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Abstract

Let G be a topological group. We construct an equivariant homology and
equivariant cohomology theory, defined on the category of all G-pairs and
G-maps,which both satisfy all seven equivariant Eilenberg-Steenrod axioms
and have a given covariant and contravariant, respectively, coefficient
system as coefficients. We also establish some further properties of
these equivariant singular homology and cohomology theories, such as,

a naturality property in the transformation group,transfer homomorphisms
and a cup-product in equivariant singular cohomology with coefficients

in a commutative ring coefficient system.
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY I

By Soren Il1iman

Let G be a topological group. By a G-space X we mean a topological
space X together with a left action of G on X. A G-pair (X,A) consists
of a G-space X and a G-subspace A of X. The notions G-map, G-homotopy,
etc. have the usual meaning. In Chapter I of this paper we construct an
equivariant homology and cohomology theory, defined on the category of all
G-pairs and G-maps, which both satisfy all seven equivariant Eilenberg-
Steenrod axioms and which have a given covariant coefficient system k and
contravariant coefficient system m, respectively, as coefficients. See
Definition 1.2. and Theorems 2.1. and 2.2. in Chapter I for precise statements.
We call these equivariant homology and cohomology theories for "equivariant
singular homology with coefficients in k" and "equivariant singular
cohomology with coefficients in m". The construction of equivariant singular
homology and cohomology is very much analogous to the construction of ordinary
singular homology and cohomology. The ordinary singular theory in its present
form is due to S. Eilenberg [5]. We have chosen the exposition in Eilenberg-
Steenrod [6] as our model. This applies especially to the proof of the
excision axiom.

For actions of discrete groups equivariant cohomology and homology
theories which satisfy all seven equivariant Eilenberg-Steenrod axioms and
have predescribed coefficients exist before, see G. Bredon [2], [3] and

Th. Brocker [4].

Received by the editors March 6, 1974.
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2 SOREN ILLMAN

In Chapter II we establish some further properties of equivariant
singular homology and cohomology. We prove a naturality property in the
transformation group and construct transfer homomorphisms in both equivariant
singular homology and cohomology. Moreover we define a Kronecker index and
also a cup-product in equivariant singular cohomology with coefficients in
a commutative ring coefficient system. We conclude by proving that this cup-
product is commutative.

This paper is a slightly extended and simplified version of chapter III
and part of chapter IV of my thesis [8]. A geometrically more intuitive but
technically more complicated construction of equivariant homology and cohomology
theories which satisfy all seven equivariant Eilenberg-Steenrod axioms and
have predescribed coefficients is given in [7], where also some other results
from [8] can be found. This paper gives the details for everything stated

in [9].
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 3

I. EQUIVARIANT SINGULAR THEORY

1. COEFFICIENT SYSTEMS

In the following G denotes an arbitrary topological group. Let R
be a ring with identity element. A1l R-modules will be unitary.

DEFINITION 1.1. A family F of subgroups of G 1is called an orbit
type family for G if the following is true: if H e F and H' is conjugate
to H, then HeJ.

Thus the family of all closed subgroups of G, and the family of all
finite subgroups of G are examples of orbit type families for G. A more
special example is the following. Let G = 0(n), and Tet F be the family of
all subgroups conjugate to O(m) (standard inbedding) for some m, where
0<m¢<n.

DEFINITION 1.2. Let F be an orbit type family for G. A covariant
coefficient system k for ¥ over the ring R is a covariant functor from
the category of G-spaces of the form G/H, where H ¢ ¥, and G-homotopy
classes of G-maps to the category of left R-modules.

A contravariant coefficient system m for F over the ring R s
a contravariant functor from the category of G-spaces of the form G/H, where
H ¢ ¥, and G-homotopy classes of G-maps to the category of right R-modules.

If a: G/H > G/K is a G-map, and H,K ¢ ¥, we denote

k(o) = ay : k(G/H) » k(G/K),
and

m(a) = o* : m(G/K) ~ m(G/H).

Let k and k' be covariant coefficient systems for . A natural transformation
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4 SOREN ILLMAN

6 : k > k'

will be called a homomorphism of covariant coefficient systems. If 6 is
natural equivalence, we vall o an isomorphism. Similarly for contravariant

coefficient systems.

2. THE EXISTENCE THEOREMS FOR EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY

THEOREM 2.1. Let G be a topological group. Let F be an orbit type
family for G, and let k be a covariant coefficient system for F over the
ring R.

Then there exists an equivariant homology theory HE( 3k), defined on
the category of all G-pairs and all G-maps, and with values in the category
of left R-modules, which satisfies all seven equivariant Eilenberg-Steenrod
axioms and which has the given coefficient system k as coefficients.

This means:

For each G-pair (X,A) we have a left R-module Hg(X,A;k) for every integer n.

Each G-map f : (X,A) - (Y,B) induces a homomorphism
fy t HOOGAK) > HO(Y,B3K)

for every integer n.

Each G-pair (X,A) determines a boundary homomorphism

G

By k) o
o 0 HIOGASK) > B

Ask)

for every integer n.

In addition the following axioms are satisfied.

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY

A.1. If f = identity, then f, = identity.
A.2. f : (X,A) - (Y,B) and f' = (Y,B) » (Z,C) are G-maps, then

(f'f)e = Tafy.
A.3. For any G-map f : (X,A) - (Y,B) we have
of, = (f|A), 2.

A.4. (Exactness axiom). Any G-pair (X,A) gives rise to an exact homology
sequence
.i

3 i iy 2
Ce T B (Ask) < HEOGASK) < HB(GK) < H(AK) <

A.5. (Homotopy axiom). If fo,f] ¢ (X,A) -~ (Y,B) are G-homotopic, then

A.6. (Excision axiom). An inclusion of the form
it (X-U, A-U)~> (X,A)

where U c A° (U and A are G-subsets) induces an isomorphism

n

Tyt HOOC= U, A= U3 K) > HOCK A k)

for every integer n.

A.7. (Dimension axiom). If H ¢ ¥, then
HE(G/H3k) = 0 for all m # 0.

Moreover, for every H ¢ ¥ we have an isomorphism

v

Y 1 HO(G/H3K) > K(G/H)
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6 SOREN ILLMAN

such that if also Ke F and o : G/H > G/K is a G-map, then the diagram

G Y
HO(G/H;k) —— >  k(G/H)

commutes.
Moreover, this equivariant homology theory has no "negative homology",

that is, for any G-pair (X,A) we have
HG oy .
m(X,A,k) =0 ifm«<0O.

We call this equivariant homology theory HE( ;k) for "equivariant singular
homology with coefficients in k".

THEOREM 2.2. Let G be a topological group. Let F be an orbit
type family for G, and let m be a contravariant coefficient system for ¥
over the ring R.

Then there exists an equivariant cohomology theory HE( ;m) defined
on the category of all G-maps, and with values in the category of right R-
modules, which satisfies all seven equivariant Eilenberg-Steenrod axioms,
and which has the given coefficient system m as coefficients.

That HZ( ;m) satisfies the dimension axiom means the following. If

He F, then
HE(6/Hsm) = 0 for all p # 0,
and there is an isomorphism

£ 1 HO(G/H3m) > m (G/H),
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 7

such that if also K ¢ ¥ and o : G/H » G/K is a G-map, then the diagram

0 3
HG(G/K;m)-—————f«» m(G/K)

J l K l
£
Hg(G/H;m) s m(G/H)

commutes. The meaning of the rest of Theorem 2.2. is clear. Let us point
out that also here the excision axiom is satisfied in the strong form that

the G-subset U need not be open. We call the equivariant cohomology theory

HE( sm) for "equivariant singular cohomology with coefficients in m". We have
Hp(X,A;m) =0 if p < 0, for every G-pair (X,A).

G

EXAMPLE. As a simple illustration we determine the equivariant
singular homology and cohomology of the following example. Let G = S] the
circle group and X = 52 the two-sphere. Assume that S] acts on 32 by the
standard rotation leaving the north and south poles fixed, and acting freely
elsewhere. Let X] and X2 denote the northern and southern hemispheres,
respectively, and X0 = X] n X2 the equator.

Now assume that F is an orbit type family, such that, both G ¢ F

and {e} ¢ ¥ . Let, as before, R be a ring with identity element and k

a covariant coefficient system for ¥ over R. It is a formal consequence

of the axioms that we in this situation have the following exact Mayer-Vietoris

sequence
J1atd (i “i54) 9
0 — Ha0GK) T E KBk 5k) @ HO(,5k) 1B Wi sk) (k) < 0

Since both X] and X2 are G-homotopy equivalent to a point and Xn =~ G as G-

spaces, it follows that the above exact sequence equals
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8 SOREN ILLMAN

(Pys~Py)
0 « H(sK) < K(6/G) 0 k(6/6) " K(G/(e}) « HS(Xsk) « O

where p, : k(G/{e}) - k(G/G) is induced by the G-map p : G » G/G. Thus

HS(X3k) = (K(6/6) o K(6/6))/((py(a)s - py(a))]a & K(G)3
HS(X:K) = ker (py @ k(B) + k(6/6))
H(sk) =0 form £ 0,1,

Let us now consider this result for some specific convariant coefficient
systems. Let the orbit type family F be, for example, the family of all
closed subgroups of G = S], and let R be the ring of integers Z.

1. Define a convariant coefficient system k] as follows. Let
k](G/H) =Z if H # G and k(G/G) = ZZ’ and let p : G/H ~ G/G, where H # G,
induce the natural projection 7 - 22 and Tet all other induced homomorphisms

on k] be the identity on Z. Then

Griy.p \ ~
Ho(Xskq) = Z,
Gy ) ~
Hy(X3ky) > Z

G y. -
Hm(X,k]) =0 form#0,].

2. Define k2 by k2(G/{e}) =7, and k2(G/H) =0 for H # {e}. Then

Gy, ~
Hy (X3k,y) 2 2

=0 form#0,1.

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 9

3. Define ky by : ky(G/H) =0 for H = G, and ky(6/G) = Z. Then

3

G
HO(X;13) 7o Z

Hg(x;k3) =0 for p # 0.

Observe that this equals the ordinary singular homology of the fixed point set
xC.
4. Define k4 by k4(G/H) = Z for every closed subgroup H of G

and all induced homomorphisms are the identity on Z. Then

G

H3(xsk,) % 2
HO(X;k,) = 0 for p £ 0
p' "4 pr o

Observe that this equals the ordinary singular homology of the orbit space
G=X.

5. Define k5 by : k5(G/H) =7 for every closed subgroup H of G,
and every G-map « : G/H > G/K, where H = K but H # K, induces the zero

homomorphism, and every G-map B : G/H > G/H induces the identity on Z. Then

G
HO(X;kS) ~ Zel

Gy. ~

HS(Xskg) = 2

HO(Xsk.) =0 form # 0,1
m ] 5 b .

To determine the equivariant singular cohomology of the G-space X we use the

analogous exact Mayer-Vietoris sequence for cohomology
* *

ko x . .
0 (3123p) 0 0 RPN 5 1
0~ HG(X;m)———~————+ HG(X];m) ® HG(XZ;m) — HG(XO;m)-e HG(X;m) - 0.

In the same way as above we see that this exact sequence equals
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10 SOREN ILLMAN

p*(m,-m,)
125 n(6/(e}) — Hé

0+ Ha(X;m) > m(6/G) o m(G/G) (X;m) > 0,

where Mot m(G/G) & m(G/G) -~ m(G/G) denotes the projection onto the i:th

factor, i = 1,2. Thus

Hg(X;m) ¥ ker (p* (m - m,) : m(6/6) @ m(G/G) > m(G/{e})
Hé(X;m) = m(G/{e})/im p*(n] - nz)
Hg(X;m) =0 for q # 0,1.

3. CONSTRUCTION OF EQUIVARIANT SINGULAR HOMOLOGY

Let A_ be the standard n-simplex, that is, Ao = {(Xps..-5X )€ Rn+] |
n n n 0 n
) X; = 1, X 2 0}. We have the face maps
i=0
i, .
R i=20,...,n,

) i _ ) .
defined by en(XO""’Xn-1) = (XO""’Xi-l’o’xi""’xn-1)' The identity

= G

ered | = e;:}, where 0 < j <1 <n, is valid.

Now Tet K be a subgroup of G. We call the G-space b, % G/K for the standard

equivariant n-simplex of type K. We have the face maps

el xid ta_y xG/K> o x G/K i=0,...n.

DEFINITION 3.1. A G-map

T: By % G/K -~ X

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY n

is called an equivariant singular n-simplex in X. We call K for the type

of T and denote
t(T) = K.
The equivariant singular (n-1)-simplex
T0) 27l «id) s a % 6/K > X
n n-1

is called the i:th face of T, i = 0,...,n.
DEFINITION 3.2. Let F be an orbit type family for G. We say that
the equivariant n-simplex T : By X G/K » X belongs to F if K¢ F .

Given an equivariant singular n-simplex T : L G/K > X belongs to ¥,

we form
ZT 8 k(G/t(T)) = ZT B k(G/K).

Here ZT denotes the infinite cyclic group on the generator T, and the tensor

product is over the integers. The left R-module structure on k(G/t(T)) makes

ZT B k(G/t(T)) into a Teft R-module such that the map i : k(G/t(T)) -

Z; B k(G/t(T)) defined by i(a) = T m a is an isomorphism of left R-modules.
DEFINITION 3.3. We define

AG
C (X3k) = z k(G/t(T
A6 = ] e (2 e KT

where the direct sum is over all equivariant singular n-simplexes in X, which
A
belong to ¥. Thus for n < 0 we have Cﬁ(X;k) = 0.

The boundary homomorphism

A AG,y, . AG .
3, 1 Cp(Xsk) > €1 (X3K)
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12 SOREN ILLMAN

A
is defined in the usual way, that is, for n £ 0 we define an = 0, and if
n>0and T is an equivariant singular n-simplex in X and a € k(G/t(T)),

we define

gn(T R a) = .go (-1)(1)T(1) R a.
1=

A A
The standard calculation then shows that 9-1%, = 0.

Thus we get the chain complex

A
S8sk) = (€8(xk),5, 3

A
Our main interest is not in the chain complex SG(X;k), but in a quotient of it.
We now proceed to define this quotient.

Let
h: L G/K ~ A, X G/K
be a G-map which covers id : Ay > Bpe Every x ¢ A gives rise to a G-map

hX : G/K > G/K'

defined by hX(gK) = pry h(x,gK), where pro o4, x G/K' -~ G/K' 1is projection
onto the second factor.

LEMMA 3.4. Let the notation be as above and let x,y ¢ Ay Then the
G-maps hx’hy : G/K -~ G/K' are G-homotopic.

PROOF. Define F: I x G/K > G/K' by F(t,gK) = pro h((T-t)x + ty, gK).
Then F dis a G-homotopy from hX to h . q.e.d.

y

Thus, if K,K' e F, it follows that (h), = (h ), : k(6/K) > k(6/K'),

that is, the G-map h induces in this way a unique homomorphism from k(G/K)

to k(G/K'). We denote this homomorphism by
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 13
hy : k(G/K) ~ k(G/K").

Let for the moment gn c eﬁ(x;k) denote the set of all elements in €ﬁ(x;k)
that have at most one coordinate # 0. Every element in Qn has a unique
expression of the form T B a, where T 1is some equivariant singular n-
simplex belonging to F in X, and a ¢ k(G/t(T)).

We define a relation ~ in § in the following way. Let T ® a and
T' ma' be two arbitrary elements in § , where T : 4o x G/K > X and T oA x
L G/K' - X are equivariant singular n-simplexes belonging to ¥

in X, and a ¢ k(G/Kn), a' ¢ k(G/K"). We how define

there exists a G-map

TRa~T Ba' o h L G/K - L G/K' covering

id An > An such that T = T'h and

DEFINITION 3.5. Let the notation be as above. We define
e c@
n(X',k) c Cn(X;k)

to be the submodule of 6ﬁ(x;k) consisting of all elements of the form

(Ti Ba, ~ Ti B ai)

n~wun

i=1

where Ti B ai ~ Ti Ba; or Ti Ba; ~ Ti B A, for i = 1,...,s.
DEFINITION 3.6. We define the left R-module CE(X;k) by
Grv.ry = 6oy /G y.
Cn(X,k) = Cn(X,k)/Cn(X,k).

Now observe that if Te@a~T' g a', then also T(]) R a~ (T')(1) R a',

A A A
i =0,...,n. It follows that the boundary homomorphism ¢ CE(X;k) - Cg_1(X;k)
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14 SOREN ILLMAN

restricts to 55 : Eﬁ(X;k) »rfﬁ_1(X;k), and thus induces a boundary
homomorphism
. Gy G (y.
o, ¢ Cn(X,k) -> Cn_](x,k).

AA . -
Since 5 49, =0 it follows that 5 ;3 =0 and 5 3 =0. Thus we have the

chain complexes

-G

SE(X3k) = (C2(X3K),5, )
sC(x;k) = {cﬁ(x;k),an}.

It is the chain complex SG(X;k) that gives us the equivariant singular homology
groups with coefficients in k of X. We shall now consider the relative
case.

Let (X,A) be a G-pair. The inclusion i : A - X induces a monomor-

phism of chain complexes

26

A AG
it SO(Ak) > ST(X3K).

A A A
Moreover, the image i(CS(A;k)) is a direct summand in CS(X;k), for each n.
. A oo MG . . AG
We identify Cn(A;k) with 1(Cn(A;k)), that is, we consider S7(Aj;k) as a sub-
A
complex of §G(X;k) through the monomorphism i. We define
AG

) = PGy RG g,
Co(X,Ask) = C(X3k)/Cl(Ask)

A
and denote the corresponding chain complex by SG(X,A;k). We have the short

exact sequence of chain complexes

G G

A A /\G
0 > SP(Ask) > S(X;k) > S (X,A3k) ~ 0.

A - A
Clearly i restricts to i: EG(A;k) > SG(X;k) and hence i induces

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 15

- s8(ask) > sB(xsk).

LEMMA 3.7. The homomorphism i : S8(A;k) > S8(X;k) induced by 3 is

a monomorphism. Moreover, i(Cﬁ(A;k)) is a direct summand in Cﬁ(X;k) for each

n.
PROOF. Define a homomorphism
A.AG_ AG.
o Cn(X,k) - Cn(A,k)
by
Tra if Im(T) <A
A
o(T & a) =

0 if Im(T) n (X-A) # .

A A
Thus o is a left inverse toi. If Tea~T' g a' it follows that Im(T) =
Im{(T'). Therefore a restricts to & : Cﬁ(X;k) > Cﬁ(A;k), and hence a in-

duces a homomorphism
. By o B
a Cn(X,k) Cn(A,k)

which is a left inverse to 1. qg.e.d.

We define
G oy = Gy, G/p.
Cn(X,A,k) = Cn(X,k)/Cn(A,k),
and denote the corresponding chain complex by

SG

oy - o8 .
(XsA3k) = {C(XsA3k) 58 3
DEFINITION 3.8. We define

G .
H(X,A3K)
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16 SOREN ILLMAN

to be the n:th homology module of the chain complex SG(X,A;k).

By Lemma 3.7 and by definition we have the short exact sequence

0 > s8(Ask) > sB(xsk) > sE(X,A3k) - 0.

This gives us the boundary homomorphism
PN
3 Hn(X,A,k) Hn_](A,k)

and the exact homology sequence of a G-pair (X,A) in the standard way.

More or less as a side remark let us point out the following. Define

the chain complex S°(X,A;k) to be the quotient of SC(X;k) by SO(A:k).

Then the sequence

G

05 &

A
(X,A3k) > SE(X,Ask) > SE(X,A3k) - O

is exact. This can be seen "directly" or by drawing the obvious commutative
3 x 3 diagram and applying the 3 x 3 Temma.

We denote the homology groups of the chain complexes §G(X,A;k) and
gG(X,A;k) by HE(X,A;k) and ﬁE(X,A;k), respectively. Thus we get a long

exact sequence

G

. nG . 7o .
QOGASK) « HIOGAsK) « BEOGAK) < ...

-G 3
e« B (GASK) 2 H

OQur main interest is in HE( 3k). But in the process of the proof of the fact

that HE( 3k) satisfies all seven equivariant Eilenberg-Steenrod axioms it

will be shown that both ﬁﬁ( 3k) and ﬁi( sk) satisfy the first six axioms.
Let (X,A) and (Y,B) be G-pairs and let f : (X,A) > (Y,B) be

a G-map. If T: AL % G/K - X 1is an equivariant singular n-simplex

belonging to F in X, then fT : Ay % G/K ~ Y 1is an equivariant singular

n-simplex belonging to § in Y. Thus we get a homomorphism
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 17

G

£ CoX,Ask) > CO(Y,B3K)

#
A . .
by defining f, (T ma) = (fT) ma. Since () ) = #10) | for i = 0,..0 0,
it follows that the homomorphisms ?; form a chain homomorphism. If
Tra~T' ma', then (fT) Ba~ (fT') B a', and hence f restricts to

. 300y A:k) > SA(v.B: A . .
: ST(X,A3k) > ST(Y,Bsk) and hence % induces a chain homomorphism

g0l

£, sC(x,Ask) - sC(Y,B3k).

Now f# induces a homomorphism f, : HE(X,A;k) > Hg(Y,B;k) for every n.
It is now clear that we have proved everything up to the exactness axiom in
the statement of Theorem 2.1.

In the next section we construct the equivariant singular cohomology
theory and establish at the same time everything up to the exactness axiom
in the statement of Theorem 2.2. The homotopy, excision, and dimension axioms
will be proved simultaneously for homology and cohomology in sections 5, 6, and

7.

4. CONSTRUCTION OF EQUIVARIANT SINGULAR COHOMOLOGY

Let G, F and R be as before. Let m be a contravariant coeffi-
ent system for ¥ over the ring R. Recall that each m(G/K), where
KeF, is a right R-module.

Let X be a G-space. We denote

G
C (X) = Y e

t(T)eF T

where the direct sum is over all equivariant singular n-simplexes belonging
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18 SOREN ILLMAN

A
to ¥ in X. That is, CE(X) is the free abelian group on all equivariant

singular n-simplexes belonging to F in X. The boundary homomorphism

A _AG /\G
3, Cn(X) -> Cn_](X)
is defined by
n
A
B(m = 1ttt

A A
Then 3, _18 = 0, and we have the chain complex

A A A

sC(x) = {cﬁ(X),sn}.
That is

A

sG(x) = 88 52

where Z denotes the covariant coefficient for which Z(G/K) = Z for every
Ke F, (and all the induced homomorphisms are the identity on 7).
Denote

M= T e m(6/K),
KeF

A
where the direct sum is over all subgroups belonging to ¥ . By HomZ(Cg(X),M)

A
we denote the set of all homomorphisms of abelian groups from Cg(x) to M.

A
The right R-module structure on M makes Hom (CE(X),M) into a right R-

Z
module.
DEFINITION 4.1. We define the right R-module eg(X;m) by
An AG
CG(X;m) = Homt(Cn(X),M).
A
Here Homt(Cﬁ(X),M) consists of all homomorphisms of abelian groups
A

¢ : C3(X) » M which satisfy the condition
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 19
¢(T) & m(G/t(T))

for every equivariant singular n-simplex T belonging to F in X. Thus

A A
CE(X;m) is a submodule of the right R-module HomZ(Cﬁ(

A A
For any homomorphism o : CE(Y) we have the dual homomorphism

X),M).

A /\G /\G
ok : Hom, (C2(Y),M) > Hom, (C(X),M)

. A A AG A
defined by o*(c) =ca, C ¢ HomZ(Cm(Y),M). Observe that o* is a homo-

morphism of right R-modules.

DEFINITION 4.2. We call a homomorphism

A AG AG
a: CA(X) = C(Y)

for "type preserving" if the following condition is satisfied. For every

equivariant singular n-simplex T, belonging to F , in X we have

r.e’,

AT q s
Ty = 2 rySp 1y

J=0
with t(Sj) = t(T), for j = 0,...,9. (Each Sj is an equivariant singular m-

simplex, belonging to F, in Y).

A A A
Clearly the dual o* of a "type preserving" homomorphism o : CE(X) >
A

Cﬁ(Y) restricts to give a homomorphism

A Am An
of CG(Y;m) - CG(X;m)

which we again call the dual of 3.

A
The boundary homomorphism an is "type preserving". We denote its dual by

An-1 | An-1 An
" CG (Xsm) - CG(X;m)

AnAn-
and call it the coboundary homomorphism. Then s"s" 1. 0, and we have
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20 SOREN ILLMAN

the cochain complex

A

An A
Sg(Xsm) = {Ca(x;m),8"}.
Let (X,A) be a G-pair, and let i : A > X be the inclusion. Both the

. A AG AG . A AG /\G
monomorphism 1, : Cn(A) > Cn(X) and the homomorphism «a : Cn(X) - C (A),

which is a left inverse to Q*, are "type preserving" (see the proof of
Lemma 3.7). We denote the dual of Qﬁ& by

A A A
it cg(x;m) > Ch

G(A;m).

AT . . Ay . . . N
Then o 1is a right inverse to i”, and it follows in particular that i
is onto.
. An An
Define CG(X,A;m) to be the submodule of CG
A
consisting of all the homomorphisms that vanish on CE(A). That is, we

(X;m) = Hom (C3(x) M)

have a short exact sequence

An An Q#An
0~ CG(X,A;m) > CG(X;m) > CG(A;m) - 0.

A A
Since i* has a right inverse o it follows that the above sequence splits.

We have the corresponding short exact sequence of cochain complexes

A A ?*A
0~ SG(X,A;m) -> SG(X;m) - SG(A;m) > 0.

A

A
Let f : (X,A) >~ (Y,B) be a G-map. The induced homomorphism f, : CE(X) >

G : . ) Ag . An An
C(Y) 1ds "type preserving". We denote its dual by f7 : C.(Y;m) > CG(X;m).

n G
These homomorphisms commute with the coboundary homomorphisms and also re-
strict to the corresponding relative cochain groups. Thus we have a homo-

morphism of cochain complexes

A#' A A
f7: SG(Y,B;m) > SG(X,A;m).
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 21

In constructing equivariant singular homology we took a quotient of the "roof"
chain complex. Here, dually, in constructing equivariant singular cohomology
we shall consider an appropriate subcomplex of §G(X;m). We now define this
one.

DEFINITION 4.3. We define CE(X;m) to be the submodule of eg(x;m) =
Homt(eE(X),M) consisting of all c ¢ Homt(eg(

ing condition. If T : A X G/K~> X and T' : A, X G/K' > X are equivariant

X),M) which satisfy the follow-

singular n-simplexes belonging to ¥ in X, and h : B, % G/K > L G/K'

is a G-map, which covers id : An > An’ such that T = T'h, then
c(T) = h*x c(T') ¢ m(G/K).

Here h* : m(G/K') > m(G/K) dis the homomorphism induced by h, (see Lemma 3.4.).
DEFINITION 4.4. We say that a "type preserving" homomorphism & :
ES(X) -> eg(Y) "preserves the relation ~" if 3 besides being a homomorphism
also determines the following extra structure. First, there exists a natural
number q, and q + 1 integers rj, j =0,...,9, such that, for any equiv-
ariant singular n-simplexes T and T' belonging to F in X we have
a(T) = ? r.S., and &(T') = § r.s!
j=0 99 j=0
where Sj and Sj denote equivariant singular m-simplexes belonging to ¥

in Y. Secondly, if h : L G/K > By % G/K' is a G-map, which covers

A
id by > Bos then o determines q + 1 G-maps

hj : Am + G/K ~» By G/K', J = 0,...,q,
which cover id : Am > Am’ such that
[hj] = [h] : G/K > G/K', J =0,...,q,
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22 SOREN TLLMAN

where [hj] and [h] denote the G-homotopy classes determined by hj and

h, respectively (see Lemma 3.4), and such that if T = T'h then

Sj = thj J=0,...,9.
A AG, - AG
LEMMA 4.5. Assume that o : Cn(X) > Cm(Y) "preserves the rela-

. . A . M An : :
tion ~". Then its dual o” : CG(Y;m) > CG(X;m) restricts to a homomorphism

o CE(Y;m) > CE(X;m).

A
PROOF. Let c ¢ CE(Y;m). We claim that then o”(c) ¢ Cg(X;m). Let
T : An x G/K > X, and T' : L G/K' - X, and let h : Ay % G/K ~ An x G/K'
be a G-map, which covers id : by ™ By such that T = T'h. Preserving

the same notation as in Definition 4.4 we then have

Ag q
(a7(e))(T) = c(a(m)) = ) ryc(Sy) = ric (Shy) =

J

o

()

(=

i ~1.0
[}

q A Ay
W) vy e (S))) = hHe(a(T) = he(a¥(e)(T). g.e.d.

$+

A A
We also call «ao": CE(Y;m) > Cg(x;m) for the dual of 3 : CE(X) > Cg(Y).
A G AG

The boundary homomorphism o, ¢ Cn(X) > Cn-1(X) "preserves the rela-

tion ~". To see that the conditions of Definition 4.4 are satisfied we simply
take q =n, and rj = (—1)3, j=0,...,n, and given h the G-map hj is

the restriction of h to the j:th face, that is hy = h| : e%(An_]) x G/K >

1 n-1

J V- an-1 . anoy .
en(An—l) x G/K'y j =0,...,n. Thus the coboundary & : CG (X3m) ~ CG(X,m)

restricts to

-1 -1
s Cg (Xsm) - Cg(X;m).

Then 6n6n_] = 0, and we have the cochain complex
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 23

s #
0 > Se(XA3m) > Sc(Xsm) 3 Sg(Asm) > 0,

ol

where by definition SG(X,A;m) = ker i*. In each degree the above short exact
sequence splits as a sequence of right R-modules. We now define the equivariant
singular cohomology groups.

DEFINITION 4.6. We define
n
HG(X,A;m)

to be the n:th homology module of the cochain complex SG(X,A;m).

Let f : (X,A) - (Y,B) be a G-map. The induced homomorphism
A A A
fy CE(X) -> CE(Y) clearly "preserves the relation ~". It follows that the

dual % of ?#: gives us a homomorphism of cochain complexes

£ . S(YsBsm) > Se(X,A3m)

G

and hence the induced homomorphisms f* : Hg(Y,B;m) -> HE(X,A;m). It is now
clear that so far we have proved everything up to the exactness axiom in the
statement of Theorem 2.2.

We can also define a cochain complex §G(X;m) by

N

(m) = §.06m)/S,(Xsm).

A A A A A
Both i : CE(X;m) > CE(A;m) and o* : 6E(A;m) > CE(X;m) induce homomorphisms

7% Cn(X;m) > CE(A;m) and o 7: Cn(A;m) > CE(X;m), and 6?# is a right inverse

G
—#
to 1. Thus we have a short exact sequence of cochain complexes
_ _ "
0~ SG(X,A;m) > SG(X;m) > SG(A;m) -0
#

where by definition §G(X,A;m) = ker 77, which in each degree splits as a

sequence of right R-modules.
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24 SOREN ILLMAN

Applying the 3 x 3-lemma we now see that we have the short exact

sequence of cochain complexes

A —
0 » SA(X,Asm) > S.(X,Asm) -~ SG(X,A;m) -+ 0.

6! 6!
Define H (X Asm) and FE(X,A;m) to be the n:th homology modules of the
cochain complexes QG(X,A;m) and S (X Asm), respectively. Thus we get

the long exact sequence
> HO(XAsm) > HE(X,A5m) > F(X,Azm) 8 HE (XaAsm) > ...

In the process of showing that HE( ;m) satisfies all seven equivariant

A
Eilenberg-Steenrod axioms it will be shown that both HE( ;m) and HE( sm)

satisfy the first six axioms.

5. THE HOMOTOPY AXIOM

In this section we prove the homotopy axiom for both equivariant singu-
lar homology and cohomology.

Let V be a convex set in some euclidean space Rq, and let vO,...,vn
be n + 1 points in V. Denote di = (0,...,1,...,0) ¢ Bos 0 5i <n, where

the 1 occurs in the i-coordinate (recall that we index the coordinates such

that a point in A is denoted by (xo,...,xn)). We use the notation

to denote the linear map from A into V, which is uniquely determined by

the condition that it takes d' into v1, i=0,...,n. We have
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 25

n . n .
(xgse--oX,) = ) x.d', and thus vO...vn(x seesx ) = ) x.v' eV, where
n j=0 ! 0 n i=0
(xo,...,xn) €4, The map vo...vn is a singular n-simplex in V, and its
0 Aj n 0 n

j:th face is the map v ...vv...v : An—] -~ V. Naturally v ...v' s called
a linear n-simplex in V. We are now ready to begin the proof of the homotopy
axiom.

Let fo,f]
F:1Ix(X,A) > (Y,B) be a G-homotopy such that F(0,x) = fo(x) and F(1,x)

: (X,A) >~ (Y,B) be two G-homotopic G-maps, and let

f](x), for every x ¢ X. Using this specific G-homotopy F we now construct

homomorphisms

NGy, ~G .
D, & Co(Xsk) » Cp q(Y3k)

for all n, which form a chain homotopy from (f to (f We shall also

e 0)s-

show that this chain homotopy induces the other chain homotopies we need.
Let T : By % G/K > X be an equivariant singular n-simplex belonging
to F in X. Composing 1id. x T with the G-homotopy F we get the G-map

I

F(1'dI xT) +1x L G/K -~ Y. Now consider linear (n+l)-simplexes in I x b

of the form

0

(0,a%)---(0,d")(1,a") - (1,d") t 4 > Txa, 05 <n.

+1

To shorten our notation we denote

whq = (0,0%)- (0, (1,47 (1,0, 0 54 <,

We shall also have use of the following notation

0

on = (0,d%) -+ (0, ) (1) (1) s a > Txa, 05 S,

observe that ) = (1,d%)---(1,d") and &1 = (0,%)---(0,d"). Now consider

G-maps of the form
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26 SOREN ILLMAN

Fidy « T)(, bq % B/K Y.

I RS 1-dG/K) © Pt

We define

A
Dn(T R a) =

1 (-N)"IF(id x T) (1,

I e~>13>

x id)] B a,
0 +1

where a € k(G/K). (From now on we omit the subscripts on the identity maps.
The symbol 1id denotes the identity map on the unit interval I if it
appears immediately to the left of a product sign x, and id denotes the
identity map on a space of the form G/t(T) whenever it appears immediately

to the right of a product sign x.) This defines the homomorphism ﬁn :

G AG

Cn(X,k) -> Cn+](X,k). We shall show that
R S ST R
4100 * Dnoi®n = (Fy - (Fol,

It is immediately seen that the identities

(id x ed)elTl, 05 $i-1 S0
w; , 05j=1i%n
T~i eJ = .
n+17n+l m;+] , 15441 =3 < n+l
<

(id x e 7)el, 25452 < § < 0l

are valid. Using these identities and the fact that, by definition, T<J) =
T(eﬂ x id), 0 £ j £ n, we have (we omit the coefficient element a ¢ k(G/t(T)

in the calculation below).

AA T+, . (3)y, -1 .
5 D (T) = )R T x id) +
1’0 05j5§-15n-1 (1R T (g 1)
] F(idx Tl = ] F(id x T)o! ¥
0%isn 0%isn

1) EGd « 1O Dy sy,
25 +2%5<n+1 n
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 27
The second line of the above sum equals

F(id « T)ed - F(id x D™ = £,7 - £,T.

Changing the index i to i + 1 on the first line of the sum and the index
j to j+ 1 on the third 1ine of the sum and summing over the index 1,

we see that the sum of the first and third line in the above sum equals

A
n_]an(T).

>

- ) @)@y 2
A A

Thus 5 1D (T) = (F}),(T) - (

A

A
- D,_19,(T)s which is exactly what we

wanted to prove.

PROPOSITION 5.1. Let the notation be as above. The homomorphism

G =G =G

AG . oy L
n+1 : Cn(X’K) Cn+1

A A
D, : C(Xsk) ~ C

n (Y;k) and hence

(Ysk) restricts to ﬁh

G

- - Bryery o
induces a homomorphism D - : Cn(X,k) Crel

G
n+1(

(Y;k). In fact the homomorphism

An+l

A A A
D, : CS(X) +C Y) "preserves the relation ~" and hence its dual :

A A
Cg+](Y;m) > Cn(X;m) restricts to Dn+] : Cg+1
(Ysm) - ™

G (Ysm) ~ CE(X;m) and thus also
G(X;m). A11 these homomorphisms induce homo-

induces ﬁn+] : Cn+]
G
morphisms on the corresponding relative versions.
. A AG AG
PROOF. We shall show that the homomorphisms Dn : Cn(X) > Cn+1(Y)
“preverses the relation ~". The conditions for this, given in Definition 4.4,
are seen to be satisfied as follows. First, choose the integers r; by

Y’i = (—])1, i=0,...,n. Secondly, if h : An x G/K > An x G/K' is a G-map,

n n+ < GKY

which covers id : A~ Bos we define the G-map hi S G/K - Aoy

i =0,...,n, by the condition that the diagram

i

Tnep < 1d
Bogy * G/K T x Ay X G/K
h-j l i . J( id x h
| Tnel x id . .
Bogl % G/K I x L G/K
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28 SOREN ILLMAN

commutes. That such a G-map h1 exists and is unique follows immediately

from the fact that the linear map 7] H

nel > T x A, is an imbedding.

n+1

Also observe that each hi A 1% G/K - An

n+ 1% G/K' covers id : A

+ ntl ” Ao

and that each hi determines the same G-homotopy class from G/K to G/K'
as h does.
Ifnow T=T'h, where T and T' are equivariant singular n-sim-

plexes in X, then F(id x T)(x! 1 x id) = F(id » T')(c} 1 = id)h;, i = 0,...,n.

n+1

A A A
We have shown that the homomorphism Dn : CE(X) > Cg+](Y) "preserves the
relation ~". At the same time we have shown that if Taa~T' ga' then
D (T T ma') e T (Ysk) and thus D_ : CO(X3k) - CC..(Y3k trict
n( Ba - BRa') e n+1( 3k) and thus n G n( sk) - n+1( ;k)  restricts

G

G
to Cn

05) > Ty

Since F : I x (X,A) » (Y,B) it follows immediately from the definition

] . . oGy G .
(Y;k) and hence induces Dn : Cn(X,k) > Cn+1(Y,k).

of the homomorphism Sn that all the homomorphisms Dn’ ﬁh, etc. induce

homomorphisms on the corresponding relative versions. g.e.d.
COROLLARY 5.2. Let fO,f1

Then the induced homomorphisms

(X,A) » {Y,B) be two G-homotopic G-maps.

G G
(folp (Fy), + STOKASK) > ST(Y,Bsk)

are chain homotopic, and the same is true for the homomorphisms

(F)75(F1)7 2 SG(V.B3m) > SG(X,Asm).

Moreover, the same conclusion holds for both the "roof" and "bar" versions.
qg.e.d.

This result establishes the homotopy axiom for equivariant singular

homology HE( ;k), and equivariant singular cohomology HE( ;m), as well as

for the theories QE( 3k) HE( 3K) s ﬁé( ;m) and HE( ).
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 29

6. THE EXCISION AXIOM

In this section we prove the excision axiom for both equivariant
singular homology and cohomology.
Consider the G-space B, G/K. An equivariant Tinear g-simplex in

b, % G/K 1is a map of the form

VO v9 x id : bg * B/K > & x G/K

where vo...vq is a linear g-simplex in By and 1id denotes the identity
mapping on G/K. Now assume that K & F , the fixed orbit type family under
consideration. The equivariant linear g-simplexes in Ay % G/K "generate"

a submodule, which we denote by egQ(An x G/K;k), of ﬁg(An x G/K3;k). Here
"generate" means that egQ(An x G/K3;k) is the submodule of ﬁg(An x G/K;3k)
generated by all elements of the form T ® a, where a ¢ k(G/K) and T =
vO...vq x id is an equivariant linear g-simplex in b, X G/K. The boundary
gq maps ﬁgo(An x G/Ks;k) into 62_1Q(An x G/K;k) and we have the correspond-
ing subcomplex /S\GQ(An x G/K;k) of /S\G(An x G/K;3k).

Let v e B Define homomorphisms

G, AG
Ve ot CqQ(An x G/K3k) - Cq+IQ(An x G/K;k)

0

by v- [(v vl X id) & a] = (va...vq x id) & a, where a ¢ k(G/K). Direct

calculation shows that

A A
Bq+](v-o) =0 - v-(aq(o)), , q>1,

g](v-o) =¢ - (v x id) & In(o), q

0,

A
where o ¢ ch(An « G/Ksk) and v x id : sy x G/K > o x G/K is the equiv-

ariant linear O-simplex in Ay X G/K determined by the point v ¢ Ay and
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30 SOREN ILLMAN

In : C30(a, x 6/Ksk) » k(G/K) s the homomorphism defined by

S O>

In[(v™ x id) = a] = a.

We now inductively define homomorphisms

& .6 . AG .
Sdq + Cqlay = 6/Ksk) > CHO(a, = 6/Ksk)
AG

AR . AG .
Ry # Coala, x 6/Ksk) > Coq0(a, = 6/Ksk)

A
in the following way. We set SdO = id and ﬁo =0. If o= vo...vq x id

is an equivariant linear g-simplex in AL X G/K and a ¢ k(G/K) we define

A A A

qu(m R a) = bw . qu-l(aq(w R a))

A A A A

Rq(m R a) = bw - (wBa - qu(m R a) - Rq_](aq(w B a))).

. . 1 0
Here bm G denotes the barycenter of , that is, the point bw R Vo o+

1 q
...+mv.

By induction with respect to q it is easy to prove that

A A A A
aquq = qu_]aq

A A A A
3q+]Rq + Rq_]aq =1id - qu,

A A
that is, the homomorphisms qu form a chain map Sd, and the homomorphisms

A A A
Rq form a chain homotopy R from id to Sd.

Let X be an arbitrary G-space. We now define homomorphisms

NGy, AP
S, i Co(X3k) > C2(X:k)
A SEERA P A .
Ry 1 Co(XK) > € (X3K)

in the following way. Let T : LN G/K ~ X be an equivariant singular n-

simplex belonging to ¥ in X, and let a ¢ k(G/K). We define
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 31

A A n
Sd (T e a) =T,Sd ((d...d" x id) & a),

R (Taa)=TR ((a...d" x id) m a).
It is easy to see that these homomorphisms gén again form a chain map éé
and that these homomorphisms ﬁn form a chain homotopy from id to gé.
The proof of this is a formal computation using the fact that both ééq and
ﬁq, when defined on the equivariant Tinear chain complexes, commute with the
homomorphisms induced by the face maps e; x id : Bo-y X G/K - By x G/K, and
the fact that the homomorphisms éﬁq and ﬁq defined on the equivariant
linear chain complexes already have the desired properties.

A
PROPOSITION 6.1. The homomorphism S - eG(X;k) - Cg(X;k) restricts

n
to Sd : ﬁﬁ(x;k) > Cﬁ(x;k) and hence induces a homomorphism Sdn : C&(X;k) >
A AG
cﬁ(x;k). In fact the homomorphism Sdn : ﬁﬁ(X) > Cz(X) "preverses the rela-
) " . An oty an oy - n.
tion ~" and hence its dual Sd° : CG(X,m) -> CG(X,m) restricts to Sd° :
CA(Xsm) > CQ(Xsm) and thus also induces Sd : Ta(m) » ToOGm). A1l the

A
corresponding statements hold for the homomorphism Rn.

A A A
PROOF. We first prove that the homomorphism Sdn : CE(X) > CS(X)

. . A AG AG
"preserves the relation ~". Consider S CnQ(An x G/K) - CnQ(An x G/K).

N
We have qu(do...dn x id) = ) + o5 % id, where each o5 is a linear n-
J=1
simplex in By Also observe that each expression + o5 and the integer N

(in fact N = (n + 1)!) are independent of the subgroup K. Moreover it fol-

lows immediately from the recursive definition of qu that each cj : An >

b, is an imbedding. If now h : A, X G/K ~ L G/K' is a G-map, which

covers id : An > An, we define the G-map hj : An x G/K -~ An x G/K' by the

condition that the diagram
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32 SOREN ILLMAN

o. x id
An x G/K - A X G/K
| |
J
A x G/K! A R b x G/K'
n n

commutes. Observe that hj covers id : An > An and that hj determines

the same G-homotopy class of G-maps from G/K to G/K' as h does.

Now recall that for any equivariant singular n-simplex, beloning to ,

A A
T:a % G/K>X we have by definition, Sd (T) = T,sd (d°..

N

)t T(oj x id). If now T = T'h, it follows that T(Oj x id) = T‘h(oj x id) =
2

” o N M s My

T h(oj xid) = T (cj x 1d)hj, We have shown that S n G Cn(X) -> Cn( ) ‘"pre-

d" % did) =

serves the relation ~".

A A
To prove that the homomorphism Qn : CE(X) > CE+1(X) "preserves the

relation ~" we proceed in a completely analogous way as above. First

A A
consider the homomorphism ﬁn : CEQ(An x G/K) - CE+1Q(An x G/K), and observe that

R (d..

M
n 4" x id) = D Ty X id, where each T is a linear (n + 1)-simplex
i=1

in by Moreover, the expression + T and the integer M are independent
of the subgroup K. If now h : An x G/K - An x G/K' dis a G-map, which
n+

covers id : An > An’ we define the G-map hj A 1% G/K ~ An+1 x G/K

by requiring that ﬁj covers id : A > A and that the diagram

n+1 n+1

TJ- x id
An+1 x G/K —_— An x G/K
hs | | 7
TJ x id
Bas1 X G/K' — > An x G/K
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 33

commutes. (Thus Kj(x,gK) = (x,przﬁ(Tj(x),gK)), where pr, denotes projec-
tion onto the second factor).

If T =T'h, it follows that T(Tj x id) = T'(rj x 1d)ﬁj. Hence

A M M _ A AG
R(T) = J +T(r;xid) = § =+ T'(r; x id)h,. This shows that R : C’(X) >
n 321 J 51 J J n’n

A

Cﬁ+1(X) "preserves the relation ~". q.e.d.

Exactly as in the case of ordinary singular theory the subdivision
chain map Sd : SG(X;k) > SG(X;k) and the chain homotopy R : SG(X;k) -> SG(X;k)
are the crucial ingredients for the proof of the excision axiom. We proceed
to give the remaining details.

DEFINITION 6.2. Let V be a family of G-subsets of the G-space X.

An equivariant singular n-simplex T : By % G/K > X 1is said to be in V if
T(An x G/K) s contained in at Teast one of the sets in V.

Clearly all equivariant singular n-simplexes belonging to F in X
which are in V "generate" a submodule eﬁ(x;k;V) of €ﬁ(x;k). For the case
k =7, i.e. the coefficient system defined by Z(G/K) = Z, for every K e F ,
and all the induced homomorphisms are the identity on Z, we use the simplified

A
notation Cg(X;V), in complete analogy with our earlier notation. We denote

the inclusion by

2G

N CBxsk,V) > COrxXsk
n - n(ss)”n(’)~

Now observe that if T & a ¢ ﬁﬁ(x;k;V) and Tea~T'®a', where T'R a'
e Eﬁ(x;k), then it follows that also T' @ a' s Co(Xik;V). That is, the rela-
tion ~ restricts to eg(x;k;V) in this way. This fact allows us to use these
new modules eg(x;k;V) in a way completely analogous to the way we have used
the modules ﬁﬁ(x;k). To be more specific we mean the following. We define

fﬁ(x;k;V) and CE(X;k;V) by complete analogy to the definitions of fﬁ(x;k)
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34 SOREN ILLMAN

. A
and Cg(X;k). We can use the notion of a homomorphism o which "preserves

the relation ~" (see Definition 4.4.) also when the range or domain (or both)
of the homomorphisms 3 is one of the modules eE(X;V). We can use the same
kind of duals of eﬁ(X;V) as of eﬁ(X), that is, we define eg(x;m;V) =
Homt(ES(X;V),M), the right R-module consisting of all homomorphisms of abelian
groups c : eE(X;V) + M, which satisfy the condition c¢(T) ¢ m(G/t(T)), for
every equivariant singular n-simplex T, belonging to F in X, which is

in V. (Recall that M denotes the right R-module M = ) e m(G/K)). Then
KeF

A
n(X;m;V) is defined to be the submodule of CE(X;m;V) consisting of all

G
A
homomorphisms ¢ : Cg(X;V) > M which satisfy the condition in Definition 4.3.

A
If now for example 3 : CE

C

A
(X) » Cﬁ(X;V) is a homomorphism which "preserves

A A A
the relation ~" it follows that 3 has a dual a” : Cg(X;m;V) -> Cg(x;m)

# s again called the

which restricts to a” : CE(X;m;V) -> CE(X;m), (and o
dual of ).
LEMMA 6.3. Let V be a family of G-subsets of X such that X =

U B° Let T: A, x G/K > X be an equivariant singular n-simplex belonging
BeV

to ¥ in X, and a ¢ k(G/K). Then there exists an integer m such that

A A
$d™(T @ a) & SO

(XsksV).

PROOF. Consider the (ordinary) singular n-simplex T| : LN X, where
(T])(x) = T(x,eK), x ¢ Bp- From the corresponding result in ordinary singular
theory we know that there exists m such that Sdm(T)) e S(X5V) (see
Eilenberg-Steenrod [6], p. 198-199.) Here Sd : S(X) » S(X) is the sub-
division chain map on the ordinary singular chain complex of X. But since
V is a family of G-subsets, it now follows from the way our Sd 1is defined
that we have Sd™T & a) ¢ 88(Xsk;V). q.e.d.

For any equivariant singular simplex T belonging to F 1in X we
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 35

m(T) G

A A
denote by m(T) the smallest integer for which Sd (T’ a) e S(XsksV).
The coefficient element a ¢ k(G/t(T)) does not affect this situation at all.

i A
Clearly we have m(TU)) <m(T). If Taa e SC(X;k;V) then m(T) = 0, and

A
U1 8 a) ¢ S8(Ask;V). The following

if Tepaece gG(A;k) then also §gm(
proposition corresponds to Theorem 8.2. on page 197 in Eilenberg-Steenrod [6].
The proof we give follows the proof they give in the Notes at the end of
Chapter III, and not the proof they give in the text. Note the remark on
page 207 in Eilenberg-Steenrod [6].

PROPOSITION 6.4. Let V be a family of G-subsets of X such that

X = u B°. Then, for any G-subset A of X, the inclusion
BeV

n o SCORLATKY) > SEOGAK)

. A
is a homotopy equivalence, and the same is true for the corresponding n

and . ”e dua‘l
. S (X A'”) > S (X A'“‘V)
. (; ERAR (; st alils

A
is also a homotopy equivalence, and the same is true for the corresponding n*ﬁ
and F#f

PROOF. Let T be an equivariant singular n-simplex belonging to ¥

in X, and a e k(G/t(T)).

Define
m(T)-1 .
NTaa) - MTaa)+ E (-1} m(z) R §ad(1(1) 5 a
i=0 j:m(T(1))
-1, .
ﬁ(T R a) = n % R ééJ(T R a).
=0
Observe that (T @ a) & CO(Xsk;V) and that D(T a a) ¢ €5, (X:k).
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36 SOREN ILLMAN

This defines homomorphisms

A AG
Tn.Cn

G

. A
(X,A3k) » C;

(X,A5ksV)

A
6 : CG

A AG
L1 COOGAsK) » C

n+](X,A;k).

A formal computation shows that

A A A A . A
o410 * Dpogdpy = 1d - ARy

AANA A A
d. N T

5. si N
= . Since :
n"n™n T M-1"n-1°n n

for all n. From this it follows that

A A

SG(X,A;k;V) > SG(X,A;k) is a chain map and an inclusion it follows that

A A A A . A A

T = Tn-1%n® that is, the homomorphism ™ form a chain map 1 : S(X,A;k;V) ~»

SG(X,A;k). Since ?Q = id and the above formula tells us that Q? is chain
homotopic to the identity map, it follows that ﬁ is a homotopy equivalence,
and in fact Q is a homotopy inverse to Q.

By Proposition 6.1. the maps éé and ﬁ restrict to maps Sd and R,
and hence induce Sd and R. Since m(T) =m(T'), if Tra~T' Ba', it
follows that the maps T and 6 restrict to corresponding maps t and D
and therefore induce t and D. Thus t and T are homotopy inverses to

n and 7, respectively. In the same way it follows from Proposition 6.1.

. A AG AG A AG AG
that the homomorphisms t : C (X) » C (X;V) and D : C(X) » C  ;(X)
"preverse the relation ~" and thus the duals ?ﬁi r#; and ?'#are

A —
homotopy inverses to n#, é#, and ﬁ_respective1y. g.e.d.

COROLLARY 6.5. Let (X,A) be a G-pair and let U a G-subset of X

such that U < A°. Then the inclusion

i: (X - U, A-U) > (X,A)

induces a homotopy equivalence
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 37
i, 1 SO0 - Uy A - Usk) > SEOGAGK).

The corresponding ?#_ and T}E are also homotopy equivalences, and the same
is true for the duals ?#, i#i and ?’#

PROOF. Let V denote the family consisting of the G-subsets A and
X - U. Since TUcA® it follows that X = (X - U)° u A°, that is, the family

V. satisfies the dondition of Proposition 6.4. Since

2G G G

A A
ST(XsksV) = ST(X - Usk) + ST(Aszk)
A
SG(A;k;V) = §G(A;k) and
AG

A
SG(x - usk) n S8Ask) = SC(A - usk)

it follows (by the Noether isomorphism theorem) that

A AG AG
J oo ST(X - U, A - Usk) ~ST(X,A3k;V)

. . . . A AN A AG AG .
is an isomorphism. Since i, = nj, and n : ST(X,A;k;V) » ST(X,A3k) s a

A
homotopy equivalence by Proposition 6.4., it follows that i# is a homotopy

A
equivalence. Since also the maps J and j corresponding to Jj, and the
duals 3'\#, j#, and j'# are isomorphisms, it follows that the maps T# and
; Dge L H# —# .

g as well as the maps i, 1”7, and 7 "are homotopy equivalences. q.e.d.

This result proves the excision axiom for equivariant singular homo-

Togy HE( ;k), and equivariant singular cohomology Hé( ;m), as well as for
A
the theories HE( HIN Hﬁ( sk)s  HE( sm), and HE( sm),
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38 SOREN ILLMAN

7. THE DIMENSION AXIOM

Let He F . We shall determine the R-modules Hﬁ(G/H;k), for every n.
Let T, X G/H > G/H be the projection onto the second factor. The map

™ is an equivariant singular n-simplex belonging to F in X. We have

n )
- - 1 3
3,(m, B b) = izo (-1) 'm _y B b, that is,

("n-] B b , for n even, and n 2 2

A
_)
an(nh B b) =
0 , for n odd,

where b ¢ k(G/H). Let SGspe.(G/H;k) denote the chain complex which in

degree n is Cgspe.(G/H;k) = Z‘B & k(G/H) and the boundary homomorphism

is the standard one i.e. the one given above. Clearly the homology of the

chain complex SGspe.(G/H;k) is given by

G

S”spe. (G/H;k)) G

H 0

o

of spe. (G/H;k) = k(G/H),

H (S%spe. (6/H;k)) = 0, for m # 0.

n

We shall now establish an isomorphism of chain complexes
. <G x G .
B : S7(G/Hsk) > S”spe. (G/H;k).

First we define a chain map

A
B : S8(6/H;k) - SBspe. (6/H3k)

as follows. Let T : A, X G/K - G/H be any equivariant singular n-simplex
belonging to ¥ in G/H. Then define T : b, x G/K > s~ G/H, by T(x,9K) =

(x,T(x,gK)). Observe that T = THT’ and Tera~m B (T)x(a), where
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 39

a ¢ k(G/K). Now define
A - G
B(T » a) = n B (T) (@) & Cyspe.(G/H;k).

since 8((-1)'T ma) = (-1)Tn 8 (1), (@) = (1), 8 (Mala)s
i=0,...,n, it follows that 8 is a chain map. Now assume that Twga~T'
Ra'. Let h: Ay % G/t(T) ~» A, X G/t(T') be a G-map which covers id : L
b,» such that T =T'h and hy(a) =a'. Then T =T'h, and hence (T),(a) =
(

induces the chain map B. An inverse a : SGspe.(G/H;k) > SG(G/H;k) to B

>

g

A
)yhy(a) = (TT),(a'). Thus B(Tma)= (T ma'), and it follows that B

is defined as follows. Let n B be Cﬁspe.(G/H;k) and define a(nn R b) =

{m, 8 b}, where {1% B b} denotes the image of the element = ® b ¢ eg(G/H;k)
under the natural projection eﬁ(G/H;k) > Cﬁ(G/H;k). Then Bd(ﬂh B b) =

B{m B bl =m &8 (?ﬁ)*(b) = 7, @b, since Fﬁ =dd :oa x G/H - AL X G/H. Also
oBf({T ®» a}) = G(Th g (T),(a)) = {m, & (T)x(a)r = {T = a} since, as we already
noted before, T & a ~ T8 (T),(a). Thus a is an inverse to B and we have
shown that B : SC(G/H;k) » SPspe.(G/Hik) is an isomorphism of chain complexes.
It follows that the homology R-modules of the chain complex SG(G/H;k), that is,

the equivariant singular homology R-modules Hg(G/H;k) are given by

HO(6/H3K) = K(G/H) ,

n
o

HE (6/H3K) , for m # 0.

The explicit isomorphism

~

ot HO(6/H;k) > k(6/H)

is described as follows. Since every element in Cg(G/H;k) is a cycle and

only the zero element is a boundary it follows that Hg(G/H;k) = Cg(G/H;k)-

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



40 SOREN ILLMAN

Then o : Hg(G/H;k) = Cg(G/H;k) + k(G/H) 1is defined by the following. If
T: by * G/K = G/K -~ G/H 1is any equivariant singular O-simplex belonging to
¥ in G/H, we have «({T ® a}) = T,(a) ¢ k(G/H), where a ¢ k(G/K) and
T, : k(G/K) -~ k(G/H) s the homomorphism induced by the G-map T : G/K > G/H.
From this description of the isomorphism o it also follows immediately that
o has the naturality property described in the statement of the dimension
axiom in Theorem 2.1. This concludes the proof of the dimension axiom for
equivariant singular homology.
Let us now prove the dimension axiom for equivariant singular cohomo-
logy. Denote Cgspe.(G/H;m) = HomZ(Zn ,m(G/H)).
We have "
d(nn), for n odd, n 21
An A
(8" () () = A3, q(m 1)) =

0 , for n even,

where d ¢ C

n 2+]spe.(G/H;m) is the

G G
. . . An o . . . . .
zero homomorphism if n 1is even, and & is an isomorphism if n s odd and

spe.(6/H;m). Thus 8" : Chspe.(G/Hsm) - C

nz1. Let SGspe.(G/H;m) denote the corresponding cochain complex. Clearly

the homology of the cochain complex SGspe.(G/H;m) is given by

HO(SGspe.(G/H;m))

Cospe. (6/H;m) = Hom (2, .m(6/H)) = m(G/H)

]
o

Hm(SGspe.(G/H;m))
We shall now define an isomorphism of cochain complexes

a' SG(G/H;m) -> SGspe.(G/H;m).

Let c e Cg(G/Hsm), we then define a'(c) e Caspe. (6/Hm) by (a'(c)(m) =
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c(nn). Clearly a' 1is a cochain map. To see that o' 1is an isomorphism

we define a cochain map
g' : SGspe.(G/H;m) > SG(G/H;m),

and show that B' 1is the inverse to a'. We first define 3' : SGspe.(G/H;m) >
gG(G/H;m) as follows. If d ¢ Cgspe.(G/H;m) we define 8'(d) by (g'(d))(T) =
(T)*d('h) e m(G/t(T)), for any equivariant singular n-simplex T belonging to

F in G/H. It is easy to see that ﬁ' is a cochain map. If now T = T'h,
where h A x G/t(T) » o x G/t(T')- covers id : b, > b5 then (8'(d))(T) =
(T)*d(nh) = h*(TT)*d(nn) = h*(g'(d))(T‘). Thus the values of 8' in fact

lie in SG(G/H;m). This defines the cochain map B8'. For any equivariant
singular n-simplex T belonging to in G/H we have T = rhT; and hence
c(T) = (T)*c(nh), for every c ¢ CE(G/H;m). Thus we have (B'a'(c)(T) =
(T)*a' (C) (7)) = (T)*c(m) = c(T), that is B'a' = id. Moreover (a'B'(d)(m,) =
(B'(d)(m,) = (w )*d(m,) = d(m ), since m, = id. We have shown that p' is the
inverse to o' and hence that o' 1is an isomorphism. It follows that

the homology R-modules of the cochain complex SG(G/H:m), that s, the

equivariant singular cohomology R-modules HE(G/H;m) are given by
W06 Hem) ~
G(G/H,m) ~ m(G/H),

H3(6/Hsm) =

|
o

s, for q # 0.
The explicit isomorphism
0 S
£ 1 HG(G/Hm) =, m(G/H)

is described as follows. First we have Hg(G/H;m) = Cg(G/H;m), and then ¢

is defined in the following way. Let c ¢ Cg(G/H;m), then ¢g(c) = C(“b)’
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where Ty By % G/H = G/H » G/H equals the identity map. Using this descrip-
tion of the isomorphism one easily shows that ¢ has the naturality property
described in the statement of the dimension axiom in Theorem 2.2. This con-
cludes the proof of the dimension axiom for equivariant singular cohomology.

We have now completed the proofs of both Theorem 2.1. and Theorem 2.2.

8. ADDITIVITY PROPERTIES

Assume that the G-space X 1is the topological sum of the G-spaces Xj’
j ¢ J. We denote this by X = ¥ X.. Let A be a G-subset of X and denote
jed
A. = .. = ¥ A,. By i, : LAY > (X, d th
i An XJ Then also A ng 3 y i (XJ J) (X,A) we denote the
natural inclusion.

PROPOSITION 8.1. The homomorphisms

. G G
jzd ® (1j)* : jZJ ® Hn(Xj,Aj;k) > Ho(XA3k)

. n n
m (ig)* @ Ha(X,Asm) ~ 1 H.(X.,A.:m)
jed G jeg & 37
are isomorphisms for every n.
PROOF. Follows immediately using standard properties of direct sums
and products from the way we have defined the equivariant singular homology

and cohomology modules. qg.e.d.
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II. FURTHER PROPERTIES OF EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY

1. NATURALITY IN THE GROUP

Let P and G be topological groups, and Tet F and F be orbit
type families for P and G, respectively. Assume that ¢ : P - G 1is a con-
tinuous homomorphism, such that, if Q ¢ § then ¢(Q) ¢ F .

Let X be a P-space and Y a G-space, and let f : X > Y be a ¢-map.
Thus f(px) = ¢(p)f(x), for every p e P and x ¢ X. Make Y into a P-
space through the homomorphism ¢ : P -~ G. That is, P acts on Y by
py = ¢(p)y. We denote this P-space by Y'. Now observe that we have the

commutative diagram

where the map f' equals f as a map of topological spaces, and id is the
identity on the underlying topological spaces. The map f' : X > Y' dis a P-
map, and id : Y' - Y is a ¢-map.

We shall define induced homomorphisms on equivariant singular homology
and cohomology of the ¢-map f : X >~ Y. Due to the above commutative diagram

it is enough to consider the ¢-map

id:Y' >,

and define the homomorphisms it induces on equivariant singular homology and
cohomology.

Let

o : P/Q > P/N
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44 SOREN ILLMAN

be a P-map (Q and N are subgroups of P). Denote a(eQ) = pON. Thus

a(pQ) = ppgN. We have Q< pONpal, and hence ¢(Q) = ¢(p0)¢(N)¢(po)']-

Therefore we can define a G-map
o(a) = G/6(Q) ~ G/¢(N)

by the condition ¢(a)(e¢(Q)) = ¢(p0)¢(N). We then have ¢(a)(9¢(Q)) =

96(pg)e(N), g ¢ 6.
Now let k' and k be covariant coefficient systems for ' and ¥ s

respectively, over the ring R. Let
o k' >k

be a natural transformation with respect to the homomorphism ¢ : P > G. By

this we mean that for each Q ¢ ¥ we have a homomorphism of left R-modules

¢ @ k'(P/Q) ~ k(G/¢(Q)),

such that if o : P/Q > P/N is a P-map, where also N ¢ F', then the dia-

gram
k' (P/Q) —= k(6/6(Q))
Oy l l (6(a)) 4
K'(P/N) —2> K(6/6(N))
commutes.

PROPOSITION 1.1. Let the homomorphism ¢ : P - G, and the natural
transformation ¢ : k' > k be as above. Let (Y,B) be a G-pair and make it
into a P-pair (Y',B') through the homomorphism ¢. Then the ¢-map

id : (Y',B') - (Y,B) induces homomorphisms
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 45
. P 1 1. 1 > G .
(6,0)4 * H(Y',B'3k") > H(Y,B3K),

for all n, with the following properties.

1. If ¢=1id and ¢ = id, then (¢,2), = id.

2. (¢,2), commutes with the boundary homomorphisms.

3. If s : (Y,B) » (V,E) is a G-map, and s' =s : (Y',B') > (7',5') is
the corresponding P-map, we have S,(¢,2), = (¢,9),S4-

PROOF. We define a chain map

AP

(5.0) =87 (vr .8 ikt - 8G(v,B3k)
s

as follows. Let

Tp By % P/Q > Y'

P

be any P-equivariant singular n-simplex belonging to F' in Y'. We define

the corresponding G-equivaraint singular n-simplex in Y

Te i a, % G/4(Q) » Y

by TG(x,g¢(Q)) =g Tp(x,eQ). Since the point TP(x,eQ) ¢ Y' is fixed under
the subgroup Q, it follows that the same point TP(x,eQ) e Y, when considered
as a point in the G-space Y, is fixed under ¢(Q). It follows that TG is

a well-defined G-map. Since we assumed that Q ¢ F ', it follows that

¢(Q) ¢ § , that is, that T, belongs to F. Now put

7~
$,9

(3,9),(Tp 8 b) = Tc 8 o(b),

G

where b e k'(P/t(Tp))s and o : k'(P/t(Tp)) » k(G/t(Tg)) (we have t(Tg) =

S(vsk). It s
— AP , , . AG .

clear that (¢,2), maps C (B'sk') into C (Bsk), and that the homomorphisms

#(t(Tp))). This defines the homomorphism (5,0), Ga(v';k') 5 C
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—

(Q:E)n commute with the boundary. We have constructed the chain map (¢’®LF'
It remains to show that ($:$)n restricts to (¢,0 n CE(Y';k') >

TH(Y3k), and therefore induces (¢,0) : CP(Y'3k') » CO(V3k). Assume that

TP B b~ T'P B b', where TP : An x P/Q ~Y', Tﬁ : An x P/Q' - Y', and

bek'(P/Q), b' e k'(P/Q'). Let hP : An x P/Q » Ay % P/Q' be a P-map, which

covers id : By > Bys such that TP = T")hP and (hp)*(b) = b'. Consider the

diagram
4(¢)
by * P/Q ——— 5 =< 6/4(Q)
h ‘t
P h
o A(e)! ?
by x P/Q" —— 2 x G/¢(Q")

where A(¢) 1is defined by aA(¢)(x,pQ) = (x>6(p)o(Q)), X € bys P e P, and

A(¢)" is defined analogously. It is immediately seen that a(¢) and A(¢)'

are well-defined ¢-maps. Define the map hG by hG(x,g¢(Q)) = g(A(¢)‘hP(x,eQ)),
g ¢ G. The point A(¢)'hp(x,eQ) is fixed under the subgroup ¢(Q) of G,

since the composite map A(¢)'hP is a ¢-map. It follows that hG is a well-
defined G-map. It is now easy to see that TéhG = TG'

We claim that (hG)*¢(b) = ¢(b'). This is seen as follows. Restricting
the maps hP and hG to, for example, the orbit over do.e A gives us the
P-map (hP)0 : P/Q - P/Q"' and the G-map (hG)o T G/6(Q) »~ G/o(Q'). It ids
easily seen that (hG)O = ¢((hp)0). It follows that (hG)*@ = @(hP)*. Thus
we have (hG)*Q(b) = @(hp)*(b) = ¢(b'). We have now shown that TG R o(b) ~

T. B o(b').

Thus the chain map (5?5)# restricts to (5:5)#, and hence induces

a chain map (¢,¢)#. This chain map induces homomorphisms
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 47
. P ! ‘. ' > G .
(65), & H(Y',B'5K') > HI(Y,B5k),

for all n. It is clear that the properties 1-3 are satisfied. g.e.d.
Let P] be another topological group and let T] be an orbit type
family for P], and let k] be a covariant coefficient system for ?] over R.
Assume that 97 ° P1 + P dis a continuous homomorphism, such that, ¢](Q1) e F!
1° k
to 97 It is immediately seen that for any P]-map ot P]/Q] > P]/N], we
have ¢((67)(0)) = (607)(a) : 6/601(Qy) > G/99;(Ny) and that @&y = ky >k fis

a natural transformation with respect to the homomorphism 99y : P] - G.

if Q] € f&, and Tet o 17 k' be a natural transformation with respect

PROPOSITION 1.2. Let the notation be as above. We then have
(¢¢]s¢¢])* = (Qb’q’)*(d’]yq’])*' q.e.d.
Let us now return to the situation where we are given a ¢-map f : (X,A)
- (Y,B) from the P-pair (X,A) to the G-pair (Y,B). (A1l notation and

terminology will be as above). The ¢-map f induces homomorphisms
(F,0,0), @ HL(X.Ask') - HO(Y,B3k)
2P F kv Tpifefs n\'ePoe

which by definition, are given by (f,¢,0), = (4,2),f4, where f_ : Hﬁ(X,A;k')
> HP(Y',B';k') is the homomorphism induced by the P-map f' : (X,A) > (Y',B').
COROLLARY 1.3. Let all the notation be as above. The ¢-map f : (X,A)

+ (Y,B) induces homomorphism
. uP o Gy g.
(fsd,0) : Hn(X,A,k ) > Hn(Y,B,k),

for all n, with the following properties.
1. If f=1id, ¢ =id and ¢ = id, then (f,¢,0), = id.
2. (f,0,9), commutes with the boundary homomorphism.

3. Let s : (Y,B) > (Y,B) be a G-map, then (sf,6,0), = S.(F1¢,0),.
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48 SOREN ILLMAN

4. Let r : (Y,K) ~ (X,A) be a P-map, then (fr,¢,0), = (f,¢4,0),r,.
(X,A) —— (V.B)
s

KR ——— {.5)

be a commutative diagram where s 1is a G-map, r 1is a P-map, and both
f and f are ¢-maps. Then we have (f,¢,0),r, = s,(f,¢,9),

6. If h: (U,C) > (X,A) is a ¢1-map, we have

(fh,¢¢1,@®])* = (f,¢,¢)*(h,¢],¢])*.

PROOF. The definition of the induced homomorphism (f,$,%), was already
given above, and the properties 1. and 2. are then immediate consequences of
the corresponding properties in Proposition 1.1. We shall next show that
property 3. is valid. Let s : (Y,B) » (”,E) be a G-map and s' : (Y',B') »
(7',§') the corresponding P-map. Since s,(4,2), = (4,2)454> by property 3.
in Proposition 1.1., it follows that (sf,¢,0), = (¢,2), (SF)y = (9,2),S4Fy =
Sk(050)xfx = 5, (f.0,2),. The property 4. is an immediate consequence of
the definition, since (fr,6,0), = (9,8),(fr), = (¢,0),f'r, = (f,0,0),r,.

The property 5. is a consequence of properties 3. and 4.

Finally we prove property 6. The notation will be as follows. Let
h" :« (U,C) - (X",A") be the P]-map corresponding to the ¢4-map h : (U,C) >
(X,A). Let f' : (X,A) > (Y',B') be the P-map corresponding to the ¢-map
f : (X,A) > (Y,B), and let then f" : (X",A") > (Y",B") be the P,-map corre-
sponding to the P-map f'. By property 3. in Proposition 1.1. we have

fa(07:97) 5 = (67507)4F4. By Proposition 1.2. we have (6075927)% = (650) (6707 )x-
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 49

Thus, using these two results, we have (fh,¢¢],®¢])* = (¢¢],¢¢])*f;h; =
(¢’©)*(¢]’¢])*f;h; = (¢,¢)*f;(¢],¢])*h; = (f,¢,¢)*(h,¢],®1)*.

Let us now consider the cohomology version of Proposition 1.1. Let the
continuous homomorphism ¢ : P -~ G and the orbit type families JF' and ¥
for P and G, respectively, be as before. Let m' and m be contravariant

coefficient systems for JF' and ¥, respectively, over the ring. Let
¥ :m->m'

be a natural transformation with respect to the homomorphism ¢ : P - G. By

this we mean that for any Q ¢ %' we have a homomorphism of R-modules
¥ 1 m(G/¢(Q)) > m'(P/Q),

such that if o : P/Q > G/N is a P-map, where also N ¢ ', then the diagram

¥
m(G/¢(N)) ———— m'(P/N)

¢(a)*l j ok

m(6/¢(Q)) ————— m'(P/Q)

commutes.

PROPOSITION 1.4. Let the homomorphism ¢ : P -~ G, and the natural
transformation ¢ : m > m' be as above. Let (Y,B) be a G-pair and make it
into a P-pair (Y',B') through the homomorphism ¢. Then the ¢-map id :

(Y',B") > (Y,B) induces homomorphisms
(65¥)% = HG(Y,B3m) > HO(Y',B'3m"),

for all n, and the contravariant versions of the properties 1.-3.
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50 ' SUREN ILLMAN

in Proposition 1.1. are valid.

PROOF. Define a cochain map

o0y

A A 1 . 1
: SG(Y,B;m) > SP(Y ,B'sm')
as follows. If TP P, % P/Q > Y' 1dis a P-equivariant singular n-simplex
belonging to F' in Y' we let TG DA, % G/¢(Q) -~ Y be the corresponding
G-equivariant singular n-simplex belonging to F in VY, as defined in the
‘ - A An . . TS A
proof of Proposition 1.1. Now let C ¢ CG(Y,B,m) and define (¢,¥) (C) by,
/\# .
((0>¥] (€))(Tp) = ¥(E(T)) & m'(P/Q),
where ¥ : m(G/¢(Q)) ~ m'(P/Q). This defines the homomorphism (Qf?f*, and
s s . T~ # .
it is immediately seen that (¢,Y) is a cochain map.
. o - . #
It remains to show that (¢,¥)" restricts to (¢,¥)" : S,(Y,Bsm)
SP(Y',B‘;m‘). Let c ¢ Cg(Y,B;m). We shall use the same notation as in the
proof of Proposition 1.1. Assume that TP = Tﬁhp, and recall that then T, =

G
Tghg- Moreover (hG)O = ¢((hp)0), and hence v¥(hg)* = (hp)*¥. Thus we have

(G0 (E))(Ty) = ¥(e(Tg)) = ¥((hg)*e(Ty)) = (hp)*(c(Ty)) = (hp)*((e,0) (c)(Ty).
Hence (E:?Y#(c) 3 CB(Y',B';m). This completes the proof. g.e.d.

REMARK. Observe that the expression (¢,¥)* 1is contravariant in ¢
but covariant in v. Thus, if W] tm' > my is a natural transformation
(between contravariant coefficient systems m' and m1) with respect to the

continuous homomorphism 91 P] -~ P, the cohomology analogue of Proposition 1.2.

reads

(0995,¥79)% = (075%7)*(6,¥)*.

Returning to the ¢-map f : (X,A) » (Y,B), from the P-pair (X,A) to the G-

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 51

pair (Y,B), we now define its induced homomorphisms

n

(fs0,¥)* : Hy

(Y,B3m) > Ho(X,A3m’)

n
P

homomorphism induced by the P-map f' : (X,A) > (Y',B'). The following corollary

by (f.o,¥)* = (f')*(¢,¥)* , where (f')* : H (Y',B';m') » H;(X,A;m‘) is the
follows from Proposition 1.4. and the above remark is exactly the same way as
Corollary 1.3. followed from Propositions 1.1. and 1.2.

COROLLARY 1.5. The ¢-map f : (X,A) » (Y,B) 1induces homomorphisms
(Fs65¥)% 2 HG(Y,B3m) > HO(X,Asm')

for all n, and the cohomology versions of the properties 1.-6. in Corollary 1.3.
are valid. q.e.d.

We conclude this section by determining the induced homomorphisms of
the ¢-map f¢ : P/Q ~ G/¢(Q), where Q¢ F' and f¢(pQ) = ¢(p)¢(Q). Since
Qe F' and ¢(Q) ¢ F, it follows by the dimension axiom that the P-space
P/Q has only O-dimensional P-equivariant singular homology and cohomology,
and that the G-space G/¢(Q) has only O-dimensional G-equivariant singular
homology and cohomology. The following proposition thus gives the complete
answer.

PROPOSITION 1.6. Consider the ¢-map f¢ : P/Q > G/4(Q), where Qe F°

and f¢(pQ) = ¢(p)¢(Q). We have the commutative diagrams

(f,20,0)%
Hp(P/3k") —— H5(6/8(Q)3K)
iz =l
®
k'(P/Q) k(G/4(Q))
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52 SOREN ILLMAN

Ha(6/5(8) 3m) ——4———— Ho(P/Q;m")
Y
m(6/6(0) m' (P/Q)

Here the vertical arrows denote isomorphisms given by the dimension axiom.
PROOF. Let Tabe Cg(P/Q;k‘) = WP (P/Q;k'), where T : by * PN =
P/N - P/Q 1is a P-equivariant singular O-simplex belonging to ¥' in P/Q,
and b € k'(P/N). We have (f¢,¢,¢)*(T B b) = (¢,¢)*(fé)*(T g b) =
(¢,¢)*((f$T) B b) = (fiT)g @ o(b). Here (féT)G : G/¢(N) > G/ (Q) denotes the
G-equivariant singular O-simplex in G/4#(Q) corresponding to the P-equivariant
singular O-simplex f&T : P/N > G/¢(N)', where (G/¢(Q))' denotes the P-space
obtained by making the G-space G/¢(Q) into a P-space through the
homomorphism ¢ : P ~ G. It is immediately seen that (f(;T)GI = ¢o(T) :
G/¢(N) ~ G/4(Q) the G-map corresponding to the P-map T : P/N - P/Q.
52022)x(T 8 D) = 0(T),0(b) =

oT,(b) = @yP(T g b). We have proved that the first diagram commutes.

Since ¢(T),o = oT, it follows that YG(f

Recall that HO(P/Qsm') = CO(P/Qim'), and that if c' € Co(P/Qim') =
Homt(eg(P/Q),M‘) then gp(c') = c'(idP/Q). Also observe that fé : P/Q >
(6G/¢(Q))" can be considered as a P-equivariant singular O-simplex in (G/¢(Q))",
and that (f$)G’ the corresponding G-equivariant singular O-simplex in G/4(Q),
equals 1dG/¢(Q)' It follows that if c ¢ Cg(G/¢(Q);m) then EP((f¢,¢,W)*(C)) =
((F)*(620)%(0)) (idp ) = ((0¥)*(e))(F}) = ¥(e((F;)g)) = ¥(c(idg,, ) = vegle)-

This shows that the second diagram commutes. g.e.d.
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2. TRANSFER HOMOMORPHISMS
In this section P denotes a fixed closed subgroup of G such that

the space of right cosets P~G consists of s elements, that is,
PNG = {Pg],...,Pgs}.

Since P is assumed to be closed in G it follows that each point in PNG
(PG has the quotient topology from the projection =: G - P~G) is closed in
P~G. It follows that P~G has the discrete topology.

We say that a G-map
B : G/H -~ G/H'

(H and H' denote arbitrary subgroups of G) is of "type P" if B(eH) = pOH,
where Po € P. In this case we have Hc pOH'pé], and hence P nNnHc

PP N H)pé]. Thus we can define a P-map

" : P/PNH-P/PnH

by the condition g (e(P n H)) = pO(P n H'). We have B (p(P nH) = ppO(P nHY),
p ¢ P. Moreover, the P-map B: depends only on the G-map g of "type P",
and not on the specific choice of the element Py € P. For if pB(eH) = p]H',
where Py € P, then p;]pO ¢ P nH'" and hence pO(P nH'Y = p1(P nHY). We
have shown how any G-map B : G/H > G/H' of "type P" determines a P-map
B i P/PAH P/ AH.

Let as before F be an orbit type family for G, and let F' be
an orbit type family for P, such that, if He F then PnHe F'. Now

let k' and k be convariant coefficient systems for F' and JF , respec-

tively, over the ring R. Let
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A k> k!

be a natural transformation of transfer type with respect to the inclusion
P =< G. By this we mean that for every H ¢ ¥ we have a homomorphism of

left R-modules
A : k(G/H) > k'(P/P n H)

such that if B : G/H -~ G/K, where also K e F , is a G-map of "type P",
then the diagram

A
k(G/H) ———— k'(P/P n H)

s*l l (5°)s

A
k(G/K) ——— k'(P/P n K)
commutes.

Let (Y,B) be a G-pair. We denote by (Y',B') the P-pair obtained
by restricting the G-action to the subgroup P. We shall construct transfer

homomorphisms
(x7,0) © HO(Y,B3k) > HE(Y',B'5k")

for every n.

We begin by defining for each element Pg ¢ P~NG an induced chain map

(Pg), : S8(v,B3k) » s (¥',B'5k).

(Observe that (Pg)# has as domain the "roof" chain complex QG(Y,B;k) and

as range the chain complex SP(Y‘,B‘;k‘) which gives the equivariant singular

homology modules of the P-pair (Y',B')). Let for the moment g ¢ G be a fixed
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element of G. We then define

. AG . > AP [} [N
(), = Co(Y,Bsk) > € (Y',B'3K)

as follows. Let T : Ay % G/K -~ Y be an equivariant singular n-simplex

belonging to F in Y. Consider the composite map

1 1 T

b, < PP ngkgT T a x G/gkgT! 19N a ek Toy

])) = (x,p(gKg-])), nePcG, and [g] is the G-map,

h) = (x9K).

> Y', when considered as a map into the P-

where n(x,p(P n gKg~
in fact G-homeomorphism, determined by the condition [gl(x,e(gKg~
The map Tlgln : A  x P/P n QKQ-]
space Y', is a P-equivariant singular n-simplex belonging to F' in Y'.

Now set
(9), (Tma)=Tlgln & Mgl; ' (a),

where a ¢ k(G/K) and [gl, : k(G/gKg_]) + k(G/K) is the isomorphism determined
by the G-homeomorphism [g], and A : k(G/gKg']) - k'(P/P n qu-]). This

defines the homomorphism (9&, : eE(Y,B;k) > ei(Y',B';k'). Clearly (g)#
commutes with the boundary homomorphism.

Now Tet p ¢ P. We shall show that (g)#(T Ra) - (pg%L(T R a) ¢

fﬁ(Y',B';k'). Consider the diagram
-1 . -1
L P/P n gKg A X G/gKg
[p]
-1 -1
{p '} [p '] b, x G/K

/fr;m

b, x P/PN (pg)K(pg) " A, X 6/(pa)K(pg) !
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where [p—]] and [pg] denote the G-homeomorphisms determined by the conditions

1 1

' 106ake ™) = 06pT (p)K(pg) 1)) and  [pgl(x.e((pg)K(pg)™ ")) = (x,pgK),

and {p—]} is the P-homeomorphism determined by the condition

(11 (x,e(P QKQ—])) = (X,p_](P n (pg)K(pg)'1)). The diagram commutes. We have
(Tea)=Tlgln & Algl; (a), and (pg

(92¢ g¢

We claim that Tigin B A[g];](a) ~ T{pgln & A[pg];](a). Since {p_]} is

(Tea)=Tlpgln & A[PQ];](a)-

a P-map, which covers id : A -~ 4, and Tlgln = T[pg]n{p_]}, it only remains
to show that {p_]}*(A[g];](a)) = A[pg];](a). This is seen as follows. Let
{p']}o . P/P 0 gkg™! > P/P 0 (pg)K(pg)™! and [p'll0 : 6/gkg”! - G/(pg)K(pg)']
be the maps obtained by restricting {p—l} and [p-]] to the orbit d0 € Ay
Then the G-map [p—]]0 is of "type P" and the corresponding P-map is {p-]}o,
that is, ([p_]]o)‘I = {p_]}. It follows that {p_]}*A = A[p_]]*, and hence
07, (01913 (a)) = lpT1,0q1; (a) = Alpgl; (a).

. ~ L AG
; We have shown that if p e P then n(pg)#: = w(g%# : Cn(

C(Y',B';k'), where = denotes the natural projection from 6ﬁ(Y',B‘;k‘)

Y,B3k) >

onto CE(Y',B';k'). Thus we can for each element Pg ¢ PNG define an
A

induced homomorphism (Pg)#: CE(Y,B;k) - CP(Y',B';k') by defining

(Pg)¢t = n(ﬁ)#, where g 1is any representative for the right conset

Pg, that is, g & Pg. Since (g)# commutes with the boundary it follows that

A
the homomorphisms (Pg)# form a chain map (PgL% : SG(Y,B;k) > SP(Y',B';k‘).

We now define

Q#: . s8(y,B3k) > SP(Y'LB kY

to be the chain map
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S

Thus 7 (T & a) = ﬂ(iz] (giL¥

set of representatives for the set of right cosets P~G. We shall now show

(T » a)), where 9ys--295 € G form any complete

that Q# induces a chain map

v, 1 SE(Y,B3k) - SP(Y',BKY).

Assume that Tra~T' R a', where T : By % G/K~>Y, T': B, x G/K" - Y',
and a ¢ k(G/K), a' ¢ k(G/K'). Let h: Ay * G/K » Ay % G/K' be a G-map
which covers id : By > B such that T =T'h and h,(a) =a'. Let 9 € G
be such that h(do,eK) = (do,gOK'). Now let g ¢ G be any element of G and

consider the diagram

-1 n -1 [9]
By P/P N gkg —m———— A, X G/gKg By X G/K
¥ N |
n -1 [990]

by * P/P 0 (90)K' (999) ™ ——> & % 6/(399)K" (99g) "' —— b, x G/K’

We claim that the image of the map hl[g]ln is the P-subset P(An x {ggOK'}) =
{(x,p(ggO)K') € b, X G/K'|p ¢ P} of L G/K'. This is seen as follows.

Let 7 : by X G/K' ~ An x PNG/K' be the natural projection. The set of double
cosets P~G/K' 1is discrete since P~G 1is discrete. Denote for convenience
Q=Pn gKg-]. Since the subset Fh[g]n(An x {eQ}) L P~G/K' is connected
and the map Twh[gln covers id : AL An, and since moreover (dO,P(ggo)K') €
?h[g]n(An x {eQ}), it follows that Fh[g]n(An x {eQ}) = b, x {P(ggO)K'} c

A, x P~G/K'. From this and the fact that Im(h[gln) is a P-subset it

follows that Im(h[gln) = P(An x {(ggO)K'}). Now observe that the man

[ggo]n is a P-homeomorphism onto the P-subset P(An x {quK}). Thus

we define the map r 1in the diagram by r = ([ggo]n )-]h[g]n. Then

r is a P-map, which covers id : By > by We have T[gln = T'[ggO]nr.
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1

We now claim that (r)*A[g];](a) = A[ggol; (a'). This is seen as follows.

Define the G-map h in the diagram by h = [ggo]-]h[g]. The whole diagram
now commutes. Restricting the maps h and r to the orbit over dO G
we get the G-map h, : G/gKg_] > G/(ggo)_]K'(ggO)_] and the P-map
ro @ P/Pn gKg-1 > P/P n (ggO)K'(ggO)_]. Observe that gKg-] c (QQO)K'(QQO)—]
and that ﬁb and o in fact are the natural projections. Thus in particular
the G-map h s of "type P" and its corresponding P-map is o It follows
that r i = ah,. Thus r,Algl} (a) = AR,lg); (a) = Atggol;]h*w) = A[ggol;](a')-
We have now shown that n(g)#(T R a) = n(ggo)#(T' Ba').

If 9ps---99g € G is any complete set of representatives for the set
of right cosets P~G then also 919g>---2959q € G 1is a complete set of
(9;),(T 8 2)) =

A
(T' ma'). We have proved that tginduces

representatives. Thus Q#(T ga) = n(
s

= (1 (9580),(T" m a")) -
":

a chain map Ty SG(Y,B;k) -> SP(Y',B';k'). Moreover it is clear from the way

-
Ihe~—n;n
—

A
T
#

the chain map 1, is defined that +, commutes with the chain maps induced

# #
by a G-map f : (X,A) » (Y,B) and its corresponding P-map f'
(X',Y') > (Y',B'). We use the notation (T:,A) : Hﬁ(Y,B;k) - HE(Y'sB';k')
for the homomorphism induced by the chain map T, We have proved.

THEOREM 2.1. Assume that P s a closed subgroup of G such that
PG is a finite set. Let the covariant coefficient systems k' and k for
P and G, respectively, be as above, and et A : k > k' be a natural trans-

formation of transfer type with respect to P<— G. For any G-pair (Y,B)

we have transfer homomorphisms

(x720) = HO(Y,B3Kk) > HP(Y',B"5k")

for every n. The homomorphisms (t°,A) commute with the boundary homomorphism

and with homomorphisms induced by G-maps. q.e.d.
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 59

We shall now study the composite of the transfer homomorphism (T:,A)
followed by the homomorphism (i,¢), induced by the inclusion i : P=— G.
Let F' and F be orbit type families for P and G, respectively, and let
k' and k be covariant coefficient system for §' and ¥, respectively,
over the ring R. We assume, that if He F then PnHe F, and if Qe F',
then also Q ¢ §. Let A : k > k' be a natural transformation of transfer
type with respect to P=— G, and let ¢ : k' > k be a natural transformation
with respect to i : P=— G. Moreover let o : k - k be a homomorphism from
k to itself, that is, a natural transformation from k to itself with
respect to the identity homomorphism id : G - G. We assume that the

following condition is satisfied. For every H e F the diagram
A 9]
k(G/H) ——— k'(P/P N H) ———— k(G/P n H)
Ox

k(G/H)

commutes. Here p : G/P n H > G/H denotes the natural projection.

THEOREM 2.2. Assume that P s a closed subgroup of G such that
P~G consists of s elements. Let A : k ~>k', & : k' >k, and 0 : k > k
be as above, and assume that the above condition is satisfied. Then, for any
G-pair (Y,B) and every integer n, the composite homomorphism

(T-sA) (“i,CD)* G

G P 1 1 1]
H(Y,B3K) > Hi (V!B k") > HO(Y,B3k)

equals so0,. In particular if o = id this composite equals multiplication
by s.
PROOF. Let T : Ay % G/K - Y be a G-equivariant singular n-simplex

belonging to ¥ in Y, and let a ¢ k(G/K). Let Pg ¢ P~G and consider the
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A
composite homomorphism (i,@)#(Pg)# : Cﬁ(Y,B;k) > Cg(Y',B';k') > CS(Y,B;k).

We have

(1,0), (P3), (T 8 a) = n((Tlgln)g ® erlgl;' (a).

Here TI[gln is the P-equivariant singular n-simplex belonging to 'in Y
as in (2.1), and (T[g]n)G is its corresponding G-equivariant singular n-
simplex belonging to F in Y, as defined in section 1. of this chapter. It
is inmediately seen that (T[gln), = Tlgle, where o : & x G/P N gkg™! >

Ay % G/gKg"] denotes the natural projection. We have

Tlalo @ oalg]]' (a) ~ T & [gl 0,009l (a) = T & [g],0[g];'(a) = T & o(a).

Thus
. A
(1,@)#(Pg)#(T R a) = n@#(T B a).
It follows that already on the chain level we have (1’¢Z¢ﬁ# =50,
Co(v,B3k) - cE(Y,B;k). g.e.d.

We shall show that the transfer homomorphisms compose in a natural way.
Assume, in addition to the assumptions made in establishing Theorem 2.1., that
N is a closed subgroup of P such that N\P is a finite set, and that %
is an orbit type family for N, such that, if Q¢ F' then NnQe ?].
Moreover Tlet k] be a covariant coefficient system for ?] and Ayt k' > k]
a natural transformation of transfer type with respect to N<— P. Observe
that MA k >k
respect to N <— G.

1 is then a natural transformation of transfer type with

PROPOSITION 2.3. Let the assumptions and notation be as above. Then

() () = ().

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 61

PROOF. Let g e G, p e P and consider the homomorphisms (g)
CS(v,B3k) > CP(Y',B'sk’) and (p), : CP(Y',B'3k') > CV(Y,,B.3k:) (here
n n # n nt ' 1°71°M
(Y],B]) denotes the N-pair obtained from the G-pair (Y,B) by restricting
the action to the subgroup N). It is easy to see that (p)#(gl¢ = (pg)#.
The proposition now follows from this fact for if 9yse--s9g € G 1is a complete
set of representatives for P~G and Pys---sP. € P is a complete set of
representatives for N~P then the elements pigj e G, 1543<s, forma
complete set of representatives for N\G. q.e.d.

The construction of the transfer homomorphism in cohomology is dual to
the construction in homology. We give the necessary details below, using the
same diagrams and constructions we already used in constructing the transfer
homomorphism in homology.

Assume that F' and F are orbit type families for P and G,
respectively, such that if He F the PnHe F'. Let m* and m be

contravariant coefficient systems for F' and ¥, respectively, over the

ring R. Let

be a natural transformation of transfer type with respect to the inclusion
P<— G. By this we mean that for any H ¢ F we have a homomorphism of

right R-modules
Q : m'(P/P n H) > m(G/H)

such that if B : G/H -~ G/K, where also Ke F , is a G-map of "type P", then

the diagram
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m'(P/P 0 K) ——— m(6/K)

(s:)*l l B

Q
m'(P/P N H) ———— m(G/H)
commutes.
THEOREM 2.4. Assume that P is a closed subgroup of G such that

PG 1is a finite set. Let the contravariant coefficient systems m' and m
for P and G, respectively, be as above, and let @ : m' > m be a natural
transformation of transfer type with respect to P <— G. For any G-pair

(Y,B) we have transfer homomorphisms
Ny g n
(T:,Q) : HP(Y ,B'sm') ~ HG(Y,B;m)

for every n. The homomorphisms (t,,Q) commute with the boundary homomorphism
and with homomorphisms induced by G-maps.

PROOF. Let g ¢ G and define

# n

:CP

n
(9) (Y',B'sm') > Co(Y,B3m)

as follows. Let c ¢ C;(Y‘,B';k‘) and define (gf&(c) by the following.

If T: A, X G/K -~ Y s a G-equivariant singular n-simplex belonging to ¥

in Y we define the value of (g)#(c) on T by (see (2.1))

((9)*(c))(T) = (1g1*) 'ac(Tlgn).

Here c(Tlgln) e m'(P/P n gkg™') and o : m'(P/P n gkg™') » m(G/gKg™'

1

)s

and [gl* is an isomorphism [gl* : m(G/K) - m(G/gKg ). This defines

the homomorphism (g)#’ and it is clear that is commutes with the coboundary.

Now let p ¢ P. We claim that (pg)# = (g)ﬁ. Consider the
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 63

diagram (2.2.). Since c ¢ C;(Y‘,B‘;k‘) (no roof!) it follows that

¢(Tlgln) = c(Tlpglnip™'3) = (p” ' 1*c(TIpgln). Thus we have
# -1 -1 -1 _
((g)"(c)(T) = ([gl*) '"ac(Tlgln) = ([gl*) ‘a{p "¥*c(Tlpgin) =

(1g1%) "' tp™ Txac(Tlpgln) = ((pg)*(c))(T).

It follows that each element Pg ¢ PG gives rise to homomorphisms

n

D(Y',Bm') ~ CO(Y,B3m)

(Pgy* :c &

for all n, defined by (ngﬁ = (6)#, where G s any representative for
the right coset Pg.

We now define

T o cp(¥',Bm') - 6g(v,5;m)

to be the homomorphism
Ne

T

~1n
—

(Pg;)%.
1=

S
Thus #(c) = ) (gif$(c), where 9ys---s0g € G form any complete set of
i=1

representatives for the set of right cosets P~G. We claim that the image

of T* Tlies Cg(Y,B;m) and 7% thus induces

S C;(Y',B';m') > Cg(Y,B;m).

This is seen as follows. Let T : L G/K~Y and T': by G/K ~ Y be
equivariant singular n-simplexes belonging to in Y, and assume that

h : AL G/K > o, x G/K' is a G-map, which covers id : by > Bys such that
T=T'h. We must show that (T%(c))(T) = h*(?¥(c))(T"). Let g, ¢ G be

such that h(d%,ek) = (a%,gK). Now let g e G and consider the diagram (2.3.).
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We then have
((@(e))(T) = ([g1%) Tac(T(Igln) = ([g1%) ac(T' lggylnr) =
(tg1%) Tarxc(T' [ggyIn) = ([g1%) ™ eac(T' [gggln) =
h* (Lagy1*) " ac(T'lagyTn) = h*(agy/¥(c)(T1).

Now if 9q>---50g € G 1is any complete set representatives for P~G the same
is true for 91992 - -»9590 € G. Thus by what we just showed it follows that
Ng _ S FE _ 2 # o A#t , .
(77(e))(T) = 12] ((g; 7 (c))(T) = 121 h*((9;99)7(c))(T") = h*(7%(c)(T")). This
proves our claim and thus 2# induces *. The homomorphisms T # form

a cochain map al SP(Y',B‘;m') > SG(Y,B;m). We denote the induced homo-

morphism on cohomology by (T:,Q) : HS(Y',B';m') - HE(Y,B;m) and call it

the transfer homomorphism. g.e.d.

We shall now give the cohomology version ot Theorem 2.2. For this

let F' and F be orbit type families for P and G, respectively, such
that if He F then PnHeF and if Qe F thenalso Qe F. Let m'
and m be contravariant coefficient systems for F' and F, respectively.
Let 2 : m' > m be a natural transformation of transfer type with respect

to P G, and Tet ¥ : m>m' be a natural transformation with respect
to i : P G. Moreover let © : m > m be a homomorphism from the contra-
variant coefficient system m to itself. (The homomorphism induced by @ on
equivariant singular cohomology is denoted by ©0,.) We assume that the
following condition is satisfied. For every H ¢ § the diagram

Y Q

m(G/P n H) ————— m'(P/P N H) ———— m(G/H)

//
Px I
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 65

commutes. Here o : G/P nH > G/H denotes the natural projection.
THEOREM 2.5. Assume that P s a closed subgroup of G such that
P~G consists of s elements. let @ :m'>m, v:m->m',and 06 :m->m
be as above, and assume that the above condition is satisfied. Then for any
G-pair (Y,B) and every integer n, the composite homomorphism
(i,¥)* (11,0)

n n 1 ' n
HG(Y,B;m) > HP(Y ,B'sm) > HG(Y,B;m)

equals so In particular if o = id this composite equals multiplication

.
by s.
PROOF. Let Pg ¢ P~G, and consider the composite homomorphism

(PgY*(i,0)* Cg(Y,Bsm) > Cp

The value of (ngﬂ(i,w)#(c) on an equivariant singular n-simplex

' [ An . n .
(Y',B'sm') CG(Y,B,m). Let c ¢ CG(Y,B,m).

T : s, xGK->Y belonging to F equals ((Pg)*(i,wf*(c))(T) =
([g]*)—]Q(i,w)#(c))(T[g]) = ([g]*)']ch((T[g]n)G). (The notation is the same
as in (2.1) and the proof of Theorem 2.2.). We have (T[g]n)G = Tlglp, where
CEEN G/P n gKg_] R G/gKg_] denotes the natural projection, and
c(Tlgln) = p*[gl*c(T). Hence

((PgY*(i,)(c))(T) = (1g1%) lavo"[gl*c(T) = 6(c(T)) = 0,(¢))(T)-

The result follows. g.e.d.
REMARK. The transfer homomorphisms in cohomology also compose in

a natural way. The cohomology version of Proposition 2.3. reads

(r:,Q)(r!,Q1) = (T:QQ])

where Qpemp om is a natural transformation of transfer type with

respect to N c— P,
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3. THE KRONECKER INDEX AND THE CUP-PRODUCT

In this section we assume that R is a commutative ring. By F we
denote an orbit type family for G.

DEFINITION 3.1. Let k and m be a covariant and a contravariant,
respectively, coefficient system for ¥ over R. A pairing o of k and m
consists of the following. For each H e F we have a homomorphism of R-

modules
m(6/H) By k(G/H) + R,

such that if o : G/H > G/K, where also K ¢ F , is a G-map and b & m(G/K),
a ¢ k(G/K), then

w(b Bp a,(a)) = w(a*(b) Bo a).

Let X be a G-space, and let € ¢ eg(X;m) and G € Gﬁ(x;k). Assume that we

are given a pairing o of k and m. We then define the Kronecker index of

2 and ©, denoted 8,5 ¢R, as follows. If 5 = g T, By a;, we set

i=1
9 A
&8 = m(.Z] (1) By ay).
']:
It is immediately seen that this gives us a well-defined homomorphism of R-

modules

Ch ) oe CRom) mp E8(xsk) - R

Let T be an equivariant singular (n+1)-simplex belonging to F in X and

a ¢ k(G/t(T)). We then have

T R NI RED
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n+1 . )
w(izo (‘])7€(T(1)) Bp a) = w(%né(r) By a) = <:§ne’ Ta %>>

It follows that

Gouy - G2

AG
€ Cn+](

A /\n A
for any c ¢ CG(X;m) and o X3k).
Now assume that c ¢ CE(X;m) and o € Cg(X;k). We claim that the

definition

G = e

A
where 3 € Cg(x;k) is any representative for o, gives a well-defined homo-

morphism

oy e CRim) By CE(xsk) » R

This is seen as follows. Assume that TR a~T' B a', and let h :

b, X G/t(T) - L G/t(T') be a G-map, which covers id : By > By such
that T =T'nh and h,(a) = a'. Since ce¢ Cg(X,m) it follows that

c(T) = h*c(T'), and hence we have
<c,T Bay = o(c(T) By a) = w(h*c(T') &y a) =
w(c(T") By he(a)) = w(c(T") Bp a') = <§,T‘ R €>

This proves our claim.

Let (X,A) be a G-pair. It follows directly from the definitions that

the already established pairing <:, >» for the absolute case induces a pairing

< > D(Asm) B cB(X,Ask) ~ R.
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Since now

<‘C,8n+1c> = <6nC,o> s

G

n+](X,A;k), it follows that we have an induced

where c ¢ CE(X,A;m) and oe C

pairing
G
<, > HE(X,Asm) By H(X,A3K) > R.

This map, <:, :> is a homomorphism of R-modules, and we call it the Kronecker

index. The Kronecker index gives rise to the homomorphism of R-modules

n G
v HG(X,A;m) -> HomR(Hn(X,A),R)

G

defined by v(n)(g) = <:n,é> , where n ¢ HS(X,A;m) and ¢ ¢ Hn(

X,As3k).

For a G-space of the form G/H, where H ¢ J , the Kronecker index
agrees with the given pairing . To be more precise we have the following
proposition.

PROPOSITION 3.2. Let H e F . Then the diagram

Hg(G/H;m) By Hg(G/H;k) —-<—,——>—> R

e | P

m(G/H) By k(G/H) R

commutes. Here y and & are the isomorphisms given by the dimension axiom.

PROOF. Let ¢ ¢ CQ(6/Hsm) = HO(G/Him) and T a e CO(G/H;k) =
HS(G/H;k) where T : G/K > G/H 1is an equivariant singular O-simplex in G/H
and a ¢ k(G/H). We have c(T) = T*c(idG/H) e m(G/K). Thus

w(e B yv)(c Bp(T B a)) = w(e(c) By (T B 2)) =
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 69
w(c(idG/H) By Tela)) = w(T*c(idG/H) By a) =

w(c(T) Bp a) = <<c,T B é> . q.e.d.

We shall now construct a cup-product in equivariant singular cohomo-
Togy. We assume in the following that the orbit type family F 1is such that
Ge F

DEFINITION 3.3. A contravariant coefficient system m for ¥ , over
the ring R, is called a commutative ring coefficient sysstem if the following
condition is satisfied. Each m(G/H), H e JF , is a commutative ring and all
induced homomorphisms are ring homomorphisms, and moreover m(G/G) = R and
the R-module structure on each m(G/H) 1is the same as the one induced by the
ring homomorphism n* : R = m(G/G) > m(G/H).

Assume from now that m 1is a commutative ring coefficient system. Let
Ce eE(X;m) and e] € 68(X;m). We define the cup-product € u él € 62+p(X;m)
by the following. Let T : A x G/K -~ X be an equivariant singular (n+p)-

n+p
simplex belonging to F in X. We use the notation

o An x G/K ~ An+p x G/K, and

Bp : Ap x G/K ~ An+p x G/K

for the front n-face and back p-face, respectively, of An+p x G/K, that is,

an((xo,...,xn),gK) = ((xo,...,xn,O,...,O),gK) and Bp((xo,...,xp),gK) =

((0,...,0,x )>gK). We now define the value of tu 61 on T to be

0,...,xp

(€U €)= (8(Ta))(€4(TB,)) & m(G/K).

This defines a homomorphism of R-modules

An

A An+
u: CG(X;m) Bp CE(X;m) > CG p(X;m).
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70 SOREN ILLMAN

The formula

A AA
5(€ u 61) = (88) u 61 + (-1 u (6c,)
is established by the standard calculation.
We now claim that if c ¢ Cg(X;m) and ¢y ¢ CE(X;m) then also

cuc e Cg+p(X;m). This is seen as follows. Let T : 1 x G/K -~ X and

n+p
! M ! . 1 . -
T An+p x G/K' >~ X and assume that h : An+p x G/K ~ An+p x G/K' is a G-map,
which covers id : An+p > An+p, such that T = T'h. We have to show that

(c U cy)(T) = h*(c U cq)(T).

The G-map h determines G-maps ha DA, X G/K - L G/K' and hB : Ap x G/K -

Ap x G/K', which cover the identity, such that han = anha and hsp = BphB'
Moreover h§_= hE = h* : m(G/K') > m(G/K). Since now Tan = T'aha and TBp =
T'B.h, it follows that

pB
(c U e)(T) = (c(T'ahy))(cy (T8 ) =
(h*e(T'a ) (h¥eq (T'B,)) = h*((c(T'a)) (cq(T'B,))) =
h*(c U c1)(T‘),
where we used the fact that h* is a ring homomorphism. This proves our claim.

If (X,A) is a G-pair and, for example, c € CE(X,A;m) then also

cucy = c2+p(X,A;m). In particular we have

R - p
U CalX.A3m) By C

G(X,A;m) > Cg+p(X,A;m).

Since now §&(c U c]) = (&c) v ¢yt (-1)nc U (6c]), that is, the homomorphisms
U form a cochain map, it follows that we get a cup-product on the cohomology

level
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 71

.oyn . p .my o NP .
U HG(X,A,m) Bp CG(X,A,m) CG (X,Asm).

We shall conclude by showing that the cup-product is commutative. The proof

in Artin-Braun [1] for the commutativity (also sometimes called anticommutativity)
of the cup-product in ordinary singular cohomology carries over to our situation
without any difficulties. (See section 22 in Artin-Braun [1] for more details
than we give below.)

The reader should recall the notion of an equivariant linear g-simplex
vO...vq x id : Aq x G/K - An x G/K in An x G/K and the definition of the
linear chain groups Ggo(ﬁn x G/K) and the corresponding chain complex
§GQ(An x G/K), as defined in Section 6. of Chapter I. We shall also use the
join homomorphism v-: Cg+1Q(An x G/K) - C2+]Q(An x G/K)} and its properties
with respect to the boundary homomorphism. For this we again refer to the

beginning of Section 6. of Chapter I.

Define the homomorphism

o>

. (s x 6/K) > Coq(a_ x G/K
o ERa, o) - Bty x 600

by

Gq(vo...vg « id) = (-1)a@)/2a 0 Gy,

It is easily seen that the homomorphisms Sq commute with the boundary and

thus form a chain map 8#. We now inductively define homomorphisms

D : 6 ca G
Dy ¢ CqQa, = G/K) > Coq0(a, * G/K)
A
by setting D0 = 0, and
B (o) = vO (o = B (o) - D (B (), g1
qc)—v(o pqlo q-1q°’q
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where o = VO...Vq x id. A formal computation and induction shows that the

homomorphisms Bq form a chain homotopy from the identity map to 3#.

Let X be a G-space. Define the homomorphisms

AL hG NG

By Calx) > C(0)
A . AG AG

Dn : Cn(X) - Cn+1(X)

as follows. If T : Ay % G/K - X 1is an equivariant singular n-simplex
belonging to F in X we set

A A 0 n .
Sn(T) = Tpop(d..d’ x id),

A AN 0 n .
Dn(T) = I&Dn(d ...d x id).

0 n

(Recall that d ...d x id : Ay X G/K ~ A, % G/K is the identity map.) It is

easy to see that these "new" homomorphisms Sn form a chain map AR SG(X) >
A
SG(X), and that the new homomorphisms Dn form a chain homotopy from the

identity map to 8#.

: . A AG AG A
We now claim that the homomorphisms ot Cn(X) > Cn(X) and Dn :

A A
CE(X) > CS+1(X) both "preserve the relation ~" (see Def. 4.4. in Chapter I).

This is easily proved in exactly the same way as Proposition 6.1. in Chapter I.

n

A A A An An
It follows that o and O, have duals o : CG(X,A;m) -> CG(X,A;m) and

A A
Dn+1 : Cg+](X,A;m) - eg(X,A;m) which restrict to give

n n n
o CG(X,A;m) - CG(X,A;m)

n+l n+1

n
D : CG (X,Asm) ~ CG(X,A;m).

The homomorphisms pn form a cochain map ™ and the homomorphisms 0" form

a cochain homotopy from the identity map to p¢.
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EQUIVARIANT SINGULAR HOMOTOPY AND COHOMOTOPY 73

We can now show that the cup-product is commutative. Let y ¢ HE(X,A;m),

n
G

representing y and ¥ respectively. The cohomology class y U ¥y is

2 HE(X,A;m) and let c ¢ C.(X,A;m) and let cy € CE(X,A;m) be cocycles

represented by the cocycle c U Cq- It now follows from what we showed above
that the cocycle pn+p((pnc) u (ppC])) also represents y U y,. Let

T: An+p x G/K - X be an equivariant singular (n+p)-simplex belonging to ¥

in X. since we have T(d"P...d%a (d"...d%) = T(aP...d"*P) = T8 and

n n
0 0

T(dn+p...dO)Bp(dp...d ) = T(d"...dP) = To it follows that

o"P(e"e) U (Pe))(T) = (-1)"P(c(TB,)) (cq(Tay)) =

(-1 (e (Ta N (c(T8)) = (-1)"P(cq U e)(T).

(The sign is as stated since ((n+p)(n+p+1) + n(n+1) + p(p+1))/2 = np(mod 2).)

This proves that

y Uy = D™y vy,

for y ¢ HE(X,A;m) and y, ¢ Hg(X,A;m).

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



74 SOREN ILLMAN

BIBLIOGRAPHY

[11 E. Artin and H. Braun, Introduction to Algebraic Topology, Merrill

Publishing Co., Columbus, Ohio, 1969.

[2] G. Bredon, Equivariant cohomology theories, Bull. Amer. Math. Soc.

73 (1967), 266-268.

[3] » Equivariant cohomology theories, Lecture Notes in Math.,

volume 34, Springer-Verlag, Berlin and New York, 1967.

[4]1 Th. Broker, Singuldre Definition der dquivarianten Bredon Homologie,

Manuscripta Math. 5 (1971), 91-102.

[5] S. Eilenberg, Singular homology theory, Ann. of Math. 45 (1944),
407-447.

[6] S. Eilenberg and N.E. Steenrod, Foundations of Algebraic Topology,

Princeton Univ. Press, Princeton, N.J., 1952.

[71 S. Illman, Equivariant singular homology and cohomology for actions of
compact Lie groups, Proc. Conference on Transformation Groups (University
of Massachusetts, Amherst, 1971) Lecture Notes in Math. Springer-Verlag

volume 298, Berlin and New York, 1972.

[8] - , Equivariant Algebraic Topology, Thesis, Princeton University,

Princeton, N.J., 1972.

[91 - » Equivariant singular homology and cohomology, Bull. Amer.

Math. Soc. 79 (1973), 188-192.

University of Helsinki

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



General instructions to authors for
PREPARING REPRODUCTION COPY FOR MEMOIRS

For more detailed instructions send for AMS booklet, “A Guide for Authors of Memoirs.”
Write to Editorial Offices, American Mathematical Society, P. O. Box 6248,
Providence, R. |. 02940.

MEMOIRS are printed by photo-offset from camera copy fully prepared by the author. This means that, except for a reduc-
tion in size of 20 to 30%, the finished book will look exactly like the copy submitted. Thus the author will want to use a
good quality typewriter with a new, medium-inked black ribbon, and submit clean copy on the appropriate model paper.

Model Paper, provided at no cost by the AMS, is paper marked with blue lines that confine the copy to the appropriate size.
Author should specify, when ordering, whether typewriter to be used has PICA-size (10 characters to the inch) or ELITE-
size type (12 characters to the inch).

Line Spacing — For best appearance, and economy, a typewriter equipped with a half-space ratchet — 12 notches to the inch —
should be used. (This may be purchased and attached at small cost.) Three notches make the desired spacing, which is
equivalent to 1-1/2 ordinary single spaces. Where copy has a great many subscripts and superscripts, however, double spacing
should be used.

Special Characters may be filled in carefully freehand, using dense black ink, or INSTANT (“rub-on’”) LETTERING may be
used. AMS has a sheet of several hundred most-used symbols and letters which may be purchased for $2.

Diagrams may be drawn in black ink either directly on the model sheet, or on a separate sheet and pasted with rubber cement
into spaces left for them in the text.

Page Headings (Running Heads) should be centered, in CAPITAL LETTERS (preferably), at the top of the page —just above
the blue line and touching it.

LEFT-hand, EVEN-numbered pages should be headed with the AUTHOR’S NAME;

RIGHT-hand, ODD-numbered pages should be headed with the TITLE of the paper (in shortened form if necessary).

Page 1, of course, should have a display title instead of a running head, dropped 1 inch from the top blue line.

Page Numbers should be at the top of the page, on the same line with the running heads,

LEFT-hand, EVEN numbers — flush with left margin;

RIGHT-hand, ODD numbers — flush with right margin.

Exceptions — PAGE 1 should be numbered at BOTTOM of page, centered just below the footnotes, on blue line
provided.

FRONT MATTER PAGES should also be numbered at BOTTOM of page, with Roman numerals (lower case), centered
on blue line provided.

MEMOIRS FORMAT

It is suggested that the material be arranged in pages as indicated below.
Note: Starred items (*) are requirements of publication.

Front Matter (first pages in book, preceding main body of text).
Page i — *Title, *Author’s name.
Page ii — *Abstract (at least 1 sentence and at most 300 words).

*AMS (MOS) subject classifications (1970). (These represent the primary and secondary subjects of the paper.
For the classification scheme, see Appendix to MATHEMATICAL REVIEWS, Index to Volume 39, June
1970. See also June 1970 NOTICES for more details, as well as illustrative examples.)

Key words and phrases, if desired. (A list which covers the content of the paper adequately enough to be useful
for an information retrieval system.)
Page iii — Table of contents.
Page iv, etc. — Preface, introduction, or any other matter not belonging in body of text.
Page 1 — *Title (dropped 1 inch from top line, and centered).
Beginning of Text.
Footnotes: *Received by the editor date.
Support information — grants, credits, etc.

Last Page (at bottom) — Author’s affiliation.

Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



Licensed to Univ of Rochester. Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



	ABSTRACT
	I. EQUIVARIANT SINGULAR THEORY
	1. COEFFICIENT SYSTEMS
	2. THE EXISTENCE THEOREMS FOR EQUIVARIANT SINGULAR HOMOLOGY AND C0H0M0L0GY
	3. CONSTRUCTION OF EQUIVARIANT SINGULAR HOMOLOGY
	4. CONSTRUCTION OF EQUIVARIANT SINGULAR COHOMOLOGY
	5. THE H0M0T0PY AXIOM
	6. THE EXCISION AXIOM
	7. THE DIMENSION AXIOM
	8. ADDITIVITY PROPERTIES

	II. FURTHER PROPERTIES OF EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY
	1. NATURALITY IN THE GROUP
	2. TRANSFER HOMOMORPHISMS
	3. THE KRONECKER INDEX AND THE CUP-PRODUCT

	BIBLIOGRAPHY



