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ALL ABOUT Tmf1(3)

MICHAEL A. HILL AND LENNART MEIER

ABSTRACT. We explore the Ca-equivariant spectra Tmf1(3) and TM F1(3). In par-
ticular, we compute their Cs-equivariant Picard groups and the Cs-equivariant An-
derson dual of T'm f1(3). This implies corresponding results for the fixed point spectra
TMFy(3) and Tmfo(3). Furthermore, we prove a Real Landweber exact functor the-
orem.

1. INTRODUCTION

The spectrum T'MF of topological modular forms comes in many variants. While
TMF itself arises from the moduli stack of elliptic curves My, there is also a spectrum
Tmf associated with the compactification M. Finally, tmf is defined as the connec-
tive cover of T'mf. It has been the spectrum tmjf and its cohomology that have been
so far most relevant to applications (see for example [BHHMOS] and [BP04]).

It is often simpler to work with topological modular forms with level structures.
Among the many possibilities, the most relevant for us will be TM F;(n) and TM Fy(n)
corresponding to the moduli stacks M;j(n) and My(n). The former stack classifies
elliptic curves with a chosen point of exact order n and the latter elliptic curves with a
chosen subgroup of order n. Note that for n > 2, the spectrum T'M Fi(n) is Landweber
exact, while T'M Fy(n) is not.

In [HL13], Lawson and the first-named author overcame certain technical obstacles
to define Eo-ring spectra T'mfi(n) and Tmfo(n) corresponding to the compactified
moduli stacks Mj(n) and My(n). One can then define tmfi(n) and tmfy(n) as the
connective covers of the spectra and hope that they form good connective models for
TMF;(n) and TM Fy(n). The aim of this article is to explore these spectra in the case
n = 3 with methods from Real homotopy theory.

Real homotopy theory is the study of genuinely equivariant Cy-spectra, also known
as Real spectra. The theory has its origins in Atiyah’s article [Afi66] on Real K-theory
and came to new prominence through the work of Hu-Kriz [HKO0I] and the work of
Hill-Hopkins—Ravenel on the Kervaire invariant 1 problem [HHR09).

The spectra T'M Fy(3) and T'm f1(3) inherit Cy-actions from an algebro-geometrically
defined Cy-action on M1 (3). We will view them as cofree Cy-spectra so that

TMF(3)¢? ~ TMF|(3)"? ~ TMFy(3)
and
Tmf1(3)%? ~ Tmf1(3)"2 ~ Tmfo(3).
We define the Co-spectrum tm f1(3) as the Cy-equivariant connective cover of T'm fi(3).

The first author was supported by NSF DMS-1307896 and the Sloan Foundation.
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2 MICHAEL A. HILL AND LENNART MEIER

Mahowald and Rezk [MR09] have already computed the homotopy groups of T'M Fy(3)
and a similar computation produces actually the RO(Cs)-graded Ca-equivariant homo-
topy groups of tmf1(3) and hence TM F(3). Using this computation, we show that
tm f1(3) has a Real orientation and is more precisely a form of BPR(2). Moreover, we
show that T'M F} (3) is Real Landweber exact in the sense that there is an isomorphism

MRy (X) @y, TMF1(3)y — TMF;(3)% X,

natural in a Co-spectrum X. Here M R4 (X) denotes the RO(C5)-graded Co-equivariant
homology groups of X with respect to the Real bordism spectrum MR and similarly
for TMF1 (3)*X

As M;(3) is proper over Spec Z [%], one expects a manifestation of Serre duality in
Tmf1(3). A suitable duality to look for in the topological setting is Anderson duality,
an integral version of Brown—Comenetz duality. For example, Stojanoska computed in
[Stol2] that Tmf[3] is Anderson self dual in the sense that IZ[%}Tmf[%] ~ ST f]

1
2l
We want to compute the Ci-equivariant Anderson dual IZ[l]Tm f1(3) of Tmf1(3).
3
While it is an easy calculation that non-equivariantly I r17Tmf1(3) ~ S9Tmf1(3),
3
this equivalence does not hold Cs-equivariantly. We rather get the following:

Theorem. There is a Co-equivariant equivalence

Ly Tmfi(3) =~ S Tmfi(3),
z[3]

where p denotes the reqular representation of Co. It follows that

IZHTm fo(3) =~ (252, Tm f1(3))"2.
3
Thus, the self-duality of T'm fy(3) is not fully apparent in the integer-graded homotopy
groups
mTmfo(3) = > Tmfi(3),

but only in the RO(Cs)-graded homotopy groups W%Tm f1(3). We prove this theorem
by an application of the slice spectral sequence. There has been similar work by Ricka
[Ric14] on Anderson duality of integral versions of Morava K-theory; our results have
been obtained independently.

Next we turn to the topic of Picard groups. Given an FE..-ring spectrum R, its Pi-
card group Pic(R) is defined as the group of invertible R-module spectra up to weak
equivalence. From the perspective of [BN14], these are the global twists of the associ-
ated cohomology theory. The Picard group was first introduced into stable homotopy
theory by Hopkins; recent work of Mathew and Stojanoska [MS14] then significantly
extended our toolbox for its computation. They show that all invertible T'M F-modules
are suspensions of TMF so that Pic(TMF) = Z/576. In contrast, they show that
Pic(Tmf) contains exotic elements that are not suspensions of T'mf and compute
Pic(Tmf) X Z & 7 /24.

We will use their methods to understand Pic(T'M Fy(3)) and Pic(T'mfo(3)), but add
a dash of equivariant homotopy theory. The maps

Tmf0(3) — Tmf1 (3)
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and
TMFy(3) = TMF;(3)

are faithful Cs-Galois extensions in the sense of Rognes. Galois descent then shows that
Pic(Tm fo(3)) = Pice, (T'm f1(3))

and
Pic(T M Fy(3)) = Pice,(TMFi(3)),

where Picc, (T'm f1(3)) denotes the group of invertible Ca-module spectra over T'm fi(3)
and similarly for Pico, (TMF1(3)). First we prove:

Theorem. Every invertible T M Fy(3)-module is an (integral) suspension of T'M Fy(3).
Thus,

Pice, (TMFy(3)) = Pic(TM Fy(3)) = 7/48.

The analogous theorem for T'm f(3) is not true, but we have the following equivariant
refinement:

Theorem. FEvery invertible Cy-equivariant T'm f1(3)-module is an equivariant suspen-
sion XV T'mf1(3), for an element V € RO(Cy). The corresponding homomorphism

RO(C5) — Pice, (Tmfi(3)), Vi XVTmfi(3)

is thus surjective and has kernel generated by 8 — 80, for o the sign representation.
Therefore,

Pic(Tmfo(3)) = Pice, (Tmf1(3)) X Z ® Z/8.

We give a short overview of the structure of this article. Section 2 contains some ba-
sics about Cy-spectra, discusses Real orientability and the Real Landweber exact func-
tor theorem; it concludes with the definition and basic properties of forms of BPR(n)
and ER(n). Section 3 recalls basic properties about the Cy-equivariant slice filtration.
Section 4 introduces the main characters T'mfo(3) and T'm f1(3) and their variants, dis-
cusses their relationship and computes the RO(C5)-graded homotopy groups of tm fi(3).
Section 5 computes the slices of T'm f1(3) and applies this to compute its equivariant
Anderson dual. Section 6 is about Picard groups, especially those of T'M Fy(3) and

Tmfo(3).

Acknowledgements. We thank John Greenlees and Akhil Mathew for their comments
on earlier versions of this article.

2. (5-SPECTRA AND REAL LANDWEBER EXACTNESS

In this section, we will first treat some basics about Cs-spectra and Real orientations.
Then we will prove a Real version of the Landweber exact functor theorem, both in
classical and in stack language. In the last subsection, we define what we mean by
forms of BPR(n) and ER(n) and apply the Real Landweber exact functor theorem to
the latter.
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2.1. Basics. We define for a finite group G the category Sps of G-spectra to be the
category of orthogonal spectra with G-action; weak equivalences are those morphisms
that induce isomorphisms under 7 for all subgroups H C G, where the homotopy
groups are defined via stabilization with respect to the regular representation. This is
explained in detail in [Sch14].

Denote by Sp¢ the same category but with the underlying equivalences as weak
equivalences. The functor

Sp%%SpGa X’-)F(EG+,X)

preserves weak equivalences and defines therefore a derived functor for id: Sp¢é — Spg.
G-Spectra in the image are called cofree. If we come across a spectrum with a G-action
whose homotopy type is only well-defined up to underlying equivalence, we will view it
in this way as a cofree G-spectrum.

Since the hom objects in Ho(Sp;) are naturally Mackey functor valued, we will make
frequent use of this additional structure. As usual, Mackey functor valued homotopy
groups will be denoted by m,. If we want to stress that we consider the homotopy
groups of the underlying non-equivariant spectrum, we write 7%. Furthermore, we will
use RO(G)-gradings and denote the regular representation of Co by p and the sign
representation by o.

We will only use the case G = (9 in this paper. Motivated by Atiyah’s Real K-
theory, Ca-spectra are also sometimes called Real spectra. Given a Cs-spectrum ER,
we denote by ERy(X) the value of the associated RO(C3)-graded homology theory
on a Co-spectrum X and we set ERy = ERy(pt). This is the value at Cy/C5 of the
associated Mackey functor valued homology.

Definition 2.1. A Cy-spectrum ER is even if my, ER = 0 for all k € Z. It is called
strongly even if additionally m;,ER is a constant Mackey functor for all k € Z, i.e. if

the restriction 77,?5 ER — ngER is an isomorphism.

For example, by [HK01, Theorem 4.11], BPR and MR are strongly even.
Recall the following definition:

Definition 2.2. Let X be a Cy-spectrum. A Real orientation for ER is a class
z € ERP(CP®) = [CP®, SPER](Cy/Cs),
restricting to the class in ER?(CP') = [CP!, S? A X]%? corresponding to
1€ [S° ER]|? = [, S? A ER]®?

under the (chosen) isomorphism S? = CP!. Here, we view CP" as a Co-space via
complex conjugation.

By [HKOI, Theorem 2.25], Real orientations of commutative Co-ring spectra are
in one-to-one correspondence with homotopy classes of maps MR — ER of Cs-ring
spectra, where ring spectra are understood to be up to homotopy.

Lemma 2.3. Every even Cy-spectrum ER is Real orientable.
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Proof. We have cofiber sequences
Sntle=1 _, cpn — CP™FL.
The long exact sequence in cohomology then shows that the map
ERP(CP") — ERP(CP")
is surjective. The Milnor sequence gives the result. O
It is part of our philosophy that the Mackey functor m;, behaves often much nicer

than the integral Mackey functor my,. The following is a weak version of a Whitehead
theorem using my, ,:

Lemma 2.4. Let f: ER — FR be a natural transformation of RO(C3)-graded homol-
ogy theories. Denote the underlying homology theories by E and F. Assume that f
induces isomorphisms

ERkp — FRkp and FEp — F},
for all k € Z. Assume furthermore that ERy,_1 =0 for all k € Z. Then f is a natural
isomorphism.

Proof. 1t is well known that it is enough to show that Ey — Fj and ER; — ERj are
isomorphisms for all k& € Z. As the former is true by assumption, it is in particular
enough to show that f,1p5: ERy1pe — FRy1ps is an isomorphism for all a,b € Z. This
is true for a = b again by assumption.

Smashing the cofiber sequence

(Co)y — SY — §°
with S+t gives the cofiber sequence
(02)+/\Sa+ba —y gatbo Sa-i—(b-&-l)a.

We have a map between the associated long exact sequences:

Eotpr1 — ERy1 (p41)0 — ERayo Eotb ER(4—1)+@b+1)0
l% ifw(bﬂ)a \Lfa-&-ba l% if(a1)+(b+1)a
Foiv+1 — FRoy(b41)0 — FRatbo Fotrp FR(4-1)+(b+1)0

We have the following implications from the weak 5-lemmas:
(M1) If fo4(p+1)o is mono, then f, 4, is mono.
(M2) If fiaq1)4bo 18 epi and fu1py is mono, then f, | (541), is mono.
(E1) If faipo is epi, then foy(p41)0 i epi.
(E2) If fla—1)4(+1)o 18 mono and f,4 (541)s is epi, then fu 14y is epi.
This implies the following two statements:
(1) farpo is epi for b > a by repeated application of (E1)
(2) fatbo is mono for b < a + 1 by repeated application of (M1) as fq—1)+as =
fap—1 = 0 is mono..
(3) farvo is epi if b < a by repeated application of (E2). Thus, fy,14s is epi for all
a,beZ.
(4) farpbo 18 mono for all a,b € Z by repeated application of (M2). O
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2.2. Real Landweber Exactness. We have isomorphisms MRy, = MUy, by [HKOI,
Theorem 2.28]. This defines a graded ring morphism MU, — MRy along the mor-
phism

2Z — RO(Cy), 2k — kp

of the monoids indexing the grading. In particular, MRy becomes a graded MUs,-
module in a suitable sense.

Theorem 2.5. (a) Let E, be a graded Landweber exact MU,-module, concentrated
i even degrees. Then

X = MRy (X) @mu,, Eax

is a RO(C3)-graded homology theory.
(b) Let ER be a strongly even Co-spectrum whose underlying spectrum E is Landwe-
ber exact. Choosing a Real orientation induces a map

MRy (X) @11, Fov — ERy(X)

that is an isomorphism for every Ca-spectrum X. Under these conditions, we
call ER Real Landweber exact.

The gradings can be parsed in the following way: For every k € Z, MRy 4,,(X) is a
2Z-graded M Us,-module in the way described above so that the expression MRy 4., (X)® w1,
Es, makes sense in the world of 2Z-graded M Us,-modules. As a RO(C5)-graded abelian
group is equivalent datum to a Z-graded Zp-graded abelian group, this expresses what
MRy (X) @nrrv,, E2x means.

The proof of (a) is completely analogous to Landweber exactness in the motivic
setting as in [NS@09] and the crucial ingredient is the next proposition. Before we state
it, we want to remark that the underlying ungraded rings of MRy and MR4 MR are
commutative. Indeed, it follows from [HKOI, Theorem 4.11] that everything outside of
degrees of the form kp + [ with [ even is 2-torsion. The claim follows now from the fact
that in a Real-orientable theory, we have xy = (—1)klethehithilzyg for || = kip + 13
and |y| = kap + l2 by [HKO1, Lemma 2.17].

Proposition 2.6. The following square of stacks is cartesian:

Spec MRy Spec MU,

| |

[Spec MRy / Spec MRy MR] —— [Spec MU,/ Spec MU, MU] ~ M%q~

Here, Spec always refers to the spectrum of the underlying ungraded rings. Likewise,
[Spec MRy / Spec MRy MR] denotes the stack associated to the ungraded Hopf algebroid
(MRy, MRy MR) and M3 is the moduli stack of formal groups with strict isomor-
phisms.

Proof. By [NS©O09|, Corollary 2.2], this follows from the isomorphism

MRy ®pp, MUMU = MRy MR.
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It is enough to show this after localization at every prime p, where it follows from the
fact

BPR4BPR = BPR,[t1,ts,...] = BPRy ®pp. BP,BP,
which is contained in [HKO1, Theorem 4.11]. O

The rest of the proof of (a) is as in [NS@Q9].

For the proof of (b), note first that ER carries a Real orientation by Lemma [2.3| and
that this corresponds to a map MR — ER of Cy-"ring spectra. By Lemma [2.4] it is
now enough to show that the induced maps

MR*p ®MU2* E2* — ER*p

and
MU* ®MU* E* — E*

are isomorphisms. The latter is clear and the former is true since both m,,MR and
E*pER are constant.

2.3. Stacky reformulations. We will in this subsection explicitly reformulate Real
Landweber exactness in stack terms. This philosophy is well-known in the non-equivariant
case.

Let E, be an evenly graded commutative ring carrying a graded formal group (see
INSO09, Section 6.3] for a discussion of graded formal groups). The grading defines a
Gm-action on Spec E, and the graded formal group defines a map

f: Spec E./Gy,, — Mpg,

where (Spec E,)/G,, denotes the stack quotient. Recall that the category of quasi-
coherent sheaves on Mpg is equivalent to that of evenly graded (MU,, MU, MU)-
comodules (see for example [Nau07, Remark 34]). The graded comodule MU,_y corre-
sponds to a line bundle w on M pg. Likewise, the category of quasi-coherent sheaves on
(Spec E.)/G,, is equivalent to that of graded modules over E,. The line bundle f*w®*
corresponds to the graded module F,_op.

Lemma 2.7. Assume that the graded formal group over E, has a coordinate, corre-
sponding to a graded ring morphism MU, — FE,. Let F be a quasi-coherent sheaf on
Mpq. Then

F(Spec MU) @mu, Ex 2 T(Mrpa; F @0, fof ‘W),
where we view F(Spec MU,) as an evenly graded MU,-module.

Proof. We have a commutative diagram

Spec MU, /Gy,
e
q
f
Spec E, /Gy, Mpc
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By definition, ¢*F corresponds to the evenly graded MU,-module F(Spec MU,).
Thus, f*F = g*¢*F correspond to the graded E,-module F(Spec MU,) ® v, E«. We
see that the degree 2k-part of F(Spec MU,) @y, Ex is

L((Spec Ey) /G f*F @ f*w®") = T(Mre; fu(f*F © frw)).
By a version of the projection formula (see e.g. [Meil2, Lemma 2.3.13]), we have iso-
morphisms

F(JF @ [*w) = fuf*(F @op,,, ™) 2 F @0, fol 0.
The result follows. O

Given a spectrum X, define quasi-coherent sheaves ]:Z»X for i = 0,1 on Mpg corre-
sponding to the graded (MU, MU, MU )-comodules MUs,_;X. Given a Cy-spectrum
X, define quasi-coherent sheaves .7-'Z»X for i € Z on Mpg corresponding to the graded
(MU, MU,MU)-comodules MR,,_;X. Here, we use again the identification M Us, =
MR,, and MU,MU = MR,,MR.

Applying the previous lemma to F = FX, we obtain the following proposition:
Proposition 2.8. (a) Let E be a Landweber exact spectrum. The associated graded

formal group on E, defines f as above. Then given a spectrum X, we have

Eu(X) ZT(Mpe; FYX @0, fo I @),
where we view w®* to have degree 2k.
(b) Let ER be a Real Landweber exact spectrum. The associated graded formal group

on ER,, = Ey, (for E the underlying spectrum) defines f as above. Then given
a Cs-spectrum X, we have

Ex(X) = T(Mpa; Fi* @0, fof 'w®),
where we view w®* to have degree kp.

In particular, we see that the values of a Landweber exact theory do not depend on
the MU,-module structure of E,, but only on the graded quasi-coherent sheaf f, f*w®*
on Mpqa defined by E,. This sheaf has an alternative description:

Lemma 2.9. Let E be Landweber exact and f and O, as above. Then we have an
isomorphism f, f*w®F = ]:63 QO pe w®,

Proof. This was proven in the even-periodic context in the proof of [MM15, Proposition
2.4]. The general case is similar. O

All these statements also hold after p-completing everything in sight.
2.4. Forms of BPR(n) and ER(n). Fix a prime p.

Definition 2.10. Let F be a complex oriented p-local commutative and associative
ring spectrum (up to homotopy). The p-typification of its formal group law defines a
map BP, — F,.

(a) We call E a form of BP(n) if the map
Z(p)[vl, e ,Un] C BP, — E,

is an isomorphism. This does not depend on the choice of v;.
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(b) We call Ea form of E(n) if there is a choice of indecomposables v1, ..., v, € BP
with |v;| = 2(p* — 1) such that the image of v,, under the homomorphism

Z(p)[vl, e ,Un] C BP. — L,

-1

is invertible and the induced morphism Z [VU1, ..., U, 0y,

phism.

| = E. is an isomor-

There is an equivariant analogue:

Definition 2.11. Let ER be a Real oriented p-local commutative and associative Cs-
ring spectrum (up to homotopy). The p-typification of its formal group law defines a
map BPy = BPR,, = ER,,.

(a) We call ER a form of BPR(n) if the map
Z(p)[vl, - ,vn] C l*pBPR — ﬂ*pER

is an isomorphism of constant Mackey functors. This does not depend on the
choice of v;.

(b) We call ER a form of ER(n) if there is a choice of indecomposables vy, ..., v, €
BP, with |v;| = 2(p" — 1) such that the image of v, under the homomorphism

Z(p) [Ul, ce ,’Un] C BPR*p — ER*p

is invertible and the induced morphism Z,)[v1,. .. U, U] = m.,ER is an

isomorphism of constant Mackey functors.

Proposition 2.12. If for two forms of ER(n) their underlying spectra are equivalent,
then they are equivalent as Real spectra.

Likewise if for two forms of ER(n) the p-completions of their underlying spectra are
equivalent, then the p-completions of the forms of ER(n) are equivalent as Real spectra.

Proof. Let ER and FR be two forms of ER(n) with underlying spectra E and F'.
Assume E ~ F. Then they define isomorphic graded quasi-coherent sheaves FZ and
]—'f on Mgg. The first statement follows by Theorem Proposition and Lemma,

If Ep ~ ﬁp, the argument is similar. (]

3. THE Cy-EQUIVARIANT SLICE FILTRATION

The Cs-equivariant slice filtration was introduced by Dugger in his study of Atiyah’s
Real K-theory. This was generalized by Hopkins, Ravenel, and the first author to
arbitrary finite groups in the solution to the Kervaire Invariant One problem [HHR09).
We will recall some of the basic properties here. A more detailed treatment can be
found in [HHRO9] or [Hil12].

Proposition 3.1 ([HHR09, Proposition 4.20 & Lemma 4.23]). For any Ca-equivariant
spectrum E, the odd slices are determined by the formula

PZQZLL—_ll(E) - anilHﬂnp—lE'
Corollary 3.2. If R is an even Cy-spectrum, then all odd slices of R vanish.
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For the even slices, there is a similar formula involving homotopy Mackey functors of
E.

Definition 3.3. If M is a Cy Mackey functor, let P°M denote the maximal quotient
of M in which the restriction map M (Cq/C2) — M (Cy/e) is injective.

There are several equivalent formulations. One of which is to notice that we can
build a Mackey functor out of the kernel of the restriction by declaring that the value
at Cy/Cy is the kernel of the restriction map and that the value at Co/{e} is trivial.
The functor P°M is then the quotient of M by this subMackey functor.

The second formulation requires an endofunctor on Mackey functors.

Definition 3.4. If T is a finite Cs-set and M is a Mackey functor, then let M, be the
Mackey functor defined by
S— M(T % S).
The restriction map defines a map of Mackey functors
M — MC’27
and POM is simply the image of this map.

Proposition 3.5. For any Cs-equivariant spectrum E, the even slices are determined
by the formula

P;;;(E) = EanPOEnp(E)-
In particular, if w,,(E) is constant, we have
PI(E) = X" Hro,(E).

We need several Mackey functors. We will define them via a Lewis diagram, stacking
the value of the Mackey functor at Cy/Cy over that of Cy/{e} and then drawing in the
restriction map, the transfer map, and the action of the non-trivial element of the Weyl

group.
Definition 3.6. Let G, Z_ and Z* be the Mackey functors defined by

CO GO

1
G

N

Z*

IN

Lemma 3.7. If X is a strongly even Cy-spectrum without 2-torsion in me X, then we
have

Tipp1X = G @z Top2X
T, X = L ®z T X,

Tip—1X =0, and

Tpp—oX = L_ Q7 Top—2X.
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Proof. We have P;lf:llX ~ x and
PZEX ~ S*P A Hrgp X .

Smashing the slice tower with S~ gives a tower of the same form. It therefore suffices
to prove this for k£ = 0. The positions in question are those for which the slice spectral
sequence is especially simple: they are all non-bounding permanent cycles due to the
vanishing of the homology and cohomology groups of regular representation spheres. [

4. TMF;(3) AND FRIENDS

4.1. Basics. Denote by My the moduli stack of elliptic curves and by M, its com-
pactification. Mapping an elliptic curve to its formal group defines a flat map M, —
Mpe to the moduli stack of formal groups. By [HL13] (extending earlier work by
Goerss, Hopkins and Miller), the induced presheaf of even-periodic Landweber exact
homology theories refines to a sheaf of E..-ring spectra O on the log-étale site of
Mey.

Denote by M;j(3) the moduli stack of elliptic curves with one chosen point of exact
order 3 and by Mj(3) its compactification, whose definition we will review below. We

define
TMF(3) = 0" (M;(3)
Tmfi(3) = O"P(Mi(3)
tmf1(3) = >0T'mf1(3)
Sending the point of order 3 to its negative defines a Cs-action on M;i(3) that also
extends to M7(3). This induces Co-actions on T'MF;(3) and Tmf1(3). Thus we will
view these spectra as cofree Cay-spectra. Likewise, tm fi1(3) refines to a Co-spectrum that
is the equivariant connective cover of T'mf1(3). Note that this spectrum is not cofree,
but tm f1(3)¢? ~ Tsotm f1(3)"C2.
Denote by M (3) the moduli stack of elliptic curves with a chosen subgroup of order
3 and by My (3) its compactification. We define
TMFEy(3) = O"P(M(3))
Tmfo(3) = 0P (Mo(3))

)
)

The forgetful maps
M1(3) — Mo(g) and Ml(f}) — Mo(:%)

are Co-Galois coverings. This implies that T'm fo(3) ~ Tmf1(3)"“2 and TMFy(3) ~
Tm f1(3)hC.

Before we proceed, we have to study the algebraic geometry of these moduli stacks.
To give a precise definition of M (3), we want to review first the notion of normalization
of Deligne-Mumford stacks.

Definition 4.1. Let f: Y — X be a quasi-compact and quasi-separated map of
Deligne-Mumford stacks (over some base scheme S). Analogously to [Autl Lemma
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50.43.1], there exists a quasi-coherent Oyx-subalgebra O’ C f,Oy such that for ev-
ery map U — X from an affine scheme, O'(U) is the integral closure of Ox(U) in
(f«Ox)(U). The normalization of X in Y is the morphism

X" = Spec, (0') = X.

Following Deligne-Rapoport [DR73 Definition 1V.3.3], we define M;j(n) to be the
normalization of My in Mj(n) and Mo(n) to be the normalization of My in Mg(n).
Note that there also exist moduli interpretations, for example as in [Con07].

The following lemma essentially says that any reasonable compactification of M1 (n)
must be M (n).

Lemma 4.2. Let f: Y — X be a quasi-compact and quasi-separated map of Deligne—
Mumford stacks (over some base scheme S). Let f: Y — X be a finite morphism from
a normal Deligne-~Mumford stack (over S) such that Y CY is a dense open substack
and fly = f. Then'Y — X is the normalization of X inY.

Proof. Tt is easy to see that f: Y — X is the normalization of X in Y if and only if
Y xx U — U is the normalization of U in Y xx U for every morphism U — X for
an affine scheme U. Thus, we can assume that X = Spec A and Y = Spec B are affine
schemes. Set C = f,Oy(X). Then we have to show that B is the integral closure of A
in C. As A — B is finite, all elements of B are integral over A so that we just have
to check that B is integrally closed in C'. But B is even integrally closed in its fraction
field as B is normal and C is inside the fraction field of B as Y C Y is dense. O

The following result is well-known (see e.g. [LN14]), but has to the knowledge of the
authors not appeared with full proof in print.

Proposition 4.3. We have equivalences
M;(3) ~ SpecZ [£] a1, as] [A7Y/G,,

M;(3) ~ Spec(Z [%} la1,a3] \ {0})/G,, = PZ[ ](1, 3)

wl—=

Here,
o the Gy-action on SpecZ [1] (a1, as] is induced by the grading with |a1| =1 and
]a3| = 3,
e all the quotients are meant to be stack quotients,
o A =a3(a} — 27a3),
e {0} denotes the common vanishing locus of a1 and as
. Pz[l] (1,3) is the notation for the weighted (stacky) projective line with weights
3
1 and 3.
Proof. The first equivalence follows from [MR09, Proposition 3.2].
Set A = Z %] [a1,a3]. The equality Pz[l}(l,B) = (Spec A \ {0})/G,, is just the
3

definition of the weighted projective line. This is a proper and smooth Deligne-Mumford
stack over SpecZ [%} by [Meil3, Proposition 2.1, Remark 2.2]. Note furthermore that

M;(3) C PZF] (1,3) is a dense open substack.
3
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To check that P_r1
Z[g

] (1,3) is the normalization of M,y in M (n), we need to construct

a finite morphism

1 1, 3) — H 1
2[4)(13) (3]
that extends the morphism

Mi(3) = My [%] C Mgy [%] .

The equation y?+ayzy+azy = =2 defines a cubic curve over Spec A/G,,. We want to
show that this equation actually defines a generalized elliptic curve E over PZ 17(1, 3).
3

For this, we have to check that for no map f: Speck — PZF] (1,3) for k a field (of
3

characteristic # 3), the pullback f*E has a cusp. Equivalently, we have to show that
for any values a1, ag € k for which ¢4 = af — 24a1a3 and A = a%(a% — 27a3) vanish, also
a1 and ag vanish. First observe that if ¢4 = A = 0, then a; = 0 implies a3 = 0 and vice
versa. If A =0, either ag = 0 or a? = 27a3. In the second case, 27a1a3 = a‘l1 = 24aqa3
and thus a1 =0 or ag = 0.

Thus, we obtain a map p: Spec A/G,, — My [%] to the moduli stack of cubic

curves that restricts to a map PZF] (1,3) = My [%] which in turn extends the map
3

Mi(3) = My [5] € Men [5]-

As computed in the beginning of Section 7 of [Bau0O§|, the map p is surjective and
we have Spec A/G,, X um,,, Spec A/G,, =~ (Spec Als, t]/(f,9))/Gm, where f and g are
polynomials in s and ¢ such that A[s,t]/(f,g) is a finite flat A-module. As finiteness
can be checked after fpqc-base change, the map p is finite and hence also its restriction
PZ% (1,3) = My [%], which is the base change p X [%] M [%] Thus, the result

follows by Lemma [4.2 O

cu

By checking the gradings, we see that p*w = O(1) for p: PZF] (1,3) = My [3] the
3
restriction of the morphism constructed in the proof above. (Here, w denotes as usual
the line bundle O™ on M,y.) Thus, we have

Z (3] la1, as] for s =0
H¥(My(3);w®*) =2 S Z [1] [a1, as)/(a$°,a®)  for s =1
0 for s > 2

as shown, for example, in [Meil3, Proposition 2.5]. Here, Z [$] [a1, as]/(a$°, a§°) denotes

the Z [%} [a1, as]-torsion module with Z [%]—basis given by the monomials ﬁ, i,j > 1.
173
Thus, the descent spectral sequence for T'm f1(3) collapses. In particular, we see that

mtmfi(3) = Z [1] [a1, as).

4.2. RO(Cy)-graded homotopy of tmfi(3). Our goal in this subsection is to under-
stand the Cy-equivariant RO(C3)-graded homotopy groups of ¢m f1(3). We will compute
this via an RO(C9)-graded homotopy fixed point spectral sequence. This can be de-
scribed for a general group G, and we start with a brief description of this.
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4.2.1. The RO(G)-graded homotopy fixed point spectral sequence. If V' is a virtual rep-
resentation of GG, then by tracing through the adjunctions, we see that

TSF(EG,, X) =[SV ANEG, X]% 22§ F(EG,,S™V A X).

The skeletal filtration of EG then gives us a spectral sequence computing these. More-
over, if F is a homotopy ring spectrum, we have a natural multiplication map

(SVANEYAS™AE) =S VWAE,

and the standard argument then shows that this spectral sequence is a spectral sequence
of RO(G)-graded algebras. We summarize in the following proposition.

Proposition 4.4. If E is a G-spectrum with a multiplication up to homotopy, then
there is an RO(G)-graded spectral sequence of algebras

EyY = H*(G;mo(S™V A E)) = n$_ F(EG,, E).

When G = (5 there are two important simplifications. The first allows us to identify
the Es term more transparently:

Lemma 4.5. Let E be a Cy-spectrum. Then
T«(E A So_l) ~ 1, F ®sgn
as Cy-modules.

Proof. We have two commuting Cp-actions on E A S°~! corresponding to the two factors
and we denote the action of the non-trivial element by s and ¢, respectively. As the
diagonal action we are using in the lemma equals t o s, it is enough to show that ¢ acts
via sign on 7, (E A S°71) = E,(S°~!). This is true as ¢ acts as —1 on S°~L. O

Corollary 4.6. If E is a Cy-spectrum, then the RO(C2)-graded homotopy fized point
spectral sequence has the form

H*(Cy;m(E) @sgn”) = w2, ), F(ECay, E).

The second Cy simplification is a recasting of the RO(C5)-graded homotopy fixed
points spectral sequence in a way that allows us to read off permanent cycles. Recall
that there is a C-equivariant map

ay: SO — S°

which is essential but for which the restriction is null. The following is undoubtedly
well-known to experts.

Lemma 4.7. The RO(Cs)-graded homotopy fized points spectral sequence for a Ca-
spectrum X coincides with the a,-Bockstein spectral sequence for X.

Proof. The map a} fits in a cofiber sequence
S(no)y — S0 2% 5mo,

where S(no) is the unit sphere in the representation no. Applying F'(—, X), we deduce
a cofiber sequence of spectra

X 2% X o F(S(no)y, X).
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The space S(no)4 is also the (n — 1)-skeleton of the standard model for ECy, as the
infinite sign sphere, and the map on function spectra induced by the inclusion of the
(n — 1)-skeleton into the n-skeleton coincides with the obvious map of cofibers:

n+1

S-tox 2 L X~ F(S((n+1)0)4, X)

o |

20X —— X F(S(no)4,X).

a

o

Thus the filtration by powers of a, and the filtration by the skeleton of ECy coincide.
O

4.2.2. The RO(C3)-graded homotopy groups of tmfi(3). Recall from Section that
non-equivariantly m.tmfi(3) = Z 3] [a1, as] and m, TMF(3) = Z 3] [a1, a3, A™"] with
la1| = 2 and |a3| = 6.

As a first step, we will determine the Cy-action on these groups. By [MR09, Propo-
sition 3.4], the group Cy acts by —1 on a; and ag in m,, M F;(3) and hence also in
mtmfi(3) (as tmfi1(3) — TMFi(3) is a Cy-map that is an injection on underlying
homotopy groups).

By Corollary the RO(Cq)-graded homotopy fixed point spectral sequence Fj
term for tm f1(3)"“? can be written as follows:

E;* =7 [%] [aa,uétal, a1, as)/(2a,)

with degrees |a,| = (—0,1), |uzs| = (2 — 20,0), |a1| = (1 4+ 0,0) and |as| = (3 + 30,0).

We start by identifying the permanent cycles corresponding to n and v in the Hurewicz
image in m.tmf1(3)"“2. By [HLI3, Theorem 6.2], there is a Cy-equivariant map T'mf1(3) —
KU of E-ring spectra into K-theory, inducing a map between the homotopy fixed point
spectral sequences for Tmf(3)"“2 and KO ~ KU"2. In the latter, 7 is of filtration
1, so it has to be of filtration < 1 in the former. As the homotopy fixed point spectral
sequences of Tmf1(3)"“? and tmfi(3)"“? agree in nonnegative degrees, 7 is also filtra-
tion 1 in the homotopy fixed point spectral sequence for tm f1(3)"“2 and is detected by
Agan.

To identify v, we observe the following lemma:
Lemma 4.8. The composite Tm f [%] 5 Tmfo(3) LN Tmf [%] is multiplication by 4.
Proof. This is true on the level of Fs-terms of homotopy fixed point spectral sequences,
expressing T'm fo(3) and T'm f [%] as homotopy fixed points of Tmf(3). The T'mf [%]—
linear self-maps of T'm f [%] are in one-to-one correspondence to elements in moT'm f [%] .
These are all of filtration 0 in the descent spectral sequence by [KonI2] and thus detected
by their action on moT'mf [1] = H*(GLy(Z/3); moTm[(3)). O

As 4v in m3T'mf [%] is non-zero and of filtration 3, we know that v = res(v) €
m3T'mfo(3) is of filtration < 3 and non-zero. For degree reasons, it has to be detected
by the image of a3as. As the homotopy fixed point spectral sequences for tm f(3)"¢2
and T'm f1(3)"C2 agree in this range, the same is true for tm fi(3)"2.

Corollary 4.9. The classes a1 and as are permanent cycles.
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Proof. Since the homotopy fixed point spectral sequence and a,-Bockstein spectral se-
quences coincide, we learn that if an a,-multiple of a class is a permanent cycle, then
the class is a permanent cycle. This in particular implies to = a1a, and v = aga>. O

Corollary 4.10. The only generator of the Eo term for the RO(C2)-graded homotopy
fized point spectral sequences for tmfi(3) and for Tmf1(3) which is not a permanent
cycle is uag .

Similarly, the transfer of any element in the underlying homotopy is a permanent
cycle. In particular, we conclude immediately that the classes

vo(k) := 2ub

for k € Z are all permanent cycles which generate copies of Z. These satisfy an obvious
multiplicative relation

vo(k)vo(j) = 2v0(j + k).
Next, we will determine the differentials. Note first that for degree reasons all dy; are
0 for k > 1. The other differentials follow easily from work of Mahowald-Rezk [MR09].

Proposition 4.11. We have differentials
d3(uge) = alay
d7(ud,) = a’as.
The torsion produced by the first differential yields new dr-cycles:
a1 (k) = arudy,
for k € Z. These also participates in the expected multiplicative relations:
ai(k)ai(j) = a1 -ar(j + k),
ay (j)vo(k) = ay - vo(k + 27).

Remark 4.12. The classes vo(k) and a;(j) form families exactly like the families vg(k)
and v1(j) described by Hu-Kriz is the computation of the homotopy of BPR.

There is no room for further differentials in Eg, which is the subalgebra of
Z [%] [aa’ U0, A1, a3]/(2a0'7 aflaga ZLSG/Z)

generated by a,, @1, as, vo(1), vo(2), vo(3), @1(1) and ui?. So this is also the Eu-term.

Observe that there can be no additive extension issues for degree reasons. Also for
degree reasons, we have no hidden multiplicative extensions. Thus, we get the following
explicit presentation of the homotopy groups:

Theorem 4.13. We have
72 F(ECyy, tmfi(3)) 2 Z [1] [aa,ugif,al,ag,vo(k),alu)]/(am(k),ag(al,al(n),agag,
vo(k + 4) = vo(k)usy, a1 (k + 2) = @1 (k)usy, vo(k)vo(§) = 200(j + k),
a1(k)ar(j) = @ (i + k), a1 (§)eo(k) = arvolk +23)).
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Remark 4.14. We have 7¢2 F((ECy4,tmf1(3)) = 72, tmf1(3) for all a,b > 0 and

a+bo a+bU
, Hmtm f1(3) =0 for a < 0 and a + b < 0; this follows from the cofiber sequence

Sa+(b—1)a _y gatbo _, ga+b /\(02)+‘
Is it possible, but more complicated, to describe also the other homotopy groups.

Corollary 4.15. The spectrum tmf1(3) is strongly even as a Ca-spectrum. In particu-
lar, it is Real orientable and thus a form of BPR(2).

Proof. 1t is immediate from and the remark thereafter that tmfi(3) is even as a
C-spectrum and also that the Mackey functor m, ,tm f1(3) is constant for all k € Z. The
map BP, — tmf1(3). induced by the p-typification of the formal group law associated
to the Weierstrass equation y? + ajzy + azy = x> sends the Hazewinkel generators v;
and vy exactly to a; and as. This implies that ¢tm fi(3) is a form of BPR(2). O

This implies actually the following strengthening of a result by Romie Banerjee in
[Banli4]:

Corollary 4.16. After 2-completion, there is an (additive) equivalence tm fy(3)[ag '] ~
ER(2). For concreteness, ER(2) means here the one defined by the Hazewinkel gener-
ators.

Proof. By the main result of [AL15], there is after 2-completion an equivalence tm f1(3) ~
BP(2) of underlying spectra, where BP(2) is, say, the form of BP(2) defined by killing

the Hazewinkel generators wvs,vy4,... from BP. This induces an equivalence after 2-
completion of the underlying spectra tmf1(3)[az '] ~ E(2).
By Proposition the result follows. O

Conjecturally, this holds also before 2-completion.

4.3. The relationship between tmfi(3), Tmfi1(3) and TMF;(3). The following is
proven in [MM15, Theorem 7.12].

Proposition 4.17. The map Tmfy(3) — T'mf1(3) is a faithful Ca-Galois extension in
the sense of Rognes.

By [Rog08|, Proposition 6.3.3], this implies that the norm map T'm.f1(3)nc, — Tmf1(3)"C?
is an equivalence. Equivalently, ®“2Tm f1(3) ~ Tm f1(3)!? ~ % as Tmf1(3) is cofree.
By [HHRO09, Corollary 10.6], it follows that every T'm f1(3)-module spectrum is cofree.

Lemma 4.18. Given a Cy-spectrum X , its geometric fized points ®°2 X can be computed
as the Ca-fixed points of

X[agl]:hocolim(xzs%x 2o N, go p x 2o A, SQUAXM»--).

Proof. We have ®©2X ~ (E’P/\X )¢2, where EP is a contractible pointed space such
that EP¢2 ~ S0 A model for EP is

$%7 — hocolim (50“—%5”“—%520“—%--.). 0



18 MICHAEL A. HILL AND LENNART MEIER

Lemma 4.19. Let f be a homogeneous polynomial in a1 and as of positive degree. Then

tmfi3)[f '] = Tmfi3)[F ]

s an equivalence.

Proof. For some k > 0, we have aZ?k =0in mx F((EC2)4,tmf1(3)) and |a(7,?k] positive.
Thus also aZ?k =01in With f1(3) and ®C2(tmfy (3)[771]) = 0. By [HHRO09, Corollary

10.6], tmf1(3)[f71] is then cofree. Thus, we have only to show that tmf1(3)[?71] —

Tmf1(3)[f _1] is an equivalence of underlying spectra. As every element of negative
degree in 7¥T'mf1(3) is killed by a; and a3, the result follows. O

Lemma 4.20. Let f be a homogeneous polynomial in a1 and as of positive degree.
Denote by D(f) the non-vanishing locus of the underlying element f € H°(M1(3);w*).
Then there is an equivalence

Tmfi(3)[f ] — O*P(D(f))
of Ca-spectra.
Proof. Note first that D(f) is Co-invariant as f? is an invariant section. There is a
Cy-map of ring spectra Tmf1(3) = OYP(M;(3)) — OP(D(f)). The image of f is

invertible as it is detected by fulga for some k£ and f and us, are invertible. Thus, we
get an induced map
Tmfi(3)[] '] = 0" (D())

of Cy-spectra.

By [MM15|, Theorem 7.2] and the proof of [MM15, Theorem 7.12], the global sections
functor

I': QCoh(M;(3),0"P) — Tmfi(3)-mod

is an equivalenceﬂ Thus, we can apply [MM15, Lemma 3.20] to see that

Tmfi(3)[f '] = O"P(D(f))

is an equivalence of underlying spectra. As both spectra are cofree, the result follows.
O

This applies in particular to f = A. Thus,
_ ——1
tmfi(3)[AT] = Tmfi(3)[A ] =~ TMF(3)
as Co-spectra (with A = @3®(a;® — 27a3)). In particular, TMFy(3) is strongly even.
Thus, Theorem [2.5] implies:
Proposition 4.21. The Cy-spectrum TMF1(3) is Real Landweber exact in the sense
that there is a natural isomorphism
MRy (X) @nup, TMF1(3)2 = TMFi(3) % (X)

for all Cs-spectra X .

lwe only really need that I' commutes with homotopy colimits. As observed in the proof of [MMT15),

Proposition 3.8], this is automatic when the stack has finite cohomological dimension as M;(3) does.
This circumvents the use of most of the heavy machinery in [MMI5].
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The following fiber square will be useful later.

Proposition 4.22. We have a fiber square
Tmfi(3) ———tmfi(3)[a; ']
tm f1(3)[az '] —— tmf1(3)[(@ras)""]

Proof. The square
M1 (3) < D(al)
D(ag) e D(alag)

induces a fiber square
(1) OtOP(Tl(B)) — Oto”(f(al))
O"P(D(az)) — O"P(D(a1a3))

3

and O is a sheaf (see [MMT5, Appendix B]).
By the last two lemmas, this is equivalent to

M1(3) ~ ,PZ[l] (1,3) = D(al) U D(a3)

Tmfi(3) —— tmfi(3)[a; ]

| |

tmfi(3)[az '] — tmfi(3)[(aras) "]

as a square of Cy-spectra. O

5. SLICES AND ANDERSON DUAL

5.1. Slices. We can apply the computations of the regular representation homotopy
groups of tmf1(3) and its localizations to determine their slices.

Since all of the odd slices vanish and the even slices are regular representation sus-
pensions of HZ [%], the homotopy groups “near multiples of regular representations”
are easy to compute since the slice spectral sequence is especially simple here.

As a bit of notation, if R is a graded localization of a polynomial ring, let M, (R)
denote the monic monomials of degree n in R. Then Lemma [3.7] implies:

Corollary 5.1. Let M be one of tmf1(3), tmfi1(3)[a; '], tmfi(3)[az '], or tmf1(3)[(aras) ™).
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For all k, we have
Tpr1 M = G - { Mago(m/ M)},
EkpM =4 [%] {MQk(WfM)},
T M =0, and
ThpoM =L [5] {Mog—(mM)}.

Similarly, naturality of the slice spectral sequence implies that we understand the
effect of the localization maps on homotopy groups in dimensions kp — 2,...,kp + 1.

Corollary 5.2. For k € Z and for j = —2,...,1, the localization maps

Thpritmf1(3)[a; '] — mp,y tmfi(3)[(@1as) ™)
are induced by the obvious inclusions of graded pieces of these graded rings.

Remark 5.3. We could also have read off these results from the homotopy fixed point
spectral sequence, but the slice spectral sequence approach is both more conceptual and
is easier for Mackey functor computations.

We want now to compute the slices of T'mfi(3). To that purpose, we denote by
M ay, as) the monic monomials in Z [£] (a1, as).

Proposition 5.4. The associated slice graded to Tm f1(3) is
Vo SPaEZE] v\ sTPviamz).
PeM]lay,as) PeM]lay,as)

Proof. Since the slice (—1)-connective cover is the ordinary (—1)-connective cover, the
non-negative slices of T'm f1(3) are those of its connective cover tmf1(3).

For the remaining slices, we use Propositions [3.1] and The long exact sequence
in homotopy associated to the fiber square and Corollary identify the needed
homotopy groups. For k < 0, let R denote the degree 2k piece of

Z[5) 1" 0571/ (Z [3] [y, as) + Z 3] [an, a57]) -
We then have isomorphisms
m,Tmfi(3) = G ® Ry

and
Ekpflefl(g) =Z® Rk

The functor PY applied to the Mackey functor G yields zero, so we conclude by Propo-
sition [3.5] that there are no negative even slices, and and by Proposition [3.1] that all of
the negative odd slices are of the desired form. U

This allows us to compute the Fo-term of the slice spectral sequence

Eg’t = W?fsPttTmfl(Z%) = ngTmfl(g%
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where P} denotes the t-slice of Tmf(3). For t > 0 even, we get:

T PTmAB) = @D wESH AHL[]
PEM[ELl,ﬁg} %tp

PEM[ﬁl,ﬁg} %tp
By [HHR09, Example 3.16], we have:

Z (%] if t — s divisible by 4 and s =0

Hg’;ﬂ (Séw,Z [%]) ={7Z/2 if0<s<t—sand (t—s)—s divisible by 4
0 else

Similarly, one can reduce the computation for ¢ < 0 to Bredon cohomology and use

that
Z [%] if d even and k =d
HE, (57, 2[5]) ={2/2  ithoddand 1<k <d
0 else

In the chart on the next page, the unboxed number n denotes n copies of Z/2, a box
denotes a copy of Z [%] and a boxed n denotes n copies of Z [%] . The vertical coordinate
is s and the horizontal one is ¢ — s.

5.2. Anderson Duality. Let G be a finite group. For an injective abelian group J,
the functor

(genuine) G — Spectra — graded abelian groups, X — Homg (7%, X, .J)

is representable by a G-spectrum [, as follows from Brown representability. If A is an
abelian group and A — J° — J! an injective resolution, we define the G-spectrum I
to be the fiber of Ijo — I;1. Given a G-spectrum X, we define its A-Anderson dual
I4X by F(X,I4). It satisfies for all k € Z the following functorial short exact sequence:

0 — Exty (7% X, A) = 7814 X — Homy (7%, X, A) = 0

For G = {e} we get non-equivariant Anderson duality as explored in [Stol2]. If G is
(possibly) non-trivial, denote by Ag the Burnside category, by which we mean the full
subcategory of Ho(Sps) on the cosets ¥°°(G/H).. Precomposing for a G-spectrum X
with the functor

Ac = Spa, E%°(G/H)4 v S°(G/H) 4 AN X

we see that the short exact sequence above refines to a short exact sequence of Mackey
functors

0 — Exth(m_; X, A) = 1,14 X — Homz(z%, X, A) = 0.
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FIGURE 1. The slice spectral sequence for T'm fi(3).
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By smashing X with representation spheres, we see that it even refines to an RO(G)-
graded sequence. Equivariant Anderson duality in the case G = C5 has been explored
in some detail in [Ric14].

One reason to be interested in Anderson (self) duality is the universal coefficient
sequence, relating homology and cohomology, which we will state for simplicity only
non-equivariantly. Let E be a spectrum, X be another spectrum and A be an abelian
group. Then I4(X A E) ~ F(X,I4FE) implies the short exact sequence

0 — Ext}(Er_1X,A) = (I1E)*X — Homg(E,X, A) — 0.

In particular, Anderson self-duality implies useful universal coefficient theorems; for
example, IzKO ~ %K O implies one of the main theorems of [And70].

Our goal in this section is to compute the Z [%]—Anderson dual of Tmf;(3) as a Ca-
spectrum and then deduce a computation of the Z [%]—Anderson dual of Tmfy(3).

Observe that HZ* ~ S4=2¢ A HZ. Thus, Proposition implies that the associated
slice graded of Tm f1(3) is

\/ SPabz[i] v o \/ ST AEZE]T
PeM]ay,as] PeM]lay,as)

This suggests the following theorem:

Theorem 5.5. There is a Co-equivariant equivalence IZ[ ]Tmf1(3) ~ Y520 Tm f1(3).

1
3
To prove this, we will start with two lemmas.

Lemma 5.6. We have non-equivariantly Iz[l]Tmfl (3) ~ X9Tmf1(3).
3
Proof. For shortness, we will write R =Tm f1(3).
By the moduli stack M1(3) is equivalent to the weighted projective stack P(1,3) =
PZF] (1,3) and the sheaf w on Mj(3) corresponds to O(1) on P(1,3). This weighted
3

1
aijas

projective stack has Serre duality in the sense that there is a class D =
H(P(1,3); O(—4)) such that

H*(P(1,3); F) ® H'*(P(1,3); F* © O(—4)) - H'(P(1,3); O(=4)) 2 Z [{] - D

is a perfect pairing for s = 0,1 for an arbitrary coherent sheaf F.
As P(1, 3) has cohomological dimension 1, the element D is a permanent cycle in the
descent spectral sequence for R = T'm f1(3) and is represented by a unique element in

T_gR=7Z [%], which we will also denote by D. Denote by ¢ the element in 71'9[2[ 1 ]R
3

with ¢(6)(D) = 1, where ¢: ngz[l]R = Hom(m_9R,Z [%]). The element § induces a
3
R-linear map 6: X°R — I 11 R.
(3]
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FIGURE 2. The E?-term of the Slice Spectral Sequence for mj,_o,T'm f1(3)

We obtain a commutative diagram

mhoR®m_ R — 22 w1 R TR O Hom(r_4R,Z [}]) @ m_iR
R o zZ[Y]

The left vertical map is a perfect pairing because of Serre duality (as described above),

as is the right vertical map by definition. Thus, the map 0, : mp_gR — FkIZ[l] R is an
3

isomorphism for all k. This shows that 5 is an equivalence. O
The following key lemma uses our information about the slices of T'm f1(3):
Lemma 5.7. The transfer
m_oTmfi(3) = 75 o, Tmfi(3) = 7% o, Tmfi(3)
18 an isomorphism.

Proof. The slice spectral sequence for X2*T'm f (as shown in Figure 2, dots meaning the
Mackey functor G and boxtimes meaning Z*) gives an isomorphism of Mackey functors

T s 0, Imfi(3) 2w 5 o, S YTINHZ 3] = HA(S*Z[3]) =2 (5] O

Proof of Theorem. Consider the commutative diagram

FE?—iQpIZ[%] Tmfi(3) —= Hom(w%_szmfl (3),Z [%D
lres = | res=tr*
WQIZ[%]Tmﬁ(S) —— Hom(m_oTmf1(3),7Z [%])

By the last lemma, tr* is an isomorphism. This implies that we can refine the element

S W9IZ[1]Tmf1(3) corresponding to the equivalence X9Tmf;(3) — Iz[l]Tmfl(?))
3 3
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from Lemma [5.6{to an element & € 7T5Cj2plz[l
3

}Tm f1(3). This induces a Ca-equivariant

Tmf1(3)-linear map
YO Tmf(3) — IZHTm f1(3)
3
that is an equivalence of underlying spectra. By the discussion after Proposition [4.17]
Tmf1(3) and IZ[l]Tmfl(?)) are cofree Co-spectra. Thus, the theorem follows. O
3

This allows us also to compute the Anderson dual of T'm fy(3). As in [Stol2], we will

use the following lemma:

Lemma 5.8. Let A be an abelian group and X be a spectrum with an action by a finite
group G. Assume that the norm map Xna — X"C is an equivalence. Then there is an
equivalence (11 X)"C ~ I,(Xh).

Proof. We have the following chain of equivalences:

(I4X)"C ~ F(X,14)" ~ F(Xpa, Ia) ~ F(X"9 14) ~ T4(X"%) O

By Proposition we get:

Corollary 5.9. There is an equivalence IZ[ ]Tmf0(3) ~ (L2 Tm f1(3))PC2,

1
3

6. THE P1cArRD GROUPS

In this section we will compute the Picard groups of TM Fy(3), Tmfo(3) and related
spectra. We recommend to have a look at [MS14] as it contains a good introduction to
Picard groups and our techniques are very similar to theirs.

6.1. Generalities. If C is a monoidal (co-)category, we denote by Pic(C) the (possibly
large) group of isomorphism classes of invertible spectra. If C is a monoidal co-category,
we denote by Pic(C) the maximal co-subgroupoid (Kan complex) of the full subcategory
of invertible objects. Clearly, moPic(C) = Pic(Ho(C)). If C is a symmetric monoidal
oo-category, Pic(C) inherits the structure of a group-like Fo-space; thus, there is a
connective spectrum pic(C) with Q*pic(C) ~ Pic(C).

Given an Fy-ring spectrum R, its oo-category R-mod of (left) R-modules has the
structure of a monoidal oo-category ([Lurld] Proposition 7.1.2.6]). We define the Pi-
card group Pic(R) of R to be Pic(Ho(R-mod)) and the Picard space Pic(R) to be
Pic(R-mod). If R is an Ey-ring spectrum, then R-mod is even a symmetric monoidal
oo-category. We define then pic(R) to be pic(R-mod).

For us, a derived stack will be a pair X = (X, O%P), where X is a Deligne-Mumford
stack and OP is a sheaf of even-periodic E,.-ring spectra with moO!P isomorphic to
the structure sheaf Ox of X. For example, X might be a moduli stack of elliptic curves.
For a derived stack X = (X, O%P), we write Pic(X) etc. for the Picard group, space
or spectrum of the symmetric monoidal oco-category of quasi-coherent (O°P-modules
QCoh(X) on X. For a short treatment of quasi-coherent sheaves in this context see
[MM15, Section 2.3] and for a full-blown treatment see [Lurllb].
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Definition 6.1. We call a derived stack X = (X, O!P) 0-affine if the global sections
functor
I': QCoh(X) — O"P(X)-mod

is an equivalence of symmetric monoidal oco-categories.

Clearly, pic(X) ~ pic(O"P(X)) if X is O-affine. It was shown in [MMT5] that the
(compactified) moduli stack of elliptic curves with arbitary level structure together
with its derived structure sheaf O'P is O-affine.

The following Mayer—Vietoris principle will be useful later.

Lemma 6.2. Let X = (X,Ox) be a 0-affine derived stack and U,V C X be a covering
by open substacks. Then we have a long exact sequence
s —> GLlﬂoox(UﬁV) — PiC(Ox(X)) — PiC(O;\((U))XPiC(O;y(V)) — PiC(O;v(UﬂV)).

The boundary map GL1moOx(U N V) — Pic(Ox (X)) can be described as follows: An
element of GL1moOx (U N'V) corresponds to an Ox-linear self-equivalence of Ox|unvy -
Gluing Ox|y and Ox|y along this self-equivalence gives an invertible O x-module on X .

Proof. As shown in [MS14, Section 3.1], the presheaf Pic defined by
Pic(Spec R — M1 (3)) = Pic(O"P(Spec R — M;(3))

(where Spec R — M (3) is étale) is actually a sheaf. Thus, we have a homotopy pullback
square

PiC(X, O;\() PiC(U, O;\(|U)

| l

Pic(V,Oxly) — Pic(UNV,Ox|unv)

The identification of these Picard spaces with those of Ox(X) etc. follows from the fact
that X, U, V and U NV are O-affine (see [MMI15, Proposition 3.27]). This fiber square
induces then the long exact sequence in the lemma. The identification of the boundary
map follows directly from the usual description of the map

GLIOx(UNV) = QPic(Ox(UNV)) = Pic(Ox(U)) X oo wivy Pic(Ox(V)). O

Let now A — B be a faithful G-Galois extension in the sense of [Rog08]. Then by
[MS14, Section 3.3], we have the following theorem:

Theorem 6.3. There is an equivalence pic(A) =~ T>opic(B)"C.

There is also another equivariant interpretation of the Picard group of A if A — B is
a faithful G-Galois extension. View B ~ F(EG4, B) as a cofree G-spectrum. Denote
the category of equivariant B-modules by G-B-mod. As B is cofree and A — B is a
faithful Galois extension, ®¢B ~ B! is contractible. By [HIHR09, Corollary 10.6] every
(equivariant) B-module is thus cofree again. Therefore, a map in G-B-mod is a weak
equivalence if it is an underlying weak equivalence. It is then a consequence of Galois
descent in the form [Meil2l Lemma 6.1.4, Proposition 6.2.6] that there is a monoidal
equivalence Ho(A-mod) ~ Ho(G-B-mod). Thus, Pic(R) & Pic(Ho(G-B-mod)), the
group of equivariant invertible B-modules. We will denote the latter group by Picg(B).
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6.2. A generalized Baker—Richter theorem. Baker and Richter proved in [BRO5]
that the Picard group of an F..-ring spectrum R is completely algebraic if R is even
periodic and myR is a regular complete local ring. This applies, for example, to the
Lubin-Tate spectra E,. Mathew and Stojanoska generalized this in [MS14] by drop-
ping the condition that myR is complete and local (and also weakened the periodicity
requirement). The main purpose of this subsection is to show that the assumption of
periodicity is superfluous.

Let R be an FEs-ring spectrum. Let L be an invertible 7, R-module. Then L is
projective over 7, R. Thus, there is an R-module L with m,L = L and this module L is
well-defined up to isomorphism in Ho(R-mod). This defines a map Pic(m.R) — Pic(R).
By the degenerated Kiinneth spectral sequence, this is a homomorphism.

Let R, be a commutative graded ring. By an element z € R, we will always mean
a homogeneous element and by an ideal I C R, we will always mean a homogeneous
ideal. We call R, local if it has a unique maximal ideal m. We call a graded local ring
reqular if the maximal ideal is generated by a finite regular sequence. We call a graded
local ring complete if the map R, — limy, R/m* is an isomorphism. We call an arbitrary
commutative graded ring regular if every localization of it at a prime ideal is regular.

We have the following generalization of [BR05, Theorem 38].

Theorem 6.4. Let R be an Es-ring spectrum. Assume that ma R is concentrated in even
degrees and regular. Then the morphism Pic(m.R) — Pic(R) is an isomorphism.

This is not really new as this generalization is just a combination of [BR05, Remark
39] and |[MS14] Theorem 2.4.6]. We will sketch a proof anyhow as we introduce one
simplification, avoiding the use of obstruction theory for A..-structures.

Let M be an invertible R-module with M Ag N ~ R for some R-module N. It is
enough to show th/at\w*M is a projective m, R-module. For this, it is enough to show that

the completion (m,M),, is a projective 7{,}2 -module for every maximal ideal m C 7T*R
The theory from [Lurl 1al Section 4.2] 1mphes that there is actually an R-module My,
with 7, My (/\ We have My A Ny ~ Ry by [Curlial, Remark 4.2.6].
Let x1,...,2z, be a regular sequence generating m. Consider the Rm—module f%m /z,
o\btained by killing the regular sequence 1, ...,x,. By [EKMM97, Theorem V.2.6]E|
Ry /x has the structure of an R-ring spectrum in the sense that there exists a map

ém/g/\j%m ém/@ - Em/ﬁ
that is unital up to homotopy For an arbitrary Ry-module X, set X Jx=XA B R /x.

Claim 6.5. The map

T (X1/12) me(Xa/z) = m((X1 A, X2)/z)

®7T* Em /2

2Lurie only considers ideals in 7o R, but the theory also works for homogeneous ideals in 7. R under
our assumptions.

3While the source states the result only for F.-ring spectra, the same proof works also for Fa-ring
spectra.

4For our argument, this naive result suffices, while Baker and Richter use that I-AZm /x has an Aso-
structure.
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is an isomorphism for all Ry-modules X1 and Xo.

Proof. This is clearly true if X; = Ry. Both sides are homological in X7 — as 7y (R /x)
is a grAaded field — and compatible with arbitrary coproducts. Thus, it is true for all
X1 € Ry -mod. O

In particular m(]\?m/g) is in the Picard group of W*(ﬁm/g) Thus, m(]\?m/g) is a
free m, Ry /2z-module of rank 1.
’ n
i1,...,4, > 1, using the Nakayama lemma for graded rings. Usmg the completeness of
F*Rm, one can show as in [BR0O5| that W*Mm is a shift of 7T*Rm In particular, 7r*Mm is

As in [BRO5], one can show that 77*( w/ (2, xin) s a cyclic 7 Rp-module for

projective over m, Ry, as we wanted to show.

6.3. The case of TMFi(3) and T'mfi(3).

Lemma 6.6. We have isomorphisms

Pic TMF(3) ~Z/6

Pictm fi(3)[a;'] = Z/2
Pictmfi(3)]az'] = /6
Pictmfi(3)[a;'az'] = Z/2

In all the cases, all the invertible modules are equivalent to suspensions of the ground
ring spectrum.

Proof. We will just prove the lemma for TM F;(3) — the other cases are analogous. By
Theorem PicTMF;(3) = Pic(n,TMF(3)). A graded ma, T M F;(3)-module is an
equivalent datum to a quasi-coherent sheaf on M;(3) ~ SpecZ [3] [a1, as][A™]/Gyp.
Thus, there is a short exact sequence

0 — Pic(M1(3)) = Pic(m, TMFy(3)) = Z/2 — 0.

Given a line bundle £ on M;(3), we can extend it to the weighted projective stacky
line M;(3). Indeed, by [Meil3, Lemma 3.2], we can extend L to a reflexive sheaf on
M;(3) and every reflexive sheaf of rank 1 is a line bundle by [Har80, Proposition 1.9].
Every line bundle on a weighted projective stacky line is of the form O(k) for some
k € Z as can be seen, for example, along the lines of [Meil3, Proposition 3.4].

As ag is invertible on M;(3), it defines a trivialization of O(3)|4,(3). We see that

Pic(M1(3)) = Z/3.

As the subgroup of Pic TM F(3) spanned by the S*T'M F(3) is isomorphic to Z/6, the
lemma follows. U
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Proposition 6.7. The extensions

TMFy(3) — TMFy(3)

(tmf1(3)[a; ') — tmfi(3)[a; ]
(tmfi(3)[az )" = tmf1(3)[az ]
(tmfi(3)[ay 'z )" — tmf1(3)[a; 'az ]

are faithful Cy-Galois extensions in the sense of Rognes.

Proof. We obtain these maps of E..-ring spectra by applying O to the following
(5-Galois covers of stacks

Mi(3) = Mp(3)
D(a1) = D(a1)/Cs
D(as) — D(a3)/Ca
D(aia3) — D(ajas)/Cs
as follows from the results in Section By the main result of [MMI15], the derived
stack (Mg, OP) is 0-affine and by [MMI5, Proposition 3.28] the same is true for

the targets of the above four Galois covers. Then [MMI5, Theorem 5.6] implies the
result. O

Theorem 6.8. We have isomorphisms

Pice, TM F1(3) = Pic(TM Fy(3)) = 7./48
Pice, tm f1(3)[a; '] = Pic((tm f1(3)[a; '])"?) = Z/8
Picc, (9| = P (m 9 %) =21
Pice, tm f1(3)[a; 'az '] = Pic((tm f1(3)[ay 'ag 1)) = Z/8

In all the cases, all the (equivariant) invertible modules are equivalent to (trivial) sus-
pensions of the ground ring spectrum.

Proof. We will only prove this in the first case. The other cases are similar. The first
equivalence follows directly from Proposition and the discussion at the end of the
previous subsection.

In the following, we will denote by HF'PSS the homotopy fixed point spectral sequence
for the Co-action on TMFy(3) and differentials in it will be denoted by d"¥. We
will always use the Adams convention that the k-th column consists of the groups
H3(Co;mTMF;(3)) with k =1t — s.

We have TM Fy(3) ~¢, tmf1(3) [7_ ] with A = @3 (a3 —27as) by the results of Section
As A is a permanent cycle, this allows us to deduce from the results of Section

=4
all differentials in the HFPSS. For example, v = %3 is a permanent cycle.

It is easy to see that the (—1)-st column of the HFPSS for T'M F;(3) is in cohomolog-
ical degrees < 7 isomorphic to Fa[y] - by @ Fa[y] - by with by = ajuy, a2 of cohomological
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degree 3 and by = azus, UQGZ of degree 7. We have the differentials
() =
and
atF (+4br) = 202
in the HFPSS.
From the equivalence pic(TMEp(3)) ~ 7so(pic(TMF1(3)))"“2, we get the Picard
spectral sequence
HS(CQ;thiCTMF1(3))
that converges to m_gpic T M Fy(3) for t — s > 0. Differentials in it will be denoted by
dP'ic
The Picard group of TM Fy(3) is Z/6 by Lemma [6.6| and GLimyT M Fy(3) is isomor-
phic to Z x Z/2, generated by % and —1. Thus:

76 fort=0
mpicTMF,(3) = { Z x Z,/2 for t =1
7Tt_1TMF1(3) for t Z 2.

We are interested in the 0-th column of the Picard spectral sequence. We have
H%(Co;7,/6) = Z./6

and
HY(Cy;Z x 7.)2) = 7,/2;

for s > 2 the 0-th column of the Picard spectral sequence agrees with the (—1)-st
column of the HFPSS. For an element z in the (—1)-st column of the HFPSS, denote
the corresponding element in the 0-th column of the Picard spectral sequence by z.

If » € Ej, is in cohomological degree s, then dfic(z) = diF(z) + 22 by [MSI4,
Theorem 6.1.1]. For degree reasons, the first possible differential for v*b3 is a d and
this equals (v* + fyzk)bg. This is zero only if £k = 0. Likewise for degree reasons, the
first possible differential for 4*b; is a df i and this equals (v* + 72k)b%. This is again
zero only if £ = 0, so that b3 and b7 are the only permanent cycles in the 0-th column
of the Picard spectral sequence in cohomological degrees 2 < s < 7.

It is easy to check that each element in the (—1)-st column of the HFPSS of co-
homological degree > 8 either supports a ds- or dy-differential or is hit by a ds- or
dr-differential from an element of degree > 8. By [MS14, Comparison Tool 5.2.4], this
implies that all non-trivial elements in the 0-th column of the Picard spectral sequence
in cohomological degrees > 8 support non-trivial differentials or are hit by differentials.

Thus, Pic(T'M Fy(3)) has at most 6 -2 -2 -2 = 48 elements. We just need to show
that the image of the morphism

Z — Pic(TMFy(3)), k— SFTMFy(3)

has order 48. This follows easily from the fact that 48 is the smallest period of
m T MFy(3) as A is not a permanent cycle in the HFPSS. O
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Question 6.9. Let E be an Es Cy-spectrum. Assume that E is strongly even and that
w«E is a regular graded ring and an integral domain. Is under these conditions every
invertible E-module of the form SV AL, where V € RO(Cs) and L is a strongly even
E-module with 7. L € Pic(mE)?

Note that every even projective w.FE module can be realized by a strongly even E-
module in a unique way up to homotopy, giving a well defined homomorphism

Picepen (m+E) — Pic?(E).
The question above could thus be restated as asking for the surjectivity of the induced
homomorphism
RO(C3) @ Piceyen (m E) — Pic“2(E).

A positive answer to this question would be a Real generalization of the theorem by Baker
and Richter given here as Theorem [6.4)

We could provide a similar spectral sequence argument as above for the computation
of Pice, (T'm f1(3)), but we prefer to use a Mayer—Vietoris style argument instead. This
will demonstrate how the computation of Pice, (T'm fi(3)) follows essentially formally
from the fact that the Picard groups Pice, (tmf1(3)[a;"]) and Pice, (tmfi(3)[az']) are
generated by the suspension of the ground ring spectrum.

Theorem 6.10. The morphism
RO(Cy) — Pice, (Tmfi(3)), V= SV ATmfi(3)
18 surjective. Its kernel is generated by 8 — 8c. Thus,
Pic(Tmfo(3)) = Pice,(Tmfi1(3)) 2 Z & Z/8.
Proof. By Lemmas and we have an exact sequence:

f
GLyn$2tmfi(3)[ar!] x GLinS2tmflaz ] —— GLin§2tmf1(3)[a; taz )

0

Pice, (Tm i(3)) —— Pice,(tmfi(3)a;]) x Picc, (tmi(3)[a5") —— Pice,(tmfi(3)lar",a5")
By Corollary we have W(?thfl(?))[al_ldgl] =~ 73] [(a3az ")*']. Thus,

GLin$2tmfy(3)[a az | = Z x Z x /2,

generated by %, Ezi’dgl and —1 and coker(f) & Z generated by [ajas .

We claim that d(afaz ') =~ S ATmf1(3). Indeed, we have trivializations
az: S Atmfi(3)[az '] — tmfi(3)[az ]
and
ai: S* Atmfi(3)[a;!] — tmfi(3)[a; ).
Thus, we get S A Tm f1(3) by gluing tm f1(3)[az '] and tm fi(3)[a; '] by the map ajaz '
on tmfi(3)[a; 'as ']
By Theorem ker(g) = Z/48. Furthermore, X878 Tmf(3) ~c, Tmfi(3) as u3,
is a permanent cycle. Thus, we get a commutative diagram
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0 7"~ RO(Cy)/(8 — 80) — = RO(C5)/(8 — 80,3p) = Z,/48 — 0

- i lg

0 — coker(f) —— Picc,(Tm fi(3)) ker(g) 0

Thus, the middle map is also an isomorphism. O

Remark 6.11. Using the technique of the last proof, it seems plausible to extend Question
[6.9]to certain derived stacks whose underlying stack is regular and that have a Cy-action.

Remark 6.12. The map Pic(Tmf) — Pic(T'mfy(3)) is not surjective. The former has
been identified with Z & Z/24 in [MS14, Theorem B and Construction 8.4.2], where the
summands are generated by XT'm f and by the global sections O%P(Z). Here, Z is a line
bundle on the derived compactified moduli stack of elliptic curves (M., O™P) obtain
by gluing 3240%P on M,y and 220 P on My [czl] via the clutching function j = %.

We claim that the module O'P(Z) Ay, s Tmfo(3) is 2-torsion in Pic(T'mfo(3)). In-
deed, for p: My(3) — Mgy, we have for an arbitrary locally-free sheaf F on (M, OP)
an equivalence

L(F) NTmf Tmfo(3) ~ F(Melﬁ F Notop p*(/)%)o(fﬂ))

:F(Meu;P*(P*]:/\O%” - %0(3))
0

~ T (Mo(3);p"F)

In the first equivalence, we use that (M, O"P) is O-affine and in the second we use
the projection formula. Thus, O"P(Z) Ay, Tm fo(3) can be constructed as O™P(p*T),
where p*Z can be constructed by an analogous gluing construction on My(3), gluing
2O on Mo (3) and B0 on My(3)[c; '] via the clutching function j = % with
cq4 = a‘ll — 24a1a3. There is an equivalence of gluing data

((/)top7 (x)top7 id) N (2480150;0, 2480top’j2)

given by A%: O — O on Mg(3) and c§: OtP — $8O!P on My(3)[c;']. Note
here that A2 is a permanent cycle for TM Fy(3). Thus, 2-[Z] = 0 € Pic(M,(3), OtP) =
Pic(T'mfo(3)).

As not every torsion in Pic(Tmfy(3)) is 2-torsion, Pic(T'mf) — Pic(T'mfo(3)) is
indeed not surjective.
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