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Abstract 

Let G be a topological group. We construct an equivariant homology and 

equivariant cohomology theory, defined on the category of all G-pairs and 

G-maps,which both satisfy all seven equivariant Eilenberg-Steenrod axioms 

and have a given covariant and contravariant, respectively, coefficient 

system as coefficients. We also establish some further properties of 

these equivariant singular homology and cohomology theories, such as, 

a naturality property in the transformation group,transfer homomorphisms 

and a cup-product in equivariant singular cohomology with coefficients 

in a commutative ring coefficient system. 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY I 

By Sbren Illman 

Let G be a topological group. By a G-space X we mean a topological 

space X together with a left action of G on X. A G-pair (X,A) consists 

of a G-space X and a G-subspace A of X. The notions G-map, G-homotopy, 

etc. have the usual meaning. In Chapter I of this paper we construct an 

equivariant homology and cohomology theory, defined on the category of all 

G-pairs and G-maps, which both satisfy all seven equivariant Eilenberg-

Steenrod axioms and which have a given covariant coefficient system k and 

contravariant coefficient system m, respectively, as coefficients. See 

Definition 1.2. and Theorems 2.1. and 2.2. in Chapter I for precise statements. 

We call these equivariant homology and cohomology theories for "equivariant 

singular homology with coefficients in k" and "equivariant singular 

cohomology with coefficients in m". The construction of equivariant singular 

homology and cohomology is yery much analogous to the construction of ordinary 

singular homology and cohomology. The ordinary singular theory in its present 

form is due to S. Eilenberg [51. We have chosen the exposition in Eilenberg-

Steenrod [6] as our model. This applies especially to the proof of the 

excision axiom. 

For actions of discrete groups equivariant cohomology and homology 

theories which satisfy all seven equivariant Eilenberg-Steenrod axioms and 

have predescribed coefficients exist before, see G. Bredon [2], [3] and 

Th. Brbcker [4]. 

Received by the editors March 6, 1974. 
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2 SO'REN ILLMAN 

In Chapter II we establish some further properties of equivariant 

singular homology and cohomology. We prove a naturality property in the 

transformation group and construct transfer homomorphisms in both equivariant 

singular homology and cohomology. Moreover we define a Kronecker index and 

also a cup-product in equivariant singular cohomology with coefficients in 

a commutative ring coefficient system. We conclude by proving that this cup-

product is commutative. 

This paper is a slightly extended and simplified version of chapter III 

and part of chapter IV of my thesis [8]. A geometrically more intuitive but 

technically more complicated construction of equivariant homology and cohomology 

theories which satisfy all seven equivariant Eilenberg-Steenrod axioms and 

have predescribed coefficients is given in [7], where also some other results 

from [8] can be found. This paper gives the details for everything stated 

in [9]. 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 3 

I. EQUIVARIANT SINGULAR THEORY 

1. COEFFICIENT SYSTEMS 

In the following G denotes an arbitrary topological group. Let R 

be a ring with identity element. All R-modules will be unitary. 

DEFINITION 1.1. A family J of subgroups of G is called an orbit 

type family for G if the following is true: if H e ? and H' is conjugate 

to H, then H e ? . 

Thus the family of all closed subgroups of G, and the family of all 

finite subgroups of G are examples of orbit type families for G. A more 

special example is the following. Let G = 0(n), and let J be the family of 

all subgroups conjugate to 0(m) (standard inbedding) for some m, where 

0 5 m < n. 

DEFINITION 1.2. Let J be an orbit type family for G. A covariant 

coefficient system k for ? over the ring R is a covariant functor from 

the category of G-spaces of the form G/H, where H e ? , and G-homotopy 

classes of G-maps to the category of left R-modules. 

A contravariant coefficient system m for J over the ring R is 

a contravariant functor from the category of G-spaces of the form G/H, where 

H e J, and G-homotopy classes of G-maps to the category of right R-modules. 

If a: G/H -> G/K is a G-map, and H,K e J, we denote 

k(a) = a* : k(G/H) -> k(G/K), 

and 

m(a) = a* : m(G/K) -> m(G/H). 

Let k and k' be covariant coefficient systems for J. A natural transformation 
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4 SDREN ILLMAN 

e : k -> k' 

will be called a homomorphism of covariant coefficient systems. If e is 

natural equivalence, we vail e an isomorphism. Similarly for contravariant 

coefficient systems. 

2. THE EXISTENCE THEOREMS FOR EQUIVARIANT SINGULAR HOMOLOGY AND C0H0M0L0GY 

THEOREM 2.1. Let G be a topological group. Let J be an orbit type 

family for G, and let k be a covariant coefficient system for J over the 

ring R. 
p 

Then there exists an equivariant homology theory Hs|e( ;k), defined on 

the category of all G-pairs and all G-maps, and with values in the category 

of left R-modules, which satisfies all seven equivariant Eilenberg-Steenrod 

axioms and which has the given coefficient system k as coefficients. 

This means: 
p 

For each G-pair (X,A) we have a left R-module H (X,A;k) for eyery integer n. 

Each G-map f : (X,A) -> (Y,B) induces a homomorphism 

f* : H^(X,A;k) - H^(Y,B;k) 

for eyery integer n. 

Each G-pair (X,A) determines a boundary homomorphism 

9 : H^(X,A;k) - H ^ ^ k ) 

for every integer n. 

In addition the following axioms are satisfied. 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 5 

A.l. If f = identity, then f^ = identity. 

A.2. f : (X,A) + (Y,B) and f = (Y,B) -> (Z,C) are G-maps, then 

A.3. For any G-map f : (X,A) -> (Y,B) we have 

3f* = (flA)* 3-

A.4. (Exactness axiom). Any G-pair (X,A) gives rise to an exact homology 

sequence 

... ^* HJj^A-.k) <- H^(X,A;k) «* H^(X;k) ** H^(A;k) - ... 

A.5. (Homotopy axiom). If f0>f-| • (X,A) •> (Y,B) are G-homotopic, then 

( f 0 > * = (V*-

A.6. (Excision axiom). An inclusion of the form 

i : (X - U, A - U) -> (X,A) 

where U c A0 (U and A are G-subsets) induces an isomorphism 

i* : H^(X - U, A - U; k) * H^(X,A; k) 

for every integer n. 

A.7. (Dimension axiom). If H e ?, then 

H^(G/H;k) = 0 for all m t 0. 

Moreover, for every H £ J we have an isomorphism 

Y : H^(G/H;k) - k(G/H) 
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6 SUREN ILLMAN 

such that if also K e J and a : G/H -> G/K is a G-map, then the diagram 

,G Y 
H^(G/H;k) > k(G/H) 

H^(G/K;k) • k(G/H) 

commutes. 

Moreover, this equivariant homology theory has no "negative homology", 

that is, for any G-pair (X,A) we have 

H^(X,A;k) = 0 if m < 0. 

r 

We call this equivariant homology theory HJ|C( ;k) for "equivariant singular 

homology with coefficients in k". 

THEOREM 2.2. Let G be a topological group. Let J be an orbit 

type family for G, and let m be a contravariant coefficient system for J 

over the ring R. 

Then there exists an equivariant cohomology theory HJ ;m) defined 

on the category of all G-maps, and with values in the category of right R-

modules, which satisfies all seven equivariant Eilenberg-Steenrod axioms, 

and which has the given coefficient system m as coefficients. 

That Hp( ;m) satisfies the dimension axiom means the following. If 

H e J, then 

H£(G/H;m) = 0 for all p ^ 0, 

and there is an isomorphism 

S : H°(G/H;m) I m (G/H), 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 

such that if also K e 5 and a : G/H -> G/K is a G-map, then the diagram 

,0 Hg(G/K;m) 

H°(G/H;m) 

m(G/K) 

m(G/H) 

commutes. The meaning of the rest of Theorem 2.2. is clear. Let us point 

out that also here the excision axiom is satisfied in the strong form that 

the G-subset U need not be open. We call the equivariant cohomology theory 

Hp( ;m) for "equivariant singular cohomology with coefficients in m". We have 

HJJ(X,A;m) = 0 if p < 0, for every G-pair (X,A). 

EXAMPLE. As a simple illustration we determine the equivariant 

singular homology and cohomology of the following example. Let G = S the 

2 1 2 

circle group and X = S the two-sphere. Assume that S acts on S by the 

standard rotation leaving the north and south poles fixed, and acting freely 

elsewhere. Let X-. and X2 denote the northern and southern hemispheres, 

respectively, and XQ = X-, n X^ the equator. 

Now assume that J is an orbit type family, such that, both G e J 

and {e} e J . Let, as before, R be a ring with identity element and k 

a covariant coefficient system for 5 over R. It is a formal consequence 

of the axioms that we in this situation have the following exact Mayer-Vietoris 

sequence 

0 - — H^(X;k) c ]* 2* H§(Xi;k) e H^(X2;k) 
( ll*, _ 12* y

 UG G, Ho(XQ;k) <~ H^(X;k) + 0 

Since both X, and X? are G-homotopy equivalent to a point and XQ ~ G as G-

spaces, it follows that the above exact sequence equals 
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8 SUREN ILLMAN 

0 +• Hg(X;k) <- k(G/G) e k(G/G) «- k(G/{e}) «-H^(X;k) «- 0 

where p* : k(G/{e}) •> k(G/G) is induced by the G-map p : G •+ G/G. Thus 

H§(X;k) ~ (k(G/G) a k(G/G))/{(p*(a), - p*(a))|a e k(G)} 

H^(X;k) ~ ker (p* : k(G) -* k(G/G)) 

H^(X;k) = 0 form / 0,1. 

Let us now consider this result for some specific convariant coefficient 

systems. Let the orbit type family J be, for example, the family of all 

closed subgroups of G = S , and let R be the ring of integers Z. 

1. Define a convariant coefficient system k-. as follows. Let 

k^G/H) = Z if H ̂  G and k(G/G) = Z ^ and let p : G/H -> G/G, where H / G, 

induce the natural projection Z •> Z2 and let all other induced homomorphisms 

on kn be the identity on Z. Then 

H^X;^) = Z2 

H^X;^) ^ Z 

H^X;^) = 0 for m f 0,1. 

2. Define k2 by : k2(G/{e}) = Z, and k2(G/H) = 0 for H / {e}. Then 

H§(X;k2) = 0 

H^(X;k2) ^ Z 

H^(X;k2) = 0 for m t 0,1. 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 9 

3. Define k3 by : k3(G/H) = 0 for H = G, and k3(G/G) = Z. Then 

HQ(X;1 3) = Z e Z 

H£(X;k~) = 0 for p / 0. p o 

Observe that this equals the ordinary singular homology of the fixed point set 

XG. 

4. Define k* by : k«(G/H) = Z for every closed subgroup H of G 

and all induced homomorphisms are the identity on Z. Then 

H§(X;k4) ^ Z 

Hp(X;k4) = 0 for p / 0. 

Observe that this equals the ordinary singular homology of the orbit space 

G^X. 

5. Define kr by : kr(G/H) = Z for every closed subgroup H of G, 

and eyery G-map a : G/H -> G/K, where H c K but H / K, induces the zero 

homomorphism, and every G-map 3 : G/H -> G/H induces the identity on Z. Then 

H^(X;k5) ~ 2 » Z 

H?(X;k5) ? Z 

H^(X;k5) = 0 f o r m / 0,1. 

To determine the equivariant singular cohomology of the G-space X we use the 

analogous exact Mayer-Vietoris sequence for cohomology 

0 (J-i »Jp) o n 1i"1? O ^ 1 
0 -> H^(X;m) !—^-> H^X^m) a H^(X2;m)——U- Hg(XQ;m) -> Hg(X;m) -> 0. 

In the same way as above we see that this exact sequence equals 
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10 S'CREN ILLMAN 

0 -> H°(X;m) -> m(G/G) e m(G/G) — ^ m(G/{e})-> H^(X;m) -> 0, 

where TT. : m(G/G) e m(G/G) -> m(G/G) denotes the projection onto the i:th 

factor, i = 1,2. Thus 

H°(X;m ) ? ke r ( p * (TT- , - TT 2) : m(G/G ) e  m(G/G ) •> m(G/ {e } ) 

Hg(X;m ) ^ m ( G / { e } ) / i m p*(Tr ] - TT 2) 

H^(X;m ) = 0 f o r q ^ 0 , 1 . 

3. CONSTRUCTION OF EQUIVARIANT SINGULAR HOMOLOGY 

Let A be the standard n-simplex, that is, A = {(xn,...,x )e R | 
n 
I x. = 1, x. > 0}. We have the face maps 
i =0 n 1 

en : V l "An i =0,...,n, 

defined by en(
x
0'•••>

x
n-i)

 = (x0'* * * ' xi-l' 0 , xi' * * * ,xn-l ) * The i d e n t i ty 

e^e^-, = e^e^-,, where 0 < j < i < n, is valid. 

Now let K be a subgroup of G. We call the G-space An x G/K for the standard 

equivariant n-simplex of type K. We have the face maps 

e^ x id : An_-, x G/K -* An x G/K i = 0,... ,n. 

DEFINITION 3.1. A G-map 

T : An x G/K -> X 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 11 

is called an equivariant singular n-simplex in X. We call K for the type 

of T and denote 

t(T) = K. 

The  equivarian t singula r (n-1)-simple x 

T ^ =  T(e fll x id ) : A^- , x G/K  +  X 

is called the i:th face of T, i = 0,...,n. 

DEFINITION 3.2. Let J be an orbit type family for G. We say that 

the equivariant n-simplex T : A x G/K -> X belongs to J if K e J . 

Given an equivariant singular n-simplex T : A * G/K -> X belongs to 5 , 

we form 

ZT a k(G/t(T)) = Z T a k(G/K). 

Here ZT denotes the infinite cyclic group on the generator T, and the tensor 

product is over the integers. The left R-module structure on k(G/t(T)) makes 

Z T a k(G/t(T)) into a left R-module such that the map i : k(G/t(T)) -> 

Ij » k(G/t(T)) defined by i(a) = T » a is an isomorphism of left R-modules. 

DEFINITION 3.3. We define 

C^(X;k) = I e (Z 0 k(G/t(T)) 
n t(T)eS ' 

where the direct sum is over all equivariant singular n-simplexes in X, which 

belong to J. Thus for n < 0 we have C^(X;k) = 0. 

The boundary homomorphism 

3n : ̂
X ' k ) - ^ ^ ( X j k ) 
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12 SD'REN ILLMAN 

A 

is defined in the usual way, that is, for n 5 0 we define d = 0, and if 

n > 0 and T is an equivariant singular n-simplex in X and a € k(G/t(T))5 

we define 

UT® a) = I (-l̂ M1*) . a. 
n i=0 

A A 

The standard calculation then shows that d ->d = 0. 
n- I n 

Thus we get the chain complex 

Aft Aft A 
Sb(X;k) = {C^(X;k),an}. 

AG 
Our main interest is not in the chain complex S (X;k), but in a quotient of it. 

We now proceed to define this quotient. 

Let 

h : A x G/K -> An x G/K' 

be a G-map which covers id : A •> A . Every x e A„ gives rise to a G-map 

hx : G/K -y G/K' 

defined by hx(gK) = pr2 h(x,gK), where pr2 : A x G/K' -> G/K1 is projection 

onto the second factor. 

LEMMA 3.4. Let the notation be as above and let x,y £ A . Then the 

G-maps h ,h : G/K -> G/K1 are G-homotopic. 

PROOF. Define F: I x G/K ^ G/K' by F(t,gK) = pr2 h((l-t)x + ty, gK). 

Then F is a G-homotopy from h to h . q.e.d. 

Thus, if K,K' e J , it follows that (h^* = (h K : k(G/K) -> k(G/K'), 

that is, the G-map h induces in this way a unique homomorphism from k(G/K) 

to k(G/K'). We denote this homomorphism by 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 

h* : k(G/K) + k(G/K'). 

Ap AQ 

Let for the moment § c C (X;k) denote the set of all elements in C (X;k) 

that have at most one coordinate / 0. Every element in g has a unique 

expression of the form T » a, where T is some equivariant singular n-

simplex belonging to J in X, and a e k(G/t(T)). 

We define a relation ~ in § in the following way. Let T » a and 

T' H a' be two arbitrary elements in Q , where T : A x G/K -* X and T1 : A„ 
J an n n 

Ap x G/K' -> X are equivariant singular n-simplexes belonging to J 

in X, and a e k(G/Kn), a' e k(G/K'). We how define 
there exists a G-map 

h : A x G/K -> A x G/K' covering 

id : A -> A such that T = T'h and n n 

lK (a) = a'-

DEFINITION 3.5. Let the notation be as above. We define 

C^(X;k) c & ; k ) 

T a a ~ T ' 8 a' « J 

to be the submodule of C (X;k) consisting of all elements of the form 

I (T • a. ~ - q • a!) 
i = l 1 n n 

where T. H a. ~ T! a a! or T! B a! ~ T. B a., for i = 1,... ,s. 

DEFINITION 3.6. We define the left R-module CG(X;k) by 

C^(X;k) = CG(X;k)/C^(X;k). 

Now observ e  tha t i f T a a ~ T ' 8 a ,
9 the n als o T ' 1 ' B  a  ~  ( T 1 ) ^ B  a ' , 

A AQ AQ 
i = 0,...,n. It follows that the boundary homomorphism 9 : C (X;k) -> C _-. 
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14 SUREN ILLMAN 

p p 

restricts to d^ : Cn(X;k) -> C -j(X;k)9 and thus induces a boundary 

homomorphism 

3n : C
G(X;k) - (^(Xik). 

A A _ _ 

Since 3 -js = 0 it follows that 9n_-|3n = 0 and
 9
n_-j

3
n
 = °- Tnus we nave tne 

chain complexes 

S^Xik) = {C^(X;k)9¥n} 

SG(X;k) = {cJ(X;k),3nl. 

P 
It is the chain complex S (X;k) that gives us the equivariant singular homology 

groups with coefficients in k of X. We shall now consider the relative 

case. 

Let (X,A) be a G-pair. The inclusion i : A -* X induces a monomor-

phism of chain complexes 

A An Af; 

i : Sb(A;k) + Sb(X;k). 

A AQ AQ 

Moreover, the image i(C (A;k)) is a direct summand in Cn(X;k), for each n. 

We identify CG(A;k) with t(CG(A;k)), that is, we consider SG(A;k) as a sub-
AG A 

complex of S (X;k) through the monomorphism i. We define 

CG(X,A;k) = CG(X;k)/CG(A;k) 

AG and denote the corresponding chain complex by S (X,A;k). We have the short 

exact sequence of chain complexes 

0 + SG(A;k) •> SG(X;k) + SG(X,A;k) -> 0. 

A p « /\ 

Clearl y i r e s t r i c t s to i : S" 1(A;k ) -> S^(X;k ) an d henc e  i induce s 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 15 

i : SG(A;k) -> SG(X;k). 

LEMMA 3.7. The homomorphism i : SG(A;k) -> SG(X;k) induced by i is 
r r 

a monomorphism. Moreover, i(C (A;k)) is a direct summand in C (X;k) for each 

n. 

PROOF. Define a homomorphism 
A Ap Ar 

a : C^(X;k) + C*(A;k) 

by 

f T a a if Im(T) c A 

a(T B a) = 4 

[ 0 if Im(T) n (X-A) £ 0. 
A A 

Thus a is a left inverse to i. If T B a ~ T' » a1 it follows that Im(T) = 

Im(T'). Therefore a restricts to a : TT(X;k) ->"C(A;k)9 and hence a in­

duces a homomorphism 

a : CG(X;k) -> CG(A;k) 

which is a left inverse to i. q.e.d. 

We define 

CG(X,A;k) = CG(X;k)/CG(A;k), 

and denote the corresponding chain complex by 

SG(X,A;k) = {CG(X,A;k),8n}. 

DEFINITION 3.8. We define 

HG(X,A;k) 
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16 SGREN ILLMAN 

p 
to be the n:th homology module of the chain complex S (X,A;k). 

By Lemma 3.7 and by definition we have the short exact sequence 

0 + SG(A;k) -> SG(X;k) + SG(X,A;k) -> 0. 

This gives us the boundary homomorphism 

a : HG(X,A;k) - H^^A-.k) 

and the exact homology sequence of a G-pair (X,A) in the standard way. 

More or less as a side remark let us point out the following. Define 

the chain complex S ^ X ^ k ) to be the quotient of S^(X;k) by S^Ajk). 

Then the sequence 

0 + SG(X,A;k) -> SG(X,A;k) -> SG(X,A;k) + 0 

is exact. This can be seen "directly" or by drawing the obvious commutative 

3 x 3 diagram and applying the 3 x 3 lemma. 
P 

We denote the homology groups of the chain complexes S (X,A;k) and 

SG(X,A;k) by fl^(X,A;k) and HG(X,A;k), respectively. Thus we get a long 

exact sequence 

... < - ^ ( X ^ k ) I HG(X,A;k) «• HG(X,A;k) + H^(X,A;k) - ... 

P 
Ou r mai n in te res t i s i n H^( ; k ) . Bu t i n th e  proces s o f th e  proo f o f th e  f ac t 

P 
tha t H +( ;k ) sa t i s f i e s a l l seve n equivarian t Eilenberg-Steenro d axiom s i t 

—G  AG 

w i l l be  show n tha t bot h H +( ;k ) an d H +( ;k ) sa t i s f y the  f i r s t s i x axioms . 

Le t (X,A ) an d (Y,B ) be  G-pair s an d l e t f : (X,A ) •> (Y,B ) be 

a  G-map . I f T  : A  * G/K  -* X  i s an equivarian t singula r n-simple x 

belongin g to 5 i n X , the n fT  : A  x G/K  -> Y  is an equivarian t singula r 

n-simple x belongin g to J i n Y . Thu s we  ge t a  homomorphis m 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 17 

A AG AG 

f# : C^(X,A;k ) •* C^(Y,B;k ) 

by def in in g f (T  i a ) =  (fT ) 1 a . Sinc e  ( f T ) ^ ) =  f T ^ 1 K f o r i =  0 , . . . , n , 
ff 

A 

it follows that the homomorphisms f. form a chain homomorphism. If 

T B a ~ T1 B a', then (fT) B a ~ (fT1) B a1, and hence f restricts to 
n 

— —G —G A 

f : S (X,A;k) -> S (Y,B;k) and hence f induces a chain homomorphism 
•t w 

f : SG(X,A;k) •* SG(Y,B;k). 
ff 

* - *- ^x.A;k)->HG( Now f̂  induces a homomorphism f* : Hn(X,A;k) •> Hn(Y,B;k) for every n. 

It is now clear that we have proved everything up to the exactness axiom in 

the statement of Theorem 2.1. 

In the next section we construct the equivariant singular cohomology 

theory and establish at the same time everything up to the exactness axiom 

in the statement of Theorem 2.2. The homotopy, excision, and dimension axioms 

will be proved simultaneously for homology and cohomology in sections 5, 6, and 

7. 

4. CONSTRUCTION OF EQUIVARIANT SINGULAR COHOMOLOGY 

Let G, 5 and R be as before. Let m be a contravariant coeffi-

ent system for J over the ring R. Recall that each m(G/K), where 

K e 5, is a right R-module. 

Let X be a G-space. We denote 

cG(x) = I • z 

n t(T)e? ' 

where the direct sum is over all equivariant singular n-simplexes belonging 
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18 SO'REN ILLMAN 

AG to J in X. That is, C (X) is the free abelian group on all equivariant 

singular n-simplexes belonging to J in X. The boundary homomorphism 

A Ap Ap 

3n = cg(X)*cg_l(X) 

is defined by 

3n(T) = I (-l)V 
n i=0 

A ._. •• . i {i) 

Then a -.a = 0, and we have the chain complex 

An Ar A 
Sb(X) = {C^(X),3n}. 

That is 

Sb(X) = Sb( ;Z) 

where Z denotes the covariant coefficient for which Z(G/K) = Z for eyery 

K e J , (and all the induced homomorphisms are the identity on Z). 

Denote 

M = I e m(G/K), 
Key 

AG where the direct sum is over all subgroups belonging to J . By Honu(C (X),M) 
AG we denote the set of all homomorphisms of abelian groups from C (X) to M. 

AG The right R-module structure on M makes Honu(C (X),M) into a right R-

module. 

DEFINITION 4.1. We define the right R-module c£(X;m) by 

c£(X;m) = Homt(cJ(X),M). 

AG Here Hom.(C (X),M) consists of all homomorphisms of abelian groups 
AG c : ^ n(

x) "* M which satisfy the condition 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 19 

c(T) e m(G/t(T)) 

for eyery equivariant singular n-simplex T belonging to J in X. Thus 

Cg(X;m) is a submodule of the right R-module Homz(C^(X),M). 
A AQ 

For any homomorphism a : C (Y) we have the dual homomorphism 

S* : Homz(C^(Y),M) + Homz(C^(X),M) 
A A AQ A 

defined by a*(c) = c a, c e Horru(C (Y),M). Observe that a* is a homo­

morphism of right R-modules. 

DEFINITION 4.2. We call a homomorphism 
A AC Afl 

a : <£(X) - CJ(Y) 

for "type preserving" if the following condition is satisfied. For every 

equivariant singular n-simplex T, belonging to 5 , in X we have 

A 9 
a(T) = I r.S., r, e Z, 

j=0 J J J 

with t(S.) = t(T), for j = 0,...,q. (Each S. is an equivariant singular m-
j J 

simplex, belonging to J, in Y). 
A A AQ 

Clearly the dual a* of a "type preserving" homomorphism a : C (X) 
AG 
C (Y) restricts to give a homomorphism 

An 
& : Cp(Y;m) + Cp(X;m) 

A 
which we again call the dual of a. 

A 

The  boundar y homomorphis m 3 n i s "typ e  preserving" . We denot e  i t s dua l by 

6n~] : c J T V i m ) -> c£(X;m ) 
ApAp-l 

and call it the coboundary homomorphism. Then 6 6 = 0 , and we have 
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20 StJRE N ILLMA N 

the  cochai n comple x 

SG (X;m ) =  {c£(X;m),6 n } . 

Let (X,A) be a G-pair, and let i : A -> X be the inclusion. Both the 
A AC Aft A A(l A(l 

monomorphism i^ : C^(A) + C"(X) and the homomorphism a : C^(X) -> C (A), 
A 

which is a left inverse to i^, are "type preserving" (see the proof of 

Lemma 3.7). We denote the dual of i' by 

i # : Cg(X;m) -> c£(A;m). 

An A ^ A jj_ 

Then or is a right inverse to i , and it follows in particular that \tt 

is onto. 
Define c[l(X9A;m) to be the submodule of c£(X;m) = Homt(C^(X) ,M) 

ng of all the homomc 

have a short exact sequence 

AG consisting of all the homomorphisms that vanish on C (A). That is, we 

A# 
0 + c£(X,A;m) -> c£(X;m) I CG(A;m) -* 0. 

f\jL. A J+. 

Since i*~ has a right inverse a ^ it follows that the above sequence splits. 

We have the corresponding short exact sequence of cochain complexes 
A A A * A 

0 + SG(X,A;m) -> SQ(X;m) i SG(A;m) + 0. 

A A(l 

Let f : (X,A) -> (Y,B) be a G-map. The induced homomorphism f # : C^(X) -> 

C^(Y) is "type preserving". We denote its dual by f^ : CG(Y;m) -> c£(X;m). 

These homomorphisms commute with the coboundary homomorphisms and also re­

strict to the corresponding relative cochain groups. Thus we have a homo­

morphism of cochain complexes 

f # : SQ(Y,B;m) -> SG(X,A;m). 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 21 

In constructing equivariant singular homology we took a quotient of the "roof1 

chain complex. Here, dually, in constructing equivariant singular cohomology 

we shall consider an appropriate subcomplex of SG(X;m). We now define this 

one. 

DEFINITION 4.3. We define c£(X;m) to be the submodule of c£(X;m) = 

Hom.(Cg(X),M) consisting of all c e Hom.(c!l(X),M) which satisfy the follow­

ing condition. If T : A x G/K -> X and T' : A x G/K' -> X are equivariant 

singular n-simplexes belonging to J in X, and h : A x G/K •> A x G/K1 

is a G-map, which covers id : A -> A , such that T = T'h, then 

c(T) = h* c(T') e m(G/K). 

Here h* : m(G/K') -> m(G/K) is the homomorphism induced by h, (see Lemma 3.4.). 
A 

DEFINITION 4.4. We say that a "type preserving" homomorphism a : 
AG AG A 

Cn(X) -> C (Y) "preserves the relation ~" if a besides being a homomorphism 

also determines the following extra structure. First, there exists a natural 

number q, and q + 1 integers r., j = 0,...,q, such that, for any equiv­

ariant singular n-simplexes T and T' belonging to 5 in X we have 

a(T) = I r.S., and S(T') = ? r.S' 
j=0 J J j=0 J J 

where S. and S'. denote equivariant singular m-simplexes belonging to J 

in Y. Secondly, if h : A x G/K -> A x G/K' is a G-map, which covers 
A 

id : A -> A , then a determines q + 1 G-maps 

hj : Am -> G/K -> Am x G/K', j = 0,...,q, 

which cover id : A_ -> Am, such that m m 

[h.] = [h] : G/K - G/K', j = 0,...,q, 
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22 SGREN ILLMAN 

where [h.] and [h] denote the G-homotopy classes determined by h. and 
j J 

h, respectively (see Lemma 3.4), and such that if T = T'h then 

S j - S j h j j-0....,q. 
A AC An 

LEMMA 4.5. Assume that a : C^(X)'-> C*(Y) "preserves the rela-
A JM. Am Ap» 

tion ~". Then its dual or : CG(Y;m) -> CG(X;m) restricts to a homomorphism 

c # : cJ(Y;m) -> cJ(X;m). 
PROOF. Let c e Cg(Y;m). We claim that then (/(c) e CG(X;m). Let 

T : An x G/K -> X, and V : An x G/K' + X, and let h : An x G/K•-* Ap x G/K' 

be a G-map, which covers id : A -> A , such that T = T'h. Preserving 

the same notation as in Definition 4.4 we then have 

(a#(c))(T) = c(S(T)) = | r . c (S.) = ? r. c (S'.h.) = 
j=0 J J j=0 J J J 

h*( I r- c (St)) = h*(c(a(T'))) = h*(o>(c)(T')). q.e.d. 
j=0 J J 

We also call a#: CG(Y;m) -* CG(X;m) for the dual of a : cJj(X) -> C^(Y). 
A AQ AC 

The boundary homomorphism 8 : C (X) -> C n(X) "preserves the rela­

tion ~". To see that the conditions of Definition 4.4 are satisfied we simply 

take q = n, and r. = (-1)J, j = 0,...,n, and given h the G-map h. is 

the restriction of h to the j:th face, that is h- = h| : e^(A _-,) x G/K -* 

eJ
n(An-1) x G/K

1, j = 0,...,n. Thus the coboundary 6n~] : CG
_1(X;m) -• C^(X;m) 

restricts to 

6n_1 : CG
-1(X;m) -* c[!(X;m). 

Then 6n6 = 0, and we have the cochain complex 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 23 

0 + SG(X,A;m) -> SQ(X;m) X SG(A;m) -* 0, 

where by definition Sp(X,A;m) = ker i*\ In each degree the above short exact 

sequence splits as a sequence of right R-modules. We now define the equivariant 

singular cohomology groups. 

DEFINITION 4.6. We define 

Hg(X,A;m) 

to be the n:th homology module of the cochain complex 5G(X,A;m). 

Let f : (X,A) -> (Y9B) be a G-map. The induced homomorphism 

*#, : ^(X) -> C^(Y) clearly "preserves the relation ~". It follows that the 

dual f of f „ gives us a homomorphism of cochain complexes 

f* : SG(Y,B;m) -> SG(X,A;m) 

and hence the induced homomorphisms f* : hL(Y,B;m) -> hL(X,A;m). It is now 

clear that so far we have proved everything up to the exactness axiom in the 

statement of Theorem 2.2. 

We can also define a cochain complex Sp(X;m) by 

"SG(X;m) = $G(X;m)/SG(X;m). 

Both i # : CG(X;m) -> CG(A;m) and a* : CG(A;m) -> CG(X;m) induce homomorphisms 

T^: r^(X;m) + I^(A;m) and a # : CG(A;m) -> CG(X;m), and a
# is a right inverse 

— # 
to i . Thus we have a short exact sequence of cochain complexes 

0 •> S"Q(X,A;m) + ^G(X;m) I 5G(A;m) -> 0 

— — if=-
where by definition SG(X,A;m) = ker i , which in each degree splits as a 

sequence of right R-modules. 
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24 SD'REN ILLMAN 

Applying the 3 x 3-lemma we now see that we have the short exact 

sequence of cochain complexes 

0 -> SG(X9A;m) -> SG(X,A;m) -> S"G(X,A;m) -> 0. 

Define Hg(X,A;m) and T?j!(X,A;m) to be the n:th homology modules of the 

cochain complexes SG(X,A;m) and S"G(X,A;m), respectively. Thus we get 

the long exact sequence 

... -> HG(X,A;m) + H^(X,A;m) -* Hj(X,A;m) 5 Hj+1(X,A;m) 

In the  proces s o f showin g tha t H*( ;m) sa t i s f i e s a l l seve n equivarian t 
A _ 

Eilenberg-Steenro d axiom s i t w i l l be  show n tha t bot h HX ( ;m) an d Hi ( ;m) 

sa t i s f y the  f i r s t s i x axioms . 

5. THE H0M0T0PY AXIOM 

In this section we prove the homotopy axiom for both equivariant singu­

lar homology and cohomology. 

Let V be a convex set in some euclidean space Rq, and let v ,...,vn 

be n + 1 points in V. Denote d1 = (0,...,1,...,0) e A , 0 5 i 5 n, where 

the 1 occurs in the i-coordinate (recall that we index the coordinates such 

that a point in A is denoted by (x0,...,x )). We use the notation 

v°...vn : A . V n 

to denote the linear map from A into V, which is uniquely determined by 

the condition that it takes d1 into v1, i = 0,... ,n. We have 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 25 

where (xQ,...,x ) = I x.d , and thus v ...v (xQ,...8x ) = I x.v e V 
i=0 On 1=0 

(x ,...,x ) £ A . The map v ...v is a singular n-simplex in V, and its 

j:th face is the map v ...vJ...vn : A _, -> V. Naturally v ...vn is called 

a linear n-simplex in V. We are now ready to begin the proof of the homotopy 

axiom. 

Let fnsfi • (X,A) -> (Y,B) be two _G-homotopic G-maps, and let 

F : I x (x,A) -> (Y,B) be a G-homotopy such that F(0,x) = fQ(x) and F(l,x) = 

f-.(x), for ewery x e X. Using this specific G-homotopy F we now construct 

homomorphisms 
A AP AC. 
Dn : cS(X;k)*cJ+1(Y;k) 

for all n, which form a chain homotopy from (f-i)# to (fn)^- We shall also 

show that this chain homotopy induces the other chain homotopies we need. 

Let T : A x G/K -* X be an equivariant singular n-simplex belonging 

to J in X. Composing id x T with the G-homotopy F we get the G-map 

F(idT x T) : I x A x G/K -> Y. Now consider linear (n+1 )-simplexes in I x A 

of the form 

(0,d0)...(0,di)(l,di)...(l9d
n) : A n + 1 -> I x An, 0 < i < n. 

To shorten our notation we denote 

T n + 1 = (09d°)...(0,d
i)(l,di).-.(l,dn), 0 5 i < n. 

We shall also have use of the following notation 

o)j = (0,d°)--.(0,di"1)(l,di)--.(l,dn) : An - I x An, 0 < i < n+l. 

Observ e  tha t GJ 0 =  (1 ,d° ) • • • (1 ,d n ) an d co n+ 1 =  (0,d° ) • • • ( 0 , d n ) . Now conside r 

G-map s o f the  form 
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26 SURE N ILLMA N 

F d d j x T ) ( T ; + 1 x i d G / K ) : A n+ 1 x G / K ^ Y . 

We defin e 

D n(T  B  a ) =  I ( - l ) n [ F ( i d x T ) ( T ^ + 1 x i d ) ] » a , 
i= 0 

where a e k(G/K). (From now on we omit the subscripts on the identity maps. 

The symbol id denotes the identity map on the unit interval I if it 

appears immediately to the left of a product sign x, and id denotes the 

identity map on a space of the form G/t(T) whenever it appears immediately 

to the right of a product sign > 

C^(X;k) + C^+1(X;k). We shall show that 

This defines the homomorphism D : 

A A A A A A 

n+1 n n-1 n v 1 'ih v (r# 

It is immediately seen that the identities 

< i d x e J n > v l ' i -1 5 n-1 

T n+l e n+ l \ i+ 1 
n 

[ id x e 

, 1 5 i+ 1 =  j 5 n+1 

i-i\J o < 
n 

-rn, 2 <  i+ 2 <  j < n+1 

r(J) ar e  v a l i d . Usin g thes e  i d e n t i t i e s an d the  fac t t ha t , by d e f i n i t i o n , T v 

T(e ^ x i d ) , 0 5 j - n , we  hav e  (we  omi t th e  coe f f i c i en t elemen t a  e  k(G/t(T ) 

in the  ca lcu la t io n below) . 

A A 

V i V T ) I 
0< j< i - l <n - l 

- l ) 1 + j F ( i d x T ^ H T ^ " 1 x id ) + 

I F( i d x  j)<J - I F( i d x  T )o)n 
0<i< n  n 0<i< n  n 

i+ 1 

I 
2<i+2<j<n+ l 

( - l ) 1 + j F ( i d x T ( j " i : 

K * id) 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 27 

The second line of the above sum equals 

F(id x T)a)J - F(id x T ) ^ + 1 = f ^ - fQT. 

Changing the index i to i + 1 on the first line of the sum and the index 

j to j + 1 on the third line of the sum and summing over the index i, 

we see that the sum of the first and third line in the above sum equals 

~J< en-l<H)(J)T">). -8,^(1). 

Thus 3n+1Dn(T) = ( f ^ C O - tf0)p(T) ~ V - , 3 n ( T ) , which is exactly what we 

wanted to prove. 

PROPOSITION 5.1. Let the notation be as above. The homomorphism 

Dn : C^(X;k) + C^+1(Y;k) restricts to U n : C^(X;k) -> c£7+1(Y;k) and hence 

induces a homomorphism Dn : C^(X;k) -> C^ + 1(Y;k). In fact the homomorphism 

A AQ AQ Ap + "| 

^n * ^n^^ ^ ^ + 1 ^ ) "preserves the relation ~" and hence its dual D : 

c£+1(Y;m) + c£(X;m) restricts to D n + 1 : C^+1(Y;m) -* c£(X;m) and thus also 

induces "D : Cp (Y;m) -> c!!(X;m). All these homomorphisms induce homo-

morphisms on the corresponding relative versions. 

PROOF. We shall show that the homomorphisms Dn : C^(X) -> C +1(Y) 

"preverses the relation ~". The conditions for this, given in Definition 4.4, 

are seen to be satisfied as follows. First, choose the integers r. by 

r]. = (-1)
1, i = 0,...,n. Secondly, if h : An x G/K -> An x G/K

1 is a G-map, 

which covers id : An -> An, we define the G-map h. : A +, x G/K -> A , x G/K', 

i = 0,...,n, by the condition that the diagram 

Tn+1 x id 

A n + ] x G/K — > I x An x G/K 

hi i id x h 
I T 1 x id 4 

A n + ] x G/K' — > I x An x G/K' 

Licensed to Univ of Rochester.  Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



28 SUREN ILLMAN 

commutes. That such a G-map h. exists and is unique follows immediately 

from the fact that the linear map x ,, : A , -> I x & is an imbedding. 
r n+l n+l n 3 

Also observe that each h. : A ,-, x G/K -> A (1 X G/K' covers id : A n x l -> A . , 
i n+I n+l n+i n+i 

and that each h. determines the same G-homotopy class from G/K to G/K' 

as h does. 

If now T = T'h, where T and T' are equivariant singular n-sim-

plexes in X, then F(id x T ) ( T ^ + 1 X id) = F(id x T ' ) ( T ^ + 1 X id)hi, i = 0,...,n. 
A AQ AQ 

We have shown that the homomorohism D : C (X) -* C ,,(Y) "preserves the 
n nv ' n+Iv ' 

relation ~". At the same time we have shown that if T B a ~ T' B a' then 
A _p, A A(l A(l 

Dn(T B a - T' B a') e <^+1(Y;k) and thus D n : Cln
3(X;k) -> C^+1 (Y;k) restricts 

to C^(X;k) + C^+1(Y;k) and hence induces D n : C^(X;k) -> C^ + ](Y;k). 

Since F : I x (X,A) -> (Y,B) it follows immediately from the definition 
A _ 

of the homomorphism D that all the homomorphisms D , D , etc. induce 

homomorphisms on the corresponding relative versions. q.e.d. 

COROLLARY 5.2. Let fQ,f1 : (X,A) + (Y,B) be two G-homotopic G-maps. 

Then the induced homomorphisms 

(foV'(flV : sG(X'A;k) " sG(Y'B'k) 

are chain nomotopic, and the same is true for the homomorphisms 

(f0f9(f^f • SG(Y,B;m) -> S G(X,A;m). 

Moreover, the same conclusion holds for both the "roof" and "bar" versions. 

q.e.d. 

This result establishes the homotopy axiom for equivariant singular 
P 

/ Hs|c( ;k), and equivariant singular cohomology H*i 

for the theories H*( ;k), T^( ;k), A*( ;m) and ff*( ;m). 

P 
homology Hs|c( ;k), and equivariant singular cohomology H*( ;m), as well as 

Licensed to Univ of Rochester.  Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 29 

6. THE EXCISION AXIOM 

In this section we prove the excision axiom for both equivariant 

singular homology and cohomology. 

Consider the G-space A * G/K. An equivariant linear q-simplex in 

A x G/K is a map of the form 

v°...vq x id : A x G/K -> A x G/K 

where v ...vq is a linear q-simplex in A , and id denotes the identity 

mapping on G/K. Now assume that K e 5 , the fixed orbit type family under 

consideration. The equivariant linear q-simplexes in A x G/K "generate" 

a submodule, which we denote by CGQ(An x G/K;k), of CG(An x G/K;k). Here 

"generate" means that CGQ(An x G/K;k) is the submodule of CG(An x G/K;k) 

generated by all elements of the form T » a, where a e k(G/K) and T = 

v ...vq x id is an equivariant linear q-simplex in A x G/K. The boundary 

3 maps C Q ( A x G/K;k) into C _-,Q(A X G/K;k) and we have the correspond­

ing subcomplex SGQ(An x G/K;k) of SG(An x G/K;k). 

Let v £ A . Define homomorphisms 

v. : CGQ(An x G/K;k) - C
G
+]Q(An x G/K;k) 

by v- [(v ...vq x id) a a] = (vv ...vq x id) is a, where a e k(G/K). Direct 

calculation shows that 

A A 

3q+1(v-a) = a - V.(8q(a)), , q > 1, 

3i(v-a) = a - (v x id) B In(a), q = 0, 

AG 

where a e C Q(A x G/K;k) and v. x id : A Q X G/K -> A x G/K is the equiv­

ariant linear 0-simplex in A X G/K determined by the point v e A , and 

Licensed to Univ of Rochester.  Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



3 0 SO'RE N ILLMA N 

Ap 

In : CpQ( A x G/K;k ) -> k(G/K ) i s th e  homomorphis m de f i ne d by 

I n [ ( v x i d ) B  a ] =  a . 

We now i n d u c t i v e l y d e f i n e  homomorphism s 

Sdq : c|JQ(An x G/K;k) - C^Q(Ap x G/K;k) 

R q : C^Q(A n x  G / K ; k ) -> 0G
q+]Q(  ̂ x  G/K;k ) 

A  A  0 a 
i n th e  f o l l o w i n g way . We se t Sd Q  =  i d an d RQ  =  0 . I f GO  =  v . . .v M x i d 

i s a n e q u i v a r i a n t l i n e a r q-s imple x i n A  x G/ K  an d a  e  k(G/K ) we  d e f i n e 

A  A  A 
Sd (GO  B  a ) =  b • Sd^ , -,( 8 (GO  B  a ) ) q v ' GO  q - 1 K qK '' 

A A A A 

R  (GO  B  a ) =  b • (GO  B  a  - S d (GO  B  a ) - R  ,(d (GO  B  a ) ) ) . q v ' GO  v q v ' q - 1 v q v ' ' ' 

Her e  b e  A  denote s th e  ba rycen te r o f GO , t h a t i s , th e  p o i n t b =  ———T V  + 
GO  n  J K  oo q +  1 q 

..q 

By induction with respect to q it is easy to prove that 

. . . t J^»" 

A A A A 

8 Sd = Sd -.3 

q q q-i q 

A A A A A 

VlRq + R q - 1 ^ = 1d " SV 
A A 

that is, the homomorphisms Sd form a chain map Sd, and the homomorphisms 
A A A 

R form a chain homotopy R from id to Sd. 
Let X be an arbitrary G-space. We now define homomorphisms 

A AP Ar 

Sdn : C^(X;k) - C^(X;k) 

K •• cS(X;k) + cn
G
+1(X;k) 

in the following way. Let T : A x G/K -> X be an equivariant singular n-

simplex belonging to J in X, and let a e k(G/K). We define 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 31 

Sdn(T e a) = T#Sdn((d°...d
n x id) s a), 

A A A n n 

Rn(T B a) = T#Rn((d
u...dn x id) B a). 

A A 
It is easy to see that these homomorphisms Sd again form a chain map Sd 

A A 
and that these homomorphisms R form a chain homotopy from id to Sd. 

A 

The proof of this is a formal computation using the fact that both Sd and 
A 

R , when defined on the equivariant linear chain complexes, commute with the 
homomorphisms induced by the face maps e^ * id : A _, x G/K -> A x G/K, and 

A A 

the fact that the homomorphisms Sd and R defined on the equivariant 
q q 

linear chain complexes already have the desired properties. 
PROPOSITION 6.1. The homomorphism Sdn : C^(X;k) + C^(X;k) restricts 

to Sd : C^(X;k) + C^(X;k) and hence induces a homomorphism Sd : C^(X;k) -> 
C^(X;k). In fact the homomorphism Sdp : C^(X) + cJj(X) "preverses the rela-

A, n tion ~" and hence its dual Sd : Cg(X;m) -> Cg(X;m) restricts to Sd 

c£(X;m) -* C^(X;m) and thus also induces Sd" : c|!(X;m) + C^(X;m). All the 
A 

corresponding statements hold for the homomorphism R 
A Ar Aft 

PROOF. We first prove that the homomorphism Sdn : C^(X) -> C^(X) 
A AQ AQ 

"preserves the relation ~". Consider Sd : C Q(A X G/K) -> C 0(A X G/K). 
0 N 

We have Sd (d ...d x id) = I ± a. x id, where each a. is a linear n-
q j = 1 3 3 

simplex in A . Also observe that each expression ± a. and the integer N 

(in fact N = (n + 1)!) are independent of the subgroup K. Moreover it fol­

lows immediately from the recursive definition of Sd that each a. : A + 
J q J n 

A is an imbedding. If now h : A x G/K -> A x G/K1 is a G-map, which 

covers id : A -> A , we define the G-map h. : A x G/K -> A x G/K' by the condition that the diagram 
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A v riv 
An

 x b/K 

h . . 
J 

A n  x G/K ' -

SURE N ILLMA N 

a . x i d 
J > A v riv 

> A x b/1\ 

I h 

o . x i d 
2 -* A n x G/K ' 

commutes. Observe that h. covers id : A -> A and that h. determines 
J n n j 

the  sam e G-homotop y clas s o f G-map s from G/K  to G/K ' as h does . 

Now reca l l tha t fo r an y equivarian t singula r n-simplex , belonin g to , 

T  : A n x G/K  +  X  we  hav e  by d e f i n i t i o n , Sd n(T ) =  T # Sd n (d° . . .d n x id ) = 
N 
I ± T(a. x id). If now T = T'h, it follows that T(a. x id) = T'h(a. x id) = 

j=1 J J J 
A AC An 

T'h(a. x id) = T'(a. x id)h.. We have shown that Sdn : C*(X) -> C|J(X) "pre­

serves the relation ~". 
A AQ AQ 

To prove that the homomorphism Rn : (T(X) -> C -j(X) "preserves the 

relation ~" we proceed in a completely analogous way as above. First 

consider the homomorphism Rn : C„Q(An x G/K) + C*+1Q(An
 x G/K)> and observe that 

A n M 

R (d ...dn x id) = I ± T. x id, where each x. is a linear (n + l)-simplex 
n i=1 J J 

in A . Moreover, the expression ± T. and the integer M are independent 
of the subgroup K. If now IT : A x G/K -> A X G/K' is a G-map, which 

covers id : A -> A , we define the G-map h". : A -, x G/K -> A , -, x G/K' n n K j n+1 n+1 

by requiring that TT. covers id : A . -> A , and that the diagram 

T . x id 
A
n+1

 x G/K — - J -> An x G/K 

T . x id 
A n + 1 x G/K' 2 >. An x G/K' 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 33 

commutes. (Thus "h.(x,gK) = (x5pr2F(r .(x) 5gK)), where pr2 denotes projec­

tion onto the second factor). 

If T = T'TT, it follows that T ( T . X id) = T'(T. X id)TT.. Hence 

A M M _ A A P 
R„(T) = I ± T ( T . x id) = I ± T'(T. x id)h.. This shows that R : (T(X) + 
n j=1 J j=1 J J n n 

AG 

^ n +i(
x) "preserves the relation-". q.e.d. 

Exactly as in the case of ordinary singular theory the subdivision 

chain map Sd : SG(X;k) -> SG(X;k) and the chain homotopy R : SG(X;k) -* SG(X;k) 

are the crucial ingredients for the proof of the excision axiom. We proceed 

to give the remaining details. 

DEFINITION 6.2. Let V be a family of G-subsets of the G-space X. 

An equivariant singular n-simplex T : A x G/K -> X is said to be in V if 

T(A x G/K) is contained in at least one of the sets in V. 

Clearly all equivariant singular n-simplexes belonging to J in X 

which are in V "generate" a submodule CG(X;k;V) of CG(X;k). For the case 

k = Z, i.e. the coefficient system defined by Z(G/K) = Z, for every K e J , 

and all the induced homomorphisms are the identity on Z, we use the simplified 
AP 

notation C (X;V), in complete analogy with our earlier notation. We denote 

the inclusion by 
A Ap Ap 

n : C*(X;k,V) -> cJ(X;k). 
AG Now observe that if T B a z C (X;k;V) and T B a ~ T ' B a', where T' B a' 

e CG(X;k)5 then it follows that also T' B a' e CG(X;k;V). That is, the rela-
AG tion - restricts to C (X;k;V) in this way. This fact allows us to use these 

AQ 

new modules C (X;k;V) in a way completely analogous to the way we have used 
AG the modules C (X;k). To be more specific we mean the following. We define 

"CG(X;k;V) and CG(X;k;V) by complete analogy to the definitions of C^(X;k) 
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34 SOREN ILLMAN 

and C (X;k). We can use the notion of a homomorphism a which "preserves 

the relation ~" (see Definition 4.4.) also when the range or domain (or both) 
A AQ 

of the homomorphisms a is one of the modules C (X;V). We can use the same 
Ar Ar An 

kind of duals of (T(X;V) as of (T(X), that is, we define Cj!(X;m;V) = 
AG Hom.(C (X;V),M), the right R-module consisting of all homomorphisms of abelian 

Ar 

group s c : C  (X;V ) -> M, whic h sa t i s f y the  condit io n c(T ) e  m(G/t(T)) , fo r 

eyery equivarian t singula r n-simple x T , belongin g to J i n X , whic h i s 

in V . (Recal l tha t M denote s the  r i gh t R-modul e  M =  I e  m(G/K)) . The n 

n  A n 
Cp(X;m;V ) i s define d to be  the  submodul e  o f C r(X;m;V ) consistin g o f a l l AG homomorphism s c : C  (X;V ) •> M whic h sa t i s f y the  condit io n i n Def in i t io n 4.3 . 

A AQ An 

If now for example a : C (X) -> Cn(X;V) is a homomorphism which "preserves 

the relation ~" it follows that a has a dual a** : c[l(X;m;V) -> Cg(X;m) 
wh ich restricts to a ^ : Cp(X;m;V) -> Cp(X;m), (and a is again called the 

A 

dual of a). 

LEMMA 6.3. Let V be a family of G-subsets of X such that X 

•jO U B  . Le t T  : A  x G/K  -> X  be  an equivarian t singula r n-simple x belongin g 
BeV  n 

to J in X, and a e k(G/K). Then there exists an integer m such that 

Sdm(T a a) e Sb(X;k;V). 

PROOF. Consider the (ordinary) singular n-simplex T| : A + X, where 

(T|)(x) = T(x,eK), x e A . From the corresponding result in ordinary singular 

theory we know that there exists m such that Sdm(T|) e S(X;V) (see 

Eilenberg-Steenrod [6], p. 198-199.) Here Sd : S(X) + S(X) is the sub­

division chain map on the ordinary singular chain complex of X. But since 

V is a family of G-subsets, it now follows from the way our Sd is defined 

that we have Sdm(T a a) z §G(X;k;V). q.e.d. 

For any equivariant singular simplex T belonging to J in X we 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 35 

denote by m(T) the smallest integer for which Sdm^T^(T s a) e SG(X;k;V). 

The coefficient element a e k(G/t(T)) does not affect this situation at all. 

Clearly we have m(T^^) < m(T). If T a a e SG(X;k;V) then m(T) = 0, and 

if T » a e SG(A;k) then also Sdm(T^(T a a) e SG(A;k;V). The following 

proposition corresponds to Theorem 8.2. on page 197 in Eilenberg-Steenrod [6]. 

The proof we give follows the proof they give in the Notes at the end of 

Chapter III, and not the proof they give in the text. Note the remark on 

page 207 in Eilenberg-Steenrod [6]. 

PROPOSITION 6.4. Let V be a family of G-subsets of X such that 

X = u B°. Then, for any G-subset A of X, the inclusion 
BeV 

n : SG(X,A;k;V) -> SG(X,A;k) 

, . A 

is a homotopy equivalence, and the same is true for the corresponding n 

and n". The dual 

n^ : SG(X,A;m) + SG(X,A;m;V) 

is also a homotopy equivalence, and the same is true for the corresponding n 

and "n . 

PROOF. Let T be an equivariant singular n-simplex belonging to J 

in X, and a e k(G/t(T)). 

Define 

?(T.a) =S>( T)(T Ba) + " (-l)i "T^f* &(T ( 1 ) • a) 
1=0 j ^ 1 ) ) 

. m^l'\ Ai 
D(T a a) = I ft. SdJ(T a a). 

j=0 

Observe that T(T a a) e C^(X;k;V) and that D(T a a) e C^+1(X;k). 
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36 SO'REN ILLMAN 

This defines homomorphisms 

Tn : C^(X,A;k) - cJ(X,A;k;V) 

Dn : cJ(X;A;k) - CJj+1(X,A;k). 

A formal computation shows that 

A A A A . . 

Vl D n  +  D n-l 3n =  i d "  V n 

A A A A A A . A 

for all n. From th is it follows that ^p^nTpj ~ ^p lTn-l^n* Since n '. 
AG AG 
S (X,A;k;V) •> S (X,A;k) is a chain map and an inclusion it follows that 
A A A A A A A 

3 T = x ,9 , that is, the homomorphism x form a chain map T : S(X,A;k;V) 

S (X,A;k). Since xn = id and the above formula tells us that nx is chain 

homotopic to the identity map, it follows that n is a homotopy equivalence, 

and in fact x is a homotopy inverse to n. 
A A _ 

By Proposition 6.1. the maps Sd and R restrict to maps Sa and R, 
and hence induce Sd and R. Since m(T) = m(T'), if T B a ~ T* » a', it 

A A _ _ 

follows that the maps x and D restrict to corresponding maps x and D 

and therefore induce x and D. Thus x and 7 are homotopy inverses to 

n and 7» respectively. In the same way it follows from Proposition 6.1. 

that the homomorphisms xn : C^(X) -+ C^(X;V) and Dn : C^(X) -> C^+1(X) 

"preverse the relation ~" and thus the duals x , x , and x are 

homotopy inverses to n , n , and n T respectively. q.e.d. 

COROLLARY 6.5. Let (X,A) be a G-pair and let U a G-subset of X 

such that U c A 0 . Then the inclusion 

i : (X - U, A - U) -> (X,A) 

induces a homotopy equivalence 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 37 

i # : SG(X - U, A - U;k) -* SG(X,A;k). 

A _ 

The corresponding L and \„ are also homotopy equivalences, and the same 
A # # — # 

is true for the duals i , i , and i . 

PROOF. Let V denote the family consisting of the G-subsets A and 

X - U. Since U c A ° it follows that X = (X - U)° u A0, that is, the family 

V satisfies the dondition of Proposition 6.4. Since 

SG(X;k;V) = SG(X - U;k) + SG(A;k) 

SG(A;k;V) = SG(A;k) and 

SG(X - U;k) n SG(A;k) = SG(A - U;k) 

it follows (by the Noether isomorphism theorem) that 

j : SG(X - U, A - U;k) ->-SG(X,A;k;V) 

A AA A AQ AQ 

is an isomorphism. Since i^ = nj> and n : S (X,A;k;V) -> S (X,A;k) is a 
A 

homotopy equivalence by Proposition 6.4., it follows that i* is a homotopy 
_ A 

equivalence. Since also the maps j and j corresponding to j, and the 

duals j , j , and j are isomorphisms, it follows that the maps i ^ and 

i", as well as the maps i , i , and i are homotopy equivalences. q.e.d. 
This result proves the excision axiom for equivariant singular homo-

( ;k), and equivariant singular cohomology H*( 

the theories HG( ;k), H^( ;k), H*( ;m), and H*( ;m), 

loQY H*( ik), and equivariant singular cohomology H*( ;m), as well as for 
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38 SUREN ILLMAN 

7. THE DIMENSION AXIOM 
p 

Let H e J . We shall determine the R-modules H (G/H;k), for every n. 

Let TT : A x G/H -> G/H be the projection onto the second factor. The map 

TT is an equivariant singular n-simplex belonging to ? in X. We have 

n i 
)n(Tin 0 b) = I (-1) nn_-, • b, that is, 

\l\* b) 

TT _, ia b , for n even, and n > 2 

, for n odd, 

P 
where b £ k(G/H). Let S spe.(G/H;k) denote the chain complex which in 

p 
degree n is C spe.(G/H;k) = Z s k(G/H) and the boundary homomorphism 

is the standard one i.e. the one given above. Clearly the homology of the 
p 

chain complex S spe.(G/H;k) is given by 

HQ(S
Gspe.(G/H;k)) = C^spe.(G/H;k) cr k(G/H), 

Hm(S
Gspe.(G/H;k)) = 0, for m t 0. 

We shall now establish an isomorphism of chain complexes 

3 : SG(G/H;k) = -> SGspe. (G/H;k). 

First we define a chain map 

3 : SG(G/H;k) -> SGspe. (G/H;k) 

as follows. Let T : A x G/K -* G/H be any equivariant singular n-simplex 

belonging to J in G/H. Then define T : An x G/K ^ An -+ G/H, by T(x,gK) 

(x,T(x,gK)). Observe that T = TT T, and T » a ~ TT » (T)5|c(a), where 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 39 

a e k(G/K). Now define 

p(T » a) = nn 8 (T%(a) e C^spe.(G/H;k). 

Since pU-ljV 1) B a ) = H)\_^ 8 (T^')+(a) = H ^ V l • (T)#(a), 
A 

i = 0,...,n, it follows that 3 is a chain map. Now assume that T B a ~ T' 

B a'. Let h : A x G/t(T) -> A X G/t(T') be a G-map which covers id : A -> 

A , such that T = T'h and h3|c(a) = a'. Then T = T'h, and hence (T)#(a) = 

(TT)*h5(c(a) = O H ^ a
1 ) . Thus &(T B a) = (V B a'), and it follows that 3 

r c 
induces the chain map 3. An inverse a : S spe.(G/H;k) -> S (G/H;k) to 3 

p 
is defined as follows. Let TT B b z C spe.(G/H;k) and define a( IT B b) = AG { TT B b}, where { TT B b} denotes the image of the element TT B b e C (G/H;k) 

Aft (1 

under the natural projection C^(G/H;k) -+ C^(G/H;k). Then 3a(nn B b) = 

3(TT B b} = TT B (7 )#(b) = TT a b, since ¥n = id : An x G/H -> An x G/H. Also 

a3({T B a}) = a( nn B (T) + (a)) = { nn B (T^a)} = {T B a} since, as we already 

noted before, T B a ~ TT B (T^a). Thus a is an inverse to 3 and we have 
P f shown that 3 : S (G/H;k) -> S spe.(G/H;k) is an isomorphism of chain complexes. 

P 

It follows that the homology R-modules of the chain complex S (G/H;k), that is, 
P 

the equivariant singular homology R-modules H (G/H;k) are given by 

H§(G/H;k) cr k(G/H) 

H^(G/H;k) = 0 , for m t 0. 

The explicit isomorphism 

a : HQ(G/H;k) = - k(G/H) 

is described as follows. Since every element in Cp(G/H;k) is a cycle and 

only the zero element is a boundary it follows that HQ(G/H;IC) = (^(G/hUk). 

Licensed to Univ of Rochester.  Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



40 SD'REN ILLMAN 

Then a : H§(G/H;k) = C§(G/H;k) - k(G/H) is defined by the following. If 

T : A 0 x G/K = G/K -> G/H is any equivariant singular 0-simplex belonging to 

J in G/H, we have oc({T B a}) = T*(a) e k(G/H), where a e k(G/K) and 

T* : k(G/K) -• k(G/H) is the homomorphism induced by the G-map T : G/K -> G/H. 

From this description of the isomorphism a it also follows immediately that 

a has the naturality property described in the statement of the dimension 

axiom in Theorem 2.1. This concludes the proof of the dimension axiom for 

equivariant singular homology. 

Let us now prove the dimension axiom for equivariant singular cohomo-

logy. Denote C^spe.(G/H;m) = Homz(Zn ,m(G/H)). 
n 

We have 

d(TTn), for n odd, n - 1 

(6"(d))(Vl) = d o n + 1 ( V l ; 
n 

0 , for n even, 

where d e c[]spe.(G/H;m). Thus 6n : C^spe. (G/H;m) -> C^+1spe. (G/H;m) is the 
An 

zero homomorphism if n is even, and 6 is an isomorphism if n is odd and 

n > 1. Let SpSpe.(G/H;m) denote the corresponding cochain complex. Clearly 

the homology of the cochain complex S^spe.(G/H;m) is given by 

HQ(SGspe.(G/H;m)) = C^spe.(G/H;m) = Homz(Zn ,m(G/H)) ̂  m(G/H) 
n 

Hm(SGspe.(G/H;m)) = 0. 

We shall now define an isomorphism of cochain complexes 

a' : SQ(G/H;m) + SQspe.(G/H;m). 

Let c e CG(G/H;m), we then define a'(c) e C^lspe.(G/H;m) by (a'(c)(i^) = 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 41 

C(TT ). Clearly a' is a cochain map. To see that a' is an isomorphism 

we define a cochain map 

3' : SQspe.(G/H;m) -> SG(G/H;m), 

and show that 3' is the inverse to a'. We first define 3' : S^spe.(G/H;m) -> 

SQ(G/H;m) as follows. If d £ CGspe.(G/H;m) we define 3'(d) by (3'(d))(T)= 

(T)*d(TT ) e m(G/t(T)), for any equivariant singular n-simplex T belonging to 

? in G/H. It is easy to see that 3' is a cochain map. If now T = T'h, 
A 

where h : An * G/t(T) •> A * G/t(T'). covers id : A -> A , then (fl'(d))(T) = 

(T)*d(nn) = h*(T
r)*d(TTn) = h*(3'(d))(T*). Thus the values of 3* in fact 

lie in Sp(G/H;m). This defines the cochain map B'. For any equivariant 

singular n-simplex T belonging to in G/H we have T = TTT, and hence 

c(T) = (T)*c(TTn), for eyery c £ c[!(G/H;m). Thus we have (3'a'(c)(T) = 

(T)*a'(C)(iTn) = (T)*c(Tin) = c(T), that is 3'a' = id. Moreover (a'3* (d) (irn) = 

(3'(d)(TT ) = (¥ )*d(TT ) = d(fT ), since 7 n = id. We have shown that 3' is the 

inverse to a1 and hence that a' is an isomorphism. It follows that 

the homology R-modules of the cochain complex Sp(G/H;m), that is, the 
p 

equivariant singular cohomology R-modules Hf(G/H;m) are given by 

HG(G/H;m) ^ m(G/H), 

H^(G/H;m) = 0 , for q / 0. 

The explicit isomorphism 

S : HG(G/H;m) % m(G/H) 

is described as follows. First we have HG(G/H;m) = Cg(G/H;m), and then £ 

is defined in the following way. Let c £ CG(G/H;m), then £(c) = C ( T U ) , 
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where nQ : AQ x G/H = G/H -> G/H equals the identity map. Using this descrip­

tion of the isomorphism one easily shows that £ has the naturality property 

described in the statement of the dimension axiom in Theorem 2.2. This con­

cludes the proof of the dimension axiom for equivariant singular cohomology. 

We have now completed the proofs of both Theorem 2.1. and Theorem 2.2. 

8. ADDITIVITY PROPERTIES 

Assume that the G-space X is the topological sum of the G-spaces X., 

j e J. We denote this by X = t) X.. Let A be a G-subset of X and denote 
jeJ J 

A. = A n X.. Then also A = u A.. By i. : (X.,A.) •> (X,A) we denote the 
J 3 jeJ J 3 3 3 
natural inclusion. 

PROPOSITION 8.1. The homomorphisms 

I • (i,)* : I • ^(X.,A ;k) - H^(X,A;k) 
jeJ 3 jeJ n J J n 

n (i.)* : H"(XsA;m) - n H"(X.,A.;m) 
jeJ J b jeJ b 3 3 

are isomorphisms for every n. 

PROOF. Follows immediately using standard properties of direct sums 

and products from the way we have defined the equivariant singular homology 

and cohomology modules. q.e.d. 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 43 

II. FURTHER PROPERTIES OF EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 

1. NATURALITY IN THE GROUP 

Let P and G be topological groups, and let J and J be orbit 

type families for P and G, respectively. Assume that <\> : P -> G is a con­

tinuous homomorphism, such that, if Q e 5 then <j>(Q) e J . 

Let X be a P-space and Y a G-space, and let f : X -> Y be a <j>-map. 

Thus f(px) = (j)(p)f(x), for every p e P and x e X. Make Y into a P-

space through the homomorphism <j> : P -> G. That is, P acts on Y by 

Py = ^(p)y- We denote this P-space by Y'. Now observe that we have the 

commutative diagram 

where the map f equals f as a map of topological spaces, and id is the 

identity on the underlying topological spaces. The map f : X -> Y' is a P-

map, and id : Y' -> Y is a <j>-map. 

We shall define induced homomorphisms on equivariant singular homology 

and cohomology of the <j>-map f : X -> Y. Due to the above commutative diagram 

it is enough to consider the <j>-map 

id : Y' -> Y, 

and define the homomorphisms it induces on equivariant singular homology and 

cohomology. 

Let 

a : P/Q + P/N 

Licensed to Univ of Rochester.  Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



44 SOREN ILLMAN 

be a P-map (Q and N are subgroups of P). Denote a(eQ) = p j . Thus 

a(pQ) = PP 0
N- We have Q c PoNpolj and hence ^Q) c ̂ (Po^W^Po)*"1-

Therefore we can define a G-map 

4>(a) : G/d>(Q) - G/<f>(N) 

by the condition 4>(a)(ec|>(Q)) = 4>(pQ)4>(N). We then have 4>(a)(g4>(Q)) = 

g<Kp0H(
N)> g e G. 

Now let k' and k be covariant coefficient systems for J' and J , 

respectively, over the ring R. Let 

o : k' -> k 

be a natural transformation with respect to the homomorphism <j> : P -> G. By 

this we mean that for each Q e J we have a homomorphism of left R-modules 

$ : k'(P/Q) - k(G/<fr(Q)), 

such that if a : P/Q -> P/N is a P-map, where also N e J ', then the dia­

gram 

k ' ( P / Q ) — k(G/4>(Q)) 

a* J | (*(a))* 

k ' ( P / N ) — ^ k(G/cj)(N)) 

commutes. 

PROPOSITION 1.1. Let the homomorphism $ : P -* G, and the natural 

transformation $ : k1 -> k be as above. Let (Y,B) be a G-pair and make it 

into a P-pair (Y',B') through the homomorphism <j>. Then the <j>-map 

id : (Y',B*) -> (Y,B) induces homomorphisms 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 45 

(<M)* "• HP(Y',B';k') - HG(Y,B;k), 

for all n, with the following properties. 

1 . I f <j> =  i d an d <s> =  i d , the n ($ ,$) * =  i d . 

2. (<j>9o)* commutes with the boundary homomorphisms. 

3. If s : (Y,B) + (7,B) is a G-map, and s1 = s : (Y',B') -> (7',£') is 

the corresponding P-map, we have s*( $,<!>)„, = (4>,o)^s^. 

PROOF. We define a chain map 

(W\ = §P(Y',B';k') - SG(Y,B;k) 
ft 

as follows. Let 

Tp : An x P/Q + Y 1 

be  an y P-equivarian t singula r n-simple x belongin g to J ' i n Y ' . We defin e 

the  correspondin g G-equivarain t singula r n-simple x i n Y 

TQ  : A n x G/4>(Q ) - Y 

by TG(x,g4)(Q)) = g Tp(x,eQ). Since the point Tp(x,eQ) e Y' is fixed under 

the subgroup Q, it follows that the same point Tp(x,eQ) e Y, when considered 

as a point in the G-space Y, is fixed under (j>(Q). It follows that T"G is 

a well-defined G-map. Since we assumed that Q e J ', it follows that 

cf)('Q) e J , that is, that T^ belongs to J. Now put 

Ui*)*(Tp • b) = T Q 0 $(b), 

where b e k*(P/t(Tp)), and <D : k'(P/t(Tp)) -> k(G/t(TQ)) (we have t(TQ) = 

4>(t(Tp))). This defines the homomorphism (J7$)n : C
P(Y';k') + C^(Y;k). It is 

--—- AD Af 

clear that (<j>,$)n maps Cn(B';k') into C^(B;k), and that the homomorphisms 
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46 SD'REN ILLMAN 

(<j>,$) commute with the boundary. We have constructed the chain map (4>,̂ >)„ . 
n ir 

cJ(Y';k')+ It remains to show that (<j>,$) restricts to (cj)9$) 

^ ( Y ; k ) , and therefore induces (<j>,$)n • C^(Y';k') -> C ^ ( Y ; k ) . Assume that 

T p a b - T' p B b', where T p : A p x P/Q -> Y
1 , T^ : A n x P/Q' -> Y', and 

b e k * ( P / Q ) , b' e k ' ( P / Q * ) . Let h p : A n x P/Q - A n x P/Q' be a P-map, which 

covers id : A -> A , such that T n = T'h n and (h n)*(b) = b'. Consider the n n P P P v P'*^ 

diagram 

A n x p/Q 

A n x P/Q' 

A(<j)) 
-> A n x G/cj)(Q) 

A ( * ) ' 
-> An x G / ^ C Q 1 ; 

where A((j>) is defined by A(cj))(x,pQ) = (x,<j>(p)4>(Q)), x £ A ,. p £ P, and 

A((f)), is defined analogously. It is immediately seen that A(cj)) and A(<j>)' 

are well-defined 4>-maps. Define the map lv by hG(x,gcj)(Q)) = g(A(<j>) 'hp(x,eQ)), 

g s G. The point &(<\>) 'hp(x,eQ) is fixed under the subgroup (f>(Q) of G, 

since the composite map A(({)),hp is a <j>-map. It follows that hp is a well-

defined G-map. It is now easy to see that T'hP = T r. 

We claim that (hG)s|e$(b) = o(b'). This is seen as follows. Restricting 

the maps hp and h G to, for example, the orbit over d £ A gives us the 

P-map ( h p ) 0 : P/Q -> P/Q' and the G-map ( h Q ) 0 : G/<j>(Q) -* G/cf)(Q'). It is 

easily seen that ( 1 V ) Q = cj)((hp)0). It follows that ( I v ) ^ = ^(hp)*. Thus 

we have (hG)+$(b) = $(hp)s|t(b) = o(b'). We have now shown that T G a $(b) ~ 

(b 1). TG 

Thus the chain map (<J>,$L restricts to (<f>,$L> and hence induces 
w #• 

a chain map (<j>,$)#. This chain map induces homomorphisms 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 47 

( < M ) * = HP(Y',B';k') + H®(Y,B;k), 

for all n. It is clear that the properties 1-3 are satisfied. q.e.d. 

Let P, be another topological group and let J, be an orbit type 

family for P,, and let k-. be a covariant coefficient system for 5, over R. 

Assume that (j>, : P. -> P is a continuous homomorphism, such that, (MQ-i) e ? ' 

if Q1 e y,, and let o, : k, -> k' be a natural transformation with respect 

to <j>,. It is immediately seen that for any P,-map a, : P-./Q-. -> P,/N,, we 

have 4>(((f)-|)(a)) = (4><(>-|) (ot) : G/<|>(f>i (Q-|) •> G/4>4>̂  (N1) and that $$-| : k-j -> k is 

a natural transformation with respect to the homomorphism <Hi : P-, + G. 

PROPOSITION 1.2. Let the notation be as above. We then have 

( H r ^ ) * = (*»^)*(*r$1)*. q.e.d. 

Let us now return to the situation where we are given a <j>-map f : (X,A) 

-> (Y,B) from the P-pair (X,A) to the G-pair (Y,B). (All notation and 

terminology will be as above). The <j>-map f induces homomorphisms 

(f.<M)* : H^(X,A;k') •* H^(Y,B;k) 

p 
which by definition, are given by (f,c}),<£>)* = (<J>>$)*"fMc» where f^ : H (X,A;k') 

•> HP(Y',B,;k') is the homomorphism induced by the P-map f : (X,A) •+ (Y',B'). 

COROLLARY 1.3. Let all the notation be as above. The <j>-map f : (X,A) 

-> (Y,B) induces homomorphism 

(f ,<>,*) : Hj(X,A;k') •> H^(Y,B;k), 

for all n, with the following properties. 

1. If f = id, (j) = id and $ = id, then (f,cj>,<s>)* = id. 

2. (f9<J>9$) + commutes with the boundary homomorphism. 

3. Let s : (Y,B) -* (Y,B) be a G-map, then (sf,<(>,$)* = s +(f,<M)*-
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48 SO'REN ILLMAN 

4. Let r : (7,A) -> (X,A) be a P-map, then (fr,$,$)„, = (f,4>,$)*>%,. 

5. Let 

f 
(X,A) • (Y,B) 

r I is 

(X,A) • (7,B) 

be a commutative diagram where s is a G-map, r is a P-map, and both 

f and f are cj>-maps. Then we have (f9<!>»$)*)%, = s+(f ,cj>9<2>)* 

6. If h : (U,C) -> (X,A) is a <j>,-map, we have 

( f h , ^ , ^ ) * = (f,c|),$) + (h,(|,r$1)J|c. 

PROOF. The definition of the induced homomorphism (f»<J>,$)+ was already 

given above, and the properties 1. and 2. are then immediate consequences of 

the corresponding properties in Proposition 1.1. We shall next show that 

property 3. is valid. Let s : (Y,B) •> (7,5') be a G-map and s' : (Y',B') -> 

(Y',B') the corresponding P-map. Since s5|e(<|),$)5)c = (<|>,$)*si» by property 3. 

in Proposition 1.1., it follows that (sf,$,$)* = (<}>,$)* (sf)* = U ^ ) ^ ^ = 

s*U,<s>)*f* = s + (f,<J>,$) + . The property 4. is an immediate consequence of 

the definition, since (fr,(j),$)* = (<J>s$)*(fr)^ = (^»o)^f
7'r^ = (f,<|>,$)+rv 

The property 5. is a consequence of properties 3. and 4. 

Finally we prove property 6. The notation will be as follows. Let 

h" : (U,C) •> (X",A") be the P-j-map corresponding to the <j>,-map h : (U,C) -* 

(X,A). Let f : (X,A) -> (Y',B') be the P-map corresponding to the 4>-map 

f : (X,A) + (Y,B), and let then f" : (XM,A") -> (Y",B") be the P^map corre­

sponding to the P-map f . By property 3. in Proposition 1.1. we have 

fi(4>-|>$-|)* = U-|>$-j)*f*- By Proposition 1.2. we have (M-j »$$-|)* = U^M^-j )*• 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 49 

Thus, using these two results, we have (fh,<jx|>, ,$$,)„, = U<J>i ><&0*"f*h£ = 

U > $ ) * U r V * f * h * = (ct)^)*f;(^r$1)*h^ = (•F»4>,*)a|B(h,4>1,*1)a|K. 

Let us now consider the cohomology version of Proposition 1.1. Let the 

continuous homomorphism cj> : P -> G and the orbit type families J* and J 

for P and G, respectively, be as before. Let m' and m be contravariant 

coefficient systems for 5' and 5, respectively, over the ring. Let 

y : m -> m' 

be a natural transformation with respect to the homomorphism <j> : P -+ G. By 

this we mean that for any Q e J1 we have a homomorphism of R-modules 

¥ : m(G/4>(Q)) -* m'(P/Q), 

such that if a : P/Q -> G/N is a P-map, where also N e J', then the diagram 

m(G/4>(N)) 

(a)" 

m(G/*(Q); 

m'(P/N) 

m'(P/Q) 

commutes. 

PROPOSITION 1.4. Let the homomorphism <|> : P •> G, and the natural 

transformation v : m -> m" be as above. Let (Y,B) be a G-pair and make it 

into a P-pair (Y',B') through the homomorphism <j>. Then the <j>-map id : 

(Y',B') -> (Y,B) induces homomorphisms 

(*.¥)* : H^(Y,B;m) -> H£ ( Y ' ,B' ;m'), 

for all n, and the contravariant versions of the properties 1.-3. 
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50 SDREN ILLMAN 

in Proposition 1.1. are valid. 

PROOF. Define a cochain map 

(*,¥)* : SG(Y,B;m) - $p(Y',B';m') 

as follows. If Tp : A x p/Q -> y1 is a P-equivariant singular n-simplex 

belonging to ?' in Y' we let 1"G : A x G/<j>(Q) -> Y be the corresponding 

G-equivariant singular n-simplex belonging to 5 in Y, as defined in the 

proof of Proposition 1.1. Now let c e CG(Y,B;m) and define (wf*(£) by, 

(f^f(£))(Tp) = «(e(TG)) s m'(P/Q), 

where v : m(G/(j)(Q)) -*m'(P/Q). This defines the homomorphism (<j>9¥) , and 

it is immediately seen that U,¥) is a cochain map. 

It remains to show that (<J>,¥) restricts to (<j>,y) : Sr(Y,B;m) -* 

Sp(Y' ,B';m'). Let c e Cp(Y,B;m). We shall use the same notation as in the 

proof of Proposition 1.1. Assume that Tp = Tphp, and recall that then Tf = 

TGhG' Moreover ^Q)Q = ^((np)n)' and nence ^( ne)* = (np)*^- Tnus we nave 

((wf (c))(Tp) = v(c(TG)) = v((hG)*c(T^)) = (hp)Mc(T^)) = (hp)*( (wf (c) (T£). 

-̂~~̂  # n Hence ((J>,¥) (c) e Cp(Y',B';m). This completes the proof. q.e.d. 

REMARK. Observe that the expression (<j>,¥)* is contravariant in <$> 

but covariant in y. Thus, if y, : m' -> m-, is a natural transformation 

(between contravariant coefficient systems m' and m,) with respect to the 

continuous homomorphism <j>, : P-. -> P, the cohomology analogue of Proposition 1.2. 

reads 

Returning to the (j>-map f : (X,A) -> (Y,B), from the P-pair (X,A) to the G-

Licensed to Univ of Rochester.  Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 51 

pair (Y,B), we now define its induced homomorphisms 

(f,4>,*)* : Hj(Y,B;m) - Hj(X,A;m') 

by (f,*,Y)* = (f')*U,y)* , where (f )* : Hj(Y',B';m') •> Hp(X9A;m
l) is the 

homomorphism induced by the P-map f* : (X,A) -> (Y*9B'). The following corollary 

follows from Proposition 1.4. and the above remark is exactly the same way as 

Corollary 1.3. followed from Propositions 1.1. and 1.2. 

COROLLARY 1.5. The $-map f : (X,A) -> (Y,B) induces homomorphisms 

(f,*,*)* : Hj(Y,B;m) - Hj(X,A;m') 

for all n, and the cohomology versions of the properties 1.-6. in Corollary 1.3. 

are valid. q.e.d. 

We conclude this section by determining the induced homomorphisms of 

the <|>-map f : P/Q -> G/ 4> (Q), where Q £ J1 and f,(pQ) = <j>(p)<HQ) • Since 

Q £ J' and <j>(Q) £ 5 5 it follows by the dimension axiom that the P-space 

P/Q has only O-dimensional P-equivariant singular homology and cohomology, 

and that the G-space G/<j>(Q) has only O-dimensional G-equivariant singular 

homology and cohomology. The following proposition thus gives the complete 

answer. 

PROPOSITION 1.6. Consider the cj>-map f : P/Q -* G/<j>(Q), where Q £ J ' 

and f,(pQ) = 4>(p) 4>(Q) - We have the commutative diagrams 

Hj(P/Q;k') * •Hj(G/*(Q);k) 

"Yi P 4 YG 

k'(P/Q) k(G/d>(Q)) 
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Hg(G/*(G);m) * : • H^(P/Q;m') 

Ĝ h 

m(G/<KQ)) -m'(P/Q) 

Here the vertical arrows denote isomorphisms given by the dimension axiom. 

PROOF. Let T a b e Cg(P/Q;k') = HP(P/Q;k,)9 where T : AQ x P/N = 

P/N -> P/Q is a P-equivariant singular O-simplex belonging to 5* in P/Q, 

and b € k'(P/N). We have (f ,4>,<s>)*(T a b) = (*,$)*(f^)*(T a b) = 

U»*)*((f'T) « b) = (fjT)6 a o(b). Here (f'T)G : G/<j>(N) - G/ (Q) denotes the 

G-equivariant singular O-simplex in G/<j>(Q) corresponding to the P-equivariant 

singular O-simplex f'T : P/N -> G/4>(N)', where (G/^Q))' denotes the P-space 

obtained by making the G-space G/<j)(Q) into a P-space through the 

homomorphism <j> : P -> G. It is immediately seen that (f!T)r- = <j>(T) : 

G/<j)(N) •> G/<j)(Q) the G-map corresponding to the P-map T : P/N •> P/Q. 

Since ^ ( T ) ^ = <£>T+ it follows that YrCf,^>$)*(T a b) = <J>(T)*$(b) = 

$T*(b) = ^Yp(T » b). We have proved that the first diagram commutes. 

Recall that Hp(P/Q;m') = Cp(P/Q;m'), and that if c' € Cp(P/Q;m') = 
AD 

Homt(C0(P/Q),M') then c p ( C ) = c'(id p / Q). Also observe that f' : P/Q + 

(G/4>(Q))' can be considered as a P-equivariant singular O-simplex in (G/<j>(Q))', 

and that (fl)G>- the corresponding G-equivariant singular O-simplex in G/<|>(Q), 

equals idQ/(|)(Q). It follows that if c c C°(G/<|>(Q);in) then Zp({f 9*9v)*{c)) = 

((f;)*(«,*)*(c))(idp/Q) = ((*,Y)*(c))(fJ) = *(c((fJ)G)) = v(c(idG/^(Q))) = n G ( c ) . 

This shows that the second diagram commutes. q.e.d. 
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2. TRANSFER HOMOMORPHISMS 

In this section P denotes a fixed closed subgroup of G such that 

the space of right cosets P\G consists of s elements, that is, 

FK G = {Pgr...,Pgs>. 

Since P is assumed to be closed in G it follows that each point in P^G 

(P\G has the quotient topology from the projection -n: G -> P^G) is closed in 

P\G. It follows that P\G has the discrete topology. 

We say that a G-map 

3 : G/H •> G/H' 

(H and H' denote arbitrary subgroups of G) is of "type P" if 3(eH) = pQH, 

where pQ e P. In this case we have H <= PQH'PQ , and hence P n H c 

pn(P n H)p~ . Thus we can define a P-map 

3! : P/P n H + P/P n H' 

by the condition 3!(e(P n H)) = pQ(P n H'). We have 3*'(p(P n H) = ppQ(P n H'), 
i 

p e P. Moreover, the P-map 3* depends only on the G-map 3 of "type P", 

and not on the specific choice of the element p 0 e P. For if 3(eH) = P-.H', 

where p-, e P, then p^ pQ e P n H' and hence pQ(P n H') = p ^ P n H'). We 

have shown how any G-map 3 : G/H -> G/H' of "type P" determines a P-map 

3! : P/P n H •> P/P n H'. 

Let as before J be an orbit type family for G, and let V be 

an orbit type family for P, such that, if H e J then P n H e J'. Now 

let k1 and k be convariant coefficient systems for J' and 5 5 respec­

t i v e ^ over the ring R. Let 
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54 SOREN ILLMAN 

A : k -> k* 

be a natural transformation of transfer type with respect to the inclusion 

P ^—> G. By this we mean that for every H e J we have a homomorphism of 

left R-modules 

A : k(G/H) + k'(P/P n H) 

such that if 3 : G/H -> G/K, where also K e J , is a G-map of "type P", 

then the diagram 

k(G/H) 

3* 

k(G/K) 

k'(P/P n H) 

(3 !)* 

k'(P/P n K) 

commutes. 

Let (Y,B) be a G-pair. We denote by (Y\B') the P-pair obtained 

by restricting the G-action to the subgroup P. We shall construct transfer 

homomorphisms 

(x:
5A) : H^(Y,B;k) - H^(Y',B';k') 

for every n. 

We begin by defining for each element Pg e P\G an induced chain map 

AG (Pg) # = S
u(Y,B;k) - Sr(Y',B*;k W V ' R» -1/ • , 

(Observe that (Pg) has as domain the "roof" chain complex S (Y,B;k) and 
TT 

p 
as range the chain complex S (Y'jB^k1) which gives the equivariant singular 

homology modules of the P-pair (Y^B 1)). Let for the moment g e G be a fixed 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 55 

element of G. We then define 

(g) : C^(Y,B;k) -, C^(Y',B';k) 
#= n n 

as follows. Let T : A * G/K -> Y be an equivariant singular n-simplex 

belonging to J in Y. Consider the composite map 

An x p/p n gKg"
1 n-̂  An x G/gKg"

1 [ g ]+ Ap x G/K
 T-> Y 

where n(x,p(P n gKg NX - 'x,p(gKg" )), n e P c G, and [g] is the G-map, 

-1, in fact G-homeomorphism, determined by the condition [g](x,e(gKg )) = (x,gK) 

The map T[g]n : A x p/p n gKg" -> Y', when considered as a map into the P-

space Y', is a P-equivariant singular n-simplex belonging to J' in Y1. 

Now set 

(g)^(T B a) = T[g]n B Atg]* (a 

where a s k(G/K) and [g]* : k(G/gKg" ) -> k(G/K) is the isomorphism determined 

by the G-homeomorphism [g], and A : k(G/gKg" ) -> k'(P/P n gKg" ). This 

defines the homomorphism (g) : C^(Y,B;k) + C^(Y',B';k'). Clearly (g) 

commutes with the boundary homomorphism. 

Now let p e P. We shall show that (gL(T B a) - (pgl, (T B a) e 

TTP C^(Y,,B';k'). Consider the diagram 

An x P/P n gKg 

( P - ] > 

-+ An x G/gKg 

[p"'] 

-1 

[p] 

An x G/K 

-1 n -l/[Dal 
An x P/P n (pg)K(pg) An x G/(pg)K(pg) 
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56 SDREN ILLMAN 

where [p" ] and [pg] denote the G-homeomorphisms determined by the conditions 

[p^Hx.gKg" 1) = ( x . p ' V g W p g f 1 ) ) and [pg](x,e( (pg)K(pg)"1)) = (x,pgK), 

and {p" } is the P-homeomorphism determined by the condition 

{p_1}(x,e(P gKg )) = (x,p" (P n (pg)K(pg)" )). The diagram commutes. We have 

( g W T o a) = T[g]n « A t g J ^ a ) , and (pg) (T • a) = T[pg]n • Atpgl^a). 

We claim that T[g']n » A[g]~ (a) ~ T[pg]n B A[pg]~ (a). Since {p" } is 

a P-map, which covers id : A -> A , and T[g]n = T[pg]n(p" >, it only remains 

to show that {p~ }*(A[g]* (a)) = A[pg]~ (a). This is seen as follows. Let 

{p" ]} 0 : P/P n gKg'1 - P/P n (pg)K(pg)"1 and [p"1]0 : G/gKg'
1 -* G/(pg)K(pgf] 

be the maps obtained by restricting {p" } and [p" ] to the orbit d e A . 

Then the G-map [p" U is of "type P" and the corresponding P-map is {p~ >n, 

-1 ' -1 -1 -1 
that is, ([p ] Q)' = {p }. It follows that {p l̂ A = A[p ]„,, and hence 

{P_1}*(A[g];1(a)) = Atp'^Jgl^^a) = Atpg^fa). 

AC 

We have shown that if p e P then Wpg) = ir(gL : C„(Y,B;k) -* 
#= tr n 

P AP 
C (Y * ,B' ;k'), where TT denotes the natural projection from C (Y',B';k') 

p 
onto C (Y',B';k"). Thus we can for each element Pg e P\G define an AG P 
induced homomorphism (PgL: (T(Y,B;k) -> C (Y',B';k') by defining 

#= n 

(p9)^ = ^(g)#» where g" is any representative for the right conset 

Pg, that is, gi e Pg. Since (g)„ commutes with the boundary it follows that 

the homomorphisms (PgL form a chain map (Pg) : SG(Y,B;k) •> SP(Y ' ,B ' ;k'). 

We now define 

T ^ : SG(Y,B;k) -* SP(Y'.B1 ;k') 

to be the chain map 
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s 

57 

Thus T (T B a) = TT( I (g..L(T » a)), where g-.,...,g e G form any complete 

rr i = l * 

set of representatives for the set of right cosets P^G. We shall now show 

A 

that Tw induces a chain map 

T # : SG(Y,B;k) -> SP(Y',B';k'). 

Assume that T a a - T' a a', where T : An x G/K -* Y, T' : Ap x G/K' -> Y', 

and a e k(G/K), a' e k(G/K'). Let h : Ap x G/K -> An x G/K' be a G-map 

which covers id : A -> A , such that T = T'h and h5|c(a) = a'. Let gn e G 
n n 0 

be such that h(d ,eK) = (d ,g nK'). Now let g e G be any element of G and 

consider the diagram 

-1 
An x P/p n gKg 

n -1 
—* An

 x G/gKg 

[g] 
-* A x G/K 

n 

-1 n -1 [ g g 0 ] 

An x P/P n (gg0)K'(gg0) • Ap x G/(ggQ)K' (ggQ) ^ > Ap x G/K' 

We claim that the image of the map h[g]n is the P-subset P(A x {ggQK'}) = 

{(x>P(gg0)
K') 6 An

 x G / I < , I P e p> of A
n
 x G/K'- T h i s is s e e n as follows. 

Let TT : A x G/K' -> A x FHG/K' be the natural projection. The set of double 

cosets P\G/K' is discrete since P\G is discrete. Denote for convenience 

Q = P n gKg" . Since the subset 7h[g]n(An x {eQ}) c Ap x P\G/K' is connected 

and the map "rrhtgln covers id : A + A , and since moreover (d 5P(ggn)K') e 

^h[g]n(An x {eQ})9 it follows that 7h[g]n(An x {eQ}) = An x {P(gg0)K'} c 

Ap x P\G/K'. From this and the fact that Im(h[g]n) is a P-subset it 

follows that Im(h[g]n) = P(An x {(gg0)K'}). Now observe that the mao 

[ggg]n is a P-homeomorphism onto the P-subset P(A X {gg K}). Thus 

we define the map r in the diagram by r = ([ggQ]n )" h[g]n. Then 

r is a P-map, which covers id : A -> A . We have T[g] n = T'[gg0]nr. 
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We now claim that (r^Atg]' (a) = A[ggQ]~ (a'). This is seen as follows. 

Define the G-map h in the diagram by h = [g9rJ~ h[g]. The whole diagram 

now commutes. Restricting the maps h and r to the orbit over d e A 

we get the G-map TL : G/gKg~ -> G/(ggQ)~ K*(gg0)~ and the P-map 

rQ : P/P n gKg"1 - P/P n (ggQ)K' (gg 0)
_ 1. Observe that gKg"1 c (gg0)K' (gg0)

_1 

and that TL and rQ in fact are the natural projections. Thus in particular 

the G-map F is of "type P" and its corresponding P-map is rQ. It follows 

that r„A = AF*. Thus r^Atgi;1(a) = A h j g l ^ a ) = A[gg 0]*V(a) = A ^ ] ; 1 (a1). 

We have now shown that -n-(g) (T a a) = ^ ( Q Q Q L C T 1 8 a ' ) . 

If g,,...,g E G is any complete set of representatives for the set 

of right cosets P\G then also g-.g0,...,g g, e G is a complete set of 

representatives. Thus x (T B a) = TT( I (g-L(T 8 a)) = 

s A i=l 
= *{ I (9-9n) (T' B a')) = T (T' a a ' ) - W e h a v e Proved that T#induces 

1=^ G P 
a chain map T#: S (Y,B;k) •> S (Y',B';k'). Moreover it is clear from the way 

the chain map x^ is defined that x commutes with the chain maps induced 

by a G-map f : (X,A) -• (Y,B) and its corresponding P-map f' : 

(X'.V) - (Y',B'). We use the notation (x!,A) : H^(Y5B;k) + H^Y'.B^k') 

for the homomorphism induced by the chain map x^. We have proved. 

THEOREM 2.1. Assume that P is a closed subgroup of G such that 

P\G is a finite set. Let the covariant coefficient systems k' and k for 

P and G, respectively, be as above, and let A : k -> k* be a natural trans­

formation of transfer type with respect to P^—• G. For any G-pair (Y,B) 

we have transfer homomorphisms 

(x!,A) : H^(Y,B;k) -> H^(Y',B';k') 

i 

for every n. The homomorphisms (x*,A) commute with the boundary homomorphism 

and with homomorphisms induced by G-maps. q.e.d. 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 59 

We shall now study the composite of the transfer homomorphism (T',A) 

followed by the homomorphism (i,o)* induced by the inclusion i : P^=—> G. 

Let J1 and J be orbit type families for P and G, respectively, and let 

k' and k be covariant coefficient system for y 1 and J, respectively, 

over the ring R. We assume, that if H e J then P n H e J', and if Q e J', 

then also Q e J . Let A : k -> k* be a natural transformation of transfer 

type with respect to P^-> G, and let $ : k* -> k be a natural transformation 

with respect to i : P^-> G. Moreover let 0 : k -> k be a homomorphism from 

k to itself, that is, a natural transformation from k to itself with 

respect to the identity homomorphism id : G -> G. We assume that the 

following condition is satisfied. For every H e J the diagram 

k(G/H) > k'(P/P fl H) •* k(G/P 0 H) 

k(G/H) 

commutes. Here p : G/P fl H ^ G/H denotes the natural projection. 

THEOREM 2.2. Assume that P is a closed subgroup of G such that 

P\G consists of s elements. Let A : k -> k', $ : k' -> k, and 0 : k -> k 

be as above, and assume that the above condition is satisfied. Then, for any 

G-pair (Y,B) and every integer n, the composite homomorphism 

H*(Y,B;k) - H^(Y',B';k') -* H^(Y,B;k) 

equal s S0* . In par t i cu la r i f 0 =  i d th i s composit e  equal s mu l t i p l i c a t i o n 

by s . 

PROOF . Le t T  : A  x G/K  -> Y  be  a  G-equivarian t singula r n-simple x 

belongin g to J i n Y , an d l e t a  e  k(G/K) . Le t Pg z P̂ G  an d conside r the 
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composite homomorphism (i,$L(PgL : C^(Y,B;k) -> c£(Y',B';k'} + C^(Y,B;k). 

We have 

(i.*V(Pg)^(T « a) = ir((T[g]n)G • M t g l ^ a ) ) . 

Here T[g]n is the P-equivariant singular n-simplex belonging to ' in Y1 

as in (2.1), and (T[g]n)G is its corresponding G-equivariant singular n-

simplex belonging to J in Y, as defined in section 1. of this chapter. It 

is immediately seen that (T[g]n)G = T[g]p, where p : A * G/P n gKg -* 

A x G/gKg denotes the natural projection. We have 

T[g]P B M[g]^(a) ~ T B [gUp^Afg]" 1^) = T B [g^etg]*1 (a) = T ® e(a) 

Thus 

(i»*)#(Pg)^(T • a) = TT0#(T B a). 

It follows that already on the chain level we have (i» $L T^ = SQ#. : 

cJj(YsB;k) - cjj(Y,B;k). q.e.d. 

We shall show that the transfer homomorphisms compose in a natural way. 

Assume, in addition to the assumptions made in establishing Theorem 2.1., that 

N is a closed subgroup of P such that N\P is a finite set, and that Jj 

is an orbit type family for N, such that, if Q e V then N D Q e J,. 

Moreover let k-. be a covariant coefficient system for J, and A, : k' -* k, 

a natural transformation of transfer type with respect to N^—> P. Observe 

that A,A : k -> k, is then a natural transformation of transfer type with 

respect to N <=—> G. 

PROPOSITION 2.3. Let the assumptions and notation be as above. Then 

( T ^ A ^ A A ) = (T'^A). 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 61 

PROOF. Let g e G, p e P and consider the homomorphisms (g) : 

C„(Y,B;k) + cJ(Y',B';k') and ( p ) # ; C^(Y' ,B';k') - cJ(Y1,B1 ;k1) (here 

(Y.jB,) denotes the N-pair obtained from the G-pair (Y,B) by restricting 

the action to the subgroup N). It is easy to see that (pL(gL = (P9L-
fr rr rr 

The proposition now follows from this fact for if g-j»... »g e G is a complete 

set of representatives for P^G and p-.,...,p e P is a complete set of 

representatives for N^P then the elements p.g. e G, 1 < i 5 s, form a 

complete set of representatives for PKG. q.e.d. 

The construction of the transfer homomorphism in cohomology is dual to 

the construction in homology. We give the necessary details below, using the 

same diagrams and constructions we already used in constructing the transfer 

homomorphism in homology. 

Assume that J' and 3F are orbit type families for P and G, 

respectively, such that if H e 3F the P n H e J'. Let m' and m be 

contravariant coefficient systems for J' and J, respectively, over the 

ring R. Let 

Q, : m' -> m 

be a natural transformation of transfer type with respect to the inclusion 

P ̂ —> G. By this we mean that for any H e J we have a homomorphism of 

right R-modules 

a : m'(P/P fl H) -> m(G/H) 

such that if 3 : G/H •> G/K, where also K e f , is a G-map of "type P", then 

the diagram 
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m'(P/ P  n K) 

( 3 ' ) 

m(G/K ) 

m'(P/ P  n H) m(G/H ) 

commutes . 

THEOREM 2.4. Assume that P is a closed subgroup of G such that 

P\G is a finite set. Let the contravariant coefficient systems m' and m 

for P and G, respectively, be as above, and let o, : m' -> m be a natural 

transformation of transfer type with respect to P c — > G. For any G-pair 

(Y,B) we have transfer homomorphisms 

(T,,n) : H£(Y',B';m') -> Hj(Y,B;m) 

for eyery n. The homomorphisms (T,,J]) commute with the boundary homomorphism 

and with homomorphisms induced by G-maps. 

PROOF. Let g e G and define 

(gf : cJ(Y',B';m') - c[!(Y,B;m) 

as follows. Let c e Cp(Y',B';k') and define (gf (c) by the following. 

If T : A x G/K -> Y is a G-equivariant singular n-simplex belonging to J 

in Y we define the value of (g) (c) on T by (see (2.1)) 

((gf(c))(T) = ([g]*)'^c(T[g]n). 

Here c(T[g]n) e m'(P/P n gKg"1) and Q : m'(P/P n gKg"1) ^m(G/gKg _ 1), 

and [g]* is an isomorphism [g]* : m(G/K) -> m(G/gKg" ). This defines 

the homomorphism (g) and it is clear that is commutes with the coboundary. 

Now let p e P. We claim that (pg) = (g)^. Consider the 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 63 

diagram (2.2.). Since c e Cp(Y,,B';k') (no roof!) it follows that 

c(T[g]n) = c(T[pg]n{p"
1}) = (p~]}*c(T[pg]n). Thus we have 

((gf(c)(T) = ([g]*)"1nc(T[g]n) = ([g]*)"
1fi{p"1}*c(T[pg]n) = 

([g]*)~VW(T[pg]^) = ((pgf(c))(T). 

It follows that each element Pg e FMS gives rise to homomorphisms 

(Pgf : cJ(Y',B';m') + Sj(Y,B;m) 

for all n, defined by (Pg^ = (?) #, where g" is any representative for 

the right coset Pg. 

We now define 

T * : c£(Y\B';m') -> fij(Y,B;m) 

to be the homomorphism 

i=i 1 

s 
Thus x#(c) = l (g.)^(c)> where g15...,g e G form any complete set of 

i=l n ' s 

representatives for the set of right cosets P\G. We claim that the image 

of x # lies CJ](Y,B;m) and T ̂  thus induces 

x ^ : cJfY'.B^m1) - cJ(Y,B;m). 

This is seen as follows. Let T : An x G/K •+ Y and T' : An x G/K -> Y be 

equivariant singular n-simplexes belonging to in Y, and assume that 

h : A x G/K -> A x G/K' is a G-map, which covers id : A •> A , such that 

T = T*h. We must show that (x#(c))(T) = h*(r*(c)) (T»). Let gQ e G be 

such that h(d ,eK) = (d ,gQK). Now let g e G and consider the diagram (2.3. 
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We then have 

((gf(c))(T) = ([g]*)"^c(T([g]n) = ([g]*f^c(T' [ggQ]nr) = 

([g]*)"1^r*c(T'[gg0]n) = ([g]*f
 ]h*Qc(T'[ggQ]n) = 

h*([gg0]*)"
1nc(T'[gg0]Ti) = h*(gg0)^(c)(T

l). 

Now if g,,...,g e G is any complete set representatives for P^G the same 

is true for g-ign»...»g gn € G. Thus by what we just showed it follows that 

(T #(C))(T) = I ((g.f(c))(T) = I h*((g g f(c))(T') = h*(^(c)(T')). This 
i=l  ̂ i =l 1 u 

proves our claim and thus T # induces T#. The homomorphisms T ^ form 

a cochain map x #" : Sp(Y,,B,;m') -> SG(Y,B;m). We denote the induced homo­

morphism on cohomology by (x,,fi) : Hp(Y',B';nr) -> Hp(Y,B;m) and call it 

the transfer homomorphism. q.e.d. 

We shall now give the cohomology version ot Theorem 2.2. For this 

let 5' and ? be orbit type families for P and G, respectively, such 

that if H e ? then P n H e T and if Q e 5 then also Q e J . Let m1 

and m be contravariant coefficient systems for T and J 9 respectively. 

Let 9, : m' -> m be a natural transformation of transfer type with respect 

to P <=—> G, and let ¥ : m -> m' be a natural transformation with respect 

to i : P <=•—• G. Moreover let 0 : m •> m be a homomorphism from the contra­

variant coefficient system m to itself. (The homomorphism induced by 0 on 

equivariant singular cohomology is denoted by e^.) We assume that the 

following condition is satisfied. For eyery H z J the diagram 

m(G/P n H m(G/H) 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 65 

commutes. Here p : G/P n H -> G/H denotes the natural projection. 

THEOREM 2.5. Assume that P is a closed subgroup of G such that 

K G consists of s elements. Let n : m' -* m, ¥ : m -> m', and e : m -> m 

be as above, and assume that the above condition is satisfied. Then for any 

G-pair (Y,B) and every integer n, the composite homomorphism 

n (ij^* n ( T » ' ^ n 
Hg(Y,B;m) - Hp(Y',B«;m) -> H^(Y,B;m) 

equals so+. In particular if 0 = id this composite equals multiplication 

by s. 

PROOF. Let Pg e FM5, and consider the composite homomorphism 

(Pg) #(i^)^ : c£(Y,B;m) - ^(Y'.B^m 1) -> fiJ(Y,B;m). Let c e cJ(Y,B;m). 

The value of (Pg) (i,^) (c) on an equivariant singular n-simplex 

T : An x G/K -> Y belonging to J equals ((Pgf (i ,^)#(c))(T) = 

([g]*)"^(i,^)#(c))(T[g]) = ([g]*)~W((T[g] n) G). (The notation is the same 

as in (2.1) and the proof of Theorem 2.2.). We have (T[g]n)p = T[g]p, where 

p : A x G/P n gKg" -> A x G/gKg" denotes the natural projection, and 

c(T[g]n) = p*[gl*c(T). Hence 

((Pgf(i,^f(c))(T) = ([g]*)"W[g]*c(T) = e(c(T)) = e#(c))(T). 

The result follows. q.e.d. 

REMARK. The transfer homomorphisms in cohomology also compose in 

a natural way. The cohomology version of Proposition 2.3. reads 

(x,,a)(T,,^-j) = (T.^-J) 

where a-, : m-. -> m' is a natural transformation of transfer type with 

respect to N c—> P. 
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3. THE KRONECKER INDEX AND THE CUP-PRODUCT 

In this section we assume that R is a commutative ring. By J we 

denote an orbit type family for G. 

DEFINITION 3.1. Let k and m be a covariant and a contravariant, 

respectively, coefficient system for J over R. A pairing a) of k and m 

consists of the following. For each H e ? we have a homomorphism of R-

modules 

a) : m(G/H) B R k(G/H) + R, 

such that if a : G/H -> G/K, where also K e J , is a G-map and b e m(G/K), 

a £ k(G/K), then 

o>(b aR <x+(a)) = o>(a*(b) B R a). 

Let X be a G-space, and let c e c"(X;m) and o G C^(X;k). Assume that we 

are given a pairing to of k and m. We then define the Kronecker index of 

£ and a, denoted (c,o)> e R, as follows. If a = £ T. B P a., we set 
i=l 1 K n 

<e,§> =o( j fi(T.) B R a.). 

It is immediately seen that this gives us a well-defined homomorphism of R-

modules 

AG, ( , ) : c£(X;m) B R C^(X;k) + R. 

Let T be an equivariant singular (n+1)-simplex belonging to 5 in X and 

a e k(G/t(T)). We then have 

/ / n+1 .... v 

<e,$n+1(TBa)> = <$, l (-l)V1) .a 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 67 

n+1 . ... / 

o>n H ) W 1 ) ) »R a) = W(6ne(T) »R a) = <^>ne, T » 

It follows that 

A A n A AC 

for any c e Cg(X;m) and a e C^+1(X;k). 

Now assume that c e C^(X;m) and a € Cjj(X;k). We claim that the 

definition 

(c,o) = <(c,cT> , 

A AQ 

where a e C (X;k) is any representative for a, gives a well-defined homo-

morphism 

< , > : c£(X;m) B R C^(X;k) + R. 

This is seen as follows. Assume that T » a ~ r B a', and let h : 

A x G/t(T) -> A x G/t(T') be a G-map, which covers id : An + A , sue 

that T = T'h and h^a) = a'. Since c c c£(X,m) it follows that 

c(T) = h*c(T'), and hence we have 

h 

<(c,T B â > = o)(c(T) B R a) = o)(h*c(T') B R a) 

o)(c(T') B R h+(a)) = o)(c(T') B R a') = <c,T* B ^ 

This proves our claim. 

Let (X,A) be a G-pair. It follows directly from the definitions that 

the already established pairing <^, ̂ > for the absolute case induces a pairing 

<( , ̂ > : c£(X,A;m) B R cJ(X,A;k) -> R. 
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68 SDREN ILLMAN 

Sinc e  now 

<<• W 6 n c, a 

where c e Cg(X,A;m) and a e C^+1(X,A;k), it follows that we have an induced 

pairing 

< , > : Hj(X,A;m) »R H^(X,A;k) - R. 

This map, \ > / 1S a homomorphism of R-modules, and we call it the Kronecker 

index. The Kronecker index gives rise to the homomorphism of R-modules 

v : H£(X,A;m) - HomR(H^(X,A),R) 

defined by v(n)U) = <ji,^> , where n e Hg(X,A;m) and s £ H^(X,A;k). 

For a G-space of the form G/H, where H e J , the Kronecker index 

agrees with the given pairing o. To be more precise we have the following 

proposition. 

PROPOSITION 3.2. Let H e J . Then the diagram 

H°(G/H;m) B R H§(G/H;k) ^ - > R 

£ » Y ~ id 

m(G/H) aR k(G/H) • R 

commutes. Here y and £ are the isomorphisms given by the dimension axiom. 

PROOF. Let c e C°(G/H;m) = H°(G/H;m) and T » a e C^G/Hjk) = 
P 

HQ(G/H;k) where T : G/K -* G/H is an equivariant singular O-simplex in G/H 

and a e k(G/H). We have c(T) = T*c(idG/H) e m(G/K). Thus 

w(c a Y)(C B R ( T B a)) = GJU(C) » R y(T a a)) 

Licensed to Univ of Rochester.  Prepared on Tue Jul 28 10:51:47 EDT 2015for download from IP 128.151.13.18.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 69 

u(c(idG/H) aR T*(a)) = ca(T*c(idG/H) »R a) = 

w(c(~0 ®R a) = \c,T a a)> . q.e.d. 

We shall now construct a cup-product in equivariant singular cohomo-

logy. We assume in the following that the orbit type family J is such that 

G e J . 

DEFINITION 3.3. A contravariant coefficient system m for J , over 

the ring R, is called a commutative ring coefficient sysstem if the following 

condition is satisfied. Each m(G/H), H e ? , is a commutative ring and all 

induced homomorphisms are ring homomorphisms, and moreover m(G/G) = R and 

the R-module structure on each m(G/H) is the same as the one induced by the 

ring homomorphism TT* : R = m(G/G) -> m(G/H). 

Assume from now that m is a commutative ring coefficient system. Let 

c e CG(X;m) and c-j £ Cp(X;m). We define the cup-product £ u c-j £ CG
+p(X;m) 

by the following. Let T : A x G/K -> X be an equivariant singular (n+p)-

simplex belonging to 5 in X. We use the notation 

an : An x G/K -> A n + x G/K, and 

R : A x G/K -> A , x G/K Mp p n+p ' 

for the front n-face and back p-face, respectively, of A x G/K, that is, 

«n((x0,...,xn),gK) = ((x0,...,xn,0,...,0),gK) and 3p((xQ,...,xp),gK) = 

((0,... ,0,x0,... ,x ),gK). We now define the value of c u c-, on T to be 

[t U c^) = (e(Tan))(ei(T3n)) £ m(G/K). 

This defines a homomorphism of R-modules 

U : CG(X;m) »R cP(X;m) ^ CG
+p(X;m). 
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The formula 

g<e u e,) = (&c) u e1 + ( - i )ngu (Sfy 

is established by the standard calculation. 

We now claim that if c e C~(X;m) and c, e C^(X;m) then also 

c U c] e c[!
+p(X;m). This is seen as follows. Let T : A * G/K •+ X and 

T1 : A x G/K* ~> X and assume that h : A x G/K •> A x G/K' is a G-map, 

which covers id : A„ l n -̂  &nl , such that T = T'h. We have to show that n+p n+p 

(c u Cl)(T) = h*(c U c1)(T«). 

The G-map h determines G-maps h : A x G/K -> A x G/K' and h : A x G/K -> 

A x G/K', which cover the identity, such that hoc = a h and hB = 3Dhg. 

Moreover h* = h* = h* : m(G/K') + m(G/K). Since now To<n = T'ah and T3 = 

T'3 h it follows that 

(c U Cl)(T) = (c(T'anha))(c1(T'3ph)) = 

(h*c(T'an))(h*Cl(T'3p)) = h*((c(T'an))(Cl(T'3p))) = 

h*(c U c ^ T ' ) , 

where we used the fact that h* is a ring homomorphism. This proves our claim. 

~n , 
'G l I f (X,A ) is a  G-pai r and , fo r example , c  e Cp(X,A;m ) the n als o 

c U  C-, =  Cp  p (X,A;m) . In par t icu la r we  hav e 

U  : c£(X,A;m ) » R C p(X,A;m ) -> c£ +p (X,A;m) . 

Since now 6(c u c-.) = (6c) u c, + (-l)nc U (6c-,), that is, the homomorphisms 

U form a cochain map, it follows that we get a cup-product on the cohomology 

level 
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EQUIVARIANT SINGULAR HOMOLOGY AND COHOMOLOGY 71 

u : H£(X,A;m) B R cP(X,A;m) + CJT
p(X,A;m). 

We shall conclude by showing that the cup-product is commutative. The proof 

in Artin-Brau n [1 ] fo r the  commutativit y (als o sometime s cal le d anticommutativity ) 

of the cup-product in ordinary singular cohomology carries over to our situation 

withou t an y d i f f i c u l t i e s . (Se e  sectio n 22 i n Artin-Brau n [1 ] fo r more  de ta i l s 

tha n we  giv e  below. ) 

The reader should recall the notion of an equivariant linear q-simplex 

v ...vq x id : A x G/K -* A„ x G/K in A x G/K and the definition of the 
q n n 

AG 
linear chain groups C 0 ( A X G/K) and the corresponding chain complex 

S Q ( A x G/K), as defined in Section 6. of Chapter I. We shall also use the 

r r 

join homomorphism v- : C ,Q(A X G/K) -> C -,0(A X G/K) and its properties 

with respect to the boundary homomorphism. For this we again refer to the 

beginning of Section 6. of Chapter I. 

Define the homomorphism 

£q : C^Q(An x G/K) - C^Q(An x G/K) 

by 

£q(v°...vJ x id) = (-l)^q
+1)/2(vq...v° x id). 

It is easily seen that the homomorphisms p commute with the boundary and 

thus form a chain map p^. We now inductively define homomorphisms 

Dq : C^Q(An x G/K) + C^+1Q(An x G/K) 

by setting DQ = 0, a nd 

Dq(a) = v°-(a - £q(c) - 6 ^ ( 3 ^ ) ) , q > 1 
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where a = v ...v^ x id. A formal computation and induction shows that the 

homomorphisms D form a chain homotopy from the identity map to p^. 

Let X be a G-space. Define the homomorphisms 

Pn : cJ(X) - CJ(X) 

A A(l An 

D n = C°(X) +cg + 1(X) 

as follows. If T : A x G/K -> X is an equivariant singular n-simplex 

belonging to J in X we set 

£n(T) = ^ n ( d ° . . . d
n x i d ) , 

A A A f) n 

Dn(T) = y) n(d
u...d n x id). 

(Recall that d°...dn x id : An x G/K -» An x G/K is the identity map.) It is 

easy to see that these "new" homomorphisms p form a chain map p : S (X) -> 

G A 

S (X), and that the new homomorphisms D form a chain homotopy from the 
identity map to p . 

Ap AP A 

We now claim that the homomorphisms p : C (X) -> c n(
x) and D

n
 : 

Afi A C 

C^(X) -> C^+1(X) both "preserve the relation ~" (see Def. 4.4. in Chapter I). 

This is easily proved in exactly the same way as Proposition 6.1. in Chapter I. 

It follows that pp and Dp have duals pn : c£(X,A;m) -> C^(X,A;m) and 

D n + 1 : C^+1(X,A;m) -> c[!(XfA;m) which restrict to give 

P
n : Cg(X,A;m) + c£(X,A;m) 

D n + 1 : cJ+1(X,A;m) - c£(X,A;m). 

The homomorphisms pn form a cochain map p7^ and the homomorphisms D form 

a cochain homotopy from the identity map to p^. 
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We can now show that the cup-product is commutative. Let y e H~(X,A;m), 

y1 e H
p(X$A;m) and let c e c"(X,A;m) and let c-j e Cp(X,A;m) be cocycles 

representing y and y,, respectively. The cohomology class y U y-j is 

represented by the cocycle cue-,. It now follows from what we showed above 

that the cocycle pn+P((pnc) u (P PC-,)) also represents y U y,. Let 

T : A x G/K -> X be an equivariant singular (n+p)-simplex belonging to f 

in X. Since we have T(dn+P.. .d°)o<n(d
n.. .d°) = T(dp...dn+P) = T3n and 

T(dn+p...d°)B (dp...d°) = T(d°...dp) = Ta it follows that 

P
n + P((p nc) U (P

P
Cl))(T) = (-l)

np(c(T3n))(c1(Tan)) = 

(-l)nP(c1(Tan))(c(T3n)) = (-l)
np(c1 U c)(T). 

(The sign is as stated since ((n+p)(n+p+l) + n(n+l) + p(p+l))/2 s np(mod 2).) 

This proves that 

y u y f ( - 1 ) " ^ u y ) , 

for y e H£(X,A;m) and y-, e Hp(X,A;m). 
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