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Kervaire and Milnor's germinal paper [15], in which they used the
newly-discovered techniques of surgery to begin the classification of
smooth closed manifolds homotopy equivalent to a sphere (homotopy-
spheres}, was intended to be the first of two papers in which this
classification would be essentially completed (in dimensions > 5). Un-
fortunately, the second part never appeared. As a result, in order to
extract this classification from the published literature it is neces-
sary to submerge oneself in more far-ranging and complicated works
(e.g. [7], [161, [30]), which cannot help but obscure the beautiful
ideas contained in the more direct earlier work of Kervaire and Milnor.
This is especially true for the student who is encountering the subject
for the first time.

In Fall, 1969, I gave several lectures to a graduate seminar at
Brandeis University, in which I covered the material which I believe
would have appeared in Groups of Homotopy Spheres, II. Two students,
Allan Gottlieb and Clint McCrory, prepared mimeographed notes from
these lectures, with some extra background material, which have been
available from Brandeis University. The present article is almost
identical with these notes. I hope it will serve to fill a pedagogical
gap in the literature.

The reader is assumed to be familiar with [15], [20]. In these

papers, Kervaire-Milnor define the group 8" of h-cobordism classes of

n+l

homotopy n-spheres and the subgroup bP defined by homotopy spheres

which bound parallelizable manifolds. The goal is to compute an+l
and 6%/pp"* 1L,

Section 1 reviews some well known results on vector bundles over
spheres and the homotopy of the classical groups, as well as some
theorems of Whitney on embeddings and immersions., Since a homotopy n-
sphere :® is h-cobordant tc 8% (the n-sphere with its standard
differential structure) iff Z¥ bounds a contractible manifold, in

bPn+l

order to calculate we are interested in finding and realizing

"obstructions" to surgering parallelizable manifolds into contractible
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ones. Section 2 contains some general theorems for framed surgery and
describes which "obstructions" exist for each n. In [15] it is shown
that bpP*+?
ponding calculatiens for n+1 = 4k and n+1 = 4k +2 respectively.

is zero for n+l odd. Sections 3 and 4 performthe corres-

In section 5, by use of the Thom-Pontryagin construction, the calcula-
tion of Gn/an+1 is reduced to a question of framed cobordism which
is answered by using results from.sections 3 and 4. Many resuits of
these notes are summarized in a long exact seguence

vee o pO*L R g% » A & pP o en-l s e

which is discussed in the appendix.

Throughout these notes all manifolds are assumed to be smooth,
oriented, and of dimension greater than 4. In addition all manifolds
with boundary are assumed to have dimension greater than 5 (so that
the boundary manifold will have dimension greater than 4).

§1. Preliminaries

A) Oriented vector bundles over spheres.

In [28] Steenrcd gives the following method for viewing oriented
k=-plane bundles over S"  as elements of ﬂn_l(SOk). Let £ be such
a bundle. By section 12,9 of [28] the group of & may be reduced from
GL(k,R) to O0Op. Since & 1is oriented Ok may be further reduced to
SOk. Cover S% by two overlapping "hemispheres", Since the bundle is
trivial over each hemisphere, it is determined by the transition funce
tion at each point of the equator. This function, a: sh-1l sok, is
well defined up to homotopy class by the equivalence class of & and
is the obstruction to framing &. In addition the map ([Elw—> [a] sets
up a one-to-one correspondence between (oriented isomorphism) equiva-
n_1(SOk).
For details the reader should see section 18 [28]. By abuse of notation
we refer to [£] € m _,(50,).

lence classes of oriented k-~-plane bundles and elements of

Lemma 1.1. Let [E] & wn_l(SOk) be an oriented k-plane bundle /Sk.

Then [E & €] = i4(E] € nn_l(SOk+1) where we view S0, % SOk+l as

k+1

acting trivially on the last component of IR (i.e. the matrix M

goes to

= O see O



Proof. Cover 87 by two hemispheres as above. At a point X, on the
equation, the transition function for g @el is T xid: Rk+1 > Rk+l

where T 1s the transition function for g at x But this charac-

o"
terizes the element i, as well.

Corollary 1.2, Oriented stable bundles over st are in 1-1 correspon-
dence with elements of T, l(SO).

B) Homotopy of the Classical Groups.

Let (0,...,0,1) = e, € s¥ ¢ BR¥*L,

1 p
sk given by ov»>o(e,) gives a fibre bundle SO, S0, . -5 s, 1If
M is a manifold, let <t{M) denote the tangent bundle of M.
By weaving together the resulting exact sequences one obtains:

0 £ p
Then the p?OJeCtlon SOk+1 —5
k

k-1
M (S0, ,2) M1 (87770
Diagram 1
where dk: nk(Sk) > nk_l(SOk) is the induced boundary map. By direct

computation one checks that under dk the generator is taken to
k . k-1
(8%} € nk_l<sok) and that, under (pk—l)*‘ ﬂn_lﬁSOk) > ﬂn_l(S ), a

k-plane bundle gk over S" is taken to O(gk)

finding a section (c.f. [28] §34.4). When n = k, O0(g
Euler class [28]. Since x('r(Sk
2 k even
{O k odd is the Euler number, we have that the dashed maps are
multiplication by 2 or 0 as indicated. This allows us to calculate the

order of T(Sk) €7 _l(SO

, the obstruction to

Ky = £, the

)) = x(Sk) generator where x(Sk) =

When k 1is even (p, )y takes 1(s¥)  to

k k)l
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k

twice the generator and thus 1(3") has infinite order. When k 1is

odd, twice the generator of 1

kSk is in im p so that T(Sk) has
K kx

order at most 2. Since S® is parallelizable iff k = 1, 3 or 7 [3]
we have
© k even
Lemma 1.3. order T(Sk) = [1 k =1,3,7 .
2 otherwise
From the bundle exact sequence, we know that (ik)*: njsok-+njsok+l
is mono (resp. epi) unless J = k-1 (resp. Jj = k). Thus
ker(nk_l(SOk) > ﬂk_l(SO)) = ker((ik)I: nk_l(sok) > nk_l(sok+l)) =

im(dk: ﬂkSk - nk_lSOk). Applying Lemma 1.3 we obtain the first part of
Z k even

Theorem 1.4, (1) ker(ﬂk_l(SOk) > ﬂk_l(SO)) =z [O k =1,3,7
22 otherwise

22 k = 1,3,7

0 otherwise
(3) Let VN Nk be the Steifel manifold of N -k frames
,N- ;
in N space. We have a bundle S0, S0y Ry

(2) coker(ﬂk(SOk) + nk(SO)) z [

N,N-k* If N 1is large

Px .
and k = 3,7, ﬂk(SON) — ﬁk(VN,N-k) is onto.

i
. . k¥
Proof. To prove (2} we need only investigate TrkSOk _ wkSOk+l

kel o the 1 i SO. (i
—> M50, ,, as e last group is also mS0. lk+l)*

is always
epi, If k is even we see, from Diagram 1, that dk: ﬂkS > ﬂk_l(SOk)
is mono and thus that ik* is epi. If k is odd but unequal to 1,

3, or 7 the relevant part of Diagram 1 is

k¥
S0, —— m S0, ; —> 2Z

™SO0k 42

and a trivial diagram chase shows that (ik+lik)* is epi. If k =1,

3 or 7 we have



y/4
X ~
\\ X2
Idk+l NS
ik* A
ﬂkSOk — nkSOk ;] — Z
|
N
| Gker s
v
MeS0up2

which concludes the proof.
{3) The bundle structure is given in [28] §7. This gives the
sequences:
Py
M (SOg) — m (V ) = m (S0 ) = m (S0,.)

ki, ek k-1'"°"N

and the result now follows from (1).
We conclude this section by giving some results of Bott and

Kervaire.

Theorem 1.5.
(1) me(U) is periodic with period 2, ﬂOU = 0, and m U = Z
(2) wg0 1is periodic with period 8 and the actual homotopy groups

are

i mod 8 0 1 2 3 4 5 6

niO Z zZ 0 Z 0 0 0 /A

(3) For all j, ﬂj(U/SO) = LIPS (S0O)
(4) For all j, “Zj(Ui) z Z

Proof. (1) is proved in complete detail in [21] where a proof of (2)
is also indicated. Both (2) and (3) can be found in [4] and (4) occurs
in [51].

C) Some theorems of Whitney

Definition. An embedding M €N of manifolds is proper if 3N MM = 3M

and M 1is transverse to 3N.

2 m

Theorem 1.6. Let L and M be compact proper submanifolds of Nn,
£ +m = n, such that L and M intersect transversely and the inter-

section number of L and M 1is zero. (The intersection number is an
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integer if L, M and N are oriented, and changing orientations changes

its sign. If L, M or N is nonorientable, the intersection number is

in 22.) If ¢,m>2 and N is simply connected, then there is an
ambient isotopy ht of N such that hl(L) M= 0,
Proof. Whitney's intersection removal technique is in [31]. See also

Milnor [20].

The same technique yields

Theorem 1.7. Let f£: Mo y°0

intersection number zero. (If m is even and M and N are oriented,

be an immersion, M closed, with self-

the self intersection number is an integer. If M 1is odd, of if M or
N is nonorientable, it is in 22.) If m>2 and N is simply con-
nected, then f is regularly homotopic to an embedding.

As a corollary of this theorem {(and the approximation of continuous
maps by immersions, and the fact that the self intersection number of an
immersion can be changed arbitrarily without changing its homotopy type)
we have:

Theorem 1.8. If N2k
can be represented by an embedded sphere.

is simply connected, k >2, then any a € m (N)

Zm_l,aN) be a continuous map such

Theorem 1.9. Let f: (M™,3M) + (N
that f£|8M is an embedding. Then f is homotopic to an immersion keep-

ing f|aM fixed.

Proof. See [32].

Definition. Let M and N be closed manifolds. Immersions fi: M-+ N,
i =0,1, are concordant if there is an immersion f: MxI *» NxI such
that F(Nx{i}) = Mx{i} and F[Mx{i} = F,, i = 0,1.

Corollary 1.10. Let M® and N°™
f.: M+ N, i = 0,1, are homotopic if and only if they are concordant as

i
immersions.

be closed manifolds. Two embeddings

Proof. If F: MxI » NxI 1is a concordance, then 7o¢F: MxI > N 1is a
homotopy, where m: NxI » N is projection onto N. If h: MxI ~ N

1» let H: MxI >N xI be given by H(x,t) =
(h(t),t). Applying Theorem 1.9 to H, we obtain a concordance from fO
to f

is a homotopy from fo to £

1°
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§2. Some theorems on framed surgery

Let M be an oriented smocoth manifold. Suppose that surgery is

performed via the embedding f: Sk an_k
M' = (M - f(Sk an-k)) U Dk+l xsn—k-lu
f(Sk an'k) C Int M.) The "trace"™ W of the surgery is obtained by
k+1 n-k

X

> MY to obtain a manifold

(We will always assume

attaching the "handle" D D to MxI by identifying
(aDX*1) x DK yith (¥ xDPK) x{1}. Thus W = M' - M. Let € (X)
denote the trivial N-plane bundle over X. (We will write eN when

the base space is clear from the context.)

Definition. A framed manifold (M,F) is a smooth manifold M together
N

with a framing F of +1(M) ® ¢ (M) for some N > 0. A framed surgery

of (M,F) 1is a surgery of M (as above) together with a framing G of
T(W) @& ek(W) (k > N-1), where W 1is the trace of the surgery, satis-
fying G|M = F & tk'N+1, where tXN-1 i5 the standard framing of
ek_N+l. (Here M 1is identified with Mx0 € W, and T(W)|M 1is identi-
fied with t(M) & et

Restricting G to 3W-M = M' we obtain a framed manifold (M',F'),

the result of the framed surgery on (M,F). ({(t{W)|M' = t(M') & el via

by using the inward normal vector field on MC2aW,)

outward normal field on M'.)

Remarks.
1) There is a corresponding definition of framed cobordism. Two
closed framed manifolds (M,F) and (M',F') are framed cobordant if

there is a compact framed manifold (W,G) such that B8W = M-M',
GIM = F, and GIM' = F'. (More precisely, this means there exist inte-

gers i,j,k > 0 such that G @ t'|M = F @ tJ and G @ ti[M = F' @ tX,

Again we identify T(W)|M with (M) @ e¥, and T(W)|M' with

T(M') & el.) It is easy to check that framed cobordism is an equiva-
lence relation. Clearly if (M',F') 1is obtained from (M,F) by a
finite sequence of framed surgeries, then (M',F') is framed cobordant
to (M,F). Conversely (M',F') is framed cobordant to (M,F) implies
that (M',F') .can be obtained from (M,F) by a finite sequence of
framed surgeries (compare Milnor [2]).

If (Ml,Fl) and (M2,F2) are framed manifolds, (Ml,Fl) #(M2,F2)
denotes their framed connected sum. (See [10]}.)} The set of framed
cobordism classes of framedclosed manifolds forms an abelian group
under #.

2) If F 1is homotopic to F', then clearly (M,F) is framed
cobordant to (M,F'). By an easy obstruction argument, homotopy classes

N

of framings of T(M) & ¢ for any fixed N are in one-to-one corre-
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spondence with homotopy classes of framings of tT(M) & el. Thus our
definition of framed cobordism gives the same equivalence classes as
the definition in Kervaire-Milnor [15].
3) The following conditions are equivalent:
i) M 1is s-parallelizable ("framable™)--i.,e. the bundle
(M) & sN is trivial for some N. (M 1is parallelizable

if (M) is trivial: "s-parallelizable” means "stably
parallelizable".)
ii) (M) & el

Milnor [15] gives for s-parallelizable.)

is trivial. (This is the definition Kervaire-

iii) M is a T7-manifold (i.e. there is an N such that M
embeds in RN with trivial normal bundle). (See [15]
and [20].)
(i) & (iii) can be strengthened as follows: Let 1i: M? > R
be an embedding, k large. Then

(Rn+k n+k

(M) & v(i) = 1 )IM = € (v = normal bundle)

30

N

Ve ot(M) @ v(i) = NNtk

4) A manifold with boundary is s-parallelizable and only if it
is parallelizable. (See [15].)

Lemma. Suppose N 1is large. Then if F 1is a framing of eN & t(M),

~ tN+n+k

there exists a framing F' of wv(i) such that F & F' , and

any two such F' are homotopic. Conversely, if F' is a framing of

v(i), there exists a framing F of e & T(M) such that F @ F' =

tN+n+k, and any two such F are homotopic.

Proof. We will show that if gk and gg are vector bundles over the

manifold M® with & > n+l, such that Ek @ nl B ek+l
framing of Ek, then there exists a framing F' of nQ, unique up to
homotopy, such that F & F' = tk+l.
Since Vk+2,2 is 2-1 connected, n < 2 implies that ¢ is null

homotopy (by obstruction theory). Thus by the homotopy l1lifting property

of Vk+l > Vk+l,l’ ¢ ) k+2,k+2°
Suppose F" is another framing of n such that F & F" 2 t
F' and F" differ by a map o: M = SOl, and if 1i: SOl - Sok+l’
iea = 0. But iy: m;80, £ 7,30, ., for 1 <2-1, so since n < -1,
iglal = 0 > [a] = 0 (by obstruction theory). Thus F" I F.

, and F 1is a

F defines a map ¢: M =+ Vk+l,k'

Thus F' exists.
K+L ' Then

extends to amap M+ V

Definition. Suppose that (Ml’Fl)’ (MZ,F2) are normally framed manifolds
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(i.e. F, is a framing of an embedding f: Mi < RN, N 1large).

(Ml,Fl) and (Mz,FZ} are normally framed cobordant if the;e is a
manifold W with 8W = M, U M2 and an embedding g: W ~ R* xI such
that int W M 3(R® xI) = @ and gIMi = £y, with a framing G of v(g)
such that GIMi = F,.
The set of normally framed cobordism classes of closed normally
framed manifolds forms a group Q? under connected sum. By the lemma
and remark 2) above, Q? is canonically isomorphic to the group of
(tangentially) framed cobordims classes of (tangentially) framed mani-
folds. Pontryagin proved that Q? is isomorphic to the n-stem ﬂn(S),
the correspondence being the Thom-Pontryagin construction., For a proof,
see [22]. 1In these notes, a "framed manifold" will usually mean a
manifold with a framing of its stable tangent bundle. Normal framings

are used only when the Thom-Pontryagin construction is needed.

Theorem 2.1, Let M be a compact framed manifold of dimension n > 4
such that 38M 1is a homology sphere. By a finite sequence of framed
surgeries M can be made [E%A] connected.

Proof. This is 5.5 and 6.6 of Kervaire-Milnor [15].

This theorem says that for a compact framed manifold, surgery can be
done to kill all homotopy groups "below the middle dimension." There-
fore, by Poincaré duality, we have:

Corollary 2.2. 3uppose that M? is compact, framed, n odd > 5, and

®M is a homotopy sphere (resp. oM = @), By a finite sequence of
framed surgeries M can be made contractible (resp. a homotopy sphere).
Thus bP" = 0 for n odd.

Surgery can be completed in the middle dimension of an even dimen-
sional framed manifold if the middle homology group can be represented
in a special way:
Theorem 2.3. Let M2k
manifold, &M a homotopy sphere (resp. aM = @). Suppose there is a
basis UpyeeerQp,y Bl,...,sr of Hk(M) such that

(1) ui-uj = 0, Bi-Bj = Gij for all 1i,j ("™ 1is intersection
number. Such a basis is called (weakly) symplectic).

(2) The a, can be represented by disjoint embedded spheres with

i
trivial normal bundles. (Note that the a; are spherical by the

, kK > 3, be a compact framed (k-1)-connected

Hurewicz theorem.)
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Then M can be made contractible (resp. a homotopy sphere) by a finite
sequence of unframed surgeries, The surgeries can be framed unless
k =3or/7.

Proof. All but the last statement is included in the proof of Theorem 4
of Milnor [20]. As shown in §6 of Kervaire-Milnor [15] (see also the
proof of 4.2b below), the obstruction to framing a surgery performed via
k k 2k
xD" > M

obstruction can be altered by any element in the image of the map

an embedding f: S lies in "k(So2k+N) = nk(SO), and this
1y nk(SOk) > nk(SO). But i, 1is surjective for k # 1,3,7 (l.4), so
any surgery can be framed.

When can the hypotheses of this theorem be satisfied? If k is
even (i.e. n = 0(4)), we will see that Hk(M) has a symplectic basis
if and only if the signature {(index) of M is zero. However, (2) always
holds for k even, assuming (1) (see §3), If k is odd, k # 3,7,
Hk(M) has a symplectic basis, and the normal bundles of embedded spheres
representing this basis are trivial if and only if the Kervaire (Arf)
invariant of M 1is zero (§4). If k = 3 or 7, (1) and (2) both hold,
but there is an obstruction to framing the surgery. In §4 this obstruc-

tion and the Kervaire invariant are shown to be manifestations of a
single invariant which can be defined for all odd k.

6 14

Corollary 2.4. DbP~ = bP = 0.
. 4k
§3. Computation of bP
In this section we compute bPl+k by defining a surjective map

bP4k, and determining its kernel.

from Z to

Let £ € bP** say 1 - aM* with M parallelizable. If I also
bounds a contractible manifold, I = 0 1in bPAk, thus I = 0 1if we can
kill the homotopy of M by framed surgery. Theorem 2.1 allows us to
assume that M is (2k~l)-connected, which places us in the situation
described by Theorem 2.3, the hypotheses of which are satisfied iff the

signature of M 1is zero.

Definition. Let th be a compact oriented manifold with szM free
{e.g, M (2k=-1l)-connected). The signature (index; of M o{M) 1s the
situature of the quadratic {i.e. symmetric bilinear) form < , >:

H,y M B H2kM + Z given by the intersection pairing <a,B> = a°*B.

2k
Remark. o(M#M') = o(M) + o(M') where # 1is connected sum.

Proof., < , > 1is dual to cup product, i.e.
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< >

Hoy\ M v B M Sy oz
ElPD& PD lE commutes
12Ky, M) 8 HEK (M, 0M) —=2 B¥¥(m, 810)

and (c.f. Milnor [19]) the signature of the cup product is additive
with respect to connected sums.

Theorem 3.1, Let (Mﬁk,F) be a compact framed (2k-1)-connected mani-
fold with 9M a homotopy sphere (resp. oM = @#). Then (M,F) <can be
framed surgered into a contractible manifold (resp. a homotopy sphere)
iff o(M) = 0.

Corollary 3.2. The Hirzebruch index theorem (below) implies that, if
M¥  is framed and M = @, then o(M) = 0 and hence M is framed
null cobordant.

Proof. (=) If a closed manifold qu
o(N) = 0 (c.f. [17]1). By the above remark, ¢ 1is thus an invariant

bounds a compact manifold, then

of oriented cobordism. Therefore, if 8M = @ and M can be surgered

into a homotopy sphere £, o(M) = o(X) = 0.
Now suppose that N4k is compact and 3N = Z = 3D with D con-
tractible. We claim that o(N) = o(N WD), Let V = NUD and let
)X b

i: N - V be the inclusion. Then we have the commuting diagram

2

ueky g 5Ky —~ 5 §¥(y) =z
EJ/i*za i¥ Eli*
BK (v, o) e 02Ky, aN) —2s BYK(N,8N) T 2 .

As <,> 1is dual to <, the claim follows, If 3M = I and M can be

surgered to D, let W be the union of the traces of the surgeries.

Then 3W = Mu (D UWZIXI), Thus, by our claim, o(M) = o(0W) 0.

(&) We will verify (1) and (2) of Theorem 2.3. Since o(M) = 0, 3 a

pr BiyeesyB for Hy (M) (c.f. [261). By

the Hurewicz theoregﬁ eaclz”lk oy is spherical and can be represented by
+ M

fi(SZK) can be isotoped s0 as to be disjoint (Theorem 1.6). Let v(fl)

symplectic basis, Ogyeses
an embedding f;: 3

(Theorem 1.8). Since ai-aj = 0, the

be the normal bundle. [v(f])] € “2k-1(502k)’ and we have the commutative
diagram (c.f. §1B)
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d (i )
2k 2k 2k=1'%
————e =
o (ST == My 1 (805, Mor-1505,1) = Ty 1 (S0)
2 lp2k-l
2k=1
Tok-1 (ST
Now T(SZk) & v(f;) = fi*(T(M)), so since T(M) and r(SZk) are
stably trivial, so is v(fi), i.e. i*[v(fi)] =0e€ n2k_l(SO). Thus
[v(fi)] € Im «. But ka_l[v(fi)] = X(v(fi))°gen = (ui-ai)gen = 0, and
Im d2k M Ker Pop1 = 0, since p2k-ld2k is multiplication by 2, so
[v(f;)] = 0, i.e. v(f;) 1is trivial.
4k

Theorem 3.3, Let M
boundary is empty or a homotopy sphere. Then o(M) is a multiple of 8.

be a framed (2k-1) connected manifold whose

Proof. Pick o € HyM and let o' € HK(4,3M) be its Poincaré dual.
The mod 2 computation a' Ua' = quka' = V2k Ua' =0 (ng, the
Zktth class, is zero since 1(M) 1is stably trivial) shows that

o Ua {and hence its dual < ,> ) 1is always even i.e. < ,> is an
even quadratic form (c.f. [20] for a more geometric proof). Since the
signature of an even unimodular integral quadratic form is a multiple

of 8 (c.f. [26]), we need only show the:
Assertion., <, > 1is unimodular.

Proof., We have the commuting diagram

*

E 3 1, =
B (M, am) 2y w80 E2 s w, (M, M) s Hy, (M)
A S~e—e—~—D O a \JUM:OLWQ

e

Hom(HakM,Z) <o, *>

Where we have abused notation by not distinguishing between elements in
isomorphic absolute and relative groups (uM is the fundamental class
of M). < ,> 1is unimecdular iff the map

H2kM —— Hom(szM,Z)

0~~~ <0, * >
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is an isomorphism. But the above diagram factors this map into the
composition of three isomorphisms.

Theorem 3.4. Let k > 1 and t € Z. Then 3 a framed 4k manifold
(M,F) with 3M a homotopy sphere o{M) = 8t.

A very complete proof can be found in [7] {(see also [23]1). The mani-
folds are constructed by plumbingdisc bundles over spheres.

We now describe the map mentioned in the first paragraph of §3.

SR A bP*¥ s defined as follows. Let b (t) = [aM

where M K is a framed manifold with signature 8t having boundary a

Definition. b Ak]

homotopy sphere.

In the Appendix we will see that b can be thought of as a

k
"boundary" map.
Lemma 3.5. (1) b, 1is well defined, i.e. if M, and M, are as above,

8Ml is cobordant to aMz.
(2) bk is surjective.

Proof. For (1), it suffices to show that the connected sum 3M# dM', a
homotopy sphere, is cobordant to zero. From the boundary connected sum
W=M#-M" (c.f. [1]). B8W = 3M#3M'. But o(W) = 0 so, by Theorem
3.1, W can be (interior) surgered into a contractible manifold. (1)
follows from (2) is immediate from Theorem 3.4.

Corollary 3.6. bqu Z Z/ker by .

We now try to determine ker bk'

Suppose t € ker bk' Then we have a framed manifold (M,F) with
signature 8t whose boundary, I, is a homotopy sphere that bounds a
contractible manifold D. Attaching D to M by identifying 3M
with 3D gives an almost framed closed manifold N of dimension 4k
with o(N) = 8t, (An almost framed manifolid is a pair (N,G) where G
frames T(N) N-{x} for szﬁe x € N.,} Conversely, given an almost
framed closed manifold N with o(N) =8t, let D C N be any embedded
disc. Then N -~ intD 1is framed and has signature 8t and boundary

SAk'l. This gives:
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Theorem 3.7. t € ker b
with signature 8t.

X if d an almost framed closed 4k-manifold

This theorem leads us to investigate the signature of almost framed
closed manifolds. Our tool is of course the:

Hirzebruch signature (née index) theorem. For any closed manifold th,

g(M) 1is the Kroneker index <Lk(Pl(M),...,Pk(M)),uM> where L, 1s a

rational function and the P;'s are the Pontrjagin classes (see [19] or
f12]). The only fact that we will use about L, is that

k
Lk(xl""’xk) = s %, + terms not invelving x, where
22k<2k—l _l)Bk
Sk =
(2x)!
(B, is the k"M Bernoulli number.)
Let (MAk,F) be an almost framed closed manifold. Since pi(M) =0

i<k, o(M) = skpk(M). We will see that the obstruction to extending

the almost framing to a stable framing of M (i.e. a framing of
(M) & eN) actually determines o(M) and is thereby useful in calcu-
lating ker bk and consequently bPAk.

The obstruction 0OI(M,F) € ﬂqk-l(so) £ Z (Theorem 1.5 {2}) can be
defined as follows. Let x €M be the point where F 1is not defined.

Next choose x € U = D4k 4k

D4k

and let F' be the usual framing of D
consistently with M). O(M,F) G—n4k_l(SO) is the
obstruction to forcing agreement of the stable framings F and F' on
U - {x} = stKL

Let 1: M > BSO be the classifying map of the stable tangent

(which orients

bundle of M. Since M - {x} 1is stably parallelizable, T|M - {x} is
null-homotopy and thus factors {up to homotopy) as

M — B30

N

where ¢ collapses to a point the complement of an open disk containing
Xx. Hence I E, a stable oriented vector bundle /SAk 3 ¢*£ is the stable
tangent bundle of M. As usual (c.f. §14) we view [E] € ﬂ4k_1(50).
one checks that [&] = = O(M,F).

The above factorization of 1 shows that the Pontryagin classes

of almost framed 4k-manifolds can be determined by examining the kth

Pontryagin class of stable vector bundles /Sak.
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Theorem 3.8. (c.f. [18]). If & is a stable vector bundle over SAk,
1 k even

then pk(g) = ¢ ak(2k -1)¥1{g]l where a, = .
2 k odd

Proof. One task is to make sense of the above equation as a priori the
two sides lie in different groups. We will see that each group is iso-
morphic to Z and hence, up to sign, they are canonically isomorphic
to each other.

By definition pk(g) = % Czk(gc) (the 2kth Chern class of the
complexification of &) and, just as [&] € ﬂAk—l(SON)’ [Ec]
Tye_q (Uy) € (N large). In fact € s 1,(€) where 1: SOy » Uy is

the inclusion.

Let wm 3 be the space of complex orthonormal & frames in ch
’

(cf. [28]).

Cope((8N6) € BT my Oy o 4x-1 My ne2ke1 )
obstruction to extending an N-2k+1 dimensional complex framing of
£° from the 4k-1 skeleton to s°K
obstruction to extending an N-2k+1 dimensional framing of EC from
Sgk. Since Ec is the obstruction to
extending to complete framing from the southern hemisphere to qu, we
see that CZk(gc) = P*(EC) where p: U > Un/U

jection., We have the exact sequence:

)) = o is the

itself. Equivalently it is the
the southern hemisphere to

is the usual pro-

n 2k=1

p* a
Tur-1 Uy} = 141 (W ) —— 7 (U ) —=> T o (Uy)

N,N-2k+1 4k=2"'Y2Kk-1

By (1.5) (m (W

3 l) is calculated in [3]) the above sequence becomes
’

Py
=22 —>25 1)) —>0.

Hence py 1is multiplication by (2k=1)!. Since we have

z 7 z
l . i b alf
* *
Mhi=1 (SOy) == gy (Uy) = Ty 1 Wy ye2ka1)

§ o> £ iy, (50) = 2y (E)

it remains to show that i, is multiplication by ta. As N 1is large

we may work with the stable map 14: 7., (SO) » m, (U). But we have the

k
exact sequence
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i*
M (U/S0) —= m, L (S0) —= my 1 (U) —> m, (0/80)

Ul sil
z z

and in §1B we have also shown that "Ak(U/SO) E “Ak-Z(SO) £ 0 and

that (U/8)

(SO0) = {O k- even The result follows.

Thk-1 = k-3 0 % odd

Let M be an almost framed closed manifold. We have:
Corollary 3.9, pk(M) = £ ak(Zk-l)!O(M,F).

Corollary 3.10. O(M,F} 1is independent of F.
2k-l(22k—1 _

* ak2 l)BkO(M,F)

Corollary 3.11, ao(M) =

k

Corollary 3.12., M is s=parallelizable if o(M} = O.

In order to completely determine bPAk

the J-homomorphism are needed (c.f. {13]).

some basic properties of

e . ) _ . 9
Definition. Given n and £ we define J = Jn,l' nm(SOQ) > nm+2(s )
Sm+2

as follows: Let [a] & nm(SOQ). J(a): > SQ is constructed in

m+2 3

two stages. We view S as (8™ xD") U (Dm+l xSl'l) and first

. m_ % L m_o %Y Lg o
define J(a) on S" xD as the composition S" xD D S where
Y(x,y) = a(x)(y) and c collapses s0* to a point. The second
stage, extending J(a), is trivial as ¢ ow(B(Sm xDl

point. J([a]) 1is defined as [(J(a)]. One then verifies the

)) is just one

Lemma 3.13. View S® as S®x{0} ¢ s®xd* c s™* yitn F, the stan-

dard normal framing S" c s™ « p*. Given [a] € T, (80,0, let F, be

the framing obtained by "twisting FO via o" (i.e. at x € 3P,
Fa(X) = a(x)(FO(x))). The Thom-Pontryagin construction applied to
(8" ¢ SQ,FG) gives = J(fal).

Since

J 2
ﬂm(SOQ) —_—

e 7

J

2+1
ﬂm(SOQ+l) > ‘"m+SL+l(S

)

commutes (£ 1is the suspension homomorphism), we obtain the stable J
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2 2+1

homomorphism Jtﬂm(SO) +nm(S), where ﬂm(S) :1im{nm {(S™) En (S 1}

+% m+2+1
is the m-stem. The relevance of the J homomorphism to our work to

the following:

Theorem 3.14. Given o € nm_l(SO), 3 an almost framed closed manifold
(M",F) with O(M,F) = a iff J(a) = O.

Procf. =» We may assume that F is a framing of M® - int D™ with
D" a closed disc. Now imbed M™ in RN(N large) so that D™ 1is the

northern hemisphere of the standard m-sphere in RN. Let FO be the

usual (outward) normal framing of D" ¢ FN. Let Fa = FO me1 twisted
§-
via o. Hence the Thom-Pontryagin construction applied to (Sm’l,Fa)
gives tJ(a). Since « = O(M,F),F = F| . Taus (s"1,F ) =
gm-

a(Mm - int Dm,F) S0 (Sm—l,Fa) is framed null cobordant. Therefore,
the Thom-Pontraygin construction yields o € wm_l(S).

&= sl e pM,  Let F, be the standard framing of p" < N
(N large). Since J(a) = 0, a framed manifold (Nm,F) such that
2™, F) = (S™L,F ). Let M'c m .1 D" Then (M™,F) is an almost

gm-

framed closed manifold and O(Mm,F) = a.

If we let jk be the order of the image of the stable J homo-

morphism Z = nqk_l(SO) d ﬂ4k_l(8) we get the following:

Corollary 3.15. The possible values for O(M,F) are precisely the

multiples of jk.

Corollary 3.16. The possible values for o¢(M) are precisely the

ak22k-1(22k-l _l)Bkjk
multiples of
k
In order to (finally) get exact information about bPAk we need a

hard

Theorem ¢f Adams 3.17. [1] [33] Let J: wm(SO) > w,(S).
1) If m# 34), J 1is injective,
2) Jg = denominator (Bk/4k).

Although our primary interest in in 2}, 1) also has important con-
sequences.
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Corollary 3.18. If M 1is an almost framed closed manifold and dimM#

0(4) then the almost framing of M extends to a complete framing.

Since homotopy 4k spheres have signature 0, we get:

Corollary 3.19. Any homotopy sphere is s-parallelizable.

4k

We have already seen that bGP is a finite factor group of Z.

Let t, be the order of that group, we have (using 3.7 and 3.16) that

a 22K-152k=1 _1yp
ot - ok Kk
K E
k
Thus t, = 2,2°572(22%°1 _1)(B /4k)j, and, applying 3.17, this gives
the final
Corollary 3.20. bPAk = Zt where t, = ak22k'2(22k'l -1) numerator -
(B, /4K) . K

§4. Computation of bPP® for n = 2modé4.

We proceed as in §3, computing pp? by studying the kernel of a

surjective map 22 + bPo,

Suppose that I & bP", i.e. I = oM%K, where Kk is odd, and M
is a parallelizable manifold. By Theorem 2.1, M <can be made (k-1)=~
connected by a finite sequence of framed surgeries. We wish to discuss

the "obstruction" to a compact, framed (k-1)-connected manifold
(MZK,F), k odd, satisfying the hypotheses of Theorem 2.3.

First notice that the intersection pairing HkM sHkM + Z 1is skew=-
symmetric (since k 1is odd} and unimocdular {by the proof of Theoren
3.3). Therefore [26] there is a symplectic basis for HK(M), i.e,

there is a basis « "ar’sl""’sr for Hk(M) with intersection

19
matrix

-I 0

As in §3, each oy is spherical by the Hurewicz theorem, and so if

k > 2, the a; are represented by disjoint embedded spheres (by 1.7

and 1.8). Furthermore any two embeddings f: Sk > M2k representing
2k

an element o € Hk(M ) are concordant as immersions by 1.10. Now
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¥ - k
f (M} = t(S™) & v()

50

eNis¥y @ £t 2 NisK) @ 1(s¥) 8 vir)

k N

# *
eN(S ) & £ 1(M) = f (e & t(M)), so the framing F of ¢N & t(M) pulls
N

* *
back to give a framing f F of ¢ & f t(M). If Fo is the usual

framing of -1 g T(Dk+l), FO[Sk gives a framing of

=L g rpk*ly sk o N sk,
*
(%) el e rM = N e (sK) @ vir)
* K
fF fO|S

*
Thus since f F gives a trivialization of eN [ T(Sk) ® v(f), the

X k . . . k
framing FOIS assigns to each point in S an element of V2k+N,k+N'
Thus we get an element
= Z

®(f) € ﬂk( (k odd)

V2k+n,k+n) 2

depending on M, F, and f. We will show that &(f) does not in fact
depend on the cholce of the embedding f representing a. Suppose

. «k
fo,fl. S
be an immersion concordance between them (1.10). Then we have the

+ M are embeddings representing a. Let H: Sk xI > MxI

following bundles and framings over the space Sk x I

- * -
(%) Mo ntrMx1) = Nl e v(sKx1) @ vin) .-
| N ___) \ - o
¥ k
HG Gols®x1
where G 1s the framing of eN’l ® T(MxI) corresponding to F under
the identification T(MxI) = el @ (M), and Gy corresponds to Fy
under T(Sk xI) = el + T(Sk). Thus GO|Sk x I determines a map
.k ) ) )
f: S5 xI ~» V2k+N,k+N’ which is a homotopy from @(fo) to @(fl) since
(¥%) restricted to S" x {i} yields (¥), 1 = 0,1. Therefore we obtain

a well-defined element ¢(a) € “k(V2k+N,k+N) = 22.

Remark 1. In fact it is true that if the embeddings FO,Flz Sk > M2k

are homotopic, then they are regularly homotopic. This is an easy

corollary of Smale-Hirsch immersion theory [27] [11]. (In fact for

M = R2k, ¢ 1is identical with Smale's obstruction to homotoping an

k

immersion of S to the standard embedding.) Thus if fo,fl are
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2k

)y v(fo) =z v(fl), and so (¥) de-

fines &(a) indepdnently of the choice of embedding.

embeddings representing o € Hk(M

Remark 2. There 1is an alternate way to define ¢, using Smale-Hirsch
theory. Given o € Hk(MZK), M s-parallelizable, there is a certain
regular homotopy class of immersions f: Sk ka + M such that F oi
ko s®xpX by i(x) = (x,0) (see [24]).

d(a) is defined to be the self-intersection number of the immersion

represents o, where 1i: S

foi, For a presentation of this definition, see [24] and [30].

Theorem 4.2. (a) For k # 3,7, &(a) = 0 if and only if v 1is
trivial, (b) For k =3 or 7 (i.e. dim M = 6 or 14), v(f) 1is
trivial, and ¢(a) = 0 1if and only if the surgery on M via

2k

f: Sk ka - M can be framed.

Proof of (a):. Consider the long exact homotopy sequence of the bundle

SO, * S05pN * Vo, ken®

Py

i*
©rr == M S0 ——> M (805 n) > T Vo, kan!

K
Iy ix
> M1 (80 ) = My S0y —> 000

It is clear from the definitions that 84%(a) = [v(f)] € Me_1 (80,0
For k # 3,7, 1iyg is surjective (1.4), so py 1is 0, so 34 1is in=-
jective. Thus @®(a) = 0 & [V(f)] = 34%(a) = 0.

Remark. Thus for k # 3,7, @(a) can be defined directly as the ob-
struction to trivializing v(f), i.e. @¢(a) = [v(f)}] € Ker ij £ 22,
and the two definitions correspond via the isomorphism

gt “k(v2k+N,k+N) + Ker i.

Proof of (b). wv(f} is trivial because ker i} = 0 for k = 3 or 7
(1.4). As stated in the proof of Theorem 2.3, the obstruction to fram-
ing the surgery lies in Coker iy, For k = 3 or 7, Im iy 1is a sub-
group of “k(SOZk+N) = nk(SO) of index 2 (1.4), i.e. Coker iy = 22.
Furthermore, since Ker ig = 0, py 1is surjective, i.e. Dpg: Coker iy=
“k(v2k+N,k+N)' To see that pg(0) = ¥(a), recali thﬁ definition of 0:
A trivialization of v(f) gives an embedding S" xD
s k+1 k
like to frame the trace W = MxI A_J D x D

via this embedding: sk x p¥

€ M, and we would
of the surgery of M
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Oka

u Dk+l 0

///////A)‘ ///// /

We have a framing of the stable tangent bundle of MxI which restricts

to the given framing F of (M) & No= xI)| Mx {1}. We also have
Dk+l y Dk)

a canonical framing Fo xFé of 1

with F on Sk x0, we get a map g: Sk > SOZk+N' Changing the framing
of v(f) by an element of ﬂk(SOk) changes the homotopy class of g

. . '
Thus comparing FO xFO

by an element in the image of ig: =, (SO, ) »- = (30 ). This defines

k k k 2k+N g D
0 € Coker iy. Now pg(0) is the homotopy class of st V2k+N,2k+N
Vorsn,ken: P .
with F on S"x0 and thus ([pogl = ¢{a) é.nk(v
completes the proof of 4.2.

forgets the last k vectors, so pog compares FO

okl keN! = Zp- This

Let ¢,: H, (M;Z > Z be the map

g (M525) 2

. = . ¢ ®id
H (M32, —=——> H, (M;2) 82, ——> Z,

We will show that ¢, 1is a "honsingular quadratic function."

Definition. Let V be a finite dimensional vector space over 22,
<,> a symmetric bilinear form on V. A guadratic function with asso-

ciated pairing < ,> 1is a function ¢: V - Z, such that

Yla+8) = Y(a) + P(B) + <a,B> .

Y is called nonsingular if < ,> 1is nonsingular, Let Oyeres@py
Bl""’Br be a symplectic basis for (V,<,>}). Define the Arf invar-

iant of (y,<,>) by

Remark. It's not hard to show that A is independent of the choice of

symplectic basis.
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Proposition 4.3. A and rank V are complete invariants of the iso-

morphism class of (V,<,>,y). (Isomorphism class means the obvious
thing.)

Proof. See [2].

Proposition 4.4. Let M,® be as above. Then for a,B € Hy (M)

represented by embedding spheres,
d{a+B) = ®(a) + O(B) + (a'B)Z,

where (a-B)2 is the intersection number of o and B8 reduced mod 2.

ks, M Dbe embeddings representing «,B respectively.

k

Proof, Let f,g: S
Joining f(Sk) and g(S") by a tube gives an immersion f #g repre-
senting o +8. Observe that the definition of & makes sense for an
immersion (it is an invariant of regular homotopy) and it is not hard

to see that
(#) P(f#g) = o(Ff) + o(g)

The self-insersection number of the immersion f#g is just (a*8),.
Thus if (a°8)2 = 0, f#g 1is an embedding (after isotopy) representing
o +B, so the proposition is true by (¥). If (aB), = 1, let h: SX + M
be a small null-homotopic immersion with self-intersection number

I(th) = 1. Then by 1.7 f#g#h 1is regularly homotopic to an embedding
representing a +8, so

(o +B) = ¢(f#g#h) = &(f) + ¢(g) + ®(h) = d(a) + ®(B) + &(h)

Thus we must show that &(h) = 1 = (a'B)Z.

For a given manifold M, h 1s obtained by composing a fixed

k 2k

immersion hyt ST -+ R having self-intersection number 1, with a

coordinate embedding R2k > M, (For a definition of h,, see [(61.)
Since @(h) = ¢(hy), it is enough to check that ®(h) = 1 for some

particular choice of M. Let M = sk xsk. m (sK XSk) 2728 Z, with

generators a,B represented by the embedding: a,b: Sk > Sk xSk given
by a(x) = (x,xo), b(x) = (xo,x). Clearly (a,b)2 = 1. Let

a: s¥ » sk xsK pe the diagonal map d(x) = (x,x). d 1is an embedding
representing o+ B. Therefore &¢(d) = ®(a) + ¢(b) + o(h) for any

framing F of el oo T(Sk xSk). Let F be the framing of

' @ T(Sk xSk) which is the restriction of the standard framing of
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R2k+l 2k+1

to the standard embedding sk xSk C R Then it is clear
that ¢(a) = ¢(b) = 0, so &(h) = &(d). (Or one can produce a framing
F such that &(a) = ¥(b) = 0 by the proof of Proposition 4.11 below.)
For k # 3,7, @(d) = [v(d)] = (1(s¥)1 = 1. It remains to show that
d(d) =1 for k = 3 or 7.

It should be possible to give a direct proof that &(d) = 1. In
lieu of such, here is an alternative proof of Proposition 4.4 for
k =3 or 7. It is sufficient to show that if h: Sk > RZk
immersion with self-intersection number 1, then ¢(h) = 1, But it is

easily seen that for any immersion f: SQ > RZQ,

is an

¢(f) 1is precisely

Smale's obstruction to regularly homotoping f to the standard embed-
L 2Y [27]. (It follows that 6(f) equals the self-
intersection number of f -~-this is immediate when & 1is odd, because

ding of S in S
$(f) and the self-intersection number are in 22. (See [27]1.) There-
fore ¢(h) = 1.

Corollary 4.5. ®2: Hk(M;ZZ) > 22 is a nonsingular gquadratic function
with associated pairing <a,B8> = (a-B)2.

Zk,F), i odd be a compact framed (k-1)-connected

Definition. Let (M
manifold such that Hk(M;Z) is free abelian. The Kervaire (Arf)
invariant c¢(M,F) 1is defined as

Alo (y),) €2

2! 2°

Remark. By a previous remark, for k # 3,7, ¢(M,F) does not depend

on F, so for k # 3,7 we let c¢c(M) = c(M,F).

Theorem 4.6. Let (M2k

connected manifold with 8M a homotopy sphere (resp. empty). (M,F)

,F), k odd, be a compact framed (k-1)-

can be made contractible (resp. a homotopy sphere) by a finite sequence
of framed surgeries if and only if c¢(M,F) = 0.

Proof. (&) Let OpreeesQniByye.eyB be a symplectic basis for

H (M;Z). Suppose c(M,F) = 0, i.e. g ©{a;)0(8;) = 0 € Zy.

Claim. We can find a new symplectic basis ai,...,a;,Bi,...,Bé for
Hk(M;Z) such that ¢(a{) = 0 for all 1i. Assuming this, Theorem 4.2
(a) implies that the ai are represented by embedded spheres with
trivial normal bundles. By Theorem 2.3, the homotopy groups of M can
be killed by surgery. By 4.2 (b) the surgery can be framed even when

k =3 or 7.



Proof of Claim. If ¢&¢{c.)d(B.,) = 0, take

i i
- [ui if @(ai) =0
i~ .
Bi if ¢(ai) Z 0 (and hence @(Bi) = 0)
o1 - Bi if @(ai) =0
. a. if d(a,) # 0

Since |} ®(a;}8(8;) = 0, o(a;)o(B;) £ 0 for an even number of values
of i. Suppose @(ai)é(Bi) £ 0 and @(az)@(ez) # 0. Let

aj = 0y * a, ] =B

It is easy to check that replacing al,a2,81,82 by ai,aé,si,eé gives

) = ¢(al

a new symplectic basis with ¢(a! 2) =

= 0. Thus for each pair of

1
values of i such that @(ai)®(Bi) = 0, we can replace the four basic
elements involved with new ones such that ¢(ai) = 0.
(=). By an argument completely analogous to the one given in

the proof of 3.1, it suffices to show that if (M,F) 1is as in the
theorem and there is a framed manifold (V,G) with 23V = M and

G|avV = F, then c{M,F) = 0. Let 1yt Hk(M) > Hk(v) be induced by
inclusion.

Assertion (1). ig(a) = 0 = ¢(a) = 0. Represent o by an embedding
£ Sk + M., Since V is framed, we can perform surgery to make V

(k-1)-connected (without touching M = V) by Theorem 3.1. Now iy{a) =
0 = iof is a null-homologous singular sphere in V, and therefore

ief 1is null-homotopic, since Hkv = “kv by the Hurewicz theorem.
Therefore 1 ocF extends to a continuous map g: Dk+1 - V. By 1.9 g
Kk

is homotopic rel S to an immersion. Consider the following commu-
tative diagram of bundle isomorphisms and framings (where 1iof = f

for simplicity):

Kk
h G §O[s

\
% = N
N1 g n*rvy sk =5 Nl g okt

2HT Nﬂ\

Ve iy s Ve sk & v(f)
—— e —

* Kk
fF fOIS

115X & vin)|s®
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This diagram shows that the map Sk >

1ifts to a map Dk+l >V

tion (1).

V2k+N,k+N representing ¢(a)

Skl kAl ? i.e. &(a) = 0, which proves asser-
H

Assertion (2), There is a symplectic basis al,...,aP,Bl,...,Br for
H (M;Z) such that aj € Ker iy for all i. Together with (1), this
implies that c¢(M,F) =} ?(a;)@(B;) = 0, as desired.

i

For (2), consider the commutative diagram (Z coefficients)

5 1g Jx
e > H (VM) —= H (M) —> H (V) —— H (VM) —>

/[ﬁ pv Tm um Tﬂ uv Tﬂum
* §

cee — 5w ) Aok L el S Kty —s e

Now (u N Uyl * (v r‘uM) = (uuv) Ny, (intersection is dual to cup
product), so it will suffice to find a symplectic basis Upspeesyll

for Hk(M;Z) such that u; € Ker §,, i=1,...,r.

r'

VigeeoaVy,

Lemma 4.7. Ker Gk is its own annihilator with respect to the cup pro-
duct pairing, i.e. uuUv = 0 for all v € Ker 8, ©u &€ Ker Sk'

*
Proof. 62k(i a UB) = o LJGkB for every a € Hk(V), B & Hk(M) [29].
Now 62k: sz(M) 5 H2k+l(V,M) (both groups are Z, and sz is sur-
*
Jjective by the diagram), so u € Ker 6k =Imi =uuUvz=20 for all

v € Ker Gk. Conversely, if u € Hk(M) and u Uv = 0 for all

* *

v € Ker Gk = Imi , then o U Gku = 62k(i o Uu) = sz(o) = 0 for all
o € Hk(M). Since the cup product pairing is nonsingular, éku = 0.
Remark. The proof of this lemma used only that V and M2k = 3V are

oriented manifolds and Hk(M) is free.

Corollary 4.8. Ker Gk is a direct summand of half rank of H (M).

*
Proof. Consider the following diagram with exact rows (A = Hom(A,Z)):

0 —> Ker §, —— H(M) —> R —_—0 (R = Coker f)
| i
3“5 l 2N
)

k

0 —s R —=s@*M — (ker &) —3 0
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The middle arrow is an isomorphism since U 1is a nonsingular pairing
(by Poincaré duality). The left dotted arrow exists because Ker 8y
annihilates itself under U. It is an isomorphism because Ker Gk
equals its annihilator. A diagram chase then proves that the second
dotted arrow is well-defined and injective. Therefore R 1is free,

and so Ker ék 5 H* Z R. (Thus the right dotted arrow is an isomorphism
and both sequences split.)

To complete the proof of assertion (2), let Uggeessl be any

r
basis of Ker §, ., and let vy,...,v, be a "dual basis" of R ¥

*
(Ker dk) y .60 ug L)vj = Gij' Ker §, annihilates itself under U,
0 u; U u‘j = 0. However, v; Uvy; may be nonzero. Let vi =
vy - (vi U Vi)ui‘ Then it'skeasy to check that ul,...,ur,vi,...,r;
is a symplectic basis for H™M.

This completes the proof of Theorem 4.6,

Now we apply Theorem 4.6 to the computation of bP? for n = 2k,
k odd, # 3 or 7. (Recall that bP® = bP'% - 0 (Corollary 2.4).)
We wish to define a map

2k

b > bP

k' %2
by bk(t) = 3M, where M 1is any compact framed (k-1)-connected =Z2k-
manifold with 8M a homotopy sphere and c¢(M) = t. To show that bk
is well-defined, we must prove:

Theorem 4.9. (a) c(Ml) = C(MZ) = aMl is h-corbordant to BMZ.
(b) For each odd k # 3 or 7 and each t € 22 there is a framed
manifold MZ¥
Thus bk is surjective.

such that &M is a homotopy sphere and c(M) = 5.

-

Proof. (a) Let F; and F, be framings for M; and My, and let

(N,G) = (Mqy,F}) #(MZ’F2) be the framed boundary connected sum (cf. §6).
N = aMy # -aMZ, and c¢(N) = c(Ml) + c(M2)
4.6, N can be made contractible by framed surgeries. Thus

= 0. Therefore, by Theoremn

3M, # - 3M, bounds a contractible manifold, i.e. 3M; is h-cobordant

‘to M,
(b) If t = 0, take MZ¥ = D?K, Ifr t =1, M
by plumbing two copies of the tangent disc bundle of s¥  (see [7] or

[23]).
This theorem shows that bPe = 0 if b, = 0 and pp2K - z, if

2k is constructed
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bk # 0, so we would like to determine when bk = 0. This happens if

and only if there exists a compact framed (k-1)-connected 2k-manifold
M with boundary the standard sphere S‘?k'l such that c¢(M) = 1.
Attaching a disc to the boundary of such an M we obtain an almost
framed closed 2k-manifold N with c¢{(N}) = 1, By Corollary 3.18, N
is framed. Thus bk = 0 & there is a closed framed (k-1)-connected
2k-manifold N with <¢(N) = 1. By the proof of Theorem 4.6, c¢ 1is
well-defined on framed cobordism classes. The framed cobordism group
Q? is isomorphic to the n-stem nn(S) = ﬂn+k(sk) for k large (§2).
Thus for each odd k, the Kervaire invariant gives a map

(S) » Z

C m

k' Mok 2

and for k # 3,7, by = 0&cy £ 0. According to Browder [6], ¢ =0
:O;
= 0.) Mahowald and Tangora

if k # 22 -1. (Kervaire [14] originally showed Cg = 0 and g
then Brown and Peterson [8] showed Coel
have shown that Cig # 0, and Barratt, Mahowald and Jones have shown

€3y # 0 (see [6], [33], [34]). Therefore we have

o [Z5 Kk # b o1
Theorem 4.10. For k odd bP =
0 k = 3,7,15, or 31

The following proposition, which extends our discussion of the
existence of closed framed 2k-manifolds with nonzero Kervaire invar-
iant to the case k = 3 or 7, will be needed in §5:

Proposition 4.11. For k = 3 or 7 there is a framing F of Sk xSk
such that c(S¥xs¥,F) = 1.

Proof. Hk(Sk xSk) £ Z & Z, with generators o,8 represented by the
embedded spheres Sk X %, ¥ xSk respectively. Let G be any framing
of t(skxsK) @ el, c(s¥xs¥,c) = o(a)o(B). Claim (1): G can be
altered so as to realize any values of ¢{a) and &(8). This implies
the proposition. Let f: Sk + SO . Claim 2: chainging G on
Sk x% by f alters &(a) by thgk;ip EE_I—Egzk > Vo .

+1 2k+1,k+1
Assuming this, we prove (1) as follows: For k = 3 or 7, m{SOy) +
”k(VN,N-k) is surjectiﬁe (i,4). Now Sk xSk = (Sk~/Sk) LJ£2k.k Thus
we can change G on S"vS to obtain a framing F on S VvS such
that 9®(a) = (B) = 0. The obstruction to extending F over the

2k-cell is an element of SON) =0 for k=3co0r 7 (1l.5).

Top-1!

Proof of (2). This follows from the definition of &. Suppose
g: Sk -+ V2k+l,k+l represents ®(a). It is clear that changing G by
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f changes g to the map g(x) = f(x) g(x), where acts on

S0
2k+1

V2k+l,k+1 by rotation. But we can assume that g(x) is the standard

(k+1l)-frame for x in the northern hemisphere, and that f(x} 1is the

identity element of SO for x in the southern hemisphere, so

2k+1
[g] = [g] + [h], where h(x) is the standard (k+l)-frame in R
rotated by f{(x), i.e. h(x) = nf(x), m: 802k+1 > v2k+l,k+l'
[E) = [g] = myl[f], which proves (2),

Remark. We can define c¢(M,F) for any compact framed 2k-manifold,
k o0dd, with 3M empty or a homotopy sphere, as follows. Convert
(M,F) to a (kel)-connected framed manifold (N,G) by a finite se-
quence of framed surgeries, and let c¢(M,F) = c(N,G). The proof of
Theorem 4,6 shows that c¢(M,F) 1is well-defined, and that it is an
invariant of framed surgery. For k = 3 or 7, c¢ is not an invariant
of unframed surgery by Proposition 4.11, since sk xSk is null-
corbordant, Theorem 4.10 implies that ¢ is not an invariant of un-
framed surgery for some other values of k. Since C1g # 0, there is
a closed framed l4-connected 30-manifold N with ¢(N) = 1. However,
since N 1is framed it has zero Stiefel-Whitney and Pontryagin numbers,
so N is unframed (oriented) null-corbordant. (In contrast, recall
that the signature of a 4k-manifold is an invariant of unframed
surgery.)

Recall that if k # 3, 7 and M°X is (k-1)-connected, then
c(M,F) does not depend on F. However, it is not known whether c(M,F)
depends on F for arbitrary+- M.

§5. Computation of en/an+l.

The results of this section are all in Kervaire-Milnor [15].

Suppose that the homotopy sphere i is embedded in Rn+k

(k large)
with a framing F of its normal bundle (recall that homotopy spheres
are mw-manifolds by Corollary 3.19). Then the Thom construction

applied to (Z,F) yields an element T(Z,F) of nn+k(Sk
invariant of the normal cobordism class of (Z,F). T{(Z,F) #(Z',F"})) =

T(Z,F) + T(Z',F).

), which is an

Lemma 5,1. Let f: £ =+ SOk, and let a = [f] &€ ﬁnSOK. Then if F
is altered to F' wvia o,

T(L,F') = T(I,F) & J(a) .

Proof. Recall (Lemma 3.13) that T(Sn,Fa) = ¢ J(a), where F, is the
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standard framing FO of s" altered by a. Thus
(Z,F') = (I,F') # (S7,Fy) = (E,F) # (S",F ) ,
and the lemma follows by applying T to both sides.

Corollary 5.2. T(Z) = {T(Z,F), F a framing of bl Rn+k} is a

. k
coset of J(nnsok) in ”n+ks .

Therefore we can define T: 6% » Coker Jn’ where Jn: nnSO hd nnS is
the J-homomorphism.

bPn+l

Proposition 5.3. = Ker T.

Proof. I € an+l <> I bounds a parallelizable manifold. TI = 0 &>
there exists a normal framing, F, of I such that (Z,F) Dbounds a
normally framed manifold.

Thus we have an exact sequence

n+1

0 —s bP™1 507 T3 coker I

Corollary 5.4. 6" is a finite group (n > 4).

Now en/an+1 £ Im T. Suppose & &€ Coker Jn' & €ImT if and
k

only if @& 1s represented by o € Tn+kS (k large) such that o =
T(Z,F) for some (I,F). By the inverse Thom construction, and

o €T Sk equals T(M,F') for some framed manifold (M,F'). o =

n+k
T(Z,F) 1is and only if (M,F') 1s framed cobordant to a homotopy
sphere (Z,F), Define
odd
Pn = = 0(4)
Z, = 2(4)

(so that bP™d = Im(b), b: PP* » 6™ as in §3 and §4, and define
o: 9l » P% by

6 (M, F) = o(M) n
c{M,F)

=

e
NN o
S
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¢ 1s well-defined, since o and ¢ are invariants of framed cobord-
ism, and ¢(M,F) = 0 & (M,F) 1is framed cobordant to a homotopy sphere

(Corollary 2.2 and Theorems 3.1 and 4.6). Let ¢' = ¢T'l:
nnS
N
of 25 pn
Clearly ¢'(Im Jn) = 0, so ¢' induces a map

o": Coker J_ > ph

By the above analysis of Coker Jn we have:

Theorem 5.4, The sequence

"
prtl b gt Ty coper J, > ph

is exact.

The new information here is that 6%/bP™*l = Ker ¢". If n is
odd, of course ¢" = 0, since P - 0. If =n = 0(4), we have seen
that ¢" = 0 (by Corollary 3.12). If n = 2(4), 6" = 0 for n #
Zi -2, and ¢ # 0 for n =6, 14, 30, or 62 (by the discussion pre-
ceding Theorem 4.10).

pphit+l (except for n+1l = 2t -2,

In summary, we have computed
i > 6), and we have 8" = Coker Jn except when n = 2% -2, Then we
have computed g up to group extension.
Remark. Brumfield and Frank have then proved that for n # 2k -1 or
k
25 =2

n+l —> gl — ol —_—0

0 —> bP
splits. (See e.g. [9].)

Appendix. The Kervaire-Milnor long exact seguence.

The results of these notes can be elegantly expressed by means of
a long exact sequence
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(i) cor AL By p0#l Dy gn 1 0 Dopn 5 L,
8™ is the group of homotopy n-spheres [15]. AP is the group of

"almost framed" cobordism classes of almost framed {i.e. framed execcpt

at a peint) closed n-manifolds. (If Ml is framed except at X and
Mo
and M2 is a corbordism W between M1 and M2 and a framing of

is framed except at X5, an almost framed cobordism between My

We-ay o an arc in int W from Xp to x5 which restricts to the
given framings on the ends of the corbordism.) P? is the group of
framed cobordism classes of parallelizable n-manifolds with boundary
a homotopy sphere. (A framed cobordism between Ml and M2 is a

framed manifolds W with boundary M, U N U M,, where N is an
Lom o oam, °

h-corbordism between aMl and 3M and the framing of W restricts

’
to the given framings of Ml and 2M2.)

b is induced by the boundary map, and it is well defined by the
definition of PP, i is induced by "inclusion", i.e. any homotopy
sphere is s-parallelizable, and so is almost framed. i is clearly
well-defined. p 1s induced by "punching out a disc" containing the
non-framed point to obtain a parallelizable manifold with boundary sh.
p 1is clearly well defined.

The discussions preceding Theorems 3.5 and 4.10 show that Ker(b) =
Im{p). It is clear from the definition of A" that Ker(i) = Im(b).

It is also easy to see that Ker(p) = Im(i).

Corollary 2.2 implies that P? = 0 for n odd. Theorems 3.1,
3.2, and 3.3 imply that P?" 2 Z for n = O(4). Theorems 4.6 and 4.9
imply that PP 2 Z_, for n = 2(4).

2
Now AP 1lies in the exact sequence

. e J t n 0 J ‘e
(11) —_— nn(SO) - ﬁn(S) —> AT - ﬁn_l(S) — wn_l(8> —

where J is the stable J-homomorphism, t 1is the inverse Thom con-

struction which takes nn(S) = Q? (the framed cobordism group), fol-
lowed by the inclusion of Q? in A". Theorem 3.14 says that Ker(J) =
Im(0). Ker(0) = Im(t) 1is clear. Ker(t) = Im(J) 1is easy to show
(cf. Lemma 3.13).

Corollary 3.16 determines Im[aA"” —Es pP = Zl, n = 0(4). (This

map assigns to an almost framed closed manifold its signature divided

by 8.) Theorem 4.10 determines Im[A" -Jla Pl = 22] for almost all

n = 2(4). (This map assigns to a manifold its Kervaire invariant.)
The results of §5 can be interpreted as follows. By the exact

sequence (ii), Coker (J) % Im(t) C A%,  The discussion following 5.3
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shows that 1Im(i) C Im(t), so we have the exact sequence

n

po*l By gn Ly coker (J) 25 P0

where T(I) = i(Z) and ¢: Coker (J) C A" B> p

8? be the group of framed hecorbordism classes of framed

homotopy n-spheres. Then we have the exact sequences

Remark. Let

(1ii) cor s PP Q? —s P — 6?'1 —_— e
(Q? > P% is "punching out a disc"; P9 = e?‘l is "taking the bound-
ary"), and
: ces n n 0 -
{(iv) —_— ﬁnSO — Sf —_—> § —> wn_lSO —>

(1 SO > e? sends o to S" with its standard framing changed by a;
o » 8" forgets the framing).
Combining the long exact sequences (i), (ii), (iii), (iv) (replacing

Q? by 7 S in (iii)), we obtain the Kervaire-Milnor "braid":

. /\/\e
“ N

>

g1

\\\\\\////)7 \\\\\\/////ﬂ r- lii\\\y/////”
This braid is isomorphic to a braid of the homotopy groups of G, PL,

and 0 (see e.g. [24]1). Levine [16] has a nonstable version of the
Kervaire-Milnor braid.
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