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Homotopy completion and topological Quillen
homology of structured ring spectra

JOHN E HARPER
KATHRYN HESS

Working in the context of symmetric spectra, we describe and study a homotopy
completion tower for algebras and left modules over operads in the category of
modules over a commutative ring spectrum (eg structured ring spectra). We prove a
strong convergence theorem that shows that for 0—connected algebras and modules
over a (—1)—connected operad, the homotopy completion tower interpolates (in a
strong sense) between topological Quillen homology and the identity functor.

By systematically exploiting strong convergence, we prove several theorems concern-
ing the topological Quillen homology of algebras and modules over operads. These
include a theorem relating finiteness properties of topological Quillen homology
groups and homotopy groups that can be thought of as a spectral algebra analog
of Serre’s finiteness theorem for spaces and HR Miller’s boundedness result for
simplicial commutative rings (but in reverse form). We also prove absolute and
relative Hurewicz Theorems and a corresponding Whitehead Theorem for topo-
logical Quillen homology. Furthermore, we prove a rigidification theorem, which
we use to describe completion with respect to topological Quillen homology (or
TQ-completion). The TQ-completion construction can be thought of as a spectral
algebra analog of Sullivan’s localization and completion of spaces, Bousfield and
Kan’s completion of spaces with respect to homology and Carlsson’s and Arone and
Kankaanrinta’s completion and localization of spaces with respect to stable homotopy.
We prove analogous results for algebras and left modules over operads in unbounded
chain complexes.

18G55, 55P43, 55P48, 55U35

1 Introduction

Associated to each nonunital commutative ring X is the completion tower arising in
commutative ring theory,
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1326 John E Harper and Kathryn Hess

of nonunital commutative rings. The limit of the tower (1.1) is the completion X"
of X', which is sometimes also called the X —adic completion of X . Here, X/ X"
denotes the quotient of X in the underlying category by the image of the multiplication
map X®” — X . In algebraic topology, algebraic K—theory and derived algebraic
geometry, it is common to encounter objects that are naturally equipped with algebraic
structures more general than, for example, commutative rings, but that share certain
formal similarities with these classical algebraic structures. A particularly useful and
interesting class of such generalized algebraic structures are those that can be described
as algebras and modules over operads; see Fresse [20], Goerss and Hopkins [26], Kriz
and May [42], Mandell [51] and McClure and Smith [56].

These categories of (generalized) algebraic structures can often be equipped with an
associated homotopy theory, or Quillen model category structure, which allows one
to construct and calculate derived functors on the associated homotopy category. In
[59, IL.5], Quillen defines “homology” in the general context of a model category —
now called Quillen homology — to be the left derived functor of abelianization, if it
exists. Quillen homology often behaves very much like the ordinary homology of
topological spaces, which it recovers as a special case. Quillen [60] and André [1]
originally developed and studied a particular case of Quillen’s notion of homology
for the special context of commutative rings, now called André—Quillen homology. A
useful introduction to Quillen homology is given in Goerss and Schemmerhorn [28];
see also Goerss [24] and HR Miller [57] for a useful development (from a homotopy
viewpoint) in the case of augmented commutative algebras.

In this paper we are primarily interested in the topological analog of Quillen homology,
called topological Quillen homology, for (generalized) algebraic structures on spectra.
The topological analog for commutative ring spectra, called topological André—Quillen
homology, was originally studied by Basterra [6]; see also Baker, Gilmour and Rein-
hard [4], Baker and Richter [5], Basterra and Mandell [7; 8], Goerss and Hopkins [25],
Lazarev [46], Mandell [52], Richter [62], Rognes [63; 64] and Schwede [65; 67].

Basic assumption 1.2 From now on in this paper, we assume that R is any commu-
tative ring spectrum; ie we assume that R is any commutative monoid object in the
category (Sp”, ®s,S) of symmetric spectra (see Hovey, Shipley and Smith [39] and
Schwede [68]). Here, the tensor product ® s denotes the usual smash product [39,
2.2.3] of symmetric spectra (Remark 4.31).

Remark 1.3 Among structured ring spectra we include many different types of

algebraic structures on spectra (resp. R—modules) including (i) associative ring spectra,
which we simply call ring spectra, (ii) commutative ring spectra, (iii) all of the £, ring
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Homotopy completion and topological Quillen homology 1327

spectra for 1 <n < oo that interpolate between these two extremes of noncommutativity
and commutativity, together with (iv) any generalized algebra spectra (resp. generalized
‘R—algebras) that can be described as algebras over operads in spectra (resp. R—
modules). It is important to note that the generalized class of algebraic structures in
(iv) includes as special cases all of the others (i)—(iii). The area of stable homotopy
theory that focuses on problems arising from constructions involving different types
of structured ring spectra, their modules, and their homotopy invariants, is sometimes
called brave new algebra or spectral algebra.

In this paper we describe and study a (homotopy invariant) spectral algebra analog of the
completion tower (1.1) arising in commutative ring theory. The tower construction is
conceptual and provides a sequence of refinements of the Hurewicz map for topological
Quillen homology. More precisely, if O is an operad in R—modules such that O[0] is
trivial (ie O—algebras are nonunital), we associate to O itself a tower

110 «— 100 «— -+ «— 15 _1O«— 7,0 «—---
of (O, O)-bimodules, which for any O-algebra X induces the completion tower
11000 (X) «— 1000 (X) «— - «— 1410 00 (X) «— 13O 00 (X) «— -

of O—algebras whose limit is the completion X" of X . There is a homotopy theory
of algebras over operads (Theorem 7.15) and this construction is homotopy invariant
if applied to cofibrant O—algebras. We sometimes refer to the completion tower of a
cofibrant replacement X¢ of X as the homotopy completion tower of X whose homo-
topy limit is denoted X" . By construction, ;0 op (X€) is the topological Quillen
homology TQ(X) of X . Hence the homotopy completion tower of X interpolates
between TQ(X), which is the bottom term of the tower, and the homotopy completion
XN of X.

By systematically exploiting the strong convergence properties of this tower (see
Theorem 1.12 and its proof), we prove a selection of theorems concerning the topological
Quillen homology of structured ring spectra. We also prove analogous results for left
modules over operads (Definition 2.18). The first main theorem in this paper is the
following finiteness theorem for topological Quillen homology. It can be thought
of as a structured ring spectra analog of Serre’s finiteness theorem for spaces (eg
for the homotopy groups of spheres) and HR Miller’s [57, 4.2] boundedness result
for simplicial commutative rings (but in reverse form); for a related but different
type of finiteness result in the algebraic context of augmented commutative algebras
over a field of nonzero characteristic, see Turner [74]. The TQ finiteness theorem
provides conditions under which topological Quillen homology detects certain finiteness
properties.
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1328 John E Harper and Kathryn Hess

Remark 1.4 In this paper, we say that a symmetric sequence X of symmetric spectra is
n—connected if each symmetric spectrum X|¢] is n—connected. We say that an algebra
(resp. left module) over an operad is n—connected if the underlying symmetric spectrum
(resp. symmetric sequence of symmetric spectra) is n—connected, and similarly for
operads.

Theorem 1.5 (TQ finiteness theorem for structured ring spectra) Let O be an operad
in R—modules such that O[0] is trivial. Let X be a 0—connected O —algebra (resp. left
O-module) and assume that O, R are (—1)—connected and ; O[r], 73 R are finitely
generated abelian groups for every k,r.

(a) If the topological Quillen homology groups 7w TQ(X) (resp. m; TQ(X)[r]) are
finite for every k, r, then the homotopy groups ;. X (resp. mwj X[r]) are finite
for every k,r.

(b) If the topological Quillen homology groups m;, TQ(X) (resp. 7 TQ(X)[r]) are
finitely generated abelian groups for every k, r, then the homotopy groups ;. X
(resp. my X[r]) are finitely generated abelian groups for every k,r.

Since the sphere spectrum S is (—1)—connected and 7S is a finitely generated abelian
group for every k, we obtain the following immediate corollary.

Corollary 1.6 (TQ finiteness theorem for nonunital commutative ring spectra) Let
X be a 0—connected nonunital commutative ring spectrum. If the topological Quillen
homology groups m; TQ(X) are finite (resp. finitely generated abelian groups) for
every k, then the homotopy groups m; X are finite (resp. finitely generated abelian
groups) for every k .

Remark 1.7 Since all of the theorems in this section apply to the special case of
nonunital commutative ring spectra, it follows that each theorem below specializes to a
corollary about nonunital commutative ring spectra, similar to the corollary above. To
avoid repetition, we usually leave the formulation to the reader.

We also prove the following Hurewicz Theorem for topological Quillen homology. It
can be thought of as a structured ring spectra analog of Schwede’s [67, 5.3] simplicial
algebraic theories result, Goerss’ [24, 8.3] algebraic result for augmented commutative
IF, —algebras, Livernet’s [48, 2.13] rational algebraic result for algebras over operads in
nonnegative chain complexes over a field of characteristic zero and Chataur, Rodriguez
and Scherer’s [12, 2.1] algebraic result for algebras over cofibrant operads in nonnegative
chain complexes over a commutative ring. The TQ Hurewicz Theorem provides
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Homotopy completion and topological Quillen homology 1329

conditions under which topological Quillen homology detects n—connected structured
ring spectra. It also provides conditions under which the first nontrivial homotopy group
agrees via the Hurewicz map with the first nontrivial topological Quillen homology

group.

Theorem 1.8 (TQ Hurewicz Theorem for structured ring spectra) Let O be an
operad in R—-modules such that O[0] is trivial. Let X be a O—connected O —algebra
(resp. left O —module), n > 0 and assume that O, R are (—1)—connected.

(a) Topological Quillen homology TQ(X) is n—connected if and only it X is n—
connected.

(b) If topological Quillen homology TQ(X) is n—connected, then the natural
Hurewicz map X — 73 TQ(X) is an isomorphism for k < 2n + 1 and a
surjection for k = 2n + 2.

Note that one implication of Theorem 1.8(a) follows from Theorem 1.8(b). We also
prove the following relative Hurewicz Theorem for topological Quillen homology,
which we regard as the second main theorem in this paper. It can be thought of as a
structured ring spectra analog of the relative Hurewicz Theorem for spaces. It provides
conditions under which topological Quillen homology detects n—connected maps.

Theorem 1.9 (TQ relative Hurewicz Theorem for structured ring spectra) Let O
be an operad in R—modules such that O[0] is trivial. Let f: X — Y be a map of
O —algebras (resp. left O—modules) and n > 0. Assume that O, R are (—1)—connected.

(a) If X,Y are O—connected, then f is n—connected if and only if f induces an
n—connected map TQ(X) — TQ(Y) on topological Quillen homology.

(b) If X,Y are (—1)—connected and f is (n — 1)—connected, then [ induces an
(n — 1)—connected map TQ(X) — TQ(Y) on topological Quillen homology.

(¢) If f induces an n—connected map TQ(X) — TQ(Y) on topological Quillen ho-
mology between (—1)—connected objects, then f induces an (n — 1)—connected
map X" — Y" on homotopy completion.

(d) If topological Quillen homology TQ(X) is (n — 1) —connected, then homotopy
completion X" is (n — 1)—connected.

Here, TQ(X) — TQ(Y), X" — Y"A denote the natural induced zigzags in the

category of O —algebras (resp. left O —modules) with all backward facing maps weak
equivalences.
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Remark 1.10 It is important to note Theorem 1.9(b) implies that the conditions in
Theorem 1.9(c) are satisfied if X, Y are (—1)—connected and f is n—connected.

As a corollary we obtain the following Whitehead Theorem for topological Quillen
homology. It can be thought of as a structured ring spectra analog of Schwede’s [67,
5.4] simplicial algebraic theories result, Goerss’ [24, 8.1] algebraic result for augmented
commutative [F,—algebras and Livernet’s [47] rational algebraic result for algebras over
Koszul operads in nonnegative chain complexes over a field of characteristic zero. As a
special case, it recovers Kuhn’s [43] result for nonunital commutative ring spectra and,
more generally, Lawson’s [45] original structured ring spectra result (which is based
on [32]). The TQ Whitehead Theorem provides conditions under which topological
Quillen homology detects weak equivalences.

Corollary 1.11 (TQ Whitehead Theorem for structured ring spectra) Let O be an
operad in R-modules such that O[0] is trivial. Let f: X — Y be a map of O-
algebras (resp. left O—modules). Assume that O, R are (—1)—connected. If X,Y are
O—connected, then [ is a weak equivalence if and only if f induces a weak equivalence
TQ(X) ~ TQ(Y) on topological Quillen homology.

Associated to the homotopy completion tower is the homotopy completion spectral
sequence, which goes from topological Quillen homology to homotopy completion
(Theorem 1.12). It can be thought of as a structured ring spectra analog of Quillen’s
fundamental spectral sequence [60, 6.9] for commutative rings and the corresponding
spectral sequence studied by Goerss [24, 6.2] for augmented commutative [F, —algebras.
As a special case, it recovers the spectral sequence in Minasian [58] for nonunital
commutative ring spectra. Under the conditions of Theorem 1.12(b), the homotopy com-
pletion spectral sequence is a second quadrant homologically graded spectral sequence
and arises from the exact couple of long exact sequences associated to the homotopy
completion tower and its homotopy fibers; this is the homotopy spectral sequence of a
tower of fibrations (see Bousfield and Kan [9]), reindexed as a homologically graded
spectral sequence. For ease of notational purposes, in Theorem 1.12 and Remark 1.13,
we regard such towers {As} of fibrations as indexed by the integers such that A5 = %
for each s < 0.

The third main theorem in this paper is the following strong convergence theorem for
homotopy completion of structured ring spectra. It can be thought of as a structured
ring spectra analog of Johnson and McCarthy’s [41] rational algebraic tower results
for nonunital commutative differential graded algebras over a field of characteristic
zero. As a special case, it recovers Kuhn’s [43] and Minasian’s [58] tower results for
nonunital commutative ring spectra. For a very restricted class of cofibrant operads
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Homotopy completion and topological Quillen homology 1331

in simplicial sets, which they call primitive operads, McCarthy and Minasian [54]
describe a tower that agrees with the completion tower in the special case of nonunital
commutative ring spectra, but that is different for most operads.

Theorem 1.12 (Homotopy completion strong convergence theorem) Let O be an
operad in R—modules such that O[0] is trivial. Let f: X — Y be a map of O—algebras
(resp. left O —modules).

(a) If X is O—connected and O, R are (—1)—connected, then the natural coaugmen-
tation X ~ X" is a weak equivalence.

(b) If topological Quillen homology TQ(X) is O—connected and O, R are (—1)—
connected, then the homotopy completion spectral sequence

Els,t = 1= (5410 0210 (TQX))) = 75 (X™),
respectively
Eis,t[r] = ”t—s((is-i-loozlo TQ(X))["]) = ﬂt—s(XhA[r])’ r=0,
converges strongly (Remark 1.13).

(¢c) If f induces a weak equivalence TQ(X) >~ TQ(Y) on topological Quillen
homology, then f induces a weak equivalence X" ~ Y" on homotopy
completion.

Remark 1.13 By strong convergence of {E”} to m4(X"") we mean that (i) for each

(=s,1), there exists an r such that £ , = E%; and (ii) foreach i, EX (., =0
except for finitely many s. Strong convergence implies that for each i, {E (| ;}

is the set of filtration quotients from a finite filtration of m; (X h/\); see, for instance,
Bousfield and Kan [9, IV.5.6, IX.5.3, IX.5.4] and Dwyer [15].

Remark 1.14 (Connections with Goodwillie’s calculus of functors) Regard the
homotopy completion tower as a tower of functors on the category of (O—algebras
and consider the case when O[1] = I[1] (Definition 2.16). Then it follows easily
that (i) the bottom term (or first stage) TQ of the tower is 1—excisive in the sense of
Goodwillie [30] and Kuhn [44], (ii)) by Theorem 4.21(c), the n'h layer of the tower
has the form O[n]/\'-EnTQ’\L” and (iii) by the connectivity estimates in the proof of
Theorem 1.8, the identity functor and the n™ stage of the tower agree to order n in
the sense of Goodwillie [30, 1.2]; more precisely, they satisfy O,(0, 1) as defined
in [30, 1.2]. Here, /\LEn’ AL are the total left derived functors of Az, A, respectively.
Properties (i)—(iii) illustrate that the homotopy completion tower is the analog, in the
context of O—algebras, of Goodwillie’s Taylor tower of the identity functor. More
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precisely, according to [30, 1.6, proof of 1.8] and the results in Goodwillie [29] on
cubical diagrams, it follows immediately from (i)—(iii) that there are maps of towers
(under the constant tower {id(—)¢}) of level-wise weak equivalences of the form
{Prid(—)¢} = {Py14,O 00 (—)¢} < {1,000 (—)¢}, where (—)¢ denotes functorial
cofibrant replacement (see Definition 3.13), and hence the homotopy completion tower
is weakly equivalent to the Taylor tower of the identity functor on O—algebras, provided
that the analogs of the appropriate constructions and results in Goodwillie [29; 30]
remain true in the category of (O—algebras; this is the subject of current work, and will
not be further elaborated here (but see Kuhn [44]).

Since in the calculation of the layers in (ii) the operad O plays a role analogous to
that of the Goodwillie derivatives of the identity functor (see Goodwillie [30] and
Kuhn [44]), this sheds some positive light on a conjecture of Arone and Ching [2]
that an appropriate model of the Goodwillie derivatives of the identity functor on
O-—algebras is weakly equivalent as an operad to O itself.

The following relatively weak cofibrancy condition is exploited in the proofs of the
main theorems above. The statements of these theorems do not require this cofibrancy
condition since a comparison theorem (Theorem 3.26, Proposition 3.30) shows that the
operad O can always be replaced by a weakly equivalent operad O’ that satisfies this
cofibrancy condition and such that the corresponding homotopy completion towers are
naturally weakly equivalent.

Cofibrancy condition 1.15 If O is an operad in R—modules, consider the unit map
n: I — O of the operad O (Definition 2.16) and assume that /[r] — O[r] is a flat
stable cofibration (Section 7.7) between flat stable cofibrant objects in Modx for each
r=>0.

Remark 1.16 This is the same as assuming that /[1] — O[1] is a flat stable cofibration
in Modg and O[r] is flat stable cofibrant in Modg for each r > 0. It can be thought
of as the structured ring spectra analog of the following cofibrancy condition: if X is a
pointed space, assume that X is well-pointed; ie assume that the unique map * — X
of pointed spaces is a cofibration.

Most operads appearing in homotopy-theoretic settings in mathematics already satisfy
Cofibrancy condition 1.15 and therefore require no replacement in the proofs of the
theorems. For instance, Cofibrancy condition 1.15 is satisfied by every operad in
simplicial sets that is regarded as an operad in 'R—-modules via adding a disjoint
basepoint and tensoring with R (Section 4.1).
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In this paper, the homotopy groups 74Y of a symmetric spectrum Y denote the derived
homotopy groups (or true homotopy groups) (see Schwede [68; 69]); ie w4Y always
denotes the homotopy groups of a stable fibrant replacement of Y, and hence of a
flat stable fibrant replacement of Y. See Schwede [69] for several useful properties
enjoyed by the true homotopy groups of a symmetric spectrum.

1.17 Organization of the paper

In Section 2 we recall some preliminaries on algebras and modules over operads. The
purpose of Section 3 is to describe homotopy completion (Definition 3.13) and TQ—
completion, or less concisely, completion with respect to topological Quillen homology
(Definition 3.21) and to establish a comparison theorem for homotopy completion
towers (Theorem 3.26). In Section 4 we prove our main theorems, which involves a
homotopical analysis of the completion tower. We establish several necessary technical
results on the homotopical properties of the forgetful functors in Section 5, and on
simplicial structures and the homotopical properties of the simplicial bar constructions
in Section 6. The results in these two sections lie at the heart of the proofs of the main
theorems. The purpose of Section 7 is to improve the main results in Harper’s [31;
32] on model structures, homotopy colimits and simplicial bar constructions from
the context of operads in symmetric spectra to the more general context of operads
in R-modules. This amounts to establishing certain technical propositions for R—
modules sufficient for the proofs of the main results in [31; 32] to remain valid in the
more general context of 'R—modules; these results play a key role in this paper. In
Section 8 we observe that the analogs of the main theorems stated above remain true in
the context of unbounded chain complexes over a commutative ring.
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2 Preliminaries

The purpose of this section is to recall various preliminaries on algebras and modules
over operads. In this paper the following two contexts will be of primary interest. Denote
by (Modg, A, R) the closed symmetric monoidal category of 'R—modules (Basic as-
sumption 1.2, Remark 7.5), and by (Chx, ®, K) the closed symmetric monoidal cat-
egory of unbounded chain complexes over K (see Hovey [38] and Mac Lane [49]);
here, KC is any commutative ring. Both categories have all small limits and colimits,
and the null object is denoted by . It will be useful in this paper, both for establishing
certain results and for ease of notational purposes, to sometimes work in the following
more general context; see Mac Lane [50, VII] followed by [50, VIL.7].

Basic assumption 2.1 From now on in this section we assume that (C, A, S) is a
closed symmetric monoidal category with all small limits and colimits. In particular, C
has an initial object & and a terminal object .

By closed we mean there exists a functor C°°P x C — C, (Y, Z) — Map(Y, Z), which
we call the mapping object, which fits into isomorphisms

hom(X A Y, Z) = hom(X, Map(Y, Z))

natural in X, Y, Z, where hom denotes the set of morphisms in C. Define the sets
n:={l,...,n} for each n > 0, where 0 := & denotes the empty set. If T is a finite
set, we denote by |T'| the number of elements in 7.

Definition 2.2 Let n > 0.
e 3 is the category of finite sets and their bijections.

e A symmetric sequence in C is a functor 4: 3°° — C. Denote by SymSeq the
category of symmetric sequences in C and their natural transformations.

e A symmetric sequence A is concentrated at n if A[r]= @ for all r # n.
For a more detailed development of the material that follows, see [31; 33].

Definition 2.3 Consider symmetric sequences in C. Let Ay, ..., A; € SymSeq. Their
tensor product A] ®---® A, € SymSeq is the left Kan extension of object-wise smash
along coproduct of sets

(ZoP)X! Ay XX Ay Cxt ANy
1

LO A1®"'®At

IR C.

left Kan extension
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If X is a finite set and A4 is an object in C, we use the usual dot notation 4 - X
(see Mac Lane [50, III.3] and [33, 2.3]) to denote the copower 4 - X defined by
A-X :=]]y A, the coproduct in C of | X| copies of 4. Recall the following useful
calculations for tensor products.

Proposition 2.4 Consider symmetric sequences in C. Let A, ..., A; € SymSeq and
R € X, with r := | R|. There are natural isomorphisms
(A4 @@ AR = [ Ailx" DI~ A x™ (0)]
w: R—>t
in Set
2.5 ~ e . ]
2.5) L Alrdnndidra - %
ritetre=r 1 !

Here, Set is the category of sets and their maps, and (2.5) displays the tensor product
(A; ®---® A,)[R] as a coproduct of =, x --- X Xy, —orbits. It will be conceptually
useful to extend the definition of tensor powers A®? to situations in which the integers
t are replaced by a finite set 7.

Definition 2.6 Consider symmetric sequences in C. Let A € SymSeq and R, T € X.
The tensor powers A®T € SymSeq are defined object-wise by

UOR= ] 8. (®DiR:= [ AA4="'@] (T #2).

n:R—>o w:R—T teT
in Set in Set

Note that therevare no fgnctions 7: R — @ in Set unless R = @. We will use the
abbreviation A®0 := 499

Definition 2.7 Consider symmetric sequences in C. Let A, B, C € SymSeq, and
r,t > 0. The circle product (or composition product) A o B € SymSeq is defined
object-wise by the coend

28) (40 B)lr]:= A s (Bl = | | Altl Az, (BS)ir]
t=0

The mapping sequence Map® (B, C) € SymSeq and the mapping object Mapé(B ,C)e
SymSeq are defined object-wise by the ends

Map® (B, C)[t] := Map((B®")[-], C)”

Il

[T Map((B®")r. Clr]) >,

r=0

Map® (B, C)[t] := Map(B, C[t Ll —])= = [ [ Map(B[r]. Clt +r])>.

r=0
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These mapping sequences and mapping objects fit into isomorphisms
(2.9) hom(A4 o B, C) = hom(A4, Map°(B, C)),
(2.10) hom(A4 & B, C) = hom(4, Map® (B, C)),

natural in symmetric sequences 4, B, C. Here, the hom notation denotes the indicated
set of morphisms in SymSeq.

Proposition 2.11 Consider symmetric sequences in C.

(@) (SymSeq, ®, 1) has the structure of a closed symmetric monoidal category with
all small limits and colimits. The unit for @ denoted “1” is the symmetric
sequence concentrated at 0 with value S .

(b) (SymSeq, o, I) has the structure of a closed monoidal category with all small
limits and colimits. The unit for o denoted “I ” is the symmetric sequence
concentrated at 1 with value S . Circle product is not symmetric.

Definition 2.12 Let Z € C. Define Z € SymSeq to be the symmetric sequence
concentrated at 0 with value Z.

The functor =: C — SymSeq fits into the adjunction Z:C ——= SymSeq: Evo with
left adjoint on top and Evg the evaluation functor defined object-wise by Evy(B) :=
B[0]. Note that = embeds C in SymSeq as the full subcategory of symmetric sequences
concentrated at 0.

Definition 2.13 Consider symmetric sequences in C. Let O be a symmetric sequence
and Z € C. The corresponding functor O: C — C is defined object-wise by O(Z) :=
Oo(Z):=1,50OltIng, Z".

Proposition 2.14 Consider symmetric sequences in C. Let O, A € SymSeq and Z € C.
There are natural isomorphisms

.15) O(Z) = 00(Z) =002, Evg(OoA)=0o(Evg(A)).

Proof This follows from (2.8) and (2.5). O
Definition 2.16 Consider symmetric sequences in C. An operad in C is a monoid
object in (SymSeq, o, I) and a morphism of operads is a morphism of monoid objects

in (SymSeq, o, ).

Remark 2.17 If O is an operad, then the associated functor O : C — C is a monad.
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Definition 2.18 Let O be an operad in C.

e A left O—module is an object in (SymSeq, o, I') with a left action of O and a
morphism of left O—modules is a map that respects the left O-module structure.
Denote by Lto the category of left O—modules and their morphisms.

e A right O—module is an object in (SymSeq, o, I) with a right action of O and
a morphism of right O—modules is a map that respects the right O—module
structure. Denote by Rtp the category of right O—modules and their morphisms.

e An (O, O)-bimodule is an object in (SymSeq, o, I) with compatible left O—
module and right O-module structures and a morphism of (O, O)—bimodules
is a map that respects the (O, O)-bimodule structure. Denote by Bip,0) the
category of (O, O)-bimodules and their morphisms.

e An O-algebra is an algebra for the monad O: C — C and a morphism of O—
algebras is a map in C that respects the O—algebra structure. Denote by Algy
the category of O—algebras and their morphisms.

It follows easily from (2.15) that an (O—algebra is the same as an object Z in C with a
left O-module structure on Z, and if Z and Z’ are O algebras then a morphism of
(O—algebras is the same as amap f: Z — Z’ in C such that f 77 isa morphism
of left O—modules. In other words, an algebra over an operad O is the same as a left
O-module that is concentrated at 0, and Alg, embeds in Ltp as the full subcategory
of left O—modules concentrated at 0, via the functor =: Algy — Lto, Z +— 7 . Define
the evaluation functor Evgy: Ltp — Algy object-wise by Evy(B) := BJ[0].

Proposition 2.19 Let O be an operad in C. There are adjunctions

Oo(-) _Oo— =
(2.20) C —= Algp, SymSeq —— Ltp, Algp — Lto,
U U Evo
with left adjoints on top and U the forgetful functor. All small colimits exist in Algy
and Ltp, and both reflexive coequalizers and filtered colimits are preserved (and created)
by the forgetful functors. All small limits exist in Algn and Lto, and are preserved
(and created) by the forgetful functors.

Definition 2.21 Consider symmetric sequences in C. Let D be a small category, and
let X,Y € SymSeqP. Denote by Map®(X,Y) the indicated composition of functors
D° x D — SymSeq. The mapping sequence of D—shaped diagrams is defined by the
end Map®(X, Y)P € SymSeq.
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By the universal property of ends, it follows easily that for all O € SymSeq, there are
isomorphisms

(2.22) homp (O o X, Y) = hom(O, Map°®(X, Y)P)

natural in O, X, Y and that Map® (X, Y)P may be calculated by an equalizer in SymSeq
of the form

Map°® (X, Y)P =~ lim< [T Map®(Xy.Yy) —= [] Map®(Xq. Ya/)).

aeD (&:a—a’)eD

Here, O o X denotes the indicated composition of functors D — SymSeq, the homp
notation on the left-hand side of (2.22) denotes the indicated set of morphisms in
SymSeq®, and the hom notation on the right-hand side of (2.22) denotes the indicated
set of morphisms in SymSeq.

Definition 2.23 Let D be a small category and X € CP (resp. X € SymSeqP) a
D—shaped diagram. The endomorphism operad End(X) of X is defined by

End(X) := Map®(X, X)P (resp. End(X) :=Map°(X, X)P)

with its natural operad structure; ie such that for each « € D, the natural map End(X) —
Map®(Xg, Xo) (resp. End(X) — Map® (X, X)) is a morphism of operads.

Let X be a D—shaped diagram in C (resp. SymSeq). It follows easily from (2.9) and
(2.22) that giving a map of operads m: O — End(X) is the same as giving X, an
O—algebra structure (resp. left O—-module structure) for each « € D, such that X is a
diagram of O-algebras (resp. left O—-modules). Note that if D is the terminal category
(with exactly one object and no nonidentity morphisms), then End(X') = Map® (A/} X )
(resp. End(X) = Map® (X, X)), which recovers the usual endomorphism operad of an
object X in C (resp. SymSeq) (see [33] and Kriz and May [42]).

3 Homotopy completion and T Q-completion

The purpose of this section is to describe two notions of completion for structured ring
spectra: (i) homotopy completion (Definition 3.13) and (ii) TQ—completion, or less con-
cisely, completion with respect to topological Quillen homology (Definition 3.21). We
will also establish a rigidification theorem for derived TQ-resolutions (Theorem 3.20),
which is required to define TQ—completion, and we will prove Theorem 3.26 which
compares homotopy completion towers along a map of operads.
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Let /: O — O’ be a map of operads in R—modules. Recall that the change of operads
adjunction

f* f*
3.1 Algp —= Alges, resp. Ltp — Lto,
fr fr

is a Quillen adjunction with left adjoint on top and f* the forgetful functor (more
accurately, but less concisely, also called the “restriction along f of the operad action”)
[31; 33]; note that this is a particular instance of the usual change of monoids adjunction.

Remark 3.2 In this paper we always regard Algn and Ltp with the positive flat stable
model structure (Theorem 7.15), unless otherwise specified.

Definition 3.3 Let f: O — O’ be a map of operads in R—modules. Let X be an
O-algebra (resp. left O—module) and define the O—algebra O’ 02) (X) (resp. left
O-module O’ o}, X) by
0’0 (X) 1= Rf*(LAu(X)) = Rf™(O' 0 (X)),
resp. O oy X := Rf*(Lfu(X)) = Rf*(O o5 X).
Here, R /™, L fi are the total right (resp. left) derived functors of f*, fx, respectively.

Remark 3.4 Note that Alg; = Modg and Lt; = SymSeq (since I is the initial operad)
and that for any map of operads f: O — (', there are weak equivalences

O ol (X) = Lfa(X) =0 o5 (X), resp. O ol X ~Lfiu(X) =005 X,

in the underlying category Alg; (resp. SymSeq), natural in X'; this follows from
the property that the forgetful functor to the underlying category preserves weak
equivalences.

The truncation functor t3: SymSeq — SymSeq is defined object-wise by

X[r] forr <k,
* otherwise,

(tx X)[r] = {

for each k > 1. In other words, 73 X is the symmetric sequence obtained by truncating
X above level k. Let O be an operad in R—modules such that O[0] = *. It is easy
to verify that the canonical map of operads O — 71O factors through each truncation
7O, and hence gives rise to a commutative diagram of operads

{TkO} : 7110 7,0 30
o |
{0} : @)
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and (O, O)-bimodules. In other words, associated to each such operad O is a coaug-
mented tower {O} — {t; O} of operads and (O, O)-bimodules, where {O} denotes
the constant tower with value O. This tower underlies the following definition of
completion for O—algebras and left @-modules, which plays a key role in this paper.

Remark 3.6 Let O be an operad in R—modules such that O[0] = *.

(i) The canonical maps t;0 — O — 110 of operads factor the identity map.

(i) Note that O[0] = * and O[1] = I[1] if and only if t;O = I, ie if and only if
the operad O agrees with the initial operad / at levels 0 and 1.

Definition 3.7 Let O be an operad in R—modules such that O[0] = *. Let X be an
O-algebra (resp. left O—module). The completion tower of X is the coaugmented
tower of O—algebras (resp. left O—modules)

(3.8) {X) — {000 (X)}, resp. {X}— {1000 X},

obtained by applying —op (X) (resp. —op X') to the coaugmented tower (3.5). The
completion X" of X is the O-algebra (resp. left O-module) defined by

3.9) XN i=1im} % (00 (X)), rtesp. X" :=limp© (5O oo X);

ie the limit of the completion tower of X . Here, { X'} denotes the constant tower with
value X . Thus, completion defines a coaugmented functor on Algy (resp. Ltp).

Remark 3.10 We often suppress the forgetful functors Alg;, » — Algp and Ltg,0 —
Lto from the notation, as in (3.8).

3.11 Homotopy completion and topological Quillen homology

The purpose of this subsection is to introduce homotopy completion (Definition 3.13)
and topological Quillen homology (Definition 3.15).

In this paper we will primarily be interested in a homotopy invariant version of the
completion functor, which involves the following homotopy invariant version of the
limit functor on towers.

Definition 3.12 Let M be a model category with all small limits and let D be the
category {0 <— 1 < 2 « ---} with objects the nonnegative integers and a single
morphism i < j for each i < j. Consider the category MP of D—shaped diagrams (or
towers) in M with the injective model structure (see Goerss and Jardine [27, VI.1.1]).
The homotopy limit functor holim: Ho(MP) — Ho(M) is the total right derived functor
of the limit functor lim: MP — M.
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We are now in a good position to define homotopy completion.

Definition 3.13 Let O be an operad in R—modules such that O[0] = %. Let X be
an O-algebra (resp. left O—module). The homotopy completion X" of X is the
O—algebra (resp. left O—-module) defined by

X = holimzIgo (%000 (X)), resp. X" :=holim"® (54000 X©),

the homotopy limit of the completion tower of the functorial cofibrant replacement X ¢
of X in Algy (resp. Ltp).

Remark 3.14 Itis easy to check thatif X is a cofibrant O—algebra (resp. cofibrant left
O-module), then the weak equivalence X¢ — X induces zigzags of weak equivalences

X" = holim}'® (7 O 00 (X)) = holim}, %° (.0 ofy (X)),
resp. X"~ holimll‘cto (kO o0 X) ~ holimll‘cto (kO 0y X),

in Algy (resp. Ltp), natural in X. Hence the homotopy completion X" of a
cofibrant O —algebra (resp. cofibrant left O—-module) X may be calculated by taking
the homotopy limit of the completion tower of X .

In this paper we consider topological Quillen homology of an (O—algebra (resp. left
O-module) as an object in Algy, (resp. Ltep) via the forgetful functor as follows.

Definition 3.15 If O is an operad in R—modules such that O[0] = *, and X is an
O-algebra (resp. left O—module), then the topological Quillen homology TQ(X) of
X is the O—-algebra (resp. left O—module) ;O o*(‘9 (X) (resp. 110 o?g X).

In particular, when applied to a cofibrant O—algebra (resp. cofibrant left O—module)
X, the completion tower interpolates between topological Quillen homology TQ(X)
and homotopy completion X",

3.16 TQ-completion

The purpose of this subsection is to introduce a second naturally occurring notion of
completion for structured ring spectra, called TQ—completion, or less concisely, com-
pletion with respect to topological Quillen homology (Definition 3.21). Defining TQ-
completion requires the construction of a rigidification of the derived TQ-resolution
(3.18) from a diagram in the homotopy category to a diagram in the model category.
This rigidification problem is solved in Theorem 3.20.
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The TQ-completion construction is conceptual and can be thought of as a spectral
algebra analog of Sullivan’s [72; 73] localization and completion of spaces, Bousfield
and Kan’s [9, 1.4] completion of spaces with respect to homology, and Carlsson’s [10,
I1.4] and Arone and Kankaanrinta’s [3, 0.1] completion and localization of spaces with
respect to stable homotopy.

Here is the idea behind the construction. We want to define TQ—completion XT’\Q of a
structured ring spectrum X to be the structured ring spectrum defined by (showing
only the coface maps) the homotopy limit of

X{q = holima (TQ(X) —= (TQ)2(X) E;) (TQ)3(X)--- ),

the cosimplicial resolution (or Godement resolution) with respect to the monad (or
triple) TQ. However, there are technical details that one needs to resolve in order to
make sense of this definition for TQ—completion. This is because TQ naturally arises
as a functor on the level of the homotopy categories, and to work with and make sense
of the homotopy limit holima we need a point-set level construction of the derived
TQ-—cosimplicial resolution (3.18) or, more precisely, a construction on the level of
model categories. Successfully resolving this issue is the purpose of the rest of this
subsection, and amounts to solving a rigidification problem (Theorem 3.20) for the
derived cosimplicial resolution with respect to TQ.

Let O be an operad in R—modules such that O[0] = *. Then the canonical map of
operads f: O — 7710 induces a Quillen adjunction as in (3.1) and hence induces a
corresponding adjunction

L fa L fa
(3.17) Ho(Algy) <_7' Ho(Algz,0). resp. Ho(Ltp) ? Ho(Lt, 0),
RF* RF*

on the homotopy categories. Hence topological Quillen homology TQ is the monad (or
triple) on the homotopy category Ho(Algy) (resp. Ho(Ltp)) associated to the derived
adjunction (3.17). Denote by K the corresponding comonad (or cotriple)

id— TQ (unit), id «— K (counit),
TQTQ — TQ (multiplication), KK «<— K (comultiplication),
on Ho(Alg;, ) (resp. Ho(Lt;0)). Then TQ = Rf*Lfx and K = L fxRf*, and
it follows that for any O-algebra (resp. left O-module) X, the adjunction (3.17)

determines a cosimplicial resolution of X with respect to topological Quillen homology
TQ of the form:

(3.18) X —TQX) —= TQ?(X) —= TQ*(X) ---
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This derived TQ-resolution can be thought of as encoding what it means for TQ(X) to
have the structure of a K—coalgebra. More precisely, the extra structure on TQ(X) is
the K—coalgebra structure on the underlying object L £ (X) of TQ(X). One difficulty
in working with the diagram (3.18) is that it lives in the homotopy category Ho(Algy)
(resp. Ho(Ltp)). The purpose of the rigidification theorem below is to construct a
model of (3.18) that lives in Algy (resp. Ltp).

Consider any factorization of the canonical map f: O — 710 in the category of
operads as
g h
00— J  — 10,

a cofibration followed by a weak equivalence (Definition 5.47) with respect to the
positive flat stable model structure on Modr (Definition 7.10); it is easy to verify
that such factorizations exist using a small object argument (Proposition 5.48). The
corresponding change of operads adjunctions have the form

g h* g h*
(3.19)  Algp Alg Alg, 0. rtesp. Lto Lty Ltz 0,
g* h* g* h*

with left adjoints on top and g*, #* the forgetful functors (more accurately, but less
concisely, also called the “restriction along g, /1, respectively, of the operad action”).
These are Quillen adjunctions and since /1 is a weak equivalence it follows that the
(h«, h™) adjunction is a Quillen equivalence (Theorem 7.21). We defer the proof of
the following rigidification theorem to Section 5 (just after Theorem 5.49).

Theorem 3.20 (Rigidification theorem for derived TQ-resolutions) Let O be an
operad in R —modules such that O[0] = *. Assume that O[r] is flat stable cofibrant in
Modg foreach r > 0. If X is a cofibrant O —algebra (resp. cofibrant left O —module)
and n > 1, then there are weak equivalences (g*gx)" (X) ~ TQ"(X) natural in such X .

The following description of TQ-completion is closely related to Carlsson [11] and [34].

Definition 3.21 Let O be an operad in R—-modules such that O[0] = *. Assume
that O[r] is flat stable cofibrant in Modg for each r > 0. Let X be an O-algebra
(resp. left O—module). The TQ-completion (or completion with respect to topological
Quillen homology) XTAQ of X is the O-algebra (resp. left O—module) defined by
(showing only the coface maps) the homotopy limit of the cosimplicial resolution

(3.22) X{q :=holima ((g*g+)(X) == (g*g+)2(X¢) —= (g% g+)*(X)---)
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(or Godement resolution) of the functorial cofibrant replacement X of X in Algp
(resp. Ltp) with respect to the monad g* g« . Here, holimp is calculated in the category
of O-algebras (resp. left O-modules).

Remark 3.23 The (g*g.)-resolution can be thought of as encoding what it means
for TQ(X) to have the structure of a K—coalgebra. More precisely, the extra structure
on g%g4(X°) >~ TQ(X) is the (g«g™)—coalgebra structure on the underlying object
2x(X€) of g*g.(X°). In particular, the comonad (g«g™) provides a point-set model
for the derived comonad K that coacts on TQ(X') (up to a Quillen equivalence). This
point-set model of K is conjecturally related to the Koszul dual cooperad associated to
O (see, for instance, Ching [13], Fresse [21] and Ginzburg and Kapranov [23]).

It follows that the cosimplicial resolution in (3.22) provides a rigidification of the derived
cosimplicial resolution (3.18). One of our motivations for introducing the homotopy
completion tower was its role as a potentially useful tool in analyzing TQ-completion
defined above, but an investigation of these properties and the TQ-completion functor
will be the subject of other papers and will not be elaborated here.

3.24 Comparing homotopy completion towers

The purpose of this subsection is to prove Theorem 3.26, which compares homotopy
completion towers along a map of operads.

Let g: O’ — O be a map of operads in R—modules, and for each O—algebra (resp.
left O—module) X, consider the corresponding (O’ —algebra (resp. left O’—module)
X given by forgetting the left O—action along the map g; here we have dropped the
forgetful functor g* from the notation. Consider the map @ — X in Algy (resp.
Ltor) and use functorial factorization in Algys (resp. Ltpr) to obtain

(3.25) g— X' — X,
a cofibration followed by an acyclic fibration.

In the next theorem we establish that replacing an operad O by a weakly equivalent
operad O’ changes the homotopy completion tower of X only up to natural weak
equivalence. In particular, the homotopy completion of X as an (O’ —algebra is weakly
equivalent to its homotopy completion as an O—algebra.
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Theorem 3.26 (Comparison theorem for homotopy completion towers) Let g: O —
O be a map of operads in R-modules such that O'[0] = % and O[0] = *. If X is an
O —algebra (resp. left O—module), then there are maps of towers

{X'} {X'} X3
(3.27) l j(#) l
{00 00 (X))~ {50 00y (X)) T2 (50 00 (X},
respectively
(X} =—={X"} {X}
(3.28) ® L
l (%) j (%)

(10 0oy X'} —= {10 00y X'} ——> {1, O 00 X},

of O’ —algebras (resp. left O’ —modules), natural in X . If, furthermore, g is a weak
equivalence in the underlying category SymSeq, and X is fibrant and cofibrant in Algy
(resp. Ltp ), then the maps () and (xx) are level-wise weak equivalences; here, we
are using the notation (3.25) to denote functorial cofibrant replacement of X as an
O’ —algebra (resp. left O’ —module).

Proof 1t suffices to consider the case of left O—modules. The map of operads O' — O
induces a commutative diagram of towers

{0} {0}
(3.29) L l
{0} —— {1 O}

of operads and (O, ©’)-bimodules; here, {O’} and {O} denote the constant towers
with values O" and O, respectively.

Consider the map of towers (*). Each map 1,0 ooy X' — 1,0 0oy X’ in (x) is
obtained by applying — ooy X’ to the map 7, O" — 1 O. By (3.29), this map is
isomorphic to the composite

n
'[k(’)/oo/ X — %O o 0 ‘L’k(’)/ ooy oX' = 7O oy X/,

where 1:id — 14,0 o, o — is the unit map associated to the change of operads
adjunction Lty oo <— Lt 0. If, furthermore, g is a weak equivalence in SymSeq,
then the map 7, O’ — 1, O is a weak equivalence, and since X' is cofibrant in Lter
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it follows from Theorem 7.21 and Proposition 7.23 that (*) is a level-wise weak
equivalence.

Consider the map of towers (%) and the change of operads adjunction Ltoy —Lt¢ .
The weak equivalence X’ — X of left O’-modules in (3.25) has corresponding adjoint
map &: Qoo X' — X. Each map 13,0 ooy X' — 1,0 00 X in (xx) is obtained
by applying 7;O op — to the map &. If, furthermore, g is a weak equivalence in
SymSeq, and X is fibrant and cofibrant in Lty , then by Theorem 7.21 the map & is a
weak equivalence between cofibrant objects in Ltp, and hence (k) is a level-wise
weak equivalence. To finish the proof, it suffices to describe the map of towers (f)
in (3.28). Each map X' — 13O oo X’ is obtained by applying — o X’ to the map
0 — ;0. O

We defer the proof of the following proposition to Section 5.

Proposition 3.30 Let O be an operad in R —-modules such that O[0] = *. Then there
exists a map of operads g: O’ — O such that O'[0] = %, and

(i) g is a weak equivalence in the underlying category SymSeq,

(ii) O’ satisfies Cofibrancy condition 1.15.

Later in this paper, we need the following observation that certain homotopy limits
commute with the forgetful functor.

Proposition 3.31 Let O be an operad in R-modules. Consider any tower By <
B < By < --- of O-algebras (resp. left O—modules). There are natural zigzags
U holim) ° By, ~ holimy UBy, resp. U holim}*® By = holimy UBy,
of weak equivalences. Here, U is the forgetful functor (2.20).
Proof This follows from the dual of [32, proof of 3.15], together with the observation

that the forgetful functor U preserves weak equivalences and that fibrant towers are
level-wise fibrant. O

4 Homotopical analysis of the completion tower

The purpose of this section is to prove the main theorems stated in the introduction
(Theorems 1.5, 1.8, 1.9 and 1.12). The unifying approach behind each of these theorems
is to systematically exploit induction “up the homotopy completion tower” together with
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explicit calculations of the layers in terms of simplicial bar constructions (Theorem 4.21
and Proposition 4.36). An important property of these layer calculations, which we
fully exploit in the proofs of the main theorems, is that the simplicial bar construc-
tions are particularly amenable to systematic connectivity and finiteness estimates
(Propositions 4.30, 4.32 and 4.43-4.47).

The first step to proving the main theorems is to establish conditions under which the
homotopy completion tower of X converges strongly to X. This is accomplished
in Theorem 1.12, which necessarily is the first of the main theorems to be proved.
Establishing strong convergence amounts to verifying that the connectivity of the
natural maps from X into each stage of the tower increase as you go up the tower, and
verifying this essentially reduces to understanding the implications of the connectivity
estimates in Propositions 4.30 and 4.32 when studied in the context of the calculations
in Propositions 4.13 and 4.28 (see Proposition 4.33).

The upshot of strong convergence is that to calculate 7; X' for a fixed i, one only
needs to calculate ; of a (sufficiently high but) finite stage of the tower. Having to
only go “finitely high up the tower” to calculate 7; X', together with the explicit layer
calculations in Theorem 4.21 and Proposition 4.36, are the key technical properties
underlying our approach to the main theorems. For instance, our approach to the TQ
finiteness theorem (Theorem 1.5) is to (i) start with an assumption about the finiteness
properties of m; of TQ-homology (which is the bottom stage of the tower), (ii) to
use explicit calculations of the layers of the tower to prove that these same finiteness
properties are inherited by ; of the layers and (iii) to conclude that these finiteness
properties are inherited by m; of each stage of the tower. Strong convergence of the
homotopy completion tower then finishes the proof of the TQ finiteness theorem. It is
essentially in this manner that we systematically exploit induction “up the homotopy
completion tower” to prove each of the main theorems stated in the introduction.

4.1 Simplicial bar constructions and the homotopy completion tower

Recall that R is any commutative ring spectrum (Basic assumption 1.2) and that
(Modw, A, R) denotes the closed symmetric monoidal category of R—modules (see
Definition 7.4). Denote by S (resp. S« ) the category of simplicial sets (resp. pointed
simplicial sets). There are adjunctions

)+ R®Gy

with left adjoints on top and U the forgetful functor (see Proposition 7.2 for the
tensor product ® notation together with (7.8)). The functor R ® Gy is left adjoint
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to “evaluation at 0’; the notation agrees with Section 7.7 and Hovey, Shipley and
Smith [39, after 2.2.5]. Note that if X € Modr and K € Sy, then there are natural
isomorphisms X A K = X A (R ® GoK) in Modg ; in other words, taking the object-
wise smash product of X" with K (as pointed simplicial sets) is the same as taking the
smash product of X with R ® Gy K (as R—modules).

Recall the usual realization functor on simplicial R—modules and simplicial symmetric
sequences; see also Goerss and Jardine [27, IV.1, VIL1].

Definition 4.2 Consider symmetric sequences in Modg . The realization functors | —|
for simplicial R—modules and simplicial symmetric sequences are defined object-wise
by the coends

| —|: sModg —> Modr, X+ |X|:= X Aa Al—]+,
| —|: sSymSeq —> SymSeq, X > |X|:= X Aa A[—]+.

Proposition 4.3 The realization functors fit into adjunctions

=
“4.4) sModr —— Modgr, sSymSeq —— SymSeq,
with left adjoints on top.
Proof Consider the case of R—modules (resp. symmetric sequences). Using the

universal property of coends, it is easy to verify that the functor given object-wise by
Map(R ® GoA[—]+, Y) is a right adjoint of | —|. O

The following is closely related to Goerss and Jardine [27, IV.1.7] and Elmendorf, Kriz,
Mandell and May [18, X.2.4]; see also Dugger and Isaksen[14, A] and Hirschhorn [36,
Chapter 18].

Proposition 4.5 Let f: X — Y be a morphism of simplicial R —modules. If f is
a monomorphism (resp. object-wise weak equivalence), then | f|: | X| — |Y| is a
monomorphism (resp. weak equivalence).

Proof This is verified exactly as in [32, proof of 4.8, 4.9], except using (Modg, A, R)
instead of (Sp~, ®g, S). a

The following is closely related to [18, X.1.3].
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Proposition 4.6 Consider symmetric sequences in 'R —modules.

(@) If X,Y are simplicial R—modules, then there is a natural isomorphism
[ X AY|=|X|A|Y].

(b) If X,Y are simplicial symmetric sequences, then there are natural isomorphisms
IX®Y|x=|X|Q|Y|and | X oY | = |X|o|Y].

(c) If O is a symmetric sequence, and B is a simplicial symmetric sequence, then
there is a natural isomorphism

|Olk] Ax, B®¥| = O[k] A, | B|®¥

for every k > 2.

Here, smash products, tensor products and circle products of simplicial objects are
defined object-wise.

Remark 4.7 If X €S, denote by |X|:= X Aa A[—]+ the realization of X . There
is a natural isomorphism X xa A[—] = | X].

Proof of Proposition 4.6 Consider part (a). Let X, Y be simplicial objects in Sx.
By Remark 4.7, together with [27, IV.1.4], there is a natural isomorphism |X x Y| =
|X| x |Y|. Since the realization | — |: sSx — Sy is a left adjoint it commutes with
colimits, and thus there is a natural isomorphism | X A Y| = |X|A|Y]|. Let X,Y be
simplicial R—modules and recall that X AY = X ®x Y. It follows that there are
natural isomorphisms |X AY |2 colim(|X|® |Y|=—|X|® |R|®|Y|) = |X|A|Y].
Parts (b) and (c) follow from part (a), together with the property that the realization
| — | is a left adjoint and hence commutes with colimits. ml

Remark 4.8 Let O be an operad in R—modules. It follows easily from Proposition 4.6
thatif X is a simplicial O—algebra (resp. simplicial left O—module), then the realization
of its underlying simplicial object | X'| has an induced O—algebra (resp. left O-module)
structure; it follows that the realization of the underlying simplicial objects induces
functors | — |: sAlgn — Algp and | —|: sLtp — Lto.

Remark 4.9 In this paper we use the notation Bar, as in Proposition 4.10 below, to
denote the simplicial bar construction (with respect to circle product) defined in [32,
5.30].
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Proposition 4.10 Let O — O’ be a morphism of operads in R —modules. Let X be a
cofibrant O —algebra (resp. cofibrant left O —module). If the simplicial bar construction
Bar(O, O, X) is object-wise cofibrant in Algy (resp. Lt ), then the natural map

|Bar(O', O, X)| =0 oo (X), resp. |Bar(O',0,X)| =0 op X,

is a weak equivalence.
Proof This follows easily from Theorem 7.25 and its proof. a

The following theorem illustrates some of the good properties of the (positive) flat
stable model structures (Section 7). We defer the proof to Section 5.

Theorem 4.11 Let O be an operad in R —modules such that O[r] is flat stable cofi-
brant in Modg, foreach r > 0.

(a) If j: A— B isacofibration between cofibrant objects in Algy (resp. Lto ), then
j is a positive flat stable cofibration in Modg (resp. SymSeq).

(b) If A is a cofibrant O —algebra (resp. cofibrant left O —module) and O[0] = *,
then A is positive flat stable cofibrant in Mod (resp. SymSeq).

If X is an O-algebra (resp. left O—module), then under appropriate cofibrancy con-
ditions the coaugmented tower {|Bar(O, O, X)|} — {|Bar(t; O, O, X)|} obtained by
applying |Bar(—, O, X)| to the coaugmented tower (3.5), provides a weakly equivalent
“fattened version” of the completion tower of X .

Cofibrancy condition 4.12 If O is an operad in R—modules, assume that O[r] is
flat stable cofibrant in Modg for each r > 0.

Proposition 4.13 Let O be an operad in R—modules such that O[0] = . Assume
that O satisfies Cofibrancy condition 4.12. If X is a cofibrant left O —module, then in
the commutative diagram

{|Bar(0, O, X)[} — {|Bar(z O, O, X)|}

- -
X3 {tkO o0 X}

of towers in Ltp, the vertical maps are level-wise weak equivalences.

Remark 4.14 It follows from Remark 4.8 that this diagram is a diagram of towers of
left O—modules.
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Proof Since X is a cofibrant left O—module, by Theorem 4.11 the simplicial bar con-
struction Bar(O, O, X) is object-wise cofibrant in Lty , and Proposition 4.10 finishes
the proof. a

4.15 Homotopy fiber sequences and the homotopy completion tower

The purpose of this subsection is to prove Theorem 1.12(c). We begin by introducing
the following useful notation. For each k& > 0, the functor i;: SymSeq — SymSeq is
defined object-wise by

X[k] forr =k,
* otherwise.

((x X)lr] = {

In other words, i; X is the symmetric sequence concentrated at & with value X[k].

Proposition 4.16 Let O be an operad in R—modules such that O[0] = x. Let X be
an O-algebra (resp. left O—module) and k > 2. Then the left-hand pushout diagram

0 —S .0 [Bar(ir0,0, X)| — 2~ [Bar(t,0, 0, X)|

e ] |

* — 15,10 * |Bar(t_1 O, O, X)|

in Rtp induces the right-hand pushout diagram in Alg; (resp. SymSeq). The map (*)
is a monomorphism, the left-hand diagram is a pullback diagram in Bi(p ), and the
right-hand diagram is a pullback diagram in Algy (resp. Ltp).

Proof It suffices to consider the case of left O—modules. The right-hand diagram
is obtained by applying |Bar(—, O, X)| to the left-hand diagram. Since the forgetful
functor Rtp — SymSeq preserves colimits, the left-hand diagram is also a pushout
diagram in SymSeq. It follows from the adjunction (2.9) that applying Bar(—, O, X)
to the left-hand diagram gives a pushout diagram of simplicial symmetric sequences.
Noting that the realization functor | — | is a left adjoint and preserves monomorphisms
(Proposition 4.3 and Proposition 4.5), together with the fact that pullbacks in Bip, o)
and Ltp are calculated in the underlying category, finishes the proof. |

Proposition 4.18 Let O be an operad in R-modules such that O[0] = *, and let
k=>2.

(a) The canonical maps i} O — O — i} O in Rty o factor the identity map.
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(b) The functors iy O or o (—): Alg,, o — Algp and ixOor 0 —: Lty0 — Lto
preserve weak equivalences between cofibrant objects, and hence the total left de-
rived functors i O o}, (=) and i O o} ., — exist (sec Dwyer and Spalinski [17,
9.3,9.5)).

Proof Part (a) is clear. To prove part (b), it suffices to consider the case of left 11 O-
modules. Let B — B’ be a weak equivalence between cofibrant objects in Lt;, 0. By
part (a) there is a retract of maps of the form

ikoorlo B—— Oorlo B—— ikoorlo B
j(*) l(**) l(*)

ixOor0 B' ——= Qoyo B' —=ixOor 0 B

in SymSeq. Since O o0 —: Lty;0 — Lte is a left Quillen functor (induced by the
canonical map t1O — O of operads), we know that () is a weak equivalence and
hence (%) is a weak equivalence. a

The following theorem illustrates a few more of the good properties of the (positive)
flat stable model structures (Section 7). We defer the proof to Section 6.

Theorem 4.19 Let f: O — O’ be a morphism of operads in R —modules such that
O[0] = *. Assume that O satisfies Cofibrancy condition 1.15. Let Y be an O —algebra
(resp. left O-module) and consider the simplicial bar construction Bar(O’, O, Y).

(a) IfY is positive flat stable cofibrant in Modg (resp. SymSeq), then Bar(O’, O,Y)
is Reedy cofibrant in sAlgys (resp. sLtoy).

(b) IfY is positive flat stable cofibrant in Modx (resp. SymSeq), then |Bar(O’, O,Y)]
is cofibrant in Algy (resp. Ltor).

Proposition 4.20 Let O be an operad in R —modules such that O[0] = *. Assume that
O satisfies Cofibrancy condition 1.15. It X is a cofibrant O —algebra (resp. cofibrant
left O—module), then |Bar(t;O, O, X)| is cofibrant in Alg, » (resp. Ltz 0).

Proof This follows from Theorem 4.19 and Theorem 4.11. O

Next we explicitly calculate the k™ layer of the homotopy completion tower.
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Theorem 4.21 Let O be an operad in R —modules such that O[0] = *. Assume that
O satisfies Cofibrancy condition 1.15. Let X be an O —algebra (resp. left O—module),
andletk > 2.

(a) There is a homotopy fiber sequence of the form
irO 0210 (TQ(X)) — 17;, O 0?9 (X)) — 1,10 0?9 (X)),

resp. ;O 021(9 TQX) — 1 O 0?9 X — 1540 o'(‘9 X,
in Algy (resp. Ltp ), natural in X .
(b) If X is cofibrant in Algy (resp. Ltp ), then there are natural weak equivalences

|Bar(ix 0, 0, X)| ~ i O or, 0 (|Bar(1; 0, 0, X)|) > iy O ol », (TQ(X)),

resp. |Bar(iz O, 0, X)| ~ i O o0 |Bar(110, 0, X)| ~ i, O 0210 TQ(X).
(c) If X is cofibrant in Algy (resp. Lty ) and O[1] = I[1], then there are natural weak
equivalences
Olk] Az, |Bar(1,0, X)|" ~ i O o}  (TQX)),
resp. O[k] A, [Bar(1, 0, X)|®¥ ~ i, O o8 , TQ(X).

For useful material related to homotopy fiber sequences, see Goerss and Jardine [27,
I1.8, I1.8.20].

Proof It suffices to consider the case of left O—modules. Consider part (a). It is enough
to treat the special case where X is a cofibrant left O—module. By Proposition 4.16
there is a homotopy fiber sequence of the form

(4.22) |Bar(ix O, O, X)| — |Bar(t; O, O, X)| — |Bar(t4—1 0, O, X)|
in Ltp, natural in X . By Proposition 4.13 we know that (4.22) has the form
|Bar(i O, 0, X)| —> 1,05 X —> 1,10l X.

Since the right O—action map iz Qo O — i, O factors as iz O o O — i Oo110 — i O,
there are natural isomorphisms

(4.23) Bar(iz 0,0, X) = i3 O o0 Bar(11 0, 0, X)

of simplicial left O—-modules. Applying the realization functor to (4.23), it follows
from Proposition 4.6, Proposition 4.20, Theorem 4.11 and Proposition 4.13 that there
are natural weak equivalences

(4.24) |Bar(ix O, O, X)| 2~ i O or,0 |Bar(1; 0, 0, X)| =~ ix O o} , TQ(X)
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which finishes the proof of part (a). Part (b) follows from the proof of part (a) above.

Consider part (c). Proceed as in the proof of part (a) above, and assume furthermore
that O[1] = I[1]. It follows from (2.8) that

i O o |Bar(I, 0, X)| ~ O[k] A, |Bar(I, 0, X)|®*

from which we can conclude, by applying the second equivalence in (4.24), since
71O = I (Definition 2.16). m|

Proposition 4.25 Let O be an operad in R—-modules such that O[0] = x. Assume
that O satisfies Cofibrancy condition 1.15. Let f: X — Y be a map between cofibrant
objects in Algy (resp. Ltp ). If the induced map

IBar(t,0, O, X)| = |Bar(t;0, O, Y)|
is a weak equivalence, then the induced map
IBar(t, 0, O, X)| = |Bar(t; O, O, )|

is a weak equivalence for each k > 2.

Proof It suffices to consider the case of left O—modules. Consider the commutative
diagram

|Bar(iz O, O, X)| —— |Bar(t; O, O, X)| —— |Bar(7;,_1 0, O, X)|

| | |

|Bar(i; O, O, Y )| —— |Bar(7; O, O, Y)| —— |Bar(t;,_1 0, O, Y)|

in SymSeq. It follows from Theorem 4.21 that the left-hand vertical map is a weak
equivalence for each k > 2. If k = 2, then the right-hand vertical map is a weak
equivalence by assumption, hence by Proposition 4.16 and induction on k, the middle
vertical map is a weak equivalence for each k > 2. a

Proof of Theorem 1.12(c) It suffices to consider the case of left O—modules. By
Theorem 3.26, Proposition 3.30 and Proposition 3.31, we can suppose that O satisfies
Cofibrancy condition 1.15. We can restrict to the following special case. Let f: X — Y
be a map of left O—modules between cofibrant objects in Lt such that the induced
map 710 op X — 110 00 Y is a weak equivalence. We need to verify that the
induced map fi: ;O o0p X — 1,000 Y is a weak equivalence for each k > 2.
We know by Theorem 4.11 that X, Y are positive flat stable cofibrant in SymSeq. If
k =1, the map fi is a weak equivalence by assumption, and hence the induced map
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|Bar(t1 0, O, X)| — |Bar(11 O, O, Y)| is a weak equivalence by Proposition 4.13. Tt
follows from Proposition 4.25 and Proposition 4.13 that fi is a weak equivalence for
each k > 2, which finishes the proof. O

4.27 Strong convergence of the homotopy completion tower
The purpose of this subsection is to prove Theorem 1.12(a). For each k& > 0, the functor
(=)>k: SymSeq — SymSeq is defined object-wise by

X[r] forr >k,
* otherwise.

X~)r] = {

Proposition 4.28 Let O be an operad in R—modules such that O[0] = . Let X be
an O -algebra (resp. left O—module) and k > 1. Then the left-hand pushout diagram

0k —S— 0 [Bar(O, 0. X)| — 2~ [Bar(0. 0. X)|

- T 1T

x* — 13,0 * |Bar(7; O, O, X)|

in Rto induces the right-hand pushout diagram in Alg; (resp. SymSeq). The map ()
is a monomorphism, the left-hand diagram is a pullback diagram in Bi(o,0) and the
right-hand diagram is a pullback diagram in Algy (resp. Ltp).

Proof It suffices to consider the case of left O—modules. The right-hand diagram is
obtained by applying |Bar(—, O, X)| to the left-hand diagram, and exactly the same
argument used in the proof of Proposition 4.16 allows to conclude. |

The following two propositions are well known in stable homotopy theory. For the
convenience of the reader, we have included short homotopical proofs in the context
of symmetric spectra; see also Jardine [40, 4.3]. We defer the proof of the second
proposition to Section 5.

Proposition 430 Let f: X — Y be a morphism of simplicial symmetric spectra
(resp. simplicial R—modules). Let k € 7.

(a) IfY is object-wise k —connected, then |Y | is k —connected.

(b) If f is object-wise k —connected, then | f|: |X| — |Y| is k —connected.
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Proof Consider part (b) for the case of symmetric spectra. We need to verify that
the realization | f|: |X| — |Y| is k—connected. By exactly the same argument as
in the proof of [32, 9.21], it follows from a filtration of degenerate subobjects (see
also [40, 4.3]) that the induced map Df;,: DX, — DY, on degenerate subobjects is
k —connected for each n > 1. Using exactly the same argument as in the proof of [32,
4.8], it then follows from the skeletal filtration of realization that | /| is k—connected.
Part (a) follows from part (b) by considering the map * — Y. The case of 'R—modules
reduces to the case of symmetric spectra by applying the forgetful functor. |

Remark 4.31 It is important to note (Basic assumption 1.2), particularly below in
Proposition 4.32, that the tensor product ® g denotes the usual smash product of sym-
metric spectra (see Hovey, Shipley and Smith [39, 2.2.3]). For notational convenience,
in this paper we use the smash product notation A to denote the smash product of R—
modules (Definition 7.4), since the entire paper is written in this context. In particular,
in the special case when R = S, the two agree A = Qg.

Proposition 4.32 Consider symmetric sequences in R —modules. Let m,n € 7 and
t > 1. Assume that R is (—1)—connected.

(a) If X,Y are symmetric spectra such that X is m—connected and Y is n—
connected, then X ®LL9 Y is (m +n + 1)—connected.

(b) If X,Y are R—modules such that X is m—connected and Y is n—connected,
then X ALY is (m +n + 1)—connected.

(¢) If X,Y are R—modules with a right (resp. left) ¥;—action such that X is
m—connected and Y is n—connected, then X /\Et Y is (im +n + 1)—connected.

(d) If X,Y are symmetric sequences such that X is m—connected and Y is n—
connected, then X ®L Y is (m + n + 1)—connected.

(e) If X,Y are symmetric sequences with a right (resp. left) ¥;—action such that
X is m—connected and Y is n—connected, then X®;t Yism+n+1)-
connected.

v L v L .
Here the functors ®, A", A5, , ® and ®y, are the total left derived functors of
®s, A, Ax,, ® and ®y, respectively.

Proposition 4.33 Let O be an operad in R—modules such that O[0] = x. Assume
that O satisfies Cofibrancy condition 4.12. Let X be a cofibrant O —algebra (resp.
cofibrant left O-module) and k > 1. If O, R are (—1)—connected and X is 0—
connected, then |Bar(t; O, O, X)| is 0—connected and both |Bar(O>k, 0, X)| and
|Bar(ix+10, O, X)| are k —connected.
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Proof This follows from Theorem 4.11, Proposition 4.30 and Proposition 4.32. O

The following Milnor-type short exact sequences are well known in stable homotopy
theory (for a recent reference, see Dwyer, Greenlees and Iyengar [16]); they can be
established as a consequence of Bousfield and Kan [9, IX].

Proposition 4.34 Consider any tower By <— By <— B, <— -+ of symmetric spectra
(resp. R—modules). There are natural short exact sequences

0 —> limy, ;41 By —> m; holimy By —> limy 7; By —> 0.
Proof of Theorem 1.12(a) It suffices to consider the case of left O-modules. By
Theorem 3.26, Proposition 3.30 and Proposition 3.31, we can restrict to operads O
satisfying Cofibrancy condition 1.15. It is enough to treat the following special case.
Let X be a O—connected, cofibrant left O—module. We need to verify that the natural

coaugmentation X ~ holimy X — holimy (73O op X)) is a weak equivalence. By
Proposition 4.13 it suffices to verify that

holimy, |Bar(O, O, X')| —> holimy, |Bar(z; O, O, X)|

is a weak equivalence. Consider the commutative diagram

7 holimy, [Bar(0, 0, X)| — = 7; holimy, [Bar(1,0, O, X)|

| -
(')

limy, 7r;|Bar(O, O, X)| limy, 7r;|Bar(z; O, O, X)|

for each i. Since lim}c wi+1|Bar(O0, O, X)| = 0, the left-hand vertical map is an
isomorphism by Proposition 4.34. We need to show that the map () is an isomor-
phism, hence it suffices to verify that (x’) and (%”") are isomorphisms. First note that
Proposition 4.28 and Proposition 4.33 imply that (*’) is an isomorphism. Similarly,
by Proposition 4.16 and Proposition 4.33, it follows that for each k > 1 the induced
map ;| Bar(tx+10, O, X)| — m;|Bar(t4 O, O, X)| is an isomorphism for i < k and
a surjection for i = k + 1; in particular, for each fixed i the tower of abelian groups
{mi|Bar(z; O, O, X)|} is eventually constant. Hence lim}( 7it+1|Bar(t 0,0, X)| =0
and by Proposition 4.34 the map (*”) is an isomorphism which finishes the proof. By
the argument above, note that for each k > 1 the natural maps 7; X — m; (1O oo X)
and 77; (15410 00 X) — 7 (14 O 0op X) are isomorphisms for i < k and surjections
for i =k + 1; we sometimes refer to this as the strong convergence of the homotopy
completion tower. a
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4.35 On n—connected maps and the homotopy completion tower

The purpose of this subsection is to prove Theorems 1.8, 1.9 and 1.12(b).

Proposition 4.36 Let O be an operad in R—-modules such that O[0] = *. Assume
that O satisfies Cofibrancy condition 1.15. Let X be a cofibrant O-algebra (resp.
cofibrant left O —module) and k > 2. There are natural weak equivalences

(4.37) |Bar(ix O, O, X)| ~ [Bar(iy O, 1, O, |Bar(1; 0, O, X)|)|.

Below we give a simple conceptual proof of this proposition using derived functors. An
anonymous referee has suggested an alternate proof working directly with (bi)simplicial
bar constructions, for which the interested reader may jump directly to Remark 4.39.
The following proposition is an easy exercise in commuting certain left derived functors
and homotopy colimits; we defer the proof to Section 5.

Proposition 4.38 Let O be an operad in R —modules such that O[0] = . Let k > 2.
If B is a simplicial T{O—algebra (resp. simplicial left T O—module), then there is a
zigzag of weak equivalences

- . Alg . .
ixO ol o (hocolim ., '” B) =~ hOCOhm/ZIng IO o (B).

. . Lty o . .
resp. O 0210 hocolim ;o0 ~ B =~ hocohm"Atfp irO o't‘l(9 B,

natural in B.

Proof of Proposition 4.36 It suffices to consider the case of left O—modules. For
notational ease, define B := |Bar(7; O, O, X)|. By Theorems 4.21 and 7.27, Proposi-
tions 4.38 and 4.20 and Theorem 7.26, there are natural weak equivalences

|Bar(ix 0, 0, X)| > i 0o} », B
~ Ol o hocolimLAt(fplo Bar(7;0, 110, B)
~ hocolim"AtoOp i O o'r‘lo Bar(110, 1;0, B)
~ hocolim"Atgf, ixOor0Bar(110, 7110, B)
~ hocolimLAtf,f) Bar(iz O, 110, B) ~ |Bar(i; O, 7110, B)|. O
Remark 4.39 Here is an alternate proof of Proposition 4.36 that was suggested by an
anonymous referee. It suffices to consider the case of left O—modules. For notational

ease, define B := |Bar(i; O, 110, 11 O)|. The right-hand side of (4.37) is isomorphic
to |Bar(B, O, X)| (they are both realizations of a bisimplicial symmetric sequence).
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Noting that the natural map B — i3 O of right r;O—modules (and hence of right
O-modules) is a weak equivalence (see, for instance, [32, 8.4, 8.3]), together with
Theorem 4.11 and Proposition 4.5, it follows that |Bar(B, O, X)| — |Bar(i; O, O, X)|
is a weak equivalence, which finishes the proof.

Proof of Theorem 1.8 It suffices to consider the case of left O—modules. By
Theorem 3.26, Proposition 3.30 and Proposition 3.31, we can restrict to operads
O satistying Cofibrancy condition 1.15. It is enough to treat the special case where X
is a cofibrant left O—module.

Consider part (a). Assume that t1;Qon X is n—connected. Then |Bar(z; O, O, X)| is n—
connected by Proposition 4.13, hence by Propositions 4.30, 4.32, 4.36 and Theorem 4.11,
it follows that |Bar(ix4+10, O, X)| is ((k + 1)n + k)—connected for each k > 1.
Hence it follows from Propositions 4.16 and 4.13 that for each k& > 1 the natural
maps 7;(tx+10 oo X) — 7 (140 op X) are isomorphisms for i < (k + 1)n + k
and surjections for i = (k 4+ 1)(n + 1). In particular, for each i <2n + 1 the tower
{mi (1 O o X)} is a tower of isomorphisms, and since 7;0 op X is n—connected,
it follows that each stage in the tower {t;O op X} is n—connected. Since X is
O0—connected by assumption, it follows from strong convergence of the homotopy
completion tower (proof of Theorem 1.12(a)) that the map 7; X — 7w (73 O op X) is
an isomorphism for every i < k. Hence taking k sufficiently large (k > n) verifies
that X is n—connected.

Conversely, assume that X is n—connected. Then by Theorem 4.11, Proposition 4.30
and Proposition 4.32, it follows that |Bar(zz O, O, X)| is n—connected and both
|Bar(O>%, ©, X)| and |Bar(ix 410, O, X)| are ((k + 1)n + k)—connected for each
k > 1. It follows from Propositions 4.16, 4.28 and 4.13 that for each k > 1 the
natural maps 7; X — 7;(txO op X) and 7;(tx+10 o0 X) — 7i(13O oo X) are
isomorphisms for i < (k+1)n+k and surjections for i = (k+1)(n+1). Consequently,
;i X — wi(t1Oop X) is an isomorphism for i <2n+ 1 and a surjection for i =2n+2.
Since X is n—connected, it follows that 71O op X is n—connected.

Consider part (b). Assume that ;0 op X is n—connected. Then it follows from the
proof of part (a) above that 7; X — 7; (110 op X) is an isomorphism for i <2n + 1
and a surjection for i = 2n + 2. O

Proof of Theorem 1.12(b) The homotopy completion spectral sequence is the ho-
motopy spectral sequence (see Bousfield and Kan [9]) associated to the tower of
fibrations (of fibrant objects) of a fibrant replacement (Definition 3.12) of the homotopy
completion tower, reindexed as a (second quadrant) homologically graded spectral
sequence. Strong convergence (Remark 1.13) follows immediately from the first part
of the proof of Theorem 1.8 by taking n = 0. a
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We defer the proof of the following to Section 5.

Proposition 4.40 Consider symmetric sequences in R—modules. Let f: X — Z be
a map between (—1)—connected objects in Modg (resp. SymSeq). Let me Z,n > —1,
and t > 1. Assume that R is (—1)—connected.

(a) If X, Z are flat stable cofibrant and [ is n—connected, then X' — Z"' (resp.
X® 5 7®) js n—_connected.

op o

(b) IfBe Modz’ (resp. B € SymSqutp) is m—connected, X, Z are positive flat
stable coﬁbrant and f is n—connected, then B Ax, X' — B Ax, ZN (resp.
B ®s, X® B R, Z®t)is (m + n + 1)—connected.

Proposition 441 Let n € 7. If {A;} — {By} is a map of towers in symmetric
spectra (resp. R—modules) that is level-wise n—connected, then the induced map
holimy Aj — holimy By, is (n — 1) —connected.

Proof This follows from the short exact sequences in Proposition 4.34. a

Proof of Theorem 1.9 It suffices to consider the case of left O—modules. By
Theorem 3.26, Proposition 3.30 and Proposition 3.31, we can restrict to operads
O satisfying Cofibrancy condition 1.15.

We first prove part (c), where it is enough to consider the following special case.
Let X — Y be a map of left O—modules between cofibrant objects in Lty such
that the induced map 110 op X — 11O 00 Y is an n—connected map between (—1)-
connected objects. Consider the corresponding commutative diagram (4.26) in SymSeq.
If k& = 2, then the right-hand vertical map is n—connected by Proposition 4.13. It
follows from Propositions 4.36, 4.20, 4.32, 4.40 and 4.30 that the left-hand vertical
map is n—connected for each & > 2. Hence by Proposition 4.16 and induction on £,
the middle vertical map is n—connected for each k > 2, and Proposition 4.41 finishes
the proof of part (c).

Consider part (b). It is enough to consider the following special case. Let X — Y
be an (n — 1)—connected map of left O—modules between (—1)—connected cofibrant
objects in Lty . Consider the corresponding commutative diagram (4.26) in SymSeq.
It follows from Propositions 4.32, 4.40 and 4.30 that the right-hand vertical map
is (n — 1)—connected for £ = 2, and hence by Proposition 4.13 the induced map
11000 X > 11000 Y is (n — 1)—connected.
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Consider part (a). Proceeding as above for part (c), we know that for each k > 1 the
induced map 73, Oon X — 1,Oo0n Y is n—connected, and hence the bottom horizontal
map in the commutative diagram

m X Y
i (1O 00 X) ——= 7i(tOop Y)

is an isomorphism for every i < n and a surjection for i = n. Since X,Y are
0—connected by assumption, it follows from strong convergence of the homotopy
completion tower (proof of Theorem 1.12(a)) that the vertical maps are isomorphisms
for k > i, and hence the top horizontal map is an isomorphism for every i <n and a
surjection for i = n. Part (b) implies the converse.

Consider part (d). By arguing as in the proof of Theorem 1.8, it follows that the layers
of the homotopy completion tower are (n — 1)—connected. Hence by Proposition 4.34
the homotopy limit of this tower is (n — 1)—connected, which finishes the proof. O

4.42 Finiteness and the homotopy completion tower

The purpose of this subsection is to prove Theorem 1.5. The following homotopy
spectral sequence for a simplicial symmetric spectrum is well known; for a recent
reference, see Elmendorf, Kriz, Mandell and May [18, X.2.9] and Jardine [40, 4.3].

Proposition 4.43 Let Y be a simplicial symmetric spectrum. There is a natural
homologically graded spectral sequence in the right-half plane such that

E}%,q = Hp(7g(Y)) = mp+4(|Y]).
Here, m4(Y) denotes the simplicial abelian group obtained by applying m, level-wise
toY.
The following finiteness properties for realization will be useful.
Proposition 4.44 Let Y be a simplicial symmetric spectrum. Let m € 7Z,. Assume

that Y is level-wise m —connected.

(a) If m Y, is finite for every k,n, then wy|Y | is finite for every k .

(b) If m Yy is a finitely generated abelian group for every k,n, then mi|Y | is a
finitely generated abelian group for every k .
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Proof This follows from Proposition 4.43. a

Recall the following Eilenberg—Moore-type spectral sequences; for a recent reference,
see [18, IV.4-1V.6].

Proposition 4.45 Lett > 1. Let X, Y be R-modules with a right (resp. left) ¥;—
action. There is a natural homologically graded spectral sequence in the right-half plane
such that

E;’q = Torz:"qR[E’](n*X, YY) = mpiq(X ALE: Y).

Here, R[X;] is the group algebra spectrum and /\LE, is the total left derived functor
of A9 P

The following proposition, which is well known to the experts, will be needed in the
proof of Proposition 4.47 below; since it is a key ingredient in the proof of Theorem 1.5,
and since we are unaware of an appropriate reference in literature, we give a concise
homotopy-theoretic proof in Section 5.

Proposition 4.46 Let A be any monoid object in (Chz,®,7Z). Let M, N be un-
bounded chain complexes over 7, with a right (resp. left) action of A. Let m € 7.
Assume that A is (—1)—connected, M, N are m—connected, and H; M, H; A are
finitely generated abelian groups for every k .

(a) If Hi N is finite for every k, then Hy (M ®E4 N) is finite for every k.

(b) If Hy N is a finitely generated abelian group for every k, then Hy (M ®JL4 N)
is a finitely generated abelian group for every k .

Here, ®':4 is the total left derived functor of ® 4.

Proposition 4.47 Lett > 1. Let X,Y be R—modules with a right (resp. left) ¥;—
action. Let m € Z.. Assume that R is (—1)—connected, X,Y are m—connected, and

i X, R are finitely generated abelian groups for every k.
(a) If mY is finite for every k , then mx (X Ag, Y') is finite for every k .

(b) If mY is a finitely generated abelian group for every k, then my (X /\Iilt Y)isa
finitely generated abelian group for every k .

Here, /\Iflt is the total left derived functor of Ay, .

Proof Part (a) follows from Proposition 4.45 and Proposition 4.46, and the proof of
part (b) is similar. O
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Proof of Theorem 1.5 It suffices to consider the case of left O—modules. By
Theorem 3.26, Proposition 3.30 and Proposition 3.31, we can restrict to operads
O satisfying Cofibrancy condition 1.15. We first prove part (a), for which it suffices
to consider the following special case. Let X be a cofibrant left O—module such that
11000 X is O—connected and 7; (11 Oop X) is object-wise finite for every i . Consider
the cofiber sequences

|Bar(iz O, O, X)| — |Bar(7; O, O, X)| — |Bar(t4_1 0, O, X)|

in SymSeq. We know by Proposition 4.13 that z;|Bar(t; O, O, X)| is object-wise
finite for every i, hence by Propositions 4.36, 4.20, 4.44 and 4.47, m;|Bar(i; O, O, X)|
is object-wise finite for every i . By Proposition 4.16 and induction on k, it follows that
wi|Bar(7; O, O, X)| is object-wise finite for every i and k. Hence by the first part of
the proof of Theorem 1.8 (by taking 7 = 0) it follows easily that 7r; (X"") is object-wise
finite for every i. If furthermore X is O—connected, then by Theorem 1.12(a) the
natural coaugmentation X ~ X" is a weak equivalence which finishes the proof of
part (a). The proof of part (b) is similar. m|

5 Homotopical analysis of the forgetful functors

The purpose of this section is to prove Theorem 4.11 together with several closely
related technical results on the homotopical properties of the forgetful functors. We
will also prove Theorem 3.20 and Propositions 3.30, 4.32, 4.40 and 4.46, each of which
uses constructions or results established below in Section 5. It will be useful to work
in the following context.

Basic assumption 5.1 From now on in this section we assume that (C, A, §) is a
closed symmetric monoidal category with all small limits and colimits. In particular, C
has an initial object & and a terminal object .

In some of the propositions that follow involving homotopical properties of O—algebras
and left O—modules, we will explicitly assume the following.

Homotopical assumption 5.2 If O is an operad in C, assume that

(i) C is a cofibrantly generated model category in which the generating cofibrations
and acyclic cofibrations have small domains (see Schwede and Shipley [70, 2.2]),
and that with respect to this model structure (C, A, S) is a monoidal model
category [70, 3.1]; and
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(i1) the following model structure exists on Algy (resp. Ltp): the model structure on
Algo (resp. Ltp) has weak equivalences and fibrations created by the forgetful
functor U (2.20); ie the weak equivalences are the underlying weak equivalences
and the fibrations are the underlying fibrations.

Remark 5.3 The main reason for working in the generality of a monoidal model
category (C, A) is because when we start off with arguments using the properties
of a particular monoidal model category, say, (Modg, A), we are naturally led to
require the corresponding results in the diagram category (SymSeq, ®), and in the
diagram category (SymArray, ®) (eg Proposition 5.54). So working in the generality
of a monoidal model category allows us to give a single proof that works for several
different contexts. For instance, we also use the results in this section in the contexts of
both symmetric spectra and unbounded chain complexes, even when proving the main
theorems only in the context of symmetric spectra (eg in the proof of Proposition 4.46).

Definition 5.4 Consider symmetric sequences in C. A symmetric array in C is a sym-
metric sequence in SymSeq; ie a functor 4: ¥°°P — SymSeq. Denote by SymArray :=
SymSeq™" the category of symmetric arrays in C and their natural transformations.

Recall from [31] the following proposition.

Proposition 5.5 Let O be an operadin C, A € Algy (resp. A€Ltp), and Y € C (resp.
Y € SymSeq). Consider any coproduct in Algy (resp. Lt ) of the form AL O o (Y)
(resp. AU (OoY)). There exists a symmetric sequence Oy (resp. symmetric array
Q4 ) and natural isomorphisms

AUOo(Y) =[] Odlalrsg, Y. resp. AL(OoY)=]]Oulq]®s, Y,
q=0 q=0

in the underlying category C (resp. SymSeq). If g > 0, then Oy[q] is naturally
isomorphic to a colimit of the form

do
Oulql = COlim( [HOlp+4qlns, A =— [[ Olp+4qlrx, (Oo (A))Ap),
p=0 di p>0

respectively

v do .
O4lq] = Colim( [1Olp+4qlrs, A%? =—— 1] Olp +4] A%, (OoA)®1’),
p=0 di p>o0

in CZd (resp. SymSqu;p ), with dy induced by operad multiplication and dy induced
by the left O-action map m: Qo (A) — A (resp. m: Oo A — A).
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Remark 5.6 Other possible notations for Oy include Up(A) or U(A); these are
closer to the notation used in Elmendorf and Mandell [19] and Mandell [51] and are not
to be confused with the forgetful functors. It is interesting to note — although we will
not use it in this paper — that in the context of O—algebras the symmetric sequence Oy
has the structure of an operad; it parametrizes (JO—algebras under A and is sometimes
called the enveloping operad for 4.

Proposition 5.7 Let O be an operad in C and let ¢ > 0. Then the functor
Olgl: Algo — CEgp, resp. Olgl: Lto — SymSquZP,

preserves reflexive coequalizers and filtered colimits.
Proof This follows from Proposition 2.19 and [33, 5.7]. O

Proposition 5.8 Let O be an operad in C and A an O;.eigebra. For each ¢ > 0,
O1(q] is concentrated at 0 with value O4[q]; ie O1[q] = O4lq].

Proof This follows from Proposition 5.5, together with (2.5) and (2.15). a

Definition 5.9 Let i: X — Y be a morphism in C (resp. SymSeq) and ¢ > 1. Define
0L:=XM, 0i:=Y",
resp.  Qh:=X®, QL:=Y%®".
For 0 < g < t define Qfl inductively by the left-hand (resp. right-hand) pushout
diagrams

. A(it—q) q Pl t é t— v q Pr t
S gz, XNTONQY =00 Srg, k3, XD Q01— 0,

LT

Et'zt_quqX’\(’_q)/\ YN — Q0 Zz'z,_qquXé’(t_q) SY®r — 0!

in CZ¢ (resp. SymSeq™). We sometimes denote Qfl by Q;(i ) to emphasize in the
notation the map i: X — Y. The maps pr, and i, are the obvious maps induced by i
and the appropriate projection maps.

The following proposition is proved in [31] and is closely related to a similar construction

in Elmendorf and Mandell [19]; for other approaches to these types of filtrations compare
Fresse [22] and Schwede and Shipley [70].
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Proposition 5.10 Let O be an operadin C, A € Algy (tesp. A€ltp),andi: X - Y
in C (resp. SymSeq). Consider any pushout diagram in Algy (resp. Ltp ) of the form

f
Oo(X) L= 4 Oox —L =4
(5.11) lido(,-) L ; resp. jidoi lj
Oo(Y) —> B, OoY —= B,

The pushout in (5.11) is naturally isomorphic to a filtered colimit of the form

B = colim(Ag—L> 4,24, Ls )

in the underlying category C (resp. SymSeq), with Ay := O4[0] = A and A, defined
inductively by pushout diagrams in C (resp. SymSeq) of the form

* v f*

Odltl Az, 01, —L 4, O4lt] &3, 0!, = 4,y

(5.12) Lid/\zti* Lj, resp. lid‘éZzi* ljt
§ " N §

Oqlt] A, YN — Ay, Ot ®x, Y& — = 4.

We are now in a good position to prove Theorem 4.11.

Proof of Theorem 4.11 It suffices to consider the case of left O—-modules. Consider
part (a). Let i: X — Y be a generating cofibration in SymSeq with the positive flat
stable model structure, and consider the pushout diagram

OoX — 2y
(5.13) L lio
QoY —Z;

in Ltp. Assume Z is cofibrant in Lty ; let’s verify that 7o is a positive flat stable
cofibration in SymSeq. Let 4 := Z. By Proposition 5.10, we know Z is naturally
isomorphic to a filtered colimit of the form

Zy = colim(Ag—L A, L4, L)
in the underlying category SymSeq, and hence it suffices to verify each j; is a positive
flat stable cofibration in SymSeq. By the construction of j; in Proposition 5.10, it is
enough to check that each id Q3 , Ix in (5.12) is a positive flat stable cofibration in
SymSeq. The generating cofibrations in SymSeq with the positive flat stable model
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structure have cofibrant domains, and by Proposition 7.37 we know that i, is a cofibra-
tion between cofibrant objects in Sym Seq>! with the positive flat stable model structure.
We need therefore only show that id ®x , I+ 1s a flat stable cofibration in SymSeq.

Suppose p: C — D is a flat stable acyclic fibration in SymSeq. We want to verify
id va);t ix has the left lifting property with respect to p. Consider any such lifting
problem; we want to verify that the corresponding solid commutative diagram

0 — Map®(Oylt], C)
(5.14) l l(*)

Y& —= Map®(Oylt]. D)

in SymSeq =" has a lift. We know that ix is a flat stable cofibration in SymSqu(fyp,
hence it is enough to verify that () is a flat stable acyclic fibration in SymSeq. By
Proposition 5.16 below, Oy4(#] is flat stable cofibrant in SymSeq, hence we know that
() has the desired property by [33, 6.1], which finishes the argument that ij is a
positive flat stable cofibration in SymSeq. Consider a sequence

of pushouts of maps as in (5.13), and let Z, := colimy Zj . Consider the naturally
occurring map ioo: Zo — Zoo, and assume Z is cofibrant in Ltp. By the argument
above, we know this is a sequence of positive flat stable cofibrations in SymSeq, hence
ico 1S a positive flat stable cofibration in SymSeq. Since every cofibration A — B in
Lto is a retract of a (possibly transfinite) composition of pushouts of maps as in (5.13),
starting with Zo = A, where A is assumed to be cofibrant in Lte, finishes the proof of
part (a). Part (b) follows from part (a) by taking A = O o &, together with the natural
isomorphism O o & =~ 6[3] O

5.15 Homotopical analysis of the O, constructions

The purpose of this subsection is to prove the following proposition, which we used in
the proof of Theorem 4.11. It provides a homotopical analysis of the (4 constructions,
and a key ingredient in its proof is a filtration of Q4 (Proposition 5.36). We will also
prove Proposition 5.17 and Theorem 5.18, which are analogs of Proposition 5.16 and
Theorem 4.11, respectively. These analogous results are applicable to a general class
of monoidal model categories, but at the cost of requiring stronger assumptions.

The following proposition is motivated by Mandell [51, 13.6].

Geometry & Topology, Volume 17 (2013)



1368 John E Harper and Kathryn Hess

Proposition 5.16 Let O be an operad in R—modules such that O[r] is flat stable
cofibrant in Modg foreach r > 0. If A is a cofibrant O —algebra (resp. cofibrant left
O-module), then Oy4[r] is flat stable cofibrant in Mod (resp. SymSeq) for each r > 0.

The following proposition is closely related to Mandell [51, 13.6].

Proposition 5.17 Let O be an operad in C. Suppose that Homotopical assumption
5.2 is satisfied, and assume that O[r] is cofibrant in C=" foreachr >0. If A is a
cofibrant O—algebra (resp. cofibrant left O —module), then Q4[r] is cofibrant in cz’
(resp. SymSeq™ ’ )for eachr > 0.

Theorem 5.18 Let O be an operad in C. Suppose that Homotopical assumption 5.2
is satisfied, and assume that O[r] is cofibrant in CE=" foreachr > 0.

(a) If j: A— B isacofibration between cofibrant objects in Algy (resp. Lto ), then
J is a cofibration in the underlying category C (resp. SymSeq).

(b) If A is acofibrant O—algebra (resp. cofibrant left O —module), then A is cofibrant
in the underlying category C (resp. SymSeq).

Proof It suffices to consider the case of left @O—modules. Consider part (a). This
follows exactly as in the proof of Theorem 4.11, except using Proposition 5.17 instead
of Proposition 5.16, and replacing the lifting problem (5.14) with a lifting problem of
the form

1%} Mapé’(Yét, C)

l(*)

Oylt] — Map®(Qt 1> C) XMap®(Q!_,,D) Map® (Y ®?, D)

in SymSqu(t)p. Part (b) follows from part (a) by taking 4 = O o &, together with the
natural isomorphism O o @ = O[0], since O[0] is cofibrant in C. a

When working with certain arguments involving left modules over an operad, we
are naturally led to replace (C, A, S) with (SymSeq, ®, 1) as the underlying closed
symmetric monoidal category. In particular, we will consider symmetric sequences in
(SymSeq, ®, 1), ie symmetric arrays (Definition 5.4), together with the corresponding
tensor product and circle product. To avoid notational confusion, we will use ® to
denote the tensor product of symmetric arrays and S to denote the circle product
of symmetric arrays. We summarize their structure and properties in the following
propositions.
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Proposition 5.19 Consider symmetric sequences in C. Let Ay,...,A; and A, B be
symmetric arrays in C. Then the tensor product A\® ---®A; € SymArray and the
circle product AS B € SymArray satisfy object-wise the natural isomorphisms

(5.20) (41 & @A)z [ A& Alrd_ - T
rittre=r ry XX 2y
(5.21) (A3 B)[r] =~ ]_[ A[t]®2, (Bét)[y].
>0

Definition 5.22 Consider symmetric sequences in C. Let Z € SymSeq Define

Ze SymArray to be the symmetric array such that Z [t] € SymSeq* ¢’ is concentrated
at 0 with value Z[t]; ie Z[ ]:= Z[t] and hence Z[t][()] = Z|t].

The adjunction immediately below Definition 2.12 induces object-wise the adjunction
Z:SymSeq——SymArray : Evy with left adjoint on top and Evq the functor defined
object-wise by Evq(B)[t] := Evo(B[t]) = B|t][0]; ie Evo(B) = B[—][0]. Note that =
embeds SymSeq in SymArray as a full subcategory.

Proposition 5.23 Consider symmetric sequences in C. Let O, A, B € SymSeq and
X,Y € SymArray. There are natural isomorphisms

(524) A®B~A®B, AoBx~A3B, Evy(O5Y)=OoEvy(Y),
(5.25) Evo(X ®Y) =Evo(X)®Evo(Y), Evo(X3Y)2Evy(X)oEvy(Y).

Proposition 5.26 Consider symmetric sequences in C.

(a) (SymArray, ®, T) is a closed symmetric monoidal category with all small limits
and colimits. The unit for ®, denoted 17, is the symmetric array concentrated
at 0 with value the symmetric sequence 1.

(b) (SymArray, 3, T ) is a closed monoidal category with all small limits and colimits.
The unit for 5, denoted “ I ”, is the symmetric array concentrated at 1 with value
the symmetric sequence 1. Circle product is not symmetric.

Since all of the statements and constructions in earlier sections that were previously
described in terms of (C, A, S) are equally true for (SymSeq, ®, 1), we will cite and
use the appropriate statements and constructions without further comment.
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Proposition 5.27 Consider symmetric sequences in C.

(a) If O is an operad in C, then O is an operad in SymSeq.
(b) If A is aleft © —module, then A is a left O —module.

(c) There are adjunctions

05— = =
(5.28) SymArray —= Lt5z, Ltop — Lt3, Op(C) Op(SymSeq),
U Evo
with left adjoints on top, U the forgetful functor and Evg the functor defined
object-wise by Evo(B)[t] := Evo(B[t]) = BJt][0], ie Evo(B) = B[—][0].
Here, Op(C) denotes the category of operads in C, and similarly for Op(SymSeq).

The following two propositions are exercises left to the reader. They will be needed in
the proof of Proposition 5.31 below.

Proposition 5.29 Let O be an operad in C and A a left © —-module. For each q,r >0,
O 4lq][r] is concentrated at 0 with value O4[q][r] (see Proposition 5.5); ie

Olq] = Oulq].

Proposition 5.30 Consider symmetric sequences in C. Let B be a symmetric se-
quence (resp. symmetric array) and r,t > 0. There are natural isomorphisms

Blt)= (]| Bl &z, 1%9)1r). resp. Blelir)= (] ] Blal &s, 1%9)irliel

q=0 q=0

Here, I is the symmetric array concentrated at 0 with value I .
The following will be needed in the proof of Proposition 5.36 below.

Proposition 5.31 Let O be an operadin C, A € Algy (resp. A € Ltp), Y € C (resp.
Y € SymSeq) and q > 0. Consider any coproduct in Algs (resp. Lto ) of the form
AU Oo(Y) (resp. AU (OoY)). There are natural isomorphisms

Quuioov)lq] = ]_[ Qulp +4qlrs, Y™, Ooo(r)lgl = ]_[ Olp+4qlrs, Y2,

p=0 p=0
respectively
Ounroonlal = [ [ Culp + 4185, Y7, Ovorlgl= | [ Olp + 4] Ax, YO,
p=0 p=0
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. op op . . .
in C¥a (resp. SymSeq>4 ). In particular, there are natural isomorphisms

(5.32) Qoo(z)lg] = Olq], resp. Oooplq] = 6@,

in CZd (resp. SymSquSIP).

Proof Consider the left-hand natural isomorphisms. Since the case for left O—modules
is more involved, it is useful to consider first the case of O—algebras. Let A be an
O-algebraand Y € C. Let Z € SymSeq and consider the corresponding left O—module
A and the corresponding symmetric sequence Y . It follows easily from Proposition 5.5
and [31, proof of 4.7] that there are natural isomorphisms

(533) AU (OoY)U(0oz)x=]]O itiooiy 4] 5, Z%.

q=0
534 Ao u(©o2)=[[(] Olp+al1&s, 7°7) &5, 2%,

q=0 p=0
in the underlying category SymSeq. Comparing (5.33) with (5.34) and taking Z =1,
together with Proposition 5.8 and Proposition 5.30, gives a natural isomorphism of
symmetric sequences of the form

Ou1100(7)q] ]_[ Oulp +4qlnrs, Y™, q=0,
p=0
which finishes the proof of the left-hand natural isomorphisms for the case of O—

algebras.

Consider the case of left O—-modules. Let A be a left O-module and Y € SymSeq. Let
Z e SymArray and consider the corresponding operad O in SymSeq, the corresponding
left O-module A and the corresponding symmetric array Y. Arguing as above, by
Proposition 5.5 and [31, proof of 4.7] there is a natural isomorphism

(5.35) ]_[ 6ZH(5S}7)[q] @zq 7% ~ ]_[ (]_[ 62[17 +4q] é)z;p }7®p) é)z;q z®4
q=0 q=0 p=0

in the underlying category SymArray. By (5.35) and taking Z = I, together with
Proposition 5.29 and Proposition 5.30, gives a natural isomorphism of symmetric arrays
of the form

(Qauoerlal)irl = (L] Oulp +41&5, Y27 )il q.r =0,
p=0

which finishes the proof of left-hand natural isomorphisms for the case of left O—
modules. The proof of the right-hand natural isomorphisms is similar. a

Geometry & Topology, Volume 17 (2013)



1372 John E Harper and Kathryn Hess

The following filtrations are motivated by Mandell [51, 13.7] and generalize the filtered
colimit construction of the form
J2

B = 0g[0] = colim(Q[0] L= 4, 2= 4,2 )

in Proposition 5.10 to a filtered colimit construction of Og[r] for each r > 0; for
other approaches to these types of filtrations compare Fresse [22] and Schwede and
Shipley [70].

Proposition 5.36 Let O be an operadin C, A € Algy (tesp. A€ltp),andi: X - Y
in C (resp. SymSeq ). Consider any pushout diagram in Algy (resp. Ltp ) of the form
(5.11). For each r = 0, Op|r] is naturally isomorphic to a filtered colimit of the form

J1 J2

(537 Oplr] = colim( OfIr] = O}[r] 2= O] =~ - )
in C="' (resp. SymSeqZlgp ), with
Of[r]:= Oylr]

and Oj[r] defined inductively by pushout diagrams in czr (resp. SymSqu(’)p) of the
form

S _
Ult +rirs, Of_, — O} r]

lid/\gti* lj,

Oult + ¥ Ag, YN — o O[r].

(5.38)

§ foo
Ult +r]®sx, 01, — O '[r]

resp. lidézt i ljt
Ollr].

&

Oult +r] &3, Y&

Proof It suffices to consider the case of left O—modules. The argument is a general-
ization of the proof given in [31, 4.20] for the case » = 0, hence it is enough to describe
the constructions and arguments needed for future reference and for a reader of [31,
4.20] to be able to follow the proof. It is easy to verify that the pushout in (5.11) may
be calculated by a reflexive coequalizer in Lty of the form

(5.39) B gcolim(AH(OoY)jl;AH(OoX)H(OoY)).
7
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The maps 7 and f are induced by maps idoi, and ido fi, which fit into the commutative
diagram

H(Oo(XHY))<—(’)o(AHXHY)£Oo((OoA)HXHY)

A
d;
(5.40) ,u f idoi s Uido Sfe idoi « uido S
do

AL (OoY) Oo(ALY) Oo((0oA)1IY)

1

in Ltp, with rows reflexive coequalizer diagrams, and maps i and fi in SymSeq
induced by i: X — Y and f: X — A in SymSeq. Here we have used the same
notation for both f* and its adjoint (2.20). Applying O_[r] to (5.39) and (5.40), it
follows from Proposition 5.7 that Og[r] may be calculated by a reflexive coequalizer

i
(5.41) Oplr] = colim<OAu(OoY) [r] =—— Ouu(0ox)11(00Y) [V]),
f

Ounoo(xuy))[r] =— Ovoatixur)[r] =—— Ovo((©oay1 x11Y)[F]

o dls I I

4110017 ] Ooo(atiy)|r] Ooo((0oaum)lr]:

in SymSeq = of the form (5.41), and that the maps i and f in (5.41) fit into the
commutative diagram (5.42) in SymSeq™ z" , with rows reflexive coequalizer diagrams.
Og[r] may be calculated by the colimit of the left-hand column of (5.42) in SymSqu;
by using (5.41). By (5.42) and Proposition 5.31, f* induces maps fq,p that make the
diagrams

in,
Oquooxurylrl= [ 1] ( ) = (OA[P +q+1]®5, x5, XOP & Y®q)
qg=0 p=0 -
lf Ta

(OA[q +r]®x, Yé’q)

ing

Oqr1(oor)lr] = 11 ()

t=0

. op .. .. T .
in SymSeq™ commute. Similarly, i induces maps i 4,p that make the diagrams

Quuoxurylrl= 1 1 ( ) (OA[p +q+r] ®szzq X®r & Y®‘1)
j g=0 p=0

i ,lq.p
Y

Ouoon)lrl = 11 () o trte (OA[P +q+r]®s,,, Yé)(erq))

t=0
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. op
in SymSeq™" commute.

We can now describe more explicitly what it means to give a cone in SymSeq® " out of
the left-hand column of (5.42). Let ¢: OAH(@Oy)[ r] — - be a morphism in SymSeq>
and define ¢4 := ¢ing. Then pi=¢ f if and only if the diagrams

Oulp + 4 + 1] &5, x5, XOP QYO —> Oyl +r] &5, Y4
(5.43) L o0

lg.p

Pp+aq

Oulp +q +1]&5,,, YOO+

commute for every p,q > 0. Since qu,O =1id and f_q,o =1id, it is sufficient to consider
g=>0and p>0.

The next step is to reconstruct the colimit of the left-hand column of (5.42) in Sym Sengp
via a suitable filtered colimit in SymSqu'o‘p. The diagrams (5.43) suggest how to
proceed. Define

Oglr]:= O4lr]

and for each ¢ > 1 define (’)If1 [r] by the pushout diagram (5.38) in SymSqu(’)p. The
maps fix and i, are induced by the appropriate maps f4 , and iy, ,. Arguing exactly
as in [31, proof of 4.20] for the case r = 0, it is easy to use the diagrams (5.43) to
verify that (5.37) is satisfied. O

The following proposition is the key result used to prove Proposition 5.17.

Proposition 5.44 Let O be an operad in C. Suppose that Homotopical assumption
5.2 is satisfied.

(a) If j A— Bisa coﬁbranon in Algy (resp. Lt ) such that Qy[r] is cofibrant in
cEr’ (resp. SymSeq™ - )for each r > 0, then O4[r] — Og|r] is a cofibration in
s’ (resp. SymSeq” " ) foreach r > 0.

(b) If j: A — B is an acyclic coﬁbraaon in Algy (resp. Ltp) such that Oylr] is
cofibrant in C=r' (resp. SymSeq ' )for each r >0, then Qq[r] — Opglr] is an
acyclic cofibration in =’ (resp. SymSeq " )foreachr > 0.

Proof It suffices to consider the case of left O—modules. We first prove part (a). Let
i: X — Y be a generating cofibration in SymSeq, and consider a pushout diagram
of the form (5.13) in Ltp. Assume Og,[r] is cofibrant in SymSeq " for each r >0;
let’s verify that Ogz,[r] — Oz, [r] is a cofibration in SymSeq™ " for each r > 0. Define
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A = Zj, and let r > 0. By Proposition 5.36 we know that Oz, [r] is naturally
isomorphic to a filtered colimit of the form

J2

Oz,1r] = colim(O%[r|—L-O} (1|2 0212 )

in SymSeq™r =" , hence it is enough to verify each j; is a cofibration in SymSeq = . By
the construction of j; in Pr0p0s1t10n 5.36, we need only show that each id ®x ;D% 1D
(5.38) is a cofibration in SymSeq™r Suppose p: C — D is an acyclic fibration in
SymSeq®" . We need to verify that id @ . i+ has the left lifting property with respect
to p. Consider any such lifting problem; we want to verify that the corresponding solid
commutative diagram

%) Mapé(Yét, C)

Oult + ] — Map®(Q_,. C) xmwpB(0:_,,0) Map® (Y &', D)

in SymSeq(®*Zr)” has a lift. By assumption, O4[t + r] is cofibrant in SymSqu(tji" ,

hence Oyt + r] is cofibrant in SymSeq®**=)” and it is enough to check that (%) is
an acyclic fibration in SymSeq. We know that i, is a cofibration in SymSeq by [33,
7.19], hence we know that () has the desired property by [33, 6.1], which finishes the
argument that Oz, [r] — Oz, [r] is a cofibration in SymSeq 7" for each r > 0. Consider
a sequence Zy — Z —> Z, — -+~ of pushouts of maps as in (5.13). Assume Oz,[r]
is cofibrant in SymSeq™ " for each r > 0. Define Z := colimy Zj, and consider the
natural map Zy — Z~. We know from above that Oz, [r] = Oz, [r] = Oz,[r] =

isa sequence of cofibrations in SymSeq™" , hence Oz,[r]— Oz_[r] is a cofibration in
SymSeq™r . Since every cofibration A — B in Lt is a retract of a (possibly transfinite)
composition of pushouts of maps as in (5.13), starting with Zg = A, and O4[r] is
cofibrant in SymSqu;)p for each r > 0, the proof of part (a) is complete. The proof of
part (b) is similar. a

Proof of Proposition 5.17 This follows from Proposition 5.44(a) by taking 4 =
O o (@) (resp. A = O o @), together with (5.32) and the assumption that O[r] is
cofibrant in C=" for each r > 0. O

The following proposition is the key result used to prove Proposition 5.16.

Proposition 5.45 Let O be an operad in 'R —modules.

(a) If j: A — B isacofibration in Algy (resp. Lt ) such that Oy[r] is flat stable
cofibrant in Modg (resp. SymSeq) for each r > 0, then O4[r] — Op|r] is a
positive flat stable cofibration in Modg (resp. SymSeq) for each r > 0.
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(b) If j: A — B isan acyclic cofibration in Algy (resp. Lt ) such that Oy[r] is flat
stable cofibrant in Modg (resp. SymSeq) for each r > 0, then Q4[r] — Op|[r] is
a positive flat stable acyclic cofibration in Modg (resp. SymSeq) for each r > 0.

Proof It suffices to consider the case of left O-modules. Consider part (a). Let
i: X — Y be a generating cofibration in SymSeq with the positive flat stable model
structure, and consider a pushout diagram of the form (5.13) in Ltp. Assume Oz, [r]
is flat stable cofibrant in SymSeq for each r > 0; let’s verify that Oz [r] — Oz, [r] is
a positive flat stable cofibration in SymSeq for each r > 0. Define A4 := Zj, and let
r > 0. By Proposition 5.36, Oz, [r] is naturally isomorphic to a filtered colimit of the
form

Oz,[r] = colim(OF[r] LN 04lr] 2, O3lr] EEN )

in SymSeq, hence it is enough to verify each j; is a positive flat stable cofibration in
SymSeq. By the construction of j; in Proposition 5.36, we need only check that each
id vagt ix in (5.38) is a positive flat stable cofibration in SymSeq. By Proposition 7.37,
iy is a cofibration between cofibrant objects in SymSeq®* with the positive flat stable
model structure. It is thus enough to verify that id @ , I 1s a flat stable cofibration in
SymSeq.

Suppose p: C — D is a flat stable acyclic fibration in SymSeq. We want to show that
id®y , Ix has the left lifting property with respect to p. By assumption Oy[t + r]
is flat stable cofibrant in SymSeq, hence by exactly the same argument used in the
proof of Theorem 4.11, id ®Et is has the left lifting property with respect to p, which
finishes the argument that Oz [r] — Oz, [r] is a positive flat stable cofibration in
SymSeq for each r > 0. Consider a sequence Zy — Z{ — Z, — --- of pushouts
of maps as in (5.13), define Z, := colimy Z, and consider the naturally occurring
map Zy — Zoo. Assume Og,[r] is flat stable cofibrant in SymSeq for each r > 0. By
the argument above we know that Oz [r] — Oz, [r] = Oz,[r] — --- is a sequence
of positive flat stable cofibrations in SymSeq, hence Oz [r] — Oz_ [r] is a positive
flat stable cofibration in SymSeq. Noting that every cofibration 4 — B in Ltp is
a retract of a (possibly transfinite) composition of pushouts of maps as in (5.13),
starting with Zo = A, together with the assumption that Oy[r] is flat stable cofibrant
in SymSeq for each r > 0, finishes the proof of part (a). Consider part (b). By arguing
exactly as in part (a), except using generating acyclic cofibrations instead of generating
cofibrations, it follows that Oy4[r] — Op[r] is a monomorphism and a weak equivalence
in SymSeq; for instance, this follows from exactly the same argument used in the proof
of Proposition 7.19. Noting by part (a) that Oy4[r] — Op[r] is a positive flat stable
cofibration in SymSeq finishes the proof. a
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Proof of Proposition 5.16 This follows from Proposition 5.45(a) by taking 4 =
Oo(2) (resp. A =0 o @), together with (5.32) and the assumption that O[r] is flat
stable cofibrant in Mody, for each r > 0. m|

5.46 Homotopical analysis of O, for cofibrant operads

The purpose of this subsection is to prove Theorem 3.20. We will also prove Theo-
rems 5.49, 5.50 and 5.51 (resp. Propositions 5.55 and 5.56), which are analogs of
Theorem 4.11 (resp. Proposition 5.16). These analogous results, for operads in R—
modules and operads in a general class of monoidal model categories, require strong
assumptions on the (maps of) operads involved, that allow us to replace arguments
involving filtrations of 4 with lifting arguments involving maps of endomorphism
operads of diagrams.

In the next results, we need to work with operads satisfying good lifting properties, as
specified by the definition below.

Definition 5.47 Suppose that C satisfies Homotopical assumption 5.2(i). A morphism
of operads in C is a fibration (resp. weak equivalence) of operads if the underlying
morphism of symmetric sequences is a fibration (resp. weak equivalence) in the corre-
sponding projective model structure on SymSeq. A cofibration of operads in C is a
morphism of operads that satisfies the left lifting property with respect to all fibrations
of operads that are weak equivalences. An operad O in C is cofibrant if the unique
map from the initial operad to O is a cofibration of operads.

While we have found it convenient to use model category terminology in the definition
above, none of the results in this paper require a model structure to exist on the category
of operads in C, and we will not establish one in this paper. The following proposition
was used in Section 3.16.

Proposition 5.48 Let f: O — O’ be a map of operads in C. Suppose that C satisfies
Homotopical assumption 5.2(i). Then f has a functorial factorization in the category
of operads as

h
0oLy 50,
a cofibration followed by a weak equivalence which is also a fibration (Definition 5.47).

Proof Consider symmetric sequences in C. Since C satisfies Homotopical assumption
5.2(i), it is easy to verify, using the corresponding adjunctions (Gp,Ev,) in (7.9), that
the diagram category SymSeq also satisfies Homotopical assumption 5.2(i). Consider
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the free—forgetful adjunction F:SymSeq —— Op: U with left adjoint on top and U
the forgetful functor; here, Op denotes the category of operads. It is easy to verify that
the functor F can be constructed by a filtered colimit of the form

F(A);colim(1—>1HA—>1HAo(1HA)—>1HAo([HAo(IHA))—>--~)

in the underlying category SymSeq; this useful description appears in Rezk [61]. Since
the forgetful functor U commutes with filtered colimits, it follows from Schwede and
Shipley [70, Remark 2.4] that the smallness conditions required in [70, Lemma 2.3]
are satisfied, and the (possibly transfinite) small object argument described in the proof
of [70, Lemma 2.3] finishes the proof. m|

The following theorem is motivated by Rezk [61, 4.1.14].

Theorem 5.49 Let g: O — O’ be a cofibration of operads in C. Suppose that O, O’
and C satisfy Homotopical assumption 5.2.

(a) Ifi: X — Z is acofibration in Algy, (resp. Lto/), and X is cofibrant in the
underlying category C (resp. SymSeq), then i is a cofibration in Algy (resp.
Lto ).

(b) If the forgetful functor Algn — C (resp. Lto — SymSeq) preserves cofibrant
objects, and Y is a cofibrant O —algebra (resp. cofibrant left O’ —module), then
Y is cofibrant in Alge (resp. Lto).

Proof It suffices to consider the case of left O’—modules. Consider part (b). Let Y
be a coﬁbrant left O’—module. The map @ — Y in Lty factors functorially in Lto as
@ — X 2 Y a cofibration followed by an acyclic fibration; here, & denotes an initial
object in Ltp. We first want to show there exists a left @’-module structure on X
such that p is a map in Lto/. Consider the solid commutative diagram

p (k)
O —End(X —Y) —> Map°(X, X)

_ 7
g\ e l(*) L(id,p)
i)

O —"=Map°(Y,Y) —— Map®(X, )

in SymSeq such that the right-hand square is a pullback diagram. It is easy to verify that
the maps (*) and (**) are morphisms of operads. By assumption, X is cofibrant in
SymSeq, hence we know that (id, p) is an acyclic fibration by [33, 6.2], and therefore
(%) is an acyclic fibration in SymSeq. Since g is a cofibration of operads, there
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exists a morphism of operads m that makes the diagram commute. It follows that the
composition

O s End(x 2> ) 5 Map (X, X)
of operad maps determines a left O’ —module structure on X such that p is a morphism

of left @'—modules. To finish the proof, we need to show that Y is cofibrant in Lt .
Consider the solid commutative diagram

gJ—X
£ 7

| 57

Y#Y

in Ltey, where @ denotes an initial object in Ltepr. Since Y is cofibrant in Lter, and
p is an acyclic fibration, this diagram has a lift £ in Lto-. In particular, Y is a retract
of X in Ltor, and hence in Ltp. Noting that X is cofibrant in Lty finishes the proof
of part (b). Part (a) can be established exactly as in the proof of Theorem 5.50(a), by
replacing the map I — O with the map O — O'. i

Proof of Theorem 3.20 It suffices to consider the case of left O—modules. Since X
is cofibrant in Ltp and g« is a left Quillen functor, g«(X) is cofibrant in Lty and
hence by Theorem 7.21 and Proposition 7.23 it follows that g*g«(X) >~ TQ(X). To
iterate the argument, it suffices to verify that the right Quillen functor g* preserves
cofibrant objects: this follows from Theorem 5.49 and Theorem 4.11. a

The following theorem is closely related to Rezk [61, 4.1.15].

Theorem 5.50 Let O be a cofibrant operad in C. Suppose that Homotopical assump-
tion 5.2 is satisfied.

(@) Ifi: X — Z is a cofibration in Algn (resp. Ltp), and X is cofibrant in the
underlying category C (resp. SymSeq), then i is a cofibration in the underlying
category C (resp. SymSeq).

(b) If Y is a cofibrant O—algebra (resp. cofibrant left O -module), then Y is
cofibrant in the underlying category C (resp. SymSeq).

(c) Ifthe unit S is cofibrant in C, then O[r] is cofibrant in C=" foreach r > 0.

Proof The proof of this result is very similar to that of the previous theorem. It
suffices to consider the case of left O—-modules. Consider part (a). Let i: X — Z
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be a cofibration in Ltp. The map i factors functorially in the underlying category
SymSeq as

x Lyt z
a cofibration followed by an acyclic fibration. We want first to show there exists a left

O-module structure on Y such that j and p are maps in Ltp. Consider the solid
commutative diagram

J b4 ()
] ——End(X —-Y — 2) Map°(Y,Y)

T
l o j(*) L(j,p)

o—=" End(X—l>Z) Map® (X, Y) Xmap°(x,2z) Map® (Y, Z)

in SymSeq such that the right-hand square is a pullback diagram. It is easy to verify
that the maps (*) and (#3*) are morphisms of operads. By assumption, X is cofibrant
in SymSeq, hence we know that the pullback corner map (j, p) is an acyclic fibration
by [33, 6.2], and therefore () is an acyclic fibration in SymSeq. Since O is a cofibrant
operad, the map I — O is a cofibration of operads, and there exists a morphism of
operads m that makes the diagram commute. It follows that the composition

0 End(X > ¥ 25 2) ¥ Map (7, Y)

of operad maps determines a left O—module structure on Y such that j and p are
morphisms of left O—modules. To finish the proof, we need to show that i is a
cofibration in SymSeq. Consider the solid commutative diagram

) G
£ 7
il Lp
7=z

in Ltp. Since i is a cofibration and p is an acyclic fibration in Ltp, the diagram has
alift £ in Ltp. In particular, i is a retract of j in Lto, and hence in the underlying
category SymSeq. Noting that j is a cofibration in SymSeq finishes the proof of part (a).
Part (b) follows immediately from [32, proof of 10.2], which uses a similar argument;
it is also a special case of Theorem 5.49(b). Consider part (c). By assumption, the unit
S is cofibrant in C, hence the map @ — [ is a cofibration in SymSeq and therefore
Oo@ — Ool is acofibration in Ltn. Hence O =~ Oo [ is a cofibrant left O—module,
and part (b) finishes the proof. O

Geometry & Topology, Volume 17 (2013)



Homotopy completion and topological Quillen homology 1381

Theorem 5.51 Let O be a cofibrant operad in R —modules with respect to the positive
flat stable model structure.

(a) Olr] is fiat stable cofibrant in Mod%)p foreachr > 0.

(b) Ifi: X — Z isacofibration in Algy (resp. Ltp ), and X is flat stable cofibrant in
the underlying category Modx (resp. SymSeq), then i is a flat stable cofibration
in the underlying category Modg (resp. SymSeq).

Proof Since every flat stable fibration in SymSeq is a positive flat stable fibration in
SymSeq, it follows that O is also a cofibrant operad in R—modules with respect to the
flat stable model structure. The proof of Theorem 5.50 finishes the argument. a

Proposition 5.52 Let O be an operad in C and A € Algy (resp. A € Ltp ). Consider
the pushout diagram in Lto (resp. Ltz ) of the form

~

0oy A O3 A
(5.53) l lj resp. L Lj
Ool —= AU (Oc]), O3] — AU (O31])

There are natural isomorphisms
Olt]l = (AU (Oo))t], resp. Oyft]lr]= (AU (OFT))[r][t],

for each r,t > 0. Here, I is the symmetric array concentrated at 0 with value I .
Proof This follows from Propositions 5.5, 5.8, 5.29 and 5.30. a

Proposition 5.54 Let O be a cofibrant operad in C. Suppose that O, O and C satisfy
Homotopical assumption 5.2. If i: X — Z is a cofibration in Ltz such that X is
cofibrant in the underlying category SymArray, then i is a cofibration in the underlying
category SymArray.

Proof This proof is similar to that of Theorem 5.50, except for the following variation
on the lifting argument. Let i: X' — Z be a cofibration in Ltz. The map i factors
functorially in the underlying category SymArray as

¥y Ly 2z
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a cofibration followed by an acyclic fibration. We need to show there exists a left
O-module structure on Y such that j and p are maps in Ltg. Consider the solid
diagram

i o p (%) s
End(X > Y > Z) Map°(Y,Y)
7
o j(*) L(j,p)
O™ | End(X 5 Z) Map® (X, Y) a3 (x.2) Map® (Y, Z)

in SymArray, such that the square is a pullback diagram. It is easy to verify that the
maps (*) and (**) are morphisms of operads. Since X is cofibrant in SymArray,
the pullback corner map (/, p) is an acyclic fibration in SymArray by [33, 6.2], and
therefore () is as well. We need to show there exists a map of operads 7 that makes
the diagram commute. By the right-hand adjunction in (5.28), it is enough to show
there exists a map m of operads in C that makes the corresponding diagram

Evo(End(X 5 v 2 7))
7

m_ lEVO(*)

O™~ Evo(End(X > 7))

of operads in C commute. Since O is a cofibrant operad in C, the desired lift 777 exists.
It follows that the composition (3x*)771 of operad maps determines a left ®-module
structure on Y such that j and p are morphisms of left @-modules. To finish the
proof, we need to show that i is a cofibration in SymArray, which follows exactly as
in the proof of Theorem 5.50. i

Proposition 5.55 Let O be a cofibrant operad in C. Suppose that O, O and C satisfy
Homotopical assumption 5.2. If the unit S is cofibrant in C, and A is an O —algebra
(resp. left O—module) that is cofibrant in the underlying category C (resp. SymSeq),
then Oy[r] is cofibrant in czr’ (resp. SymSeq 'p) foreach r > 0.

Proof This follows from Proposition 5.52, Theorem 5.50 and Proposition 5.54. O

Proposition 5.56 Let O be a cofibrant operad in R-modules with respect to the
positive flat stable model structure. If A is an O—algebra (resp. left O —module) that
is flat stable cofibrant in Modg (resp. SymSeq), then Oy4[r] is flat stable cofibrant in
Mod%:p (resp. SymSqu:p) foreach r > 0.

Proof Since every flat stable fibration in SymSeq is a positive flat stable fibration in
SymSeq, it follows that O is also a cofibrant operad in R—modules with respect to the
flat stable model structure. The proof of Proposition 5.55 finishes the argument. O
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5.57 Proofs

The purpose of this short subsection is to prove Propositions 3.30, 4.32, 4.38, 4.40 and
4.46.

Proof of Proposition 3.30 This follows from a small object argument together with
an analysis of the functor F appearing in the adjunction F:SymSeq — Op: U
with left adjoint on top and U the forgetful functor; here, Op denotes the category of
operads. It is easy to verify that the functor F' can be constructed by a filtered colimit
of the form

F(A)=colim(/ > ITUA—TUAo(IUA)—>TUAoc(IUAo(IUA)—---)

in the underlying category SymSeq; this useful description appears in Rezk [61].
Using this description of F, it is easy to verify that the unit map I — O’ of the
operad O’ constructed in the small object argument satisfies the desired property in
Cofibrancy condition 1.15. a

Proof of Proposition 4.32 For a recent reference of part (a) in the context of symmetric
spectra, see Schwede [68]. Consider part (b). It is enough to treat the special case where
X, Y are furthermore fibrant and cofibrant in the category of /R—modules with the flat
stable model structure. Let R’ — R be a cofibrant replacement in the category of
monoids in (Sp>, ®g, S) with the flat stable model structure (see [33] or Schwede and
Shipley [70]). Since the sphere spectrum S is flat stable cofibrant in Sp*, we know by
Theorem 5.18(a) that R’ is flat stable cofibrant in the underlying category Sp¥, and it
follows from [31; 32] by arguing as in the proof of Theorem 3.26 that there are natural
weak equivalences X AMY = X(®5)%Y ~ X' (®g)%/ Y~ |Bar®s (X', R',Y")|=|B]|.
Here, X’ — X and Y’ — Y are functorial flat stable cofibrant replacements in the
category of right (resp. left) R’ —modules. Denote by B the indicated simplicial bar
construction with respect to ® g. We need to verify that | B| is (m +n 4 1)—connected.
We know by Theorem 5.18(b) that X’, Y’ are flat stable cofibrant in the underlying
category Sp”, hence it follows from part (a) that B is object-wise (m +n + 1)—
connected and Proposition 4.30 finishes the proof for part (b). Part (c) is verified
exactly as in the proof of part (b) above, except using the group algebra spectrum
R[X;] instead of R. Part (d) follows easily from part (b) together with (2.5). Part (e)
follows easily from parts (d) and (c) together with (2.5). a

Proof of Proposition 4.38 It suffices to consider the case of simplicial left t;1O-
modules. Consider the map & — B in sLt;,; 0, and use functorial factorization in
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sLtr, 0 [32, 3.6] to obtain @ — B¢ — B, a cofibration followed by an acyclic fibration.
By Proposition 4.18 and [32, 5.6], there is a retract of the form

|lix O oz, 0 BE| |O or,0 B| lix O or,0 BE|

l (%) l (%) j ()

ixOoz 0 cohmA ?B¢ —= Ooy0 cohrnA OB — i1 Ooy0 cohmAr‘OBc

in SymSeq. Since B¢ is cofibrant in slLt;, o, the proof of [32, 3.15] implies that
O or,0 B¢ is cofibrant in sLtp. It follows therefore from [32, 5.24] that (xx) is a
weak equivalence, hence (x) is also a weak equivalence. We know from [32, 3.12]
that B¢ is object-wise cofibrant in Lt;, 0, hence there are natural weak equivalences
ixOor, 0B ~ ik(9021oBc >~ i Oo'r‘lOB. It follows that there are natural weak equiv-
alences

irO o't‘lo hocolimLAt(fpl(9 B~ i Oo" 70 hocohrnArlo B¢~ i Oo" 1O cohmArlO B¢
~ipOor 0 cohmArlo B¢

~ |ip O or,0 BY|

~ hocolimLAtf?p ixOor 0 B

~ hocolimy$ ix O of 0 B¢

-~ hocohmAop irO orlo B,

which finishes the proof; here we have used Theorem 7.26. o

Proof of Proposition 4.40 Consider part (a) and the case of R—modules. The map
[ factors functorially in Mod with the flat stable model structure as

h
xSy Lz
a cofibration followed by an acyclic fibration, and hence the map f”\' factors as
X/\[ Y/\l h” Z/\l

Since smashing with a flat stable cofibrant 'R—module preserves weak equivalences,
h™\' is a weak equivalence, and hence it is enough to check that g\ is n—connected.
We argue by induction on 7. Using the pushout diagrams in Definition 5.9 (see, for
instance, [31, 4.15]) together with the natural isomorphisms Y '/ Q" i =/X W
it follows that each of the maps

X/\t—>Qt1—>Qt2—>~--—>Q§_l—>YM
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is at least n—connected, which finishes the proof for the case of R—modules. The case
of symmetric sequences is similar. Consider part (b). This follows by proceeding as in
the proof of part (a), except using the positive flat stable model structure, together with
part (a) and Propositions 7.17, 7.18, 7.35 and 4.32. O

Propositions 5.58, 5.59 and 5.60 will be needed for the proof of Proposition 4.46 below.
The following homotopy spectral sequence for a simplicial unbounded chain complex
is well known; for a recent reference, see Weibel [75, 5.6].

Proposition 5.58 Let Y be a simplicial unbounded chain complex over K. There is a
natural homologically graded spectral sequence in the right-half plane such that

E2, = Hy(Hy(Y)) = Hpiq(|Y)).

Here, H,;(Y') denotes the simplicial K—module obtained by applying H, level-wise to
Y, and K is any commutative ring.

Proposition 5.59 Let Y be a simplicial unbounded chain complex over Z.. Let m € Z..
Assume that Y is level-wise m—connected.
(a) If H,Yy, is finite for every k,n, then Hy|Y | is finite for every k.

(b) If HYy, is a finitely generated abelian group for every k,n, then H|Y| is a
finitely generated abelian group for every k.

Proof This follows from Proposition 5.58. |

Recall the following Eilenberg—Moore-type spectral sequences; for a recent reference,
see Weibel [75, 5.7].

Proposition 5.60 Let? > 1. Let A, B be unbounded chain complexes over K with a
right (resp. left) ¥ —action. There is a natural homologically graded spectral sequence
in the right-half plane such that

E2 , =TorsEA(H, A, H,B) = Hp14(A®%, B).

Here, K is any commutative ring, (Chx, ®, K) denotes the closed symmetric monoidal
category of unbounded chain complexes over KC, K[X] is the group algebra, and ®'§:t
is the total left derived functor of s, .
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Proof of Proposition 4.46 Consider part (a). It is enough to treat the special case
where M, N are furthermore cofibrant in the category of right (resp. left) .A-modules.
Let A’ — A be a cofibrant replacement in the category of monoids in (Chz, ®, Z) with
the model structure of [70]. Since Z is cofibrant in Chz, we know by Theorem 5.18(a)
that A’ is cofibrant in the underlying category Chy, and it follows easily by arguing
as in the proof of Theorem 3.26 that there are natural weak equivalences M ®';4 N ~
M'®Y% N'~|Bar®(M’, A/, N')|=|B|. Here, M’ — M and N’ — N are functorial
cofibrant replacements in the category of right (resp. left) A’~modules. Denote by
B the indicated simplicial bar construction with respect to ®. We need to verify that
H; (| B)) is finite for every k. We know by Theorem 5.18(b) that M’, N’ are cofibrant
in the underlying category Chz, hence it follows from Proposition 5.60 (with t = 1)
that Hj (Bjy) is finite for every k& and n, and Proposition 5.59 finishes the proof for
part (a). Part (b) is similar. O

6 Homotopical analysis of the simplicial bar constructions

The purpose of this section is to prove Theorem 4.19 together with several closely
related technical results on simplicial structures and the simplicial bar constructions.
The results established here lie at the heart of the proofs of the main theorems in this

paper.
6.1 Simplicial structure on Alg, and Ltp

The purpose of this subsection is to describe the simplicial structure on Algy (resp.
Ltp) and to prove several related results. The key technical results of this subsection
are Proposition 6.11 and Theorem 6.18. They are used in the proof of Theorem 4.19 to
construct skeletal filtrations in Algn, (resp. Ltor) of realizations (Definition 4.2) of
the simplicial bar constructions (Proposition 4.10).

Consider symmetric sequences in R—modules, and let O € SymSeq, X in Modg (resp.
SymSeq), and K € S. Define v to be the natural map

Oo(X)AKy —> Oo(X AKy4), resp. (OoX)AK4y—> Oo(X AKy),

in Modg (resp. SymSeq) induced by the natural maps K — K*? in S for # > 0; these
are the diagonal maps for # > 1 and the constant map for t = 0. Here, S denotes the
category of simplicial sets. The construction of the tensor product below is motivated by
Elmendorf, Kriz, Mandell and May [18, VIL.2.10]. Simplicial structures in the context
of symmetric spectra have also been exploited in Hornbostel [37] and Schwede [68];
see also Arone and Ching [2] and McClure, Schwanzl and Vogt [55].
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Definition 6.2 Let O be an operad in R—modules, X an O-algebra (resp. left O—
module), and K a simplicial set. Define the tensor product X ® K in Algy (resp. Lto)
by the reflexive coequalizer

d
6.3) X®K : —collm(Oo(XAK+) — Oo(oo(X)AK+))

1

do
64)  resp. X®K:= cohm(O o(X AKy) === 00 ((OoX)A K+)),
d

1

in Algy (resp. Ltp), with dy induced by operad multiplication m: Qo O — O and
the map v, while d; is induced by the left O—action map m: O o (X) — X (resp.
m: OoX — X).

Let O be an operad in R—-modules, consider X, Y in Modg (resp. SymSeq), K €S,
and recall the isomorphisms

(6.5) hompyedr (X' A K4,Y) = hompmodr (X, Map(K+, Y)),
(66) resp. homSymSeq (X A K—i—» Y) = homSymSeq (X’ MaP(K+, Y)),

natural in X, K, Y. Here, we are using the useful shorthand notation Map(K, —)
to denote Map(R ® Go K+, —); see just above Definition 4.2. If Y is an O—algebra
(resp. left O—module), then Map(Ky, Y) has an O-algebra (resp. left O—module)
structure induced by m: Qo (Y) — Y (resp. m: OoY — Y'). The next proposition is
a formal argument left to the reader. We will use it below in several proofs.

Proposition 6.7 Let O be an operad in R —-modules. Let X € SymSeq, Y € Ltp, and
KeS. If f: X A K4 — Y isamap in SymSeq, then the diagram

(OoX)A K+lﬂd((’)oMap(K+, Y)) AKy ——= 0o (Map(K+, Y)A K+)

v L Lidoev
ido f

Oo(X AKJ) OoY

in SymSeq commutes. Here, ev denotes the evaluation map, and we have used the
same notation for both f and its adjoint (6.6).

The following proposition will be useful.
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Proposition 6.8 Let O be an operad in R —modules. Let X, Y be O-algebras (resp.
left O —-modules) and K a simplicial set. There are isomorphisms

homajg, (X ® K, Y) = homajg,, (X, Map(K4,Y)),
resp. homy;,(X®K,Y) = homy;, (X, Map(K+,Y)),

naturalin X, K,Y .

Proof It suffices to consider the case of left O—modules. We need to verify that
specifyingamap X ® K — Y in Lto is the same as specifying amap X — Map(K +,Y)
in Lto, and that the resulting correspondence is natural. Suppose f: X®K — Y isa
map of left O—modules, and consider the corresponding commutative diagram

d
XK ~—— 0o (X AKy) === 00 (0o X)AK})

dy
(6.9) fl / j l
m moid
Y OoY OoOoY

idom

in Ltp with rows reflexive coequalizer diagrams. Using the same notation for both
f:Oo(XAK4)—Y in Lty andits adjoints f: X A K4 — Y in SymSeq (2.20) and
f: X —>Map(K4,Y) in SymSeq (6.6), it follows easily from (6.9) and Proposition 6.7
that the diagram

OoX)A Ky —" ¥ A Ky T Map(K 4, Y) A Ky
idof/\idl
(OoMap(K1.,Y)) A K4 ev
/|
Oo(Map(K1, Y)AKy) —= 00y " Y

in SymSeq commutes, which implies that f: X — Map(K4,Y) is a map of left
O-modules. Conversely, suppose f: X — Map(K4, Y) is a map of left O—modules,
and consider the corresponding map f: X A K4+ — Y in SymSeq. We need to verify
that the adjoint map f: Oo(X A K4) — Y in Ltp induces amap f: X®K — Y in
Lto. Applying O o — to the commutative diagram in Proposition 6.7, it follows that
fdo = fdy, which finishes the proof. a
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Definition 6.10 Let O be an operad in R—modules. The realization functors
| —laigo: SAlgo —> Algp, | —|Lto: sLto —> Lto,

for simplicial O—algebras and simplicial left O—modules, respectively, are defined
object-wise by the coends |X |aig, := X ®AA[—]+ and [X|ie, 1= X QAA[—]+.

Recall that the realization functors | — | in Definition 4.2 are the left adjoints in the
adjunctions (4.4) with right adjoints the functors Map(A[—]+,—). The following
proposition is closely related to Elmendorf, Kriz, Mandell and May [18, VIL.3.3]; see
also Arone and Ching [2, A].

Proposition 6.11 Let O be an operad in R—modules and X a simplicial O —algebra
(resp. simplicial left O —module). The realization functors fit into adjunctions

|_|Alg(g |_|Lto
(6.12) sAlgn — Algp, sLto —— Lto,

| il
(6.13) sAlgn — Algp, sLto — Ltp,
with left adjoints on top and right adjoints the functors Map(A[—|+, —). In particular,
there are isomorphisms |X | = | X |ag,, in Algy (resp. | X| = | XL, in Lto), natural
in X.

Proof It suffices to consider the case of left O—modules. Let X be a simplicial left
O-module. Veritying (6.12) follows easily from Proposition 6.8 and the universal
property of coends. Consider (6.13). Suppose f: | X|— Y is a map of left O-modules,
and consider the corresponding left-hand commutative diagram

Ool|X| 2|00 x| L x| OoX m X

idOfL lf () l L f
(id,m)

Ooy —">Y¥,  Map(A[-];.00Y) —"> Map(A[-];. ).

in SymSeq. Using the same notation for both f: |X| — Y in SymSeq and its ad-
joint f: X — Map(A[—]+,Y) in sSymSeq (4.4), we know by (4.4) that the left-hand
diagram commutes if and only if its corresponding right-hand diagram in sSymSeq
commutes. Since the map () factors in sSymSeq as

00X 27, 06 Map(Al-]1, ¥) — Map(A[=]1, Qo ¥)

the proof is complete. O
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Proposition 6.14 Let O be an operad in R—modules. Let X,Y be O-algebras (resp.
left O —-modules) and K, L simplicial sets. Then

(a) the functor X® —: S — Algy (resp. X® —:S — Ltp) commutes with all
colimits and there are natural isomorphisms X @ * >~ X ,

(b) there are isomorphisms X ®(K x L) =~ (X®K)®L, naturalin X, K, L.

Proof It suffices to consider the case of left O—modules. Part (a) follows easily from
(6.4) and (2.20). Part (b) follows easily from the Yoneda Lemma by verifying there
are natural isomorphisms hom;, (X ® K)®L,Y) = homy,, (X ®(K x L), Y); this
involves several applications of Proposition 6.8, together with the observation that
the natural isomorphism Map(K,Map(Ly,Y)) = Map(K+ A L4+,Y) in SymSeq
respects the left O—module structures. O

Definition 6.15 Let O be an operad in R—modules. Let X, Y be O-algebras (resp.
left O-modules). The mapping space Hom(X,Y) €S is defined object-wise by
Hom(X,Y ), :=homag, (X®A[n],Y),
resp. Hom(X,Y ), :=homi,, (X®A[n],Y).
Proposition 6.16 Let O be an operad in R—modules. Then the category of O—

algebras and the category of left O —modules are simplicial categories (in the sense of
[27, 11.2.1]), where the mapping space functor is that of Definition 6.135.

Proof This follows from Proposition 6.8 and Proposition 6.14, together with Goerss
and Jardine [27, I1.2.4]. O

Proposition 6.17 Let O be an operad in R—modules. Consider Algy (resp. Ltp)
with the model structure of Theorem 7.15 or Theorem 7.16.

(@) If j: K— L isacofibrationin S, and p: X — Y is a fibration in Algy (resp.
Ltp ), then the pullback corner map

Map(L 4, X) — Map(K 4, X) Xmap(k,.v) Map(L+,Y)

is a fibration in Algy (resp. Ltp ) that is an acyclic fibration if either j or p is a
weak equivalence.

(b) If j: A— B isacofibration in Algy (resp. Ltp), and p: X — Y is a fibration
in Algy (resp. Lto ), then the pullback corner map

Hom(B, X) — Hom(A, X) X Hom(4,y) Hom(B,Y)

is a fibration in S that is an acyclic fibration if either j or p is a weak equivalence.
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Proof Consider the case of left O—modules with the positive flat stable model structure.
Part (a) follows from the proof of Proposition 6.21, and part (b) follows from part
(a) together with Goerss and Jardine [27, I11.3.13]. The case of O—algebras with the
positive flat stable model structure is similar. Consider the case of O—algebras or left
O-modules with the positive stable model structure. This follows by exactly the same
argument as above together with the fact that R ® Go(—)+ applied to a cofibration
in S gives a cofibration in Modx with the stable model structure (see Section 7 and
Schwede [68]). O

The following theorem states that the simplicial structure respects the model category
structure; this has also been observed in the context of symmetric spectra in Horn-
bostel [37] and Schwede [68]; see also Arone and Ching [2], Elmendorf, Kriz, Mandell
and May [18] and McClure, Schwanzl and Vogt [55].

Theorem 6.18 Let O be an operad in R —modules. Consider Algy (resp. Ltp) with
the model structure of Theorem 7.15 or Theorem 7.16. Then Algy (resp. Ltp) is a
simplicial model category with the mapping space functor of Definition 6.15.

Proof This follows from Proposition 6.16 and Proposition 6.17, together with Goerss
and Jardine [27, I1.3.13]. O

6.19 Homotopical analysis of the simplicial bar constructions

The purpose of this subsection is to prove Theorem 4.19. This will require that
we establish certain homotopical properties of the tensor product (Proposition 6.21)
and circle product (Theorem 6.22 and Proposition 6.23) constructions arising in the
description of the degenerate subobjects (Proposition 6.25).

Proposition 6.20 Consider symmetric sequences in R —modules. Let A, B be sym-
metric sequences.

(@) f: X — Y isa flat stable cofibration in Modg and X 5 Yy is an isomorphism
if and only if f is a positive flat stable cofibration in Modr .

(b) f: X — Y is a flat stable cofibration in SymSeq and X|r]o = Y[r]o is an
isomorphism for each r > 0 if and only if f is a positive flat stable cofibration
in SymSeq.

(c) If X,Y € Modg, then there is a natural isomorphism (X AY ) = Xo AR, Yo.
(d) IfX,Y € Modgr and Yy = *, then (X AY)y = *.
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(e) If B[r]o = * foreach r >0, then (A ® B)[r]o = * foreachr > 0.
(f) If A[0]o = * = B[r]o foreach r > 0, then (A o B)[r]o = * foreach r > 0.
(g) If A[r]o = * foreach r > 0, then (Ao B)[r]o = * foreachr > 0.

Proof Parts (a) and (b) follow from Proposition 7.34. The remaining parts are an easy
exercise left to the reader. a

Proposition 6.21 Consider symmetric sequences in ‘R —modules, and consider SymSeq
with the positive flat stable model structure.

(a) Ifi: K— L isaflat stable cofibration in SymSeq, and j: A — B is a cofibration
in SymSeq, then L ® A Hxoa K ® B — L @ B is a cofibration in SymSeq
that is an acyclic cofibration if either i or j is a weak equivalence.

(b) If j: A— B is a flat stable cofibration in SymSeq, and p: X — Y is a fibration
in SymSeq, then Map®(B, X) — Map®(4, X) Xmap®(4,v) Map® (B, Y) is
a fibration in SymSeq that is an acyclic fibration if either j or p is a weak
equivalence.

(c) If j: A — B is a cofibration in SymSeq, and p: X — Y is a fibration in
SymSeq, then Map® (B, X) — Map® (4, X) XMap®(4,Y) Map® (B, Y) is a flat
stable fibration in SymSeq that is a flat stable acyclic fibration if either j or p is
a weak equivalence.

Proof Consider part (a). Suppose i: K — L is a flat stable cofibration in SymSeq and
j: A— B isacofibration in SymSeq. The pushout corner map is a flat stable cofibration
in SymSeq by [33, 6.1], hence by Proposition 6.20 it suffices to verify the pushout
corner map (L ® A)[r]o ]_[(Ké)A)[r]O(K ® B)[r]o = (L ® B)[r]o is an isomorphism
for each r > 0. We can therefore conclude by (2.5) together with Proposition 6.20.
The other cases are similar. Parts (b) and (c) follow from part (a) and the natural
isomorphisms (2.10). O

Theorem 6.22 Consider symmetric sequences in 'R—modules, and consider SymSeq
with the positive flat stable model structure.

(a) Ifi: K— L isamap in SymSeq such that K[r]— L[r] is a flat stable cofibration
in Modg foreachr >1 and j: A — B is a cofibration between cofibrant objects
in SymSeq, then Lo A | [, 4 Ko B — Lo B is a cofibration in SymSeq that is
an acyclic cofibration if either i or j is a weak equivalence.
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(b) Ifi: K— L isamapin SymSeq such that K[r]— L[r] is a flat stable cofibration
in Modg foreach r >0, K[0]o — L[0]o is an isomorphism and B is a cofibrant
object in SymSeq, then the map K o B — L o B is a cofibration in SymSeq that
is an acyclic cofibration if i is a weak equivalence.

Proof Consider part (a). Suppose K[t] — L[t] is a flat stable cofibration in Modg
foreach 7 > 1 and j: A — B is a cofibration between cofibrant objects in SymSeq.
We want to verify each L[t] Ay, A®" Hkens, 48 KltIAg, B® — L[t]Ax, B® is
a cofibration in SymSeq. If t = 0, this map is an isomorphism. Let ¢t > 1. Consider
any acyclic fibration p: X — Y in SymSeq. We want to show that the pushout corner
map has the left lifting property with respect to p. Consider any such lifting problem;
we want to verify that the corresponding solid commutative diagram

A®! Map(L[t], X)

l j )

B® —— Map(K[t]. X) Xmap(K[¢],¥) Map(L[t], ¥)

in SymSeq®* has a lift. We know that the left-hand vertical map is a cofibration
in SymSeq™ by Proposition 7.17, hence it suffices to verify that the map (*)[r]
is a positive flat stable acyclic fibration in Modg for each r > 0. By considering
symmetric sequences concentrated at 0, Proposition 6.21 finishes the argument for
this case. The other cases are similar. Consider part (b). Suppose K[t] — L[t] is a
flat stable cofibration in Modg for each 1 > 0, K[0]o — L[0]y is an isomorphism
and B is a cofibrant object in SymSeq. We need to check that each induced map
K[t] Ax, B®" — L[t] Ax, B®" is a cofibration in SymSeq. The proof of part (a)
implies this for # > 1 and Proposition 6.20 implies this for # = 0. The other case is
similar. a

Proposition 6.23 Let O be an operad in R-modules such that O[0] = *, and let
n: I — O be its unit map. Assume that I[r] — O]r] is a flat stable cofibration between
flat stable cofibrant objects in Modg foreach r > 0.

(a) Ifi: K— L isamap in SymSeq such that K[r]— L[r] is a flat stable cofibration
in Modg for each r > 1, then the pushout corner map

(Lol]_[Ko(’))[r]—> (LoO)[r]

Kol
is a flat stable cofibration in Modp, foreach r > 0.

(b) Ift > 1, then the induced map (I‘é’t)[r] — ((’)‘é”)[r] is a flat stable cofibration
in Mod%’ foreachr > 0.
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Proof Consider part (b). The induced map is an isomorphism for 0 < r <7 —1
and the case for r > ¢ follows from Proposition 7.34 by arguing as in the proof of
Proposition 7.17. Consider part (a). We need to verify that each

LAz, 0[] Kiflas, (O[] — LiflAs, (O®)[r]
K[tlas, I®)[r]

is a flat stable cofibration in Modg . If # = 0, this map is an isomorphism. Let > 1,
and let p: X — Y be a flat stable acyclic fibration in Modg . We need to show that the
pushout corner map has the left lifting property with respect to p. Consider any such
lifting problem; we want to verify that the corresponding solid commutative diagram

(I1%)[r] Map(L[t], X)

(O%)[r] — Map(K[t]. X) Xyiap(k[¢).¥) Map(L[t]. ¥)

in Mod;:é’ has a lift. The left-hand vertical map is a flat stable cofibration in Modfz’
by part (b), hence it suffices to verify the map () is a flat stable acyclic fibration in
Modz . By assumption, each K[t] — L[t] is a flat stable cofibration in Modg , which
finishes the proof. |

Definition 6.24 Let O be an operad in R—modules, ¢t > 1 and n > 0.

e Cube; is the category with objects the vertices (v, ..., v;) € {0, 1} of the unit
t—cube. There is at most one morphism between any two objects, and there is a
morphism (vy,...,v,) = (v],...,v;) if and only if v; <v] foreach 1 <i <t.
In particular, Cube; is the category associated to a partial order on the set {0, 1}*.

e The punctured cube pCube; is the full subcategory of Cube; with all objects
except the terminal object (1,..., 1) of Cubey.

e Define the functor w: pCube; — SymSeq object-wise by

I forv; =0,

w(vy,...,v;):=cro---0oc; with ¢;:=
(1 t) 1 t i {O forv,-:l,

and with morphisms induced by the unit map n: I — O.

e If X is an object in sModr or sSymSeq, denote by DX, C X, the degenerate
subobject [32, 9.12] of X,.

The following proposition gives a useful construction of degenerate subobjects.
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Proposition 6.25 Let O be an operad in R—modules, Y an O-algebra (resp. left
O-module) and N aright O-module. Let t > 1 and n > 0. Define X :=Bar(N,O,Y)
and Q' := colimpcype, (N ow), and consider the induced maps 1x: Q0 =% — N and
nx: O — N o O,

(a) The inclusion map DX, — X, is isomorphic to the map

wo(id xoid
Q”o(Y)n—(l)>N0(’)°”o(Y), resp. Q”an—l>No(’)°”oY.

(b) The induced map ny: Q"' — N o ©°+1) js isomorphic to the pushout corner
map (N 0 O°" o I) U(grory (Q" 0 ©) — N 0 0°"*+1 induced by n: I — O
and nyx: Q" — N o O°",

Proof It suffices to consider the case of left O—modules. Consider part (a). It follows
easily from [32, 9.23], together with the fact that —o Y: SymSeq — SymSeq commutes
with colimits (2.9), that there are natural isomorphisms

DXy = x,

DX, =NoloY,

DXy = (NoOoloY)Uyosoroy)y(NoloOoY)
= (N oOolI) Uyorory(NoIo0))oY.

.« ey

DX; = colimpcype, (N ow oY) = (colimpcubet (N o w)) oY,

in SymSeq. Consider part (b). Since — o B: SymSeq — SymSeq commutes with
colimits for each B € SymSeq, it follows easily that the colimit Q”*! may be computed
inductively using pushout corner maps. a

Theorem 6.26 Let O be an operad in R—modules such that O[0] = %, Y an O—
algebra (resp. left O—module) and N a right O—module, and consider the unit map
n: I — O. Assume that I[r] — O[r] is a flat stable cofibration between flat stable
cofibrant objects in Modg for each r > 0 and that N[r] is flat stable cofibrant in Modg
foreachr > 0. Let X :=Bar(N,O,Y). If Y is positive flat stable cofibrant in Modr
(resp. SymSeq) and N [0]p = *, then the inclusion maps

x* — DX, — X, =x—>|Bar(N,0,Y)|,

are positive flat stable cofibrations in Modg (resp. SymSeq) for each n > 0. In
particular, the simplicial bar construction Bar(N, O, Y) is Reedy cofibrant in sModgr
(resp. sSymSeq ) with respect to the positive flat stable model structure.
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Proof It suffices to consider the case of left O—modules. Consider Proposition 6.25;
let’s verify that the left-hand induced maps

(6.27) *—> Q"r]— (N o O")[r],  Q"[0]p = = (N o O°")[0]o,

are flat stable cofibrations in Modg for each n,» > 0 and that the right-hand relations
are satisfied for each n > 0. It is easy to check this for » = 0 and, by induction on #,
the general case follows from Proposition 6.23 and Proposition 6.25. By assumption, Y
is positive flat stable cofibrant in SymSeq, hence by Proposition 6.25 and Theorem 6.22,
the inclusion maps * — DX,, — X, are positive flat stable cofibrations in SymSeq
for each n > 0. Since DX, and X, are positive flat stable cofibrant in SymSeq for
each n > 0, we know by Proposition 7.34 that the relations DXy[r]o = * = Xjy[r]o are
satisfied for each n, r > 0. It then follows easily from the skeletal filtration of realization
[32, 9.11, 9.16], together with Proposition 6.20, that |Bar(N, O, Y)| is positive flat
stable cofibrant in SymSeq. It is easy to check that the natural map DX, — X, is
isomorphic to the natural map L, X — X, described in Goerss and Jardine [27, VIL.1.8].
Hence, in particular, we have verified that X is Reedy cofibrant (see [27, VIL.2.1]) in
sSymSeq. m|

Proposition 6.28 Let O be an operad in R—modules, Y an O-algebra (resp. left
O-module) and N a right O-module. Consider SymSeq with the flat stable model
structure. Assume that the unit map I — O is a cofibration between cofibrant objects
in SymSeq and that N is cofibrant in SymSeq. If Y is flat stable cofibrant in Modgr
(resp. SymSeq), then |Bar(N, O, Y)| is flat stable cofibrant in Modg (resp. SymSeq).

Proof Argue as in the proof of Theorem 6.26. |

Proof of Theorem 4.19 It suffices to consider the case of left O—modules. Consider
part (a). This follows as in the proof of Theorem 6.26, except using the skeletal filtration
in Goerss and Jardine [27, VIL.3.8], Proposition 6.25 and Theorem 6.22, together with
the fact that O’ o —: SymSeq — Lter is a left Quillen functor and hence preserves both
colimiting cones and cofibrations. Part (b) follows immediately from part (a) together
with Proposition 6.11, Theorem 6.18, and [27, VIL.3.4]. O

7 Model structures

The purpose of this section is to prove Theorems 7.15, 7.16 and 7.21, together with
Theorems 7.25, 7.26 and 7.27, which improve the main results in [31; 32] from operads
in symmetric spectra to the more general context of operads in R—modules. Our
approach to this generalization, which is motivated by Hornbostel [37], is to establish
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only the necessary minimum of technical propositions for R—modules needed for the
proofs of the main results as described in [31; 32] to remain valid in the more general
context of R—modules.

7.1 Smash products and R-modules

Denote by (Sp”, ®s. S) the closed symmetric monoidal category of symmetric spectra
(see Hovey, Shipley and Smith [39] and Schwede [68]). To keep this section as concise
as possible, from now on we will freely use the notation from [31, Section 2] which
agrees (whenever possible) with [39].

The following is proved in [39, 2.1] and states that tensor product in the category SZ
inherits many of the good properties of smash product in the category Si.

Proposition 7.2 (SE ,®,S%) has the structure of a closed symmetric monoidal cat-
egory. All small limits and colimits exist and are calculated object-wise. The unit
§% e SZ is given by S°[n] = * for each n > 1 and S°[0] = S°.

There are two naturally occurring maps S® S — S and S® — S in SZ that give S the
structure of a commutative monoid in (SZ, ®, S°). Furthermore, for any symmetric
spectrum X, there is a naturally occurring map m: S ® X — X endowing X with a
left action of S in (SZ, ®, S?). The following is proved in [39, 2.2] and provides a
useful interpretation of symmetric spectra.

Proposition 7.3 Define the category X' := ][, Zn. a skeleton of X.

(a) The sphere spectrum S is a commutative monoid in (ST, ®, S°).

(b) The category of symmetric spectra is equivalent to the category of left S —modules
in (57, ®,S°).

(c) The category of symmetric spectra is isomorphic to the category of left S —
modules in (Sf/, ®,S9).

In this paper we will not distinguish between these equivalent descriptions of symmetric
spectra.

Definition 7.4 Let R be a commutative monoid in (Sp™, ®g, S) (Basic assumption
1.2). A left R—module is an object in (Sp”, ®g, S) with a left action of R and a
morphism of left R—modules is a map in Sp> that respects the left R—module structure.
Denote by Mody the category of left R—modules and their morphisms.
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The smash product X A'Y € Modg of left R-modules X and Y is defined by

. m®id ' m®id
XAY ::cohm(X ®sY = X ®5s R ®s Y) gcohm(X QY =—— XQR® Y),
id®m id®m

the indicated colimit. Here, m denotes the indicated 'R—action map and since R is
a commutative monoid in (Sp>, ®g, S), a left action of R on X determines a right
action m: X ® g R — X, which gives X the structure of an (R, R)-bimodule. Hence
the smash product X AY of left R—modules, which is naturally isomorphicto X ® Y,
has the structure of a left R—module.

Remark 7.5 Since R is commutative, we usually drop the adjective “left” and simply
refer to the objects of Modz as 'R—modules.

The following is an easy consequence of [39, 2.2].

Proposition 7.6 (Modg, A, R) has the structure of a closed symmetric monoidal
category. All small limits and colimits exist and are calculated object-wise.

7.7 Model structures on R-modules

The material below intentionally parallels [31, Section 4], except that we work in the
more general context of 'R—modules instead of symmetric spectra. We need to recall
just enough notation so that we can describe and work with the (positive) flat stable
model structure on R-modules, and the corresponding projective model structures on
the diagram categories SymSeq and SymSeq® of R-modules, for G a finite group.
The functors involved in such a description are easy to understand when defined as the
left adjoints of appropriate functors, which is how they naturally arise in this context.

For each m > 0 and subgroup H C X,,, denote by /: H — X, the inclusion of groups
and define the evaluation functor evy,: SE — Sfm object-wise by evy (X) 1= Xy
There are adjunctions

HEmHD s s
*<—S hs m S
limg I* “evm

with left adjoints on top. Define G,f,l : S4 — SZ to be the composition of the three top
functors, and define limg ev,,: SE — S4 to be the composition of the three bottom
functors; we have dropped the restriction functor /* from the notation. It is easy to
check that if K € Sy, then G,In17 (K) is the object in SZ that is concentrated at m with
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value ¥, - K. Consider the forgetful functors Sp¥ — SE and Modg — Sp~. It
follows from Proposition 7.3 that there are adjunctions

S®— R®s— R®—
(7.8) sz Sp= Modgr,  S¥ — Modx,

with left adjoints on top; the latter adjunction is the composition of the former ad-
junctions. For each p > 0, define the evaluation functor Ev,: SymSeq — Modg
object-wise by Ev,(A) := A[p], and for each finite group G, consider the forgetful
functor SymSeq® — SymSeq. There are adjunctions

Gp G— G
Modr ——= SymSeq ——= SymSeq

Evp
with left adjoints on top. It is easy to check that if X € Modg, then G, (X) is the
symmetric sequence concentrated at p with value X - X, . Putting it all together, there
are adjunctions

Gy R®— Gp G-—
(7.9) + = ST — Modr —— SymSeq ——= SymSeq”
lim g evyy Evp

with left adjoints on top. We are now in a good position to describe several useful
model structures. It is proved in Shipley [71] that the following two model category
structures exist on R—modules.

Definition 7.10 (a) The flat stable model structure on Modr has weak equivalences
the stable equivalences, cofibrations the retracts of (possibly transfinite) compositions
of pushouts of maps

R® G,,IZIE)A[IC]Jr — R® G,,J:IA[k]Jr (m=>=0, k>0, HC X, subgroup),

and fibrations the maps with the right lifting property with respect to the acyclic
cofibrations.

(b) The positive flat stable model structure on Modg has weak equivalences the stable
equivalences, cofibrations the retracts of (possibly transfinite) compositions of pushouts
of maps

R G,f,laA[k]_,_ — R G,f{A[k].,. (m=>=1, k=0, HC X, subgroup),
and fibrations the maps with the right lifting property with respect to the acyclic

cofibrations.
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Remark 7.11 In the sets of maps above, it is important to note that H varies over
all subgroups of X,,. For ease of notation purposes, we have followed Schwede [68]
in using the term flat (eg flat stable model structure) for what is called R (eg stable
‘R—model structure) in [39], [66] and [71].

Several useful properties of the flat stable model structure are summarized in the
following two propositions, which are consequences of Hovey, Shipley and Smith [39,
5.3, 5.4] as indicated below; see also Schwede [68]. These properties are used in several
sections of this paper.

Proposition 7.12 Consider Mod with the flat stable model structure. If Z € Modgr
is cofibrant, then the functor — A Z: Modgr — Modg preserves (i) weak equivalences
and (ii) monomorphisms.

Proposition 7.13 If B € Modr and X — Y is a flat stable cofibration in Modg , then
BAX — BAY in Modg is a monomorphism.

Proof of Proposition 7.12 Part (i) is the 'R—module analog of [39, 5.3.10]. It can
also be verified as a consequence of [39, 5.3.10] by arguing exactly as in [31, proof
of 4.29(b)]. Part (ii) follows from the 'R-module analog of [39, 5.3.7]; see [39, proof
of 5.4.4] or [68]. m|

Proof of Proposition 7.13 This follows from the R—module analog of [39, 5.3.7];
see [39, proof of 5.4.4] or [68]. O

The stable model structure on Modpg is defined by fixing H in Definition 7.10(a)
to be the trivial subgroup. This is one of several model category structures that is
proved in Hovey, Shipley and Smith [39] to exist on 'R—modules. The positive stable
model structure on Modg is defined by fixing H in Definition 7.10(b) to be the trivial
subgroup. This model category structure is proved in Mandell, May, Schwede and
Shipley [53] to exist on R—modules. It follows immediately that every (positive) stable
cofibration is a (positive) flat stable cofibration.

These model structures on R—modules enjoy several good properties, including that
smash products of 'R—modules mesh nicely with each of the model structures defined
above. More precisely, each model structure above is cofibrantly generated, by generat-
ing cofibrations and acyclic cofibrations with small domains, and with respect to each
model structure (Modg, A, R) is a monoidal model category.

If G is a finite group, it is easy to check that the diagram categories Modg, SymSeq
and SymSeq® inherit corresponding projective model category structures, where the
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weak equivalences (resp. fibrations) are the maps that are underlying object-wise weak
equivalences (resp. object-wise fibrations). We refer to these model structures by
the names above (eg the positive flat stable model structure on SymSeq®). Each of
these model structures is cofibrantly generated by generating cofibrations and acyclic
cofibrations with small domains. Furthermore, with respect to each model structure
(SymSeq, ®, 1) is a monoidal model category; this is proved in [33].

7.14 Model structures on O-algebras and left O-modules

The purpose of this subsection is to prove the following two theorems. These generaliza-
tions are motivated by Hornbostel [37] and improve the corresponding results in [31, 1.1,
1.3] from operads in symmetric spectra to the more general context involving operads
in R—modules and play a key role in this paper. An important first step in establishing
these theorems was provided by the characterization in Schwede [68] of flat stable
cofibrations in Modg in terms of objects with an Rg—action; see Proposition 7.34
below for the needed generalization of this.

Theorem 7.15 (Positive flat stable model structure on Alg, and Ltp) Let O be
an operad in R—modules. Then the category of O —-algebras (resp. left O —modules)
has a model category structure with weak equivalences the stable equivalences (resp.
object-wise stable equivalences) and fibrations the maps that are positive flat stable
fibrations (resp. object-wise positive flat stable fibrations) in the underlying category of
‘R —-modules (Definition 7.10(b)).

Theorem 7.16 (Positive stable model structure on Alg, and Ltp) Let O be an
operad in R—modules. Then the category of O —algebras (resp. left O—modules) has a
model category structure with weak equivalences the stable equivalences (resp. object-
wise stable equivalences) and fibrations the maps that are positive stable fibrations
(resp. object-wise positive stable fibrations) in the underlying category of 'R —modules
(Definition 7.10(b) and below Proposition 7.13).

We defer the proof of the following two propositions to Section 7.28.

Proposition 7.17 Let B € Modfgp (resp. B € SymSeq™" )andt > 1. Ifi: X — ¥
is a cofibration between cofibrant objects in Modg (resp. SymSeq) with the positive
flat stable model structure, then
(@ XN — Y™ (resp. X®r Yé”) is a cofibration between cofibrant objects in
Mod%’ (resp. SymSeq>! ) with the positive flat stable model structure, which is
a weak equivalence if i is a weak equivalence,
(b) the map B As, Q' — BAg, YN (resp. B&®z, Q) — B&z,Y®) is a
monomorphism.
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Proposition 7.18 Let G be a finite group and consider Modg, Mod%, Mod%oP,
SymSeq, SymSeq® and SymSeq®”, each with the flat stable model structure.

(a) If Be Mod%op (resp. B € SymSquOp ), then the functor
B Ag —: Mod7Ga —> Modgr, resp. B va(; —: SymSqu — SymSeq,

preserves weak equivalences between cofibrant objects, and hence its total left
derived functor exists.

(b) IfZ e Mod7G2 (resp. Z € SymSqu) is cofibrant, then the functor
—NG Z: Mod%}p —> Modg, resp. — ®GZ: SymSqu0p — SymSeq,

preserves weak equivalences.

Proposition 7.19 Let O be an operad in R—modules, A € Algy (resp. A € Ltp), and
i: X =Y agenerating acyclic cofibration in Modg (resp. SymSeq) with the positive
flat stable model structure. Consider any pushout diagram in Algs (resp. Ltop) of
the form (5.11). Then j is a monomorphism and a weak equivalence in Modg (resp.
SymSeq).

Proof It suffices to consider the case of left O—modules. This is verified exactly as in
[31, proof of 4.4], except using (Modg, A, R), Proposition 7.17 and Proposition 7.18
instead of (sz, ®s,S), [31,4.28] and [31, 4.29], respectively. O

Proof of Theorem 7.15 Consider SymSeq and Modg, both with the positive flat
stable model structure. We will prove that the model structure on Ltp (resp. Algy) is
created by the middle (resp. left-hand) free—forgetful adjunction in (2.20).

Define a map f in Lty to be a weak equivalence (resp. fibration) if U(f) is a weak
equivalence (resp. fibration) in SymSeq. Similarly, define a map f in Algy to be a
weak equivalence (resp. fibration) if U(f) is a weak equivalence (resp. fibration) in
Modx . Define a map f in Ltp (resp. Algp) to be a cofibration if it has the left lifting
property with respect to all acyclic fibrations in Ltp (resp. Algp).

Consider the case of Ltp. We want to verify the model category axioms (MC1)-
(MC5) in Dwyer and Spalinski [17]. Arguing exactly as in [31, proof of 1.1], this
reduces to the verification of Proposition 7.19. By construction, the model category
is cofibrantly generated. Argue similarly for the case of Alg, by considering left
O-modules concentrated at 0. a
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Proof of Theorem 7.16 Consider SymSeq and Modz , both with the positive stable
model structure. We will prove that the model structure on Lty (resp. Algy) is created
by the middle (resp. left-hand) free—forgetful adjunction in (2.20).

Define a map f in Lty to be a weak equivalence (resp. fibration) if U(f) is a weak
equivalence (resp. fibration) in SymSeq. Similarly, define a map f in Algy to be a
weak equivalence (resp. fibration) if U( f) is a weak equivalence (resp. fibration) in
Modx . Define a map f in Ltp (resp. Algp) to be a cofibration if it has the left lifting
property with respect to all acyclic fibrations in Ltp (resp. Algp).

The model category axioms are verified exactly as in the proof of Theorem 7.15; this
reduces to the verification of Proposition 7.19. |

7.20 Relations between homotopy categories

The purpose of this subsection is to prove the following theorem. This generalization
improves the corresponding result in [31, 1.4] from operads in symmetric spectra to
the more general context involving operads in R—-modules. It plays a key role in this

paper.

Theorem 7.21 (Comparing homotopy categories) Let O be an operad in R —modules
and let Algy (resp. Ltp) be the category of O—algebras (resp. left O —modules) with
the model structure of Theorem 7.15 or Theorem 7.16. If f: O — O’ is a map of
operads, then the adjunctions fx:Algn=——Alge : f* and fi:Lto—Lte : f*

are Quillen adjunctions with left adjoints on top and f* the forgetful functor. If
furthermore, f is an object-wise stable equivalence, then the adjunctions are Quillen
equivalences, and hence induce equivalences on the homotopy categories.

First we make the following observation.

Proposition 7.22 Consider Modg and SymSeq with the positive flat stable model
structure. If W € Modg (resp. W € SymSeq) is cofibrant, then the functor

—o(W): SymSeq — Modg, resp. —oW: SymSeq — SymSeq,
preserves weak equivalences.
Proof It suffices to consider the case of symmetric sequences. This is verified

exactly as in [31, proof of 5.3], except using (Modg, A, R), Proposition 7.17 and
Proposition 7.18 instead of (sz, ®s,S),[31,4.28] and [31, 4.29], respectively. O
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Proposition 7.23 Let f: O — O’ be a map of operads in R—modules and consider
Algo (resp. Ltop) with the positive flat stable model structure. If Z € Algy (resp.
Z € Ltp)is cofibrant and [ is a weak equivalence in the underlying category SymSeq
with the positive flat stable model structure, then the natural map Z — f* f,Z isa
weak equivalence in Algy (resp. Ltp).

Proof It suffices to consider the case of left O—modules. This is verified exactly as
in [31, proof of 5.2], except using (Modg, A, R), Propositions 7.17, 7.18 and 7.22
instead of (SpE, ®s,S), [31,4.28], [31, 4.29] and [31, 5.3], respectively. O

Proof of Theorem 7.21 This is verified as in [31, proof of 1.4], using (Modgr, A, R)
and Proposition 7.23 instead of (sz, ®s,S) and [31, 5.2], respectively. O

7.24 Homotopy colimits and simplicial bar constructions

These theorems play a key role in this paper. They improve the corresponding results in
[32] from operads in symmetric spectra to the more general context involving operads in
R-modules, and are verified exactly as in the proofs of [32, 1.10, 1.6, 1.8], respectively.

Theorem 7.25 Let f: O — O be a morphism of operads in R—modules. Let X
be an O-algebra (resp. left O—module) and consider Algy (resp. Ltp) with the
model structure of Theorem 7.15 or Theorem 7.16. If the simplicial bar construction
Bar(O, O, X) is object-wise cofibrant in Algs (resp. Ltp ), then there is a zigzag of
weak equivalences L fx(X) =~ |Bar(O’, O, X)| in the underlying category, natural in
such X . Here, L f is the total left derived functor of f.

Theorem 7.26 Let O be an operad in R—modules. It X is a simplicial O -algebra
(resp. simplicial left O —module), then there are zigzags of weak equivalences

U hocolimy° X ~ |UX | = hocolimae UX,

resp. U hocolimy$§ X ~ [UX| ~ hocolimpae UX,

natural in X . Here, U is the forgetful functor and sAlgy (resp. sLtp ) is equipped with
the projective model structure inherited from the model structure of Theorem 7.15 or
Theorem 7.16.

Theorem 7.27 Let O be an operad in R—modules. If X is an O —algebra (resp. left
O-module), then there is a zigzag of weak equivalences in Algy (resp. Ltp)

X ~ hocolimAAlpr Bar(O,0, X), resp. X ~ hocolim"Atggp Bar(O, O, X),

natural in X . Here, sAlgy (resp. sLto ) is equipped with the projective model structure
inherited from the model structure of Theorem 7.15 or Theorem 7.16.

Geometry & Topology, Volume 17 (2013)



Homotopy completion and topological Quillen homology 1405

7.28 Flat stable cofibrations

The purpose of this subsection is to prove Proposition 7.17 and Proposition 7.18. This
requires several calculations (Calculation 7.33 and Calculation 7.36) together with a
characterization of flat stable cofibrations (Proposition 7.34). This characterization is
motivated by the characterization given in Schwede [68], in terms of left Ro—modules,
of flat stable cofibrations in Modz, .

Since R is a commutative monoid in (SpE, ®s,S), it follows that R is a commutative
monoid in (Sk, A, S 0). In particular, by [33, 2.4] we can regard Ry as a commutative
monoid in (SE”, A, S%) with the trivial ¥, —action.

Definition 7.29 Let n > 0. A left Ro—module is an object in (SE " A, S9) with a left
action of R and a morphism of left Ro—modules is a map in SE " that respects the
left 'Ro—module structure. Denote by Ry — S*E” the category of left 'R o—modules and
their morphisms.

For each n > 0, there is an adjunction

5, AT by
St <——=Ro—S:"

with left adjoint on top. It is proved in Shipley [71] that the following model category
structure exists on left 3, —objects in pointed simplicial sets.

Definition 7.30 Let n > 0.

e The mixed X, —equivariant model structure on SE " has weak equivalences the
underlying weak equivalences of simplicial sets, cofibrations the retracts of
(possibly transfinite) compositions of pushouts of maps

u/H-0Alkly — Zp/H-Alkl+ (k>0, H C X, subgroup),

and fibrations the maps with the right lifting property with respect to the acyclic
cofibrations.

Furthermore, it is proved in [71] that this model structure is cofibrantly generated
by generating cofibrations and acyclic cofibrations with small domains, and that the
cofibrations are the monomorphisms. It is easy to prove that the category Ro — S,)E‘ "
inherits a corresponding model structure created by the free—forgetful adjunction above
Definition 7.30, and that furthermore the diagram category of (X,° x G)-shaped
diagrams in Rg — Sf" appearing in the following proposition inherits a corresponding
projective model structure. This proposition, whose proof is left to the reader, will be
needed for identifying flat stable cofibrations in SymSeq?.
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Proposition 7.31 Let G be a finite group and consider any n,r > 0. The diagram
category (Ro — Sf”)zngG inherits a corresponding model structure from the mixed
3., —equivariant model structure on SE" . The weak equivalences (resp. fibrations) are
the underlying weak equivalences (resp. fibrations) in SE" .

Definition 7.32 Define R € Modg such that R, := R, for n > 1 and R := .
The structure maps are the naturally occurring ones such that there exists a map of
R-modules i: R — R satisfying i, = id for each n > 1.

The following calculation, which follows easily from [31, 2.9], will be needed for
characterizing flat stable cofibrations in SymSeq? .

Calculation 7.33 Let G be a finite group. Let m, p > 0, H C X,, a subgroup,
and K a pointed simplicial set. Recall from (7.9) the functors G, and G,I,;I . Define
X =G-Gp(R® G,,If K) € SymSeq® . Here, X is obtained by applying the indicated
functors in (7.9) to K. Then for r = p we have

R (B - Rum A (Em/H-K))-Z, f
(RAX[r])n%{f (En 2 R N (Em/H - K)) - Zp - forn > m.

for n < m,

G-(Zn-s,_xZm Ro-m AN (Em/H-K))-Z, forn>m,
X[rln={G-RoAN(Em/H-K))-%, forn = m,
* for n < m,

and for r # p we have X[r] = % = R A X[r].

The following characterization of flat stable cofibrations in SymSeq? is motivated
by the characterization given in Schwede [68] of flat stable cofibrations in Modx . It
improves the corresponding characterization given in [31, 6.6] from the context of
(Sp~, ®s, S) to the more general context of (Modg, A, R).

Proposition 7.34 Let G be a finite group.

(@ Amap f: X — Y in SymSeqC with the flat stable model structure is a cofibra-
tion if and only if the induced maps

X[rlo—Y[rlo, r=0,n=0,
(RAY[r)n U maxe), X[rln—Y[rln, r=0,n>1,

zn)E‘,"’xG

are cofibrations in (RO —Sk with the model structure in Proposition 7.31.
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(b) Amap f: X — Y in SymSeq® with the positive flat stable model structure is
a cofibration if and only if the maps X|[r]y — Y[r]o, r = 0, are isomorphisms,
and the induced maps

(RAY[F)n U wmaxr), X[rln—Y[rln, r=0,n=>1,

. IPXG . . .
are cofibrations in (RO—S*E”) " *% with the model structure in Proposition 7.31.

Proof This is verified exactly as in [31, proof of 6.6], except using (Modg, A, R),
Proposition 7.31 and Calculation 7.33 instead of (Sp>, ®g, S), [31, 6.3] and [31, 6.5],
respectively. a

Proof of Proposition 7.18 It suffices to consider the case of symmetric sequences.
Consider part (b). This is verified exactly as in [31, proof of 4.29(b)], except using
(Modg, A, R) and the map g« obtained by applying the indicated functors in (7.9),
instead of (Sp”, ®g.S) and the map gx obtained by applying the indicated functors
in [31, (4.1)], respectively. Consider part (a). This is verified exactly as in [31, proof
of 4.29(a)], except using (Modg, A, R) instead of (SpE, Rs,S). O

Proposition 7.35 Let G be a finite group. If B € Modgop (resp. B € SymSeq®”),
then the functor

B Ag —: Mod% —> Modg, resp. B ®G —: SymSqu —> SymSeq,

sends cofibrations in Mod7G2 (resp. SymSeq® ) with the flat stable model structure to
monomorphisms.

Proof It suffices to consider the case of symmetric sequences. This is verified exactly
as in [31, proof of 6.11], except using (Modg, A, R) and the map g obtained by
applying the indicated functors in (7.9), instead of (Sp*, ®g,S) and the map g
obtained by applying the indicated functors in [31, (4.1)], respectively. a

The following calculation, which follows easily from [31, 2.9] and (2.5), will be needed
in the proof of Proposition 7.17 below.

Calculation 7.36 Let k,m,p >0, H C X, a subgroup, and ¢t > 1. Let the map
g: 0A[k]+ — Alk]+ be a generating cofibration for Sy and define X — Y in SymSeq
to be the induced map g«: Gp(R ® G,I,faA[k]+) - Gp(R® G,I;A[k]_{_). Here, the
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map g is obtained by applying the indicated functors in (7.9) to the map g. For
r = tp we have the calculation

5 s, s H* Ru—im A (AR )4 - Z4p forn > tm,
(Y®)[r]), = Sim mxt Ro A (AT 4 Zp forn = tm,
* forn <tm,

> St X H <t ﬁn—tm A\ (A[k]Xt)+ . Etp forn >tm,
* forn <tm,

(RA QX)) = {

> St X H <! Rn—tm 7AN 8(A[k]><t)+ . El‘p forn > tm,
Sim =t Ro ANAK] )2y  forn=1m,
* forn < tm,

( i‘—l[r])n

12

> St X H <! ﬁn—tm /\B(A[k]Xt)+-E,p forn >tm,
* forn <tm,

R A Q) = {
and for r # tp we have (Y‘é’t)[r] =x=RA (Yé”)[r] and Q' _ [r]=x=RAQ._[r].

Proof of Proposition 7.17 It suffices to consider the case of symmetric sequences.
Consider part (a). This is verified exactly as in [31, proof of 4.28(a)], except us-
ing (Modg, A, R), the map g4 obtained by applying the indicated functors in (7.9),
Proposition 7.34 and Calculation 7.36 instead of (Sp”, ® s, S), the map g obtained
by applying the indicated functors in [31, (4.1)], [31, 6.6] and [31, 6.15], respectively.
The acyclic cofibration assertion follows immediately from [33, 7.19]. Consider part
(b). This is verified exactly as in [31, proof of 4.28(b)], except using (Modgr, A, R)
and Proposition 7.35 instead of (SpE, ®s,S) and [31, 6.11], respectively. O

The following will be needed in other sections of this paper.

Proposition 7.37 Lett > 1. Ifi: X — Y is a generating cofibration in Modg
(resp. SymSeq) with the positive flat stable model structure, then Q — Y (resp.

; e Y®’)1s a cofibration between cofibrant objects in Modz Xt (resp SymSeq®*)
with the positive flat stable model structure.

Proof It suffices to consider the case of symmetric sequences. This follows immedi-
ately from the proof of Proposition 7.17. a

8 Operads in chain complexes over a commutative ring

The purpose of this section is to observe that the main results of this paper remain
true in the context of unbounded chain complexes over a commutative ring, provided
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that the desired model category structures exist on algebras (resp. left modules) over
operads O and t;;O. Since the constructions and proofs of the theorems are essentially
identical to the arguments above in the context of 'R—modules, modulo the obvious
changes, the arguments are left to the reader.

Basic assumption 8.1 From now on in this section, we assume that /C is any commu-
tative ring.

Denote by (Chg, ®, K) the closed symmetric monoidal category of unbounded chain
complexes over KC (see Hovey [38] and Mac Lane [49]).

Homotopical assumption 8.2 If O is an operad in Chy, assume that the following
model structure exists on Algz (resp. Ltg) for O=0and O = 7, O for each
k > 1: the model structure on Algs (resp. Ltz) has weak equivalences the homology
isomorphisms (resp. object-wise homology isomorphisms) and fibrations the maps that
are dimension-wise surjections (resp. object-wise dimension-wise surjections).

Cofibrancy condition 8.3 If O is an operad in Chy, consider the unit map n: 1 — O
of the operad O and assume that I[r] — OJr] is a cofibration [32, 3.1] between
cofibrant objects in ChZ i " for each r > 0.

If IC is any field of characteristic zero, then both Homotopical assumption 8.2 and
Cofibrancy condition 8.3 are satisfied by every operad in Chyx (see [33] and Hinich [35]).
In the case of algebras over operads, if K is any commutative ring and (0’ is any non- X
operad in Chy, then it is proved in [33; 35] that the corresponding operad O = O’ - %
satisfies Homotopical assumption 8.2.

The following is a commutative rings version of Definition 3.13 and Definition 3.15.

Definition 8.4 Let O be an operad in Chi such that O[0] = . Assume that O satisfies
Homotopical assumption 8.2. Let X be an O—algebra (resp. left O—module). The
homotopy completion X" of X is the O—algebra (resp. left O—module) defined by
XA = hohmA'g@ (tx O o0 (X€)) (resp. X" := holimLto (tx O 0p X€)) the homotopy
limit of the completion tower of the functorial coﬁbrant replacement X ¢ of X in Algy
(resp. Ltp). The Quillen homology complex (or Quillen homology object) Q(X) of X
is the O—-algebra 7; 0 029 (X) (resp. left O-module ;0O 029 X).

The following is a commutative rings version of Theorem 1.5.
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Theorem 8.5 Let O be an operad in Chx such that O[0] is trivial. Assume that
O satisties Homotopical assumption 8.2 and Cofibrancy condition 8.3. Let X be a
0—connected O —algebra (resp. left O —module) and assume that O is (—1)—connected
and H;Olr], UK are finitely generated abelian groups for every k., r.

(a) If the Quillen homology groups H;Q(X) (resp. HpQ(X)[r]) are finite for every
k,r, then the homology groups Hy X (resp. Hy X[r]) are finite for every k,r.

(b) If the Quillen homology groups H;Q(X) (resp. HiQ(X)[r]) are finitely gen-
erated abelian groups for every k,r, then the homology groups H; X (resp.
Hy, X[r]) are finitely generated abelian groups for every k,r.

Here, U denotes the forgetful functor from commutative rings to abelian groups.
The following is a commutative rings version of Theorem 1.8.

Theorem 8.6 Let O be an operad in Chyx such that O[0] is trivial. Assume that
O satisfies Homotopical assumption 8.2 and Cofibrancy condition 8.3. Let X be a
O0—connected O —-algebra (resp. left O—module), n > 0, and assume that O is (—1)—
connected.

(a) The Quillen homology complex Q(X) is n—connected if and only if X is n—
connected.

(b) If the Quillen homology complex Q(X) is n—connected, the natural Hurewicz

map H; X — H;Q(X) is an isomorphism for k < 2n + 1 and a surjection for
k=2n+42.

The following is a commutative rings version of Theorem 1.9.

Theorem 8.7 Let O be an operad in Chyx such that O[0] is trivial. Assume that O
satisfies Homotopical assumption 8.2 and Cofibrancy condition 8.3. Let f: X — Y
be a map of O-algebras (resp. left O—-modules) and n > 0. Assume that O is
(—1)—connected.

(a) If X,Y are O—connected, then f is n—connected if and only if f induces an
n—connected map Q(X) — Q(Y') on Quillen homology complexes.

(b) If X,Y are (—1)—connected and f is (n — 1)—connected, then f induces an
(n — 1)—connected map Q(X) — Q(Y) on Quillen homology complexes.

(¢c) If f induces an n—connected map Q(X) — Q(Y) on Quillen homology com-
plexes between (—1)—connected objects, then f induces an (n — 1)—connected
map X" — Y " on homotopy completion.

Geometry & Topology, Volume 17 (2013)



Homotopy completion and topological Quillen homology 1411

(d) If the Quillen homology complex Q(X) is (n — 1)—connected, then homotopy
completion X" is (n — 1)—connected.

Here, Q(X)— Q(Y), X" — Y denote the natural induced zigzags in the category of
O —algebras (resp. left O—modules) with all backward facing maps weak equivalences.

The following is a commutative rings version of Theorem 1.12.

Theorem 8.8 Let O be an operad in Chx such that O[0] is trivial. Assume that O
satisfies Homotopical assumption 8.2 and Cofibrancy condition 8.3. Let f: X — Y be
a map of O —algebras (resp. left O —modules).

(a) If X is O—connected and O is (—1)—connected, then the natural coaugmentation
X ~ X" is a weak equivalence.
(b) If the Quillen homology complex Q(X) is O—connected and O is (—1)—con-
nected, then the homotopy completion spectral sequence
Ely, = Hi(iz+100} 6 (QX))) = Hi—s(X™),
resp. ELy [r]1= Hi—s((is410 0% 0 QX))[r]) = Hi—s(X"[r]). r=0,
converges strongly.

(c) If f induces a weak equivalence Q(X) ~ Q(Y') on Quillen homology complexes,
then f induces a weak equivalence X" ~ Y" on homotopy completion.
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