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THE SPECIAL FIBER OF THE MOTIVIC DEFORMATION OF THE

STABLE HOMOTOPY CATEGORY IS ALGEBRAIC

BOGDAN GHEORGHE, GUOZHEN WANG, AND ZHOULI XU

ABSTRACT. For each prime p, we define a t-structure on the category S%°/7-Mody, of
harmonic C-motivic left module spectra over S%° /7, whose MGL-homology has bounded
Chow degree, such that its heart is equivalent to the abelian category of p-completed
BP..BP-comodules that are concentrated in even degrees. We prove that S°° / T—Modi
is equivalent to D*(BP,BP-Comod) as stable co-categories equipped with t-structures.

As an application, for each prime p, we prove that the motivic Adams spectral se-
quence for S%°/7 which converges to the motivic homotopy groups of S%°/7; is iso-
morphic to the algebraic Novikov spectral sequence, which converges to the classical
Adams-Novikov E,-page for the sphere spectrum SY. This isomorphism of spectral
sequences allows Isaksen and the second and third authors to compute the stable ho-
motopy groups of spheres at least to the 90-stem, with ongoing computations into even

higher dimensions.
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1. INTRODUCTION

Motivic homotopy theory, introduced by Voevodsky and Morel [43]44,46.59-61.63], is
a successful application of abstract homotopy theory to solve problems in number theory
and algebraic geometry (see [48,[57,[62] for example).

Over SpecC, one may view the p-completed stable motivic homotopy category as a
deformation of the p-completed classical stable homotopy category. The parameter of
the deformation is given by an element 7 in my_; of the p-completed motivic sphere
spectrum, which can be intuitively viewed as the standard coordinate t — 2™ on G,,.
Formally speaking, following Hu-Kriz-Ormsby [23], the element 7 is the inverse limit of
the Bockstein pre-images of the Morel classes [45] of roots of unity. Dugger-Isaksen [I1]
have identified the generic fiber “7 = 1”7 with the classical stable homotopy category, and
the first main result of this paper identifies the special fiber “r = 0”7 with the derived
category of BP,BP-comodules, which is entirely algebraic in nature. Moreover, under
this identification, the motivic Adams-Novikov spectral sequence corresponds to the 7-
Bockstein spectral sequence. This deformation induces a deformation of motivic Adams
spectral sequences. The second main result of this paper identifies the motivic Adams
spectral sequence at the special fiber “r = 07 with the algebraic Novikov spectral se-
quence, which is again entirely algebraic. This deformation makes it possible for Isaksen,
the second and third authors [27] to compute classical stable homotopy groups of spheres
at least to the 90-stem, with ongoing computations into even higher dimensions.

1.1. Main results. In this paper, we prove two results in the stable motivic homotopy
theory over Spec C, with connections to chromatic homotopy theory and applications to
classical homotopy theory.

The first result identifies the special fiber “7 = 0”7 of the motivic deformation with the
derived category of BP,BP-comodules. We prove an oo-category version of a conjecture
due to the first author and Isaksen in 2016 [16]. Note that the derived category in the
following Theorem 1.1 is understood as a stable oo-category in the sense of Lurie in
Higher Algebra [34, Section 1.3.2].

Theorem 1.1 (Theorem [[LT1l). There is an equivalence of stable co-categories equipped
with t-structures at each prime p

D'(BP,BP-Comod) ~ S*°/7-Mody,

between the bounded derived category of p-completed BP,BP-comodules that are concen-
trated in even degrees, and the category of harmonic motivic left module spectra over
S90 /7 whose MGL-homology has bounded Chow degree, with morphisms the S°°/7-linear
maps.
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Here S%9/7 is a motivic E,.-ring spectrum, which is also known as the cofiber of 7. The
motivic spectrum MGL is the algebraic cobordism spectrum introduced by Voevodsky
[63] and studied by Levine-Morel [33], Panin-Pimenov-Rondigs [49] and many others. A
motivic left module spectrum over S°°/7 is harmonic, if it is cellular and the map to
its MGL-completion induces an isomorphism on 7, .. See Definition for a precise
definition. The Chow degree is twice the topological degree minus the motivic weight.

The derived category of p-completed BP,BP-comodules that are concentrated in even
degrees is also known as the derived category of quasi-coherent sheaves on the moduli
stack of formal groups over Z,. This connection is foundational to chromatic homotopy
theory, and is due to Quillen [52] and Goerss-Hopkins [I7,[19]. Our theorem further
connects these categories to motivic homotopy theory.

By an Ind-object argument, we have an unbounded version of Theorem [I.1] that con-
nects to Hovey’s [20] derived category Stable(BP.BP).

Corollary 1.2. There is an equivalence of stable oo-categories at each prime p
Stable(BP,BP) ~ S%°/r-Mod.q

between Hovey’s unbounded derived category of BP.BP-comodules defined in [20] and the
category of cellular motivic left module spectra over S°°/t.

After the announcement of Theorem 1.1, alternative proofs of certain versions of Corol-
lary 1.2 have appeared in work of Pstragowski [51] and Krause [29).

The second result identifies the motivic Adams spectral sequence at the special fiber
“r = 0" with the algebraic Novikov spectral sequence. It can be used to systematically
compute a huge number of classical Adams differentials that are hard to obtain by other
methods.

It is known to Isaksen [26, Proposition 6.2.5] and the first author [15, Corollary 3.14]
that there is an isomorphism between the motivic homotopy groups of S%°/7 and the
classical Adams-Novikov Fs-page. Our second result shows that there is an isomorphism
of spectral sequences that converge to them.

Theorem 1.3 (Theorem [[LT4)). For each prime p, there is an isomorphism of spectral se-
quences between the motivic Adams spectral sequence for S®° /1 and the algebraic Novikov
spectral sequence for the classical sphere spectrum S°.

Based on Theorem [[L3] Isaksen, the second and third authors [27] have computed
classical stable stems at least to the 90-stem, with ongoing computations into even higher
dimensions. Computations of many historically difficult differentials in the range up to
the 45-stem are included in the appendix.
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We’d like to comment that, in contrast to the original motivations of motivic homo-
topy theory, Isaksen and his collaborators [24H20,28] have recently begun to reverse the
information flow and applied stable motivic homotopy theory to obtain computational
results in the classical stable homotopy theory. Our Theorems [[.T] and [[.3] have the same
spirit and further deepen the connections to chromatic homotopy theory. Using motivic
homotopy theory, we build up a new connection between the classical Adams spectral
sequence and the Adams-Novikov spectral sequence, that allows us to compute stable
stems in a much larger range than was previously possible.

1.2. The stable co-category of motivic spectra over S°°/7. We work with the
stable oo-category of motivic spectra over Spec C localized at a fixed prime p [61H63]. To
be precise, we use the category of S-modules constructed by Hu [22], which is a symmetric
monoidal co-category in the sense of Lurie [34, Section 2.1.2]. We denote it by

C-mot-Spectra.

Voevodsky [59-62] constructed the mod p motivic Eilenberg-Mac Lane spectrum HEF}*'
that represents the mod p motivic cohomology. Its value at a point is

HFp | =F,[r],

where 7 is in bidegree (0, —1).
Let SP¢ be the HFglOt—completed motivic sphere spectrum in bidegree (p, q). The class
7 can be lifted to a map between HFElOt—completed motivic sphere spectra

78071 5 g0o

that induces a nonzero map on mod p motivic homology. The reader should be warned
that 7 does not further lift to a map between uncompleted motivic sphere spectra. See
Dugger-Isaksen and Hu-Kriz-Ormsby [11,23] for more details. We denote the cofiber of
7 by S%9/7.

’
SO,—l S0,0 SO,O/T Sl,—l

The HFgwt—completed motivic sphere spectrum is an E.-ring object in the symmetric
monoidal co-category C-mot-Spectra. We denote by

S%"-Mod
the stable co-category of motivic module spectra over S%°.

Convention 1.4. All smash products in $%°-Mod are understood taken over the HF}*'-
completed sphere spectrum S%°.
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We have suspension functors ¥79(—) = SP4 A — in the category S%°-Mod for any
p,q € Z. In particular, the suspension functor X! gives the triangulation translation
functor.

Following Dugger-Isaksen [12], Definition 2.10], we define the category

SO7O'MOdcoll

of cellular S°° module spectra as the smallest stable subcategory of S%°-Mod containing
all sphere spectra SP? for all p,q € Z that is closed under arbitrary colimits. Recall
from Lurie [34] Definition 1.1.3.2] that a stable subcategory of a stable co-category is a
full subcategory containing a zero object and stable under the formation of fibers and
cofibers. The reader should be warned that not all motivic spectra in S*°-Mod are weak
equivalent to a cellular object.

Given an E-ring object R € S*°-Mod, denote by

R-Mod
the stable co-category of left modules over R in S%°-Mod, and by
R'MOdcell

the smallest full subcategory containing R that is closed under arbitrary colimits and
suspension by ¥4 for all p,q € Z.

It is a theorem of the first author [I5] that S%°/7 is an E.-ring object in S*°-Mod.
We therefore have defined stable co-categories

S%0/r-Mod and S°°/7-Mod ..
We can view the ring map
SO0y 5007
to exhibit S%%/7 as the special fiber of the deformation parametrized by 7. The generic
fiber of this deformation is 771590,

Let MGL be the motivic algebraic cobordism spectrum introduced by Voevodsky [63]
and studied by Levine-Morel [33], Panin-Pimenov-Réndigs [49] and many others. Let

MUmot

be the HF}*"-completion of MGL, which is an E,-ring object in S*°-Mod.ey (See [22),
Theorem 14.2] for example). Its motivic homotopy groups are computed by Hu-Kriz-
Ormsby and Dugger-Isaksen [111,123].

W*’*MUmOt — ZP[T] [xlv To, - .]’

where z; is in bidegree (2i,7). Since 7, ,MGL is much more complicated, we will mostly
work with MU™" instead of MGL in our paper.
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It is understood that the MU™"-homology of X, where X € S%°/7-Mod., is com-
puted as

MU X = 7, ,(MU™ A X),

where the smash product is understood taken over the HF;]Ot—completed sphere spectrum
509, Note that the MU™*-homology of X is MGL, X when taking X as its underlying
motivic spectrum in C-mot-Spectra.

The spectrum MU™" /7 := §%0 /7 A MU™" is an E..-ring object in S%°-Mod,. Its
motivic homotopy groups are

T (MU /7) = Zy[21, 29, - - -] = MUY /7.

Forgetting the motivic weight, the bigraded ring MUE:t /T can be identified as the
single graded ring MU, completed at the prime p.

Definition 1.5. Let X be a motivic spectrum in S%°/7-Mod. We say that X is har-
monic, if X is cellular and the map

X — X{iar
induces an isomorphism on , ,. We denote by
S0 /r-Modg,
the full stable co-subcategory of harmonic S%°/7-module spectra.

Here the MGL-nilpotent completion X{j; is understood taken in C-mot-Spectra.
For a precise definition, see [11,23]. One could also define the MU™*-completion X} mer
in S%%-Mod. It is clear that for X in S%°/7-Mod.q, the two completions X{}q; and
X

{jymer are equivalent.
It is clear that the spectrum MU™°"/7 is harmonic. See Section 4.1 for more examples.
To describe t-structures on certain stable oco-categories of motivic spectra, such as
MU™" /7-Mod, and S%°/7-Modg, we recall the definition of the Chow degree. Recall
that by Lurie’s definition [34] Definition 1.2.1.4], a ¢-structure on a stable co-category is

a t-structure on its homotopy category, which is a triangulated category.

Definition 1.6. Let G, , be a bigraded abelian group that are the homotopy groups of
any motivic spectrum. The Chow degree of an element

g € Gsu

is defined as s — 2w.
We say that G, . is concentrated in Chow degrees I, where I is a set of integers, if all
nonzero elements in G, , are concentrated in Chow degrees belonging to /.
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For example, the homotopy groups of MU™" /7 are concentrated in Chow degree 0,
while the homotopy groups of MU™" are concentrated in non-negative even Chow de-
grees.

Definition 1.7.

(1) We define
MU™" /7-Mod},,

as the stable full subcategory of MU™" /7-Mod.. spanned by objects whose homo-
topy groups are concentrated in bounded Chow degrees.

(2) We define
MU™* /7-Mod5’

cell »

MU™* /7-Modg;”

cell »
MU /7-Mod,,
as the full subcategories of MU™"/7-Mod”,, spanned by objects whose homotopy
groups are concentrated in nonnegative, nonpositive and zero Chow degrees respec-
tively.
(3) We define
500 / T—Mod&
as the stable full subcategory of S%°/7-Modg, spanned by objects whose MU™'-
homology groups are concentrated in bounded Chow degrees.
(4) We define
S%0/7-Mody™",
S0 /7-Mody=",
S%%/7-Modg,
as the full subcategories of S%°/ T—Modg. spanned by objects whose MU™"-homology

groups are concentrated in nonnegative, nonpositive and zero Chow degrees respec-
tively.

Definition 1.8. We define
MU,-Mod,
MU,MU-Comod
as the abelian categories of modules over the p-completed ring MU, and comodules over

the p-completed Hopf algebroid MU,MU, that are concentrated in even degrees. We
define

D*(MU,-Mod),



THE SPECIAL FIBER OF THE MOTIVIC DEFORMATION IS ALGEBRAIC 9

D*(MU,MU-Comod)

to be their bounded derived categories.

Note that the abelian category of modules over p-completed MU, is not equivalent to
the abelian category of modules over p-completed BP,. However, the abelian category of
comodules over p-completed MU,MU is equivalent to the abelian category of comodules
over p-completed BP,BP. We will work with MU and MU™" since they are F.-ring
objects in the corresponding categories while BP is not, due to a recent result of Lawson
[32]. More details about these facts are discussed in Section 6.

Theorem 1.9.

(1) The full subcategories MU™ /7-Mod”3" and MU™" /7-Mod"5" define a t-structure
on MU™ /7-Mod”

cell *
(2) The functor
Tew : MU™ /7-ModY,, — MU,-Mod

cell
1$ an equivalence.

(8) There exists an equivalence of stable co-categories

MU™ /7-Mod?,, — D*(MU,-Mod),

cell

that preserves the equipped t-structures and extends the functor m, . on the heart.

Remark 1.10. Note that the functor , , naturally lands in the category of modules over
the bigraded ring MUfjfk’t /7. Since all elements of this bigraded ring are concentrated in
Chow degree 0, it can be identified as the single graded ring MU, by forgetting the
motivic weight. A similar comment applies to the following theorem as well.

Theorem 1.11.
(1) The full subcategories S°°/7-Mody™ and S*°/7-Modyg=" define a t-structure on
590 /7-Mody,.
(2) The functor
MU : $°/7-Modg — MU,MU-Comod
s an equivalence.

(8) There exists an equivalence of stable co-categories

S%°/7-Modjy — D"(MU.MU-Comod),

mot
* %

that preserves the equipped t-structures and extends the functor MUY on the heart.
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Remark 1.12. We'd like to comment that, from a motivic deformation perspective, our
Theorem [[LT1] gives a new connection between the moduli stack of formal groups and the
classical stable homotopy theory.

From the deformation

special fiber generic fiber _
SO’O/T SO’O T 150,0

parametrized by 7, we have two adjunctions of stable co-categories:
(S%°-Mod),—y <= S"°-Mod = (S5"-Mod),_,
By Dugger-Isaksen [11], on the generic fiber, the full subcategory of cellular objects in
(S%°-Mod),—, := 7 '5"°-Mod

is equivalent to the classical stable homotopy category.
Our main theorem shows that, on the special fiber, the full subcategory of cellular
objects in the category
(S*°-Mod),—, := S*°/7-Mod

is equivalent to the derived category of comodules over the p-completed Hopf algebroid
MU.MU. By Quillen’s theorem [52], the latter can be identified with the derived category
of quasi-coherent sheaves on the moduli stack of formal groups over Z,.

Remark 1.13. We’d also like to comment that, in our proof of Theorem [[.11, we
set up a strongly convergent motivic Adams-Novikov spectral sequence in the category
500 /r-Mod?

celly

Ext (MU X, MUPY) = [S5° X, V) et

MUmSENMUmOt /7 50,0 /7

This is stated as Theorem in Section 5. Classically, the Adams-Novikov spectral
sequence is set up such that the first variable is the sphere spectrum. It seems to be a
folklore theorem without published reference that there exists an Adams-Novikov spectral
sequence when the first variable X is arbitrary. Our construction can be modified to the

classical situation and would provide such a reference. See Section 5 for more discussion.

1.3. The motivic Adams spectral sequence and the algebraic Novikov spec-
tral sequence. The following Theorem [[.14] establishes an isomorphism between the
algebraic Novikov spectral sequence and the motivic Adams spectral sequence for S%° /7.

Theorem 1.14. At each prime p, there is an isomorphism of tri-graded spectral se-
quences: the motivic Adams spectral sequence for S°°/T, which converges to the motivic
homotopy groups of S®° /7, and the re-graded algebraic Novikov spectral sequence, which
converges to the Adams-Novikov Es-page for sphere.



THE SPECIAL FIBER OF THE MOTIVIC DEFORMATION IS ALGEBRAIC 11

Moreover, this isomorphism between the abutments preserves the composition products
and higher compositions in the respective categories.
The indexes are indicated in the following diagram:

$,2w a—s / Ta—s a,2w—s+a,w
EXtBP*BP/I(FWI /1 +1)—>EXtAg§gt (B[], )

Algebraic Lovikov SS Motivic Hdams SS

1%

Extyp’sp(BP., BP,) Tow—s.0(S%/T).

Here I = (p,vy,v9,...) is the augmentation ideal of BP, and Affﬁt s the motivic mod

p dual Steenrod algebra.

The isomorphism between the abutments is known to Isaksen [26] Proposition 6.2.5]
and the first author [I5, Corollary 3.14]. Our Theorem [[LT4] also implies that the isomor-
phism preserves the filtrations on the F.-pages.

There has been huge interest in obtaining information on the stable homotopy groups
of spheres by comparing the Adams spectral sequence with the Adams-Novikov spectral
sequence. See [40,[41]147, 53] for example. An important connection and technique of
studying both spectral sequences is the following Miller square [40)].

Exty (F,, [97°/1°7*+1)

Cartan-Eilenberg SS Algebraic Novikov SS
a,t s,t
Ext (Fp, Fy) Extgp, gp(BPy, BP)
\Adam SS\ /WVK
S0

By a change-of-ring isomorphism, the Fy-page of the Cartan-Eilenberg spectral sequence,
which computes the Adams FE,-page, is isomorphic to the algebraic Novikov spectral
sequence, which computes the Adams-Novikov Es-page. Note that for p odd, the Cartan-
Eilenberg spectral sequence collapses for degree reasons.

To explore this square, Miller [40] smashes together the Adams resolution and the
Adam-Novikov resolution, and gets a comparison theorem on the dy-differentials in the
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algebraic Novikov spectral sequence and the Adams spectral sequence. The following
theorem is due to Miller [40, Theorem 4.2] and Novikov [47]. See also Andrews-Miller [I]
for a discussion.

Theorem 1.15. Let p be an odd prime. Suppose that in the Cartan-Filenberg spec-
tral sequence, an element z in Exty (F,, 1°75/I1°751) converges to an element 2’ in
Ext%' (F,,F,). Then we have

—d2S82 is detected by d3'EVS5 2,

in the Cartan-FEilenberg spectral sequence, where d>SS is a da-differential in the Adams

algNSS
d2

spectral sequence, and is a do-differential in the algebraic Novikov spectral se-

quence.

Based on Miller square and Theorem [L.15], Miller [40] proves the Telescope Conjecture
at chromatic height 1 at odd primes.

To understand the connection between higher differentials in the Adams and algebraic
Novikov spectral sequences, it would be desirable to establish new connections between
them.

For example, suppose in general that we have two spectral sequences

Ey= E,, Ey=E'_

that are not necessarily connected by a homomorphism of spectral sequences. To compare
them, it would be useful to have a third spectral sequence

EY = BV

making a zig-zag diagram of spectral sequences.

E, EY E}
Euoo E// El/

This is the one of the major techniques used by the second and third authors in [64] to
explore Mahowald square [36] and compute differentials in the Adams spectral sequences.

Following this philosophy, for Miller square [40], a basic question would be: Which
spectral sequence can we put in between these two spectral sequences and have a zig-zag
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diagram?
Exctp! (Fy, 17/ 1°7*) ? Bt (Fy, Fy)
Algebraic H!ovikov SS AdalUs SS
Extgp pp(BP., BP,) ? 7.S°

Our Theorem [[.14] shows that we can achieve a zig-zag diagram in the motivic world.

In fact, consider the HFgwt—completed motivic sphere spectrum S°°. Inverting 7, we
get the classical p-completed sphere S° by Dugger-Isaksen [I1]. On the other hand,
moding out by 7, we get S®°/7. Then the naturality of the Adams spectral sequences
gives us a zig-zag diagram.

EXthnot (Fp [T]v Fp) EXtiff (Fpu F;n)

Motivic Udams SS Motivic Udams SS AdalUs SS

EXtZ;gt (Fp [T] ) F;D [T])

Re

7T*7*SO’O/T 71.*,*5070 W*SO

By Theorem [I.14 the left side spectral sequence, which is the motivic Adams spectral
sequence for S%° /7 is isomorphic to the algebraic Novikov spectral sequence.
More generally, we have the following motivic square.

Exctje (Fp[7], Fp)[7]

Alg/m” 'B"m ﬁAR

Ext o (Fp[7], Fp7]) e S007(7]
%A& %St%
T *SO’O

Let’s compare the motivic square with Miller square.
For the lower right side, it is proved by Isaksen [26] that the motivic Adams-Novikov
spectral sequence for S%° is isomorphic to the 7-Bockstein spectral sequence, and that
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it is rigid, in the sense that it contains the same information as the classical Adams-
Novikov spectral sequence. Each nontrivial differential in the classical Adams-Novikov
spectral sequence corresponds to a family of nontrivial differentials in the motivic Adams-
Novikov spectral sequence, that are connected to each other by multiplication by 7. We
can recover all nonzero differentials in the motivic Adams-Novikov spectral sequence by
knowing all nonzero differentials in the classical Adams-Novikov spectral sequence, and
vice versa.

For the upper left side, the relation of the two spectral sequences in the motivic square
and Miller square is the same as the relation on the lower right side. The algebraic 7-
Bockstein spectral sequence can be thought as a motivic version of the Cartan-Eilenberg
spectral sequence, and contains the same information, in the same sense as the lower
right side situation.

For the upper right side, our Theorem [[.14] says that the two spectral sequences are
isomorphic.

Therefore, for three out of the four sides, the motivic square contains exactly the same
information as the ones in Miller square.

For the remaining lower left side, Dugger-Isaksen [11] shows that the 7-inverted mo-
tivic Adams spectral sequence is isomorphic to the 7-inverted classical Adams spectral
sequence. This means that the difference between the motivic square and Miller square
lies in the 7-torsion information. Therefore, when comparing the higher differentials in
the classical and motivic Adams spectral sequences, the 7-torsion information is necessary
to make the zig-zag strategy work.

Now, to compute a nontrivial classical Adams differential, for any r, start with an
algebraic Novikov d,-differential. Theorem [[.14] gives us a motivic Adams d,-differential
for S%%/7. Pulling back to the bottom cell of S%°/7 of the source element gives us
a motivic Adams d,.-differential for the motivic sphere with " < r. Using the Betti
realization functor, we then obtain a classical Adams d,.-differential!

In practice, Isaksen, the second and the third authors [27] extend the computation of
classical and motivic stable stems into a large range using the following steps.

(1) Use a computer to carry out the entirely algebraic computation of the cohomology
of the C-motivic Steenrod algebra. These groups serve as the input to the C-motivic
Adams spectral sequence.

(2) Use a computer to carry out the entirely algebraic computation of the algebraic
Novikov spectral sequence that converges to the cohomology of the Hopf algebroid
(BP,,BP.BP). This includes all differentials, and the multiplicative structure of the
cohomology of (BP,, BP.BP).



THE SPECIAL FIBER OF THE MOTIVIC DEFORMATION IS ALGEBRAIC 15

(3) Use Theorem [[.T4lto identify the algebraic Novikov spectral sequence with the motivic
Adams spectral sequence that computes the homotopy groups of S%°/7. This includes
an identification of the cohomology of (BP,, BP,BP) with the homotopy groups of
S0 /7.

(4) Use the inclusion of the bottom cell and the projection to the top cell to pull back

and push forward Adams differentials for S%°/7 to Adams differentials for the motivic
sphere.

(5) Apply a variety of ad hoc arguments to deduce additional Adams differentials for the
motivic sphere. The most important method involves shuffling Toda brackets.

(6) Use a long exact sequence in homotopy groups to deduce hidden 7-extensions in the
motivic Adams spectral sequence for the sphere.

(7) Invert 7 to obtain the classical Adams spectral sequence and the classical stable
homotopy groups.

We'd like to highlight a few consequences of our stem-wise computations.

Example 1.16. Consider the following four differentials in the classical Adams spectral
sequence for the 2-completed sphere.

(1) There is a dj differential in the 15-stem
ds(hohy) = hodp.

This is proved by May and Mahowald-Tangora in [37,[38] by comparing with Toda’s
unstable computations [58].

(2) There is a d, differential in the 38-stem
d4(h3h5) = hoflf.
This is proved in Mahowald-Tangora [37] by an ad-hoc method using a certain finite
CW spectrum.
(3) There is a dj differential in the 38-stem
d3(61) = hlt.
This is proved by Bruner in [7] by power operations in the Adams spectral sequence.
(4) There is a ds differential in the 61-stem
dg(Dg) - Bg.

This is proved by the second and third authors [64] using the RP*>-technique. The
proof of this differential in [64] is a significant part of the proof that the 61-sphere
has a unique smooth structure.
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It turns out that all these four differentials can be proved by our method. They all
correspond to nontrivial differentials in the algebraic Novikov spectral sequence with the
same length, and therefore are all consequences of purely algebraic computations and our

Theorem [L.T4]

Remark 1.17. For some of the differentials computed by Isaksen, the second and the
third authors [27] using Theorem [[.T4], our method gives the only proof. For example,
we prove an Adams ds-differential in the 68-stem

d3(d2) = th?n

which shows the non-existence of the homotopy class k9 in mgg. As another example, we
prove an Adams ds-differential in the 92-stem

d5(93) = h6d37

which shows the non-existence of the homotopy class k3 in mgo. Since both the elements dy
and g3 lie in a nonzero Sq°-family in the 4-line of the classical Adams E,-page, the two new
nontrivial differentials serves as new evidence of Minami’s new Doomsday Conjecture.

Remark 1.18. Theorem [[.14] can also be used to compute nontrivial extensions and
Toda brackets. For example, there is an n-extension from hsd; to N in the 46-stem.
This is proved by the second and third authors [65], Proposition 1.3(2)] using the RP>-
technique. As another example, there is a Toda bracket

<947 27 U2>

in the 45-stem. It is computed by Isaksen in |26, Lemma 4.2.91] by ad hoc methods.
This Toda bracket computation is crucial in the third author’s proof [66] that

205 =0

in the 62-stem. Both the nontrivial n-extension and the Toda bracket computations
are present in the motivic homotopy groups of S°°/r. By Theorem [[LT4], they can be
computed by the product and Massey product structure on the classical Adams-Novikov
Es-page. In particular, the corresponding 3-fold Massey product can be verified in the
algebraic Novikov spectral sequence using May’s convergence theorem [39]. Therefore,
both the nontrivial n-extension and the Toda bracket computations are consequences of
purely algebraic computations and our Theorem [L.T4]
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1.4. Organization. This paper is organized in two parts.

In Part 1, we prove the equivalence of stable co-categories in Theorem and Theorem
LTIl Our proofs use a theorem of Lurie in Higher Algebra [34] on the relation between
a stable oo-category with a t-structure and the derived category of its heart. We recall
Lurie’s theorem in Section 2, and prove Theorem and Theorem [[L.11] in Section 3
and 4. We also prove Corollary 1.2 in the end of Section 4. We introduce the absolute
Adams-Novikov spectral sequence in the category S%°/ T—Modi in Section 5, which is
necessary for our proof of Theorem LTIl

In Part 2, we prove the isomorphism of spectral sequences in Theorem [[.T4l In Section
@ we recall the construction of the algebraic Novikov spectral sequence and discuss the
regrading. In Section[I0] we check that, through the equivalence of stable co-categories in
Theorem [[.T1], the algebraic Novikov tower in the derived category of BP,BP-comodules
corresponds to the motivic Adams tower of S®°/7 in the category of S%°/r-modules. In
Section 10, we re-compute certain low filtration and historically more difficult differentials
in the range up to the 45-stem at the prime 2, as an illustration of the power of the
isomorphism of spectral sequences in Theorem [[.14l
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Part 1. Equivalence of stable co-categories

The question of when the homotopy category of module spectra over a certain ring
spectrum is equivalent to the derived category of an abelian category as a triangulated
category has been studied in many context by many people. For example, Schwede and
Shipley [55] studied the case for the Eilenberg-Mac Lane spectrum HR, where R is a
commutative ring, Patchkoria [50] studied the case for the complex periodic K-theory
localized at an odd prime, Greenlees [I8] studied the case for the rational S'-equivarant
sphere spectrum, and Deligne and Goncharov [10] studied the case for the rational motivic
Eilenberg-Mac Lane spectrum HQ™'. The answers are positive in these cases. On the
other hand, Schwede [54] showed that the classical stable homotopy category is not a
derived category.

The goal of Part 1 is to prove that the homotopy category of harmonic S%°/7-spectra
whose MU™°*-homology are concentrated in bounded Chow degrees is equivalent to the
bounded derived category of MU, MU-comodules that are concentrated in even degrees.
In fact, we prove Theorem [L.TT] that There exists an equivalence of stable co-categories
that preserves the equipped t-structures

S0 /r-Mod} — D’(MU.MU-Comod).

We apply a theorem of Lurie in Higher Algebra [34], Proposition 1.3.3.7] on the relation
between a stable co-category with a t-structure and the derived category of its heart. As
a warm-up, we prove Theorem that there exists an equivalence of stable co-categories
that preserves the equipped t-structures

MU™ /7-Mod?,;, — D*(MU,-Mod).

cel

The structure of Part 1 is organized as follows. In Section 2, We recall the definition
of t-structures on stable oco-categories and Lurie’s theorem. We modify Lurie’s theorem
to our situation that are used to prove Theorem and Theorem [LTIl Using Dugger-
Isaksen’s [12] universal coefficient spectral sequence in the category MU™" /7-Mod?,,
we prove Theorem in Section 3. Based on an absolute version of the Adams-Novikov
spectral sequence in the category S%9/ T—Mod;, we prove Theorem [L11]in Section 4. We
also prove Corollary 1.2 in the end of Section 4. We set up the absolute Adams-Novikov
tower and its associated spectral sequence that is necessary in the proof of Theorem [L.11]
in Section 5. We present a brief account of the well known Morita equivalence of the two

abelian categories of MU, MU-comodules and BP,BP-comodules in Section 6.
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2. LURIE’S THEOREM ON t-STRUCTURES

In [34, Proposition 1.3.3.7], Lurie proves a theorem on the relation between a stable
oo-category with a t-structure and the derived category of its heart. In this section, we
state a corrollary of Lurie’s theorem as Proposition 2.1, and its dual version Proposition
2.2. Both propositions are used in Section 3 and 4. We will first state Proposition 2.1
and 2.2, and then recall relevant definitions and Lurie’s theorem. We use Lurie’s theorem
to prove Proposition 2.1 in the end of this section.

Let C be a stable co-category. Denote by ¥ its translation automorphism, by hC its
homotopy category, and by [—, —]¢ the abelian group of homotopy classes of maps in C.
When it is clear from the context, we will also denote it by [—, —].

Proposition 2.1. Let C be a stable co-category. Suppose that

(1) there exists a bounded t-structure on C,

(2) the abelian category A = hC" has enough projective objects,

(3) for any pair of objects X, Y € A, if X is projective, then the abelian groups [X7'X, Y]
vanish for i > 0.

Then there exists an equivalence of stable co-categories
F:D'(A) —C

extending the inclusion f : N(A) ~ C¥ C C, and which preserves t-structures. Here
N(A) is the nerve of the abelian category A and D°(A) is the stable full subcategory of
D~ (A) spanned by objects with bounded homology.

Note that the right hand side of the equivalence C is also bounded with respect to
its t-structure. Considering the opposite category, we have the following dual version of
Proposition 2.1.

Proposition 2.2. Let C be a stable co-category. Suppose that

(1) there exists a bounded t-structure on C,

(2) the abelian category A = hC® has enough injective objects,

(3) for any pair of objects X,Y € A, if Y is injective, then the abelian groups [X7'X,Y]c
vanish for i > 0.

Then there exists an equivalence of stable co-categories
G:D'A) —C

extending the inclusion g : N(A) ~ C¥ C C, and which preserves t-structures. Here
N(A) is the nerve of the abelian category A and D°(A) is the stable subcategory of
D*(A) spanned by objects with bounded homology.
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We recall from [34, Definition 1.2.1.4] that a t-structure on a stable co-category C is
defined as a t-structure on its homotopy category hC, which is a triangulated category.
More precisely, we have the following definition.

Definition 2.3. A t-structure on a stable co-category C is a pair of two full subcategories
C>0,C< that are stable under isomorphisms, satisfying the following three properties

(1) for X € C5p and Y € X7'C, we have [X,Y]c =0,
(2) there are inclusions Y.Csq C C>q, X7 'C<o C C<y,

(3) for any X € C, there exists a fiber sequence
Xog —> X —> Xy,
with X5q € C5p and X<_; € X7 1C.
Note that as in [34], we use homological indexing convention.

Definition 2.4. Let C and C’ be stable co-categories equipped with ¢-structures. We
say that an exact functor f : C — C' is right t-ezact, if it carries C>o to C5,. An exact
functor f: C — C'is left t-exact, if it carries C<o to CLy. A functor is t-ezact if it is both
left and right t-exact.

Definition 2.5. Denote by C>,, and C<,, the co-categories ¥"C>( and ¥"C< respectively.
For every integer n, the subcategories Cs,, and C<, sit in adjunctions

Con==C and C == Cen,

T>n

where 75, and 7<,, are called the n'-truncation functors.

Sometimes the truncation functors are post-composed with the inclusion functors, so
they land in C.

Definition 2.6. Denote by C* and C~ the stable full subcategories spanned by left-
bounded and right-bounded objects in C

C* := hocolim (Cgo —> Cq —> )7

C~ = hocolim (Czo —> C>_ | —> )7

and by C® := C* N C~ be the stable subcategory of bounded objects. We say that the
t-structure is left-bounded, right-bounded, or bounded, if the inclusions of C*, C~ or CP
respectively, in C, is an equivalence.

The intersection C¥ = Cso N C< is called the heart of the t-structure.



THE SPECIAL FIBER OF THE MOTIVIC DEFORMATION IS ALGEBRAIC 21

The oo-category C* is always equivalent to (the nerve of) its homotopy category hC",
which is an abelian category. Following [34], we abuse the notation by identifying C%
with the abelian category hC®.

Definition 2.7. Let C be a stable co-category equipped with a t-structure. We define
the left completion C of C to be a homotopy limit of the tower

T§1 TSO TSO
C<s C< <0

We say that C is left-complete if the functor C —— C is an equivalence. The left
completion C is again a stable oo-category and inherits a t-structure from C.

Two important examples of stable co-categories with t-structures are the oo-category
of spectra (as discussed in Section 1.4 of [34]) and the derived co-category of an abelian
category (as discussed in Section 1.3 of [34]).

Example 2.8. Denote by Spectra the oco-category of spectra and the two full subcate-
gories
Spectra., = {X € Spectra | 7,X = 0 for n < 0},

Spectra_, = {X € Spectra | 7,X = 0 for n > 0}.

define a t-structure. Left and right bounded objects correspond to connective and co-
connective spectra respectively, and its heart can be identified with the abelian category
of abelian groups. Moreover, as proved in [34, Proposition 1.4.3.6], it is left-complete.

Example 2.9. Suppose that A is an abelian category with enough projective objects.
There exists an associated derived oo-category D~ (A), whose objects can be identified
with (right-bounded) chain complexes with values in A. This co-category D~ (.A) is stable
and its homotopy category hD~(A) can be identified as the usual derived category as
triangulated categories.

It admits a natural t-structure defined by

e D~ (A)>g is the full subcategory spanned by the complexes whose homology vanishes

in negative degrees,

e D~ (A)<g is the full subcategory spanned by the complexes whose homology vanishes

in in positive degrees.

As proved in [34] Propsition 1.3.3.16], this t-structure is left complete and right bounded.
Moreover, as proved in [34, Propsition 1.3.3.12], the derived oo-category D~(.A) has a
universal property in the sense that if C is any stable co-category equipped with a left
complete t-structure, then any right exact functor A — C¥ extends (in an essentially
unique way) to a right t-exact functor D~ (A) — C.
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We have the following recognition criterion due to Lurie [34, Proposition 1.3.3.7].

Proposition 2.10. Let C be a stable co-category equipped with a left complete t-structure,
whose heart A = hCY has enough projective objects. Then there exists an essential unique
t-exact functor
F:D (A —C

extending the inclusion f : N(A) ~C¥ C C.

Moreover, the following two conditions are equivalent:

e The functor F is fully faithful.

e For any pair of objects X, Y € A, if X is projective, then the abelian groups [~ X, Y]c

vanish for i > 0.

If the conditions are satisfied, then the essential image of F is the full subcategory C~ =
U,, C>n of right bounded objects in C.

Remark 2.11. It is clear that if we restrict the functor F' on the bounded stable sub-
category D°(A), then it gives an equivalence of stable co-categories

F:D(A) —
that preserves t-structures.

Remark 2.12. Lurie’s theorem is exactly the reason we are working with stable co-
categories instead of triangulated categories. Given a triangulated category equipped
with a t-structure, there in general does not exist a functor from the derived category
of the heart to the original triangulated category extending the identity functor on the
heart (see [14] for more details for example). However, if the triangulated category comes
from the homotopy category of a stable co-category, then such a functor always exists.
Moreover, Lurie’s theorem gives us a recognition criterion in terms of homological algebra
to see when such a functor is also an equivalence and preserves t-structures.

Now we use Lurie’s theorem to prove Proposition 2.1]

Proof. As explained in Remark 1.2.1.18 in [34], for any stable oco-category C with a t-
structure, the functor C — C induces an equivalence
~ +

Ct—(C) .
For the stable oco-category C with a bounded ¢-structure in the statement of Proposition
2.1, we consider its left-completion C so we could apply Proposition 2.10. Therefore,
the equivalence in the statement of Proposition 2.1l comes from the following zigzag of
equivalences:

CeCt— (O) « (@) +— DA,
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where the first equivalence comes from the fact that the t-structure on C is bounded, the
third equivalence comes from the fact that the ¢-structure on C is right bounded since C
is, and the last equivalence comes from Lurie’s theorem and Remark 2.11. 0

3. AN ALGEBRAIC MODEL FOR CELLULAR MU™"® /7-MODULES

In this section, we use Proposition 2] to prove Theorem [[L9. Namely, there exists a
t-exact equivalence of stable oo-categories

MU™* /7-Mod?,, — D*(MU,-Mod),

cel

whose restriction on the heart is given by

Tow : MU /7-Mod;,, — MU,-Mod.

cell

In Section B.Il we first recall the universal coefficient spectral sequence in the cate-
gory MU™" /7-Mod,., which is constructed by Dugger-Isaksen [12]. This is stated as
Theorem Using this spectral sequence, we prove the equivalence on the heart as
Proposition in Section 3.2. Then, using this spectral sequence again, we show in
Section 3.3 that the full subcategories

MU™ /7-Modg;", MU™ /7-Mod/"

cell cell

define a t-structure. This concludes the equivalence of stable co-categories as Proposition
and Theorem 3.7
We will use in Section [ the above equivalence of stable oo-categories to construct
enough motivic spectra to build MU™* /7-based Adams resolutions in the category S%° /7-Mod,.

3.1. The category MUm™ot /T-Modcen and the universal coefficient spectral se-

quence. We begin with two adjunctions. The first adjunction
500 /7 N—
(31) SO’O-MOdceH — SO’O/T-MOdceH,
U

between cellular S®%-modules and cellular S%°/7-modules is induced by the E,.-ring map
S00 5 SO’O/T.

Since MU™" /7 is a cellular E,.-S%°/7-algebra, the above adjunction (3.1 extends to

SO’O/T/\— MU™ot A
(3.2) S Mod.y === S°°/7-Mod.iy == MU™"/7-Mod_a.
U U



24 BOGDAN GHEORGHE, GUOZHEN WANG, AND ZHOULI XU

Definition 3.1. Define
MU /7-Mod’
as the full subcategory of MUY" /7-Mod spanned by all modules M, , that are concen-

*,%

trated in Chow degree 0, i.e., M, ,, = 0 whenever s # 2w.

We thus have a commutative diagram

Tl %

MU™"/7-Mod .1 MU /7-Mod

| ]

MU™* /7-Mod, MUY /7-Mod”.

As explained in Remark [[L.I0] forgetting the motivic weight we have an equivalence
MU?¢"-Mod" = MU,-Mod.

To show that the restriction of m, . to the heart induces an equivalence

Ton: b (MU™ /7-Mod?,) — MU,-Mod,

cell

we recall the universal coefficient spectral sequence constructed by Dugger-Isaksen in
[12]. This spectral sequence is our main tool to compute homotopy classes of maps in
the stable co-category MU™ /7-Mod..q.

Theorem 3.2 (Universal Coefficient spectral sequence). For any X,Y € MU™"/7-Mod.,
there is a conditionally convergent spectral sequence

s,t,w s, t,w —Ss,w
Ey"Y = EXtMUg:zt/T(Tr*’*X7 T Y ) = [E7X, Y] MUmOt /7 -
Moreover, if both 7, . X and m,.Y are concentrated in bounded Chow degrees, then the

spectral sequence convergences strongly and collapses at a finite page.

Proof. We refer to [12, Proposition 7.7] for the precise construction of the spectral se-
quence and the proof of conditional convergence. For the second statement of the theo-
rem, we recall a few facts from the proof of [12, Proposition 7.7].

The Ej-page arises from a free resolution over MU??t /T

0 D — W*,*X < 7T>»<,>|<F’O D — 7T>)<,>|<F’1 < -

and is given by
EPY = Hompgymot /7 (T i (BP9 Fy), 7Y).
The Es,-page is the cohomology of this chain complex, giving the claimed Ext groups.
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Suppose that 7, X and 7, Y are concentrated in Chow degrees [a, b] and [c, d] respec-
tively, where a < b and ¢ < d. Since MUfjf:t /7 is concentrated in Chow degree 0, we
can choose all 7, ,(F) such that they are concentrated in Chow degrees [a, b]. Therefore
T (XY Fy) is concentrated in Chow degrees

la+ (t —2w), b+ (t — 2w)]
for all s > 0.
In order for the group E{*" to be nonzero, we must have
c<b+(t—2w), d>a+(t—2w).
For a fixed weight w, this gives that

telc—b+2w,d—a+2uwl.

Since later pages E5" are iterated subquotients of Ef’t’w

trated in [c — b+ 2w, d — a + 2w).
Recall that the d,-differential has the form

, their t-degrees are all concen-

dr
Eﬁ,t,w Eﬁ—l—r,t—l—r—l,w.

In particular, it changes the t-degrees by » — 1. Since the t-degrees of all possible nonzero
elements in the Ej-page satisfy t € [¢c — b+ 2w, d — a + 2w], we must have d, = 0 when

r—1>(d—-a+2w)—(c—b+2w)=(b—a)+ (d—c)

for degree reasons. In other words, the spectral sequence collapses at the E_a)4(d—c)+2
page.
Therefore, under the condition that both 7, ,X and , .Y are concentrated in bounded

Chow degrees, this spectral sequence convergences strongly and collapses at a finite page.
O

Recall from Definition [I.7] that

MU™* /7-Mod”="

cell »

MU™* /7-Mod”="

cell »

MU™* /7-Mod?,

cell

are the full subcategories of MU™ /7-Mod?,,, that are spanned by objects whose homo-
topy groups are concentrated in nonnegative, nonpositive and zero Chow degrees respec-
tively.
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Corollary 3.3. Given X € MU™"/7-Mod”7° and Y € MU™" /7-Mod">°. The abelian
group of homotopy classes of bidegree (0,0) can be computed algebraically by the isomor-
phism

X, Y]MUmot/T — HomMUmot*,*/T(W*,*Xa TenY)

that is induced by applying m, ..

Proof. Consider the the Fj-page of the universal coefficient spectral sequence, the tri-
degrees that converge to the bidegree (0,0) are of the form (¢,¢,0) for ¢ > 0, i.e., the
parts By = EyY0.

By the proof of Theorem [3.2, the t-degrees of all possible nonzero elements in the
E,-page and therefore Es-page satisfy t < d —a+ 2w = d — a. Since 7, ,X and 7, .Y are
concentrated in nonnegative and nonpositive bounded Chow degrees, we have d = a = 0.
Therefore, we have t < 0.

Combining both facts, we have established that the only possible nonzero elements in
the E,-page that converge to the bidegree (0,0) are in

0,0,0 _
E2 = HomMUmot*’*/T (7T*7*X, W*’*Y) .

To show that all elements in ES 00 survive in the spectral sequence, firstly note that they
are not targets of any nonzero differentials since they are in s-degree 0. Secondly, all d,-
differentials for » > 2 increase the t-degree. Since the t-degrees of all nonzero elements are
non-positive, the elements in ES’O’O do not support nonzero differentials. This completes
the proof. O

3.2. The equivalence on the heart. Now we are ready to show that the functor ,
induces an equivalence on the heart. The following is a special case of Corollary B.3

Corollary 3.4. The functor
Tyt MU /7-Mod?,, —— MU™'/7-Mod"

cell ¥

1s fully faithful. Here the right hand side is understood as a discrete co-category.
Proof. For two objects X, Y € MU™"/7-Mod_,,, by Corollary B3, the edge homomor-

cell?
phism
[X, Y Jygmet . ——> Homygymor (1., X, 7, .Y)

is an isomorphism. This shows that 7, , is fully faithful. O
Since we are dealing with cellular objects, the only objects that have zero homotopy

groups are contractible. To show the equivalence on the heart, we only need to show the
essential surjectivity of m, .
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Proposition 3.5. The functor
vt MU /7-Mody,;, ——> MU /7-Mod’

*

s an equivalence of oco-categories.

Proof. We need to show that for any module M € MU™"/7-Mod?, it can be realized as

*,k
Q

cell”

the homotopy groups of an object in MU™" /7-Mod
Suppose that M is a free MU™" /7-module that is concentrated in Chow degree 0.

M = P S MMUTS /7
iel

Here X2%:MMUPY/7 is a free bigraded rank 1 module over MU' /7 with a shift of
bidegree (2k;, k;). We can realize M as the homotopy groups of the wedge

\/ 22ki,kiMUmot/T

iel
with the same index set, which is cellular.

For an arbitrary M € MUfjf:t /7-Mod", we can pick a free resolution

f f
(3.3) 0<~— M Fy<— F, <— F, <

in MU' /7-Mod".
Each F; can be realized by

Z; € MU™* /7-Mod.,

cell

and by Corollary B4, each map f; can be realized by a map g; € MU™"/ 7'-1\/Iod§OH as in

g1 92

Ly <— Zy <—— Ly <

We claim that we can construct a tower

Xy —> Xy —> o,

with the property that the homotopy groups of X; are concentrated in Chow degrees 0
and i. The Chow degree 0 part is isomorphic to M = Coker f;, and the Chow degree
i part is isomorphic to X*°Kerf;. Note that since each f; is a map in MU?:t /7-Mod’,
both bigraded modules Coker f; and Ker f; are concentrated in Chow degree 0. In other
words, they are given by

M = Cokerf;, ifk=0

“+oo
P mairi(Xi) = TOKerf; if k=i
l=—00 0 otherwise.

We prove this claim inductively.
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In fact, we can choose X to be the cofiber of
g1 : Z1 — Z(].
This gives us a long exact sequence on homotopy groups

fi
e 7T*+17*X1 — 7T*7*Zl — 7T*7*ZO — 7T*7*X1 —

Since both 7, ,.Zy and , .Z; are concentrated in Chow degree 0, we must have that
T« +X1 is concentrated in Chow degree 0 and 1. We can compute directly from the
long exact sequence that the Chow degree 0 and 1 parts of 7, ,X; are isomorphic to
M = Coker f; and X1Ker f; respectively.

Suppose now that we have constructed the tower up to X;. We have a homomorphism

W*,*Zz‘+1 = Fiy —> Imfi = Kerf; —> W*,*(E_i’oXi)

in MUf}it /7-Mod". Here the first map is induced by fi,; and the second map corresponds
to the Chow degree ¢ part of m, .Xj.
By Corollary B3] this homomorphism can be realized as a map

Zi1 —> 270X,
Define X;,; as the X*%-suspension of its cofiber, so we have a cofiber sequence
i,0
X i —> Xy —> X

By the associated long exact sequence in homotopy groups, we have that m, . X, is
concentrated in Chow degrees 0 and ¢ + 1. The Chow degree 0 part is isomorphic to M,
and the Chow degree i + 1 part is isomorphic to " 1%Ker ;| as required.

Having the tower

X, —> Xy —> -+
we define X as its homotopy colimit
X = hocolim (X; —> Xy —> --+).
The homotopy groups of X are computed by the colimit
TanX Zcolim (1, X] —> T Xg —> -+ ) =M

and are in particular concentrated in Chow degree 0.
mot

Therefore we have proved that any module M € MU}/ 7-Mod" can be realized as a
spectrum X € MU™"'/7-Mod?, O

cell
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3.3. The t-structure, and the equivalence of the categories. We prove that the
full subcategories previously defined satisfy the required axioms for the t-structure.

Proposition 3.6. The pair of full subcategories
MU™* /7-Mod.;i°, MU™"/7-Mod_;’

cell cell

defines a bounded t-structure on

MU™ /7 -Mod?,

cell*

Proof. There are three axioms to check for the ¢-structure.
The second axiom

SH(MU™ /r-Mod?5") € MU™' /7-Mody3"

cell cell

SHO(MU™ /-Mod5") € MU™" /7-Mod?;’

cell cell
follows directly from the definition of the Chow degree.
For the first axiom, we need to show that

[ X, Y gy jr =0
for any objects

X € MU™*/7-Mod.3’, Y € £"'MU™"/7-Mod_;".

cell cell

By Corollary B.3, we have that
[X, Y Jagmer /7 = Homypymet /7 (5, X, 1Y)

Since 7, X is concentrated in non-negative Chow degrees and 7, .Y is concentrated in
negative Chow degrees, the right hand side is zero.
For the third axiom, we need to show that for any

X € MU™* /7-Mod”

celly
there exists a fiber sequence
Xsog—> X —> X
such that
X9 € MU™ /7-Mod_5°, X<_; € 57" (MU™ /7-Mod_ ;")

Suppose that m, .(X) is concentrated in Chow degrees [n, m], where m > n.
If n > 0, we can take the fiber sequence

X — X —> x.



30 BOGDAN GHEORGHE, GUOZHEN WANG, AND ZHOULI XU

If n <0, then 7, ,(X7X) is concentrated in Chow degrees [0,m — n]. Consider the
Chow degree 0 part of 7, ,(X7™%X), namely

@ ng,k(g_n’oX).
k

By Proposition there is a spectrum
X,, € MU™"/r-Mod_,

cell

realizing this bigraded MU} /7-module

7T*7*Xn = @ 7T2k,k(2_n’0X).
k

Consider the projection map

W*’*(E_H’OX> - @ﬂ-%’k(z—n,OX) = 7T*,*Xn.
k

Note that
20X e MU™ /7-Mod”3".

cell

Therefore, by Corollary 3.3, the projection map can be realized by a map
X — X,
Denote by X, 11, the Y0-suspension of its fiber. This gives a fiber sequence
Xiptim —> X —> X,

From the long exact sequence in homotopy groups, we have that 7, X[ 41,, is con-
centrated in Chow degrees [n + 1,m], and that the map X, 41, —> X induces an

isomorphism of homotopy groups in Chow degrees [n + 1, m].

b

Iterating this process, we can construct a finite sequence of maps in MU™" /7-Mod,,,

Xom —> Xcim) —> - —> Xpgi,m) —> X,

where X[, € MU™"/ T'MOdgéﬁo-

Now define X>¢ = X|o,,), and X<_; to be the cofiber of the above composition of
maps. This gives the desired cofiber sequence

XZO — X — Xg—la

with
X<y € 27O (MU™* /7-Mod?3"),

cell
since the map X>; —— X induces an isomorphism of homotopy groups in Chow degrees
[0, m] by construction. O
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Having this ¢-structure on MU™" /7-Mod®,;, the main result of this sections follows

from Proposition 211
Theorem 3.7. There is a t-exact equivalence of stable co-categories

DY(MU,-Mod) — > MU™ /r-Mod"

cell*
Proof. 1t is clear that the t-structure is bounded. By Proposition [3.5] and the equivalence
MUTY-Mod’ = MU,-Mod,

the heart can be identified as modules over MU,. Therefore, it has enough projective
objects.

It remains to show that for any two objects
X,Y € MU™"/7-Mod{,

mot
* %

/T, we have that

[E7X, Y yymer ), = 0

with 7, ,X projective over MU

for ¢ > 0.
We apply the Universal Coefficient spectral sequence in Theorem [3.2]

Eth\}It[}zg:zt/T(W*’*X’ 7T*7*Y) — [Zt—SﬂUX’ Y]MUmot/T,

Since T, ,X is projective over MUY /7, the Fy-page of the spectral sequence is con-

centrated on the line s = 0, and there’fore collapses at the Fy-page.

Moreover, since both 7, ,X and 7, .Y are concentrated in Chow degree 0, the Es-page
is also concentrated in Chow degree 0, namely ¢ — 2w = 0 in this case.

We are interested in the case t — s = —i < 0 and w = 0. By the above analysis, the
corresponding tri-degrees in the Esy-page are all 0 in our case. Therefore, we must have
that

[E70X, Y ypymer = 0.

This completes the proof. O

4. AN ALGEBRAIC MODEL FOR CELLULAR S%Y/7-MODULES

After the warmup in Section 3, we use Proposition 2.2]to prove Theorem [LTIl Namely,
There exists a t-exact equivalence of stable co-categories

5% /7-Mody — D’(MU,MU-Comod),
whose restriction on the heart is given by

MU §90/7-Mody — MU,MU-Comod.
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The structure of this section is similar to that of Section 3.

In Section FT] we discuss the category of harmonic S%°/7-modules. We will also recall
certain facts on the category of MU, MU-comodules, such as the Landweber’s Filtration
Theorem. Instead of using the universal coefficient spectral sequence in the category
MU™" /7-Mod,q, we will use the absolute Adams-Novikov spectral sequence in the
category of harmonic S°°/7-modules. This spectral sequence is constructed in Section 5.
Using this spectral sequence, we prove the equivalence on the heart as Proposition .11
in Section 4.2. Then again using this spectral sequence, we show in Section 4.3 that the
full subcategories

S%0/r-Modg™’, S°°/7-Mod="’

define a t-structure and conclude the equivalence of stable oco-categories as Proposition
4.12] and Theorem (4.13]

4.1. The categories S%°/7-Modg and MU,MU-Comod. We first recall from Defi-
nition [LH that a S%°/7-module spectrum Y is harmonic if it is cellular and the natural
map

A
Y —> YMUmot
is an isomorphism on m, .. It is clear that in the category 50,0 /T-Mod.y, being harmonic
is closed under taking suspensions, finite products and fibers. The category of harmonic

S99 /r-module spectra is denoted by S%°/7-Modg,.
We have the following examples and non-examples of harmonic S%°/7-module spectra.

Example 4.1.
(1) Any finite cellular object in S%°/7-Mod is harmonic.
(2) Any finite cellular object in MU™"/7-Mod is harmonic.

(3) The n-inverted cofiber of 7 is cellular but not harmonic.
Here 7 is the Hopf map in 71,1 5%°. Post-composing with the unit map S%° — S%0/7,
we also denote its Hurewicz image in 7, 15%%/7 by 7. It is non-nilpotent in the ring
T, 5% /7. The n-inverted cofiber of 7

n~tS8% /7 .= hocolim <SO’O/7' — N800/ 22800 /L )

is a cellular object in S%°/7-Mod. Since 1 maps to zero in ; ; MU™", the completion
(71807 ymer 18 contractible. Therefore, the spectrum 7~'S%°/7 is not harmonic.

We need the following Lemma in the proof of Proposition .11l whose proof we
postpone until the end of Section 5.
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Lemma 4.2. Suppose that {Y,} is a filtered system in S®°/7-Mody,, such that each Y,
is harmonic. Then the homotopy colimit of {Y,} in S%°/r-Mod_,, is also harmonic.

cel
We also recall that for a S%°/r-module X, its MU™*-homology is defined as
MU:S::tX = 7T>»<,>|<(1\/]:VUH’lOt /\ X) = 7T*7*(MUm0t/T /\50,0/7— X)

Following computations of MUf:f:tMUmOt from Hu-Kriz-Ormsby and Dugger-Isaksen
[T1,23], we have the MU™*-homology of MU™" /7

e (MU /7 Agoo 1 MU /7) 22 MU /7[by, by, ... ] =2 MUZZMU™ /-
where |b;| = (24,4), and is in Chow degree 0.
Definition 4.3. Denote by
MUP*MU™ /7-Comod
the abelian category of left comodules over the Hopf algebroid 1\/IU1ffgt1\/IUm°t /7, and by
MUP*MU™ /7-Comod”

its full subcategory spanned by all comodules M whose underlying MUfﬁt /T-modules are
concentrated in Chow degree 0.

We thus have a commutative diagram

mot

$%0 /7 Modg ———— MU™MU™" /7-Comod

*,%

I MUzt ]

SO,O/T_MOdi MUfthUmOt/T—Comodo.

Forgetting the motivic weight, we have the equivalence
MUPMU™* /7-Comod’ = MU, MU-Comod.
Recall that we have the adjunction between modules and comodules
(4.1) U: MU?ﬁtMUmOt/T—Comod — MUf}ft/T—Mod: MUf}ftMUmOt/T Onymot /7 =

Note that the forgetful functor is a left adjoint, while the tensor-up functor is a right
adjoint. We refer to [20, Section 1.1] for more details.
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Using the ring map S%°/7 —— MU™"/7, we can form the commutative diagram

T %

MU™ /7-Mod.en MU /7-Mod

MU™ /7 Agy — U
MUzt

S0 /7-Mod.a MUP'MU™* /7-Comod.

For the category of comodules over MU, MU, we recall the Landweber’s Filtration
Theorem. Recall from [30], [31] that there are elements v, € MU, with vy = p, giving
the invariant prime ideals I, = (vy, .. .,v,) < MU,. Moreover, these elements satisfy the
formula

nR(Un) = Up mod In—1>
and so MU, /I, is canonically a comodule over MU, MU. This gives a short exact sequence
of comodules

0 —> MU, /I, —> MU, /I, —> MU, /I,,.; —> 0,

for every n > 0. Landweber’s Filtration Theorem ([30], [31]) states that any comodule M
over MU,MU whose underlying MU,-module is finitely presented, can be reconstructed
by finitely many extensions of suspensions of MU, /I,,’s.

Theorem 4.4 (Landweber’s Filtration Theorem). Suppose that S is a subset of
MU, MU-Comod such that

(1) it contains MU, and MU, /1,,’s for alln >0,
(2) and it is closed under suspensions and extensions.

Then S contains all comodules over MU MU whose underlying MU, -modules are finitely
presented.

There are two more facts that we will use on the category MU, MU-Comod. The first
one is the following lemma. For a proof, see Miller-Ravenel [42] Lemma 2.11] and Hovey
[20] for example.

Lemma 4.5. Any comodules over MU,MU 1is a filtered colimit of finitely presented co-
modules.

The second one is a standard fact.

Lemma 4.6. The category MU, MU-Comod has enough injective objects.
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b

cel

In Section 3, an important tool for the category MU™" /7-Mod,, is the universal co-
efficient spectral sequence. For the category S%°/ T—Modl;, we will construct the absolute
Adams-Novikov spectral sequence, namely, for any two objects X and Y in this category,

there is a strongly convergent spectral sequence that collapses at a finite page.

Eth\/f[’}gtthUInot/T(MUI::th, MUT:?tY) :> [Zt—S,UJX’ Y] SOvO/Ta

with differentials

. s,t,w s+r,t+r—1w
dp: ESY — > E° .

The existence of this absolute Adams-Novikov spectral sequence in the category S%°/ T—Modi"
is proved as Theorem in Section 5.

Using the absolute Adams-Novikov spectral sequence, we will prove the following Corol-
lary 27 and [£§] in Section 5.3.

Corollary 4.7. Given X € S°°/7-Mod}™" and Y € S*°/7-Mody=", the abelian group
of homotopy classes of degree (0,0) maps can be computed algebraically by the isomor-
phism

[X, Y] 50.0 /7 —7 HomMU;‘j‘thU"‘Ot/T(MU]:,ltha MU?TY)

that is induced by applying MUf,ft.

Corollary 4.8. Given X,Y € S%°/7-Modyg, for any bidegree (t,w), there is an isomor-
phism
(S X, Y]g00,, 2 Extyy oot (MUPYX, MUPYY).

MUg‘thUmOt/T

4.2. The equivalence on the heart. Now we are ready to show that the functor MUfjf:t
induces an equivalence on the heart. The following is a special case of Corollary 7]

Corollary 4.9. The functor

MU : §%0/r-Modg —— MUP'MU™ /7-Comod”

*

is fully faithful. Here the right hand side is understood as a discrete oo-category.

Proof. For objects X,Y € S%0/ T—Modz, by Corollary 7, the edge homomorphism

MUin’i’t
[X, Y] 50,0 /7 E—— HOmMUingtMUmot/T (MUf:itX, MUir’litY)

is an isomorphism. This shows that MU™" is fully faithful. U

* %k

Since we are dealing with cellular objects, the only objects that have zero homotopy
groups are contractible. To show the equivalence on the heart, we only need to show the
essential surjectivity of MU™

K,k 7
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Unlike the case for modules over MUf’ft /7, we do not have free resolutions for co-

modules over MUP'MU™* /7. We will instead use Landweber’s Filtration Theorem to
realize all comodules that are finitely presented, and then extend the result using filtered
colimits.

We start with the following 2-out-of-3 Lemma.

Lemma 4.10. Consider any short exact sequence in MU™**MU™" /7-Comod”

*, %

f/ f//
(4.2) 0—> M —> M —> M" —> 0.

If any two of the three comodules M', M, M" are realizable in SO’O/T—MOdz, then so is
the third.

Proof. There are three cases that we need to prove.
(1) Suppose that both comodules M’ and M are realizable by
M =MUPYX', M= MUY X.
By Corollary 4.9] the algebraic map f’ is also realizable as the MUfit—homology of a
map
x L x
Since S%°/ T-Modl; is closed under taking cofibers, we can realize the comodule M”

by the MUfﬁt-homology of the cofiber of F’. In fact, the associated long exact
sequence on the MUf}:t—homology tells us

M// o MUmOtX//
where X" is the the cofiber of F".

(2) Suppose that both comodules M and M” are realizable. Then we realize the algebraic
map and take the fiber instead. The same argument shows that it realizes M’.

(3) Suppose that both comodules M’ and M" are realizable by
M/ ~ MUmOtX/ M// ~ MUmOtX//
In this case, the short exact sequence (4.2)) corresponds to an element in

Eth,O,O (M//, M/).

MURSEMUmOt /7
By Corollary L8] this algebraic element can be realized by a map
F . E—I,OXII Xl

Define X to be the cofiber of the map F'. Then X realizes M. In fact, F' is detected
on the 1-line of the Adams-Novikov spectral sequence. By the construction of the
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absolute Adams-Novikov spectral sequence, it is characterized by the short exact
sequence on the MU™*-homology groups that corresponds to the extension (Z.2]).

This completes the proof. O

Now we prove the equivalence on the heart.
Proposition 4.11. The functor

MU §90/r-Mody —— MUP'MU™/7-Comod”
s an equivalence of categories.

Proof. We only need to show that the functor MUlfft is essentially surjective. In other
words, for any comodule M € 1\/IU’““°tl\/[U]mOt /7-Comod", we show that it can be realized
as a harmonic S*°/7-module X, whose MUm"t-homology is M. This follows from Lemma
410, 4.5 £.2 and Landweber’s Filtration Theorem via the equivalence

MUP'MU™ " /7-Comod’ = MU,MU-Comod.

In fact, first note that MU, corresponds MUY /7, and is therefore realized by S%°/7.
By Lemma .10, we can inductively realized comodules MU, /I,, for all n > 0. Then by
Landweber’s Filtration Theorem and Lemma [£.10, we can realized all finitely presented
comodules.

For any comodule M € MUmOtMUmOt /7-Comod”, or equivalently a comodule over
MU,MU, we can write it as a ﬁltered colimit of ﬁmtely presented ones M,,

M = colim M,,.

By the above discussion, we can realize each M, by X, € S%0/ T—Modi. Moreover, by
Corollary .9, we can realize the whole filtered system {M,} by a filtered system {X,}.
Taking the homotopy colimit, we define

X = hocolim X,.

By Lemma [42] X is harmonic. Since MUfjft commutes with filtered colimits, we have
that the comodule M is realized by X. This completes the proof. U

4.3. The t-structure and the equivalence of the categories. We prove that two
full subcategories satisfy the required axioms for the t-structure.

Proposition 4.12. The pair of full subcategories
S%0/7-Mody™’, $*°/7-Modg="’

defines a bounded t-structure on S*°/T-Mody,
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Proof. The proof is analogous to the proof of .There are three axioms to check for
the t-structure.
The second axiom

SH0(8%0/7-Mod)5’) € S*°/7-Mod5’

cell cell »

5050/ r-Modgi”) € 5°/7-Modyg

cell cell

follows directly from the definition of the Chow degree.
For the first axiom, we need to show that

[X,Y]g00/, =0
for any objects
X € S%/r-Mody™, Y € 7105 /7-Mody=".
By Corollary .7, we have that
(X, Y]s00/, — Homygumongymer /7 (MULS"X, MUZ'Y').

Since MUffitX is concentrated in non-negative Chow degrees and MUf,ftY is concen-
trated in negative Chow degrees, the right hand side is zero.
For the third axiom, we need to show that for any

X € S*°/7-Mody,
there exists a fiber sequence
XZO —> X —> Xg_l

such that
X>o € SO’O/T‘MOdizoa X< 1 € E_I’O(SO’O/T—ModZSO).

Suppose that MUf}ftX is concentrated in Chow degrees [n, m|, where m > n.
If n > 0, we can take the fiber sequence

X — X —> %,

If n < 0, then MUY (37X is concentrated in Chow degrees [0,m — n]. Consider
the Chow degree 0 part of MUP? (79X, namely the MUPS*MU™" /7-comodule

P Mug(ET0X).
k
By Proposition [L11] there is a spectrum
X, € MU™"/7-Mody
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realizing this bigraded MUYS" /7-module

MU X, = @ MU (E7"0X).

Consider the projection map

MUZH(D0X) —> @MU;@O}C BOX) & MURX,,.

Note that
20X € §*0/r-Mody=’.

Therefore, by Corollary [4.8 the projection map can be realized by a map
X — X,
Denote by Xj,41,, the X™-suspension of its fiber. This gives a fiber sequence
Xiptim —> X —> X,

From the long exact sequence in MU™*-homology groups, we have that MUf,ftX (n+1,m]
is concentrated in Chow degrees [n + 1,m], and that the map Xp, 1, —> X induces
an isomorphism of MU™°*-homology groups in Chow degrees [n + 1, m].

[terating this process, we can construct a finite sequence of maps in S%°/ T—Modl;

Xiogm) —> Xjcim) —> = —> Xpgim) —> X,

where X[g ) € SO’O/T—ModZFO
Now define X>¢ = X{o,,, and X<_; to be the cofiber of the above composition of
maps. This gives the desired cofiber sequence

XZO —_— X — X§—1>

with
X<y € 2719(5%0/7-Mody™"),

since the map X>o — X induces an isomorphism of MU™-homology groups in Chow
degrees [0, m] by construction.
O

Having this ¢-structure on S%°/ T-Modl;, the main result of this sections follows from
Proposition 2.2

Theorem 4.13. There is a t-exact equivalence of stable co-categories

DY(MU,MU-Comod) —— S$*°/7-Mody,.
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Proof. The proof is analogous to the proof of Theorem [3.7] It is clear that the t-structure
is bounded. By Proposition .11}, and the equivalence

MUPY'MU™* /7-Comod’ = MU, MU-Comod,

the heart can be identified as comodules over MU,MU. By Lemma [.6] it has enough
injective objects.
It remains to show that for objects

X, Y € 8%/r-Modg

with MUYS"Y injective over MULY'MU™ /7, we have that

[E_i’OX, Y]SO,O/T =0

for any ¢ > 0.
We apply the absolute Adams-Novikov spectral sequence
Extyiin (MU' X, MUY ) =[S X, Y]

MUPQMU™t /7 50.0/7

in the category S°°/7-Mody, as in Corollary

Since MU’:}?Y is an injective MUf}gtMUmOt /T-comodule, the Es-page of the spectral
sequence is concentrated on the line s = 0, and therefore collapses at the Fy-page.

Moreover, since both MUfjftX and MUfjftY are concentrated in Chow degree 0, the
Es-page is also concentrated in Chow degree 0, namely ¢t — 2w = 0 in this case.

We are interested in the case t — s = —i < 0 and w = 0. By the above analysis, the
corresponding tri-degrees in the Es-page are all 0 in our case. Therefore, we must have

that
[E_i’OX, Y]SO,O/T =0.

This completes the proof. O

Remark 4.14. We comment on the bi-grading in the equivalence of stable co-categories
in Theorem [4.13] through some examples.

(1) Tt is clear that S°°/7 corresponds to MU, in the derived category of MU,MU-
comodules.

(2) Consider ¥215%%/7. Since its MU™"-homology is concentrated in Chow degree 0, it
lives in the heart. Therefore, by the t-exactness, it corresponds to a cochain complex
that is concentrated in cohomological degree 0. A direct computation show that it cor-
responds to X2MU,. We also denote this object in the category D’(MU,MU-Comod)
by LMU,.
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(3) Consider ¥108%0 /7 Tts MU™-homology is concentrated in Chow degree —1. By
the t-exactness, it corresponds to the cochain complex that is concentrated in coho-

mological degree —1, with the comodule MU, in that cohomological degree. We also
denote this object by X1°MU,.

(4) In general, denote by X"™"MU, the object in the category D*(MU,MU-Comod) that
$mnG00 /7 corresponds to. Then ¥™"MU, is a cochain complex that is concentrated
in cohomological degree 2n — m, with the comodule ¥**MU, in that cohomological
degree.

Now we prove Corollary 1.2.

Proof of Corollary 1.2. Let S%°/7-Modg, be the category of finite cellular motivic left
module spectra over S*°/7, and D?(BP,BP-Comod)g, be the full subcategory of D*(BP,BP-Comod)
consisting of objects generated by BP, and its shifts (by both internal and homological
degrees) under finite colimits.
Since S%°/7 is harmonic, and corresponds to BP, under the equivalence in Theorem
[LIl we have an equivalence of stable oco-categories equipped with ¢-structures at each
prime p

D*(BP,BP-Comod)g, ~ S*°/7-Modg,.

By Theorem 5.3.5.11 of Lurie’s Higher Topos Theory [35], if C is a full subcategory of
an oo-category D, whose elements are compact, and generate D under filtered colimits,
then D is equivalent to the co-category Ind(C) of Ind-objects of C.

It follows that

S0 /7 Mod, e ~ Ind(S*°/7-Modg,,).

On the other hand, BP, generates Db(BP*BP—Comod)ﬁn under finite colimits. More-
over, it is proved by Hovey in [20], Section 6] that objects in the category
D (BP,BP-Comod)g, are compact, and generate Stable(BP.BP) under filtered colim-
its. It then follows from Theorem 5.3.5.11 of [35] that

Stable(BP,BP) ~ Ind(D’(BP,BP-Comod)s,).
Therefore, we have an equivalence of stable co-categories at each prime p

Stable(BP,BP) ~ S%°/7-Mod,..
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5. THE ABSOLUTE ADAMS-NOVIKOV SPECTRAL SEQUENCE

In Section [3], we use the universal coefficient spectral sequence

7t7 7t7 t— 3
By = Ext e, (X, 10,Y) =[S XY ] e,

of Theorem to compute homotopy classes of maps in MU™/7-Mod?,,. This is a
b

cel
of universal coefficient spectral sequence are defined in terms of homotopy groups. The

very convenient tool since both the t-structure on MU™" /7-Mod/,; and the E,-page
bounds in the t-structure corresponds to vanishing areas in the spectral sequence.

For the category S%°/ T—Modg., the t-structure is defined in terms of MU™-homology.
We therefore need a version of the motivic Adams-Novikov spectral sequence that com-
putes S%°/7-linear maps.

Recall from Dugger-Isaksen [I1, Section 8] or Hu-Kriz-Ormsby [23] the usual MU™'-
based motivic Adams-Novikov spectral sequence

*,%, %k mot ¢0,0 mot s A
EXtMUin’i)tMUmot (MU*’* S ) MU*,* Y) 7T’kv*)/I\/[LTmOt :

This spectral sequence is not what we need. We need a spectral sequence of the form

EXtMUf‘ﬁtMUmOt/T(MU:lthv MU??Y) = [Xu Yl\//[\UmOt]SO,O/T ’

for the following two reasons.

Firstly, we need a spectral sequence computing homotopy classes of maps in the cate-
gory S%0/ T-Modl;, instead of homotopy classes of maps between the underlying motivic
spectra.

Secondly, we need the first variable X to be a general spectrum than just the unit ob-
ject SO9/7. Classically, it seems to be a folklore theorem without published reference that
there exists an Adams-Novikov spectral sequence when the first variable X is arbitrary.
When the first variable X is the sphere spectrum, we can use the standard cosimplicial co-
bar Adams-Novikov resolution for the second variable Y to set up this spectral sequence.
This is done in [53 Chapter 2] classically and in [I1], Section 8] and [23] motivically. Such

mot
*,%

a resolution induces a resolution of MUY'"Y by relative injective comodules. It computes

the Ey-page as an Ext-group only when the first variable MU?TX is a projective module
over MU' /7 [53], Corollary A1.2.12]. Since our first variable X is arbitrary, the Ey-page
in general does not have a description as an Ext-group.

Instead of using the canonical Adams-Novikov tower that produces a resolution of
MUf,ftY by relative injectives, we construct an absolute Adams-Novikov tower that
produces a resolution of MUfjf:tY by absolute injectives. The first step is Lemma [5.1]

and Lemma [5.2] where we produce enough S%°/7-modules whose MU™*-homology are
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injective comodules. The second step is Lemma [5.3] where we show that we can al-
mot
The third step is Proposition [5.4], where we topologically realize the algebraic construction

b
cel

gebraically resolve comodules in MU™?*MU™*/7-Comod by these injective comodules.

to produce an absolute Adams-Novikov tower in the category S%°/7-Mod,,,. Finally, in
Theorem [5.5, we construct the absolute Adams-Novikov spectral sequence and analyze
its convergence.

5.1. The absolute Adams-Novikov tower. Recall that in the abelian category
1\/IU]>ff§t1\/IUm°t /7-Comod, monomorphisms, epimorphisms and exactness are defined on
the underlying abelian groups.

The following Lemma [5.1lis a consequence of Proposition 3.5 and the homology version
of Dugger-Isaksen’s the universal coefficient spectral sequence [12, Proposition 7.7].

Lemma 5.1. For any injective module N € MUfit/T-Modo, there exists I € MU™"/7-Mody,
such that

Tasd = N,
and that
MUZ T 2 MURSMU™ /7 @y qymet 5 N,
which is an injective MUTS"MU™ /7-comodule.

Proof. By Proposition 3.5 for N € MUf:,ft /7-Mod", there exists an essentially unique

cellular MU™©* /T-module I with the property that .. = N.
For the second condition, we have the equivalences

MUmOt/T /\CT ] ~ MUmOt/T /\C’—,— (MUmOt/T /\MUmot/T ])
>~ (MUmOt/T Ncor MUmOt/T) /\MUmot/T 1.

Since MU™" /7 is cellular, the homotopy groups of the last term can be computed by the
homology version of Dugger-Isaksen’s universal coefficient spectral sequence [12, Propo-
sition 7.7]

MUir:Zt/T
s,t,w

Tor (MUPSMU™ /7, 70, T ) = Tyss (MU /7 Acy MU™ /7 Ao/, 1)

in the category MU™" /7-Mod ..
Note that MUYY'MU™/7 is free and m, [ is injective over MU' /7, the spectral
sequence is therefore concentrated on the line s = 0 and collapses at the Es-page. This
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gives the following isomorphisms of comodules
MUPST =, ,(MU™ /7 A, T)
= 7, (MU /7 Acr MU /7 Aygmor ;- T)
~ Tory -+ /7 (MUPMU™ /7, 7, 1)
= MULMU™ /7 Omumet /r Taud
= MUZS'MU™ /T @yqymot 7 N
It is known that the comodules induced from injective modules are injective as co-

modules (see [53, Lemma A1.2.2] for example), this shows that MUS'T is an injective
MUP*MU™ /7-comodule. O

Lemma [5.11is our source of motivic S%°/7-modules whose MU™°* /7-homology is injec-
tive as a comodule.

Lemma 5.2. Suppose that I satisfies the conclusions of Lemma [51.  Then for any
X € §°0/r-Mod’,,, the abelian group of homotopy classes of degree (0,0) maps can be
computed algebraically by the following isomorphism

[X, [] SO,O/T % HomMUingtMUmot/T(MU:}th, MU:]?t[) .
Proof. The lemma follows from the following isomorphisms
X, o0y = [MU™ /7 Acy X, Iyymor -

= HomMUglzt/T(MUf’lth, W*,*[)

& HomMUglzt/T(MUf’lth, N)

%} HomMUini)tMUmot/T(MUf:th, MU:}}?tMUmOt/T ®MU?2t/’T N)

%} HomMUingtMUmOt/T(MUf,litX’ MUf:it[) .
In fact, the first isomorphism follows from the adjunction ([3.2]) between S®°/r-modules
and MU™" /7-modules. The third and last isomorphisms follow from Lemma [5.Il The
fourth isomorphism follows from a change-of-ring isomorphism. It remains to show the
second isomorphism.

Since both I and MU™"/7 A¢, X belong to MU™"/7-Mod.., the set of homotopy
classes of maps

IMU™ /7 Aer X, 1] Mumet /r

can be computed by the universal coefficient spectral sequence of Theorem

EXtig{i}Z‘:zt/T(MUf’l:tX7 ﬂ-*’*]) E [Et—S,WMUmOt/T /\CT ..)(7 ]]MUmot/T,
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mot
* %

Since m, ./ = N is an injective MUY'Y" /7-module, the spectral sequence is concentrated

on the line s = 0 and collapses at the Fy-page. This gives the second isomorphism. [

Lemma 5.3. For any M € MUf}ftMUmOt/T—Comod that is concentrated in Chow degree
k, there exists a monomorphism

M% MU?:tMUmOt/T ®MU§<ni)t/7' N,
where N 1is injective in MUf};’t /T-Mod and is concentrated in Chow degree k.

Proof. This proof is the standard way of showing that an abelian category has enough
injectives, by inducing them from Z-modules (or Z, in our case). We start with the
monomorphism of bigraded Z,-modules

(5.1) M— ] 2¥Q,/z,

xeM\0
where Y17l denotes a shift by the bidegree of z. The target is an injective Z,-module that
is concentrated in Chow degree k. Adjoint the above map through the two adjunctions

MUPMU™ /7-Comod ——=> MU™"/7-Mod == Z,-Mod,

* %
ext. coext.

we have a monomorphism
(5.2) M —— MUPSMU™ /7 @y, Homg, (MU /7, [] 271Q,/2,)
z€M\O

of comodules. The target is injective since right adjoints preserve injectives. The map
(52) is a monomorphism, since post-composing it with the two counit maps recovers the
monomorphism (B.1). O

Proposition 5.4. Any Y € S%°/r-Mod",, admits an absolute Adams-Novikov tower

Y =—1Y) Y Ys
Iy I P

in the category S°°/7-Mod",,, such that

cell s

(1) each map Yy —> Y,_1 induces a zero homomorphism in MU™ -homology,

(2) each cofiber I, is a finite product of suspensions of objects that satisfy the conclusions

of Lemma 5.1l

Moreover, any map f: X —> Y in SO’O/T-MOdIC’Ou can be lifted to a map of absolute
Adams-Novikov towers.
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Proof. Suppose that MU'Y" is concentrated in Chow degrees [a, b], namely

*,%

b +o00
MUY = €5 @D MUY, Y.

k=a l=—00

By Lemma [5.3] for every k € [a, b], there exists a monomorphism

+o0 +o00
D MU= D MUBI(E0Y) —» MUBMU 6y,

l=—o0 l=—o0
where Ny is injective module that is concentrated in Chow degree 0. By Lemma [5.1]
there exists a spectrum Iy € MU™"/7-ModY,, such that

cel
Tasdo e = Nok,

and that
MUI:’Igt[O’k = MUI:’IgtMUmOt/T ®MU§‘2t/T N(]’k.
By Lemma 5.2 we have that

[Z_k’OY, Ty k] s0.0/7 = HomMUgjgtMUmot/T(MUf,l:t(Z_k’OY)a MUf:f:tMUmOt/T numet No)
—+00
= Hompgmorygumer /- (@D MUGS (E7H0Y), MURSMU™ /7 @yymet /7 Nok)-

l=—c0

The second isomorphism follows from the fact that Ny is concentrated in Chow degree
0. Therefore, the algebraic map of comodules

MUfit(E_kon) — @;;Ofoo MUgl‘f)lt(E_k’OY)% MUf:fthUmOt/T @numot - Nok,

where the first map is the project map to the Chow degree 0 part, can be realized as a
S0 /7 linear map

DI G

Combine these maps for all k € [a, b], we obtain a map

b
Y — [[ = Tos
k=a
Note that this map induces a monomorphism in MU™*-homology.

Denote the finite product by
b

Io = [ [ =*Iox,

k=a
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and the fiber of the map Y — I by Y7, as in
Y<~—Y

|

1.

By the associated long exact sequence in MU™*-homology, the map ¥; —> Y induces
the zero map in MU™"-homology, and MUfjf:tYl is concentrated in Chow degrees [a —
1,b—1]. So in particular we have

Y, € §%°/7-Mod”

cell*

We can repeat the procedure, producing an absolute Adams-Novikov tower

Y Yy Ys

L

Iy L I,

satisfying the desired properties.

We now prove the second claim of the theorem. For any S%°/7-linear map fy : Xo — Yo,
we may assume that MU' X, and MUTL'Y; are both concentrated in Chow degrees [a, b)].
Denote the first step of their tower by

XO L }/E]
IO JO>

where I and J; are the finite products of suspensions of objects that satisfy the conclu-
sions of Lemma 5.1l Applying MU', we have the following diagram of MU'Y"'MU™" /7-

*7* b
comodules

mot Foss mot
MUY X, ——= MUY,

| [

MUP T, - £ = MUP .
Here the existence of the homomorphism ¢ is due to the universal property of injective
objects in the category MUL'MU™ /7-Comod.

Note that
b

MU Ty = MU ([ [ S To.) H MU (SEOT 1),

k=a
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b b
MU Jo = MU ([ [ =50 os) = [ MU (S50T04).
k=a k=a

The Chow degree k parts of MU™'J, and MU™°".J, are given by

MU (S0 1), MU (S50 Jg ).
Therefore, the homomorphism ¢ is given by the product of homomorphisms
o« MUPS (5500 ) — MUY (S50 o )

for each k € [a, b].
Since Jy . satisfies the conclusions of Lemma [5.1], we have that

k,0 k,0 ~
(X5 Lo g, X7 Jo k) 0.0 /7 = Lok Jo ] s0.0/7
mot mot
& HomMUfgtMUmot/T(MU*7* ]O’k;, MU*’* J(]’k)

= Homygymotpmet . (MUTS(E50 T 1), MUP (55000 1)),

where the second isomorphism is given by Lemma 5.2l Therefore the homomorphism ¢y,
can be realized by a S%°/7-linear map

k.0 k.0
Go s 2 o — X Jo

Taking the product of go, for all k& € [a, b], we define a map go : Iy — Jo. Then g, realizes
¢, and we have the diagram

XOLYE]

L,

Iy —2 J,.
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To see that the square commutes up to homotopy, note that

b
[X7 JO]SO’O/T = [X7 H Ek’ojo,k]so,()/q_
k=a

= H[X7 21670']0&]50’0/7

= [ [ Homyumenmer /(MU (S750X), MUTS Jo 1)
= H HomMUf’Z‘MUmO‘/T(MUSStXa MU??(Zk’OJo,k))
k=a
b
g HomMUingtMUmOt/T(MUf,litX’ MU)I:)(:t(H Zk’OJOJQ))
k=a
g HomMUini)tMUmot /7_ (MUf’litX, MU{:Ot J()),

*

where the fourth isomorphism is given by Lemma

49

Therefore, the commutativity of this square follows from the commutativity of the

corresponding square in MU™°*-homology.

The commutative diagram in S%°/7-Mod},

cel
fibers, so the following diagram commutes up to homotopy

X X Xs

’
’
/
/
1/
1

fO [0 fl‘, [1

90 Y Y; Y,
Jo Ji.

Iterating this process produces the desired map of absolute Adams-Novikov towers.

| induces a map f; : X1 — Y; between the

O
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5.2. The spectral sequence. Every absolute Adams-Novikov tower gives rise to a
S0 /7 linear Adams-Novikov spectral sequence. In the following Theorem [B.5, we iden-
tify the Fs-page of the spectral sequence and its abutment. We also show that it does
not depend on the absolute Adams-Novikov tower, and converges strongly for objects
with bounded Chow degree.

Theorem 5.5. For X,Y € S%°/r-Mod’,,, there is an absolute Adams-Novikov spectral

cell’

sequence

Eyt o Exty (MUZX, MUY ) = [ X, Yot

MUirigtMUmot/T SO,O/T 9

with differentials

)

. s,t,w s+r,t+r—1w
d,: E¥" — > B

iumet 18 the MU™et.
completion of Y. Moreover, this spectral sequence converges strongly and collapses at a

finite page.

that does not depend on the absolute Adams-Novikov tower. Here Y}

Proof. There are 4 parts in this proof. In part (1), we show the existence of the spectral
sequence from the absolute Adams-Novikov tower constructed in Proposition 5.4l In
part (2), we show that this spectral sequence converges strongly and collapses at a finite
page. In part (3), We show that the E,-page of this spectral sequence does not depend
on the absolute Adams-Novikov tower. In part (4), We show that the spectral sequence
converges strongly and collapses at a finite page.

(1) By Proposition [5.4] there exists an absolute Adams-Novikov tower.

Y Y Yy
Iy L 1.

b

This gives a sequence of maps in S%°/7-Mod.,:

Y I, — S oyrop o yeop,

By the construction of the tower, the MU™*-homology of this sequence is an absolute
injective resolution of the comodule MUfj;’tY.

MUY —— MU [y — 2 MU (S0, ) — MUP(520],) —— -

Applying the functor [X, —|g0.0/- to the absolute Adams-Novikov tower, we obtain an
exact couple that gives the desired Adams-Novikov spectral sequence. The Ei-page
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is given by
Byt = (B9 X, 5 L s00/7,

and the d; differentials are given in the cochain complex

[X, ]0]50,0/7_ ;JL [X, 21’0[1]50,0/7_ L [X, 22’012]50,0/7_ —_— ..,

The cohomology of this cochain complex computes the Fs-page, which we now iden-
tify.

Since each I; is a finite product of suspensions of objects that satisfy the conclusions
of Lemma [5.T], we have

X, Zj’olj]sovo/r = HomMUfjg“MUmm/r(MUf,litX> MU?ft(Zj’OIj))>

by Lemma and the proof of Proposition 5.4l Then the cochain complex can be
identified as
d
HomMU?ZtMUmot/T(MU?:tX, MUf’lgtIO) —1> HomMU?ZtMUmot/T(MU?:tX, MUf’lgt (21’0]1))

d1
_— HomMUglthUmot/T(MUT:tX’ MU?gt(227012>) _— ...

The d;-differentials agree with the ones obtained by standard methods (see [53], Chap-
ter 2] for example). Therefore the Ey-page is given by

By = Exty (MU X, MUPY).

MUmSEMU™Ot /7
(2) We next show that the spectral sequence converges strongly and collapses at a finite
page, under the hypotheses that both MUffitX and MUffitY are concentrated in
bounded Chow degrees. This argument is similar to the one given in the proof of
Theorem
Suppose that MUTY'X and MUJS'Y are concentrated in Chow degrees [a,b] and
¢, d] respectively, where a < b and ¢ < d. Then MUY (X%“X) is concentrated in
Chow degrees
[a+ (t —2w),b+ (t — 2w)].
From the construction of the absolute Adams-Novikov tower in Proposition 5.4 it
follows that MU}Y"(301,) are concentrated in Chow degrees [c,d] for all s > 0. In
order for the group

Ept 2 [£9 X, S Jg00/, 2 Homygppegume, (MU (S5 X), MU (£501,)),
to be nonzero, we must have

c<b+(t—2w), d>a+ (t —2w).
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For a fixed weight w, this gives that
telc—b+2w,d—a+2uwl.

Since later pages E5%* are iterated subquotients of Ef’t’w, their t-degrees are all
concentrated in [¢ — b+ 2w, d — a + 2w).
It is standard to check that the d,-differentials has the form

. s,t,w s+r,t+r—1w
dp: ES0Y — > E° .

In particular, it changes the t-degrees by r — 1. Since the t-degrees of all possible
nonzero elements in the Ej-page satisfy ¢ € [¢c — b+ 2w, d — a + 2w], we must have
d, = 0 when

r—1>(d—-a+2w)—(c—b+2w)=(b—a)+ (d—c)

for degree reasons. In other words, the spectral sequence collapses at the E,_q) 4 (d—c)+2
page.

Therefore, under the condition that both MUf,ftX and MUfjf:tY are concentrated
in bounded Chow degrees, this spectral sequence convergences strongly and collapses
at a finite page.

We show that the Es-page of this spectral sequence does not depend on the absolute
Adams-Novikov tower. Consider two absolute injective resolutions of MUfjf:tY from
two absolute Adams-Novikov towers {Ys, I} and {Y/, I’} of Y. By Proposition [(5.4]

CREE-]

the identity map id: ¥ —— Y produces a map of towers, and in particular compat-
ible maps gs: Iy —> I, for all s > 0. These maps induce a lift of the identity map

mot
* ok

between the two absolute injective resolutions of MU}"Y as in the following diagram

0 —= MUZY —— MU [y —= MU (SML) —— -+

id lMU&?@w lMU??@n

00— MUE?TY — MUf}ftlé — MUfft(ELOI{) — -
The maps MUfjf:t(gs) induce isomorphisms on the Fj-pages, and therefore an iso-
morphism of spectral sequences by standard arguments in homological algebra (see
[5, Theorem 5.3] and [53) Section 2.2] for example).

For the convergence problem, let Y/Y; be the cofiber of the map Y; — Y in the

b

absolute Adams-Novikov tower, and define the homotopy colimit in S%°/7-Mod_,,

Y = holim(Y/Y,).
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By [5], the spectral sequence converges conditionally to
(X, V]g00,.

To identify it as [X, Yl\ﬁumot] s0.0/7, since X is cellular, we only need to show that Y
has the same homotopy groups as the ¥} mot-

Take X = S%0/7. Since MUY S0 /7 = MUY /7 is free over itself, we can use
the canonical MU™"/7-Adams resolution [53, Definition 2.2.10] for Y in this case.
Now we compare the canonical MU™"/7-based Adams-Novikov tower of Y with the
absolute Adams-Novikov tower of Y.

As we did in the proof of Proposition 5.4l we have a map of towers from the
canonical MU™" /7-based one to the absolute one. As we did in part (3), the identity

map on Y induces a homomorphism from the canonical cobar resolution of MUfjf:tY

to the absolute injective resolution of MUfj:tY, so in particular a homomorphism of
relative injective resolutions.

This induces a homomorphism from the usual Adams-Novikov spectral sequence to
the absolute Adams-Novikov spectral sequence, with an isomorphism on the Fs-page.

It is therefore an isomorphism of spectral sequences and we have a weak equivalence
? —_> Yl\jl\Umot.
Since any cellular S°°/7-module X can be written in terms of filtered colimits and
cofibers of suspensions of S%°/7’s, there is an isomorphism
[X,Y]s00/,, —> [X, Y{jimet]50.0 /7.
Therefore, the absolute Adams-Novikov spectral sequence computes [X, Y}}jmot]50.0/r-
O

When Y is harmonic, the weak equivalence Y — Y} }me: gives the following corollary.

Corollary 5.6. For any X,Y € SO’O/T-MOd&, there is an absolute Adams-Novikov
spectral sequence

s,t,w s,t,w mot mot t—s,w
B3 = Exty oo mot (MUPSX, MUP'Y) = [E7°°X, Y] g0, +
with differentials

dr: Es,t,w Es—i—r,t—i—r—l,w
that converges strongly and collapses at a finite page.
Remark 5.7. The above arguments can be applied to the case of the classical stable

homotopy category to construct the general Adams-Novikov spectral sequence, which
seems to be a folklore theorem without published references.
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For classical spectra X and Y, there is a conditionally convergent spectral sequence
Extyjy vu(MULX, MUY) = [E7°X, Yiiy),

where MU, X does not have to be projective over MU,. The difference is in the proof of
Lemma 5.1 where we apply the Brown representability theorem instead.

5.3. Proofs of Lemma [4.2], Corollary 4.7 and Corollary [4.8. We give the proofs
of Lemma 2] Corollary [£7 and Corollary L8 in this section.

Corollary .7 states that if X € SO’O/T-MOdZFO and Y € SO’O/T-ModZFO, then the
abelian group of homotopy classes of degree (0,0) maps can be computed algebraically
by the isomorphism

[X, Y] 5'070/7— — HOmMUini)tMUmot/T(MUf:f:tX’ MUf’litY)
that is induced by applying MUir’lit.

Proof of Corollary[{.7]. The proof is similar to the one of Corollary B.3

Consider the the FEs-page of the absolute Adams-Novikov spectral sequence, the tri-
degrees that converge to the bidegree (0,0) are of the form (¢,¢,0) for ¢ > 0, i.e., the
parts By = B30

By the proof of Theorem [5.5, the t-degrees of all possible nonzero elements in the
Ei-page and therefore Fs-page satisfy ¢t < d — a + 2w = d — a. Since MUffitX and
MUf,ftY are concentrated in nonnegative and nonpositive bounded Chow degrees, we
have d = a = 0. Therefore, we have t < 0.

Combining both facts, we have established that the only possible nonzero elements in
the Es-page that converge to the bidegree (0,0) are in

0,0,0
Ey™" = Homypymotypymet /T(MUith g MUiI,lgtY)-

To show that all elements in ES 00 survive in the spectral sequence, firstly note that they
are not targets of any nonzero differentials since they are in s-degree 0. Secondly, all
d,-differentials for » > 2 increase the t-degree. Since the t-degrees of all nonzero elements
are non-positive, the elements in ES’O’O do not support nonzero differentials. There are
no hidden extensions due to degree reasons. This completes the proof. O

Corollary .8 states that given XY € S%0/ T—Modi, for any bidegree (t,w), there is
an isomorphism

(S X, Vg0, & Extyy oot (MUPYX, MUPY).

MUglthUmOt/T
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Proof of Corollary[{.8 Consider the the Ey-page of the absolute Adams-Novikov spectral
sequence. Since both MUfjf:tX and MUf,ftY are concentrated in Chow degree 0, the Fy-

page
By = Exty (MU X, MUTS'Y)

MUgtthUmot/T
is concentrated in degrees t = 2w. Since all differentials preserves the motivic weights w,
this spectral sequence collapses at the Fs-page. There are no hidden extensions due to
degree reasons. Therefore, we have the isomorphism

mwxx%wﬁgEmﬁ%ﬁﬁngmﬁwa$W)

O

We now prove Lemma 2] which states that if {Y,} is a filtered system in S%° /7-Mod"
such that each Y, is harmonic, then the homotopy colimit {Y,} in S%°/7-Mod" is also
harmonic.

Proof of Lemmal[4.9 Consider the absolute Adams-Novikov spectral sequence of Theo-
rem
s,t,w mot 0,0 mot t—s,w Q0,0 A ~ A

EXtMUi’jQ“MU”‘O“/T (MUZ'S™ /7, MUY ) = [ SYT, YMUmOt]SOvO/T = T Y yymot
in the case that X = S%°/7 and Y = hocolimY,. Since both S®°/7 and Y are in the
heart, the Fs-page is concentrated in degrees ¢t = 2w. Since all differentials preserves the
motivic weights w, this spectral sequence collapses at the Fsy-page. There are no hidden
extensions due to degree reasons. Therefore, we have the isomorphism

A tw 0,0 A 2w—t,2w,w t 00,0 t
Trt,’wYMUmOt %} [2 ’LUS /T, YMUmot]SO,O/T %} EXtMUmOtMU"‘Ot/T(MUI’Zg S /T7 MUZ:}? Y)
*7*

Since MU' S00 /7 = MUP /7 is free over MU' /7, one can use the canonical cobar

*

resolution for MU’:}?Y. Since it is functorial and commutes with filtered colimits, the
isomorphism

colim MUY'Y, = MUY (Y)

induces an isomorphism

colim Bty 1 (MUZ2! /7, MUZE'YG) 2 Bty (MU' /7, MUZ2'Y )

MUZRMU™Ot /7 * MURMU™Ot /7 *



56 BOGDAN GHEORGHE, GUOZHEN WANG, AND ZHOULI XU

Therefore, we have the following isomorphisms
TewY = 7, (holim Y,)
= colim 7, Y,
=~ colim [E%*S%0/7,Y,]s00/,

>~ colim Ext2? L2 (MU /7, MUTY'Y,)

MUK:thUmot/T * *

2w—t,2w,w mot mot
S Xt (MU /7, MUZS'Y)
*7*

& [Et’wSO’O/T, YI\QUHM]SO,O/T

N
— Wt’w YMUmot 9

where the fourth isomorphism is given by Corollary 4.8 since each Y, is harmonic. This
shows that Y is harmonic. U

Remark 5.8. Lemma can be generalized to the case when there is a uniform bound
on the Chow degrees of MUT'Y,, for all a.

*

6. MU, MU-coMODULES AND BP,.BP-COMODULES

In Part 1, we work with MU™", the motivic analogue of p-completed MU instead of
BP. This is convenient since MU is an F.-ring spectra while a recent of result of Lawson
[32] shows that BP is not. However, in Part 2, we work with BP,BP-comodules instead
of MU,MU-comodules since they are more convenient for computational purpose. We
present a brief account of the well known Morita equivalence of the two abelian categories
of MU, MU-comodules and BP,BP-comodules in this section.

Let

MU,BP = m,(MU A BP),
BP.MU = 7, (BP A MU).

Then MU,BP is a MU,MU-BP,BP-bi-comodule, and BP,MU is a BP,BP-MU,MU-bi-
comodule.

Lemma 6.1.

(1) MU,BP is a relative injective left MU, MU-comodule and a relative injective right
BP.BP-comodule.

(2) BP.MU is a relative injective right MU, MU-comodule and a relative injective left
BP.BP-comodule.

Proof. Note that MU is a wedge of suspensions of BP’s. Therefore, as a left MU, MU-
comodule, MU,BP is a direct summand of MU,MU. As a right BP,BP-comodule,
MU,BP is a direct sum of BP,BP. This proves the lemma. O
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Lemma 6.2.
(1) There is an isomorphism of MU MU-MU,MU-bi-comodules

MU,BPOgp,gpBP.MU = MU, MU.
(2) There is an isomorphism of BP,BP-BP,BP-bi-comodules
BP.MUOyy, muMU,BP = BP,.BP.

Proof. We recall the following dual version of the BP-based Adams-Novikov spectral
sequence.

Let X and Y be spectra with free BP-homology. Then we have a spectral sequence
converging to m,(X AY) with the Ey-page

Cotorgp pp(X,.BP,BP.Y).
Since X and Y have free BP-homology, we have that
BP.(X AY) = BP.X ®gp, BP.Y.

By definition (see Appendix 1 of Ravenel’s green book [53]), the primitives of
BP,X ®gp, BP.,Y are canonically isomorphic to

X,BPOgp,gpBP.Y,

whose derived functors are Cotoryp pp(X,.BP,BP.Y).

Since MU has free BP-homology, we take X =Y = MU and consider the BP-based
Adams-Novikov spectral sequence that converges to m,(MU A MU).

By Lemma 6.1, MU,BP is a relative injective right BP,BP-comodule, and BP,MU is a
relative injective left BP,BP-comodule. Therefore, all the higher derived functors vanish
and the Adams-Novikov spectral sequence collapses at the Fy-page. We have that

MU, BPOgp_5pBP,MU 2 7, (MU A MU) = MU,MU.

Similarly, we consider the dual version of MU-based Adams-Novikov spectral sequence.
Then a similar argument with the fact that BP has free MU-homology and Lemma 6.1
shows that

BP.MUOyy,muMU.BP = 7, (BP A BP) = BP,.BP.
U

Combining Lemma 6.1, Lemma 6.2 and the fact that both MU MUDyy, vqu— and
BP,.BPOgp,gp— are naturally equivalent to the identity functors, we have the following
well known proposition.
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Proposition 6.3. There exist an exact equivalence of categories

MU*BPDBP*BP— : BP,BP-Comod +— MU, MU-Comod : BP*MUDMU*MU —.

7. FURTHER QUESTIONS

The category of cellular modules over S%° /7 measures the difference between cellular
modules over the HIFglOt—completed motivic sphere spectrum S%° and cellular modules
over the classical p-completed sphere spectrum S°.

Definition 7.1. Let S°-Modg, be the category of finite cellular modules over S°°, and
S%-Modg, be the category of classical finite cellular modules over S°. Let S%°-Modf, "
be the full subcategory of S®°-Modg, that is generated by S®°/7-Modg, under cofibers,
i.e. the smallest full subcategory containing objects of S%°/7-Modg, and closed under
taking cofibers.

It is straightforward to prove the following Proposition from Dugger-Isaksen [11,
Sections 3.2 and 3.4] and Isaksen [26, Proposition 3.0.2].

Proposition 7.2. The sequence

$00 Modj " — S%9-Modg, —=> 5°-Modg,

is an exact sequence of stable oo-categories in the sense of Blumberg-Gepner-Tabuada
[4, Section 5|, where Re is the Betti realization functor constructed in Dugger-Isaksen
[13, Theorem 1.4].

In the sense of Proposition [T.2] our theorem [I.1] gives a decomposition of the cellular
stable motivic category into more classical categories.

In particular, we can apply the non-connective algebraic K-theory functor K con-
structed in Blumberg-Gepner-Tabuada [4, Section 9], and get a cofiber sequence of non-
connective algebraic K-theory spectra, since the functor K sends exact sequence of stable
oo-categories into cofiber sequences:

K(S%0-Mod[ ") —= K(S%°-Modg,) —=> K(S°-Modg,)
Since the Betti realization functor admits a section, the above cofiber sequence actually
splits
K(S%°-Modg,) ~ K(S*-Modg,) vV K(S**-Modf ™).

Note that the spectrum K(S°-Modg,) for the p-completed sphere spectrum is described
by Bokstedt-Hsiang-Madsen [6].
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To understand the spectrum K(S%°-Modf,"*"), we consider the inclusion functor
(7.1) 500 /r-Modg, — S*°-Modf,*".
We propose the following question.

Question 7.3. Does this inclusion functor (7.1]) induce an equivalence on non-connective
algebraic K-theory spectra?

Let BP.BP-Comodg, be the subcategory of BP,.BP-Comod whose underlying B P,-
module is finitely presented. If the answer to Question is yes, then by the theorem of
heart due to Barwick [3] and Theorem [T, we have the following isomorphism for all i,

K;(S*°-Modg,) = K;(S°-Modg,) @ K;(BP,BP-Comodg,).

If we further regard the category BP,BP-Comodg, as the category Coh(Mpgg) of
coherent sheaves over the moduli stack Mpq of formal groups [17], and the answer to
Question is yes, then there is an isomorphism for all i,

K;(5%?) =2 K;(S%) @ K;(Coh(Mrg)).
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Part 2. Equivalence of spectral sequences
8. MAIN THEOREM OF PART 2

The goal of Part 2 of this paper is to prove the following Theorem 811

Theorem 8.1. At each prime p, there is an isomorphism of tri-graded spectral sequences
between the motivic Adams spectral sequence for S%° /7, which converges to the motivic
homotopy groups of S®° /7, and the regraded algebraic Novikov spectral sequence, which
converges to the Adams-Novikov Es-page for the sphere spectrum.

The indexes are indicated in the following diagram:

EXtEI?’Z}BP/I(BP*/[a ]a—s/]a—s-i-l) - - . Exta,2w—s+a,w (FP[T], Fp)

mot
A*,*

Algebraic Lovikov SS Motivic Udams SS

1%

Ethg}:BP(BP*a BP*) 7T2w—s,w5070/7_.

Here I = (p,vy,vs,-- ) is the augmentation ideal of BP, and Ai’"fft s the motivic mod p
dual Steenrod algebra.

The isomorphism between the abutments is known to Isaksen [26] Proposition 6.2.5]
and the first author [15, Corollary 3.14].

Proposition 8.2 (Isaksen, Gheorghe). The motivic Adams-Novikov spectral sequence for
S90 /7 collapses for filtration reasons, and there is an isomorphism of graded rings

Tow—sw(S70/T) = EXt]SB’I%TBP(BP*u BP.)

Moreover, this isomorphism preserves higher products (Toda brackets and Massey prod-
ucts respectively).

Moreover, we have that

Proposition 8.3. The isomorphism of spectral sequences in Theorem [8.1] on the abut-
ments preserves composition products and higher products in the respective categories as
in Proposition [8.2.

Proof. Since the multiplicative structure on the abutments comes from composition of
morphisms in both categories S%°/7-Modj and D*(BP.BP-Comod), it follows from
functorality of the equivalence of categories in Theorem .13 O
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A consequence of Proposition is that The isomorphism of spectral sequences in
Theorem Bl also preserves the filtrations on the F,.-pages. Note that we do not prove
that it also preserves the multiplicative structure on the Es-pages. We shall prove it in
future work.

Part 2 is organized in the following way. In Section [9 we recall the construction of the
algebraic Novikov spectral sequence, discuss the regrading, and its associated tower. In
Section [I0, we prove in Theorem [R.Il that the two spectral sequences are isomorphic. We
check that, through the equivalence of stable co-categories in Theorem of Part 1,
the algebraic Novikov tower in the derived category of BP,BP-comodules corresponds to
the motivic Adams tower of S®°/7 in the category of S%°/7-modules. In Section 10, we
re-compute certain low filtration and historically more difficult differentials in the range
up to the 45-stem at the prime 2, as an illustration of the power of the isomorphism of
spectral sequences in Theorem [B.]

9. RE-GRADING OF THE ALGEBRAIC NOVIKOV SPECTRAL SEQUENCE

The algebraic Novikov spectral sequence is introduced by Novikov [47] and Miller [41].
Ravenel’s green book [53] and Andrews-Miller’s paper [I] are also good references for this
material. It is usually graded in the way that it starts with the Fi-page. To compare
it with the motivic Adams spectral spectral, which is studied by Morel, Dugger-Isaksen
and Hu-Kriz-Ormsby [11,23],43], we re-grade the algebraic Novikov spectral sequence in
this section.

9.1. The algebraic Novikov spectral sequence. We first recall that the algebraic
Novikov spectral sequence comes from filtering the cobar complex by powers of the aug-
mentation ideal I on BP, and BP,BP.

Definition 9.1. Let M be a module over BP,. For an element m € M, we say that it
has I-filtration at least n > 0 if m € I"M.

Since [ is an invariant ideal of BP,BP, the [-filtration gives a filtration of comodules
on any BP,BP-comodule. It is clear that the [-filtration on BP,-modules and BP,BP-
comodules is a decreasing filtration.

We can form the associated graded FoBP, of BP, with respect to the I-filtration

E()BP* - FP[T_)Q,T_)l, c ]

Here vy is represented by p, and v; is represented by v;. We also have the associated
graded FyBP,BP of EyBP,BP with respect to the [-filtration

E()BP*BP - EoBP*[El, t_g, c ]
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Here ¢; is represented by t;.
Theorem 9.2. (Novikov [47], Miller [41]) There exists a tri-graded spectral sequence with
Ept = Bxtypp pp(EoBP., EgBP,),
where © is the I-filtration, and
dr . Es,i,t N Es+1,i+7“,t

converging to
Extyp pp(BP., BP,).

9.2. The cobar construction. To discuss the algebraic Novikov spectral sequence in
details, we first review the cobar complex. For a general reference regarding this material,

see [53] for example.
Recall that (BP,, BP.BP) forms a Hopf algebroid with structure maps

Agp,pp : BP.BP — BP.BP ®gp, BP,.BP
e : BP,.BP — BP,
For any left BP,BP-comodule M and right BP,BP-comodule N, with structure maps
Ay M — BP,BP ®pp, M,
Ay : N — N ®gp, BP,BP,
we have the two-sided cobar construction
C*(N,BP.BP, M)
which is a cosimplicial Z,-module with
C™"(N,BP,BP, M) = N ®gp, BP.BP®" ®gp, M.
The coface maps
d; : C"Y(N,BP,BP, M) — C"(N,BP,BP, M)
where 0 < ¢ < n, and codegeneracy maps
s; : C"*Y(N,BP,BP, M) — C™(N, BP.BP, M)
where 0 < ¢ < n, are given by
do = Ax ®@1dRE pp @ idy
d; = idy @ idgp pp ® App.pp ® idgp pp ®@idy  if1<i<n—1
dy, = idy @ id5p pp @ Ay

si =idy ® idgp gp @ € ® idgp p ® iy forall0 <i<mn
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We have the associated cochain complex C*(N, BP,BP, M),
N ®pp, M — N ® BP,BP ®pp, M — N ® BP,BP®** ®gp, M — ---

where the differentials are given by alternating sum of the d;’s in the cobar construction.
We also have the normalized cochain complex U*(N ,BP.BP, M),

N @gp. M — N @ BP.BP @pp. M — N @ BP,BP @pp. M — - -

where BP,BP is the kernel of the counit map ¢ : BP,BP — BP,, and the differentials
are induced by the ones in C*(N, BP,.BP, M).
Take N = BP,BP, we consider the two-sided cobar construction

C*(BP.BP,BP.BP, M).

There is a coaction of BP,BP on C*(BP,BP, BP,BP, M), where we use the map Agp,gp
on the left of each level,

ABp,BP®-

BP.BP ®gp. BP,.BP®" @pp. M BP,.BP ®gp, (BP,BP ®pp, BP,.BP®" @gp, M)

Since all cosimplicial structure maps preserve the coaction of BP,BP, the two-sided cobar
construction

C*(BP.BP, BP,BP, M)

is actually a cosimplicial left BP,BP-comodule.
The normalized cochain complex

C"(BP,BP,BP,BP, M)
gives a relative injective resolution of M. The primitives on each level gives
C"(BP,,BP,BP, M),
whose homology computes
Extgp.gp(M) = Extgp gp(BP., M).
Under the [-filtration, we can view the associated graded of the cobar complex
C"(BP,,BP,BP, BP,)

as the Fy-page of the algebraic Novikov spectral sequence. It turns out that it is isomor-
phic to

C"(BP,/I,BP,BP/I, E,BP,)
The coaction of BP,BP/I on EyBP, is given by the following composite

. EBP.BP ~——— BP,BP/I @gp,  EBP.

1NR

EyBP.,
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where ¢ : BP,.BP/I — EyBP.BP is the inclusion of the /-filtration 0 part.
Therefore we can identify the Fj-page of the algebraic Novikov spectral sequence as
the following

By = Bxtiip gp, (BP./L T /T

9.3. The re-grading. For the statement of the main theorem of Part 2 - Theorem [R.1]
we re-grade the algebraic Novikov spectral sequence.

Definition 9.3. We define the a-filtration of the algebraic Novikov spectral sequence
a=1+s.
In terms of an element = € C”(BP,, BP,BP,BP,), this means that x has a-filtration at

least s 4 ¢ if and only if
z € C°(BP,,BP,BP, I').

Remark 9.4. We comment on the tri-degrees in the cobar resolution for BP,. The
t-degree is the internal degree, which is preserved by differentials. The cohomological
s-degree is the number of bar’s in the cobar resolution. The i-filtration degree is the
number of v’s in the cobar resolution. Finally our new a-filtration degree is the sum of
numbers of bar’s and v’s in the cobar resolution.

After the re-grading, the d, differentials, which used to raise the i-filtration degree by
r, now raise the a-filtration degree by r+1. This is due to the fact that they also raise the
s-degree by 1. We therefore rename the d,’s as d,;1’s. The re-graded algebraic Novikov
spectral sequence therefore starts with the Fs-page, instead of the Ej-page.

In summary, we have the following re-graded algebraic Novikov spectral sequence.

Corollary 9.5. There exists a tri-graded spectral sequence with
By = Extyp pp, (BP./1, 197 /174,

and
. s,a,t s+1,a+r,t
d, : EX*" — E7 ,
converging to

Extpp pp(BP., BP,).
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9.4. Cartan-Eilenberg spectral sequence. The Fs-page of the algebraic Novikov
spectral sequence has another interpretation—it is isomorphic to the FEs-page of the
Cartan-Eilenberg spectral sequence that converges to the Es-page of the Adams Fs-page.
For a general reference regarding this material, see [53] for example.

Recall that the mod p dual Steenrod algebra A, is

' Ag, 10,71, ] @ Fp[61,&a, -+ -] &Gl =2p"—2, || =2p"—1 forp>2.
For p = 2, we set
&=

Let & be the conjugate of &. Let P, be the following sub-Hopf algebra of A,
P* = Fp(gla 52? T )

and A, be the quotient

ApC?Ca"' forp:2a
A*:A*®P*Fp: F[l ’ ]
Ag, 70,1, ] for p > 2.
We have an epimorphism
BP.BP — P,

that sends t; to &. This gives an epimorphism of Hopf algebroids
(BP., BP,BP) — (F,, P.),
which gives the following isomorphisms
BP.BP/I = EyBP,.BP ®g,pp, F, = P..
Therefore, the Ei-page of the algebraic Novikov spectral sequence is isomorphic to
By = Exty (F,, I'/ 1),

by the change-of-ring isomorphism.

The above Ext group can be regarded as the Es-page of the Cartan-Eilenberg spectral
sequence.

Recall that there is an extension of Hopf algebras

P.—— A, —— A,,
which produces a Cartan-Eilenberg spectral sequence with

Ey't = Ext}, (F,, Extf\’t* (Fp, Fy)),
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and
dr . Es,i,t N Es—l—r,i—r—l—l,t
converging to
s+1,t
Ext’ "' (F,, Fp).
Since A, is an exterior algebra, the Ext group
Exty” (Fy, Fp)

is isomorphic to a polynomial algebra. It can be further identified as the Adams Fs-
page for BP, and therefore the Adams FE_.-page for BP since it collapses at the Adams
Es-page. This is isomorphic to

E\BP, =F,[vy, vy, -],

with [7;] (or [¢;] when p = 2) corresponds to 7;, and the Adams filtration corresponds the
I-filtration. Moreover, the coaction of P, on Ext,, (IF,,F,) is isomorphic to the coaction
of BP.BP/I on EyBP,.

Therefore, we can identify the Fs-page of the Cartan-Eilenberg spectral sequence as
the Es-page of the re-graded algebraic Novikov spectral sequence with the re-grading

a=s—+1.

9.5. Miller’s square. In fact, the 4 spectral sequences that we have discussed fit into
the following Miller’s square [40)]:
Ext3! (F,, [975/1975+1)

Cartan-Filenberg SS algebrai¢c Novikov SS

Ext?y’ (Fy, Fp) Ext{, up(BP,, BP,)

/

Adams SS Adams-Nouvikov SS

S0

Remark 9.6. This square is not “commutative”: the * in 7,5 is t — a when converging
from the Adams spectral sequence, and is t — s when converging from the Adams-Novikov
spectral sequence. In general, an element in the stable homotopy groups of sphere does
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not necessarily have the same Adams and Adams-Novikov filtration. As a first example,
the multiplication by p map has Adams filtration 1 and Adams-Novikov filtration 0.

9.6. The algebraic Novikov tower. For later reference, we write down the algebraic
Novikov tower using the newly defined a-filtration explicitly.
Definition 9.7.

o Let Cf = U*(BP*BP, BP.BP,BP,) be the normalized cobar resolution of BP, over
BP,BP, with
C: = BP,BP ®pp, BP,BP" " @pp, BP,,

where BP,BP is the kernel of the counit map ¢ : BP,BP — BP,.
e For m > 1, let C}, be the sub cochain complex of Cf defined by the a-filtration,
namely, at cohomological degree s, we have

C: = BP,BP ®pp, BP,BP " @pp, I™

It is understood that /™ = BP, for r < 0. Therefore, for s > m, we have C;, = Cj.
e For m > 0, let (7, be the quotient cochain complex of the inclusion map

Chpy = C2.
More explicitly, it has the form
Q. = BP,BP ®pp, BP,BP" " ®pp, 1™ ° /1" 1,

Therefore, we have a tower of cochain complexes, which induces the following tower in
the derived category of BP,BP-comodules:

C"(BP,BP,BP,BP,BP,) =—— Ci < C} C;

20 i1 i2
qu lql lqz
o O @3
Note that for each cochain complex Q7,, we have

]m—s/Im—s—l-l — BP*

when s > m + 1. In other words, the cochain complex ();, has the same cochain groups
and differetnials as the normalized cobar resolution at degrees least m + 1. Therefore,
for s > m + 2,

H*Q; = H°Cy = 0.
In particular, the cochain complex )}, has bounded cohomology. This implies that each
cochain complex C also has bounded cohomology.
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Therefore, although the cochain complexes @7, and C7, are unbounded, they live in
the category D’(BP,BP-Comod).
Applying the functor
R** Home*Bp(BP*, —),

where R** Hompp,gp(—, —) is the derived homomorphisms in the category
D (BP,BP-Comod), we get a spectral sequence with the Ej-page

R™* Homgp,gp(BP., Q;,),
converging to
R** HOme*Bp(BP*, BP*) = EXtE;*BP(BP*, BP*)
By construction, this is the regraded algebraic Novikov spectral sequence.

10. THE EQUIVALENCE TO THE MOTIVIC ADAMS SPECTRAL SEQUENCE

Having the tower in the bounded derived category of BP,BP-comodules that gives
the regraded algebraic Novikov spectral sequence, we use the equivalence of stable oco-
categories in Theorem [4.13 and Proposition in Part 1

D(BP,BP-Comod) —~ D(MU,MU-Comod) —= 5°°/7-Mod}.

to get a tower in the category SO’O/’T—MOd;:

SO’O/T—XO X1 X2

go g1 g2

‘/fo ‘/fl lf2
K, Ky K5

We show that the above tower in the category S%°/ T—Modl; is indeed a motivic Adams
tower for S®°/7 in the sense of Dugger-Isaksen [L1].

10.1. Characterization of Adams towers. Recall that we denote by HIE‘;“’t the mo-
tivic mod p Eilenberg-Mac Lane spectrum. It is shown by Hu-Kriz-Ormsby [23] and
Hoyois [21] that HF*" is cellular.

Recall the following criterion for a tower in S%0/ T—Mod; to be an Adams tower.

Definition 10.1. A tower in S*°/7-Modj

SO’O/T—XO X1 X2

go g1 g2

T

Ko K K

is a motivic Adams tower if
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(1) each motivic spectrum K, is S®°/7 smashed with a wedge of suspensions of HF**.

(2) each map f,, : X, — K, induces an epimorphism on the HF}**-cohomology. Or
equivalently, each map g¢,, : X;,0»1 —> X,, induces the zero map on the HFE‘Ot-
cohomology.

Note that by the adjunction between modules over S%° and S%°/7 and that S%°/7 is
Spanier-Whitehead dual to itself up to a bidegree shift, it is equivalent to check that each
map ¢,, induces the zero map on

[—, SO’O/T A HF;HOt]So,O/T

in Condition (2).

From the general discussions by Christensen [9], all such towers are equivalent to each
other in the sense that there exist towers maps that induce canonical isomorphisms on
the F>-pages.

Note that Dugger-Isaksen [11] uses the cobar construction to define the motivic Adams
spectral sequence for S%° /7, which satisfies the two conditions in Definition [0.Il There-
fore, the motivic Adams spectral sequence for S%° /7 by Dugger-Isaksen [11] is canonically
isomorphic to the motivic Adams spectral sequence defined by any motivic Adams tower
satisfying the two conditions in Definition T0.1]

In the rest of this section, we check that the two conditions in Definition I0.1] are
satisified by our tower in S%0/ T—Modg. obtained from the algebraic Novikov tower in the
category D°(BP,BP-Comod) and Theorem

10.2. Proof of the first condition. To check the first condition, we first identify the
BP,BP-comodule that corresponds to HIF*** under the equivalences in Proposition A.TT]
and Proposition

MUTS* BP.MUOpu, MU —

MU, MU-Comod — BP.BP-Comod.

5070/7—M0d2

o

Lemma 10.2. Under the above equivalences in Proposition[{.11] and Proposition[6.3, the
BP.BP-comodule

BP.BP/I = BP,BP ®gp, I,

corresponds to
mot __ Q0,0 mot
HEF)" /7 = S%7 /7 ANHF .

Proof. Since HF»** is an MU™"-module, and both MU™" and HFY*" are cellular, the
homotopy groups of

MUmOt/T Ng0.0 /7 HF;nOt/T
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can be computed by the homology version of Dugger-Isaksen’s universal coefficient spec-
tral sequence [12, Proposition 7.7] in the category MU™" /7-Mod .

TorMUi’fZZ /T (MUf:StMUmot/T’ ]Fp) — 7Tt+57w (MUmOt/T /\CT MUmOt/T /\MUmOt/T HF;]Ot/7_> .

s,t,w

Note that MUf}gtMUmOt /7 is free over MU™® /7, this spectral sequence is therefore

concentrated on the line s = 0 and collapses at the Es-page. This gives the following

isomorphisms
MUSHE) /1 2 7, . (MU™ /7 Ac HF)/7)
= 7, (MU /7 Agy MU /7 Aypymor ,, HEY /)

=~ Toryy -+ /™ (MUPMU™ /7, F,)
= 1\/[U§fft1\/IUm°t /T Omumet /r Fp
= MUMU ®@mu, F,.
Therefore, under the equivalences in Proposition .11 and Proposition 6.3 the S%9/7-
module HF /7 corresponds to

BP, MUOyu, mu(MUMU @y, Fp) = (BP.MUOWy,muMUMU) @mu, F)
= BP,.BP ®mu, F,
= BP,.BP ®@gp, I,
~ BP,BP/I.
Here the second isomorphism follows from Lemma 6.2. This completes the proof. U

Corollary 10.3. Suppose that N is a BP,-module that is concentrated in even degrees
and is annihilated by I. Then any comodule of the form

BP.BP ®pp, N
corresponds to a wedge of suspensions of HIF;““/T.

Proof. Since BP,/I = F,, any BP,-module which is annihilated by I is a direct sum of
copies of I, in different degrees. Therefore, N is isomorphic to a direct sum of copies of
F, in even degrees.

By Lemma [10.2], the comodule BP,BP ®gp, F,, corresponds to HIF;‘Ot /7. Therefore, we
have the comodule BP,BP ®gp, X?"F,, corresponds to

mo 2n,n
HE' /T A S

Therefore, the comodule BP,BP®pp, N corresponds to a wedge of suspensions of HF" /7.
O
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Now we prove that our tower satisfies Condition ([II) of Definition 0.1l

Proposition 10.4.

(1) All differentials in the cochain complezes QF, are zero, and therefore Q7 splits as a
direct sum of cochain complexes that are concentrated in one cohomological degree.

(2) Furthermore, each Q3. corresponds to a wedge of suspensions of HFglOt/T, and hence
50 s Q..
Therefore, each K; is a wedge of suspensions of HIF;nOt/T.

Proof. In Q%,, all differentials Q% — Q! have the form

®s+1

BP,BP ®gp, BD,BP " ®gp, I™%/I™~5+!1 —~ BP,BP ®@pp, BP,BD ' ®gp, I™~57L /™.

Since differentials in cobar complex does not decrease the [-filtration, all induced differ-
entials in Q)F, are zero due to the I-filtration.
It is clear that I™=%/I™=5T! is annihilated by I, so is

W@?S ®pp. [m—s/[m—s-i-l.
Since they are concentrated in even degrees, by Corollary [10.3 the comodules
Q:, = BP.BP ®pp, BP,BP" @pp, [~ /1"
corresponds to a wedge of suspensions of HIF;?Ot /T. O

10.3. Proof of the second condition. To prove Condition (2]) of Definition 0.1 we
first prove the following Lemma [T0.5

Lemma 10.5. Suppose that X is in the category S®°/7-Mody, and that Chp_pp(X) is the
cochain complex of BP,BP-comodules representing the image of X under the equivalence
in Theorem [{.13 in Part 1. Let Cfp (X) be its underlying cochain complex of BP,-
modules.

Then the HF**-cohomology of X can be computed as

R** Homgp, (Chp, (X), 27 V'F,),

where R** Hompp, (—, —) is the derived homomorphism in the derived category of BP,-
modules, and X™Y1F, is the cochain complex ¥.*F, that is concentrated in cohomological
degree 3 (see Remark [{.1]] for the explanation of the bigrading).

We will see in the proof that, if we compute
(X, HIF;‘Ot /T]s0.0 /7,

instead of the HIF}'**-cohomology of X, the conclusion will not have the bidegree shift.
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Proof. The HF;nOt-cohomology of X is given by

(XX, HF,|g00 = 7, . Homgoo (X, HF,)
= 7, Homgo.o (SO’O/T Ng0.0 /7 X, HFP)
T % Homso,O/T(X, Homso,o(SO’O/T, HFP))
> [ X, Homgo,o(SO’O/T, HFP)]SO,O/T
=~ [2**X, D(S%°/7) Agoo HF ] 5007
=~ (2 X, 78901 Agoo HF )00,
= R** HomBP*BP(CEP*BP (X), 2_1’1BP*BP XBP, Fp)
=~ R"* Hompp, (Cgp, (X), B7"'F,)

112

Here the third isomorphism follows from the standard tensor-hom adjuction in a topo-
logical category, the sixth isomorphism follows the fact that the Spanier-Whitehead dual
D(8%0/7) of S%0/7 is 2711590 /7 (see [15], Proposition 4.3] for a proof for example), the
seventh isomorphism follows from Theorem E.13], and the last isomorphism follows from
the adjunction of the derived functor of BP,BP ®@gp, — and the forgetful functor between
the derived categories of BP,-modules and BP,BP-comodules. O

We also need the following Lemma [I0.6] whose proof is technical, and is postponed to
the last subsection of this section.

Lemma 10.6. The following homomorphisms
Extip, (I, F,) — Exti (I, F,),
that are induced by the inclusions 1™ — I™ are zero for all m > 0.
Now we prove that our tower satisfies Condition (2)) of Definition 0.1l

Proposition 10.7. Fach map ¢, : X1 — X, induces the zero map on the HF;]Ot—
cohomology.

Proof. Consider the normalized cobar complex
C: = C"(BP,BP,BP,BP,BP,).
The cochain complex of BP,-modules
0 — BP., — (]

is a long exact sequence of free BP,-modules.



THE SPECIAL FIBER OF THE MOTIVIC DEFORMATION IS ALGEBRAIC 73

Therefore, as a cochain complex of BP,.-modules, Cj splits as a direct sum of cochain

Cg)k = @Ds,jv
J

where Dy is a direct sum of cochain complexes of the form

complexes

0 BP. 0 0

shifted by even internal degrees, and for j > 1, Dy ; is a direct sum of cochain complexes
of the form

0 —— BP.BP @yp. BP, > BP.BP @pp. BP, — > 0 — > - - -

shifted by even internal degrees. This is due to the facts that as BP,-modules, BP,BP
splits as copies of BP, shifted by even degrees, and that any bounded below long exact
sequence of projective modules splits in this way.

In particular, each D ; is a free BP.-module, and H*Dg ; = 0 for j > 1.

The a-filtration is compatible with the splitting Cj = @ Dy ;, since it is defined by

the action of powers of the ideal I, which only depends onj the underlying BP,-module
structure.
Recall that for m > 1, each S%°/7-module spectrum X, corresponds to the cochain
complex C7 | where
C,, = BP.BP ®gp, W®s ®gp, ™77

We have the splitting of cochain complexes of BP,-modules
Cm = @ Dy s
J
where
Dy, = Dg; ®pp, ™"
For example, the cochain complex Dj, is a direct sum of cochain complexes of the form
.~ 0——BP,BP” @pp. I’ ——~ BP.BP @pp, [2 ——> 0 —— - --

shifted by even internal degrees. Therefore, we have the cohomology of these cochain
complexes of BP,-modules

H*D:m(] o @ 22*]m
concentrated in cohomological degree 0, and for j > 1

H*D;, ;= @ T*BP.BP” @pp, 12/
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concentrated in cohomological degree j.
Now we consider the maps

(101) R** HOHIBP* (D:n—i-l,j? Fp) — R™* HOHIBP* (D Fp)

:jnhy’
that are induced by the inclusions

D*

*
m+17] Dm7] :

For j > 1, these maps can be identified as

R** HOIIpr* (H*D:n+1,j7 Fp) — R®* HOHIBP* (H*D* F )

m,jr =P

This is due to the fact that for objects in the heart of D*(BP,-Mod), morphisms between
them in the derived category are the same as the ones between their homology. Since
H* Dy,
that the maps

and H*Dy, ; are concentrated in the same cohomological degree, and it is clear

are all zero, we have that the maps (I0.1]) are all zero for j > 1.
For j = 0, these maps can be rewritten as

Extgp (I™,F,) — Extyp (1™ F,).
By Lemma [[0.6] they are all zero. Therefore, the maps
R** HOIIpr* (C*

m

15 Fp) — R*" Homgp, (C},, Fp)

are all zero, since they are zero on each direct summand.
Shifting the bidegrees of F,, to X~"'F,, we have that the maps

R**Homgp, (Cr, 1, X" "'F,) — R** Homgp, (Ci, X~ "'F,)

m

are all zero. Note that by construction of our tower in the category S%°/ T—Modl;, we
have that

EP* (Xm) = C;:z

for all m. Therefore, by Lemma [10.5] each map g,, : X, 1 — X,,, induces the zero map
on the HFE‘Ot-cohomology. This completes the proof. O

Combining Proposition [10.4] and [10.7] we have shown that our tower satisfies Condi-
tions (1) and (@) of Definition 0.}, and therefore is a motivic Adams tower for S%°/7.
This proves that there exists an isomorphism between the regraded algebraic Novikov
spectral sequence and the motivic Adams spectral sequence for S%0/7.
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10.4. Proof of Lemma [10.6l We prove Lemma [10.6] in this subsection.
The following Noetherian version of Lemma is well known (see [56] for example).
Suppose that

R =1Zylx1, 29, ]
m = (p, w1, 29, )
Ry =Z,|x1, 9, -+, x4
my = (p, ¥1, T2, , T4)

Then we have

Proposition 10.8. The following maps
Torii (m?+17 F,) — Torii (my,Fp)

EXt}k%’:(m?Ha Fp) — Ext;:(m?, Fp)
that are induced by the inclusion maps my™ — m», are both zero for all n > 0 and

t>1.

Proof. See [56] for a proof of the first statement.
The second statement follows from the first one, since

Exty (M, F,) = Homg, (Torl",(M,F,),F,)
is true for the polynomial Z,-algebra R, and any module M over R;. O

Proof of Lemma[10.6. Note that the statement in Lemma [10.6] also follows from the cor-
responding statement for Tor, since

Exty"(M,F,) = Homg(Torl, (M,F,),F,)

is also true for the polynomial Z,-algebra R and any module M over R.
Therefore, we only need to prove the dual statement that

Tor’

* %k

(mn+1a Fp) — Torf* (mn’ Fp)

18 zero.
Take a free resolution Fj of IF, over R. Since R is free over R;, we can also regard F,
as a free resolution of I, over Iz;. Since

R = colim R;, m" = colim m},

we have

colim F, ®p, m; = F, @z m".
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Therefore, the following diagram commutes.

Toerk (my, Fp)

*,

H,(F, ®g, m}) H,(F, @ m") === Tory,(m",F,)

| |

Torfii(m?H,IFP) — H,(F, ®r, m'"™) — H,(F, @ m""') — Torf*(m"H,Fp)
Since direct limits are exact, this completes the proof. O

11. APPENDIX - COMPUTATION OF SOME CLASSICAL ADAMS DIFFERENTIALS

In this appendix, we illustrate the power of the isomorphism of spectral sequences
in Theorem [R.1], by re-computing certain low filtration and historically more difficult
differentials in the range up to the 45-stem at the prime 2. We follow notations in
Isaksen’s Stable Stems [26] and Isaksen, the second and third author’s More Stable Stems
[27].

When computing nontrivial differentials in the classical Adams spectral sequence, it
is usually harder to give proofs for the ones whose sources are in low Adams filtrations.
There are at least two reasons for this. Firstly, there are more potential targets that
it could hit, so it means more possibilities to check and rule out. Secondly, on the
other hand, elements in high Adams filtrations can usually be detected by certain known
spectrum in small chromatic height - for instance, elements above the 1/3-line can be
detected by the K (1)-local sphere and many elements around the 1/5-line can be detected
by the spectrum of topological modular forms. This gives ways to compare with Adams
spectral sequences of other spectra.

Up to the 45-stem, we list the following 10 nontrivial differentials, whose sources are in
low Adams filtrations. Five of them are dy-differentials, four of them are ds-differentials,
and one of them is a dy-differential.

Historically, the first four of them were proved by May in his thesis, by comparing
with Toda’s unstable computation. The next two are obtained by the Hopf invariant one
problem and by comparing with the J-spectrum. Note that the elements Ah2 and hoAh3
were historically called r» and s, and there is a nontrivial extension in the May spectral
sequence that gives us a relation s = hor. The last four, except the one on ds(e;), were
proved by Barratt-Mahowald-Tangora [2] using ad hoc methods. In fact, the differentials
d3(hahs) = hop and da(c2) = hof1 are both closely related to the nontrivial v-extension
from h? to the element p, and the differential dy(hshs) = hoz is closely related to the
nontrivial o-extension from h3 to the element x. For the element e;, Barratt-Mahowald-
Tangora [2] erroneously thought it was a permanent cycle. It was later proved by Bruner
[7] using power operations that it supports a nontrivial differential ds(e;) = hyt.
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Adams differential Stem of the source | Filtration of the source
do(hy) = hoh? 15 1
ds(hohy) = hody 15 2
d2(60) = h%do 17 4
dg(f()) = h(2)60 18 4
do(hs) = hoh? 31 1
d3(h3hs) = hoAh3 31 4
ds(hahs) = hop = hidy 34 2
d4(h3h5) = h()ZL' 38 2
dg(el) = hlt 38 4
dy(ca) = ho f1 41 3

Now using Theorem B.1I] we compare them with the computations of the motivic Adams
spectral sequence of S%%/7. All five dy-differentials are present in the motivic Adams
spectral sequence of S%° /7. This gives immediate proofs for all five dy-differentials.

Moreover, the three out of the four ds-differentials except ds(hohs) are present in the
motivic Adams spectral sequence of S%°/7. To be careful, one also need to rule out the
possibility of shorter differentials - dy’s in these cases. This can be done by multiplying
ho to the proposed do-differentials and get contradictions.

For the ds-differential d3(hahs) = hidy, one can show the following three statements are
equivalent, by considering the long exact sequence of motivic homotopy groups associated
to the cofiber map of 7.

(1) There is a differential ds(hehs) = Thid; in the motivic Adams spectral sequence of
S0,

(2) In homotopy groups, {haohs} maps to {h;d;} under the quotient map from S%°/7 to
its top cell &1,

(3) There is an 7-extension from hohs to h2d; in m,,S%° /7, where h2d; is the element in
the motivic Adams Es-page of S%°/7 that corresponds to h%d; in that of the top cell
St

The statement (3) can be checked in the E,-page of the motivic Adams spectral
sequence for S%°/7 which is isomorphic to the classical Adams-Novikov E,-page. This
gives a proof for the ds-differential in the motivic Adams Adams spectral sequence for

S99 and hence the classical ds-differential. Note that the statement (2) is proved by

Isaksen in Table 42 of Stable Stems [26].

At last, the dy-differential dy(hshs) is also present in the motivic Adams spectral se-
quence for S%°/7. To pull it back and get the d,-differential in the motivic sphere, one
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need to rule out the possibilities of nonzero dy’s and ds’s. For degree reasons, there is
no possible dy’s. To rule out the only d3 possibility that ds(hshs) = x, note that since
hax = h2gs, this would give another ds-differential by multiplying by hs: d3(h3hs) = higa.
However, there is no such ds in the motivic Adams spectral sequence for S%°/7, which
gives a contradiction.

In sum, we reprove all 10 nontrivial low filtration differentials up to the 45-stem without
much effort. In fact, among all nontrivial differentials up to the 45-stem, there is only
one that cannot be proved by our motivic S%°/r-method: d3(Ah3) = hyd3. This can
be proved by other methods, such as the ad hoc method by Barratt-Mahowald-Tangora
[2], the power operation method by Bruner [§], the method of detection by tmf, and the
RP>-technique in [67].

We include the following Isaksen’s charts for the reader’s reference of the differentials
that are discussed in this appendix.
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