
CHAPTER 3: LOW DIMENSIONAL COMPUTATIONS 

1. I n t r o d u c t i o n  

I n  t h i s  c h a p t e r ,  we i l l u s t r a t e  how o u r  a l g o r i t h m  w o r k s  by  c o m p u t i n g  S f o r  
N 

0 ~ N ~ 8.  I n  a d d i t i o n  we i n t r o d u c e  n o t a t i o n  a n d  d e r i v e  r e s u l t s  t h a t  w i l l  be  

u s e f u l  i n  o u r  h i g h e r  d i m e n s i o n a l  c o m p u t a t i o n s .  

gloabal computations of E 4 and E s for all n, 
n,t n,t 

computations of E r for all r, n and 0 < t -< 8. 
n,t 

Moreover, we are able to make 

t as well as global 

S mS I n  S e c t i o n  2,  we c o m p u t e  ~ and  a n d  d e t e r m i n e  t h e  b e h a v i o r  o f  t h e  s p e c t r a l  
1 2 

s e q u e n c e  on  t h e  e n t i r e  1 and  2 r o w s .  We a l s o  d e t e r m i n e  a l l  d 2 - d i f f e r e n t i a l s  

i n  t h e  s p e c t r a l  s e q u e n c e  a n d  g i v e  t h e  g l o b a l  c o m p u t a t i o n  o f  E 4. I n  S e c t i o n  3,  

S 
we c o m p u t e  ~ a n d  d e t e r m i n e  t h e  b e h a v i o r  o f  t h e  s p e c t r a l  s e q u e n c e  o n  t h e  

N 

e n t i r e  N row f o r  3 ~ N ~ 6. We a l s o  d e t e r m i n e  a l l  d 4 d i f f e r e n t i a l s  i n  t h e  

s p e c t r a l  s e q u e n c e  and  g i v e  t h e  g l o b a l  c o m p u t a t i o n  o f  E s. Then  i n  S e c t i o n  4, 

we c o m p u t e  S a n d  S and  d e t e r m i n e  t h e  b e h a v i o r  o f  t h e  s p e c t r a l  s e q u e n c e  on  
7 8 

t h e  e n t i r e  7 a n d  8 r o w s .  We c o n c l u d e  S e c t i o n  4 w i t h  a summary  o f  some 

i m p o r t a n t  n o t a t i o n  w h i c h  i s  i n t r o d u c e d  i n  t h i s  c h a p t e r .  The r e s u l t s  a b o u t  

S 
~ ,  d e r i v e d  i n  t h i s  c h a p t e r  a r e  s u m m a r i z e d  i n  t h e  i n i t i a l  p a r t s  o f  t h e  t a b l e s  

i n  A p p e n d i c e s  1 t o  4. 

As t h e  r e a d e r  may h a v e  n o t i c e d ,  t h e  c o m p u t a t i o n s  o f  t h i s  c h a p t e r  a r e  i n  t h e  

r a n g e  w h e r e  t h e  e l e m e n t s  n,  v and  ¢ o f  Hopf  i n v a r i a n t  one  e x i s t .  T h a t  may 

e x p l a i n  why t h e  s p e c t r a l  s e q u e n c e  h a s  s u c h  a s i m p l e  d e s c r i p t i o n  i n  t h i s  r a n g e .  

2. d 2 D i f f e r e n t i a l s  a n d  t h e  D e t e r m i n a t i o n  o f  E 4 

Consider the following diagram of E2: 
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P 

Z(2)M 1 

0 2 

Figure 3 . 2 . 1 :  E 2 
N,P 

>N 

Now E ¢ E m Z(2)(2M1) d2(M I) = = ~ BP = Z V = . Therefore must be a 
2,0 2,0 2 (2) 1 

nonzero element D of S of order two. There are no other possibilities for 
1 

nonzero differentials to land in E r . Therefore, S Z n. Consider the 
0 , 1  1 2 

following diagram of E 2. 

2 ? 

Z2~ 

Z(2) 

0 

Z2wMI I 

Z(2)M I Z(2)M ~ ] 

2 4 
> N 

Figure 3.2.2: E 2 
N,P 

Now E 4 = E m = O, and d2(M 2) = O. Thus, d2(D'M ) = n 2 must be a nonzero 
2,1 2,1 1 1 

element of S of order two. There are no other possibilities for nonzero 
2 

differentials to land in E r Thus, S 2 We have thus proved the 
0,2" 2 = Z2W " 

first part of the following theorem. 

THEOREM 3 . 2 . 1  ( a )  rc S = Z "0 a n d  rr S = Z2"O 2. 
I 2 2 

(b) .2 e <2,~,2>. 
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PROOF. (b)  C o n s i d e r  t he  A t i y a h - H i r z e b r u c h  s p e c t r a l  s equence :  

'EZN,p = HN(K(Z2); S) -~ SN+p(K(Z2 ))  

Here K(Z 2) i s  t he  E i l e n b e r g - M a c L a n e  s p e c t r u m  wi th  ~S(K(Z2))  = ~oS(K(Z2)) = Z 2. 

Let  F:BP --> K(Z 2) such  t h a t  F (e )  = 1. Then F i nduces  a map o f  s p e c t r a l  

sequences Fr:E r > 'E r From [30,Theorem 3.2] we see that the cellular 
N,p N,p" 

chains of K(Z 2) can be written as C~K(Z 2) = Z[~1,~k] k -> 2] with a(~1) = 2. 

R e c a l l  f rom [20] t h a t  E I = CNK(Z2 ) ® S Thus 'E I N,p p" 1,1 = Z~l  a n d  d l ( ~ l )  = 2.  

<2,,,2>. i Now = ~I and hence d2(w~ ) = ~ . By Theorem 2.4.2, 2 

We repeat our argument one more time. Consider the following diagram of E 2. 

P 

? 

Z2~2 Z2~2M1 

Z2~ Z2~M 1 

Z(2) I Z(2)H1 

0 2 

Figure 3.2.3: 

Z2nM ~ 

Z 1"12 
(2) 1 

4 

E 2 
N,P 

) N 

Now 0 = E m = E 4 and d2(nM:) = O. Thus, n 3 = d2(~?2M I) is a nonzero element 
2,2 2,2 

S 
of order two in n , We now use Quillen operations to extend our computation 

3 

to compute the d 2 differentials on the entire 1 and 2 rows. 

d2(MN ) 2 for N a I. THEOREM 3.2.2 (a] = nMN_ I 

= - M 3 and M = M - M M 2 for N z 3. (b) Let M1 = Ml' MZ 3M2 I N N I N-i 

d 2 Then M is a cycle for N m 2. 
N 

PROOF. (a) The only nonzero Quillen operation of degree 2 N+I 2 - on M 
N 

is 
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F2A and P2A °d2(MN) = d2°r2A (M N) = d2(M I) = n. Thus, d2(MN) =nM:_ 1. 
N-1 n-1 N-1 

= "~MN2_I " d 2 ( M 1 ) M : - I  = 0 " 1  

O b s e r v e  t h a t  H.BP = Z(2)[M ~ I N ~ 1] .  Thus ,  we c a n  u s e  t h e s e  new p o l y n o m i a l  

g e n e r a t o r s  t o  d e s c r i b e  t h e  b e h a v i o r  o f  t h e  d 2 - d i f f e r e n t i a l s  i n  t h e  e n t i r e  

spectral sequence. 

S 
THEOREM 3.2.3 Let ~ (n):~ S , )  ~ denote m u l t i p l i c a t i o n  by D. 

q q q+l  
S 

For every p a 1, ~ can be written as a direct sum of cyclic groups Z N(k)Xk, 
P 2 

I ~ k ~ t, such that: 

( i )  

( i i )  

( i i i )  

Z Nck~Xk, ~ ® H.BP is a direct summand of the p row. E 2 • 
2 

K e r n e l  pp(~)  i s  g e n e r a t e d  by {XklnX = O} u {2Xkl~X ~e 0};  

Image  ~Up_l(n) h a s  a Z 2 b a s i s  {2N(k)- lXklk ~ A} f o p  some s u b s e t  A o f  

I 1  . . . . .  t } .  

Define B<2> as the subalgebra Zi2)[M: M IN > 2] of E ~ 
• - ~,o" 

direct sum of the following summands: 

Then E 4 i s  the 

(a) if ~X k ~ 0 and k g A then 

CZ N(k)Xk O Z N(k)_I(2XkMI)~ ® B<2> 
2 2 

is a direct summand of the p row of E4; 

(b)  if •X k ~ 0 and k ~ A then 

[Z N(k)_iXk ® Z N(k)_I(2XkMI)] ® ]3<2> 
2 2 

iS a direct summand of the p row of E4; 

(c) if ~gX k = 0 and k e A then 

[Z ~(k)_iXk e Z N(k)XkM1] ® B<2> 
e 2 

is a direct summand of the p row of E4; 

(d)  if nX k = 0 and k ~ A then Z N(k)Xk ® H~BP is a direct summand of the p 
2 
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row of E 4. 

S 
PROOF. The decomposition of 

P 
as a direct sum of cyclic groups with the 

required properties follows routinely from the fundamental theorem of 

abelian groups. Note that Image d 2 S = = ~-~. ® B<2> and Kernel d 2 

(S{klnXk=O } Z2N(k)Xk ® H~BP) ~ (e(klnxk#o } (Z2N(k)_I2XkMI e Z2N(k)Xk) ® B<2>. 

The description of E 4 in (a)-(d) is a direct consequence of this observation.~ 

COROLLARY 3 . 2 . 4  E 4 = E ¢ = 0 for all N z O. 
N,1 N,2 

PROOF. In the remarks preceeding Theorem 3.2.2 we saw that 3 # O. 

this corollary follows from Theorem 3 . 2 . 3 ( b ) . ~  

Thus, 

COROLLARY 3 . 2 . 5  E 4 %0 = (Z(2) e Z(2)2M 1) ® B<2>. 

PROOF. Th is  c o r o l l a r y  f o l l o w s  f rom Theorem 3 . 2 . 3 ( a ) . ~  

3. d 4 Differentials and the Determination of E s 

We continue our analysis of the spectral sequence by considering the following 

diagram of E 4. 

P 

2 0 

1 0 0 I 
i 

Z M 2 Z 2M 3 e Z (2 )% o I ~2~ l zc2,2M1 c2~ I ~2~ 

0 2 4 6 
)N 

Figure 3.3.1: E 4 
N,P 

Note that Z (4M 2) = E m = E s . Thus, d4(M 2) must be a nonzero element 
(2) I 4,0 4,0 I 



40 

n 

u e E 4 of order 4 Thus we have the following composition series for S • 

0,,3 3 

3 S - -  
0 ) Z2q > ~3 ) Z4u - > 0 

S - , [ S =  
be a lifting of u. Either 4u = 3 and Z Let u e ~3 3 8 

S 
Z4u e Z 3. By Theorem 2.4.2, we see that tE3 = 2 

2u e <~1,2,~>. 

By Theorem 3.2.1(b), n 2 e <2,~,2>. By Theorem 2.3.3(b), 4u E 2<~,2,~> 

3 
= <2,~,2>W = ~ . We have thus proved the following theorem. 

or 4u = 0 and 

[3.1]  

THEOREM 3.3.1 S = Z # and 3 = 4u. 
3 8 

We use Quillen operations to extend our computation of d4-differentials to the 

entire 0 row. 

THEOREM 3.3.2 (a) d4(M ) = uM and d4(2M~) = 2uM . 
2 I I 

_ + M 2 (b) d4(MN) = 8vMIM~ 2 2UMN-1 N-2" 

PRooF (a) rlod'C %) : d'or : -3u and rlod' 2M   = d or = 6u 

Thus d4(M2) - SuM I and d4(2M?) - 6u mod (4) in E 4 = Z uM . The Hazewinkel 
2,3 8 1 

generator V 2 = 2M 2 4M 3 = 2 ~ _ s ; , = 2d¢(~ ) 2 ~ (2M) is a d-cycle. Thus 2uM 1 2 

= Sd4(2M~) and d4(2M~) = 2uM I. Note that our definition of u in Theorem 3.3. i 

was only made modulo (4). Thus, define v so that d4(~) is u and not 5u. 

(b) The only nonzero Quillen operations of degree 2 N+I- 6 on ~ are 

= 2 (%) =-2M;. Thus, d4(~) - rA +CA (~) -M I and r A +2A 
I N-2 N-I N-2 

M ¢ + 2uM M 2 = 2uM M 2 + uM M 4 mod (4) Then r4A ~dg(%) = 
3UMl N-2 N-1 N-2 N-I N-2 1 N-2 " 

N-2 

dg°r4A (~) = d4(13 M2 32 M s )i = SuMI. Note that r4A (%_IM22) = 0 arid 
N-2 N-2 

F4A (MIM~_ 2) = M1. Therefore, d'(M N) = 2uMN_IM2_2 + 5vMIM4_2. B 
N-2 

We use the preceding theorem to define several very important d4-cycles. 
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COROLLARY 3.3.3 The following elements are all d4-cylces. 

(a) <M4> = M 4 + 2M M . 
1 1 1 2 

(b) <M2> = M  2 +  M 6. 
2 2 1 

(c) <M> =M + SMM ~ + 14M 7. 3 3 2 1 1 

PROOF. It is straightforward to use the previous theorem to compute 

d4<M4>, d4<M2>, d¢<M > and to find that each of these differentials is 
1 2 3 

zero. I 

The following two lemmas will be used to compute E e and to prove the existence 

4 
of polynomial generators <MN> , N -~ 3, which are d-cycles. 

LEMMA 3.3.4 In the notation of Theorem 3.2.3, assume that uX has order 2 B 
k 

where B = I, 2 or 3. Let c = 1 if nX k ~ O, c = 0 if nXk= 0 and ~ = B - ~B.3 

Then the kernel of d 4 r e s t r i c t e d  to  Z N(k)Xk ® Z[<M4>I '<M2>]2 iS t h e  
2 

Z[<M4> <M2>] - module spanned by 
i ' 2 

PROOF. Observe that d4(Xk ) = O, d4(M~Xk ) = UXk, d4(%Xk ) = uMIX k and 

d4(M~M2X k) = u(Mz+M3)X "I k If ~X k = 0 then d4(M1 k X ) = O, d4(M3X ) I k = vM1Xk' 

dg(Ml%Xk) = uNiX k and d4(M~M2X k) = v(MiM2+M~)Xk. If ~Xk ~ 0 then d4(MIX k) 

: 0, d4 2M3x k  : 2vMx, = and : 

R 3 
Since n = 4u, uMAM-X has order 2 s if A is odd and has order 2'- if A is even. 

--c 

I 2 k 

The conclusion of the lemma follows from these observations.~ 

LEMMA 3.3.5 In the notation of Theorem 3.2.3 and Lemma 3.3.4, assume that uX 
k 

has order 2 B where B is I, 2 or 3. Then the image of d 4 in 

Z B(VXk) ® Z[<M4> <M2>] i s  t he  Z[<M4>,<M2>]-module spanned  by 
I ' 2 I 2 

2 

{PX k, uMIX k, 2CuM~Xk , u(M2+M~)X k, 2CuM1%Xk}. 
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PROOF. T h i s  result follows from the computations of d4-differentials i n  the 

proof of Lemma 3.3.4. m 

S S 
Our first applications of these lemmas is to compute =4 and ~s" 

THEOREM 3.3.6 S = 0 and S = O. 
4 s 

PROOF. It follows from Lemma 3.3.5 that E 6 = O. It follows from Lemma 3.3.4 
2,3 

that E 6 = (SM?) = E °° We saw in Corollary 3.2.4 that 
e,o Z12)V2 @ Z(2) 6,0" 

E 4 = E 4 = O. T h e r e f o r e ,  t h e r e  a r e  no p o s s i b i l i t i e s  f o r  n o n z e r o  
m,l m,2 

differentials to land in E r or E r . Thus, S = S = O. m 
0,4 O,S 4 S 

It follows from Lemma 3 . 3 . 5  that vM~, 

This leads to the following theorem. 

2uM 3 and 4vM3M 
I 12 

are not d4-boundaries. 

THEOREM 3.3.7 (a) Let u 2 = d4(uM12). Then $6 = Z2 u2" 

(b) A[8] = d6(2uM 3) is a nonzero element of order 2 in $8 

(c) A[14] di2(4uM~M2 ) is a nonzero element of S = I%14" 

4 = O, s O. PROOF. (a) Since uM is not a d -boundary and E ~° u 2 
4,3 

odd degree, 2# 2 = O. By Theorem 2.4.2, 

Since v has 

2 
Z) E <~, P, ~> [ 3 . 2 ]  

4 
(b) Since 2uM 3 is not a d -boundary and E °~ 

1 6,3 

T h e o r e m  2 . 4 . 4 ( a ) ,  we see that 

= O, A[8] ~ O. From 

A [ 8 ]  e < • , u , 2 u > .  

S 
T h e r e f o r e  2 A [ 8 ]  e 2 < ~ , u , 2 u >  = < 2 , ~ , u > 2 u  = 0 b e c a u s e  < 2 , ~ , u >  e = = O. S 

4_boundary = O, A[14] * O. m (c) Since 4vM3M is not a d and E °° 
12 1 2 , 3  

[ 3 . 3 ]  

4 
We next apply our lemmas is to produce the d -cylces <MN>, N -> 3, which will 

be used in our computation of E 6. 
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THEOREM 3 . 3 . 8  

s u r v i v e  to E s .  

For N ~- 3, there are polynomial generators <MN> of H,BP which 

PROOF. We construct the <M > by induction on N -~ 3. We already found <M > i n  
N 3 

Theorem 3.3.4(c). Assume that N z 4 and that we have found <M > for 
k 

3 -~ k < N. Then d4(MN) c {ZsuMIM~2 e Z4uM821~=O,I} ® Z[M21' <M2>2 '<M3>'''" '<MN-I>] 

4 8 12 
and d~(M ) i s  a d-cycle, a d -cycle and a d -cycle. The tables in 

Figure 3.3.2 shows that all such cycles are in the image of d 4 on 

~' M2' - S = {7.(2 ) ® Z(2)M I} ® Z(2)[M .... MN_I]. In those tables an entry ( ....... X in 

row kp, column M means that X hits kuM and an entry ) Y in row ku, column M 

means that kuM hits Y. Thus there is an element U e S such that 

-u .  ! d4(U) = d¢(MN). Let <M N N 

4u 

2u 
2 

1 2 

< M 2 <___M 
1 2 

1 M 
1 

6--~92M 3 <---~2 M M <---4M2M +--4(M3M -M 6 ) 
1 1 2 1 2 1 2 1 

~ 2 M  M >A[B] ~2M2M +--2(M3M -M 6 ) 
1 2 1 2 1 2 1 

2 >v >u2M < M2M >u2M 2 
1 1 2 1 

M z M M3+M M 
1 2 1 2 1 2 

4U 

2U --~A [ 8 ] M~ >A [ 8 ] M2 

)p2 M -->u2(M M +M 4) 
2 1 2 1 

12 12 

4 
Figure 3 . 3 . 2 :  d 4 on E, 

,3 
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The final application of our two lemmas is to compute E 6. We begin by 

4 
strengthening the two lemmas to obtain a global calculation of all d -cycles 

and all d4-boundaries. First we introduce an important algebra. 

DEFINITION 3.3.9 Let B<4) be the subalgebra Z(2)[<M~>,<M~>,<M3> .... <M> .... ] 

8 
of E., O. 

LEMMA 3.3. I0 In the notation of Theorem 3.2.3, assume that vX has order 2 B 
k 

where B = I, 2 or 3. Let e = I if ~X k ~ O, let e = 0 if ~X k = 0 and let 

/3 B <3 B. T h e n  t h e  k e r n e l  o f  d 4 = - 3 on Z N(k)Xk ® H.BP is the B<4)- module 
2 

spanned by {X k, 2eMIXk, 2~M~Xk, 2BM~Xk, V2Xk, VlV2Xk, 2sMl2M2Xk, 2BM13MzXk }. 

The i m a g e  o f  d 4 i n  Z 13 u X k ® H.BP i s  t h e  B < 4 > - m o d u l e  s p a n n e d  b y  
2 

k,  MlX k.    2*M IXk, 2%M, X 

PROOF. R e c a l l  t h a t  re. S i s  t h e  d i r e c t  sum o f  t h e  X k a n d  t h e r e f o r e  E 2 i s  t h e  

d i r e c t  sum o f  t h e  Z k X k ® Zc21{Me,Mfl  O-<e~3, O~f-~l} ® B<4>. S i n c e  a l l  t h e  
2 

e l e m e n t s  o f  B<4> s u r v i v e  t o  E e, 

E 4= H , ( e  Z k Xk ® Z(m{M~bl~ f l  0 ~ e -~ 3,  0 ~ f -~ 1 } , d  2) ® B<4>. 
2 

Now H<2> = H , ( ~  Z k X k ® Z(2~{Mel~21 0 ~ e -~ 3,  0 -~ f ~ 1 } , d  2) i s  g i v e n  b y  
2 

T h e o r e m  3 . 2 . 3 .  T h e n  E 6 = t t . ( t t < 2 > , d  4) ® B<4>. T h u s ,  K e r n e l  d 4 = 

( K e r n e l  d41t t<2>)  ® B<4> a n d  Image  d 4 : ( I m a g e  d41H<2>) ® B<4>. T h e r e f o r e ,  

this lemma follows from Lemmas 3.3.5 and 3.3.6.~ 

S S 
THEOREM 3.3.11 Let ~ (u):~ ) ~ denote multiplication b y  u. In the 

q q q+3 

notation of Theorem 3 . 2 . 3 ,  assume that the X have the following two 
k 

a d d d i t i o n a l  properties: 

(1) Kernel Np(U) is generated by {XklUXk = O} u i'2S(k)xklUXk ¢ O} 

where u.X has order 2B(k); 
k 
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(ii) Image ~/p_3(p) is the direct sum of {Z N(k)-'~(k) 2N(k)-'~(k)Xklk e S} for 

2 

some subset S of {i ..... t}. 

Abuse notation by denoting B(k) by B and ~(k) by $. Let c = 1 if ~.X ¢ 0 and 
k 

let e = 0 if ~.X = O. Let ~ = I if 2N(k)-Ix is divisible by n and let & = 0 
k k 

if 2N(k)-IX is not divisible by n. Then E 4 is the direct sum of the 
k 

following B<4>-modules X <4>. 
k 

(a) If 2N(k)- lx  
k 

(b) If 2N(k)- lx  
k 

X <4> = [Z 
k N(k)-~ k 

2 

(9 Z 
N(k)-6 

2 

is not divisible by u and uX = 0 then 
k 

X <4> = [Z X (9 Z (2cXM)] ® B<2>. 
k N(k)-~ k N(k)-~ I 

2 2 

is not d i v i s i b l e  by u and uX ~ 0 then 
k 

X (9 Z 2OH X (9 Z 
N(k)-C 1 k N(k)-~-~ 

2 2 

(M2+M~)Xk (9 Z N(k)-~ 2~MMX 12k 
2 

2/3M2X (9 Z 2BH3X 
I k N(k)-B 1 k 

2 

®Z 2BM2H X 
N(k)-~-B 1 2 k 

2 

(9 Z 2BM3H X ]®B<4>. 
N(k)-B 1 2 k 

2 

and uX = O. 
k 

(c) Assume that X is divisible by u, uY = 2N(k)-YX 
k k 

Let I = 0 if 7)Y = 0 and let k = I if •Y ~ O. Then 

<4> = [Z X ® Z 2cMX ® Z M2Xk Xk N(k)-~" k N(k)-~-C 1 k N(k)-~'+A (9 Z N(k)-e 2eM3Xl k 
2 2 2 2 

2 2 2 

(9 Z 2CM3M X ] ® B<4>. 
N(k)-C I 2 k 

2 

-~'Xk ' ~0. (d) Assume that X k is divisible by u, uY = 2 N(k) and uX k 

Define ~ as in (c). Then 

k)_~_~r+A2~M~Xk ® k)_B_~2B%Xk <4> = [Z X (9 Z 2CM X (9 Z Z 
Xk N(k)-~" k N(k)-~'-e 1 k N( N( 

2 2 2 2 

-- ~ N( k)-/3-~+X2~MIM2Xk N(k)-B-o~2BM2H1 2X (9 Z N(k)_~ (M2+M)X k (9 Z 6) Z k 
2 2 2 

® Z 2BH3M X ] ® B<4>. 
N(k)-B I 2 k 

2 

PROOF. This theorem follows from considering the various cases of the 

preceding lemma and Theorem 3 .2 .3 .  l 
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COROLLARY 3 , 3 . 1 2  E6",O = E .  0 8  = Z(2 ){VI 'V~ 'V~ 'V2 'VlV2  'v2vt 2'SM3H } ,  2 ® B<4>. 

PROOF. E 6 follows from Theorem 3.3.11(b) E 8 = E s because S = 0.~ 
m o • m,o m,o 

In the next theorem, we analyze the behavior of the spectral sequence on the 

3 row . 

THEOREM 3.3.13 (a) E e = {Z2(2uM 2) ® Z2(2uM~M 2) e Z4(2u~M2)} ® B<4>. 
~,3 

(b) de'E e L  ",3) = {Z2A[8] e Z2A[8][~l ® Z2A[g]M 2} ® B<4>. 

E = z ® B < 4 >  ~,3 
.12._12 . = Z2A[14 ] ® B<4>. (d )  d [g ,  3 ) 

(e) E 14 = O. 
~,3 

PROOF. (a) This follows from Theorem 3.3.11(d). 

(b) This follows from Theorem 3.3.7(b) and Figure 3.3.2. 

(c) This is an immediate consequence of (a) and (b). 

(d) This follows from Theorem 3.3.7(c). 

(e) This is an immediate consequence of (c) and (d).~ 

We c o n c l u d e  t h i s  s e c t i o n  w i t h  t h e  d e t e r m i n a t i o n  o f  t h e  b e h a v i o r  o f  t h e  

s p e c t r a l  s e q u e n c e  on  t h e  6 row. 
S 

We w i l l  r e q u i r e  a r e l a t i o n  i n  ~ w h i c h  i s  a 
9 

nontrivial extension. The relation will be deduced from the following lemma. 

LEMMA 3.3.14 If X ~ ~ such that 2X = 0 and n2X ~ 0 then there is an element 

Y ~ <~,2,X> such that 2Y = ~2X. 

PROOF. By Theorem 3.2.1(b), 2 ~ <2,~,2>, and n2"X e <2,n,2>X = 2<~,2,X>.~ 

Although the proof of the following two theorems require several technical 

results which will be proved later, the results seem more appropriate to this 

chapter than to Chapter 5. Therefore, we record them here. 
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THEOREM 3 . 3 . 1 S  (a) v 3 = hA[8] is a nonzero element of S of order two. 
9 

(b) E s = O. 

6 
PROOF. (a )  A [8 ]M  i s  n o t  a d - b o u n d a r y  and t h e r £ o r e  can n o t  bound because 

1 

E~ 1 4  = O. T h e r e f o r e  D . A [ 8 ]  = d2(A[B]M1 ) i s  nonze ro .  I f  D2A[8] ¢ 0 t h e n  by 

Lemma 3 . 3 . 1 4  t h e r e  i s  Y • < D , 2 , A [ 8 ] >  such t h a t  2Y = w2A[8 ] .  Thus, 

S S 
modulo  m'~7 ~ D '~9 '  Y • < D , 2 , A [ 8 ] >  

c <D,2,<D,m,2m>> by t h e  p r o o f  o f  Theorem 3 . 3 . 7 ( b )  

= < < n , 2 , ~ > , u , 2 u >  + < ~ , < 2 , ~ , u > , 2 u >  b y  T h e o r e m  2 . 3 . 3  

S 
= < 2 u , m , 2 p >  b y  T h e o r e m  2 . 4 .  1, n o t i n g  < 2 , D , p >  • ~ = 0 

s 

= <m,4m,m> b y  T h e o r e m  2 . 3 . 3 ( d ) , ( e )  

: < u , D 3 ,  m> = D2<m,D,p>  b y  T h e o r e m  2 . 3 . 3 ( a ) , ( d ) .  

T h e r e f o r e  2Y 6 2Dm<m,D,m> = 0 mod 2 p . ~  S.  As we s h a l l  s e e  i n  t h e  n e x t  
7 

S : Z o - a n d  u ' o"  = O. T h u s  w2A[8]  = 2Y = O. T h e r e f o r e  ~A[B]M 1 m u s t  section, ~7 16 

S 0 a n d  E 4 = be a boundary. Since I[ 4 = ~,2 O, wA[8]M 1 can only bound from the 

0 row or the 6 row. In the next section we shall see that E I0 
12,0 

= Z V 2 e Z 16V3V ® Z 16M s and in Chapter 4 we will see that 16M s 
(2) 2 (2) 1 2 (2) 1 1 

s u r v i v e s  t o  E 12 a n d  d12(16M~) = ~1" T h u s  ~A[8]M 1 m u s t  b o u n d  b y  a 

d 4 - d i f f e r e n t i a l  f r o m  t h e  6 r o w .  S i n c e  S =  Z p 2, i t  f o l l o w s  t h a t  v 3 = h A [ 8 ] .  
6 2 

By T h e o r e m  2 . 4 . 2 ,  

DA[8]  • <n,mz, n> [ 3 . 4 ]  

( b )  T h i s  r e s u l t  i s  now a n  i m m e d i a t e  c o n s e q u e n c e  o f  T h e o r e m  3 . 3 . 1 1 ( d ) . ~  

THEOREM 3 . 3 . 1 6  2 A [ 1 4 ]  = 0 

S 
PROOF. 0 • <D,2,A[8]> because <D,2,A[8]> • ~ which, as we shall see, equals 

lO 

S S 
D'm9" Also <2,A[8],u> e ~12 which, as we shall see, is zero. Note that 

uA[8 ]  e u<D,2,u2> = <u ,D,2>u 2 = O. [ 3 . S ]  

Thus by Theorem 2.2.7, <B,2,A[8],u> is defined. Note that hypothesis (i) of 

Theorem 2.4.3 is satisfied. Therefore, 
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A[14] ~ <n,2, A[8],u> 

Note that uA[8] ~ u<n,2,u2> = <u,n,2>u 2 = O. By Theorem 2.3.6(a), 

2A[14] ~ 2<n,2,A[8],u> c <<2,n,2>,A[8],u> = <n2, A[8],u> c <n,nA[8],u> 

= <n, u3, u> ~ <n,u,u3> = <n,u,nA[8]> D <n,u,n>A[8] = u2A[8] = O. Thus, 

2A[14] = 0 modulo n-~ S + u.~ S which as we shall see is zero.~ 
1 3  11 

[3.6]  

4. d s Differentials and the Seven Row 

We continue the study of our spectral sequence with an analysis of 

dS:E s E e and an analysis of all the differentials which originate on 
~,0 ) ~,7 

the 7 row: a dS-differential which defines 2 ~ S a d1°-differential which 
I~' 

S S and a defines A[IS] E HIs' a dl2-differential which defines C[18] E HI8 

d24-differential which defines A[30] ~ S . In the process of this analysis, 
so 

we construct polynomial generators {M N} of H.BP for N z 5 which survive to 

E I°. We conclude the section with a complete analysis of the 8 row. 

Observe that E s = Z <M4> and E I° = E c° = Z (ISM~). Thus, ~ = dS<M4> 
8 . 0  (2) 1 8 ,0  8 , 0  (2) 1 

is a nonzero element of S of order 16. Since E 4 = O, S 0 and S ~.u2 
7 ~,2 4 = ~'R6 = 

= O, there are no other nonzero differentials which land in E r . Thus, we 
0,7 

have proven the first part of the following theorem. 

S 
THEOREM 3.4.1 ~ = Z m and ~-~ ~ O. 

7 16 

PROOF. To show that ~-~ ~ O, it suffices to show that ~M is not a 
1 

d -boundary. Observe that E 8 = Z (2M <M4>) e Z 
I0,0 (2) I I (2) (v V2)" 

Note that 

dS(2MI<M~>) = IO~M I and V~V 2 is an infinite cycle. Thus ~M 1 does not bound.~ 

We next compute d 8 on several of the key elements of E 8 
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LEMMA 3.4.2 (a) de<M4> = ~. 
1 

( b )  d8<M2> = 150~M 2. 
2 1 

(c) dS<M > = 5crM . 
3 2 

(d) We can choose <M > such that de<M > = 2~M M M modulo (4¢). 
4 4 1 2 3  

PROOF. ( a )  T h i s  d i f f e r e n t i a l  d e f i n e s  ~.  

(b) de<M2> = de(M2+M s) = 15~M 2 u s i n g  the Quillen operation F2A 
2 2 1 ' 

1 

(c) de<M > = de(M *SMgM +14M 7) = 15oM + II~M 3 = 5cnq using the Quillen 
3 3 1 2  1 2 1 2 

operations r A and F3A . 

2 1 

( d )  O b s e r v e  t h a t  we c a n  c h o o s e  <M > ~ M -M M2+M M4+2M2M2M +2btSM M +5MS<M > 
4 4 13 22 1 2 3  1 2 3  I 3 

> i s  2¢ M M M modulo (4¢). modulo (4). Then d e of such an <M 4 i 2 3 

Next we analyze the de-differentials which originate on the 7 row. 

THEOREM 3.4.3 (a) 

8 
(b) [Z8(2~) ® H~BP] • [dS(ES,0 ) ® Z 2] = Kernel [de:E~,7 

2 ® H BP] / Image [d8:E 8 > E 8 ] (c) [Z 2 • *,7 *,14 

® rz 0-2{<M4><M2> M <M4><M2> M2<M4><M2> M <M4><M2>, 
L 2 1 2 ' 1 1 2 ' 1 1 2 ' 2 1 2 

2 = d8(~ M~) is a nonzero element of order 2 in $14. 

8 
E . , 1 4 ] .  

<Ma><M2>}® Z[<M¢> 2 <M2> 2 <M >, <MN> ]1 
M~M2 I 2 1 ' 2 '  3 . . . . . . . .  

<Me>} ® Z[<M~> 2 <M2>,<M3> <HN>, ] ]  M~% , , ' 2 . . . . . . . .  

. . . . .  <M> . . . .  , ] .  

® 2 

(d) For N a 4, there are polynomial generators {FIN}' of H.HP which survive to 

E 8 and de{MN} ' ~ (2~) Let B'<8> = Z[<M4> 2 <M2>a<M >2,{M4}' {MN}' ] 
• I ' 2 3 ''''' '''" " 

( e )  E I° = [Z8(2¢) ® H, BP] / [de(E. o ) a (Zs(2~) ® H~BP)]. 
s 

~,7 

PROOF. (a) E e = Z <M4> 2 e Z V V <M4> e Z V2<M2> ® Z V <M >. 
16,0 (2) 1 (2) 1 2 1 (2) 1 2 (2) 1 3 

Clearly de(E~6,o ) c (2~). Therefore, ~M4t i s  not a boundary and 

= dS(~M ) ~ O. By Theorem 2.4.2, 

2 
~ <u,~, v> [3 .7 ]  
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( b ) ,  ( c ) ,  (d)  T h e s e  p a r t s  o f  t h e  t h e o r e m  w i l l  f o l l o w  f r o m  t h e  t a b l e  i n  

F i g u r e  3 . 4 . 1 .  The symbo l  m i n  t h e  r i g h t  hand c o l u m n  o f  t h a t  t a b l e  means  

" c o n g r u e n t  modu lo  d 8 ( E ~ , 7 ) " .  

E 8 E 8 
~,0 ~,7 

<M4> 
1 

<M2> 
2 

<M > 
3 

<M4><M2> 
1 2 

<M4><M > 
1 3 

<M2><M > 
2 3 

> c ~ 

~M 2 
1 

2 

o-M2M 
1 2 

o-<M4> 
1 

o-M2<M4> 
1 ! 

2 I 

o-M2M <M4> 
1 2 1 

> o-(<M2>+M2<M4>) 
2 1 1 

o,,M 2 < M 2 > 
1 2 

o-M <M2> 
2 2 

o-M2M <M2> 
1 2 2 

) ~(<M >+M <M4>) 
3 2 1 

> o'(M2<M >+M <M2>) 
1 3 2 2 

o-M <M > 
2 3 

o'M2M <M > 
1 2 3 

o-<M4><M2> 
1 2 

~rM2< M 4 > < Me> 
1 1 2 

o-M <M4><M2> 
2 I 2 

O-M2M <M4><M2> 
1 2 1 2 

or<M4> <M > 
1 3 

o-.M2<M4> < M > 
1 1 3 

o-M <M4><M > 
2 1 3 

> oflM 
1 

2 
) o" 

....... ) o-2M 2 
1 

) o"2M 
2 

) o.2M2M 
1 2 

) o-2M 4 
1 

) o'2(M2M +M s) ~ o-2M a 
1 2  1 1 

> ~2(M M2+M M 4) 
1 2  2 1  

> o'2(M2+M 6)  = o.2M 6 
2 1 1 

>+M2<M2>) =- ofiM <M > 
"> ~(MI<M3 1 2 1 3 

__..) 0-2M 2 
2 

) ofiM2M 2 
1 2 

> M 
2 2 

> o-2(MeM Me+MS<M2>) 
122 1 2 

O'e( <M3>+~M ~ ) 

) O'2(M2<M >+MeM ) 
1 3 I 2 

> ~r2(M2<M3>+M'I<M ~>) 



<M4><M2>< M > 
1 2 3 
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~M <M4><M > > J(M2M <M >+M6<M2>+MS<M >) 
1 2  1 3 1 2  3 I 2 1 3 

oq<M2><M >+M2<M4><M >+M <M4><M2>) 
2 3 1 1 3 2 1 2 

o-M2<M2><M > ) o'2(M4<M >+M2M <M2>) 
1 2 3 1 3 1 2 2 

cr%<M2><M2 3 > > cr2(<M2>2+M2M2 12<M3 >) - cr2M2MI 2<M3 > 

~M2M <M2><M > ) ~2(M <M2><M >+M M4<M >+M2<M2> 2) 
1 2  2 3 1 2 3 2 1  3 1 2 

- ~2(M <M2><M >+M M4<M >) 
1 2 3 2 1 3 

~<M'><M2><M > ) •(<M2><M >+MS<M >+M M'<M2>) 
1 2 3 2 3 1 3 2 1  2 

~M2<Mg><M2><M > --) ~2(M2<M2>< M >+MS<M >+M6M <Me>) 
i I 2 3 1 2 3 I 3 1 2  2 

o-M <M4><M2><M > ---> u2(M <M2><M >+MSM <M >+Me<M2> 2) 
2 1 2 3 2 2 3 1 2 3 1 2 

=- cr2(M <M2><M >+M6M <M > )  
2 2 3 1 2 3 

o-M2M <M4><M2><M > ) 
1 2 1 2 3 

o-2(MS<MZ><M >+MZM <MZ><M >+M Me<M >+M6<M2> 2) 
1 2 3 1 2 2 3 2 1 3 1 2 

- o.2(MS<M2><M >+M2M <M2><M >+M MS<M >) 
1 2 3 12 2 3 21 3 

de-Boundar ies Figure 3.4.1: 

We prove that (b), (c) and (d) are valid for E s simultaneously by induction 
N,7 

on N. Of course we only need to worry about (d) when N is of the form 

2 p - i0, and in that case we have to show that {M }' exists. Clearly (b), (c) 
p 

and (d) are valid for small values of N. Assume that 2q-lO < N -< 2g÷I-10 and 

that (b), (c), (d) are valid for E e if k < N. Let 
K,7 

A = Z[MS'<M2>2'<M3>2'{M4 } ' ' I z  .... {M }'], and let B be the set of all monomials 
q 

in the given polynomial generators of A. Let R be the set of elements in the 

right hand column of the above table, and let L be the set of elements in the 

left hand column of the above table. The elements of R are summarized in the 

table of Figure 3.4.2 below. In that table an entry ~ indicates that the 

given element bounds modulo other entries of the table. Note that this table 

is valid when tensored with Z2[<M~>2,<M~>Z,<M3>2,<M4> ..... <MN> .... ]. In 

particular, it is evident from the table that {r.blr E R and b E B} is 

linearly independent. Therefore { 1.b ] I e L and b e B } are showing how all 
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the elements in the kernel of dS:E 8 ) E s are boundaries for t ~ N. 
t,7 tjl4 

8 
This proves (b). The image of d8:E 8 • ) E~ is the 

~,7 ,14 

Z2[<M4>2'<M2>2'<MI 2 3>2'<M4' > ..... "<MN>' ]-module spanned by the elements in the 

right hand column of Figure 3.4.1. Examination of that column, as depicted in 

Figure 3.4.2, verifies that the assertion made in (c) is true. If N = 2q÷t-lO 

8 8 
then dS<M > is a d -cycle. By our proof of (b), this d -cycle is in 

q+l 

[Z8(2~) ® H.BP] ~ de(Z(2)[<M~>,<M~>,<Ma>,{M }', .... {M }']). So write 
q 

dS<M > = 2~X + dS(~) for some ~ E Z(2I[<M~> <M~>,<Ma>,{M4}',... {M }']. 
q+1 ' ' q 

Let {M }' = <M > - ~. This completes the proof of the induction step. 
q÷l  q+l  

(e) This statement is a consequence of (b).~ 

(7 2 

M 
1 

M z 
1 

2 

M2~ 
I 2 

1 <M~> <M2> <M3> <M4><M2> 
2 I 2 

<M:><M3> <M4><M2><MI 2 3 > <M~><M3> 

m 

Figure 3.4.2: Summary of d 8- Boundaries 

We digress to prove a result from which it will follow that u.v = O. 

THEOREM 3 . 4 . 4  Let  ¢ ~ ~ such  t h a t  CM~ and CM-~ a r e  b o t h  b o u n d a r i e s .  

Then u ' #  = O. 

PROOF. S ince  CM~ bounds ,  d~(¢M~) = O. T h e r e f o r e  u - ¢  i s  a d2 -bounda ry  which 

means u'¢ is divisible by ~. Then d4(~2) = uCM I is zero if and only if 

u'¢ : 0 in ~. Since CM-- 2 bounds, it follows that u.¢ : O! 
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COROLLARY 3.4.5 u-~ = 0 and ~-2 = O. 

M 2 PROOF. Note that ~ = dS<M2> and ~ M = dS<M >. 
1 2 2 3 

Now (r2M = d8(o-M2%). Thus, ~0 -2 = d2(cr2M 1) = O. I 

By Theorem 3.4.4, u . f f  =0. 

We next prove that the analogue Theorem 3.4.3 which analyzes the 

dl°-differentials which originate on the 7 row. 

THEOREM 3.4.6 (a) A[16] = d1°(~MS) is a nonzero element of order 2 in S 
1 1 8 "  

(b) E 12 consists of the [dS(E~ ° ) n (Ze(2~)®H.BP)]-cosets of 

E(7,12) ~ [Z8(2~){A} ® B'<8>] 

® [Z {2~M2~<M¢>~<M2>$<M >c I 0 ~ ~,~,~,6 e ~ I (a,~) ¢ (I I) 
8 1 2 1 2 3 ' ' ' 

and (8,c) ~ (1,1)} ® B'<8>]. 

Here A is the following set: 

{M7M +M M <M2>, 
1 2  1 2  2 

M2M <M2>+M M <M > 
1 2 2 1 2 3 ' 

M2M +MSM <M > 
2 2 3  1 2  3 ' 

MSM <M >+M3<M2><M >+MTM <M2>, 
1 2  3 1 2 3 1 2  2 

(c)  d l ° (E  1° ) c Z2A[16] ® B<2> and 
~,7 

[Z2A[ 16] ® B<2>] / Image [dl°: El°*,7 ..... > EI°*,16] 

= Z2A[ 16]{M2M <M4> M2M <M4><M2>, M2<M4><M > 
1 2  1 ~ 1 2  1 2 1 1 3 ' 

M3M <M >+M7M 2, MSM +M3<M2>, 
1 2 3 1 2 1 2 1 2 

+M 13, M2<M >M2+M12M M2M3 , 2 3 1 , 2' 

<M4>MZM +Mll<M2>, MSHeM +MSM <M > 
1 2 3  1 2 1 2 3  1 2  3 ' 

<M4>M2M +MI°M <M >}. 
2 1 2 3 1 2 3 

M2M <M4><M >, 
1 2 1 3 

M2<M4><M2><M >, M, <M4><M2><M >, M2M <M4><M2><M >} ® B' <8>. 
1 1 2 3 2 1 2 3 1 2  1 2 3 

(d) 

E 8 and dS{MN}" e E(7,12). 

-< 4>2 ~>2<M3>2 ' {M4} Let B"<8> = Z[ M 1 ,<M ", . . . .  {M N } ' ' , . . .  ]. 

PROOF. (a) E s = Z {V;<M3>,V2<M~>,V3<M2> V2V <M~'>,VI<M:>2}. 
18,0 (2) I 2 ' 1 2 1 

= (4o-M s) and E I0 = Z2(2o-MS). It follows dSCE 8,o Z C20  M) z , ,0,7 

<M4>. Now 2~M s must be a nonzero differential originating on 2o~4 s = crY I I 1 

survives to E I° and d1°(2~M~) defines a nonzero element A[16] of $16. By 

For N a 4, there are polynomial generators {MN}" of H, BP which survive to 

Therefore, 

that there 

Theorem 2.4.2, 
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A[16] e < ~ , 2 , ~ 2 > .  

Then 2A[16 ]  e 2<~,2,~r2> = <2 ,~ ,2>~  2 2 2 
= n o" = O. Hence 2 A [ 1 6 ]  = O. 

[ 3 . 8 ]  

( b ) ,  ( c ) ,  ( d )  The  p r o o f  o f  t h e  r e m a i n d e r  o f  t h i s  t h e o r e m  i s  a n a l o g o u s  t o  t h e  

proof of the last four parts of Theorem 3.4.3. We create a new table in 

Figure 3.4.3 from the table in Figure 3.4.1 by changing each 2 to A[I6] and 

m u l t i p l y i n g  e a c h  m o n o m i a l  i n  t h e  f i r s t  a n d  s e c o n d  c o l u m n s  b y  V i .  I n  a d d i t i o n  

t h e r e  a r e  m o n o m i a l s  ~ i n  Z [ M 2 1 ' M 2 ' M 3 ' { M 4 } ' ' ' ' ' ' { M N } ' " ' ' ]  ® Z s ( 2 ~ )  w h i c h  map t o  

2~M2M u n d e r  a Q u i l l e n  o p e r a t i o n  a n d  h e n c e  d l O ( 2 ~ )  * O. S u c h  m o n o m i a l s  
I 2 

must be d i v i s i b l e  by  M:% o r  by M:%. We i n c l u d e  the  2 ~ .  o f  t h i s  f o rm  i n  the  

table in Figure 3.4.3. Note that all 2~ which are not listed in Figure 3.4.3 

d 10 are - c y c l e s .  

8 r ElO 
E~,O E~,7 ~,16 

V <M4> ) 2o~ 
1 1 1 

V <M2> ) 2o~ 3 
1 2 1 

V <M > > 2~M 
1 3 1 2 

<M >+2<M4><M2> > 2~(M3M +M e) 
V2 3 1 2 I 2 1 

2~M <M4> 
1 1 

2e~3<M4> 
1 1 

2~M M <M4> 
I 2 I 

20"~M <M'> ............. 
1 2 1 

V <ld4><M2> ~ 2o"1,'1 N 2 
1 1 2 1 2 

2~M3<M2> 
1 2 

I 2 2 12 1 

2olM3M <M2> 
I 2 2 

<M4><M > --)  2o~M (<M >+M <M4>) 
Vl 1 3 1 3 2 I 

<M2><M > --) 20~ (M2<M >+M <M2>) 
Vl 2 3 1 I 3 2 2 

2~(M M <M >+MS<H2>) 
I 2 3 I 2 

> A[16 ]  

) A[ 16]M 2 
1 

, AIlSlM 2 

, A[ 161M2~ 
I 2 

) A[ IGlH 4 
I 

> 0 

~. A[I~IM M 4 2 1 

) A[ 16]M s 
1 
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2o'(M3M <M >+M7M 2) 
1 2  3 1 2  

2o'M <M4><M2> 
I 1 2 

2(rM3<M4> <M2> 
1 1 ;3 

2o'M M <M4><M2> 
1 2 1 2 

2crM3M <M4><M2> 
1 2 1 2 

20"M <M4><M > 
1 1 3 

2crM3<M¢> <M > 
1 l 3 

2o'M M <M4><M > 
1 2 1 3 

2o'(M3M <M4><M >+M M <MZ><M >+MS<M2> 2) 
1 2  1 3 1 2  2 3 1 2 

<M4><M2><M > ) 20"M (M2<M >+M <M4><M2>) 
V l  1 2 3 1 2 3 2 1 2 

V <M2> ) 
2 2  

V <M2><M >---> 
2 2 3 

2cr(M3<M2><M >+M3M <M4><M2>) 
1 2 3 1 2 1 2 

2o'(M M <M2><M >+MS<M2>2+M I I<M2>} 
1 2 2 3 1 2 1 2 

20"(M3M <M2><M >+MT<M2>2+MgM <M >) 
1 2 2 3 1 2 1 2 3 

2crM <M4><M2><M > 
1 1 2 3 

2onM3<M4><M2> <M > 
1 I 2 3 

2O'(M M <M4><MZ><M >+M3<M2> 3) 
1 2 1 2 3 1 2 

2o"(M3]M <M4><M2><M >+M M <M ><M2>2+M23)~ 
1 2  1 2 3 1 2  3 2 1 

20"( M2M +M s ) 
1 2  l 

2cr(M2M <M4>+M3<M2> ) 
I 2 I I 2 

2o'(M2M <M2>+M ]~ <M > 
1 2  2 1 2  3 

2¢(M2M <M >+MS<M >+M <M2>) 
1 2 3 1 3 2 2 

2o-M2M <M4><M2> 
1 2 1 2 

20"(M2M <M4><M >+M3<M2><M >+M7M <M2>) ; 
1 2  1 3 1 2 3 1 2  2 

2cr(M2M <M2><M >+MS<M2><M >) 
1 2 2 3 1 2 3 

2o-M2M <M4><M2><M > 
1 2 I 2 3 

20-(M2M +M i3) 
2 3 I 

2cr(M2M2M +MSM <M2> ) 
1 2 3  1 2  2 

20"(M M2M +M6M <M >1 
2 2 3  1 2  3 

> 0 

:, A[ :ts]t~ 
2 

> A[ 16]M2M 2 
1 2 

> A[16 IM M 2 
2 2 

> A[ 16]MZM M 2 
122 

) A[ 161% 

) A[ 16]M2M 
I 3 

A[ 16] (M2<M3>+MIIO) 

> A[ 16]MSM 2 
I 2 

) A[ 16]M4<M > 
I 3 

A[ 16IM2M <M > 
1 2 3 

) A[ 16 ]%M~<M3> 

> A[16](M2<M >+M M4<M2>) 
2 3 2 1 2 

> A[ 16] (M2M2<M >+M6M <M2>) 
1 2  3 1 2  2 

) A[ 16 ] M2M~<M3 > 

A[ 16]M2M M2<M > 
1 2 2  3 

> 0 

) 0 

) 

) 

) 

) 

) 

A[ 16 ] M4<M2> 
1 2 

0 

A[ 181 (MS<M >+M4M -3) 
1 3 1 2 

A[ 16]<M¢><M2><M > 
1 2 3 



2~( <M4>M2M +M'I<M2> ) 
1 2 3 1 2 

2~(M2<M4>MZM +M�M <M >) 
1 1 2 3  1 2  3 

2 1 2 3  1 2 3 

Figure 3 . 4 . 3 :  
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d l ° - B o u n d a r i e s  

> 0 

) 0 

0 

The analysis of the table in Figure 3.4.1 which we used to prove 

Theorem 3.4.3(b)-(e) applies to the table in Figure 3.4.3 to prove (b), (c) 

and (d) of our Theorem. The right hand column of the table in Figure 3.4.3 is 

summarized in the table of Figure 3.4.4 below to assist in verifying (c).~ 

A[lS] I 

1 

M 2 • 
1 

2 

M2M • 
1 2 

<M4> <M2> <M > <M¢><M2> 
1 2 3 1 2 

o 

<M4><M > <M2><M > 
1 3 2 3 

<M4><MZ><M > 
1 2 3 

Figure 3.4.4: Summary of d I°- Boundaries 

We continue our analysis of differentials which originate on the 7 row by 

considering the d12-differentials which originate there. We will eventually 

see in Chapter 4 that they land in a direct sum of Z s and Z s. In the next 
8 4 

theorem we analyze these d12-differentials tensored with Z . We use the 
2 

notation E ( S )  t o  d e n o t e  t h e  r e d u c e d  e x t e r i o r  a l g e b r a  g e n e r a t e d  b y  t h e  s e t  S.  

THEOREM 3 . 4 . 7  ( a )  

o f  C [ 1 8 ]  i n t o  E 12 
0,18 

S 
There is an element C[18] ~ ~ such that the projection 

18 

has order four and equals d12(2c~M6). 
1 
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(b) Let K(12) = {X ~ E 8 IX survives to E 12 and 
~,7 

E 12 ] X E Kernel [ d 1 2 :  12 ) }. 
E. , 7 ",IB 

Then K(12) / {[dS(ES,o) (~ Z4(4cr) ® H, BP] r~ K(12)]} = 

K2 ® Z[<M4>4'l <M2>4'2 <M3>4' <M4 >2' {Ms} ' ' . . . .  {M}I} ' ' " " " } ] 

where  K 2 = Z2 (2° ) {<M~ >'M2<M2>l 2 'M2<M3>'MIM2M3 } ® E(<M~ >2,<M2>2,<M3>2,<M4>) 

modulo the following relations: 

(i) 2¢<M2> + 2¢M2<M4> = O; 
2 1 1 

(ii) 2cr<M > + 2~ <M4> = O; 
3 2 1 

(iii) 2¢<M > + 2~M M M <M4> = O; 
4 1 2 3  1 

( i v )  2o'M2<M > + 2o"M <M2> = O; 
1 3 2 2 

( v )  2o'M2<M > + 2o-M M M <M2> = O; 
1 4 1 2 3 2 

( v i )  2o~ <M > + 2o'M M M <M > = O; 
2 4 1 2 3  3 

(Vi i )  2~<M2><M > + 2¢M2<M4><H > + 2o-M <M4><H2> = O; 
2 3 1 1 3 2 1 2 

(viii) 2~<M2><M > + 2~M2<M4><M > + 2~M M M <M¢><M2> = O; 
2 4 1 1 4 1 2 3  1 2 

(ix) 2o<M ><M > + 2~M <M4><M > + 2~M M M <M4><M > = O; 
3 4 2 1 4 1 2 3 1 3 

( x )  2o'H2<M ><M > + 2o-M <M2><M > + 20"M M M <M2><M > = O; 
I 3 4 2 2 4 1 2 3  2 3 

( x i )  2o'<M2><M ><M > + 2o'M2<M4><M ><M > + 2o'M <M4><M2><M > 
2 3 4 1 1 3 4 2 1 2 4 

+ 2~M M M <M4><M2><M > = O; 
1 2 3  1 2 3 

( C )  L e t  T = Z 2 ® [ Z 8 C [ 1 8 ]  ® H ,  B P ] .  T h e n  

T / {T n Image [d12:E12 12 
" ,7  > E',lS]} 

= Z2 {M~M~<M4>e(1)<M2>e(2)<M1 2 I 2 3>e(3)'''<MN>e(N) ..]O<a_<3 ' 0</3_<1,e(N)_>O for  NZl 

and e i ther  ( i )  ~+~->2 or ( i i )  e(1)e(2) is odd while e(3) is even}, 

(d) For N -~ H, t h e r e  a r e  polynomial  g e n e r a t o r s  {MN}"' of  H.BP which s u r v i v e  

to  E 8 such t h a t  d8{M N}''' ~ (4~). 

PROOF. (a) E 8 = Z V2<M4> 2 ® Z (8M3M <M4>) (~ Z <M4><M2> 
20,0 (2) 1 1 (2) 1 2 1 (2) 1 2 

<M2> @ Z V3<M > @ Z V <M >. Thus, de(E~ ) = 
Z(2)V1V2 2 (2) 1 3 (2) 2 3 0,0 ~9 

Z2(8~M ~) @ Zls(Oi~) e Ze(2~M~M 2) Hence E s = Z4(2crM ~) Now 2~M2<M4> 
' 1 2 , 7  " 1 1 

10 
survives to E I°. Since 2~M2<M4> ~ Image r A , 2~M2<M4> must be a d -cycle. 

1 1 1 1 
1 
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Therefore d12(20.M1 e) is a nonzero element of E 12 of order four. This element 
0318 

is the projection into E 12 of an element C[18] e S . By Theorem 2.4.2, 
0,18 18 

C[18]  e <u,0.,20.>. [ 3 .9 ]  

(b)-(d) The proof will be analogous to the proof of Theorem 3.4.3(b)-(e) and 

will use the table i n  Figure 3.4.5 below. The entries in the middle column 

are all the B"<8>-module generators of E ~2 according to Theorem 3.4.4(b) m 7 

The only change that we have made is to replace 2o-(M2M <MZ>+M M <M >) by 
1 2  2 1 2  3 

2M M M since they are equal modulo other entries in the table. 
123 

8 E r E12 
E~,O ~,7 ~,18 

2<M4> > 2o- 
I 

2<M2> > 20.M 2 
2 I 

2<M > ) 20.M 
3 2 

<M4> 2 > 20.<M4> 
1 1 

20.M2<M4> _ _  
1 1 

2o-M <M4> 
2 1 

) c[18] 

> C[18]M I 

V <M4><M2>+V <M4> 3 > 20.(M2M <M4>+M3<M2>+M <M2>) 
2 1 2 I 1 I 2 1 1 2 2 2 

2<M4><M2> ) 20.<M2> +M2<M4> 
1 2 2 I 1 

<M2> 2 > 20.M2< Me> 
2 1 2 

2o~ <MZ> 
2 2 

20.(M2M <M2>+M M <M >) 
1 2  2 1 2  3 

2<M4><M > ) 20.(<M >+M <M4>) 
1 3 3 2 1 

2<M2><M > > 20.(M2<M >+M <M2>) 
2 3 1 3 2 2 

<M >2 ) 20.M <M > 
3 2 3 

20.<M4><M2> 
1 2 

20.M2<M4> <M2> 
1 1 2 

2o'M <M'~> <M2> 
2 1 2 

{M4}' > 20"MIM2M3 

> C[18]M 
2 

, c[ 181M s 
1 

> C[ 18]M~ 

c[ 181<M2> 
2 

) C [ 1 8 ] ( M 4 M  +M <M2>) 
1 2 I 2 
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2<M4><M2><M > --9 
1 2 3 

V V <M4><M2> ) 
2 3  1 2 

2o'Ma<M4><M > ) C[ 18] (M +M 7) 
, 1 3 3 1 

2o'M2<M4><M, 3 > > C[ 18 ]MI<M3 > 

2~(MI2%<M4><M >+M3<M2><M >+MTM <M2>) ) C[18]M2<M3 > 
, 3 1 2 3 I 2 2 

20-(<M2><M >+M2<M4><M >+M <M4><M2>) 
2 3 1 I 3 2 , 2 

2°'M2<Mm><MI 2 3 > - ) C[ 18]M2<M~> 

20"(M M <M2>+M2M <M4>M ) 
2 3  2 1 2  1 3 

20"(<M4>M2M +M"<M2>) ) C[ 18]M4M 
1 2 3  1 2 1 3  

20"(Me<M4>M2M +MSM <M > ) > C[ 181 ( <M2><M >+M <M4><M2> ) 
I 1 23 12 3 2 3 2 1 2 

2cr(M <M4>M2M +M'°M <M >) --~ C[ 181 (M4M M +M M2M +M '41 
2 I 2 3  1 2 3 1 2 3  1 2 3  1 

<M >2+V <M2><M >+V <M4><M > --> 2~(MTM +M M <M2>+<M4><M2>) 
3 1 2 3 2 1 3 12 12 2 1 2 

2~r(M3M <M >+M7M2+M2<M4><M > ) C[18]M4M 
1 2  3 1 2  1 1 3 1 2  

Figure 3.4.5: d12-Boundaries Mod Two 

There is a new phenomenon in the table of Figure 3.4.5. The nonzero 

d8-differentials on <M4> 2,1 <M~> 2, <M3>2 and <M4 > extend to nonzero 

dS-differentials on 

<M4>2~<M2>2~<MI 2 3>2~<M4>~<M4>4e(1)<M2>ge(2)<MI 2 3>4e(3)<M4>2e(4){Mst" . e(S).. .{MN}e(N) 

for all ~, ~, 7, ~ e {0, I}, ~ + ~ + ~ + 5 > 0 and e(k) m O, I ~ k ~ N. 

is, the images of these dS-differentials are the only dS-boundaries in 

That 

® Z[<M~> 4,<M2> 4,<M3>4 ,<M4> 2,{Ms}', .... {MN}',...}]}. 

, d 8 . E 8 This determines the 11 relations in K(12)/{[ ( ~ 0)~Z4(4~)®H~BP]nK(12)]}. Now 

the proof of the remainder of this theorem is a direct analogue of the proof 

of Theorem 3.4.3(b)-(e). The right hand column of the table in Figure 3.4.5 

is summarized in the table of Figure 3.4.6 to assist in the proof of (c). The 

additional observation required to prove (d) is that all of the d8{Mn} ", only 

N > 5, must be elements of [Zg(4~) ® H~BP] n E 14 because if that were not so 
-- ~,7 

+M�<M > ) then we could apply a Quillen operation to see that 2~M112 or 2~(M3M3 i 3 

• } " '  exist. i s  a d 8 - b o u n d a r y  w h i c h  we k n o w  i s  n o t  t h e  c a s e  T h u s ,  t h e  {M N 
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c[Is] I 

M 
1 

M 2 * 

<M4> i<M2> <M > <M4><M2> 
1 2 3 1 2 

<M4><M > <M4><M2><M > 
1 2 3 

<M2><M > 
1 3 2 3 

Figure 3 . 4 . 6 :  Summary of d 12- Boundaries Modulo Two 

In the previous theorem we analyzed the d12-differentials which originate on 

the 7 row modulo two. In the next theorem we analyze these dl2-differentials 

modulo four. We continue with the notation of the previous theorem. 

THEOREM 3.4.8 (a) K(12)  / {dS(E~, o) ~ ~) Z2(8o-)] n K ( 1 2 ) }  = 

[K2 ® Z[<M4>4'<M2>4 <M >4' <M >2' {Ms } ' I  2 ' a 4 '''''{MN}'''''}] 

e [Z2(4~(M1<M4><M1 a>+M3M1 2 <M2>2 ))® B'<8>]. 

(b) Let U = Z 2 ® [Z4(2u*) ® H.BP]. Then U / {U n Image [d12:E12*,7 > E12",18]} 

= Z {2u*M~<M4>e(1)<M2>e(2)<M >e(3)..<Me(N)>... I0 -< ~ -< 3, 0 -< ~ -~ 1, 
2 1 2 1 2 3 N 

e(N) -~ 0 for N->I, ~ + ~ -~ 3 and if e(3) is odd then either 

( i )  e ( 1 )  i s  e v e n  o r  ( i i )  e ( 1 )  i s  o d d ,  e ( 2 )  i s  e v e n ,  a = 1, ~ = 0} .  

(c) For N z 5, there are polynomial generators {MN} Iv of H.BP which survive 

to E 8 such that dS{MN} Iv ~ (8~). 

PROOF. Again the proof is analogous to the proof of Theorem S.4. S(b)-(e). It 

makes use of the table in Figure 3.4.7 below. 

d12(K2 ) c Z2(4C[18]) ® H~BP. 

8 Er 
E~,O *,7 

4<M4> .... > 4~ 
I 

2V <Me> -- ) 4~M 
1 1 1 

In addition, observe that 

E 12 
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4<M2> 
2 

2V <M2> 
1 2 

4<M > 
3 

2V <M > 
1 3 

2V <M2> 
2 2 

V V <M2> 
1 2 2 

V2<M2> 
1 2 

V2<M >+2V <M2> 
1 3 2 2 

V V <M >+2V <M4><M2> 
12 3 1 1 2 

4<M4><M2> 
1 2 

2V <M4><M2> 
1 1 2 

V2<M4><M2>+<M4>3 
1 1 2 1 

) 4o-M 2 
I 

> 4o-M 3 
1 

2 

) 4o-MM 
1 2 

) 4crM2M 
1 2 

> 4o-M3M 
I 2 

) 4o-<M4> 
I 

4crM <M4> 
1 1 

4o-M2<M4> 
1 1 

4o-M3<M4> 
1 1 

4o-M <M4> 
2 I 

4o-M M <M4> 
1 2 1 

4o-M2M <M4> 
1 2 1 

4o-MaM <M4> 
1 2 1 

40"( <M2> +M2<M4> ) 
2 1 1 

) 40"(1,1 <bt2>+b13<M4>) 
1 2 1 1 

) 40-M2< M2> 
1 2 

4<M2><M >+2V <M4><M2>+V2<M4><M >+2V <M4> 3 > 4~M3<M2> 
2 3 

2V <M4><M2> 
2 I 2 

V V <M4><M2> 
1 2 1 2 

4V2<M2><M > 
I 2 3 

4<M4><M > 
1 3 

2V <M4><M > 
1 1 3 

4<M2><M > 
2 3 

2V <M2><M > 
I 2 3 

2V < M 4 > < M  > 
2 1 3 

VV<M> 
1 3 3 

2 1 2 1 1 3 1 1 1 2 

) 4~(M <M2>+M2M <M4>) 
2 2 1 2 1 

> 4(r(M M <M2>+M3M <M4>) 
1 2 2 1 2 1 

) 4o'M2M <M2>+4M <M4><M > 
1 2 2 2 1 3 

4o-M3M <M2> 
1 2 2 

) 4o-(<M >+M <M4>) 
3 2 1 

> 4o-(M <M >+M M <M4>) 
1 3 1 2 1 

) 4o'(M2<M >+M <M2>) 
1 3 2 2 

) 4o'(M3<M >+M M <M2>) 
1 3 1 2 2 

> 4cr(M <M >+M M <M4>) 
2 3 2 2 1 

) 40-M M M 
123 

> 2 C [ 1 8 ]  

> 2 C [ 1 8 ] M  
1 

> 2C[18 ]M~ 

> 2 C [ 1 8 ] ( M  +M 3) 
2 1 

) 2C[18]M1M 2 

> 2 C [ 1 8 ] M  6 
1 



V V <M2> > 
2 3 2 

V V <M2><M > + 2 V  <M4><b12> 2 
1 2 2 3 1 1 2 

vZ<Mm><M > 
1 2 3 

4<M4><Mm><M > 
I 2 3 

2V <M4><M2><M > 
1 1 2 3 

Ve<M4><M2><M > 
1 1 2 3 

2V <M4><M2><M > 
2 1 2 3 

V V <M4><M2><M > 
1 2 1 2 3 
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4o-M2M M 
123 

> 4~(M3M <M >+M <M4><M2> 
1 2 3 2 1 2 

4o'<M4><M2> ..... > 2 C [  18]M 4 
1 2 I 

<Mg><M2> > 2C[18]< 4(rMi i 2 

4o'M2<M¢><M2> > 2C[ 18]<M2> 
1 1 2 2 

4(rM3<M4><M2> ) 2C[ 18]Hi<M2> 
1 1 2 

<M4><M2> ) 2C[ 18] (M~M +M 7) 4~rM2 1 2 I 2 1 

4o-M M <M4><M2> > 2C[18](MSM +MeM2+M s) 
1 2  I 2 1 2  1 2  1 

4°'M12Me<M4><M2>I z ) 2C[ 18] (M2<M2>+Ma<M2>)2 1 2 

4°'M~M2<M4> <M2>I 2 ) 2C[ 18 ] (Mi ~e<Mz>+MI° ) 2  I 

4o-(<M4><M >+M2M <M2>) 
1 3 1 2 2 

40"(M <M4><M >+MaM <I'42>) ---> 0 
1 1 3 1 2 2 

4o'M2<M4><M > > 2C[ 18] (<M >+M4M +M 7) 
1 1 3 3 1 2  1 

4~-M3<M4><M > ..... > 2C[18](MI<M >+MSM +M s) 
1 1 3 3 1 2 1 

4o-M <M4>M ) 2C[ 18]M2M 2 
2 1 3 1 2 

4e'M M <Mg><M > ..... > 2C[18](MZ<M >+M 9) 
1 2  1 3 1 3 1 

4°'M~M2<M4> <MI 3 > > 2 C [  1 8  ] (M2 <M3> +M3<MI 3 > +M4M2)l 2 

4°'MI3M2<M~><M1 3 > > 2C[ 18] (MM_<M>+MSM2+MSMi z 3 i 2 i 2 ) 

~. 4 ~ ( < M 2 > < M  >+M2<M4><M >+M <M4><M2>) 
2 3 1 1 3 2 1 2 

) 4o~(M <M2><M >+Ma<M4><M >+M M <M4><M2>) 
1 2 3 1 1 3 1 2 1 2 

> 4o-(MZ<M2><M >+<M4>2<M >+M2M <M4><Me>) 
1 2 3 1 3 1 2 1 2 

4o'M3<M2><M > > 2C[ 18] (M M <M2>+M4<M2>) 
1 2 3 1 2 2 1 2 

> 4o'(M <M2><M >+M2M <M4><M >+M M <M4><M2>) 
2 2 3 1 2  1 3 2 2  1 2 

> 4~(M M <MZ><M >+MaM <M4><M >+M M M <M4><M2>) 
1 2  2 3 1 2  1 3 1 2 2  1 2 

4~(M2M <M2><M >+MSM 4) > 2C[18]MS<M2> 
1 2  2 3 1 2 1 2 

4o~M3M <M2><M > > 2C[ 181 (M6M +M M4+M <M4>M2+M7M 2 ) 
~ 2 2 3 1 3  i 2 2 ~ 2 ~ 2 

4~<M4><M2><M > > 2 C [  18] (M4<M >+M <M4><M2>) 
1 2 3 1 3 1 1 2 

4o~M <M4><M2><M > ) 2C[ 181 (MS<M >+MS<M 2>) 
1 1 2 3 1 3 1 2 
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4o-M2<M4> <M2> <M > 
1 1 2 3 

4o~3<M4><M2><M > 
1 1 2 3 

4o'H <M4><M2><M > > 
2 1 2 3 

4o1M M <M4><M2><M > 
I 2 1 2 3 

40-M2M <M4><M2><M > 
1 2 1 2 3 

4o-M3M <M4><M2><M > 
I 2 1 2 3 

2¢r(M3M +Mg<M >+2M M <M4> 3) 
2 3  1 3 1 2  1 

) 2C[ 18] (<M2>M +M7<H2>) 
2 3 1 2 

2C[ 18] (M <M4><M >+M3<M4><M >+M M <M4><M2>) 
2 1 3 1 1 3 1 2  1 2 

) 2C[ 18] (M2<M2><M >*MSM M ) 
1 2 3 1 2 3  

> 2C[ 18] (M <M2>M +M3<M2><M >+MI°<M2>) 
2 2 3 1 2 3 1 2 

) 2C[ 18] (M M M2M +M7M <M >+Ml°M +MSM M 2) 
1 2 2 3  1 2  3 1 3 1 2 2  

) 0 

F i g u r e  3 . 4 . 7 :  d 12 B o u n d a r i e s  Modulo Four  

To p r o v e  (b) we summarize  t h e  b o u n d a r i e s  o f  t h e  r i g h t  hand column o f  t h e  t a b l e  

i n  F i g u r e  3 . 4 . 7  i n  t h e  t a b l e  o f  F i g u r e  3 . 4 . 8  below.  The p r o o f s  o f  (b) and (c)  

a r e  analogous t o  t h e  p r o o f s  i n  t h e  p r e v i o u s  t h e o r e m s . ~  

2C[18] <M4><M > <M2><M > 

1 

H 
1 

M 2 
1 

2 

M~ 
1 2 

1 <M4> <M2> <M > <M4><M2> 
1 2 3 1 2 1 3 2 3 

m 

<M4><M2> <M > 
I 2 3 

F i g u r e  3 . 4 . 8 :  Summary o f  d 12- B o u n d a r i e s  Modulo Four  

We w i l l  s e e  i n  C h a p t e r  5 t h a t  C[18] has  o r d e r  e i g h t ,  At t h i s  p o i n t ,  however ,  

we can  not  y e t  e l i m i n a t e  t h e  p o s s i b i l i t y  t h a t  C[18] has  o r d e r  f o u r .  T h i s  

a c c o u n t s  f o r  t h e  i n d e t e r m i n a t e  symbol ~ in  t h e  f o l l o w i n g  theo rem.  With t h e  

i n s i g h t  f rom C h a p t e r  5, t h e  r e a d e r  can  r e p l a c e  ~ by 4C[18]M 1. 
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THEOREM 3.4.9 If 4C[18] ~ 0 then let r = 12 and { = 4C[18]M 1. If 4C[18] = 0 

then r = 14 and there is ~ g S which projects to a nonzero element of E 14 . 
20 0,20 

In both cases, the followlng is true. 

E 2"2 : <, >2 
~,7 1 2 2 3 1 3 " 

MM M <M4><M >,MMM <M2><M > M MM <M4><Me><M >} 
1 2 3  1 4 1 2 3  2 4 ' 1 2 3  1 2 4 

® Z[<M~>4,<M2>4 <M3>4 <M4>2 {M}',...,{MN }''''" ]" 

(b) [Z2(~) ® H~BP] / dr[Z2(8~) ® H~BP] 

= [Z2(~M I) ® B<2>] 

[Z2(~M?%<M4> ) ® B<4> / ( <Me>3<M2 3><M4>' <M4>2<M2>3<M1 2 3><M4 >)] 

e [Z2(g<M4><M2><M1 2 3>{I'M~'~}) ® B"<8>] s [Z2(~M2<M4><M1 1 3 >1 ® B"<8>]. 

(c) For N z 5, there are polynomlal generators {M H} of HjBP which survive 

to E I°. 

begin by computing dS:E s .... > E s to see that E 12 = Z8(2~)M 7. PROOF. We 
22,0 14,7 14,7 

Observe that E 8 = Z <M4><M > ® Z V V <M > • Z V2V <M2> 
22,0  (2) 1 3 (2) 1 2 3 (2) 1 2 2 

@ Z V <M4><M2> @ Z V <M4> 2 ® Z V3<M4> 2. Thus de(E~ ) 
(2) 1 1 2 (2) 2 1 (2) 1 1 ' 2 ,0  

: Zs(~r %) e Z4(2o-MIM ~) ® Z2 (4~M~M2) .  N o t e  t h a t  dS(c~M~M2 ) : cr2% and 

d1°(2o-M4M ) = w~M 2. Thus E 12 = Z (2~)M 7 as asserted. Therefore if 4u ~ ~ 0 
1 2 1 14,7 8 1 

then d12(Bo-M 7) = 4u~M = ~ .  On the other hand, if 4u" = O then 
1 1 

E 14 = Z (40~47) and d14(4crM~) is a nonzero element ~ of E 14 . 
14,7 2 1 0,20 

(a), (b), (c) Once again the proof is analogous to the proof of 

Theorem 3.4.3(b)-(e)o It makes use of the table in Figure 3.4.9 below. 

E 8 r 
E~ ,7 

V3<M >+2V V <M2> 
1 3 t 2 2 

VZV <M >+2V2<M4><M2> .... > 
1 2 3 1 1 2 

> 8mM2<M4> 
1 1 

8crM3<M4> ........................ 
1 1 

8~M M <M4> 
I 2 1 

8o-M2M <M4> _ 
1 2 1 

8o.M3M <M4> _ 
1 2 1 

V3<M2><M >+V V <M4>2+2V V <M4> 3 
1 2 3 1 3  1 1 2  I 

> 

) 

80~M3M <M2> 
I 2 2 

~M 2 
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4V <M2><M >+V3<M4><M >+2V V <M4><M2>+<M2><M4> 2 
1 2 3 1 1 3 1 2 1 2 2 1 

8o-H <M4><M2> 
1 1 2 

8(M3M +M2~) ) 8o'M2<M4><M2> 
2 3  1 3  1 1 2 

80-M3<M4> <M2> 
1 1 2 

80"M <M4> <M2> 
2 1 2 

80"M M <M4><M2> > 
1 2 1 2 

8crM2M <M4><M2> ) 
1 2  1 2 

80-M3M <M~><M2> ) 
I 2 I 2 

4o~(M <M4><M >+M3M <M2>) --~ 
1 1 3 1 2 2 

V2V <M >+2V V <M2> > 80~ M <M4> 
1 3  3 2 3  2 1 3  1 

8(M M3M +Ml lM 2) ) 80-(M2<M4><M >+M <M4><M2>) 
1 2 3 1 2 1 1 3 2 1 2 

8crM3<M4> <M > 
1 1 3 

8(M2M3M +M M M 2) > 8o'(M <M4><M >+M M <M4><M2>) 
1 2 3  1 2 3  2 1 3 1 2  1 2 

8(M3M3M +M6M2M +M4MS+M7M4) ~ 80-(M M <M4><M >+M ls) 
1 2 3 1 2 3 1 2 1 2 1 2 1 3 1 

8o-M2M <M4><M > > 
1 2 1 3 

8crM3M <M4><M > > 
1 2 1 3 

) 8or<M4> <M2> 
1 2 

2 

> ~(<M >+M4M ) 3 1 2 

~M2<M > 
1 3 

~(M <M >+M¢M 2) 
2 3 1 2 

V3<M4><M2><M >+2V V <M4>3+8M3M <M2><M4>2+2V2<M2><M4>2+8<M4> s 
1 1 2 3 1 3  1 1 2  2 1 2 2 1 1 

V2V <M4><M2><M >+V V <M4>3+V3<M ><M2>2+V V <M2>3+8<M2><M4> 4 
1 2 1 2 3 2 3 1 1 3 2 1 2 2 2 1 

8M7M3 M 
1 2 3  

> 80-M3<M2><M > 
1 2 3 

> 8o-M2M <M2><M > 
1 2 2 3 

<M2><M > ) %C(M4+MSM 2) 
8°'M~M2 2 3 2 1 2 

80-<M4><M2><M > ) ~<M4><M2> 
1 2 3 1 2 

8crM <M4><M2><M > .......... > (M4<M > 
1 1 2 3 1 3 

8cr(M2<M~><M2><M >+M3M <M2><M >+M3<M4><MZ> 2) 
1 1 2 3 1 2 2 3 1 1 2 

8o'M3<M4><M2><M > -9 ~<M2>M 
1 1 2 3 2 3 

8crM <H4><M2><M > . . . .  ~ ((M2<M4><M >+M <M4><M2>) 
2 1 2 3 1 1 3 2 1 2 

<M4><M2><M > > ~M~M2M 3 8°'M1M2 ~ 2 3 

<M4><M2><M > > ~M2<M2><M > 
8°'M~M2 , 2 3 1 2 3 

<M4><M2><M > > ~(M M2M +MSM <M >) 
8 ~ M 2  1 2 3 2 2 3 1 2 3 

20-<M4> 3 > 0 
1 
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2 c r < M 4 >  < M 2 >  2 
1 2 

20--M2< M2> 3 
1 2 

2o.<M4><M >2 
1 3 

20.M2<M2> <M >2 
I 2 3 

2 ( ~  <M )3  
2 3 

2o-<M4><M > 

2o-M2<M2> <M > .... 
1 2 4 

20~ <M ><M > 
2 3 4 

2o-M M M <M > 
123 4 

20-<M4>3<M2> 2 
1 2 

20~I2<M4>2<M2> 3 
1 1 2 

2o.<M4>3<M >2 
1 3 

20,M2<M4>2<M2> <M >2 
1 1 2 3 

2o'M <M4>2<M >3 
2 1 3 

20-<M4>3<M > 
I 4 

2o-M2<M4>2<MZ><M > 
1 1 2 41, 

2~M <M4>2<M ><M > 
2 1 3 4 

2o-M M M <M4>2<M > 
1 2 3  1 4 

20..<M4> <M2>2<M >2 
1 2 3 

20~2<M2>3<M >2 
I 2 3 

2o"M <M2>2<M >3 _ _  
2 2 3 

20-<M4><MZ>Z<M > , 
1 2 4 

20-M2<M2>3<M > 
1 2 4 

2o-M <M2>2<M ><M > 
2 2 3 4, 

2o'M M M <M2>2<M > 
1 2 3  2 4 

2o.-<M~'><M >2< M > 
1 3 4 

2o-M2<MZ><M >2< M > 
1 2 3 4 

2o'M <M >3<M > 
2 3 4 

> 0  

~M2M <M4><M2> 
~ 1 2  1 2 

> 0  

) ~lM2<M3 > 

)0 

1 Z 1 

> ~MZM <M4><M2> m 
I 2 1 2 

> ~M2M <M2><M~> 2 
1 2 2 1 

) ~M2M <M4>a<M2> 
1 2 1 2 

>0 

> ~MZM <M ><M4> 2 
1 2 3 1 

> ~M2M <M ><M4> 3 
~ 1 2 3 I 

> ~M2M <M2><M ><M4> z 
1 2 2 3 1 

>0 

) ~M2M [<M4><M >2+<M2>3 ] 
- - 1 2  1 3 2 

) ~M2M <M4><M2> 3 
~ 1 2  1 2 

) ~M2~ <M4><M2><M >2 
~ 1 2  1 2 3 

> ~M2M [<M ><M2>2+<M4><M >] 
~ 1 2  3 2 1 ¢ 

> ~M2M <M4><M ><M2> 2 
~ 1 2  1 3 2 

> ~M~z[<M2>3<M >+<M4><M > 3 ]  
2 3 1 3 

> 0  

) ~M2M [<M >3+<M2><M >] 
1 2  3 2 4 

~M~[<M4><M >3+<M4><M2><M >] 
1 3 1 2 4 

) ~M2~ <M2><M >3 
1 2  2 3 
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2o4~I M M <M >2<M > 
1 2 3  3 4 

20.<Mg>3<MZ>2<M >2 
1 2 3 

2o.M2<M4>2<M2>a<M >2 _ _  
1 1 2 3 

2o-M <M4>2<M2>2<M >3 
2 1 2 3 

20-<M4>3<Mz>2< M > 
1 2 4 

2ffM2<M4>2<M2>3< M > 
1 1 2 4 

> ~M2~ <M4>2<M2><M >2 
12 1 2 3 

> gM2M [<M4>3<M >2+<M4>2<M2> 3] 
1 2 1 3 1 2 

~M~M2[ <M4>3<M2>3+<M4> < M 2 > 2 < M I  2 I 2 3 >2] 

) ~M2M2 [ <M4>3<M2><M1 2 3>2+<M2>3<M2 3 >2] 

) ,I~MZM [<M4>2<M2>2<M >+<M4>3<M >] 
1 2 1 2 3 1 4 

) ~M2M [ <M~>3<M2>2<M >+<M4><M2>2<M > ] 
1 2 1 2 3 1 2 4 

2 ~  <M4>Z<M2>2<M ><M > > 
2 1 2 3 4 

~M2~ [<M4>2<M2>3<M >+<M4>3<M >3 
1 2 1 2 3 1 3 

+<MZ>3<M >+<M4><M >2<M >] 
2 4 1 3 4 

20-M M M <M4>2<M2>2<M > .... ), 0 
123 1 2 4 

2~<M4>3<M >2< M > -- 
I 3 4 

2o-M2<M4>2<M2><M >2< M > 
1 1 2 3 4 

2c~M <M~>2<M >a<M > 
2 1 3 4 

20"M M M <M4>2<M >2<M > > 
1 2 3  1 3 4 

2cr<H4><M2>2<M >2< M > > 
1 2 3 4 

2o~<M2>3<M >2< M > > 
1 2 3 4 

2~M <MZ>2<M >3<M > ) 
2 2 3 4 

2e'M M M <M2>2<M >2<M > ) 
1 2 3  2 3 4 

2cr<M4>3<H2>2<M >2< M > ) 
1 2 3 4 

2~MZ<M4>2<M2>3<M >2<M > 
1 1 2 3 4 

) ~M2M [<M >3<M4>2+<M4>2<M2><M >] 
1 2 3 1 1 2 4 

> ~M2~ [ <M4>3<MI 3 > 3+<M4>31 <MZ> <M2 4>+<M4><M1 3 > 2<M4 > ] 

) ~MZM2 [ <M2><M2 3 >3<M4>2+<M2><MI 2 3 >2<M 4 >] 

~M2~ <M4><MZ>a<M >2 
1 2 1 2 3 

~M~M2 [ <M2>2<M2 3 >3+<M2>3<M2 4 >+<M4><M1 3 >2<M4 >] 

~M2M [ <M4><M2>2<M >3+<M4><M2>3< M > ] 
1 2  1 2 3 1 2 4 

~MZM [<M2>3<M >3+<M4><M2><M >2<M >l 
1 2 2 3 1 2 3 4 

~MzM2 [ <M2>3<M2 3 ><M 4 >+<M4><MI 3 >3<M 4 >] 

~MZM2 [ <M4>2<M2>I 2 2<M3 >3+<M4>I 2<M2>2 3<Mg > 

+<M4>3<M >2< M > ]  
1 3 4 

> ~M2M [<M4>3<M2>2<M >3+<M4>3<M2>3<M > 
1 2 1 2 3 1 2 4 

+<M4><M2>2<M >2<M >l 
I 2 3 4 

2o-M M M <M4>2<Mm>2<M >2<M > 
1 2 3  1 2 3 4 

Figure 3.4.9: 

2~M <M4>2<M2>2<M >3<M > ---> ~M12Mz[<M4>2<MZ>3<M >3+<M¢>3<M2><M >2<M > 
2 1 2 3 4 1 2 3 1 2 3 4 

+<M2>3<M >2< M >1 
2 3 4 

> ~M~M2 [ <M4>2<M2>3<MI 2 3 ><M 4 >+<M4>a<MI 3 >a<M 4 > 

+<M2>2<M >3< M > ] 
2 3 4 

d r B o u n d a r i e s  

To prove (b) we summarize the boundaries of the right hand column above in the 

table below. The proof is analogous to the proofs of the previous theorems.| 
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1 

1 

2 

1 2 

<¢ <¢ <¢<<> 

" :t: :1: :1: :I: 

$ Some of these elements bound and some do not bound. The bounding elements 
are marked by in the table below. An entry ~ indicates that the box bounds. 
In addition, the sum of a11 the boxes with the same letter as entry bound. 

~H~M 2 <M2> <M > 
2 3 

1 

<M4> 2 
I 

<M2> 2 
2 

<M >2 
3 

<M > 
4 

<M4>2<M2> 2 
1 2 

<M4>2<M >2 
1 3 

<M4>2<M > 
I 4 

<M2>2<M >2 
2 3 

<M2>2<M > 
2 4 

<M >2<M > 
3 4 

<M4>2<M2>2<M >2 
1 2 3 

<M4>2<M2>2<M > 
t 2 4 

<M4>2<M >2< M > 
I 3 4 

<M2>2<M >2<M > 
2 3 4 

<M4>2<M2>2<M >2<M > 
1 2 3 4 

<M4> 
I 

A 

B 

F 

G 

I 

J 

N, ML 

S 

m 

m 

A 

C 

F 

H 

K 

M,N 

0 

S 

U 

B 

C 

G 

H 

M 

<M4><M2> 
1 2 

m 

m 

D 

I 

K 

L 

P 

Q 

T 

U 

<M4><M > <M2><M > 
1 3 2 3 

J E 

D,E * 

J 

L,N 

Figure 3.4.10: Summary of d r- Boundaries 
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The previous theorem has left a remnant of a few elements on the "2¢ row". 

We see i n  the next theorem that these elements map monomorphicly under 

dS-differentials to elements o£ Z28 ® HtBP in the s+7 row. We shall show in 

Chapter 6 that s = 24, and in Chapter 8 we will show that this element 

S 
8 e ~ is the (in)famous element 8 of Arf invariant one. 

30 4 

THEOREM 3.4.10 (a) There is an s > 6 and a nonzero element 

e e E s of order two such that dS(2o]M 12) = 8. 
24-s,s+6 1 

(b) Image [d24"E24" *,7 ) E24",7 ] = Z28[I'<M~>2'<M~>2'<M3 >21 

® Z[ <M~> 4, <M~> 4, <M3>g, <M4>2, {Ms}' 

(c) E s+2 = O. 
~ ,7  

. . . . .  { H N } ' , . . .  ] .  

PROOF. By Theorem 3.4.9(b), E r+2 = Z (2crM12). Thus, there must be a nonzero 
24,7 2 1 

dS-differential originating on 2~M 12 hitting an element e of order 2. Part (b) 
1 

is a consequence of Theorem 3.4.9(a) and the computations in Figure 3.4.11. 

By Theorem 3.4.9(a) d s is an isomorphism from E s to the elements listed 

in (b) and E s+2 = 0.~ 

E s s 
~,7 E~,s+6 

<. 4>3 
20" n t ) e 

20-M2< M2 > 3 ) 8<M4> 2 
1 2 1 

20"M <M >3 ) 0<M2>2 
2 3 2 

2o'M M M <M > ) O<M >2 
1 2 3  4 3 

2o'M <M ><M4>2<M >2 > O<M4>2<M2>2 
2 3 1 3 I 2 

2o'M M M <M4><M > ) 8<M4>Z<M >2 
1 2 3  1 4 1 3 

2crM M M <M2><M > > 8<M2>2<M >2 
1 2 3  2 4 2 3 

2crM M M <M4><M2><M > > e<M4>2<M2>2<M >2 
1 2 3 1 2 4 1 2 3 

F i g u r e  3 . 4 .  11:  S u m m a r y  o f  d S - B o u n d a r i e s  

We conclude with a complete analysis of the 8 row. The element I mentioned in 

the theorem will be shown to be DA[14]M in Chapter 5. 
1 
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THEOREM 3.4.11 (a) S Z A[8] e Z 
8 = 2 2 W~" 

2 
( b )  ~ A [ 8 ]  a n d  ~ ~ a r e  b o t h  n o n z e r o .  

(c) The only differentials which land on the 8 row are determined by the 

leading differentials d2(~M I) = ~ and d12(2u<) = A[8]. 

(d) The only differentials which originate from the 8 row are determined by 

the leading differentials d2(~M ) = 2 d2(A[8]MI) = ~A[8] and 

dt (A[8]M~) = A. 

PROOF. (a), (b), (c) S 0 and E 4 s = ",1 = O. Thus the only nonzero 

differentials which can land in E r originate from the 7 row and the 3 row. 
0,8 

These differentials were analyzed in Theorems 3.3.13 and 3.4.1. It was shown 

in Theorems 3.3.7 and 3.3.15 that 2A[8] = 0 and nA[8] # O. Note that n¢M is 
I 

4 S 
not a d2-boundary, wcrM is not a d -boundary because 7[ = O, ~o-M is not a 

I 5 I 

d S - b o u n d a r y  b e c a u s e  E s = 0 a n d  wo'M i s  n o t  a d S - b o u n d a r y  b e c a u s e  E ¢ = O. 
8,3 I I0, i 

2 
Thus, n ~ * O. 

(d) E 4 = Z A[8][M~,~, 

E~,BB = Z2(A[8]M~M 2) ® B<4>. 

dt(A[8lM~%) = A. 

E t+2 = O. I 
o,8 

'My . . . .  ] and by Theorem 3.3.13(b) i t  follows that  

Thus there  must be a nonzero d i f f e r e n t i a l  

Clearly d t is a monomorphlsm with image Z A ® B<4>. Thus, 
2 

The following Toda bracket is not easily seen from the Atiyah-Hirzebruch 

spectral sequence. We therefore record it as a corollary. 

COROLLARY 3.4.12 A[8] = <u,n,v> 

S 
PROOF. M u l t i p l i c a t i o n  b y  ~ i s  a m o n o m o r p h i s m  o n  ~ . 

B 

2 
= u "U = ~A[8]. Thus <p,~,u> = A[8l.m 

Now W<v,W,v> = <D,v,D>v 

We conclude by summarizing the notation we introduced in this chapter. This 

notation will be used throughout the remainder of this work. 
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DEFINITION 3.4. 13 (a) We have the following d2-cycles: 

= 3 M  - M 3 
2 2 1 

= M - M M 2 for N >- 3. 
N N 1 N - 1  

(b) We have the following d4-cycles: 

<M4> = M 4 + 2M M 
1 1 1 2 

2 2 1 

< M > = R  +sM~R + 14M" 
3 3 1 2 1 

<H > = a p o l y n o m i a l  g e n e r a t o r  i n  H BP. 
4 3 0  

( c )  We h a v e  t h e  f o l l o w i n g  d e - c y c l e s :  

{M }, N -~ 5, which are polynomial generators of H~BP, 
N 

(d) We have the following subalgebras of H.BP: 

B<2> = Z(2 ̀ [MI 2,%,....~....] is a subalgebra o£ E..o ,4 

...... <MN>, E 8 . B<4> = Z(2 )[<M~>,<M2>,<M3>,<M >, , ] is a subalgebra of m 
~0 ~ 

B<8> : ZC~,C<M~>2,<M~>~,<M3>2,<MJ,{M~ {M~ ] i s  a s u b a l g e b r a  o f  E 8 

s u c h  t h a t  d8 (B<8>)  c Z8(2c~) ® H,BP. 


