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THE EQUIVARIANT CONNER-FLOYD ISOMORPHISM

STEVEN R. COSTENOBLE

ABSTRACT. This paper proves two equivariant generalizations of the Conner-
Floyd isomorphism relating unitary cobordism and K-theory. It extends a
previous result of Okonek for abelian groups to all compact Lie groups. We
also show that the result for finite groups is true using either the geometric or
homotopical versions of cobordism.

1. Introduction. In [6] Conner and Floyd established a relation between
cobordism and K-theory. They proved that

MU’ (X) ®uu- K* = K*(X),

where MU is unitary cobordism and K is complex K-theory. A generalization
of this result to the equivariant context was proved by Okonek [15]. This paper
improves upon that generalization in two ways. First, it expands the class of groups
considered, from abelian groups to all compact Lie groups. Second, it shows that
both of the usual generalizations of cobordism to the equivariant context can be
used.

The K-theory that we use is K5 (—), the equivariant K-theory of Segal [17],
which is the obvious generalization of K-theory to the equivariant world. Atiyah
[2] proved that this theory has Bott periodicity; it is periodic with respect to
Spin‘-representations of the group. There are two common ways of generalizing
cobordism; we will define these carefully in §2. One gives geometric cobordism,
which we denote by UZ;(—), and the other homotopical cobordism, MU} (—). Both
of these are multiplicative cohomology theories. There are multiplicative maps
p:Us(=) — K&(—) and p: MUG(—) — K& (—). Writing Ug, for the ring Ug(*),
and similarly for the other theories, the two main results we will show are

THEOREM A. u: U%(X) ®Quz, K& — K%(X) is an isomorphism when G is a
finite group. A

THEOREM B. u: m;(X) ®muy K& — k&(X) s an isomorphism for every
compact Lie group G.

It should be pointed out that these results use integer grading and not RO(G)
grading. We will use integer grading throughout this paper, except on those occa-
sions when it is necessary or particularly convenient to use RO(G); we will make
it clear at these points that we are using the larger grading.

Theorem B has already been shown for G abelian in [15], and we will use that
result as a starting point. Theorem A follows from Theorem B, as shown in §3, by
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802 S. R. COSTENOBLE

an argument due to Ib Madsen. He and Mel Rothenberg have used Theorem A in
work on the homotopy groups of equivariant automorphism groups of spheres.

The proof of Theorem B is similar in outline to Atiyah and Segal’s proof of the
completion theorem for K-theory [3]. By embedding G in U(n), we can reduce to
the case where G is U(n). By a suitable transfer, we can relate U(n) to its maximal
torus T™, for which the result is already known. To complete the proof we must
delve into the structure of the equivariant cobordism rings. The proof of Theorem
B occupies §§4 and 5.

These results were the main ones of my Ph.D. thesis. I would like to thank my
advisor, J. Peter May, for his helpful guidance. I would also like to thank Ib Madsen
for his permission to reproduce the argument of §3 here.

2. Definitions. Before we begin serious work, we establish terminology.
Throughout this paper we will be concerned with group actions; the group which
is acting will always be assumed to be compact Lie, and most of the actions will
be on the left. Actions on smooth manifolds will be assumed to be smooth. When
we refer to a subgroup of a compact Lie group, we always mean a closed subgroup.
A representation of a compact Lie group G is a finite-dimensional real vector space
on which G acts linearly; we may assume that it has a G-invariant inner product.
If V is a representation of G, then

D(V)={veV||v] <1} and S(V)={veV||v|=1}

are the unit disc and sphere of V. SY denotes the one-point compactification of V',
with compactification point as basepoint. ¥ X = XASY for any based G-space X.
|V'| will always mean the real dimension of V. If W C V is a subrepresentation, then
V —W denotes the orthogonal complement to W in V. In particular, Vg =V -V H,
the H-nontrivial part of V. RO(G) will denote the real representation ring of G,
and R(G) the complex representation ring. Z C RO(G) is the subring of trivial
representations, and R™ is the trivial representation of dimension n.

If X is any G-space, Xt will denote X with a G-fixed disjoint basepoint attached.
Basepoints will in general be referred to as “+,” as will any one-point space. If H is
a subgroup of G and X is a based H-space, then the extension of X to G is the G-
space G* Ay X = (G* A X)/H where H acts on the right by (g,z)h = (gh,h™'z).
G acts on the left via its action on itself by multiplication. If X and Y are based
G-spaces, then [X,Y]s will denote the set of based G-homotopy classes of based
G-maps from X to Y.

We will have occasion to take limits over “all representations of G.” To make
sense of this, we employ a complete G-universe, which is a countably infinite-
dimensional G-inner product space which contains every finite-dimensional rep-
resentation of G infinitely many times. A limit over all of the representations of
G is then interpreted as a limit over the finite-dimensional subspaces of such a
universe, directed by inclusion.

2.1 Geometric cobordism. We now define our cobordism theories. Unfortunately,
there are several different generalizations of unitary cobordism to the equivariant
world. The most obvious, and the first we will define, is the geometric version.
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THE EQUIVARIANT CONNER-FLOYD ISOMORPHISM 803

We start by defining what a unitary G-manifold is, and here again we have some
choices. Our preferred definition is this:

DEFINITION. A wunitary structure on a smooth closed G-manifold M is an em-
bedding of M in a G-representation V@®R"™, where V is a complex G-representation,
together with a complex structure on the normal bundle of this embedding. An
equivalence relation is defined on unitary structures in the familiar way, via addi-
tions of complex representations to V &R™ (and the normal bundle), and isotopies
of embeddings. A unitary G-manifold is a G-manifold together with an equivalence
class of unitary structures on it.

We will refer to a representation of the form V & R", where V is a complex
representation, as a complex @ trivial representation. An equivalent way of defining
a unitary manifold would be to require that the stable tangent bundle of M be given
a complex structure, if we understand stabilization to mean addition of complex
@ trivial representations. Many writers use a more restrictive definition, which
allows only trivial representations to be added to the tangent bundle. For many
of our arguments, both definitions will work and lead to the same result. Our
preferred definition has the advantage that it leads to a homology theory which can
be reasonably easily represented by a spectrum, and hence leads to a corresponding
cohomology theory, as explained below.

One more comment on the definition is in order. The representation V & R"
which appears could have been specified to have n equal to 0 or 1; other copies of R
can be paired into copies of C and absorbed into V. The choice of one alternative
over the other is purely an aesthetic decision. The trivial summands are there at
all, of course, to allow odd-dimensional manifolds to be considered to be unitary.

Given a definition of unitary G-manifolds, we can define unitary cobordism of
such in the usual way. We can also consider manifolds and cobordisms over a
G-space X, meaning that there are G-maps from the manifolds and cobordisms
into X. The set of unitary cobordism classes of n-dimensional unitary G-manifolds
over X is a group which we will call Y$(X). With an appropriate definition for
the relative case, the collection of functors U (—) defines a G-homology theory,
as is well known [5]. We call this geometric unitary bordism. As has also become
known, this theory can be represented by a G-spectrum, though not quite the one
we might expect at first (see [18, 19, or 7]). Having such a spectrum, we can
define an associated G-cohomology theory, which we denote by Uf(—) and which
we call geometric unitary cobordism. The Cartesian product of manifolds defines
an external product on Y% (=), and a product on the spectrum. This makes U%(—)
into a multiplicative cohomology theory. In particular, Uz = Ug(*) = UG, is a
graded ring, and every U5 (X) is a module over this ring.

2.2 Homotopical cobordism. We said that the representing spectrum for geometric
cobordism is not what we expected from the nonequivariant example. What we
expected was the equivariant Thom spectrum, so let us define it and examine the
theory that it does represent.

Let BUg(n) be the classifying space for complex G-bundles of complex dimension
n. Let 7, be the universal bundle over this space. If V' is a complex representation
of G, let MUg(V) be the Thom space of the bundle vy /2. If V. C W, then we
have a G-map

o: SV VMU (V) — MUg(W)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



804 S. R. COSTENOBLE

which comes from the classifying map for v @ (W — V). The spaces MU¢g(V'), with
the suspension maps o, fit together to give a G-spectrum (see [12] for a general
discussion of equivariant spectra). We call this spectrum MUg, and refer to it as
the unitary G-Thom spectrum. It represents a homology theory, called homotopical
unitary bordism, written MUS(—), and a cohomology theory called homotopical
unitary cobordism, written MU (—). For example, if n > 0, we have

MUS (x) = colim{S™ A SV, X A MU (V)]e,

where the colimit is taken over all complex representations of G. The other cases
are defined similarly, with the X on the other side for the cohomology theory. In
general, these are quite different from the geometric theories.

Classification of the Whitney sum of bundles gives us a G-map MUg(V) A
MUg(W) - MUg(V @ W), which makes MUg into a ring spectrum and makes
MU (—) a multiplicative cohomology theory. In particular, MU5 = MU (*) is a
ring, and every MU (X) is a module over it.

Homotopical cobordism enjoys a form of periodicity similar to, but weaker than,
Bott periodicity. Let V be a complex representation of G, and let 7y be the class
of the map SVl — MUg(V) which classifies the trivial bundle RIVI — x.

THEOREM 2.1. ny € MUL V! = MUS, _,, is a unit of the RO(G)-graded
ring. Multiplication by ny thus induces isomorphisms

—~ G —~ G
MU 1, (X) 2= MU,y (5V X)

and v
— —m—
MUG(EVX)= MU, (X).
PROOF. 7, ! is given by the map S — MUg(R!V!) which classifies the bundle
Vox 0O
This result is well known; see particularly (8, 4, and 7).
The homotopical and geometric theories are related. One relation provides a
nice geometric interpretation of the homotopically defined theory. First, notice
that there is a map of homology theories

@: UZ(-) — MUZ(-)
given by the Pontrjagin-Thom construction familiar from the nonequivariant case.
(That this fails to be an isomorphism is due to the failure of transversality in this
context.) Consider the following construction. Suppose that f: M — X is a unitary

G-manifold over the G-space X, and that V is a complex G-representation. Then
M x D(V) is a unitary G-manifold (with boundary), and we can form the map

fx1:(MxD(V),MxS(\V)) - (XxDV),X xSV)).
This defines a map
Wi Ug(X) = Uy (X < (D(V), S(V))).

We call yv stabilization by V. A similar construction can be given in the relative
case, if we round corners.
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Comparing vy to ny, we can see that we have a commutative diagram

uS (X) =, MUG(X)

Lw /)%

US 4 (X x (D(V),5(V)) 2+ MUS, (X x (D(V),S(V))-

Hence we have a map
3. colim US v (X x (D(V),S(V))) = MU (X),
and similarly for the relative versions. For all versions we have

THEOREM 2.2. ® is an isomorphism.

For the proof, see [4]. We should note that the more restrictive definition of
“ynitary manifold” will still make this result true, because the stabilization maps
~v effectively eliminate the difference.

This theorem leads to a nice geometric interpretation of homotopical bordism.

DEFINITION. A stable unitary G-manifold is the equivalence class of a unitary
G-manifold M endowed with a map ¢: (M,dM) — (D(V), S(V)) for some complex
G-representation V. The equivalence relation is the one generated by considering
© to be equivalent to

px1: (M xD(W),0(M x DW))) = (DVeW),S(VaeWw)),

where W is any complex representation of G.

As usual, M x D(W) has its corners rounded. The wvirtual dimension of M —
D(V) is defined to be dim M — |V|. Stable cobordisms are defined in the obvious
way. A stable manifold over a G-space X is one with a G-map from the manifold
part M to X; stable cobordisms over X are dealt with similarly. With careful
attention to parts of boundaries, we can define relative versions of these ideas as
well. Thus we can form a new homology theory by taking stable cobordism classes
of stable manifolds over X, giving us groups US(X). We call this stable unitary
G-bordism.

These groups are easily identified with the groups

colim Ug 1 v (X x (D(V),8(V))).

In fact, a stable manifold M — D(V) over X is really a manifold over the space
X x D(V), and the stability equivalence relation is identical to the relation forced
by the colimit maps . What Theorem 2.2 says then, is that homotopical bor-
dism is identical to a stable bordism, giving us a geometric way to deal with the
homotopically defined theory.

To complete the picture of homotopical bordism, we ought to say what vari-
ous homotopically defined maps—such as naturality maps, Gysin maps, and Thom
maps—Ilook like in the geometric interpretation. We will do this for several maps
as we need them, but here we will outline a proof scheme for verifying such in-
terpretations. Suppose that a given homotopical construction leads to a natural
map ¢: MUS(-) — MUZ(-), and that we also have a geometric construction
on manifolds that we think gives ¥. Suppose that this leads to a natural map
@: UG(=) = UG (~). To show that our interpretation is correct, we need to check
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two things: (1) that o is stable, i.e., that it commutes with the maps vy, and (2)
that ¢ is carried to ¢ by ®, i.e., that ®p = 1.

In practice, we are given 1 and must find ¢. Happily, we can usually find ¢ by
assuming that transversality holds and examining the homotopical construction in
this light. To actually verify that a given o is the correct interpretation, we use the
proof scheme above, which does not need transversality. It is a pleasant exercise to
work out the correspondences for various maps, and a number of these are recorded
in [7].

3. Proof of Theorem A. We now show how Theorem A follows from Theorem
B. The argument is due to Ib Madsen. Let G be a finite group for this section.

We will need some results on equivariant transversality. Some references are
[16, 9, 19, and 7]. The sad fact is that transversality often fails in the equivariant
world. One can, as in [16], develop obstructions to obtaining transversality. We
quote a result of his on a sufficient condition for making these obstructions vanish.

Suppose that M is a G-manifold and V' is a G-representation, with f: M — V
a smooth G-map. We wish to make f transverse to the origin (this is the special
case we will need). Let 7 = 7M be the tangent bundle of M. For H a subgroup
of G, let H denote the set of irreducible real representations of H. If W € H, let
dw = dimg Homy (W, W). Since Homyg (W, W) is one of R, C, or H, dy is one of
1, 2, or 4.

THEOREM 3.1. Let G be a finite group, M a G-manifold, and V a repre-
sentation of G. Suppose f: M — V is a G-map. For z € M¥ write (1,)g =
SweaW, and (V) = Yyey W, where aw and by are integers. If

dw(aw — bw +1) —1 > dim M7 — |V H|

for every H C G, every x € MH | and every nontrivial W € H, then f is G-
homotopic to a map which is transverse to the origin of |V|.

This is a special case of (16, 11.4.13].

Let Z be the complex regular representation of G. Let P C U, be the multi-
plicative system generated by the class of CP(Z), the manifold of complex lines
in Z with G-action induced by the action of G on Z. Since localization is exact
we can form a new theory by formally inverting P, considering every U (X) to be
a module over U¢. In this way we get the new theory P~1UZ(—). Via the ring
homomorphism ®, we can also form the theory P=!MUg(-).

THEOREM 3.2. P~1Ut(-) = P 'MU%(-) via ®.

PROOF. Since both sides are G-cohomology theories, it suffices to show that &
is an isomorphism on the orbits G/H. Since Uf,(G/H) = U} and MU} (G/H) =
MUY}, and P is carried by these isomorphisms to a similar system, it suffices to
check that ® induces an isomorphism on the one-point space. (Actually, P is carried
to a slightly different system, but this can be handled by a variation of the argument
which follows.) That is, we need only check that P~1U¢ = P~1MU,.

We would like to describe an inverse to ®, call it ¥. Suppose that we have a
stable manifold f: M — D(V). If we could make f transverse to the origin of V,
we could form N = f~1(0), and it is easy to see that then ®[N] = [f], so we would
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set U[f] = [N]. In general this is not possible, but we will show that it is possible
if we first allow ourselves to multiply M by sufficiently many copies of CP(Z).

When do the obstructions to making a map M x CP(Z)¥ — V transverse to the
origin vanish? We check the conditions of Theorem 3.1. Let H C G and z € M¥.
Write (2 M)y = Lpeng W, and Vg = Ly e g W, If y € (CP(Z)F)H, then
(yCP(Z)*) )y = Z), s0

(,CP(2)*)g = ), WHGHIWI
WeH-R

Also, dim(CP(Z)*)H = 2k|G : H| — 2k, because the fixed-point components of
CP(Z) correspond to the various one-dimensional complex representations of H,
each of which appears exactly |G : H| times. Thus, the condition that we need to
satisfy is

dw(2k|G : H| - |W|+aw — bw + 1) — 1 > 2k|G : H| — 2k + dim M¥ — [V E|.

This is easily satisfied by taking k& sufficiently large.

Thus ¥ is defined as follows: Given f: M — D(V), take k so large that we
can assume that f: M x CP(Z)¥ — D(V) is transverse to the origin. Let ¥[f] =
[CP(2)]=k[f~1(0)] € P~1UY. 1t is straightforward to check that this is the inverse
tod. O

PROOF OF THEOREM A. Observe that CP(Z) maps to a unit in K —this is
essentially the fact that the index of a projective space is 1; see [2]. So,

U&(X) ®uy, K& = P UE(X) ®p-1ys, K& = PT'MUG(X) ®p-10u; K&
= MUG(X) ®mus K& = K&(X)
by Theorem B. O

4. Reductions.

4.1 Thom classes, FEuler classes, and u. We have yet to define the map u from
cobordism to K-theory. To do this we need a quick discussion of Thom classes.

Both K-theory and homotopical unitary cobordism have Thom classes for com-
plex bundles. By this we mean that if ¢ is a complex G-bundle over a compact

G-space X, such that all of the fibers have the same dimension, then there are

classes t(¢) € I?Icf'(Mﬁ) and t(€) € mgl(Mﬁ) where M¢ is the Thom space of

the bundle. These Thom classes obey all of the nice properties that have become
familiar in the nonequivariant case, including giving Thom isomorphisms (see 7 or
15] for more detail). The classes in K-theory were defined by Atiyah in [2], and are
closely related to the Bott periodicity classes. The classes in cobordism are defined
exactly as in the nonequivariant case: Classify ¢ by a map M¢ — MUg(R'¢!) and
then interpret this map as a cobordism class.

The Thom classes in homotopical cobordism are, in a sense, universal, as in
the nonequivariant case. In particular, there is a unique natural transformation of
cohomology theories, u: MUZ(—) — K¢ (—), preserving all Thom classes (see [15]).
This map, which is the one used in Theorem B, is necessarily multiplicative. The
map from geometric cobordism to K-theory is the composite of yu with ®: Uz, (-) —
MUZ(-).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



808 S. R. COSTENOBLE

Having Thom classes, we can also define Euler classes. If £ is a complex bundle
over X, then there is a 0-section map sg: X — M, and we let

e(€) = sgt(€) e KE'(X) or MUK(X).

In particular, if V is a complex representation of G, we may consider the trivial

bundle V' — * over a point; the Euler class of this bundle is an element ey € K, |GV| or

M Ug/l. This class is 0 if V has any trivial summands, but in general it is nonzero.
We will see specific examples of this later. In passing, we mention that, as a stable
cobordism class, ey is represented by the stable manifold * — D(V), inclusion of
the origin.

4.2 Reduction to unitary groups.

THEOREM 4.1. Suppose that Theorem B is true for a group G, and that H is
a subgroup of G. Then Theorem B 1is true for H.

PROOF.
MU muy, K; = MUL(G/H) Omug Kg = KL(G/H) = Ky.
So, for any H-space X we have
MU 5(X) ®umu;, Kip = MUy (X) @uu;, (MU ®uu, KG)
= MUy (X) @muz K&
= MUG(G* An X) ®mus K&
=~ KA(Gt Ay X) = Hy(X). O
Here is the main sticking point if we wish to use something other than integer
grading for Theorem B, for example RO(G) grading. Theorem 4.1 relies on the
change-of-groups isomorphism, which only seems to work well with integer grading.

Recall now that any compact Lie group embeds as a closed subgroup in some
U(n). This gives us

COROLLARY 4.2. If Theorem B is true for the unitary groups U(n), then it is
true for all compact Lie groups.

4.3 The holomorphic transfer. Having reduced Theorem B to the case of the
unitary group, we now attempt to derive that case from the known result for the
torus. To help, we need a map called the holomorphic transfer, which we define.

Let T™ be the maximal torus of U(n). For convenience, let hy(,) be the U(n)-
spectrum representing either homotopical unitary cobordism or K-theory, and let

{j(n)(—) be the corresponding theory. Recall that

hn (X) 2 by, (U(n)/T™) T AX)

if X is a U(n)-space.

Take the usual unitary structure on the manifold U(n)/T™. This will be given
by a complex structure on the normal bundle v to some embedding U (n)/T™ — V,
where V is a complex representation of U(n). This embedding gives us a collapse
map ¢: SY — Mv as usual. v gives rise to a map t: 2*("~ DMy — hymy(V). In
the case of K-theory, this is the Thom class of v shifted into a different degree by
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Bott periodicity. In the case of cobordism, we can do the same thing using Theorem
2.1. Notice that n(n — 1) is the dimension of U(n)/T™. Finally, there is a map
A: Mv — (U(n)/T™)* A Mv induced by the diagonal map on U(n)/T™.

Now suppose that we have an element of E}n (X) represented by a U(n)-map

g: ZH(U(n)/T™)* AX) = hy(n)(B)
for some U (n)-representations A and B. Then consider the composite

nAprn-1)5V x 8¢ sdyn(n=1)(X A (U(n)/T™)* A Mv)
Z AU Mm)/T AX)AZM D My

I by (n) (B) A hymy (V)
— hy n)(B eV).

This defines an element of B*U(n)(X ), which we call 7[g]. This defines a map

7 hpn (X) = hiy(n) (X).
We call 7 the holomorphic transfer. Notice that 7 lowers degree by n(n — 1).

This is a simple case of the sort of construction discussed in [11] (see particularly
his Remark 4.8). 7 is essentially a transfer for bundles of the form U(n)/T™ x X —
X. It is a map of hy;,)-modules. If we let £: hU(n)( ) — B*T,. (X) be the forgetful
map, then, as with any transfer, 7o € is just multiplication by the Euler class of the
transfer, x = 7€(1) € hv?é" D Since r was defined by means of the Thom class,
u will preserve it and .

We can identify 7 more precisely in these two theories.

PROPOSITION 4.3. 7: Ki.(—) — KU(n)(—) 13, up to periodicity, the holomor-
phic transfer of [2 and 3]. In particular, X 1s a unit of the ring Ky .

The argument is given in [14] (see the remark after his 5.2), as noted in [11]. It
comes down to the fact that 7 is defined in terms of the topological index, while
Atiyah’s holomorphic transfer is defined in terms of the analytical index. The
Atiyah-Singer Index Theorem serves to identify them. That x is a unit follows
from [2], which shows that X is a Bott class. This result justifies our calling 7 the
holomorphic transfer.

PROPOSITION 4.4. 7: MUp, — MU,‘}(") is given geometrically as the map
which takes a T™-manifold M to the U(n)-manifold U(n) X7~ M. In particular, x
1s the class of U(n)/T™ in MU_"(" 2

The proof follows the outline given at the end of §2.
Proposition 4.3 suggests the following trick. Let D C M U{,(n) be the multiplica-
tive set of elements which get sent to units in K["}(n) by u. Since localization is

exact, we can form a new cohomology theory D! M U["}(n)(—). This new theory is
at least as useful to us as the old one because of the easy observation

PROPOSITION 4.5.
D™ MUy (n)(X) ®p-1muy,, Kirn) = MUy () (X) ®mu; ) Kiy(n)-
The new theory is better than the old one in the following way.
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PROPOSITION 4.6. &: D‘lm;(n)(X) — D‘lm;n (X) s a naturally split
monomorphism.

PROOF. A splitting is given by x~!7, since x € D by Proposition 4.3, and
7€(z) = xx V2 € MUy (,)(X). O
This gives us our next reduction of Theorem B.

THEOREM 4.7. If MUz MUy, K7 (n) = Kn, then Theorem B s true for
U(n).

PROOF. Consider the diagram

£

0 g DblMUU(n)(X) ®D"1MU{1(") KE](n) —_— D_IMUTn(X) ®D—1MU;}(n) K;J(n)
lu Ly
"‘ E ~¥
0 — Ky () (X) = K (X).

The maps £ are monomorphisms with compatible splittings. The map u on the left
is the one we wish to show is an isomorphism. A simple diagram chase shows that
it suffices to show that the u on the right is an isomorphism. With our assumption
it is:

D™'MUrx(X) ®p-1mU;,,, Ki(n) = MU (X) ®mug, ) Kijin)
= MUz (X) ®muz, (MUrn ®OMUy K{(n))
o~ an(X) Omuz, Krn = K (X).

The last isomorphism is Okonek’s result for abelian groups [15]. O

5. The rest of the proof.
5.1 Fuler classes again. What remains to be proved is the isomorphism

(*) MU;"n ®MU(‘1(n) K(’;(n) = K;vn

As usual, we may replace MU,j(n) with D‘IMU{](n) and so on. Equation (x) is
a relation between four rings. We know the structure of two of them. Namely,
K¢ is R(G) in even degrees, and 0 in odd degrees. The multiplication is specified
by the fact that there is a unit in degree 2. Therefore, studying K¢, is just like
studying R(G). We know the structures of R(T™) and R(U(n)) quite well (see, e.g.,
(1]). In particular, R(T") is a free R(U(n))-module on n! basis elements. We can
specify those basis elements as follows. Let V;,...,V, be the n fundamental one-
dimensional complex representations of T™ given by the projections of T" = S! x
---x S1 onto its factors. Let ey, ..., e, be the Euler classes of these representations.
Then a basis for R(T") as an R(U(n))-module is given by {e%*---ei» | 0 < i; <
7 —1} (combine 6.20 of [1] with IV.3.28 of [10]). The same is then true of the rings
Kin and Ky, . More generally, R(T") is a free R(U(k) x T™*)-module with

basis {e?---ei" |0<¢; <j—1}
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Since the Euler classes already exist in homotopical cobordism, we see that we
have

PROPOSITION 5.1. p: MUj. @MUy . Kf(ny = Kin i a sphit epimorphism
of K{I(n) -modules.

Notice that an explicit splitting is given by taking the basis element e3? - - - el in
K. to the element of the same name in MUy... To show that u is a monomorphism,
we need to show that this splitting is an epimorphism. We shall show, in fact, that
these elements generate D~'MUz. as a D™' MUy ,,-module.

5.2 Symmetry. Recall that the Weyl group of U(n) is N(T™)/T™ = L, the
symmetric group on n letters. To be precise, the isomorphism is specified by con-
sidering the action of N(T™)/T™ on the left on T™ by conjugation. This action
permutes the factors, defining the desired map into X,,. We henceforth identify
N(T™)/T" and Z,.

Consider now the right action of ¥, on T™ given by to = o~ 't. This induces a
left action of ¥, on R(T"), which permutes the representations Vi,...,V, in the
expected way. Hence it permutes the Euler classes by oex = €, (k-

¥, acts by multiplication on the right on U(n)/T™, which is an action by U(n)-
maps. This produces a left action on MUz, = MUy, (U(n)/T™), by MUp,)-
module maps, which in turn gives us an action on D"!MUj..(—). Alternatively,
this action is given by twisting the action of 7" on a manifold by the right action
of X, on T". Again, the action on the Euler classes is as expected.

Let ¥ C X, be the subgroup of elements that permute only the first & letters.
Define a sequence of rings by

Rp = (D7MU}.)*x.
We will show two results.

PROPOSITION 5.2. Ry_; is generated as an Ry-module by 1, ey, .. .,ek'l.

PROPOSITION 5.3. R, = D™'MUj,,, via §.

5.3 Families and Proposition 5.3. To prove these results we need to bring in the
idea of a family of subgroups. Recall that a family of subgroups of G is a collection
of subgroups that is closed under conjugation and taking of subgroups. The only
families that we will need are A, the family of all subgroups, and P, the family of
proper subgroups (A — G). [5] introduced the idea of a manifold with restricted
isotropy. In our case, we are interested in so-called (A, P)-G-manifolds, which
are G-manifolds with no fixed-points on their boundaries. That is, the isotropy
subgroups of the boundaries are restricted to be in P, while there is no restriction
in the interior.

As in [5], we can define cobordism of (A, P)-manifolds and define cobordism the-
ories using them. Similarly, we can define stable (A, P)-manifolds and cobordisms.
In particular, we can look at the ring of stable cobordism classes of stable unitary
(A, P)-T™-manifolds, which we call MUF.[A, P].

Since a manifold with no boundary is certainly an (A, P)-manifold, there is a
map

F: MU}. — MUz [4, P).
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The remarkable fact about this map is:
THEOREM 5.4 (LOFFLER). F is a monomorphism.

For the proof see [13]. It is well known from [5] that an (A, P)-manifold is
determined, up to cobordism, by a neighborhood of its submanifold of fixed-points.
In particular, it is determined by its fixed-points and the normal bundle to their
inclusion. Theorem 5.4 allows us to say the same thing about cobordism classes of
T"-manifolds without boundary. Here is an example of its use:

PROOF OF PROPOSITION 5.3. We already know that ¢: DM Uy =
DM Urs is a monomorphism, and its image is clearly contained in R,. We
must show that it maps onto R,,.

Consider F¢r¢(1) = F&(x) = F[U(n)/T"]. As a T™-manifold, U(n)/T™ has n!
discrete fixed-points, namely the set N(T")/T™ = %,. Since we can restrict our
attention to a neighborhood of these fixed-points, we can write

FU(m)/T") = " d,
oET,

where d,; is, up to sign, the class of the disc of the tangent T™-representation at
oceU(n)/T".
More generally, let M be any T™-manifold, and consider

F&r[M) = F[U(n) Xo= M.
We notice that
(U(n) x7n M)T" C N(T™) x7n M,

and that this latter space consists of n! copies of M, sitting over ,,, with the T™-
action on each twisted by the action of the corresponding element of ¥,,. Since a
neighborhood of one of these copies of M in U(n)xr» M looks like the product of M
(with twisted action) and a neighborhood of the corresponding o € ,, ¢ U(n)/T™,
we see that
F¢r[M) = ) dyoF[M].
gEX,
This passes to stable manifolds, giving us
Fér(m)= Y dyoF(m) Yme€ D™ MUj..
gEL,
Now notice that if m € R,,, then 0 F(m) = F(m) for every o € £,, so that

Fér(m (Z d) = (FEx)F(m) = F(xm).

oEL,

Since F is injective, this says that £7(m) = xm, or that m = £(x~'7(m)). Hence
m is in the image of £, and € maps onto R,,. O

5.4 The idea of the proof of 5.2. In order to prove Proposition 5.2, we need to
show that any m € Ri_; can be written as

k—1
m= E ajej,
i=0
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for some elements a; € Rx. This is a single equation in the ¥ unknowns a;, but
we can convert it into k equations by applying the transpositions (j k) € k. This
gives us the system of equations

k—1
Gkym=> ael, 1<j<k,
=0

since the a; are fixed by X.

We can solve this system formally using Cramer’s rule. This expresses the a; as
quotients of determinants. The question is: Does this division make sense in the
rings in question? We will show that it does by constructing an element similar
to the denominator, showing that it is invertible, and then showing that that im-
plies that the division is possible. Our next task is to set up the tools to do the
construction.

5.5 A representation. Consider Wy = u(k), the adjoint representation of U (k).
This is a real representation of dimension k2. In fact, it is better than that:

PROPOSITION 5.5. Wy is a Spin® representation of U(k).
PROOF. (This argument was shown to me by Dick Lashof.) Recall that
Spin®(k?) = Spin(k?) xz, U(1),

and that U (k) = SU(k) xz, U(1). In the last statement, U(1) is the center of U (k),
and Zj is the center of SU (k).

Wi has a trivial summand corresponding to the center of U(k); write Wy =
Wi @ R. W is the representation given by p, the composite along the bottom in
the diagram

SU(k)
!
Uk) - U(k)/U1) = SU(k)/Zp ——— SO(k? — 1).

Consider su(k):

su(k)

Spin(k? — 1)
p l
sUk) % SO®k? - 1) = Spin(k? — 1)/Zs.

o exists because SU(k) is simply connected. o(Zx) C Z; since su(k)(Zx) = {I}.
If k is odd, then o(Zx) = {I}, so o factors to give 5: SU(k)/Zy — Spin(k% — 1),
which, composed with U(k) — SU(k)/Zy, gives a lift of p. In this case Wy is
actually a Spin representation, and hence a Spin® representation.
If k is even, notice that 0(2Z,) = {I}, so we have 6: SU(k)/2Zy — Spin(k%—1).
We lift p by the composite

U(k) = SU(k) xz, U(1) %2 SU(k) /22 xz, U(1)
@1 Spin(k? — 1) xz, U(1) = Spin°(k? — 1),

where ¢ is the quotient map, and {(A) = \*/2 for A€ U(1). O
Wy is of interest to us mainly because of the following fact.
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PROPOSITION 5.6. There is an embedding of U (k)/T* in Wy with normal bun-
dle U(k)-isomorphic to U(k)/T* x RF.

PROOF. To get an embedding, we need a point in Wy with isotropy exactly T*.
We can appeal to the theory of principal orbit types, which says that the points
with isotropy conjugate to T* are actually dense. Or, we can be a little more direct,
and notice that any point of Wy will do if the closure of the one-parameter subgroup
of U(k) it determines is T*. For, if w is a point with this property, then its isotropy
group will be the centralizer of T*, which is just T* itself. Since T* is monogenic,
such points exist.

Suppose then that we have chosen an embedding ¢: U (k)/T* — Wy. The normal
bundle to ¢ must be of the form U(k) x7« V for some representation V of T%
(all bundles over U(k)/T* must be of this form; see [17]). The tangent bundle of
U(k)/T* is U(k) x7« V', where V' is the tangent representation at IT* € U(k)/T*.
As a representation of T, V' has no trivial summands. By virtue of the embedding,
we must have V @ V'’ = W, as representations of T*, which means that we must
have V = WE *. In other words, V is trivial, and the normal bundle has the form
stated. 0O

We use this embedding to give U(k)/T* x U(k)/T*, and hence

(U k) x T"%/T™) x (U (k) x T"~*/T™),
a nonstandard unitary structure. We give Wy & Wy the complex structure making
it Wx ®r C. Then the product embedding U(k)/T* x U(k)/T* — Wi ® Wy
has normal bundle U(k)/T* x U(k)/T* x (R¥ @ R¥), which we give the complex
structure making it U(k)/T* x U(k)/T* x Ck.

For use below, we can determine the tangent space at IT* x IT* € U(k)/T* x
U(k)/T* as a complex representation of T*, using this nonstandard structure. Since
the normal representation to the embedding consists of all of the trivial summands
of Wi ®gr C, the tangent space must be

(Wi ®r C)re = u(k)r+ ®r C= (P Vi® V),
i#g
4,J<k

where V; is the fundamental representation of T* defined earlier, and V; indicates
the complex conjugate representation.
The representation Wj gives rise to several maps. First, the embedding U (k)/T*

< W gives a collapse map cx: SW* — $kU(k)/T*", and hence a map
Ck: MUP. = MU n-x (U (k) x T /T™)

= MUG ey xrn-x(U(k)/T¥) (trivial T *-action)
—~— m+k +

= MUy (kywrn-+ (U (K)/T")
—~— m+k

— MUy (k) xpn-k (S™*).

Next, the complex structure on Wy, @ Wy, gives an isomorphism
—~m o2
Nk MUU(k)XT""‘ (SWk@Wk) = MU{jn(kfan—ka

via Theorem 2.1.
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Finally, we let
sk: MUZ}(IC)XT"_" — MU;"n

be the forgetful map.

5.6 A calculation. Our most important construction can be described simply as
follows. Suppose that a and (3 are two elements of MU.. Then we can form the
element

Exnk(cra - ckB) € MUz,

We wish to calculate the result in terms of o and 3. What we do is calculate what
F does to it, i.e., we will look at the fixed-points.

The first thing we can do is interpret the whole construction geometrically. We
state the result without proof; the program at the end of §2 can be used to verify
it. Suppose that « is represented by M and S by N, with the unitary structures
given by embeddings M <« Z and N — Z'. (We ignore the other part of the
structure of a stable manifold, the map into the disk of a complex representation.
This will just pass through the construction in an uninteresting way.) We may
assume, by stabilizing, that the representations Z and Z’ are actually complex &
trivial representations of U(k) x T"~k. &mni(cia - c;3) is then represented by the
manifold

(U (k) x T"*) xpn M] X [(U(k) X T"%) xpn N] 2= (U(k) X% M) x (U (k) X% N),

with the unitary structure given by the embedding into Wi & W, & Z & Z’ induced
by the given unitary structures on M and N and the embedding of U(k)/T* in W
that we constructed.

The T"-fixed-point set is contained in

(N(T*) & M) x (N(T*) x7& N).

This set consists of copies of M x N, one for each element of X x X, with the action
of T" twisted on each copy according to the corresponding pair of permutations.
The normal bundle to the inclusion of a copy of M x N is the trivial bundle with fiber
the tangent representation at (0,7) € X x I C U(k)/T* x U(k)/T*. However,
our nonstandard unitary structure on U(k)/T* x U(k)/T* induces a nonstandard
complex structure on this representation, which was determined above.

Finally, there is a question of signs. This can be resolved by looking at the
embedding

Tk X Sk = N(T*)/T* x N(T*)/T* — WL @r C

and how the normal bundle is sent in by this map. At (e,e) the normal fiber is
identified with the representation, and the fiber over (o, 7) gets twisted by the action
of those permutations; we see that the sign which must be attached is (—1)11+I7l,
where |o| is 0 or 1, as o is an even or odd permutation.

Putting this all together, we have our calculation.

CALCULATION 5.7.

Féemi(cior cif) = o ( > (—1)'”*oa) ( > (~1)""aﬂ)

oET oET
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where

& = [D( D %@V,») l = [[ Ipvie7)).
7 )
1,7<k l,]sk

5.7 THE PROOF OF PROPOSITION 5.2. Let

ex = chlegel - ei 1) e MU,’;Z(;)V:},,_k.
(We will work with RO(G)-grading in this section.)
LEMMA 5.8. pu(ex) € KI‘J(k)xT""‘ s a unit of the ring.
PROOF. First, notice that, by Calculation 5.7,

2
Fénici (e - €f)* = b ( > (=)Fla(ey '-'67;*)) '
oET

This is O if any 2, = i, for then the terms in the sum will cancel in pairs. If we
now require that 0 < 7; < j — 1, then the result will be 0 ezcept when i; = 7 — 1
for each j. Since F is injective, this vanishing remains true without it. Since the
K-theory versions of & and 7y are injective, it follows that u(cj(eb’ - --€))? = 0
in K-theory unless ¢; = 7 — 1 for all .

Now u(ch(eb -'-efc“)) € Kg(;;";"T,,_k for some integer N with N — |W| even.
Since Wy is Spin® by 5.5, this group is a copy of RO(U(k) x T™~*), and there are
no zero-divisors in it. Thus it must be that u(ck (5 - - €i¥)) = 0 unless iy=7-1
for all j.

Now if we look at the definition of cj, considered as a map K¢, — K 3&';;"7‘./,’:_ s
it is easy to see that it is just evaluation at a fundamental class of the manifold
U(k)/T*. The machinery of equivariant Poincaré duality now tells us that it is an
epimorphism (see [20 or 12]). But we have just shown that it kills all but one of
the basis elements of R(T™) as a module over R(U (k) x T"~¥), hence it must carry
that last basis element to a generator, i.e., a unit of the ring. That is, u(ex) is a
unit. 0O

LEMMA 5.9. Ifb€ D='MU;. is an element in integer grading for which u(b)
18 a unit, then b 1s a unit.

_ PROOF. Let b be the product of the elements in the T,-orbit of b. Then
be D"IMU{j(") by 5.3. u(b) is a unit since u(b) is, but u(b) € K (). Write
b = m/d where m and d are in MU, and d € D. Then p(m) = u(d)u(b) is
a unit, and m € D. Hence b is invertible in D~'M Ufy(ny- Since b divides b in
D~'MU3.., it must also be invertible. O
PROOF OF PROPOSITION 5.2. Notice that & maps D‘IMU,'}(k)xT,,_,, into
Ry (we could show, as in Proposition 5.3, that it is actually onto). By Lemma 5.8
and the fact that n, is multiplication by a unit, u(&knke?) is a unit. Since &enie?
lies in integer grading, Lemma 5.9 shows that it is invertible in D™'MU;... We
claim that if m € Ri_1, then it can be written as
k—1
1

——5 Y Gemk(erma)ek

m =
Ekneey =5
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where m; = c(ez- - €713 k)mefié - ~eﬁ"1). If true, then we are done, since the
coefficients certainly lie in Ry.

Apply F and use Calculation 5.7 to examine the coefficients:
Fé&meer = 6kAF

and
Féenk(exms) = 8xAx »_ (=1)lom;
OEL
where Ap = Y o5 (—1)"lo(eze3 - - ef"). Hence the coefficient of €} is, after
applying F, .
AL Y (-)lom,
gET
which is the quotient of determinants:
1oe e - ' (Lkm et . ot
1 e € - e 2km &t ... k!
1 e e - ' m et ... k!
1 e €2 er1
1 e €2 ek1
1 e € - et

By Cramer’s rule, this is the solution to the system of equations
k-1
(J k)m = Zaie;') 1< .7 < k)
=

and the last of these is the equation we wish to hold true. Thus we have the equality
when F is applied, hence without it, and we are done. O

COROLLARY 5.10. MU;"n ®MU(‘](") K;J(n) = ;‘n.
PROOF. Propositions 5.2 and 5.3 show that the set {e}? ---€ip|0 < 4; < 5 — 1}
generates D"1MU3.. as a D™!M Ufy (n)-module. Since the elements of the same

name form a basis for K7~ as a module over K ;}(n), the result follows. O
This completes the proof of Theorem B.
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