams spectral sequence. We compute these stems from our spectral
sequence in Section 3. We name these stems after Oda who computed the last
seven of them. In Section 4, we collect the tables of tentative differentials
which are calculated by computer from the leading differentials of this

chapter. The results of this chapter are summarized in Appendices 1 - 4.
2. The Toda Stems (ni, 9 =< N = 19)

We begin by recalling, from Chapter 3, the leaders of degree at least 10 in
rows one through eight which are not determining elements of ImJ. (These
leaders are of the form aNMl, naNMlnfaNMl, yNMl, nyNMl, nzanf In Chapter 4
we showed that the third and sixth of these leaders always bounds from the

0 row, and that the others never bound.) Moreover, if a leader arises of
degree greater than 21 we will list it only once with an asterisk in our
tables of leaders. However, in the last table at the end of this section the

leaders of all degrees will be listed.
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Row Degree Leader Row Degree Leader
3 15 MM 7 15 oMt

12 1
6 12 u"‘Mf 8 10 AL8IM,

FIGURE 5.2.1: leaders in Rows 1 to 8 of Degree at Least 10
There is no possibility for A[8]M1 to bound, and thus nA[8] = dz(A[8]M1) is a
nonerc element of order two in ng. In Theorem 3.3.15(a) we showed that
nAlg8] = v>.  This is the only possible nonzero element of Cong. Thus, we
have proved the following theorem.

THEOREM 5.2.1 1> = Zn°%c @ Za © Z nAl8]
9 2 21 e

The computations from Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader
3 15 MM *g 27 n°oM>
1 2 1
7 15 oM g 21 oMM
1 1 2
8 18 A[BIMM
12

FIGURE 5.2.2: Leaders in Rows 1 to 9 of Degree at Least 11

It follows from the table in Figure 5.2.2 that ni = ImJN for 10 = N = 13.

8 4 2 . . S
Moreover, d (oMi) = ¢~ determines a nonzero element of order two in n14' By

Theorem 3.3.7(c), d12(4vM?§2) has a nonzero representative A[14] in n§4 of

order two. We have thus proved the following theoren.

THEOREM 5.2.2 (a) HS = Zzna1

10
S
{b) LI 2831
{c) nS = nS =0
12 13
S _ 2
(d) LI ZZU ® ZZA[14]
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The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader
7 17 20M *11 31 BM°

8 18 ALBIMM, 14 20 aaMf

9 21 u%jﬁz 14 16 AL181M,

FIGURE 5.2.3: Leaders in Rows 1 to 14 of Degree at Least 16

By Theorem 3.4.8(a)}, ZGM? transgresses. Thus nAf{14] = dz(A[14]M1) is the only

nonzero element of COKJ15' We have thus proved the following theorem.
THEOREM 5.2.3 n>_ = Z.nAl14] © Z_ o
18 2 3271

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader

7 17 sz 14 18 A[m]mf

8 18 A[8]Mfﬁ2 15 17 nAL14IM,
3 3= . 8=

g 21 VMM, 15 37 7 MM,

14 20 M

1

FIGURE 5.2.4: Leaders in Rows 1 to 15 of Degree at lLeast 17

There are two leaders of degree 17 and two leaders of degree 18. Clearly
A[14]Mf transgresses. Now A[14}n2 = A{141<2,7,2> = <Al141,2,%>2 by

Theorem 2.3.3(b). However, ImJ16 = Zz(nyl), and A[16] has order two. Thus
nzA[14] = 0 and nA[14]M1 must be a boundary. The only possiblity is
d"°(AI8IMIM,) = mA[14]M. By Theorem 3.4.6(a), d'°(20¥]) = A[16] is a nonzero

element of n?s of order two. We have thus proved the following theorem.
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S

THEOREM §.2.4 w, = ZA[16] @ 21y, and n°Al14] = O.

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader
7 19 2o~r~1‘13 14 18 Atmmf
g 21 st‘:ﬁz 15 21 nAL14]M)
14 20 o?M“'l’ 16 18 AL1BTM,

FIGURE 5.2.5: Leaders in Rows 1 to 16 of Degree at Least 18

By Theorem 3.4.7(a), the only leader of degree 18, ZWMT, transgresses . Thus,
both leaders of degree 18 transgress to nonzero elements, mA[16] and vA[14],

both clearly of order two. We have thus proved the following theorem.

S _ 2
THEOREM 5.2.5 = = ZnAl16) © ZvAl14] © Za © 2,17,
Observe that oAl8] € o<v,2v,n> = <o,v,20>7 and v<o,»,20> = <V,0, V>2V
= o%(2v) = 0. Thus, <o,v,2r> can not be A[14]. Since n§4 = ZzA[14] ® 2202
and n02 = 0, we have <o,v,2v>7 = 0 and

oAl8] = 0. [5.1]

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader
7 19 20M° 16 34 Al161MM
1 12
9 21 stfﬁz 17 19 nAL16]M,
14 20 O'ZM:: 17 21 uA[14]Mf
3 1477
15 21 nAL14]M] x17 51 oMM,

FIGURE 5.2.6: Leaders in Rows 1 to 17 of Degree at lLeast 18
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Note that o?Mf clearly survives to E® since ncz = 0 and vo = 0. Thus, both
leaders of degree 18 transgress to nonzero elements of n?s. Thus we have the
following composition series for CokJ18

0 — ZznzA[lﬁl — "fs e quia(ZGMT) — 0
By Lemma 3.3.14, nzA[16] must be divisible by two. The only possiblity is
that dlZ(ZGMf) is represented by an element C[18] of order eight such that

4c{18] = nzAIISI. Thus, we have proved the following thecrem.
THEOREM 5.2.6 n?g = ZBC[18] ® Zzna2 and nzAllﬁ] = 4C[18].

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader

*7 31 20M12 15 21 nA[14]Mf
9 21 uamfﬁz 17 21 vA[14]M‘f
14 20 chMf 18 22 cl 18}Mf

FIGURE 5.2.7: Leaders in Rows 1 to 18 of Degree at Least 20

There is one leader of degree 20 and three leaders of degree 21. C(learly

\)

nA[14]M? is a d4—cycle and thus transgresses. Also, vA[141M clearly

2

transgresses. Thus, the only possibility for the leader ¢ M to bound is from

(S I A R

stfgz, which is in the 8 row. If that were the case then o would be
6, 3= 2 2 3
d (v MQ). However, o  bounds from the 8 row. Thus, o‘M1 does not bound and
transgresses to a nonzero element A[19]. By Theorem 2.4.4(a), (b),
2 2
Al19] € <p,¢",v> = <p,n, 0> [5.2]

We have thus proved the following theorem.

THEOREM 5.2.7 n?g = Z,Al19] © 28 and nC(18] = vAL16] = O.
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The computations of Section 4 show that we have the following table of
leaders. Those leaders of degree greater than 21 which were omitted from the

previous tables are included in the table below.

Row Degree Leader Row Degree Leader
7 31 zmiz 16 34 ALIBIMM,
g 27 n’oM; 17 21 vA[121M
g 21 VoMM 17 51 a MM
12 21 2
11 31 BlMio 18 22 cnsmf
14 28 azu‘:ﬁz 19 23 AL1S )M
15 21 nA[14]Mf 19 55 BzMis
15 37 ;ylM‘fﬁz

FIGURE 5.2.8: Leaders in Rows 1 to 19 of Degree at Least 21

3. The Oda Stems (ni, 20 = N = 31)

We continue the computations of the preceeding section. In the tables of
leaders of this section we only list leaders of degree greater than 33 once
with an asterisk. The final table of leaders at the end of this section will

list the leaders of all degrees.

Note that the only leader of degree 22 in the table of Figure 5.2.8 is C[18]Mf
vwhich transgresses to vC[18]. Thus, the three leaders of degree 21 all
transgress to nonzero elements. Therefore, nié has a composition series
consisting of three Zzs. Let C[20] = dlz(vaMfgz). Note that there is only
one leader of degree 23, 24 or 25, A[lQ]Mf, which transgresses to vA[19].
Therefore 0 # n3C[20] = 4pC[20] and 4C[20] # 0. Thus, C[20] has order

eight. Observe that vC[18] has order two because 2vC[18] can not be nC{20]

as nZC[ZO] # 0. We have thus proved the following theorem.
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THEOREM 5.3.1 (a) nio = ZBC[ZO], 4cf{20] = va[14] and nA[19] = O,
S _

(b) LI Zan[ZO] ® szC{18}
S _ 2

(c}) T = Zzn Cl20] e szAflg]

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader
7 31 2¢M12 18 24 26[18]ﬁ2
g 27 oM’ *19 55 g M'®

1 21

11 31 BlMio 20 24 C[zole

14 28 o?M:EZ 21 26 vcilsle

* 877 2
15 37 7 MM, 22 24 n°Cl201M,

*16 34 Aileleﬁz 22 28 vA[lsimf

*17 51 a MM

21 2

FIGURE 5.3.1: Leaders in Rows 1 to 22 of Degree at lLeast 24

Note that there are no leaders of degree 25. Therefore, the leaders of
degree 24 must transgress to nonzero elements. We already observed that
vC[20] has order eight and 4vC{20] = nSC[ZO]. It remains to check that
A123] = d°(2C[18]M,) has order two. By Theorem 2.4.4(c),

Al23]1 € <q,v,2C[18]>. [5.3]
By Theorem 2.3.3(b}, 2A[23] € 2<n,v,2CIl18]> = <2,9,v>2C118] = 0 because
<2,m,v> € n§ = 0. We have thus proved the following theorem.

THEOREM 5.3.2 nS = ZvC[20] ® Z Al23] @ Z_¥_and 4vC[20] = nQC[ZO].
23 B 2 18°2

The computations of Section 4 show that we have the following leaders.
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Row Degree Leader Row Degree Leader
7 31 2<rMiz 21 27 vcllsle
9 27 oM 22 28 vAL191M]
11 31 BlMio 23 27 vclzole
14 28 on‘:ﬁz 23 25 AL231M,
*18 a8 cl18] (M:M’}ZMZEZ) *23 83 ¥ 1Mf°

FIGURE 5.3.2: Leaders in Rows 1 to 23 of Degree at Least 25

There are no leaders of degree 26. Therefore, dz(A{23]M1) = nAl23] is

nonzero. We have thus proved the following theorem.

THEOREM 5. 3.3 ni = mAL23] © wy,

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader
7 31 2ch;2 22 28 VAl 19}»4?
g 27 n%Mf 23 27 vC[20] Mf
11 31 BIM;O 23 33 Al 23]}4?&2
14 28 on:r—dz 24 26 nAL231M,
21 27 vC[18] Mf

FIGURE 5.3.3: Leaders in Rows 1 to 24 of Degree at Least 26

There is one leader of degree 26 and three leaders of degree 27. By

Lemma 3.3.14, if naA[23} is nonzero then it must be divisible by two.

However, there are no other elements of Congs. Thus nzA[ZBI = 0 and nA[BBlMz
must be a boundary. Note that if d4(vC[18]Mf) = nA[23]M1 then »°C[18] =
nA[23]. Since voC18] € <n,v,7>Cl[18] = n<v,,C[18]1> by Theorem 2.3.3(b),

it would follow that A[23] e <v,n,C[181> and ds(C[18]M2) = A[23] by
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Theorem 2.4.4(b). However, CL181M, = d'*(20(MM #MM)). Thus, vCl181M]
transgresses and

2

v°C[18] = O [5.4]
Clearly, vC[20]Mf transgresses. The only remaining possibility for nA[23]M1

to bound is dls(nva?) = nA[23]M1. Thus we have proved the following theorem.
S 2

THEORM 5.3.4 n. =2 a ® 270y
25 2 3 2" "2

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader

7 31 20M12 22 28 uA[19]Mf

g 29 nzaMZEZ 23 27 vc[zole

11 31 g M 23 33 A[23IMM
11 12

14 28 oMM *24 60 nA[23]M "M

12 1 2
21 27 vC[lB]M?

FIGURE 5.3.4: Leaders in Rows 1 to 25 of Degree at Least 27
LEMMA 5.3.5 (a) vC[18] = ¢
(b) oA{14] = 0.
PROOF. (a) We showed in [3.9] that C[18] € <v,0,20>. By Theorem 2.3.7(a),

cl18] e <o,v,o> [5.5]

Therefore, vC[18] € v<o,v,0> = <v,0,v>0 = - by Theorems 2.3.3(b) and 2.4.2.
(b) We showed in [3.6] that Al14] € <v»,Al8],2,n>. Thus,
ocAl14) € o<v,Al8],2,n>c <<o,v,Al8]>,2,m> = <0,2,n> because v<o,v,Al8]>
= <p,0o,v>A[8] = ozA[8] = 0 and Coklg = 22A[19]’ vA[18] # 0. Therefore,
cAl14] € n-nzﬂ = Zan[ZOI. Now n20A[14] = 0 while nz(nC[ZO]) = 4pC[20] # O.

Thus, cAl[14] = O. ]
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It follows from the lemma that dgta-zM':ﬁa) = vCl18IM, = vC[lB}M?. Since there
are no other leaders of degree 28, the other leader, vC[ZO]Mf, of degree 27
must transgress to a nonzero element. Observe that ¢A[18] € o<v,n,c?>
= <cr,v,n>o'2 = 0. We have thus proved the following theorem.

THEOREM 5.3.6 HS =2 D2C[20] @ Z na_ and oA[18] = O.
26 2 23

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader

7 31 20}412 22 28 vA[13] M::

g 29 nszZRz 23 29 2vC[20] Mf

10 277
11 31 B M, 23 33 AL231MM,
*14 34 02M:M"22 26 32 vBC[ZOIM::
21 33 vC[18]M°M
1 2

FIGURE 5.3.5: Leaders in Rows 1 to 26 of Degree at Least 28

There is one leader of degree 28 and two leaders of degree 23. Let
X = dS(DAilglMi) = de(vAilslﬁe). Assume that X is not zero. By Theorems 2.4.2
and 2.4.4(c), X € <n,v,Al19]> = <n,v,<no,0,v>>. Note that <wn,v,ne> =0

6
because "?3 = 0. Also by Theorem 2.4.2, 0 = dlz(nva) € <v, 7o, o> because anl

#

dz(cMZ). By Theorem 2.2.7(a), <3,v,no,0> is defined. By Theorem 2.3.6(a),
X € <q,v,<no, 0, 0>> > <m,v,ne,0>v.  Since X is not a d4-boundary,

X € Indet <n,v,<no,o,v>> = () as ni = 0. Thus, X is a dz—boundary, a contra-
diction. Therefore X = 0 and vA[lQ}Mf must be a boundary. Since ZUC[ZO]Mf
transgresses, the only other leader of degree 29, nzaMzgz, must hit vA[lQ]M?
Also observe that there are no leaders of degree 30. Thus, A[8]C[20] =

dG{ZUC[ZO}Mf) must be nonzero. We have thus proved the following theorem.
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THEOREM 5.3.7 (a) nS =ZB
27 8 3
S

(b) Mg = ZZA[B]C[ZO]

The computations of Section 4 show that we have the following leaders.

Row Degree Leader Row Degree Leader
7 31 20M:2 *23 35 2vC[20]Mfﬁ2
3 33 oMM 23 33 Al231MM
13 1 2
11 31 Blmio 26 32 UZC[ZOIPq
21 33 uc[lslnfﬁz 28 30 A[81C[201M
22 32 vA[lslmfﬁz

FIGURE 5.3.6: Leaders in Rows 1 to 27 of Degree at Least 28

To continue our analysis we will need the following relations and Toda

brackets in nf.

LEMMA 5.3.8 (a) nAl8] € <2,Al8],2>

(b) A[8]A[14] = n°C[20]

(c) nCl201 € <w?2,Al14]>

(d) mAl14] e <2,Al14],2>

{e) Cl20] € <v,n,2,Al14]1> and 2C[20] € <qnA[14], 1, 0>

(f) mnaAl8ICl20] =0

PROOF. (a) By Theorem 2.4.2, nA[8] € n<m,v,2v> ¢ n<n,v2,2> I <n2,v2,2>
= <<2,7,2>,v°,25= <2,<n,2,v>>,2> + <2,7,<2,v°,2>>. By Theorem 2.4.2,

Al8] e <n,2,v2>. Since ni = Zznc ® 22A[8], n<2,v2,2> = <n,2,v2>2 = 0 and
<2,v2,2> € (20). Thus, for some integer k, nA[8] € <2,A[8],2> + <2, 7, 2ko>
= <2,A[8],2> + ko<2,7m,2> = <2,A[8],2> + kn°c. By Theorem 2.3.7(b),

nA[8] € <2,Al8],2>.
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(b), (c) nA[8JA[14] = v°A[14] = 4CI20] = #°C[20]. Since multiplication by 7
on nza has kernel ngA[lS], Al81Al14] = nZC[ZO] modulo (vA[18]). By

Theorem 2.4.2, A[8] & <v2,2.n> 30 MA[8] € n<v2,2,n> = <n,vz,2>n‘ and hence

A[8] e <n,»°,2>. Thus, AI8]A[14] € A[14]<2,0°,»> = <A[14],2,0%n.

Therefore, A[8]A[14] = 5°C[20] and nC[20] e <%, 2,A[14]>.

(d), (e) Note that by Theorem 2.2.7(a), <v,n,2,A[14]> is defined because
wv,m,2> € n: = 0 and <n,2,A[14]> contains 0. (It can not contain A[16]
because as we shall see in Chapter 6,c0A[16] = A[23) and o<n,2,A[14]>

= 7<2,A[14],0> which can not be A[23].) Now 7<v,n,2,A[14]1>

¢ <<n,v,%>,2,A[14]> = w® 2,A[14]> which contains nC[20]. This proves (e).
Now 2C[20] € 2<Al[14),2,n,v> ¢ <<2,A[14],2>,7,v>, and by Theorem 2.4.4(b),
2C[20] € <nAl14]1,w,v>. By Theorem 2.3.7(b), <2,A[141,2> contains nA{14].

(£} mnAl8ICl20] e Cl201<2,A[8],2> < <2C{20]1,Al8]1,2> < <<nAl14],n,v>,Al8],2>

> nAl14])<n,v,Al8],2>. This four fold Toda bracket is defined by

Theorem 2.2.7(a) because <n,v,Al8]> ¢ "?3 = 0 and <v,Al8],2> ¢ n?z = 0. Thus,
nAal81C{20] e 'nA{l4]-'«§4 modulo Indet <<nAl14l,m,v>,Al8],2> = ang and Znig
will be zero whether (f) holds or not. (If (f) holds then nig = 0 and if (f)
is false then n§9 = ZznA[8]C{20].) Note that nA{14}-nf4 = (nA[1432). Thus,

nAl81CI20] € (nAl141%). By Barratt’s argument [25], nal18]° €

Al141<2,Al14]),2> = <A[14],2,A[14)}>2 ¢ 2-n§g = 0, as we remarked above. |}

THEOREM 5.3.8 (a) nig =0

(0) a"(BM°) = AlBICI20]M,

PROOF. By Lemma 5.3.8(f), A[8]C[20]M1 must bound and nig = 0. From the table
in Figure 5.3.6, we see that there are two possibilities: either BZM:O or
204, nits A[8]C[20IM. Ve will show that 20M'” transgresses. D. Kahn [25]

defined a cup one product v, such that if B is a ring spectrum, F:DU — B and

G:DV —> B then FuiG:ItxDUADV —3 B with the following properties:
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(a) (FU10)|(0}><DU/\DV FAG;

(b)  (Fu G) [{1}xDUADV = GAF;
(c)  (FuG)|I XSUNDV = (8F)u G;
(d) (FuG)|I XDUASV = Fu, (8G);

) {h+k)}

(e} if Image F ¢ B™ and Image G < B™ then Image (FUIG) < B

It follows that there is an induced map ule; < ® E% L E! on our

M+N,s+t

*

spectral sequence such that

{degX) (deg¥) deg X

d' (XU Y) = X-Y - (-1) ¥-X - a(X)uY - D% Txu Y.
Using this cup-one product we can construct a representative F of ZcMiz. For
1 =1 =5, let Gi:(Dui,SUi} — (BP(B),S) be a representative of <M§>, i.e.
G = G, |SU, represents o. For 1 =1 =4, let H (20°):DV —> SV’ such that
2 . S 2 2
H{(20°)|SV = 2GA G . Since n__ =0, 0 = <¢",2,0">, Thus, let
i i i+1 29
K:DW —> SW such that K_|SW = [H (20°) A G2A G ] v [GA GA H (20%)] and
1 1 1 1 1 1 3 4 1 2 3
let K_:DW — SW such that K |SW_= [G'A GIA H (20°)] v [H (20°) A GIAG.].
2° 72 2 21772 2 3 4 2 4 5

Note that (Zog)uia € anz = 0. Thus, let L:DW -3 SW' such that L[aw
= (ZG;A G;)UIG;. To save on long and hideous notation we supress the
domains and ranges of the maps in the following definition of F. Define
F=26AGAGAGAG UH(20°) AGAGAG UGAH (20°) AGAG

1 2 3 a S 1 3 4 5 1 2 4 5

AGAGA 2 A 2y A A G

U G A GAGAH (207 U GAK, U H (267) A [(G A GV G
"A 2 "1 A "ACA 2 A 'AL A
U GIA [H (20%v G ] A G, U G:AGA [H (200G ] U KA Gy U GALAG,

Clearly all the unionands except the first one have range in BP(BX

Therefore, F represents Zoﬂiz. A straightforward calculation shows that OF

maps to BP'”.  Thus ZGM;Z transgresses and dlB(BQMiO) = A[S]C[2O]M1.l

We are about to stumble over the first hidden differential! Therefore instead
of updating our table of leaders incorrectly, we compute nio first and note

. . . . . 12 .
this hidden differential. There is only one leader of degree 31, 20—M1 which

clearly can not bound and therefore transgresses to define the unique nonzero
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S

element A[30] = d24(2¢M12) of LI Observe that BIMi1 can not survive to E'°

because if it did then r, odlB(BlMil) = 1"(fs'jlmi") = A[8]C[201M_ and the
1

latter element is not in Image Tp - There are two leaders, vA[lQ]Mfg2 and
1

DZC[ZO}M?, of degree 32 below the 28 row. However, 2eBIMil, e = 0,1, are in

Image r

2= .
251 and vA{lS]MlM2 is not in Image r

12, e, .11

2A1' Therefore 4 °(2 BIM1 } can
not be vAuQ]Mfﬁz for e = 0,1. Thus, dlstﬁlMil) = v"’ctzomf and zslr«q’
transgresses. Let A[31] = dzz(ZBiMil]. Since A[30] is not a ds-boundary,

oAl23] = 0. We have proved the first part of the following theorem.

THEOREM 5.3.10 (a) ni’o = 2,A[30] and oA[23] = O.
S _
(b) w = 2,A30] @ ZAI31] © Z_7,.

PROOF. (b) We observed above that vA[lQ]Mfﬁz transgresses to a nonzero
element A[31] of nil. The only other nonzero leader of degree 32 is A[BO]M1
which could only bound from an element below the 7 row, and there are no
leaders of degree 33 there. Thus, 71A[30] = dz(A[SO]Ml) # 0. Therefore n§1
has a composition series of two 225. By Theorem 2.2.7(b), <w,v,vA[18],v> is
defined because <v,vA[19],v> € "29 = 0 and <n,v,rAl19]> € n§7 = 2833. Thus,
<1,v,vA[19]> contains O because 433 = n2a3 € Indet <m,v,vA[19]> and
2<n,v,vA[18]1> = <2,7,v>vA(19] = 0. By Theorem 2.4.5(b),

A[311 € <m,v,vA[19],v>. {5.8]
Thus, 2A[31] € 2<u,v,vAl19],v> c <<2,7,v>,vAl19],v> = <0,vAl18],v> = (v).

However, u-nig = pA[81CI20]) = 0. Hence 2A[31] = 0.}

The computations of Section 4 show that we have the following leaders. Since
this is the last table of leaders of this chapter, we include the leaders of

all degrees.
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Row Degree Leader Row Degree Leader

8 33 oMM 22 62 vA[19IM M<M >
13 12 3
11 33 28 M'! 23 33 Al231M°M
11 12
14 34 aszﬁi 23 35 4vC[20] Mfﬁz
15 37 ¥ MM 23 63 ¥ M°
11 2 21
16 34 Al 16]}41’1352 24 60 nAl 23]M:5§2
1453 : =
17 51 o MM, 28 36 ALBICI201M M
18 38 cr18) (M‘:&"“;QMZEZ) 30 34 AL30] Mf
19 55 BzMia 31 33 nA[30]M,
21 33 ucnsmfﬁz 31 35 A{:mmf

FIGURE 5.3.7: Leaders in Rows 1 to 31 of Degree at lLeast 33

4, Tentative Differentials

In this section we give the tentative differentials determined by the
differentials on leaders of degrees less than or equal to 32 which were
determined in this chapter. We omit the differentials originating on the 7
row since they were determined in Chapter 3. Recall that these differentials
are tentative in the sense that they are only valid under the assumption that

there are no hidden differentials interfering with the computation.

We order the differentials by row for easy reference. We use the same
notation as in Section 4.4 to display the bases in the various bidegrees.
In a 22~vector space we omit the group in front of each basis element, and
monomials which are to be added are bunched together. For example, see the

first basis element in degree (28,9) below.



DEGREE g: al and n o

The leading differential d“‘(nzm'l’ﬁz)
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= vA[lS}Mf determines tentative

differentials by assigning the following values to monomials of degree 28 of

[ZZ(HZGMI) ® 22a1] ® B<2>: nszlﬁZ and WQUMZEZ are assigned 1 and all other

monomials are assigned O.

given by the table below.

The kernel of these tentative differentials is

In this table as well as in the following one,

the

monomials with an even factor of M1 have coefficient ml while the monomials

a—
with an odd factor of M1 have coefficient nza. The new leader is alMle.

DEGREE

BASIS

(18,9)

(28,9)

(36,9)

(42,9)

6100

9100

5300
7010

8300

131060

3500

11010

13300
15010

14300

DEGREE

BASIS

(22,9)

(26, 9)

(34,9)

(38,9)

(46,9)

(48,9)

11 000

6010

11100

15000

112060

13200

113060

15200

5101

114080

3201

DEGREE

BASIS

(24,9)

(30,9)

(32,9}

(40,9)

(44,9)

50

7 2

13 0

11
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15
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15
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L]

(50,9)

(58,9)

3

22

13
23

14

27

13
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15020
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27100

The leading differential dls(nva?) = MA[23]M, deternmines tentative
differentials by assigning the following values to monomials of degree 27 of
[22(7120M1) ® Zzocl] ® B<2>: ocleﬁa is assigned 0 and all other monomials are
assigned 1. The kernel of these tentative differentials is given by the table

below. The new leader is nzoMfﬁa.

DEGREE BASIS DEGREE BASIS DEGREE BASIS
(24,9) 5010 (26,9) 7200 (28,9) 5300
7010
11100
(30,9) 5110 (36,9) 3500 (38,9) 3310
15000 5210 s11¢0
11010 13200
15100
(40,9) 5500 (42,8) 702090 (44,9) 512¢0
13010 7001
4310 7500
(46,9) 5101 (48,9) 3201 (50,9) 522090
11 0] 8500 7600
6101 11020
(52,89) 168160 3320 5030
7410 5030 5201
13210 5700 7410
23100 7410 11001
9120
11500
(54,9) 3301 5011 7220
5011 15400 21200
8101
6700
14210
21200 (58,9) 3111 §320
27 000 13500 7030
6011 7201
7700
11120
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21101 (58,9) 5130 23200
5301
7011
7510
11101
11600
15020
14500
22010
(60,9) 3230 3401 21 300
3401 5111 23010
5810 11410 27100
11410 15500
1312090 23010
15001
21300
23010
6130

DEGREE 9;: nA[8] = v°

The leading differential dz(A[8]M1) = nA[8] determines tentative differentials

with cokernel ZznA[B]M1 ® B<2>, and the mA[8]-leader is nA[8]Mf

The leading differential dg(sz?) = nA{8]M1 determines tentative differentials
with image ZznA[S](Ml,Mf,Mlﬁz} ® B<4>. The remaining elements are

22("A[8]M?§2) ® B<4>, and the new nA[8]-leader is nA[BIMTEZ.

The leading differential dlz(nALS}Miﬁz) = C[20] determines tentative
differentials which are a monomorphism on Zz(nA{S]Mfﬁz) ® B<4>. Thus, there

are no remaining elements.

DEGREE 11: B1

The leading differential dls(BlMil) = v2C[201M? determines tentative
differentials by assigning the following values to monomials of degree 33 of
28[31 ® H,BP: Bile is assigned 1 and all other monomials are assigned 0. The
kernel of these tentative differentials is given by the table below. The new

. 10
B1 leader is 81M1'
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DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR

(20,11) 2, 10000 (22,11) 2,2/ 8100 (24,11) 2, 6200
z, 3100 (26,11) 2, 1/ 6010 2,2/ 10100
2/10100
(28,11) 2, 2/ 11 1 0 0 2 2711100 z, 14000
1/ 4110 23714000
3/14000
(30,11) 2. 2/ 12100 z 6300 (32,11) 2 7300
2 4 2
65110
2,2/ 7300 2 5/13100 2, 1/ 7300
/13100 2110200 5/ 13100
(34,11) 2, 1/ 7110 Z 2/ 8300 2,1/10010
6/ 14100 2 3/ 14100
z,2/14100 (36,11) 2 3/ 9300 2,2/ 9300
24/ 2310 2/ 8110
3/ 8110
2/12200
Z,1/ 9300 2,6/ 15100 2,2/ 15100
2/ 15100 1/12200
3/ 12200
(38,11) Z, 2/ 6210 Z 1/ 9110 z,1/10300
2/ 10300 22/10300 6/ 12010
6/ 12010
z 5210
4
(40,11) 2,3/ 7210 Z 6/ 7210 z,2/ 7210
6/ 11300 22/11300 6/ 11300
6/ 13010 4/ 13010 4/ 13010
1/ 4310 1/ 6020 2/10110
3/10110 6/ 10110 1/ 14200
6/ 14200 7/ 142 00
z,2/11300 Z,1/ 13010 z, 14200
1/14200 2/14200
2,1/ 7210 (42,11) 2. 2/ 5310 2,1/ 8210
2/10110 22711110 5/ 12300
/14200 6/ 12300 3/14010
2,8/ 5310 Z 2/12300 2, 5310
6/11110 2 11110
1/ 68001 2, 2/11110 12300
6/ 14010 14010
(44,11) 2, 1/ 4101 z,1/ 4600 2,2/13300
86/ 6310 3/10400 2/ 6310
6/ 12110 5/ 10400
2/12110
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Z B8/ 5700 22 2/ 5700
2/ 7410

2a/713210

Z2 2/ 7410
4/ 9120

2/ 8101 4/ 9120

2/ 11500

7/ 14 400 2713210

1/ 6220
2/ 8101

3714 400

5/ 26000

7/ 26 000

3714400

5/26000

22 2711500
2713210
5/ 144060

s 1/ 8120
326 000

z

oo
— oo
o 0
79”

N N
SS9

Z 2/ 10310 5/ 26 000

7/ 13210

1/ 14 4 00

Z 14400

1714 400
Z 3/ 5510

Z 2713210
2

4

26 000

z

22 2/ 58160
7/ 9101

/7 89101

(54,11) Z

1/ 68201
5/ 68700
2710120

1/ 4320

2/ 6030

1/ 68700
2/ 12500

2/ 6201

2/ 14210

3/ 8700 5714210

2/ 24100

2/ 24100

1710120

3/ 12500

Z 2/ 80360

1720010

22/ 8700
Z 2/10120

1724100

22/12500

o 17 8101
2/ 11310

Z

Qe
- Q
) et
0o

™~
NN

2/ 8700 3720010

6/ 10120

6/14210

2724100

6720010

6712500

6/ 24100
Z 2/ 14210

© o
Mo
O~
0

RS
e

22/28100

oo

Al o]

22 27 10
2/ 12

1714210

2724100

2724100
2 2/113180

1/ 8700
1/ 14210

Z
4

A 1/ 5510
6/ 11310

z

2/24100

1/ 8700
3712500

2.3/ 5320
1/ 7030
4/ 77060

3711120
2/ 13500

22 4/ 7700
6711120

o 2/ 7700
1/ 0710
2/ 4130

(586,11) Z

3715210

i/ 4130

77/ 4301 1725100

1/ 4301

3/ 68011 1/ 4301

i/ 68510

7/ 68510 5/ 6011

1/ 1010 1

5/10101 17 65180

2710600

1714020 3710101

3712310

7/ 22200 1712310

2/ 14020

7/ 14 020

2/ 22200

3/22200
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2,4/ 7030
4/ 7030 2/ 7700

2 .2/ 5320

22 5/ 5320
2/ T030

2/ 7TT7T00 4/ 15210

67/ 11120

1/ 7700
7711120

4/ 25100

4/ 13500 6/ 6510

67/ 13500

2/ 12310 6/ 160101

i/ 8011

87/ 14020 5/ 106 00

2/ 6510

2/ 140260

6/ 10101

6/ 106 00

67 22200

2 2/ 7700
17108600

2

22 8/ 77080
2710101

7/ 106 00 6712310

3725100

6714020 2714020

1/ 6510

37422200 5/ 22200

67/ 1010 1

2/ 106 00

Z 2/11120

2

1712310

1714020

6714020

7/ 22 200

22 2/ 13500
4/ 15210

2 7/13500

22/15210

22 7/ 13500
4/ 15210

5/25100 6/ 25100

4/ 25100

2712310 3/ 22200

1710800

1722200

2/ 12310

2/ 22200

. 1713500
2725100

z

1/ 7030
1/ 13500

Z

oo
N
oo
0~
NN

— =

4/ 25 100 3722200

1/ 7700
ir1112090

3714020

5/22200 140260

6/ 15210

2/25100

1714020

2/ 22200

5 17 7011
68/ 7510

Z

22 2/ 5301
3 7011

. 1y 5301
3/ 7510

(58,11) 2

6/ 7510 87/ 11101

1711101

2711101 2713310

1713310

2/ 4610 6/ 8700

/7 4111

1/ 486810 2/ 8700 6/ 14500

1/ 8700
2/ 14001

5/ 20300

6712120

8/ 22010

7/ 14 001

7/ 14500 5/26100

2/ 14500

6722010

3722010

2/ 26100

1726100
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Z 2/ 4610 Z 2/ 7510 Z 2711101
22/ 68320 °6/13310 22/13310
2/ 14500 6/ 14500 2/ 8700
2/26100 2/22010 1/ 1400 1
6/ 26 100 1/ 14500
2,2/ 8320 7/ 20300
1722010
3/ 26100
z,6/ 13310 z,2/ 8700 2,2/14500
1710410 2/12120 3/ 20300
2/12120 6/ 22010
1/ 14500 Z 2712120 5/ 26100
3/20300 26/26100
2/22010
1/ 26100
2,1/ 5301 2,2/13310 2,2/13310
1711101 171400 1 5/ 20300
1/ 8700 7/ 14500 5/ 26100
5/22010 3/22010
2,1/ 7510 z, 6320
3/13310 26100
1/ 4610
1/ 6320
6/ 14 0 0 1
1/ 1450 0
2/ 20300
5/22010
2/26100

The leading differential dla({:?lMio) = A[S]C[ZO]M1 determines tentative
differentials by assigning the following values to monomials of degree 31 of
28131 ® H_BP: BJM:O is assigned 1 and all other monomials are assigned 0. The
kernel of these tentative differentials is given by the table below. The new

g
B1 leader ia 231“1”2‘

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR

(22,11) Z,2/ 8100  (24,11) Z, 6200 (2611)2,2/ 10100
zZ,1/ 6010 (2811)2 2/11100 2,2/ 11100
2/10100 219/ 24110 2/14000

3/ 1400 0
(30,11) 2,2/ 12 1 0 0 z 6300 (32,11) 2, 3/ 7300
4 4/ 13100
1/ 6110
7/1020 0
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22 415110
2/ 10500

S 1/ 7101
2/ 4700

4

o 3/ 7101
4/ 15110

(50,11) z

2/ 6410 2712210

1/ 4201

7/ 10 0 0 1

67/ 4700
8/ 6410

2.2/ 8410

5/ 10500

2/ 100 01

3/ 10500

2.2/ 12210 Z2 2/15110

2.2/ 8120

Z2 7/ 5700
6/ 9120

Z2 7/ 5700
2/ 9120

26/ 7410

11y 2. 3/ 5700

(52,

3711500 111500

4/ 8120

5/13210 3713210

7/ 11 500

1/ 4011 1/ 4510

3713210

6/ 62280
27 8101

3/ 4510

1/ 2301

6/ 6220

1/ 4510

6/ 8101 2714400

7/ 8220

7/ 14 4 00 3/26 000

7/ 8101

5/26 000

5/ 14 400

86/ 26 000

22 2/ 5700
2/ 7410

28/11500

2 6/ 5700

Z2 2/ 5700
2/ 7410

2/ 132160 4/ 91260

4/ 9120

2/ 8101 6711500

27118500

2/ 14400 6714400

4/ 13210

2/ 26 000

i/ 6220
1726 0 0 0

Z 2711500 Z 2713210

Z 2/10310

Z2 2710120
2/ 12500

22 27 5510
2/ 9101

2/ 9101

11) 2. 2/ 5510

(54,

6/ 14210 3720010

/7 2610
1/ 4320
2/ 8030
1/ 6201

2724100

6/ 20010

oo
™o
ot~
© ©

N
NP

Z.2/10120

7/ 68700
7/ 10120

22/12500

5/ 12500

2724100 Z 2714210

5/ 14210

2/24100

1720010

1724 100

Z 6/ 9101 2 6/ 9101

Z 6/ 11310

*2/11310 *2/11310

17 4320
1/ 6201

17 6201

1/ 68030
/7 68201

6/ 67060

1/ 86700
1710120

6710120

8/ 6700
8710120

6/ 12500

2/ 24100

3720010

6/ 12500

3420010 6/ 24100

2 2711310

6/ 24100
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Z2 5 5320
5/ 7030

22 3 5320
6/ 7030

o v 5320
2/ 7030

(56,11} Z

3/ 7700 7/ 7700

7711120

6/ 7700
3711120

7/ 11120

2713500 8713500

6/ 13500

1/ 4130 1/ 4301

1715210

7/ 4301 7/ 6011

2/25100

2/ 6011 1710101

i/ 0710

5 6510 6/ 1402¢0

2/ 4130

7/ 101 0 1 67/ 22200

1/ 4301

67106 00

5/ 6011

Z2 2/ 13500
4/ 18210

2712310

5710101

2714020

7/ 10600

1722200 6/ 25100

6/ 12310

3/22200

7714020

Z 4 7030

Z 2/ 5320

24715210

24/ 7030

4/ 25100

2/ 7700
6/11120

B/ 6510

7/ 11120

4/ 13500 6/ 10 101

6/ 13500

2712310 6/ 123180

1/ 80611

67140290 7/ 22200

2/ 6510

6/ 10101
5/ 106 00
5714020
1722200

oo
™o
o~
~ o~

NN
—

C o
N ™
Mo
0~
NN

—

22 4/ 7700
2710101

777 7700 6715210

711120

6/ 10600

6/ 25100

2/ 12310

6715210 6/ 6510

6722200

27106 00

2/25100

6712310

7/ 106 00

2/ 12310 5/14020

Z 2/11120

5/ 22200

6/ 14020

5/ 22200

Z2 27 5301
77/ 7011

-y 4/ 7011
27 7510

(58,11) Z

24 4 7700
2/ 18210

4/ 11101 6/ 7510

4/ 25100

2/13310 2711101

2/ 6510

2/ 4111 2/ 13310

67/ 106 0 0

8/ 12120 2/ 4810

2/ 123160

6/ 1400 1 2/ 8700

6/ 14020

2/ 10300 3710410

1722200

7/ 14 001

322010

6/ 14500

68/ 26 100

1720300
5/26100
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Z2 2/ 7510 Z2 2/ 4610 Z2 2/ 14500
6/13310 2/ 8320 3/20300
86/ 14500 2/ 14800 6/ 22010
2722010 2/26100 5/ 26100
6/ 26100

Z2 2/ 8700 Z2 2712120 Z2 2/ 8320
2712120 6/ 2610

Z4 1/ 8301 Z4 ir 5301 Z4 2/ 13310
1711101 7/ 11101 7/ 20300
2/ 13310 6/ 13310 3726100
/7 4111 ir 8700
1/ 6320 7/ 14 0 0 1 Z4 6320
1/ 8700 1714500 26100
7/ 10410 2722010
1/ 20300
6/ 22010 Z 2711101

DEGREE 14: A[14]

The leading differential d12(4uM?ﬁ2) = A[14] determines tentative
differentials with image ZzA[14] ® B<4>, Since 7mA[14] # 0, the remaining

elements are ZZA[14]{MT,§2,Mf§é} ® B<4>, and the A[l14]-leader is A[14]Mf.

The leading differential d4(A[14]Mf} = pAf14] determines tentative
differentials which are a monomorphism on ZzA[14](Mf,gz,Mfﬁ2} ® B<4>. Thus,

there are no remaining elements.

DEGREE 14: o°

The leading differential ds(ogﬁé<M:>) = apﬁz determines tentative

differentials by assigning the following values to monomials of degree 28 of

Zzwz ® H,BP: o?Mle, G?MS and O'ZM:M2 are assigned 1 and o?MZ is assigned O.

The elements of Ei014 in degrees less than 89 with a representative in

M.

2262 ® H,BP are given by the table below. The new o°~leader is o?M: ,
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DEGREE BASIS DEGREE BASIS DEGREE BASIS
(20, 14) 4200 (24,14) 2110 (36,14) 12200
(40,14) 14200 (44,14) 4600
(48,14) 2510 4220 (50, 14) 4201
4700
12210
(52, 14) 21360 202060 (54, 14) 6201
2301 67060
4011 14210
4510

DEGREE 15: mA[14]

The leading differential dz(A[14]M1) = MA[14] determines tentative

differentials with cokernel ZznA[lll]M1 ® B<2>. The nAll4l-leader is nA(14]Mf

The leading differential dS{A{S}Mfgz) = nA{ll_l.]M1 determines tentative
differentials with image ZZnA[M]M1 ® B<4>. The remaining elements are

zznA[m](Mf,Mlﬁz,Mfﬁz} ® B<4>, and the new nA[14]-leader is nA[14]M::.

The leading differential ds(nA[14]M?) = 2C[20] determines tentative
differentials which are a monomorphism on ZznA[14){Mf,M1§2,M?§2} ® B<4>.

Thus, there are no remaining elements.

DEGREE 17: wAl16]

Since nzA[lB] # 0, the only element of E: . with a representative in

ZznA[IB] ® H,BP is zero.

DEGREE 17: vAl14]

Since vaA[l4] # 0, the only element of ES - with a representative in

szA[14] ® H,BP is zero.
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DEGREE 18: ([18]

The leading differential da(nA[lslMl) = 4C[18] determines tentative

differentials with cokernel [ZB(C[18]M1) ® B<2>»] o [24C[18] ® B<2>].

The leading differential d4(C[18]Mf) = pC[18] determines tentative
differentials with kernel [2%C[18]{M1,M2} ® B<4>]
— -
<2>1.
® {24(2C[18]){M1M2,M1M2} ® B<4>] o [22(2C[18}} ® B<2>]

In Section 3.4 we computed the image of dm:E:2 — EL°

« .o However, that
7 ,18

computation was done in three stages so that the global image of these
dlz—differentials is hard to unravel. Therefore, we give the computer
calculation of the cokernel of these differentials in the table below. The

new Cl[18]-leader is zc[18]§?

DEGREE GROQUP GENERATOR DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR

(8,18) Z2 2/ 0100 (10, 18) Z2 2/ 2100 (12, 18) 22 2/ 3100
2/ 6000
6100

(14, 18) 22 2/ 4100 (18, 18) Z2 2/ 0300 22 2/
(20, 18) Z2 27 0110 22 2/ 7100 22 2/ 7100
i/ 4200 6/ 10000
(22, 18) Z2 2/ 2300 22 2/ 4010 Z4 4010
81060
(24, 18) 22 2/ 2110 22 2/ 3300 Z2 5010
6/ 6200 9100
(286, 18) Z2 4 3110 22 2/ 3110 Z4 1/ 0210
2/ 0210 6/ 6010 1/ 4300
2/ 4300 2/ 6010
2/ 10100 22 2/ 4300 2710100
(28, 18) Z2 4/ 5300 22 2/ 7010 Z8 2/ 53060
4/ 7010 4/ 11100 /7 7010
4/ 11100 2/ 14000 5711100
2/ 4110 /7 4110
(30, 18} 22 2/ 0500 22 2/ 51160 Z2 2/ 8300

6/ 8300
Z2 2712100 (32, 18) 22 3210 Z2 2/ 3210
7300 6/ 10200
0310
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2,2/ 3510 z, 2/ 3510 Z 2/15110
2/15110 1/ 0610 6/ 18010
1/ 4030 1/ 4700
2/ 6410 2/ 10500
i/ 8120
2/ 10500 z 12210
8/ 16300 ¢ 16300
6/ 18010

The leading differential dG(ZC[18]ﬁ2) = A[23] determines tentative
differentials by assigning the following values to monomials of degree 24 of
ZSCEIS] ® H,BP: CIlS}Mf is assigned 1 and C{IB]M2 is assigned 2. The kernel
of these tentative differentials is given by the table below. The new

cl18]-leader is C[18]M:ﬁ§.

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR

(20, 18) Z2 2/ 7100 (22,18) 24 1/ 4010 (24,18} Z2 3/ 5010
v 4200 77 8100 37 9100
2/ 21160
(26, 18) Z4 6/ 3110 (28, 18) 28 2/ 5300 (30, 18) Z2 2/ 5110
1/ 0210 ir 7010
1/ 4300 5/11 100
1/ 4110
(32,18) Z2 1/ 3210 (34,18) Z4 6/ 7110 (36,18) Z2 2715100
77/ 7300 1/ 4210 1712200
17 0310 5 8300 2/ 18000
2710200 2710010
2714100
Z8 5/ 5210 (38, 18) Z2 2/ 6210 24 1713010
3/ 8300 6/ 10300 7/ 16 100
2/ 2310
(40, 18) 22 4/ 11300 Z8 7/ 7210 (42, 18) 24 2/ 5310
7/ 13010 1711 300 2711110
5/ 17100 6/ 1306160 3/ 8210
2710110 2/ 17100 3712300
6714200 1/ 4310 2214010
6/ 18100
24 2711110 (44, 18) Z2 2/ 78500 28 4/ 13300
1/ 82160 47 15010 5/180180
1712300 1/ 4600 1719100
6/ 14010 6/ 22000 1712110
6/ 18100 2/ 22000



(46, 18) Z2 4 7310 22 2713110 Z4 1/ 4410
4713110 7/ 8500
(48, 18) Z2 7/ 5410 2 6/ 7120 Z4 1711210
27 7120 3711210 3/ 158300
37 9500 318300 6721100
2/ 183 00 2721100 i/ 8310
2/ 2510 /7 4220
1/ 4220 5/ 8310
2/ 8310 2710020
B/ 18 200
(50, 18) Z4 4/ 3510 Z4 4/ 3510 24 6715110
6/ 7101 B/ 7101 1712210
1/ 4030 1/ 4201 5/ 16 300
5/ 4201 5 4700 2/ 180160
5/ 4700 2/ 10001 2/ 22100
vy 8120 2712210
2/ 16 00 1 316 30 0 Z4 2/ 3510
3712210 6722100 i/ 0610
6/ 22100 1/ 4700

DEGREE 19: A[19]

The leading differential ds(ozﬁz) = A[19] determines tentative differentials
with image ZZA[19]{1,M1,M2) ® B<4>. The remaining elements are

Z A[191{M°, M°, MM, MM MM } o B<4>, and the A[19]-leader is A[19]1M.
2 171 1 2 12 12 1

The leading differential d‘(A[lglmf) = pA[19] determines tentative
differentials which are a monomorphism on

Z A[191{M°, M MM MM ,M°M } @ B<4>. There are no remaining elements.
2 F S R B-Us - R

DEGREE 20: C[20]

The leading differential d“(uA[14]Mf) = 4C[20] determines tentative
differentials with image 22(4C{20}}{1,M1,Mf,M2,M1M2} ® B<4>. The leading
differential d6(nA{14}Mf) = 2C[20] determines tentative differentials with
image 22(2C[201){1,M1,M2} ® B<4>. The leading differential

dlz(nA[Slbﬁﬁé) = C[20] determines tentative differentials with image
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ZZC[ZO] ® B<4>. The cokernel of these differentials is

[Z,C201 (M), MM, MM } © B<4>] o [Z,CI201{M, MM} & B<4>]

® [chIZO]{M1’§2} ® B<4>]. The leading differential dz(C[ZOIMl) = 7Cl20]
determines tentative differentials which are a monomorphism on

Z,(CI20]M) @ B<2>. The leading differential d‘(c[201Mf) = »C[20] determines
tentative differentials which are a monomorphism on ({ZBC[ZO}{ﬁé,Miggl

e [2,(2C[201)MM ] o [Z,CI201M] © [2Z,(2C[201)M M 1) ® B<4>. There are no

remaining elements.

DEGREE 21: nC{[20]

Since nZC[ZO] # 0, the only element of E: o with a representative in

ZanC[ZO] @ H,BP is zero.

DEGREE 21: vC[18] = o°

The leading differential d4(C[18]MT) = vC[18] determines tentative
differentials with image szC[18]{1,Ml,Mf,Mz,Mle} ® B<4>., The remaining

elements are ZZUC[18]{M3,MfM2,M?M2} ® B<4>, and the v(C[18]-leader is vC[18]Mf

The leading differential dg(czMigz) = apﬁz determines tentative differentials

with cokernel given by the table below. The new vC[18]-leader is vC[18]MfM?

DEGREE BASIS DEGREE BASIS DEGREE BASIS
(12,21) 31060 (20,21) 7100 (24,21) 3300
(26,21} 31160 (28,21) 11100

(32,21) 61160 7300 (34,21) 7110
{(36,21) 3001 3500 (38,213 3310
(40,21} 312090 43160 11300

(42,21) 3101 111160
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(44,21) 7001 6310 7500

(46,21) 0320 7310 (48,21) 14110

DEGREE 22: %°C[20]

Since 7°C[20] = 4»C[20] # O, the only element of E: 4o With a representative

in ZZnZC[ZO} ® H,BP is zero.

DEGREE 22: vA[19]

The leading differential dq(A[lg]Mf) = pA[ 18] determines tentative
differentials with image szAIIQ](1,M1,MT,M2,M1M2) ® H,BP. The remaining

elements are szA{IQI{Mf,MfMZ,MfMQ} ® B<4>, and the vAl18]~leader is zero,

The leading differential d14(n20M:g2) = vA[lQ]i2 determines tentative
differentials with image, in degrees less than 69, of dimension given by the

fourth column of the table below.

The leading differntial dlo(vAllgleﬁz) = A[31] determines tentative
differentials which are a monomorphism on A = szA[lgl(Mfgz,Mfﬁz) ® B<4>.

We give the dimensions of A in the fifth column of the table below. As the
reader can verify, the sum of the numbers in the last three columns equals the
number in the second column except when N = 40. Thus,

i6 i8

7
- = > i i i
E*,zz ENL22 szA[191M1M2<M3 in dimensions less than 63, and the new

vA[19]-leader is vA[19]M:M§<M3>.



135

N pIM E* DIM vE* pim d**(E* ) DIM A
_ N,22 N+4,19 N+14,8

0 1 1 0 0
2 1 1 0 0
4 1 1 0 0
6 2 1 1 0
8 2 2 0 0
10 2 1 0 1
12 3 2 0 1
14 4 3 1 0
16 4 4 0 0
18 5 3 1 1
20 6 4 1 1
22 6 4 1 1
24 7 5 0 2
26 8 5 1 2
28 9 7 1 1
30 11 8 2 1
32 12 3 1 2
34 13 8 2 3
36 15 10 2 3
38 16 11 2 3
40 17 12 0 4
42 20 13 3 a
a4 22 16 3 3
46 23 16 3 4

DEGREE 23: A[23]

The leading differrential de(ZC{18}M?) = A[23] determines tentative
differentials with image 22A123]{1,Mf,§2} ® B<4>. Since nAl23] # 0, the

remaining elements are ZZA[231MTQ2 ® B<4>, and the A[23]-leader is A[ZB}Mfgg.

DEGREE 23: vCl[20]

The leading differential dz(nZC[ZOIMl) = 4pC[20] determines tentative
differentials with image 22(4VC[20]) ® B<2>. The remaining elements are
[ZB(DC[ZO]Ml) ® B<2>] o [ZA(VC[ZO]) ® B<2>], and the vC[20]-leader is

vC[20]Mf

The leading differential d4(C[201Mf) = pC[20] determines tentative

differentials with image



136

[ZS(VCIZO]){Ml,Mz} ® Z4(vC[20}){1,2M1M2} ® ZZ(ZDC[ZO]}Mil ® B<4>. The
remaining elements are

2 = o= ~
[Z,(C(20D (M, MM} o Z, (bCI201){M,, MM } © Z (vCI201MM )] @ B<4>,

and the new vC[20]-leader is VC[ZO]MT.

The leading differential d"(v(:[zomf) = »%C[20] determines tentative
differentials which are a monomorphism on

Z (vC[201){M°, M M M MM MM} ® B<4>. The remaining elements are

2 1 12 2 12 12

[22(VCI20])(2§2,2Mfﬁ2} ® 24(2uc[2o]Mf§2)] ® B<4>, and the new vC[20]-leader is

2VC[20]M2

The leading differential de(ZuC[ZO]ﬁz) = A[81C[20] determines tentative
differentials which are a monomorphism on ZZ(VC[ZO]){Zﬁz,ZMfﬁé,ZMfgz} ® B<4>.
The remaining elements are 22(4vC[ZO]M?ﬁ2) ® B<4>, and the new vC[20]-leader

is 4vC[201MM .
12

DEGREE 24: nAl23]

The leading differential d?(A[ZE]Ml) = nA[23] determines tentative
differentials with image ZznAI23] @ B<2>. The remaining elements are

Zz(nA[23]Ml) ® B<2>, and the nAl23]-leader is nA[23]Mf

The leading differential dls(n%Mf) = WA[23]M  determines tentative
differentials whose cokernel in degrees less than 868 is
152

15— 157 . 1S5
ZznA[ZB]{M1 ME,M1 M2,M1 Ms}' The new mA[23]-leader is 'nA[23]M1 M2

DEGREE 26: v°C[20])

The leading differential dQ(vC[ZO]Mf) = VZC{BO] determines tentative
differentials with image Zevz(l,Ml,Mf,Mz,MiMz} ® B<4>. The remaining elements

are 22v2C[20]{Mf,MfM2,M:;M2} ® B<4>, and the v°C[20]-leader is uzc[zomf.
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The leading differential dlB(BlMil) = vZC[ZO]M? determines tentative
differentials whose image in degrees less than 69 has dimensions given by the
fourth column in the table below. Since in each row of the table below, the
numbers in the third and fourth columns add up to the numbers in the second

column, it follows that E,° = 0 in degrees less than 69.

N DIM E DIM vE} pIM a*5(g'®
_ N, 26 N+4,23 N+16,11
0 1 1 0
2 1 1 0
a 1 1 0
6 2 1 1
8 2 2 0
10 2 1 1
12 3 2 1
14 4 3 1
16 4 a 0
18 5 3 2
20 6 4 2
22 6 4 2
24 7 5 2
26 8 5 3
28 g 7 2
30 11 8 3
32 12 g 3
34 13 8 5
36 15 10 5
38 18 11 5
40 17 12 5
42 20 13 7

DEGREE 28: Al8]Cl20]

The leading differential dS(ZVC{20}§23 = A[B]C[20] determines tentative
differentials with image ZZA[B]C[ZO]{I,Mf) ® B<4>, and the A[8]C[20]-leader is

A[8]C[20]Mf

The leading differential dls(BlMio) = A[8IC[20]M determines tentative
differentials whose cokernel in degrees less than 88 is given by the table

below. The new A[8]C[20]-leader is A[s}C[zomlﬁz.
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DEGREE BASIS DEGREE BASIS DEGREE BASIS
(8,28) 1100 (12,28) 3100 (16,28) 5100
(20, 28) 1300 7100
(22, 28) 1110 (24,28} 3300 8100
(26,28) 31160 (28,28) 5300 11100
(30, 28) 5110 (32,28) 7300 13100
(34,28) 1310 7110 (36,28) 1120
3500 893060 15100
(38, 28) 1101 3310 9110
(40,28 3120 5500 11300
13010 17100

DEGREE 30: A[30]}

The leading differential d24(20M12) = A[30] determines tentative differentials

with image Z A[30] ® Z [<M>2 <M>2 <M >2, <M>2 {M},...,{M},...}. Since
2 2 1 2 3 4 5 n
nA[30] # 0, the remaining elements are [ZZA[30]{Mf,ﬁ2,M?§2} ® B<4>]
© [ZA[301<M> & Z [<M>Z% M2 <M >% <M>2 (M), ..., {M},...}] o
4 4 2 1 2 3 4 s n
o z Al301<MB>P>PeM 7 o Bes>.
2 1 2 3
a, B,y

The last sum is taken over all 0 = a, B, ¥ = 1 with 0 < «By. The A[30]-leader

is Alsomf.
DEGREE 31: A[31]

Al[31] determines tentative

[}

The leading differential d’o(uAmg}Mfﬁz)
differentials with image ZzA[Bll{l,Ml) ® B<4>, The remaining elements are

ZAIBIIME, M3 M MM MM MM } ® B<4>, and the A[31]-leader is A[311M.
2 171 2 12 12 12 1

DEGREE 31: nA[30]

The leading differential dz(A[BO]Ml) = NA{30] determines tentative
differentials with image ZznA[BO] ® B<2>. The cokernel of these differentials

is ZznAIBO]M1 ® B<2>, and the nA[30]-leader is nA{SO]Mf



