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Intr oduction

This text contains the notes from a coursetaught at MIT in the spring of 1999, whose topics
revolved around the useof stacks in studying complex oriented cohomologytheories. The noteswere
compiled by the graduate studerts attending the class,and it should perhapsbe acknowledged(with
regret) that we recorded only the mathematics and not the frequent jokesand amusing sideshavs
which accompaniedit. Pleasebe wary of the fact that what you have in your handsis the “alpha-
version' of the text, which is only slightly more than our direct transcription of the stream-of-
consciousnessectures. Much of what is here is somewhatincoherert, and someof it is actually
wrong. A “beta-version' may perhaps appear sometime in the future, but until then the notes
should probably only be circulated via the topology underground.

Date: August 13, 1999.
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In brief, the main physical goal of the coursewasto presern proofsof the Landweber Exact Functor
Theorem and the Morava/Miller-Ra venel Change-of-RingsTheorem using the language of stacks.
The lecturer often prophesizedthat in this context those theoremswould seem almost obvious'|
the reader can decide for himself whether he ultimately buys this. There was a secondarygoal of
the course, however, and that was to introduce students to the general yoga of complex oriented
cohomologytheories. There are many lecturesdewoted to this background machinery, much of which
appearsasan asideto the main discussion. The organization is at the momert somewhatcornvoluted,
but there also se\eral nice vignettes to be found here. Good luck...

1. Complex Oriented Cohomology Theories

A complex oriented cohomologytheory is a generalizedcohomologytheory E which is multiplica-
tive and has a choice of Thom classfor every complex vector bundle. The latter statemert means
that if ! X isacomplexvector bundle of dimensionn then wearegivenaclassU = U 2 E2"(X )
with the following properties:

(a) For eath x 2 X, the image of U under the composition

E-Zn(x )| E-Zn( )| EZn(SZH) T EO()

is the canonicalelemen 1.
(b) The classesU should be natural under pullbacks: if f : Y ! X thenU =f (U).
(c) Multiplicativit y: U =U U.

Remark 1.1. It may appearthat we had to make somechoicesin writing down the mapsappearing
in part (a)[for instance, we had to choosean identi cation of S?" with . But the fact that s
a complex vector bundle givesa preferred orientation of , and the induced map on cohomology
E2"( )! E?"() only dependson the way the orientations match up.

Example 1.2.

(a) Both singular cohomologyH ( ;Z) and complex K -theory K are complex orientable.

(b) Real K -theory K O is not complex orientable. For example, if is the canonical line bundle
over CP! then one can shaw that the map
2 2
Z=RO (X )! RO (S¥)=12
coincideswith multiplication by 2. So1 is not in the image.

If is the tautological line bundle over CP! then the zerosectionCP! ! (CP!) turns out
to be a homotopy equivalence. The Thom classU 2 E2?(CP! ) then pulls bac to a classusually
called x (or xg) in E2(CP1).

Prop osition 1.3. Any classx 2 E?(CP! ) restricting to 1 under the composite
E2(CPY)! E?(CPY)= E?(S')= E%)
extendsin a unique way to a complex orientation of E.
We will return to the proof later.
A complex orientation on a cohomologytheory E givesrise to a Thom isomorphism
U:EX) T E™"(X):
It alsogivesrise to Chern classess( ) 2 E? (X ) satisfying

(i) Naturality upder pullbacks;
(i) e )= j=ncO)g( )

(i) ci(L) = x 2 E2(CP! ) where L denotesthe tautological line bundle over CP?! .



COMPLEX ORIENTED COHOMOLOGY THEORIES AND THE LANGUA GE OF STACKS 3

Question: In singular cohomologyone hasc;(Ly  L3) = ¢i(L1) + ¢ (L2) for line bundlesL; and
L, over the samebaseX . What can we say about c;(L; L») for an arbitrary complex oriented
cohomologytheory?
Answer: It turns out that c;(L; L) canbewritten asF (ci(L1); ci(L2) for someF (x;y) 2 E [[x; Y]]
If we write x +¢ y for F(X;y), then this power serieswill have the following properties:

(i) x+py=y+r x (becauseL; Lp=Ly Ly);

(i) x+g 0=x= 0+ x (becauseL 1= L, where1 denotesthe trivial line bundle);

(i) (x+rpy)+Fz=Xx+g (y+r 2) (becausetensor product of line bundlesis assiative).

Sudch an F is called a “formal group law' over the ring E . As far asis known, any formal group
law can occur asthe F(x;y) for somecomplex oriented cohomologytheory. One of the main goals
of this coursewill be to frame the conjectural relationships betweenformal group laws and stable
homotopy theory.

Some basic computations.
Let E be a multiplicativ e cohomologytheory and let x 2 E?(CP! ) be an elemer restricting to 1 (as
in Proposition 1.3). This givesamap E [x]! E (CP") (for ead n). One can seethat x"*! must
map to zero: First note that CP" can be coveredby n + 1 contractible open setsU;, and becausex
is a reduced cohomologyclassit must restrict to zeroon ead U;j. As a generalrule one knows that
ifa2 E (X;A)andb2 E (X;B) thenab2 E (X;A[ B). But wecanwrite x 2 E (CP";U;) for
ead i, and sox"*! liesin E (CP";Uy[ :::[ Up+1) = E (CP";CP") = 0.

We therefore get a map

E [x]=(x""*) ! E (CP"):

Lemma 1.4. The above map is an isomorphism.

Proof. Usethe Atiy ah-Hirzebruch spectral sequence
ESY = HP(CP™EY())) EP*9(CP")
(which is multiplicativ €). The E, term is isomorphicto E [x]=(x"*1), and both x and the elemeris

of E all haveto be permanert cycles|so there canbe no di erentials in the spectral sequence.The
rest is left to the reader. O

We want to next calculate E (CP?! ), and we can usethe Milnor sequence:
0! lim*E YCP"™! E (CP')! limE (CP™) ! 0:
The right-hand-term is lim E [x]=(x"*!) = E [[x]], and the left-hand-term is zero becausethe maps
E (CP"*1)! E (CP") areall surjective. This shavsthat E (CP! ) = E [[x]].

The sameargumert givesthat E (CP? CP) = E [[x1;:::;%n]] wherex; is the pullback
of x along the projection to the ith factor.

Chern Classes.
Aline bundle L ! X isclassiedby amapf : X ! CP! (which is unique up to homotopy).
De ne

ca(L)="f (x):
Let L denote the universalline bundle over CP* , and considerthe map
g:CP! cPl 1 cP!
which classi esthe bundle L L. This inducesa map on cohomology
E [X]]= E (CP*) ! E (CP* CP')=E [xVI;
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sothe imageof x will be somepower seriesF (x;y) 2 E [[x; y]]. By consideringthe universalexample
above, it is easyto ched that if L; and L, are two line bundles over a spaceX then

ci(L: L2) = F(c(La);ca(L2)):

Note that the crucial point in this argumert is knowledgeof E (CP!).

Let ! X beacomplexvector bundle of dimensionn and let P( ) denote the projective bundle
of |the bre bundle over X whose bre over x is the projective spaceof L. Thereis a "tautological’
line bundle L overP( ). Lett 2 E?(P( )) denotec;(L ). An argumert using the Atiy ah-Hirzebruch
spectral sequencesimilar to the one from the last section, provesthat:

Prop osition 1.5. E (P()) is free over E (X) with basis 1;t; ::: ;t" 1.
We can now mimic the Grothendieck theory of Chern classes. There exist unique elemens
¢ 2 EZ(X) sud that
t"=ot" P oot" 2+ + ()" e
De nition 1.6. The ith Chern class of is de ned to be the alove classc;.
Exercise 1.7. Verify the properties of Chern classedisted above.
Here is some motivation behind this de nition (which also servesto prove that the theory of

Chern classess unique). Let p: P( ) ! X denotethe projection, and form the pullback
p —

P() —IX:

It is easyto seethat p =L  Q for somenew vector bundle Q.
Write cs( ) = 1+ ¢ )s+ ¢ )s? + + C,( )s"[this is called the total Chern class. By the
Cartan formula, we must have

Pcs()=cs(p )=cs(l) c(Q) = (1+ st)cs(Q):
In particular, we nd that s= % is aroot of p (cs( )), henceof ¢cs( ). This givesthe relation

1 1n
1+ c() i +cn( ) T =0

Multiplying through by t" givesthe relation we usedto de ne the Chern classes.

2. Formal Group Laws

When we talk about formal group laws we really only mean those which are commutativ e and 1-
dimensional. The readershould also be aware of the distinction between formal groups' and “formal
group laws'. A formal group law is essetially a formal group with a choice of coordinate|w e will
discussthis more in the future. For now, we'll only talk about formal group laws

Denition 2.1. A formal group law overaring R is a power seriesF (X; y) 2 R[[x; y]] satisfying
the properties below (where we write x + ¢ y instead of F (X; y)):
() x+tpy=y+eX
(i) x+p 0=x= 0+ Xx;
(i) X+py)+rz=Xx+g (Y*F 2).
Remark 2.2 (ChangeofBase) If f : R! Sisaring map and F is a formal group law over R,

then we cande ne a nevbformal group law f F over S in the following way: if F(x;y) = aj X'yl
thenweletf F(x;y) = f(a;)x'y.
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Theorem 2.3. There is a universal formal group law: that is, there is a ring R and a formal group
law Fyniv over R suchthat the map

Ring(R;S) ! fformal group laws over Sg
whichsendsf tof Fny is anisomorphism. (R and Fny will be unique up to unigue isomorphism).

Proof. A formal group law G over a ring is a power seriesG(x;y) = g x'yl with somespecial
properties. These properties can be expressedas formulas in the a; 's:

(i) Commutativit y implies a; = aji;

(i) The fact that O is an identity implies that ajo = 1if i = 1 and a;p = 0 otherwise;

(iif) Asscciativit y translates into something complicated W|E)iCh we won't write down.
Sodene R = Z[a; ]=(above relations), and let F(x;y) = ajj x'yl. It's easyto ched that this
givesthe desired universal formal group law. O

Remark 2.4. If welet a; havedegree2(i+ j) and extend multiplicativ ely, then R becomesa graded
ring (becausethe relations amond the a; 's are homogeneous).There's a better “explanation’ of this
grading whicthiII be discussedlater.

Write R= | Ran where Ry, is the homogeneougart of R in degree2n and note that

(i) R isconnected:R,, = 0forn< 0and Ry = Z;
(i) Each Ry, is a nitely generatedabelian group.

Somenotation: let (
h i £ e
Ca(x:y) = di (c+y)" X"y wheredy= P D= P

n

1 otherwise.

Theorem 2.5 (Lazard). LetL = Z[xq1;x2;:::] where degx; = 2i. Then there is a formal group law
F over L with

X
F(xy) Xn Cns1 (X y) mod (X1;Xz;::0)?

and the map R ! L classifying F is an isomorphism of graded rings. (Here R is the ring of
Theorem 2.3).

Corollary 2.6. Suppmsef : S! T is a surjective map of rings and let G be a formal group law
over T. Then there is a formal group law G° over S suchthat f G°= G.

The proof of Lazard's theoremis a little involved. First note that sinceR is connectedand graded,
we only have to study homogeneousormal group laws over connected, graded rings. Perhapsthe
simplest examplesof such rings are obtained by starting with an abelian group A and ann > 0, and
de ning aring structure on Z A whereab= 0 for a;b2 A, with the elemens of A in degree2n.
What are the formal group laws over suc a ring?

If S is aconnected,gradedring thenlet | = Is = fs2 Sjdegs) > 0g. |=1? is denoted QS and
called the "'module of indecomposables'. Note that graded ring homomorphismsS! Z A, are
in one-to-onecorrespondencewith abelian group maps QS,, ! A. The caseS = R tells us that
studying formal group laws over Z Ay, will tell us about QR3,.

Now a formal group law over Z A, must look likex + y+ f (x;y) for somef (x;y) 2 A Z[x;y]
which is homogeneouof degreen 1. This f (x;y) will have the following properties:

@) f(xy) = f(y;x) (symmetry)
(i) f(x;0)=0
(i) f(y;z) f(x;y+2z)+f(x+y;z) f(x;y)= 0 (calledthe "2-cacycle condition').

Part (ii) is obtained by writing out the assaiativit y formula for x + y + f (x; y) and taking the

homogeneousart in degreen 1.

Denition  2.7. A symmetric 2-cocycle with valuesin A is an f (x;y) 2 A Z[x;y] satisfying
the alove properties.
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Prop osition 2.8 (Symmetric 2-cocycle lemma). Any symmetric 2-cocycle with valuesin A is a
linear combination of those of the form a  C, (x;y).

Proof. Postponed. O
The above result tells us that any formal group law over the ring Z A, hasthe form
x+y+ aCq(x;y)

for somea 2 A. Now take A= Z anda= 1: thereisamapR ! Z Z,, classifyingthe formal
group law x + y + C,(Xx;y). The symmetric 2-cocycle lemma shows that

Corollary 2.9. There is a canonical isomorphism QR,, ! Z induced by the map alove.

Now let X, 2 R be any elemert whoseimage in QR,, mapsto 1 under the above isomorphism.
The x'sdene amaplL = Z[X1;X2; ]! R.
Exercise 2.10.

(@) Showthat amap S! T of connected,gradedrings is surjective if and only if the induced map
QS ! QT is surjective.
(b) Concludethat the abovemap L ! R is surjective.

The next step is to show injectivit y. We'll return to this after a brief messageérom our sponsor:

Maps between formal group laws.
The de nition of maps between formal groups is what you would expect. If G and H are groups
then a map of groupsis just amapf : G! H which makesthe following diagram commute

G 6—H H

G H

f
G —H

We do the same for formal group laws. We should just remember that the power seriesrings
correspond to \rings of functions on the group" ! and hencetransform cortravariantly:

Xe tg Yo RlXepyell &— RilXueyn]l XH * ¢y YH

X6 R[]l &———RIxu 1l XH

So a map betweenthe formal group laws F and G is a ring homomorphismf betweenthe ring of
functions on H and the ring of functions on G. This homomorphism is determined by where xy is
sen, i.e. by a power seriesin Xg. Now we just have to be careful with how we write the composition
of two maps of power seriesrings in terms of where the generatorsget sert.

If f (xy) = f(Xg) 2 R[[xg]] and the formal group law on G sendsxg to G(Xg;Yc) then the
composite of the two is the map that sendsxy 7! f(Xg +g Ys). The upshot of all this is the
following:

Denition 2.11. Let G and H be formal group laws over a ring R. A map of formal group
laws f : G! H is a power seriesf (x) 2 R[[x]] satisfying
@i f@O=0
(i) fix+cy)="Ff(x)+nf(y).
Lemma 2.12. f is an isomorphismif and only if f 40) is a unit in R.

Note 2.13. A strict isomorphismis onewheref %0) = 1.

lindeed, the power seriesring arose as the cohomology of CP1 and hence as a ring of homotopy classesof maps.
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Example 2.14 (Examples of Formal Group Laws).
(1) Ga(x;y) = x + y (the additive formal group law).
2) Gm(x;y)=1 (1 x)(@ vy)=x+y xy (the multiplicativ e formal group law).

Are the above two formal group laws isomorphic? For this to be true we would have to produce
anf(x) with f(x+y xy)=f(X)+ f(y). A little playing around suggestswe do something with
the logarithm, and it's not hard to ched that
X xn

n
is the only power seriesthat will work. Sowe get an isomorphism between G, and G, only when
we can divide by each n 2 Z* |e.g., if our ring is a Q-algebra.

If we start with a power seriesg(x) = x + m1x? + myx3 + then we can form

G(xy) = g *(g(x) + g(y))
and this will be a formal group law over our ring. The power seriesg(x) gives an isomorphism
G! Ga.

f(x)= logll x)=

Back to our regularly scheduled program.

Remenber that the only thing left to do is show that the map L ! R is injective. We start by
writing down the universal example of a twisted G,: let U = Z[my; my;:::] wherej m, j= 2n. Let
g(x) = x+ mx?+ myx3+ ::: and dene G(x;y) = g *(g(x) + g(y)). This is a formal group law
over U, sothereisamap R! U classifyingit.

Toshowv L ! R isinjective,it suces to show the compositeL ! R! U isinjective. And it's
enoughto ched this on indecomposables(becauseU is a polynomial algebra):

(QL)2n T (QR)2n ! (QU)2n:
Sowe needto write down what G looks like over the quotient Z + QU», of U.
Now in this quotient we have
gx) x+mpx"t andg '(x) x mpx"*t:
So
g M(x+y+ my(x"t + y"*y)
= X + y+ mn(xn+l + yn+1) mn(x + y+ )n+l
= X + y+ mn(xn+l + yn+l (X+ y)n+l) +
X+Y  Ohsr MyChya (X Y):

This meansthat the map Z = QL,, ! QU, sendslto dn+1 mp, henceis injective. This nishes
the proof of Lazard's Theorem.

g Ha(x) + 9(y))

Exercise 2.15. We've seenthat the functor S 7! fformal group laws over Sg is co-represetable.
Find the object represering the functor

S 7! ((the category of formal group laws over S, with maps being isomorphismg):

3. Proof of the Symmetric Cocycle Lemma

In this sectionwe will give a homological proof of the symmetric 2-cocycle lemma. The readeris
referred to [F] for a combinatorial proof.

Theorem 3.1 (Symmetric 2-cocycle lemma). Let A be an akelian groupandletf (x;y) 2 A Z[x;y]
be homaen®us of dggree n. Assumethat

i) f0y)="f(y:x)

(i) f(y;z) f(x+y;z)+f(x;y+2z) f(xy)=0.
Then f(x;y) = a Cn(x;y) for somea2 A.
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Recall that (
h i
n

p ifn=p°
1 otherwise.

n

where dn =

1
Cal6y) = x+y)" x" vy
n

We begin with somesimple reductions:

(& Only nitely many elemeris of A are involved in the expressionfor f, soit su ces to prove the
lemmawhen A is nitely-generated.

(b) The lemmais true for A andB i it's true for A B.

(c) Sousing the structure theory for nitely-generated abelian groups, we are reducedto the case
where A is either Z or Z=p.

(d) If B A andthe lemmais true for A, then it's true for B|hence we canched the caseA = Z
by cheking A = Q.

(e) The caseA = Z=p follows from the caseA = Z=p.

Proof. The argumert is by induction. Let f (x;y) 2 Z=p'[x; y] be a symmetric 2-cocycle, where
r > 1. If we know the theorem for Z=p ! then we can write

f(xy) = aCa(xy) + p' 'g(x;y)
for someg(x;y) 2 A Z[x;y]. It's easyto seethat p" 1g(x;y) will alsobe a symmetric 2-

cocycle, and sowe can think of g(x; y) asa symmetric 2-cocycle over Z=p[x; y]. But then using
the theorem for Z=p we get that g(x;y) = bGC,(X; y), and we're done. O

So we have reducedto proving the result for A = Q and A = Z=p. In particular, we can assume
that A isa eld.
Considerthe chain complex

3.1) AT ax T Axy 1 AKyiz
where the maps are given by
da = a
d'f(x) = fx+y) f(x) f()

d*g(x; y) aly;z) gx+y;z2)+g(xy+2z) g(xy):
We may as well assumethe modules in the complex are graded, with A in degree0 and x;y;z in
degree?.

Note that d*(x") = d,Cn(X;y), sothat the 2-coboundaries (i.e., the image of d') are spanned
by elemers of the form a  d,C,(x;y). Also note that the 2-cocycles (i.e., the kernel of d?) are
preciselywhat we have beencalling 2-cocyclesall along. Sothe symmetric 2-cocycle lemmais saying
something about 2-cocyclesmodulos 2-coboundaries|i.e., something homological.

Considerthe co-algebrastructure on A[x] in which x is primitive: x 7! x 1+ 1 Xx. The above
complexis actually the beginning of something called the cobar construction for A[x]. Rather than
dewelop it in theseterms, we will instead dualize and work with algebas instead of coalgebas (just
becauseit's conceptually more familiar). Since we have graded our modules, dualization will not
causeus any trouble.

Denition  3.2. The divide d polynomial algebra on one variable [t] is the quotient of the
free A-algeba A < t;;ty; > by the relations
n+m
th It = n th+m

(where by convention to = 1). We will usually write [ t] instead of a[t].
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Remark 3.3. [t]is the dual of the coalgebraA[x], where x is primitiv e. The elemers t, should
be thought of asbehaving “formally' like ‘nil (but note that the latter expressiondoesn't make sense
in positive characteristic). The reader may ched that if A is a Q-algebrathen A[t] = A[t].

The Bar Construction.

The point of this section is to shown that the complex we wrote down in (3.1) computes
Ext [ (AsA), where A = [t]=(t1;t2;:::) asa [ t]-module.

If K is a simplicial setthen we can form a simplicial A-algebra [t] K whoseobject in degree

nis h i o
[t] K o= [t]:
2K,

Here there is one tensor factor for every n-simplex of K, and the tensor products are formed over
A. There is nothing special about [ t] herelw e could haveformed R K for any A-algebraR. (It
may be helpful to note that the tensor product is the coproduct in the category of A-algebras|this
allows oneto work out the face and degeneracymaps fairly easily).

In particular, we may form [ t] 1 where ! denotesthe usual 1-simplex. The n-simplices of

! correspond to order-preservingmapsf0 < 1 < < ng! fO< 1g: O-simplicesare f0; 1g, 1-
simplicesare f 00; 01; 11g, 2-simplicesare f 000,001; 011; 111g, etc. Sothe simplicial algebra [ t] 1

looks like
[18—1[1 [uB=1[1 [1 [18=

Working out the face and degeneracymapsis left asan exercisefor the reader. Note that what we
gain by saying things in this way is that it is obvious that the simplicial relations are satis ed, no
cheding is necessary

Now the inclusion of the Oth vertex ©'! 1 is a simplicial homotopy equivalence,soit follows
that [ t] o1 1] 1 is also a simplicial homotopy equivalence. The samelik ewiseholds for
A g [0 %A g [N

and so the assaiated chain complexesare chain homotopy equivalent. But note that the chain
complex assaiated to the left object just has homology A in degreeO and zero everywhere else. So
we concludethat the complex assaiatedto A ¢ [ ] 1 is a resolution of Afthis complex is
called the bar construction . Each term of the complexis free asa right [ t]-module.

The reader may chedk that the rst few terms of the complex

Hom(y(A (g [t]  %A)

coincide with the complex we wrote down in (3.1). In particular, the homology of that complex
computes Ext ['t](A; A). We will now prove the Symmetric 2-Cocycle Lemma by computing these
Ext-groups using a more e cien t complex.

Computations.

Casel: A= Q.
In this case [ t] is just isomorphic to a polynomial algebra Q[t], and it's easyto compute Ext

over this ring by using the resolution

t

O! Qt] ' Q[t] ' @ ! O
The conclusionis that 8
2Q s=0
Extd(QiQ) = _Q s=1
"0 s>0:

In particular, Ext> = 0 and therefore every 2-cocycle (symmetric or not) is a 2-boundary. This
provesthe theorem in this case.
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Case2: A= Z=p
Let E[t] = Fp[t]=(tP). It can be cheded that

0]
[t1= E[tp]

k 0
(where the tensor product is taken over Fp). Byothe Kunneth formula, we then have that
Ext (A A) = Extep,, (A A):
k 0

q2

q
For a momert considerthe casep = 3. E[t] may be drawn pictorially as: Ll
The minimal resolution of F, = E[t]=(t) over E[t] then has the following form:

d ppp
q_ ‘q

‘q_ q
a—1q
q_ ‘q

‘q_ q
a—19q
This resolution is easyto describe algebraically, and in fact this generalizesfor arbitrary p: whenp
is odd, form the dierential gradedalgebraE[t] [ a] [ b], wherethe dierential is determined
by

da=t and db=1tP la

together with the fact that it is a derivation. It can be cheded that this complex givesa resolution
for F, over E[t]. One way to seethis is to recognizeE[t] asthe group algebra of a cyclic group
and notice that the resolution described above coincideswith the standard resolution. One then
computesthat

Exte(A;A)= [ ] P[], where 2 Ext'and 2 Ext®:
Here [ ] denotesan exterior algebraon the class , and P[ ] is a polynomial algebra. So
Ext;q(A;A)= [ «jk 0 P[ijk O] « 2 Ext! and | 2 Ext?:
Corollary 3.4.
(&) When p is odd, Extz[ (A A) hashasisf «; i jg.
(b) When p= 2, Ext(A; A) = P[ ;] and so Ext? has basis f 200
Obserwe that one hasthe relations ; ; = ; ;.

Exercise 3.5.

(a) Show that when p is odd  is represenied by the 2-cocycle C« (X;y) and is represened
IS¢ P j
by the 2-cocycle xP' yP' . o
(b) Show that whenp= 2, 2 isrepreseried by Cx (x;y) and ; ; is represerted by x? y? .

For n 6 p¢ we have C, (x;y) = d*(x") sowe have the following
Corollary 3.6. A hasis for the 2-cocyclesis given by the C, (x; y) and the xpaypb whena< b

Notice that xP"yP" + xP’yP" = Cpa, s (X;y). It therefore follows that the Cn(x;y) form a basis
for the symmetric 2-cocycles. This completesthe proof.

Note 3.7.
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(&) The techniques usedabove to determine the 2-cocyclesapply in more general situations. One
examplewould be the classi cation of cocyles satisfying

f(y;z) cf(X+ry;2)+f(Xy+r2) cf(Xxy)=0

(b) One canalsowork out a basisfor all the 2-cocycles(not symmetric) for any algebra A by using
a Bockstein spectral sequence.

4. Complex Cobordism and MU

There are di erent approachesto complex cobordism; we will focus on the vector bundle/Thom
complex perspective. The best referencefor the material in this sectionis Chapter 2 of [A].
Consider the sequenceof classifying spaces

BU() ! BU(2)! I BU:

Let M U(n) denote the Thom spaceof the universal bundle , over BU(n). It's easyto seethat
there are natural maps °MU(n)! MU(n+ 1).

Recallthat a spectrum is a sequenceof pointed spaced E , g together with (pointed) maps E, !
En+1. Soin particular, the M U(n)'s assenble to give us a spectrum|this is usually called M U.
Any spectrum givesrise to a generalizedhomology and cohomologytheory de ned by

Ex(X) = nlli{n n+k(En ™ X)
EX(X) = lim [ "X En+i]

The generalizedcohomologytheory assa@iated to M U is called complex cobordism . It turns
to be a ring spectrum, and in fact it's complex oriented. The latter is somewhatformal: given a
vector bundle over X, onegetsamap X | BU(n) expressing asa pullback of . Taking Thom

spacesthen givesX ! M U(n), which de nes an elemert in @ U2n (X ) by de nition.

Now the amazingthing is that M U is actually the universal complexoriented cohomologytheory.
It can be shawvn that complex orientations of a spectrum E are in one-to-onecorrespondencewith
multiplicativ e mapsM U ! E.

The complex orientation on M U de nes a formal group law on MU = (M U). Therefore one
getsa map of gradedrings

Z[X1;X2;:]=L ! (M U):
Theorem 4.1 (Quillen). The above map is an isomorphism.

We've seenthat complex oriented cohomologytheories give rise to formal group laws. The fact
that the universal complex oriented cohomologytheory givesrise to the universal formal group law
suggestsa very intimate relationship between the two. We will explore this more as the course
progresses. The proof of Quillen's theorem usescomputations with the Adams-Novikov spectral
sequenceand complex oriented cohomologytheories. We will begin with the former.

Adams resolutions.

We will follow the treatment by HaynesMiller [M]. The ideais the following. Let E be a spectrum
which we pretend to know something about and let X be another spectrum which we want to learn
about. Haynes'idea is to think of this situation asyou would in homological algebra.

De nition  4.2.

(i) A sqquene of spectra Ap ! Ay ! il A, is exact if the seguene of homotopy functors it
representsis exact.
(i) Amapf :A! B is amonomorphism if | A " B is exact.
(i) Amapf :A! B is an epimorphism if A " B is exact.

(iv) AsgueneA! B! Cisshort exactif ! A! B! C! is exact.
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Lemma 4.3. Amapf :A! B is a monomorphismi there existsg:C! B suchthat

A_c'tsB
is a weak equivalene.
Proof. Considerthe co b er sequence
A! B! B=A
SinceA! B ismono,it followsthat B! B=A is epi. We can now take C = B=A and g to be any
map lifting the identity. O

Something similar holds for epimorphisms so the homological algebra of spectra in this naive form
is kind of stupid.

Denition  4.4. A sejuene of spectra is E-exact if the seguen® obtained from it by smashingwith
E is exact.

We can now de ne the notions of E-monomorphism, E -epimorphism and E -short exact asabove.

Denition  4.5. A spectrum | is E-inje ctive if for each E-monomorphismf : A ! B and each

mapg:A! | thereexistsamaph:B ! | makingthe following diagram commute up to homotopy
A ——h
foe 'h
B

De nition  4.6. An E-Adams resolution of a spectrum X is a sequene

IS A PO PR
such that
) jn in 1

(i) Eachl, is E-injective.
(i) The squene is E-exact.
Remark 4.7. It follows from Lemma 4.3 that dening | ; = X, we have splittings E ~ |, =
Jn _Jnsaa with J 1= ;Jog= ENX;J1= EN (Io=X);:::.

IE ~ x lEnty—IE I,

/

IJO lJo_Jl /Jl_JZ

and the way oneusually showsthat a certain sequences a resolution is by shawing that the sequence
splits in this way.

Lemma 4.8. Let

Py 1 Jo I Jp !

be E-Adamsresolutionsof X and Y andletf : X | Y be a map of spectra. Then there exists a
map of resolutionslifting f and this is unique up to chain homotopy.

Proof. Exercise. O
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Note 4.9. One can actually speakof the spaceof mapsbetweentwo resolutions. If the spectrum E
is a ring spectrum with higher order commutativit y properties, the cellsin the spacesparametrizing
the higher order homotopies give maps of resolutions shifting dimensionsby the dimension of the
cell and it is in this way that all Adams di erentials are derived.

Adams towers.
We will now shonv how Adams resolutions correspond to Adams towers.

De nition  4.10. A tower is a diagram of spectra

Ye——

3

Xi— 1,

X i/xo = |0 4/| 1
wher the sgquen@s X 41 ! Xp ! "lh+1 are co bration sequen@s. The composites

n: . n n
Jn+1 ot In! Xp! In+1

where the rst map is the inclusion of the ber of X, ! X+ are called the k-invariants  of the
tower.

From a tower we get a sequenceof spectra
X1 1 gy Je g,

whereclearly jn jn 1
In generalthis sequencecarries much lessinformation then the tower we started out with. The
sequencgust \remembers" the layers of the tower and the maps betweenthem.

Denition 4.11. A tower is an E-Adams tower if its correspnding sequen@ is an E-Adams
resolution.

It is a miracle that in the caseof an E-Adams resolution we can go back to get an E-Adams
tower. In generalthere are obstructions to constructing a corresponding tower which lie in the Toda
brackets< jo;j1;:::;jn >. In the caseof an E-Adams resolution the homological algebra somehav
guaranteesthat they all contain 0.

Prop osition 4.12. Every Adamsresolution arises from an Adams tower.

Proof. Let X ! 1g! 11! ::: bean E-Adams resolution. Then from the de nition of a tower we
are forcedto take Xg = lgp and X; = bre oflg! I;. We will shov how to get the next stage of
the tower which should make it clear how to proceedby induction.

Sofar we have the following diagram
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In order to proceedone more stagewe needto guarantee

(i) the composite X T X, ' 1, is null.

(i) the composite X, ¥ I, 1 15 is null.
It is now easyto ched that these hold becausethe two maps are null after smashingwith E and
hencemust actually be null asthe |,'s are E-injective. O

5. The Adams spectral sequence

The E-Adams spectral sequence is the homotopy spectral sequenceassaiated to an E-Adams
tower. It turns out that this spectral sequences useful even when we don't know anything about
the spectrum E! We'll seeexamplesof this later. There are two obvious questionsone can ask:

Question 1: What is the E,-term of this spectral sequence?
Question 2: To what doesthis spectral sequencecorverge?

Answer to Question 1: The E; term is the complex

lo I
sothe E,-term is the cohomologyof this complex. By Lemma 4.8 this is independert of the choice
of resolution. In general, this is all you can sa. But in good caseswe can give a homological

description of the E, term. We will discussthis in more detail in the next section.

Answer to Question 2: The spectral sequencecorvergesconditionally to  lim X,. That is, we
can tell what lim* X, and lim Xn are from the spectral sequenceand there is the Milnor
sequenceelating theseto  lim X, . | think this is what conditional convergencemeans.

There is alsoa map

X I lim X,

The spaceon the right hand sideis called the E-nilp otent completion of X, which in good cases
coincideswith Lg X, the Bous eld localization of X. Rather than worry about to which extent

this map is an equivalence,the point of view we will take is that it is the completion of X we are
interested in.

In order to try to give a description of E, we will needto assumethat E is a ring spectrum.
Pretty much nothing is known if this is not the caseand this might be an interesting question to
considersincewe are losing generality by assumingthat E is a ring spectrum. Ignoring for a momert
the di erence betweenlocalization and completion, note that the abutment of the spectral sequence
dependsupon the Bous eld classof E and it is not true that every Bous eld classcortains a ring
spectrum. Soall that we will say next doesnot apply in any way to the study of localizations with
respect to Bous eld classesnot containing a ring spectrum.

SoassumeE is aring spectrum , i.e. that we have a diagram

_/E/\EQ_E/\SO
W |d"1

Lemma 5.1. A spectrum | is E-injectivei | ! E ~ | is the inclusion of a retract.
Proof. Exercise. O

Lemma 5.2. For any spectrum X, themap X ! E ~ X is an E-monomorphism.
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Proof. The diagram

EA~X E~EAMX
rid
1
EANX
shovsthat EA X ! E ™ E ™ X is the inclusion of a retract. O

Corollary 5.3. Any spectrum X has an E-Adams resolution.

Proof. Let E denotethe co b er of the unit map S°! E. Then it is easyto ched that the top row
of the following diagram is an E-Adams resolution for X

X—/E"XJJJ ﬁEA lenErEAx —i
8y
gy
X

E"E"X

JJ$
E/\
O

The resolution described in the previous proof is called the normalized E-Adams resolution .
This is not ideal for somepurposes. For instance, if X is also a ring spectrum, one would like to
have a resolution made of ring spectra and maps of ring spectra and this is not the casewith the
normalized resolution.

The standard resolution. .
Letl, = E~:::"E"X (n+1 copiesof E indexedfrom 0to n) andde ne maps ' fori = 0;:::;n+1

i:In:E":::"E"X I EA:inSOA A EAX L Iy
with the secondmap given by inclusion of the unit on the i-th factor.
De nition 5.4. The standar d resolution of X is the resolution
X I EAX | E"E~X !
P, .
whee = ,( 1)'".
The standard resolution is also called the bar construction.

Remark 5.5.
(i) The functor which assiates
[nf7'1,=E~:::M"ENX
extends to a cosimplicial spectrum. If X is a ring spectrum then this is a cosimplicial ring
spectrum which we will denoteby E X.

(i) The tot tower of this cosimplicial spectrum is an Adams tower assaiated to this Adams
resolution.

The E, term.
Wewill now talk about the nice casesn which the E, term of the spectral sequencegetsa homological
name. Recall that the E, term is the cohomologyof the cochain complex

(5.1) EAX — EA~EAX =

There is a corveniert assumption that we will make. SinceE is a ring spectrum, E = E and
E "N E = E E isalsoaring. There are two maps given by smahing with the unit on the left and
right respectively

E —JEE
R
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Note that the two mapsdier by the ip automorphismof E " E.

Assumption: Themap | :E ! E E is at. When this assumption is satis ed we say that E is
at. Notethat [ isati Rgris.

Remark 5.6. This assumptionis not too restrictiv e although there are se\eral interesting casesin
which it is not satis ed.

Recall that the smashproduct givesnatural homomorphisms

A B ! A"NB
which together with the de nition of the tensor product as a coequalizer give the natural map
EE E EX——JEE EX— JEE ¢ EX

9!

mn ~r1nl A A
EAEAEAEA@g;# EAEAEAX—2) EAEAX

where the action of E on E E in the top right hand corner of the diagram is through .
Prop osition 5.7. If E is at then the natural map

EE ¢ EX ! E~NE~X
is an isomorphism.

Proof.

(i) The result clearly holds when X is a sphere.
(i) SinceE is at, both the domain and range of the map are homology theoriesin X (i.e. take
co b er sequencedo long exact sequence®f abelian groups)
(i) Both sidestake in nite wedgesto in nite direct sums.

We concludethat the map is an isomorphism for all X sincea map of homology theories which is
an isomorphism on coe cien ts is an isomorphism. O
Notation:  We will write

A=E = EE M = E X:
Proposition 5.7 lets us write the complex (5.1) in a purely algebraic fashion. It is the complex

M:/ AME’ A A M

and we now have to unravel what the natural maps in this complex are. Let's start rst with the
caseX = SO or equivalently M = A. In this caseall the natural maps can be derived from the
following

(i) The mapsinducedin homotopy by | and r which we denote by the samename
A—
(i) The mapsinduced in homotopy by the three maps
ENE EIE NEMNE

Recallthat E"E = and E"M"E"ME = A . It is easyto ched that under these
identi cations

SONEAE | EANENE
induces
X2 7'l x2 A
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and similarly
ErNE~ASY | ENENE
induces
X2 T'x 12 A
but the remaining map
EAS°"E | ENENE
inducesa map that we have to name. We will denoteit by : | A -

Exercise 5.8.

(@ Chekthat ( ((ax)= (@ L(x)and ( x: r(@) = ( xX):1 Rgr(a).
(b) Ched that all other mapsin the bar construction can be derived from g; | and .

There are a couple of other maps which are useful although not really necessaryto describe the bar
construction. The multiplication E~ E ! E inducesthe augmentation : ! A andthe ip
automorphismc: E~E ! E " E inducesamap ! which we still denoteby c. It is easyto
ched that we have the following identities

Hopf algebroids.
A ring A is determined by the functor it corepresems

Ring(A; ): Rings ! Sets

This is often a better point of view than thinking of rings in terms of elemerns. In this language,a
map of rings is a natural transformation of functors. The category of functors from rings to setsis
actually a lot like the category of setsand it is often conveniert to think of objects in this category
as sets.

We have described the E, term of the Adams spectral sequencein terms of some complicated
algebraicdata (A; ; r; L;:C;). In our new language,thinking of the elemers in the functor
category as sets, this data de nes a groupoid. Writing

Xo=Ring(A; ) and X;=Ring( ; )
we have

(i) X represernts the set of morphisms.

(i) Xo represerts the set of objects.

(i) R represerts range.

(iv) L represerts domain.

(v) represens the identit y morphism.

(vi) c represerts the inversemap.
(vii) represens composition.

For the last item note that the set of composablemapsis the b er product X; x, X1 and so

composition X1 x, X1 ! X isrepresened by : ! A . Also note that the above data
givesthe rst three terms of a simplicial object

L 1

a ?— 1 X 1.
0\_/ l\/ °

R 2

(where we haven't drawn the degeneraciesrom X to X1 x, X1 for typographical reasons).
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Denition 5.9. A Hopf algebroid is a pair of rings (A; ) togetherwith maps( r; L; ;C; ) as
alove such that
1. L is at
2. Xo = Ring(A; ), X1 = Ring( ; ) and ( gr; L; :;c; ) dene a functor from Rings to
Groupoids.

Exercise 5.10. Ched that the bar construction on (A; ) regarded as a functor from rings to
simplicial setsassignsto ead ring the nerve of the groupoid assaiated to that ring by (A; ).

Exercise 5.11. Considerthe functor Q : Rings ! Groupoids with objects
ob(Q)= R R=fx2+ bx+ cb;c2 Rg
and maps
Map((bi;c1); (i c2)) = fr 2 Rj(x + 1)? + by(x + 1) + ¢1 = X + bx + Cog

This is the groupoid of quadratic expressionsand changesof variables. Find explicitly a Hopf
algebroid (A; ) represerting this functor.

We alsoneedto considerthe casewhen X is not a sphere. In this caseM = E X isan A-comodule
over (A; ):

Denition 5.12. A comodule M over the Hopf algeboid (A; ) is a left A-module M together
with a coaction map

M A M
of left A-modules satisfying
(& The composite M ! A M 1 M is the identity. (Counital property)
(b) ( id) = (id ) (Coassaiativity)
Facts:
1. Co-modulesover (A; ) form an abelian category with enoughinjectives(this requires atness
of |_).
2. The E; term of the Adams spectral sequencds
Ext(a ) (A;M)

This is alsowritten Ext (A; M) and Extg g (E ;E X).

Note that di erent Hopf algebroids can have the samecohomology This is true if the groupoids
they represen are equivalert (or even locally equivalent). This suggeststhat the Hopf algebroid is
still not the natural object we should be consideringwhen analyzing the Adams spectral sequence.

6. The Hopf Algebr oid (MU ;MU MU) and formal gr oups

We have already seenQuillen's theoremthat the ring M U is isomorphicto the Lazard ring which
corepresets the functor

S 7! fformal group laws over Sg

from rings to sets. We will now examinethe Hopf algebroid (M U ;M U M U) and the functor from
rings to groupoids which it corepresets.
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Computation of E CP! ;E BU;E M U. Rather than speci cally computingM U M U, we'll com-
pute the ring E M U whereE is any complex oriented cohomologytheory. The computation in this
generalcaseis no di erent from the special caseE = M U.

We have seenthat E (CP! ) = E [[xg]], wherexg 2 E%(CP? ) is the complex orientation of E,
and that E (CP") = E [x]=(x"*!), where x denotesthe restriction of the classxg. To compute
E (CP") and E (CP?! ), we make useof the pairing of Atiy ah-Hirzebruch Spectral Sequences

H (CP";E )=—% (CP")

H (cP"E)=—% (CP")
: 2

The nonsingularity of the pairing in the E,-term, together with the vanishing of all di eren tials
in the spectral sequencefor cohomology shows that all dierentials in the spectral sequencefor
homology likewisevanish. HenceE (CP") is a free E -module on classedw;::: ;b with i dual to
x'. Passingto the colimit, we nd that E (CP!) is a free E -module on generatorshy; by;by;:::
dual to 1;x; x2;:::.

Remark 6.1. Notethat the natural map E (CP!) ! Homg (E CP! ;E ) is an isomorphism.
For a power series anx 2 E (CP!), the corresondingmap E (CP! ) ! E is determined by
b 7! a,.

Beforedescribingthe structure of E M U it will help to discussThom complexesof vector bundles
and virtual bundles. SupposeV is a vector bundle over a spaceX . Let XV denote the Thom
spectrum of this bundle, i.e. the suspensionspectrum of the Thom complex. If n is a trivial bundle
of real dimensionn, then

XV+n: nXV:

Sotake this to be the de nition of X V*" even when n is a negative integer. If X is compact, this
allows us to de ne XV for any virtual bundle V 2 K O(X), using the fact that any such V may be
written asW n for somevector bundle W. For more generalspacesX (i.e. for paracompactX ),
we de ne XV by passageto the colimit along compact subspaces(This de nition of Thom spectra
is a bit troublesomebecausewe made so many choicesalong the way. Later, when we de ne spectra
more carefully, we'll seethat Thom spectra may be de ned in a way which is obviously functorial
and independen of the choices.)

Dene ;2 E (CP!)' ! to bethe classcorresponding to b under the Thom isomorphism, and
obsene that the correspondence

(CPl )L 1 Z(Cpl )L ZCPl
maps n to  2bn+r.
Prop osition 6.2.
E (BU)= Symg [E CP* J=(by 1)= E [by;by;:::]

E (MU)=Syme [E (CPI) Y=( o 1 =ET[1; 2;:::]

Proof. Both statemerts follow from the known caseE = H Z, using the Atiy ah-Hirzebruch Spectral
Sequence. The multiplicativ e structure of E M U is as indicated becausethe multiplication map
MU~AMU! MU is derived from the Whithey summap BU BU ! BU upon passingto Thom
complexes. O
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E MU and formal groups. Now, we want to understand the ring E M U, and the functor it

corepresets, in terms of formal groups, but againit helpsto work in greatergenerality. Let E; M be

complex oriented cohomlogytheorieswith complex orientations Xxg ; Xy , respectively. The spectrum

E ~ M hastwo complex orientations, which we shall also call xg ; Xy , coming from the two maps
2cpt f*E! E~M; 2cPt M M1 EAM

Likewise,if F; G are the assaiated formal groupsover E ;M , then their imagesunder the natural
mapsg ! (E*M),M ! (E~M) dene two formal groupsover (E* M) which we will also
call F; G: We know that (E~ M) (CP! )= (E~ M) [[xe]]: In particular, the elemert xyy may be
expressedas a power series

Xm = toXg + ti(xg)?+ :::
In fact, to = 1 becausecomplex orientations must restrict to a preferred classin (E ~ M)2(CP1).
Let g(x) be the power seriesx + t1x? + :::. Looking at

(EAM) (CPY) I (E~M) (CPY cCP!)
Xe 7' Xg +rVYe
g(Xxe) 7' 9(Xe +F Ye)
gXg)=xm 7' Xm *cym = 9(Xe) +c 9(Ye)
we seethat g(x +¢ y) = g(X) +c g(y). Henceg is an isomorphismfrom F to G. In fact g satis es
the additional property that g%0) = 1; such an isomorphismis called a strict isomorphism .
Denition 6.3. LetR;S berings, and F; G formal group laws over R; S; respgectively. The functor
Strictlso(F; G) : Rings! Setsis de ned by
T7ff:R! T;9:S! T; :f F! g G a strict isomorphismg:
The previous discussionshaws that a pair of complex oriented theories E;M with formal group

laws F; G determines a natural transformation g : Ring( (E”~ M); ) ! Strictlso(F;G) of
functors from rings to sets.

Lemma 6.4. If E;M;N are three complex oriented theories with formal group laws F; G; H, then
the following diagram of natural transformations commutes:

R?r]gl( EAMAN: )
.iiiiiiiiIII
il

Ring( E~M; ) Ring( M~ N; ) Ring( E”~N; )
E M M N E N
Strictlso(F; G) Strictlso(G; H) ——/Strictiso(F; H)

Here the map Strictlso(F; G) Strictlso(G;H) ! Strictlso(F;H) is de ned by composition of strict
isomorphisms. The mapRing( (E*M ~N); )! Ring( (E" M); ) isinduced by the natural
map (E~M)! (E~M ™ N), and likewisefor M * N and E * N:
Proof. Comparing the two complex orientations onE ~ M; andonM ~ N; and on E  N; givesus
three power series:

01, an isomorphismfrom F to G over (E* M)

g2, an isomorphismfrom G to H over (M ~ N)

g3, an isomorphismfrom F to H over (E* N) .
The lemma assertsthat gz = g, g if we considerall three power seriesas being de ned over the
ring (E~ M ~ N) . But in the ring (E~ M ~ N) (CP?!), we have

B(XE) = XN = G(Xm ) = G(91(Xe))



COMPLEX ORIENTED COHOMOLOGY THEORIES AND THE LANGUA GE OF STACKS 21

which veries that g3 = g2 0s1: O

Prop osition 6.5.

1. The natural transformation g.q y iS an isomorphism. In other words, E M U corepresents
the functor which assignsto eachring R the setof triples (f; G;g), wheef :E ! Risaring
homomorphism, G is a formal group over R, and g is a strict isomorphism betweenf F and
G overR.

2. The Hopf algeboid (MU ;M U M U) corepresentsthe functor Rings! Groupoids which asso-
ciatesto eachring R the groupoid of formal group laws over R and strict isomorphismsbetwesn
them.

Proof. First obsene that the information in a triple (f;G;g) asin part (1) is redundant, because
the formal group G is uniquely determined by f and g. Furthermore, sinceE MU = E [ 1; 2;:::];
pmap :EMU! R is clearly determined by the mapf : E | R and the power series

( n)x"*1. It remainsto show that this power seriesis equal to g(x): For this, seethe lemma
below.

For part (2), we have already showvn that M U M U corepresets the functor Strictlso(Funiv ; Funiv )
which assignsto R the set of morphisms in the groupoid of formal group laws over R. It remains
to showthat |; Rr;; identify sources,targets, identity maps,and composition in this groupoid.
All of theseassertionsare easy;the fact that inducesthe composition law for strict isomorphisms
is a consequencef Lemma 6.4. O
Lemma 6.6. The two complexorientations xg;xmuy of E” M U are related by the equation Xy y =

nxptt
Proof. By the remark following the computation of E CP? , the power seriescoe cien ts of a class
in E (CP') = E [[xg]] may be extracted by considering the induced map E (CP!)! E . We
are working with E ~ M U, and the coe cien t of XE” in the power seriesexpansionof xy y is the
image of b,+; under this induced map, i.e. it is the elemen in .,(E » M U) represeried by the
class

g2n &VE n (Cpl )L lle AMU

which by de nition is . O

On the pro of of Quillen's theorem. Until now, we have beenusing Quillen's theorem without
having seena proof of it. A complete proof appearsin [A]; here we will only provide a short sketch
of the proof.

In the above discussion,considerwhat happensif wetake E = H, the integral Eilenberg-MacLane
spectrum. The formal group assaiated to H is G;; the additive formal group. Hence the ring
H MU = Z[ 1; 2;:::] corepresets the functor Strictlso(Gg; Funiv ). In other words, there is an
isomorphism between G, and F,,, over H MU, and it is the universal ring over which sudc an
isomorphism exists. We consideredthis ring during the proof of Lazard's Theorem, and we showved
that themapL ! Z[ 1; 2;:::]wasamonomorphismand that the induced map onindecomposables,

(QL)on —(QZ[ 1; 2;:::])2n

Z ——17 (generatedby )

is multiplication by d,. Milnor, using the Adams Spectral Sequenceshovedthat MU! H MU
is a monomorphismand inducesthe samemap on indecomposables. This implies Quillen's theorem.
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7. More on isomorphisms, strict isomorphisms, and E ™ E:

If R;S arerings and F; G are formal groups over R; S; respectively, we de ned in the last section
a functor Strictlso(F; G) from rings to setshy

T7ff:R! T;9:S! T; :f F! g G astrict isomorphismgy

Similarly, we can de ne functors Iso(F; G); Hom(F; G) by considering isomorphisms or homomor-
phismsfrom f F to g G in place of strict isomorphisms.

Prop osition 7.1. The functors Iso(F; G); Strictlso(F; G); Hom(F; G) are corepresentable.

Proof. The functor T 7! ff :R! T;g:S! Tgis corepreseted by R S. Pushing forward F and
G via the natural mapsR! R S;S! R S, wemay interpret F; G asbeingde ned overR S.
A homomorphism betweenthem is a power series (x) = apx + a;x? + ::: satisfying

X+ry)= (X)*tc (¥)
Expanding the two sidesof this equation as power seriesin x and y and equating the coe cien ts of
the monomialsx'y! givesa set of relations amongthe a;'s. Let | R  S[ap;as;:::] be the ideal
generatedby theserelations. Then it is easyto seethat:
Hom(F; G) is corepreseted by R S[ag; az;:::]=I
Iso(F; G) is corepreseted by R S[a, Lag; =l
Strictlso(F; G) is corepreseted by R S[aol;al; F( + (g 1))
O

Recall from the last sectionthat M U M U corepresets the functor Strictlso(Fyniv ; Guniv )- This
reliance on strict isomorphismsis a weird facet of the grading. Evertually we wll restrict our
attention to complex oriented theories E for which ,E contains a unit, e.g. K-theory. In
such casesthe formal group law is de ned over oE, and the \model" in such casesis that

o(E1 ™ E») corepresets Iso(Fy;F2): In other words, there is always a natural transformation

Ring( o(E1 ™ E2); ) ! Iso(F1;F2); and in good casesthis natural transformation is an isomor-
phism. For example, after formulating an appropriate de nition of \at formal group law" we will
prove:

Theorem 7.2. The natural transformation Ring( o(E1 " E2); ) ! Iso(Fy1;F2) is an isomorphism
if oneof F1;F, is at.

The Hopf algebroid (HZ=2 ;HZ=2 HZ=2). The original impetus for thinking about formal
groups in the context of cohomologytheories camefrom an obsenation of Atiy ah and Hirzebruch
concerning the dual Steenrad algebra [AH]. Consider imitating the analysis of complex oriented
cohomologytheories but with \real orientations" instead of complex orientations. In other words,
we let RP! play the role of CP! , de ne areal orientation of a cohnomologytheory E to be a classin
E1(RP! ) whoserestriction to RP! is the suspensionof the class1 2 E°(S°); and assaiate a formal
group to a real oriented cohomologytheory using the map RPY  RP! | RP! which classies
the Whitney sum of real vector bundles.

The formal group assaiated to the mod-2 Eilenberg-MacLane spectrum HZ=2 is the additive
formal group law over the eld F,: Over HZ=2" H Z=2 we have two \orien tations"

4 HZ=2)" HZ=2

XL nnn

nnnnnn

'HZ=2~ ( HZ=2)
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We know xgr can be written as a power seriesf (x. ), wheref (t) = t + higher order terms: Taking
into accourt the formal group law, f hasto satisfy

fXe +y)=Xxr+yr="f(x)+ f(y)
ie. f(s+t)="f(s)+ f(t): Sincewe are Working)i(n characteristic 2, this implies
f(t) = nt?;
n 0
where ¢ = 1. In fact, the functor Strictlso(G,; G;) on F,-algebrasis corepreseted by the ring
Faol 1; 2;:::1with j ,j= 2" 1. The above formula for f (t) de nes a map
Fol 1; 2;:::1Y (HZ=2) HZ=2;

and Milnor's computation of the dual Steenrad algebraA = (HZ=2) HZ=2 showsthat this map is
an isomorphism.

Consider the three maps HZ=2" HZ=2§-| Z=2" HZ=2" HZ=2 obtained by smashingthe
unit map :S°! HZ=2onthe rst, second,or third fagtor with the identity map on the remaining
two factors. Applying , we get three maps A A ;namelya7' 1 aja7' a;and
a7! a 1;respectively. We may usethe composition law for strict isomorphismsof G, to work out
the formula for : If our two strict isomorphisn;(sare

fy = (o DZ
X -
gt) = T ot
then their composition g f is X
g f() = @ )(w DEHY
m;n
X 2n 2m+n
= m n)t
m;n
Hence X .
( n)= i j
i+j=n

which is the familiar formula for the coproduct in the dual Steenrad algebra.

To extend this analysis to odd primes p, in place of H (RP! ;Z=2) we would consider
H (BZ=p,Z=p) = E[a] P[b]; where a;b are classesin H;H?; respectively. The comultiplica-
tion isgivenbya7'a 1+1 a; b7'b 1+ 1 b;which islike an additive formal group but
with two variablesinstead of one. To deal with this, we intro duce the category of \sup er-rings", i.e.
Z=2-gradedrings with multiplication satisfying the graded commutativit y relation ab= ( 1)i3ifipa:
In the commutativ e case,we have a ne n-spaceA" whosering of functions is k[x1;::: ;Xn], sothat
H (RP!) can be identied with the ring of functions on Al: The additive group structure on Al
givesrise to a group G, whoseformal completion is the formal group law over H : In the \super"
case,we may think of P[xy;:::;xk] Ely1;:::;y] asthe ring of functions on ane (k; )-space
AKX’ This identies H (BZ=p) with the ring of functions on A%; and the additiv e group structure
on AL givesrise to a\supergroup" GX'* whoseformal completion is the formal group law over H :

Exercise 7.3. Show that Strictlso(GL'; G1'!) is corepreseted in the category of F-superalgebras
by the mod-p dual Steenrad algebra.

Remark 7.4. We have indicated how isomorphisms of the formal group assciated to a complex
oriented cohomologytheory are related to stable operations in that cohomologytheory. It turns
out that endomorphismsof the formal group are related to unstable operations. For example, in
K -theory, upon completing at a prime p, one has unstable Adams operations ¥ for any k 2 Zp;
corresponding to the \m ultiplication by k" endomorphism of the formal group. These operations
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extend to stable operations only in the casewherek is a p-adic unit, i.e. only if the endomorphism
is an automorphism of the formal group.

The formal group associated to K -theory . Let K bethe spectrum represering K -theory. Bott
periodicity tells usthat  (K) = Z[v;v !]; wherejvj = 2: The isomorphism ,(K)! K©°(S?) maps
vto 1l L; whereL is the restriction to CP! = S? of the tautological line bundle L over CP? .
Thereforethe classx = v (1 L) 2 K?(CP!) is a complex orientation for K -theory.

Remark 7.5. We could alsotakex®°= 1 L asour complex orientation, leading to a formal group
law over oK:

To determine the formal group law assaiated to K -theory, we begin by observingthat the map
K2(CPt)! K?CP! CP')sendsv (1 L)tov (1 L L) InK?CP! CP!);let
x=v (1 L 1;y=v i1 1 L) Then

L L = (1 w)a vy
= 1 v(x+y wxy)
v L L) = x+y wxy

hencethe formal group law is x 7! x + y  vxy: Let's call this formal group law G, : If wesetv =1
we get the formal group law

X7l x+y xy;
which is called the multiplicativ e formal group law and is denotedby G,: We will seelater that the

formal group law for K -theory is at, hence ¢(K " K) corepresets 1So(Gp ; Gm):
To calculate 1so(Gn, ; G ) we consider power seriesof the form

2 W2 4 g 3
These determine endomorphsmsof G, which if bis invertible will be isomorphisms. Let
Zloy i by;:ic]=rels | Qb 1]
b
' .
by 1 7! ho

where the above relations are imposedby the requirment that the homomorphism de ned above be
a monomorphism. Since Z[h, 1-by;:::]=rels is constructed to represen someautomorphisms of G,
there is a naural transformation of functors

SpecZ[b, Ly iii)=rels! 1s0(Gu; G ):

1 (1 x)®=bx

Prop osition 7.6. This natural transformations is an isomorphism.
SpecZ|[h, Lby; i ]=rels = 1s0(Gm ; G ):
Note 7.7. Clark and Adams prove this from a di erent perspective.

Logarithm of a FGL. Let G be a formal group law over a ring R and I(x) a power serieswhich
de nes a strict isomorphism (i.e. 190) = 1) of G with the additive formal group law Ga:

I(x+cy)=1(x)+ I(y):
Taking the derivative of the above equation with respect to y and then ewaluating at y = 0 we
calculate

d%jym 1% + 6 Y)Gy (x; 0) = 1:
1(x)Gy (x;0) = 1

!
%00 = Gy(x; 0)
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4

I(x) = 1

——dx:
Gy(x;0) X
For all G we call the power series mdx the logarithm of G. This seriesthough is not

necessarilyde ned over R, but rather over R  Q, becauseintegrating the coe cien t of x" will
require dividing by n. By the above calculation the logarithm de nes an isomorphismof G with G,
if and only if this power seriesis de ned over R. The di eren tial L__dx, which is always de ned

Gy (%, 0)
over R, is called the invariant dieren tial of G.
Example 7.8. Gh(x;y)=1 (1 x)(1 V).
Gy(x;0)=1 x
y(Z ) <
X
logs,, (X) = 1 de— Y

This calculation proves that over any Fp-algebra R the formal group laws G, and G, are not
isomorphic.

Exercise 7.9. Work out the relationship between
HQ" E and I1so(G,; Gg):
oHQ[u 1" E and Iso(G,; Gg ):

8. STACKS

We start with an example to give intuition. Let X be a topological space,we think of X as
a category whose objects are the open sets of X and morphisms inclusions, denoted Cx . For a
topological group G consider the assignmen to ead open U | X the groupoid of principle G-
bundles and isomorphisms. To ead inclusion V | U in X there corresponds a pullback functor
from principle G-bundlesover U to thoseover V. This assignmen is (almost) a functor from Cx to
groupoids.

Denition 8.1. A sheaf on X is a contravariant functor F : Cx ! Sets satisfying the \sheaf
condition” :
If fU;gis a covering of U then

Y Y
FU)! F(Ui)) F(U\ Up)
is an equalizer sequene.

The simplest example of a sheafon X assignsto ead open U the set of continuous real valued
functions on U.

Example 8.2. (Contin ued) The assignmen to the opensetU the groupoid of principle G-bundles
consistsof both the assignmen of the set of objects and the set of morphismsin the groupoid. Each
of theseassignmeitts is a sheaf(in as much asit is an actual functor to sets).

(We will mertion the following technical di culties but will ignore them for now:

The collection of G-bundleson U is a classand not a set.
Pullback of G-bundlesis not functorial. GivenE ! U a principle G-bundle over U and

itistruethat (j i) E=j i Ebut( i)E6) i E asG-bundlesoverW.)
Even though both the object and morphism assignmen are sheaves there is an even stronger
\lifting" property that holds for this groupoid valued functor. The stronger ling property roughly
saysthat givena cover and objects on each member of the cover which areisomorphic (not necessarily

equal) on the intersectionsthen there is a lifting. More precisely given a cover of U by fU;g, G-
bundles E; ! Uj, and isomorphismswe call \gluing data" j : Eijju\u, ! Ejju) vy, satisfying
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the \cocycle condiditon” i = ik, thereis a principle G-bundle E ! U and isomorphisms
fi :Eju, ! Ej, compatible with the gluing data:
Eijuruy, 95— Eluny,
) f
ij
Ei jUi\ u; -

We would like to generalizethis stronger sheafproperty. If (X ;X ;) is a sheafof groupoids and
fU;g a covering of U, let Desgy, 4 be the \category of descem datum” for the covering f U; g.

Ob jects: collections of objects E;j 2 Xo(U;) together with isomorphisms j : Ejju\ u; !
Ejjunu; in X1(Ui \ Uy) satisfying the \co cycle condiditon” i = ke

Morphisms:  Desgy,¢((Ei; ij);(E®% )) consistsof \morphisms" f; : E; ! EQin X1(U;)
which are compatible with j in the sensethat:

. fi
Eijuny, ——EJuny,

0

i i

Ejjuny, L JEQju v,
commutes.
Gluing Prop erty - Descent Condition: The functor
(Xo; X1)(U) I Desguy,q
is an equivalenceof groupoids.

Denition 8.3. A stack on X is a shaf of groupoids (X o; X 1) satisfying the des@nt condition for
each open cover fU; I Ug.

Remark 8.4. A Hopf algebroid will have a stack assaiated to it. Also, a stack turns out to be a
like a space- it has coverings and cohomologicalinvariants.

Reference 8.5. The reader is referred to Mumford's article [Mu] for a nice discussionof stacks
(which never actually usesthe word “stad’, howevwer).
Example 8.6. How do we make principle G-bundlesinto a stack?

Let E be the category whoseobjects are pairs (U;Ey) where Ey is a principle G-bundle over
U. Morphisms in E((V;Ev); (U;Ey) are pullback squares:

Ev —/EU .
v —u

Considerthe projection funtor E! Cx . Let Cx-y denotethe \over category of U".
The category of sectionsof

&

X
X
X

/Cx
is a groupoid. The assignmem which sendsU to this category of sectionsis a sheafof groupoids
(and a stack).

If M and N are stacks on X then Stacks(M;N) is the set of functors betweenthem (as members
of Groupoids®x ). Consideringin addition the natural transformations we seethat Stadks over X is
a 2-category.

Cx=u
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Stacks on a Grothendiec k Topology. More generally we can de ne stacks over any category
with a Grothendiedk topology.

Denition  8.7. A Grothendie ck topology on a category C (with nite limits) is a \notion of
covering" J. Here J is a collection of setsfU; ! Ug called \c overings" which satisfy:
1. Isomorphisms are coverings.
2. Transistivity: fU; ! UgandfV; ! Ujg are coveringsimplies fVj; ! Ug is also a covering.
3. fU;! UgcoveringandV ! U any mapimpliesfV y Uj! Vgis alsoa covering.

Example 8.8.

1. X is a space,Cx is equiped with the usual notion of cover.
2. Cis the category of all spaceswith the usual notion of open covering.
3. (Spacege; is the category of spaceswhere coveringsare collections of mapsfU; ! Ug, whose

image is an open cover of U, and in which each U; ! U is a covering spaceof its image.
Note that the \op ensubsets"in this examplehave nontrivial automorphisms, unlike the above
cases.

Denition  8.9. Let (C;J) be a category with a Grothendieck topology. A sheaf on Cis a con-
travariant functor F : C! Sets with thiproperty thz\a(t for any cover fU; ! Ug the sequene

FU)! F(Ui)) F(U uvy)
is an equalizer.

Example 8.10 (Ane sdemesin the at topology).
Let C= (Rings)°P. Coverings are the opposite of collectionsfR! R;g where

1. EachR! Rjis at.
2. (Faithful) If M is an R-module suchthat M g R; = Ofor all i, then M = 0.

Verify that this is a Grothendieck topology.

Example 8.11. Cis Spacesusualopencovers,G is atopologicalgroup. BG is the stack of principle
G-bundles. BG is equivalert to the fundamertal groupoid of BG* (if X is a reasonablespace).

Exercise 8.12. Ched this. Is it true in generalor just for G discrete? (Dicult y may arise in
X 7! (morphisms in fundamertal groupoid of BG*) being a sheaf?)

Group oid Objects in C. A categoryin Cconsistsof a pair of objects X g; X1 2 Ob(C) corresponding
to the sets of objects and morphisms in a category, and morphisms corresponding to the usual
functions betweenthesesets....

ompositio
X1 xo X1,
Given a category we can construct a simplicial set called the nerve of the category by setting
(NO, =fxp! 1! x,2Cg

(with face and degeneracymaps given by composition and the insertion of identity morphisms).
Similarly given a categoryin Cthe samenerve construction assignsto it a simplicial object in C. A
simplical object is the nerve of a categoryif and only if the map X, ! X1 x, X1 x, xo X1
is an isomorphism. So equivalertly we can think of a category object in C as a simplicial object
satisfying the above condition (assumingC has b er products).

A groupoid in Cis a categoryin C (Xg; X1) together with amapi : X; ! X, corresponding to
the inverseof a morphism and satisfying the obvious properties.

A simplicial setis the nerve of a groupoid if and only if any one of the following hold:
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1. It is the nerve of a category and it is a Kan complex.
2. Themap X, ! X1 x, x, X1 (where the product is over d; and on the ith componert
the map X, ! X is the oneinduced by (0 7! 0;17! i) ched this !!)
3. The nerveis a cyclic setin the senseof Connes.
The represernable functors assaiated to groupiods in C are sheavesin groupoids (or groupoid
valued sheares) which is our starting point for the discussionof stacks.

Associated Stacks. From here onward we assumethat the Grothendiedk topology (C;J) is sub-
canonical (this meansthat the represernable functors are sheaves).

The assaiated stack to a sheafof groupoids (Xo; X 1) is the stack M (x ,.x,) nearestto (Xo;X1)
from the right. Morally:

ShGroupoids((Xo; X1); N) = Stacks(M (x;x ,); N):

(Really this is a 2-category equivalence....will explain latter.)
De nition  8.13. M (x,x,)(U) = colimDesgy,: ug(Xo;X1):
Example 8.14. X, = pt:and X1 = G. GivenfU; ! Xg, Desgy,4(pt; G) is the category of priciple
G-bundlesover X together with a trivialization over fUjg. Sowe have M (,.c) = BG.

Example 8.15. SupposeS is a spaceand G is a group actingon S. (S;S G) is a groupoid in the
category of spaces.M ;s ) is called the \orbifold" of this group action.

Example 8.16. C is the category of smooth manifolds (no limits, strictly speaking can't have
Grothendiedk topology). G is a Lie group, g the assaiated Lie algebra,and ! the sheafof 1-forms.
The sheafG actson ' ghby(a;!)7'ala '+daal (' ¢gG ! q)givesriseto asheafof
groupoids. The assaiated stack M( 1 ¢ 1 g is called the stack of G-bundleswith connections.

Morphisms of Stacks.

De nition  8.17. A 2-category consists of:

1. A collection C of objects.
2. For x;y 2 C a category of morphisms denotad C(x;y).
3. A \composition law" functor C(x;y) C(y;z)! C(x;z) which is assaiative.

Example 8.18. The category CAT of (small) categories.

Denition  8.19. The objects of C(x;y) are called 1-morphisms. The morphisms of C(x;y) are
called 2-morphisms.

We have embedding functors
C! Shv(CJ) ! Stacks(C;J)
wherethe last inclusion assigngto a sheafof setsthe sheafof groupoids whoseobjcts are the memeler
of the setwith only identit y morphisms (ched this is a stack). Sowe canthink of Casa subcategory

of Stacks(C; J), or Stacks(C;J) asan enlargemern of C and we will try to extend the notions and
constructions from C. The Yondedalemma implies that for X 2 C;M 2 Stacks(C; J) we have

Stacks(X; M) = M(X):

The moral is we have in ated C soasto incorporate new \classifying spaces". A representablestack
is an object of Cregardedasa stack. (MY Note or equivalent to one??). We will extend this now
to the notion of a representablemorphism.

De nition  8.20. Let
M2
i
M, QN
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be a diagram of stacks. The 2-category b er product M1 y M3 is given by:
1. Ob(M; N Mo)(X)=fa2M1;b2 My, :i(a) =j(bg
2. Mor(M; N M32)(X) = what you would guess.

The diagram
M1 ~ M2 M,
| j
M, iilN
satis es a certain univeral property, but doesnot commute (we will talk about this more latter).
Example 8.21.
pt
i
pt——/BG

pt sc pt = Glhere by G we meanthe stack assigningto eat open the groupoid whose objects
are the members of G with only identit y morphisms.

Ched: an object of pt g pt(X) is an automorphism of the trivial principle G-bundle over X -
this is just an elemen of G.

Example 8.22.

i
x —/BG
H ! G, X aspace. The map X ! BG classies a priciple G bundle E! X. X gg BH =
E & G=H = Eju: Ched this asan exercise.

Denition 8.23. A 1-morphism M ! N is called representable if for each X 2 C and each map
X 1 N the 2 category ber product X n M is equivalentto a representablestack.

Example 8.24.

1. If H is asubgroupof G, then BH ! BG is represerable.
2. pt! BG is represenable.

The principle hereis to extend properties of mapsin Cto properties of represernable 1-morphisms
in stacks.

Example 8.25. A collection of represenable 1-morphismsfN; ! Ngis a cover if for eah X 2 C
and each 1-morphism X ! N the collectionfX y N;j! Xgis a cover.

9. Stacks and Associa ted Stacks

In this sectionwe are goingto do somegeneraltheoremsabout stacks. We want to say something
about the relationship betweena groupoind (X o; X 1) on a category C with a Grothendieck topology
J that is subcanonical and its assaiated stack M (x,:x ,) asde ned in the last section. We denote
by Stacks the 2-category of stacks on (C; J).

Now let M be a stack. De ne the category Stacks=M of stadks over the stack M to be the
category with

Objects: 1-morphismsN ! M of stacks, and
Morphisms: Stacks=M((N1! M);(N2! M)) = fsectionsN; ! N; u Nzg.
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Example 9.1. Let C = Top be the category of topological spaces, and let J be the usual
Grothendieck topology on Top. Let BG be the stadk of principal G-bundles. Since we always
identify an object with the stack it represens, we have Top=BG Stacks=BG. Explicity, Top=BG
is the category with

Objects: all pairs (X; E) where X is a spaceand E is a principal G-bundle over X, and
Morphisms: f : X ! Y together with anisomorphismEyx ! f Ey of principal G-bundles.

Prop osition 9.2. The category Stacks=M together with the notion of covering as de ned in the
previous section is a Grothendieck topology.

Proof. Postponed. O

Remark 9.3. This proposition allows us to think about stacks as somewhatlik e spaces.In partic-
ular, we can talk about sheaves,cohomology etc. in Stacks=M.

Stacks and associated stacks. Fix acategory Cwith a Grothendieck topology J that is subcanon-
ical. Supposethat (Xo;X1) is a represenable groupoid in C. Recall that M x,.x ,) is the assaiated
stack of (Xo; X1).

Lemma 9.4. The map
X1 —IXo m Xo
induced by the domain and rangemaps X1 ! X is an isomorphism of stacks.
The proof will be given after the following remarks.
Remark 9.5. The above lemma says that
Xy —9¢ I,

dom ‘

Xo —IM(Xo;Xl)

is a pullback squareof stacks.

Remark 9.6 (Descen datum for morphisms). SupposefU; ! Ugis a cover, and suppose(Ei;gijE)
and (F;; gijF) are objects in the descem category Desg y, 4. What is a morphism betweenthem? The
answer is: It's what you think it is. Soa morphism h : (Ei;gijE) ! (Fi;gijF) is a collection of maps
hi 1 Ei ! F; compatible with the g's on intersections,i.e. onUj = U; y U; the diagram

o
E; —E;

hi h;

o
F —IF

commutes. In particular, if both gijE and gijF are identities for all i and j, then h; = h; on U; .

Question: What doesthis tell us?
Answer: You never needto re ne a cover to make a map. In down-to-earth language,we know that
the h;'s agreeon intersections,U; = U; y U;. Sothe sheafaxiom tells usthat f h;g actually comes
from a global section.

Now we can prove the lemma.

Proof. Let S be an object of C. We asusual identify it with the stack it represens. A 1-morphism
S! Xo Mx,x, Xo consistsof two elemerts a;b 2 Stacks(S;X o) = Xo(S) (by the Yonedalemma)
together with an isomorphisma! bin M .x,)(S). By the construction of the assaiated stack,
giving such an isomorphism is equivalent to giving a cover fU; ! Sg of S and an isomorphism in
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the descem category Desg y, 4. The above remark implies that h; = h; on U; , sowe can paste them
together to get an elemert of X 1(S), or equivalertly, a 1-morphismS! Xj. O

Lo cal presentabilit .

Denition  9.7. A stack M for which the diagonalmap : M ! M M is a representablel-
morphism is called locally presentable .

We have alternativ e characterizations of local preserabilit y.

Prop osition 9.8. The following conditions on a stack M are equivalent.

(1) M is locally presentable.

(2) Given representablestacks A;B 2 C and 1-morphisms A'! M, B ! M of stacks, the 2-
category ber product A \ B is representable.

(3) Every 1-morphismB ! M from a representablestack B 2 Cto M is representable.

Proof. Conditions (2) and (3) are clearly equivalent by de nition.
(2)) (1). Let A 2 Che arepresertable stack, and let (E1;E2) :A! M M bea 1-morphism
of stacks. Let N be the 2-category b er product A y m M.

N Im

—/M M
(E1;E2)

We will shaw that N is equivalert to the stack A\ A, which by assumptionis represenable. If X
is any stack, then giving a 1-morphismF : X I N is equivalent to giving a 1-morphismf : X ! A
and isomorphisms

f E1C1—/F 0 % g E,:

But the groupoid of (f ; F;the above sequencg is equivalent to the groupoid of (f;f E; 4 E>)
via the maps
(c;e) 7' et o
d7! (F =f Eq;c = d;Cz= Id)

SoN is equivalent to the stack A y A.

(1)) (2). Supposegiven represertable stacks A, B and 1-morphismsA f M, B 1° M of stacks.
Then A B is also a represeniable stack. Now A B is represeriable because :M! M M
is by assumption locally presertable, and there is a pullback square

A yB——M™

A B/ wMm:

O

Prop osition 9.9. Assume the objects of (C;J) desend (de ned below). If (Xo;X1) is a repre-
sentablegroupoid on C, then the asseiated stack M (x,:x ,) is locally presentable. Conversely,if M
is a locally presentablestack, then there exists a groupoid (X o; X1) on C with mboxdom: X; ! Xg
a cover, for which M is equivalent to the asseiated stack M (x ;.x .-

Proof. Postponed. O

Is this correct?
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Remark 9.10. dom: X1 ! Xgisacoverif andonly if range: X1 ! Xg is a cover. Indeed, there
is an isomorphismc: X1 ! X (the \ip" map) of stacks that takesf 2 X, to f 12 X1, and there

is a commutativ e triangle
X1 £ X1
!
dom . }|| range
Xo

Denition 9.11. We say that in (C;J) objects descend if for every representablesheaf X 2 C,
Fashafon CwithamapF! X, andfU ! Xga coverof X in C, for which each pullback
F = U x Fisrepresentablethen F is also representable.
Seethe following pullback diagram:
F —F

u —Ix:

This condition says that one can test the represenabilit y of a sheaflocally. If X 2 C, let C=X be
the groupoid with

Objects: morphismsY | X in C,

Morphisms: commutativ e triangles

Y1 Y,
5’%; P
B
X

Then the objects of (C;J) descendif and only if the functor C= : X 7! C=X is a stack on C. Note
that this functor is not contravariant, but one can rigidify it.

Remark 9.12. If Cis the category of schemes,then objects do not descend.

10. More on Stacks and associated stacks

We cortinue our journey on stacks and assiated stacks. We will prove a proposition that was
stated in the previous section.

Prop osition 10.1. If C= is a stack(i.e. the objects of (C;J) desend), then for any representable
groupoid (Xo;X1), the assaiated stackM = M (x,:x ,) is locally presentable.

Proof. By a proposition in the previous section, we needto show that given a diagram
B
j
A—Im
with A; B 2 C, the pullback A \ B is equivalent to an object in C (i.e. is represenable). We do
this in seweral steps.

Casel. A = B = X with i;j the canonical maps. We shaoved that Xy, u Xg is isomorphic to
X1 in the previous section, soit is represenable.
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Case2. SupposeA ! M factors through a map A°! M such that A° B is represenable.
Then we have the diagram

A —In0—Im:
But A vy B=A Ao(A° \ B). SinceA® \ B isrepresenable, sois A y B. In particular, it
holdsif A! M factors through Xg.

Case 3. Supposethere is a cover fU; ! Ag of A in C suc that eadh U; B is represerable.
Then A\ B is also represertable. Indeed, since objects of C descend,A \ B is obtained from
the U; u B by descem, soit is represertable.

Case4. B = X and j is the canonical map. By de nition of M = M (x,x,), amapA! M is
represenied by a cover fU; ! Ag of A together with mapsU; ! Xy, plus gluing data. Sowe have
a diagram

U —IXx,

A——IM
that is commutativ e on the nose. Now this casefollows from Case3 and the following diagram
Xo
U —Ia — I\/‘I:
In more detail: There is a diagram
Xo

Im
for eah i. By Casel, Xy m Xp is represertable, so Case?2 implies that U; u Xy is also repre-
sertable. Now Case3 saysthat A \ X is represernable.

Case5 (General case). As in Case4, to giveamapB ! M isto giveacoverfV; ! BgofB
together with mapsV, ! Xy, plus gluing data. Seethe following diagram.

A

U —IXo

Vi —IXo—IM

Now A m X is represertable by Case4. So Case?2 implies that V; u A is represertable for all
j. By Case3, sincewe know V; u A is represenable for all j, soisA u B. O

Remark 10.2. Something is not right about this proof. Stadks are supposedto encale all the
descem datum. Soyou don't needto talk about covers when using a stack. The proof above does
not exploit the stack properties of C= . The diligent reader might want to nd a proof that does
usethe stack properties of C= (as a good exercise).
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Question: What is special about the following map?
Xo

M = M(Xoixl)

We know that we can recover X1 by taking the b er product X nm Xo. SupposeM is locally
preseriable. Considera 1-morphismE : Ag! M. De ne A; by the pullback diagram

A range !AO

dom E

Aofll\/li

We claim that (Ag; A1) forms a groupoid. Indeed,

C( ;Ao) and C( A1)
represen a functor C°P !  Groupoids with
Objects: maps X ® Ao,
Morphisms: p; to p; are isomorphismsp,E ! p,E in M(X).
Now we can form the assaiated stack M (a,.a,) and geta 1-morphismM a,.4,) ! M. The above
guestion is equivalert to the following
Question: When is this 1-morphism an equivalenceof stacks?

Answer 1: When E : Ag! M is a cover.
Answer 2: When thereisacover X | M for which the map A y X ! X admits a section.

Proof. Postponed, as usual. O

Example 10.3. Let C= Rings°P, the opposite category of the category of commutativ e rings. The
Grothendiedk topology J hereis the at top ology . For a commutativ e ring R, we usethe notation
SpecR to denotethe object R in C. Then the at topologyis de ned asfollows: f SpecU; | SpecRg
is a cover if
eah R! U;is at, and
ifM RrU =0Oforalli,thenM = 0.
Equivalently,
eah R! U;is at, and
given a prime ideal p in R, there exists a prime ideal g in someU; such that p= g\ R.
Example. f SpecZ[3]! SpecZ;SpecZ[}]! SpecZgis a cover.
Example. f SpecR[x]=f (x) ! SpecRgis a cover, wheref (x) = ag+ + ap 1x" 1+ x":

Proof. The setfl;x;:::;x" lgis abasisof R[x]=f (x) over R, soit is free over R of rank n. Hence
it is at, and it is now clear that it is a cover. O

Claim 10.4. For C= Rings®, C= is a stack, i.e. objects desend.

Proof. It is a dumb exercisein commutativ e algebra, so we postpone it as usual. The reader can
read about faithfully at descem in, e.g. Milne's book [Mi]. O
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Hopf algebroids and stacks. A Hopf algebroid (A; ) givesa groupoid (SpecA; Spec) on C.
The domain map is a cover because | is at. M speca;spec) Will be denotedby M4 ) .

Example 10.5. Take A = Z[b;c], = A[r]. Then (A; )( R) is the groupoid of b;c 2 R together
with mapsb7! b+ 2r, c7! r?+ br+ c. Let M be the assaiated stack M . y .

Question: What is a map SpecR! M?

Answer. To givea map SpecR ! M isto give a faithfully at mapR! E, elemens b;c2 E, and
‘gluing data’: anelemennr 2 E R E such that

() b 1=1 b+2randc 1=1 c+ (1 Dbr+ 2r,and
(i) d°r dir + d?r = 0, wherethe d' are the three maps

E rE éE RE RrRE
ead of which takesthe value 1 in the i!" position.

Question: Is there another way to de ne M?
Answer. Yes,we'll actually get a much smaller preseriation of it.
Solet B = Z[b] = A=(c). Considerthe map SpecB ! M, which actually factors through SpecA.

Claim 10.6. The map SpecB! M is a cover.

Before proving this claim, note that it will imply (by Answer 1) that there is an equivalence
M = M. ), the assaiated stack of (B; ).

Proof. We needto show that givenany represenable stack SpecR and 1-morphismj : SpecR! M,
the dotted arrow in the diagram

SpecR y SpecB —/SpecB

is a cover. Note that it is su cien t to show that there is a coverfU; ! SpecRg of SpecR such that
fU wm SpecB ! Ugis acover for eadh i. Seethe following diagram:

SpecB
U —ISpecR ——I
We can nd acover SpecE ! SpecR sothat
SpecE 4SpecA

SpecR —Im
commutes. Sowe may assumethat SpecR ! M factorsthrough SpecA. Let SpecW be the pullback
SpecW —/SpecB

SpecR4'( - M:

c=0

It turns out that W hasto be R[r]=(r?+ r+ =0),andB! W hasto bethe mapb7! + 2r.
Now it is clearthat R! W is at and givesa cover SpecW ! SpecR. O

Setting R = B, it followsthat g = B[r]=(r? + br), (B; g) is a Hopf algebroid, and the map
M@, ;) ! M is an equivalenceby Answer 1.
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11. Sheaves on stacks

Recall that (C;J) denotes a category C with a Grothendiedk topology J. Also Stacks :=
Stacks(C; J) denotesthe 2-category of stacks on (C;J) as de ned in Section ?? . Let M denote
a xed object in Stacks and let Stacks=M denote the over-category of the 2-category Stacks over
M (seeSection ??) .

De nition 11.1. A shaaf on M is dened to be a shaf on Stacks=M , that is a functor
Stacks=M ! Set which satis es the shef condition.
The category of sheaveson M is de ned to be the category with objects such sheavesand mor-
phisms maps of sheves.
Consider the following two functors:
Sh: C® ! Groupoids; X 7! category of sheaveson C=X and isos

Sh-map: C°® ! Groupoids; X 7! cat. with obj. maps of sheavesand morphisms isos:
Fo—IG
F,—IG
Thesetwo functors are easily seento satisfy the descen condition i.e. they are in fact stacks (Def

8.3??). Now the pair (Sh; Sh-map), together with the domain and range maps Sh-map! Shform a
category object in Stacks.

Theorem 11.2. The category of sheaveson M is equivalentto the category of morphisms of stacks
M I (Sh; Sh-map)
That is the objects are the 1-morphisms, and the morphisms are the 2-morphisms.
Proof. We will prove this next time. O
We now proceedinto what is hopefully an oasisof truth:

Denition  11.3. A sheaf on a groupoid (X ;X 1) is de ned to be the following data:

1. A shaf F on X
2. An isomorphism Domain F ! Range F satisfying the cocycle condition for sheaves on
(X0; X 1) (see below).

The category of sheaveson a groupoid (X ;X 1) is denoted Shv(Xg; X1).
De nition  11.4 (The cocycle condition for sheaveson (X ;X 1)). Letps;p2 2 X1 be elementssuch

that Range(;) = Domain(pz). Composition : X1 x, X1! Xi givesan element (pi;p2) 2 X1
with domain Domain(p;) and range Ranggp;). The cocycle condition demandsthat the following

diagram commutes:
Domain(p1) F w—/Range(p:) F ——/Domain(p,) F
M%Jr ‘

Rangeg(pz) F
Prop osition 11.5. The functor Shv(M (x,.x,)) ! Shv(Xo;X1) is an isomorphism of categories.

Proof. For any stack N , we have, by de nition of stacki cation asleft adjoint to the forgetful functor,
that Stacks(M (x,:x,); N) = Groupoid((Xo;X1);N). Now let N be the stack (Sh; Sh-map) from
before. The left-hand side getsidentied with sheaveson M (x.x,) by Theorem 11.2 and writing
out what the right-hand side means,givesthe requiremerts for a sheafon (X ; X1). O
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Quasi-coheren t sheaves on stacks on Aff. Let (C;J) = (Aff;flat) bethe Grothendieck cate-
gory of ane scemeswith the at topology. A quasi-oherent shaf F on Af f =Spec(R) is a sheaf
on Af f =Spec(R) such that for all (at?) ring homomorphismsR ! S we have functorial mapsand
isomorphisms:

S F(speqs)) ———/F(speqs))

S (S rF(SpeqR)) —/s & F(SpedR))
So, the category of quasi-coheren sheares on Af f =Spec(R) is equal to the opposite category of
R-modules.

Using this de nition of quasi-coheren sheareson Af f =Spec(R) we now get an obvious de ni-
tion of the pair (Shg. c:;Sh-map, ..) by requiring (Sh; Sh-map) to take valuesin quasi-coherem
sheaves. We now de ne a quasi-oherent sheaf on a stack M on Aff to be a 1-morphism
M I (Shy c;;Sh-mapq: )

Let (A; ) beaHopfalgebroid, andlet M (5. )y bethe corresponding stack on Af f . The following
proposition is establishesthe fundamertal link betweenstacks and algebraic topology.

Prop osition 11.6. We havean equivalen@ of categories

f quasi-oherent sheaveson M (a. ) g$ (A; ) comadules
Proof. This is really easy but I'll leave it to you. O
Let us at least explain this equivalence:Let p: SpecA! M (5.) bethe map induced by the counit
SpecA ! Spec composedwith the stacki cation. We have a pull-back square

Spec 4SpecA
SpecA I

SO0 A correspondsto Oy and  correspondsto p Ogpeqa) Since Sped() is the pushforward of the
pullback.

p

12. A calcula tion and the link to topology

A calculation. Let A = Z[b;c], a = A[r], and let (A; ) be the assaiated Hopf algebroid from
Example 10.5??. That is (A; ) is the functor Ring ! Groupoid which to ead ring R assaiates
the groupoid with objects quadratic expressionsx? + bx+ c,b;c2 R and morphisms x? + bx+ ¢ 7!
x? + % + ¢ induced by a translation coordinate changesx 7! x+ r,r 2 R (i.e. b 7! b+ 2r,
c7!' r?+ br+ ¢). Likewisewe want to consider(B; g), whereB = Z[oj and g = B[r]=(r? + br).
In Section 10?? we saw the following theorem:

Theorem 12.1. The stacksM (,; ,y andM (g; . are equivalent. Especially the category of quasi-
coherent sheaveson M (5, ,y and M (g, . coincide.

Using our equivalenceof categoriesfrom last time we get the following corollary.

Corollary 12.2. The category of (A; a) comadules is equivalent to the category of (B; s)-
comadules. Especially
Ext(a ,)(AJA) = Ext(g, ,)(B;B):

| think we could
in this one, if
wanted...

I'm afraid this
planation is not e
quasi-coherenm
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In the rst part of this lecture we will be concernedwith calculating Extg. ,,(B;B). From now
onweset = pg. Wewantto nd aresolution

0! B! Ig! 1Iq!

where the |, have the property that Exth;) (B;ly) = O for all s > 0. By a spectral sequence
argumert we seethat such a resolution can be usedjust asan injectiv e resolution to calculate Ext,
i.e. that

Ext{g.y (B;B) = H%(Homg,) (B;1 ))
We want to seethat we can construct a resolution with the above properties by setting I, = .

Lemma 12.3. Let B ! be the inclusion b 7! b+ Or (equalto ) andletp: ! B bethe
projection b+ b¥ 7! t°. Then

or B! °B! 0
is a short exact sequene of (B; ) -comadules.

Proof. Sinceexactnessn the categoryof (B; )-como dulesis the sameasexactnessn abelian groups,
the only thing which needsto be justied isthat | and p are mapsof (B; )-como dules.
To provethat | isamap of (B; )-como dulesweto ched that the following diagram commutes:

B;/

L

= B Bl—L/ B
Taking the high route in the diagram assaiatesto a pair of composable maps the domain of the
composition. Taking the low route assaiatesto a pair of composablemapsthe domain of the rst
map. But theseare samesame,sothe diagram commutes.

To prove that p is a map of (B; )-como dules we need to ched that the following diagram
commutes:

P g
‘ L
B _8Y s B
Taking the high route we get b+ b% 7! B° 71 (1) = B 1. Taking the low route we get
b+b* 70 (b 1+ ( 1+1 ) 1)=(o 1+% 1+ 7K 1. O
Lemma 12.4 (Shapiro's lemma). The functor B . B-modules! (B;) -comadulesis right

adjoint to the forgetful functor, and sendsinjectives to injectives.
Especially Extg.) (M; g N) = Extg (M;N)

Proof. The adjointness follows by cheding the de nition. That B sendsinjective objects to
injectiv e objects now follows from the de nition of an injectiv e object, using the adjunction together
with the fact that the forgetful functor presenesinjections. The statemert about Ext now follows
from the de nition of Ext via injectiv e resolutions. O

Remark 12.5. Note that g isaright adjoint, not a left adjoint as usual, sincewe are working
with comodules.

Prop osition 12.6. For any Hopf algeboid (B; ) we havethat Exth;) (B;) =0fors> 0, and
themapB ! Homg.y (B; ), b7! [(x) r(b) is an isomorphism.

B ifs=0 .
0 ifs>0 -

To nish the proof onejust hasto navigate through the isomorphismHoms.y (B; ) = B to see
that it is the one claimed. O

Proof. From the lemmawe get Ext(g.y (B;) = Extg(B;B) =
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Theorem 12.7.
Ext(s. (B;B) = Z[F’][ =2 )
where 2 Extl.
Proof. The additive part of the statemert is that Ext® = Z[t?] while Ext® = F,[t?] for s> 0, and we
will restrict ourselfto this. (The easiestway to seethe multiplicativ e structure is to usethe periodic

resolution together with composition of Yonedaextensions.)
By splicing our exact sequence®! B! I B! 0wegeta resolution

0! ! !

of the (B; )-como dule B, where the boundary map is given by b+ b% 7! b’ By the previous
proposition we can usethis resolution to calculate Ext. Applying Homg.) (B; ) to the resolution,
yealdsthe sequence:

0—/H0m(B;) (B;) —/Hom(B;) (B;) —

ﬂ /ﬂ d /EU d

From the previous lemma we get that under the isomorphismB ' Homg.) (B; ), b7! (1 7!
r(D)= b+ 2r), 27! (17! 2), sod(b) = 2. Wealsoneedto nd d(b"). First note that g (k%) = (b+
2r)2 = P+ 4rb+ 4r2 = I?, sincer?+ rb= 0. Hence,more generally, g (*") = b*" and r(b*"*1) =
*"(b+ 2r). But this shows that d(b®") = 0 while d(b®"*1) = 2b*". We have now described the
di erential d completely, and taking homology we seethat we get the claimed result. O

Exercise 12.8. Compute Ext ,. ) (A; A) where A = Z[a;;:::;a], = A[r]. That is, analogousto
before, we look at degreep polynomial expressionsx? + a;xP 1+  + a, and get monoidal structure
by looking at the e ect on the coe cien ts of the coordinate changex 7! x + r.

This is easiestdone modulo Ext°, and in fact unknown in general. You should get E(y1) P (X2)
(i.e. exterior in degreel tensor polynomial in degree2).

A fundamen tal example and link to top ology. Let (A; ) bethe Hopf algebraof formal group
laws and isomorphisms. That is, A is the Lazard ring A = L = Z[X1;X2;:::] and the ring of
universalisomorphisms = A[bol;l:b;bl;bz;:::].

With a bad notation, let MU, (X) = MU (X) Z[u;u %] wherejuj = 2. Let M U, bethe Thom
spectrumof Z MU! Z BO. (This will have a lot of structure, e.g. an E; structure, if you
know what that means(it actually hasthe structure, evenif you don't)). We get

1. o(MUs)=1L

2. o(MUs "MU,L) =
Note that by inverting u we get isomorphismsinstead of strict isomorphisms, and hencea good
connectionto algebraic geometry.

Until now we have beentalking about formal group laws. We are now ready to de ne what we
mean by a formal group. (We will make this de nition more explicit in a later lecture.)

Denition  12.9. LetM g = M (a;) . The category of formal groupsover R and isomorphismsis
the category of maps Stacks(SpecR; M ) (rememler, stacksis a 2-category).

We now have a functor which to a spectrum X assaiates the (A; )-como dule (M U, )n(X).
(Note that we get onefor each n, but all even onesare isomorphic, sincewe'veinverted u.) This last
object corresponds, via our equivalence of categoriesto a quasi-coherem sheafM (X ) on M k.
If SpecL I’ M g denotesthe counit composedwith stacki cation, then p M ,(X) correspondsto
the L-module (M Us) " X).

If X! Y! Zisacobersequencethen we get a long exact sequenceof sheaves

P Ma(X)E Ma(Y)! Ma(Z)! My a(X)! ;
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either by appealing to the equivalence of category or arguing directly, using that SpecL ! M kg
is a cover (i.e. at). Also the wedgeaxiom is satised M ,(_ X ) = M (X ). Sowe get a
cohomologytheory. We generalizethis:

Denition  12.10. A formal group over a ring R is at if the classifying map SpecR I Meg is
at.

If SpecR i Mg is at, then X 7! p M ,(X) 2 R-modulesstill de nes a cohomologytheory.
This amounts to unraveling the de nition and using that locally we are just tensoring up over a at
extension, which presenes exactness. Note that if we supposethat p comesfrom a formal group,
then we would have SpecR ! SpecL ! M gg,andhencep M n(X) = n(MU:)MX)  mu.)R.
However p might be at without the the map SpecR ! SpecL being at. We want to nd out how
to recognize at formal groups.

Another, slightly tangential question which comesup is the following: In the category of co-
modules the forgetful functor is not a right adjoint as usual so the inverselimit functor has higher
derived functors. One shouldtry to nd a way to compute the derived functors of inverselimits of
comodules. Any takers?

13. Formal gr oups in prime chara cteristic

In this section, we will be interested in maps from SpecK to a stack M. Obsene the following
analogy with schemes: given a scheme X , we can consider the set of all maps SpecK ! X where
K is an (algebraically closed) eld. If we regard two such maps SpecK1 ! X, SpecK, ! X as
equivalent if SpecK; and SpecK, are isomorphic over X then, in the casewhere X = SpecR is
ane, the setof all such maps corresponds bijectively to the set of prime ideals of R. Given a map
R ! K, the kernelis a prime ideal; conversely given any prime ideal p/ R, R! R=p! (R=p)(o) is
amap into a eld with kernel p.

Now, supposethat M = M 4. ) is the stack assaiated to a Hopf algebroid.

Denition  13.1. Aninvariant prime ideal (for (A; ) ) is a prime ideal p/ A suchthat ( r(p)) =
( L(p) wher (X ) denotesthe ideal generted by the set X .

Next, we will study maps from elds into the stadk Mg of formal groups. Note that elds are
local rings.

Lemma 13.2. Let R be a local ring. Then every 1-morphism SpecR ! Mg factors (up to an
isomorphism) through SpecL ! Mgg, wher L is the Lazad ring. In other words, every formal
group over a local ring comesfrom a formal group law.

Proof: postponed.

Corollary 13.3. If R is a local ring then the map of groupoids
fformal group laws over R with isomorphismgy ! Stacks(SpecR;Meg)
is an equivalene.

This result shows that the classicaltheory of formal groups over local rings carries over to the
stack setting.

Until now, we have not seenany method for shawing that two given formal groups are not
isomorphic. We will now look for an invariant that can distinguish them.

Let G be a formal group over R and p be a prime. De ne the p-series of G to be [p](x) =
X+g +g X. SinceG is commutativ e and assaiative, [p] is an endomorphismof G.

A formal group can be consideredas a group object in the opposite category of the category of
linearly topologised complete local rings or something like that. Then the p-torsion of G, G, is
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de ned to be the kernel of the map of groups (SpecR[x]; G) P! (SpecR[x]; G) in this category. It
ts into a diagram
G —/G

1—G
Taking rings of functions, this translates to

05 %Rl [y

R O—— R[x] X

[P

00— x

We measurethe sizeof ;G by R[x]=[p](x).

Casel: R = K = eld of characteristic 0. Then [p](x) = px + :::. Sincep is a unit in K,
K [XI=lpl(x) = K (by inversion of the power series[p](x)).
Case2: R = K = eld of characteristic p.

Lemma 13.4. LetR beanFy-algeba, F; G formal grouplawsoverR, :F ! G ahomomorphism.
Then there exists an integer n and a power seriesg 2 R[x] suchthat

g¥0)6 0in R
(x) = g(x*")

Proof. If f 2 R[x] with f%x) = 0then f (x) = g(xP) for someg. To seethis, let f (x) = P anx".
f Ax) = 0 implies that na, = 0 for (n;p) = 1.

If 6 0is ahomomorphismwith 90) = 0, then we automatically have 9x) = 0. To show this,
we take the equality G( (x); (y)) = (F(x;y)),apply @@ at y = 0 and get:

Ga( (x);0) (0) = XF(x;0)F2(x;0) = UAx)F2(x; 0):

Since F»(x; 0) is a unit and the left hand sideis zero, we get Yx) = 0.

To return to the assertion of the Lemma, we proceedinductively. If 90) 6 0, we are done by
takingn=0, =g

Now assume %0) = 0. This meanswe canwrite (x) = h(xP).

Claim: There is a unique formal group law F °such that the map x 7! xP inducesa homomorphism
of formal group laws F ! £°%

Let uswrite F(x;y) =  aj x'yl. We have to show that (x +¢ y)P = xP + o yP for a unique F°

Sincewe are in characteristic p, we have
X i PR oy

and hencewe must de ne X .
FUay) = af x'y:
FOis certainly a formal group sinceit is the image of F under the ring homomorphismR ! R,

X 7! xP.
= 0
; ~h

Hencewe get

G:
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We ched that h is a homomorphism of formal group laws:

h(xP +royP) = h(x +r y)P = (F(Xy)) = (X)+c (¥) = h(xP) +c h(yp):
Hencewe have h(x + oy) = h(x) + g h(y) and the result follows by induction in applying it to h. O

Denition  13.5. The height of a formal group law F over a eld of characteristic p is the unique
integer n = htF such that [p](x) = g(x*") with g¥0) 6 0. If [p](x) = OwesayhtF = 1. In
characteristic 0, the height of every formal group law is de ned to ke 0.

The height measuresthe p-rank of ,F. ht F = log, dim R[x]=[p](x).

Lemma 13.6. The heightis independent of the coordinate of the formal group, i.e. if F and G are
isomorphic then their heightsare equal.

Example 13.7. R = F,. Then htG, = 1, but sincel (1 x)? = xP, tG, = 1. Hence
Ga Gm.

A good referencefor the following is Serre'sarticle in [CF], pp. 148 . The original proof can be
found in [LT1].

Theorem 13.8 (Dieudonne, Lubin{T ate).

(&) If charK = p> 0 then there exists a formal group law of heightn for everyn 2 N [ flg .
(b) If additionally K = K then any two formal group laws of the same height are isomorphic.

We rst turn to the construction of formal group laws with certain given endomorphismsover
complete local rings.
Let A be a complete local domain with maximal ideal m = () and residue eld k = A=m =
Fon = Fq, sudh that the assaiated graded ring satis es
M
rr]f‘—+1 = k[ ]:
The examplesto have in mind are:
A = Z, (which is not the topologist's Z=(p) but the p-adics) with = p, n= 1;
A= Zp = Zp[ po 1] Wwhere pn 1 is aprimitive (p"  1)st root of unity, = p. This is the
ring of p-typical Witt vectorson Fn, asdescribed below in Section 16;
A=Zp[ I * p);
A=Kk[ ]
Let
F = f2Ax]jf(x)= x+Ox2); f(x) x9()
be the set of \Eisenstein polynomials" with respect to the uniformiser

Lemma 13.9. Let f;g 2 F and 1(x1;:::;Xn) a linear form. Then there exists a unique
(X1;::7;%Xn) 2 AXy; :: 0 Xn ] satisfying
€) 1 mod deg 2 and

(b) £ (xaiiiiixn) = (9(x1)i::i59(xn)) =0 (9(X)).
Proof. Suppose by induction (g(x)) f( (x)) mod degn + 1 for a (mod deg n + 1) unique
satisfying alsoa. This is true for n = 1 by the de nition of F . Then we can write

f( (x) (o(x)) Ep+1 mod degn + 2

for a unique term En+; homogeneousof degreen + 1. Now we try to correct by adding n+; of
degreen + 1. We have:

f( + n+1) f()"’ n+l

(9(x)) + n+1(9(x)) (g(x)) + " 4 mod degn + 2:
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Subtracting yields En+1 = ( n*1) 41. SinceA is adomain, we must take n+1 = ﬁEn+1
if this exists, i.e. if jEn+1 (note that the factor 1 " isaunit in A).
Computing mod , we nd that

(x)  xI); fCx) ()%
SOEn+1 (x)d (x9)  OsinceA=( ) = Fq. O

Application 13.10. Takef = g, 1(x;y) = x+y. Wegeta (x;y) = F(x;y) which turns out
to be a formal group law. This follows from other applications of Lemma 13.9. For example,
F(x;y¥) = F(y;Xx) by uniqueness;(x +r y) +r z = X +¢ (Y +F 2): both sidescommute with F and
equalx + y + z mod deg 2, so again by uniqueness,they coincide.

Taketwo f;g 2 F and denote the formal group laws obtained as above by Ff;F9. Then Ff
and F 9 are canonically isomorphic. Once again, this follows from Lemma 13.9by taking 1(x) = x.

We get a unique  with f( (x)) = (g(x)). Weshowthat :F9 T Ff. Set

h(xiy) =F"( (x); (¥);
hxy) = (FIxy):
Both seriesare congruert to x + y mod deg 2, and the calculations

Fhosy) = FTC )5 () = FH(EC 00 C ) =FN((g0x); (9y)) = h(g(x); gy));

f(hcy) = ( (FUOay)) = (9F06Y)) =  (FO(g(x);g(y) = hAa(x); a(y))

shaw that h and h® must agree,by Lemma 13.9.

Ff (or its reduction mod ) is called the Lubin{T ate formal group .

We will nally be interested in the endomorphismring of a formal group law F. Lubin{T ate
formal group laws come with a useful ring homomorphism A | End(F) that determinesa lot of
endomorphisms. One says that F is a formal A-module or, in analogy with elliptic curves,that F
has complex multiplication. We will now construct this homomorphism.

Pickany f 2 F , F = Ff. Fora 2 A, dene (x) = ax. Setting f = g, Lemma 13.9
producesa power series ,(x) =: [@](x). To ched that it is an endomorphism,we have to seethat

a(X+ry)= a(X)+g a(y). This istrue for the linear part sincea(x + y) = ax+ ay. Furthermore,
both sidescommute with f: (fX)+ef(y)) = a(f(X+ey) = f( a(X +¢ y)), similarly for
a(xX) +£ a(y). So, by uniqguenessagain, they agree.

Lemma 13.11. For the Lubin{T ate formal groupF = F' overthering A, [ ]is a homomorphism
of rings

AL End(F)
satisfying [ ](x) = f (x).

Proof. It only remainsto show that [a+ b]j(x) = [a](X) + [b](X) and [ab(x) = [a]([b](x)). Both
sidesagreemod deg 2, sothey are equal if all four terms commute with f. But this is trivial since
f commutes by construction both with F and [a] for all a2 A.

The secondassertionfollows sincef (x) [ ](x) x mod deg 2 and both sidescommute with
f. O

Example 13.12.

LA=Zp =WFp = Zp[p 1], =p f(X) = px+ x9. We get a formal group law F with
[PIF(x) = f(x) x% mod p. Its reduction mod p therefore has height n. F has coe cien ts
in Z, sincef (x) has (this follows by the invariance under the choice of the primitiv e p”  1st
root of unity).
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2. There is a variation of this, due to Ravenel. The equation f (x) = px +¢ x9 has a unique
solution for f , which can be seenas follows (due to Bobby):

We start with fo(x) = px+ x% and get a formal group law Fo with p-seriesf o(x). Inductiv ely,
we de ne fi+ (X) = px+g, X% and Fi4+; asits Lubin{T ate formal group law. We have to show
that the F; corverge. However, in general,if f (x)  g(x) mod x" then Ff(x;y) F9(x;y)
mod (X; y)". The easiestway to seethis is to regard f and g asequal elemens of F for the
complete local ring R=m", henceFf and F9 agreemod (x; y)".

We claim that f; fi 1 mod x9*2 ' Supposeit is true for i. Then fi+1 (X) =
Fi (px; x%) Fi 1(px;x9) = fij(x) mod (px;x%)9*2 ' The lowest term where they could
dier isxa*tl ixa= x(i+D)atl i gothey are congruert mod x(+1) ar2 (i+1)

This group law is superior becauseit has a managable logarithm: We have logg (px) +
loge (x%) = loge (px +¢ x%) = loge ([p](x)) = ploge ().

F therefore satis es the identity

X an
logr (x) = ) p_”:
3.A=Z, (" p). Then A=( )F,. The Lubin{T ate formal group for A satis es [p](x) =
[ "](x) = xP" mod |, soit hasheight n.

Now let F 2 Fn [x; y] be the mod p reduction of the formal group law F asin the rst example.

We have already constructed a map
Zo U ENd(F);
but this map is not surjective. Indeed, the equality F(x;y)? = F(xP;yP) shows that the map V
which sendsx to xP is another elemert in End(F). Note that V neednot commute with [a], a2 Zpn ;
hencewe getamap Zy» liVii | EndF, whereRlixii denotesthe following noncomnutativ e power
seriesring in x: n x 0
Zpn Vi = amV™ an 2Zp; Va=aVv ;

wherea 7! a is the Frobenius automorphism which sends to P.

To ched the identity Va= a V, it is enoughto considera = p, whereit is obvious, anda= ¥,

which is easy
One also chedks that V_{ZJ(X) = xP" = [p](x).
n

Prop osition 13.13. The maps
ZWvii=(vV" p) ! End(F)
and
Sn = (ZWVii) ! Aut(F)
are isomorphisms. The latter group is called the nth Mor ava stabiliser group.

The proof will be given later.

We have shown the rst part of Theorem 13.8, we still have to show uniquenessover algebraically
closed elds. Thus, let K = K be an algebraically closed eld of characteristic p > 0, F any
formal group law over K of height n, and F_t be the Lubin{T ate formal group law coming from
Zyn, passingthrough Fyn and arriving at K (with respectto f (x) = px + x9). For this, we x an
inclusion Fpe ! K sudh that Fpn = ft2 K jtP" = tg.

Theorem 13.8 will be proven oncewe have shown the following.

Prop osition 13.14. F and F .t are isomorphic over K .

Proof. We proceedin two steps:
Step I: F is isomorphic to a formal group law G which satis es:
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1. G(x;y) = P aj X'yl with all aj 2 Fpn;

2. [ple(x) = x7":
Step II: Chooseany lift of G to G over Zy. Then [p]5(X) 2 Fp, henceG comesfrom [p]; by the
Lubin{T ate construction and is therefore isomorphic to any other Lubin{T ate formal group law.

Stepl: SinceF hasheight n, we can write [p]r (x) = g(xP") with g%0) 6 0. We use?2) asan Ansatz
and try to solve for in the commutativ e diagram:

F—JG
g(x” )‘ xP"
F—G;
ie. ()P = (g(x)P"). Write «
(x)= bx and g(x)=  ax*:
i k
Then X i o i
GO = X = ()
i
We needto solve ! =g
First look at the coe cien t of x: )
= a

This is sohvable sinceK = K. Now assumeinductiv ely that we have replacedF by a formal group
law for which

g(x) = x + ax + O(xk*1):
We look for a  satisfying (x) = x + bx". We have

o= x+ BP0 b o+ O(xkL);

sowe needhy to satisfy tfj b« = ay; this is again possiblesinceK is algebraically closed.
In Step I, 2) actually implies 1): We have [plc(X) +c [plc(Y) = [pl(X +c Yy), hence by 2),
G(xP";y?") = G(x;y)?" . Hence
X n I n ] X n n I n J
meaningthat all a; = aﬁ-’n and therefore aj; 2 Fpn. O
Recapitulation  of what was done above. Let K be an algebraically close eld of characteristic
p> 0. Let F be a formal group law over K of height n, and choosean inclusion Fp» | K.
Goal: F is isomorphic to the Lubin-T ate formal group law coming from Zy» and f (x) = px + xP"
The proof proceedsin two steps:
Claim: F is isomorphic to a formal group law G satisfying
() G(x;y) = ax'y with aj 2 Fpn;
(i) [ple(x) = xP".
Conclusion: Chooseany lift of G to G over Z,n. Then [p]z(X) 2 F , so G is isomorphic to the
Lubin-T ate formal group law for [p]5(X) (and henceisomorphic to any other Lubin-T ate group).
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Proof of the claim. We prove (i) rst. Write [p]r (x) = g(xP") for someg(x) with g%0) 6 0. We're
looking for a formal group law G and an isomorphism' : F ! G sudc that the square

n n . P H .
commutes. Sowe need' B()p = ' (g(xP)). Recallthat if f(x) = bx' thenf isdened to be
the power seriesf (x) = K x'. Soour equation becomes
L) = 9 ):
In other words, we needto solve

o1 =g

P . P .
Write g(x) = ax'and' (x) = bx'. We have to solve for the b's. Looking at the coe cien t

of x in the above equation, one nds that b? 1= a,. SinceK is algebraically closed,we can nd a
b, such that this holds. By twisting F by x 7! byx, we seethat we can replaceF by an isomorphic
formal group law for which a; = 1.

Now supposeby induction that we can replace F by a formal group law for which g(x) = x +
agxk + O(x¥*1). The goalis to show that we can also get rid of ay, and to do this we look for a
of the form ' (x) = x + bxk.

The equation’ 1 ' = gbecomesg(x) = x + (B h)x* + O(x¥*!), and sowe needto solve

() b= ac
Again, sinceK is algebraically closedwe can do this, and sowe're done by induction.

Now we must go back and prove (i). We've found a power series' (x), and we let G b%the twist
of F by this series.By construction of ' (x) we have [p]g (x) = xP". Now write G(x;y) = aj x'y!.
G must commute with its own p-series,soone nds that

G(xP";yP") = [pls (X) + ¢ [Als(Y) = [AI(X +6 ¥) = G y)P;

or that
no; no_; X .. P X n N N
a (")) = g xly = Al (xP) (P )

Soa; = aﬁ-’n , which meansa; 2 Fpn. O

14. The automorphism gr oup of the Lubin-T ate formal gr oup laws

Consider the Lubin-T ate formal group law with p-series[p](x) = px +¢ X", and let denoteits
reduction to Fpe. (Note that the coe cien ts of actually lie in F,, aswe have seenbefore). The
goal of this sectionis to calculate Aut , and alsoEnd . There are essetially two parts to this:

(1) Can we explicitly write down all the automorphism and endomorphisms?
(2) The functors

Fp  Alg | Goup (Fr | R)71 Aut(i )
and

Fe Alg | Ring (Fpr | R) 71 End(i )
are both co-represetable. Can we determine the representing objects?

Lemma 14.1. Let F be the Lubin-Tate formal group law de ned over Z, with p-series [p](x) =
px+¢ xP". Then over Zp [t]=(t*" t) the map* :x 7! tx is an endomorphismof F.
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Proof. What must be shown is that F (tx; ty) = tF (X;y). Sinceour ring is torsion-free, it su ces to
do this after tensoring with Q. But rationally we have an isomorphism

log:F ! Gg
and soit suces to show that
log(tx +¢ ty) = log(t(x + ¢ y)):
Now F is de ned sothat its log hasthe form

loge (x) =

and it follows directly that log(t ) = t log( ) (using that tP" = t). Sonow onejust computesthat
log(tx +F ty) = log(tx) + log(ty) = tlog(x) + tlog(y) = t(log(x) + log(y))

t(log(x +F y))

log(t(x +F y)):

Let R be an Fpr -algebravia amapi : Fpn ! R.
Corollary 14.2. If t 2 R satises tP" = t thenx 7! tx is in End(i ) .

Proof. We can de ne a map Zp[t]:(tpn t) I R in the obvious way, and then we usethe fact that
x 7! tx wasan endomorphismof overthe rst ring. O

So we have now constructed a simple classof endomorphismsofi . Since is actually de ned
over Fp, there is alsothe "Frobenius' endomorphismv de ned by v(x) = xP.

P n
Lemma 14.3. Supmse' (x) = axX2 End() . Thenaf = a.
Proof. Since' is an endomorphism,we must have that

" ([l (x)) = [p] ( (x)):
But [p] (x) = xP", and the lemmafollows by comparingthe coe cien ts on either sideof the equation.
([l

P n
Corollary 14.4. Any endomorphismof i is of the form taxP for somet, 2 R such that
" =t

Proof. Let' 2 End(i ), and setto ="' %0). By the lemma above we know t} = t°. Now suppose
by induction that we've found tg;t1;::: ;tx 1 and wewant to nd tx. Considerthe power series

X
9(x) =" (x) tixP

This is an endomorphismof i  (since the mapsx 7! xP' and x 7! tx are both endomorphisms).
The rst nonvanishing term of g(x) is of the form un xP" for somem k, and sowede ne ty, = upm
andt; = Ofor k | < m. Now repeat ad in nitum. O

Corollary 14.5.

(a) The functor R 7! End(i ) is co-represent& by Fp» [to;tl;:::]:(tEn tk).

(b) The functor R 7! Aut(i ) is co-representel by Fpn [tol;tl;:::]:(tEn tk).

Corollary 14.6. If R is an Fy-algeba which is a domain, then the obviousmap
Zp bvii=(v"  p) ! End(i )

is an isomorphism.
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Proogj We rst obsene that any elemen a2 Z, tvii=(v"  p) can be uniquely written in the form
a=  axv whereead ay is eithg zeroor a(p" 1)stroot of unity (in other words, aE = a). The
map sendssuch an elemen to F akxpk, and sothe obsenation showvsthat s a bijection. [

Presentations of End() . Let bethe Lubin-Tate formal group law of height n over Fpn . Recall
that this is de ned over F, eventhough it is constructed over F,n . We have seenthat over Fpn,

End() = ZyhVii=(V" p)
whereVa= a V for a2 Zy . This is a very important algebrain homotopy theory. There are two
useful ways of thinking about it.
(i) Write x 2 End() as

R
X = thk
k=0
wheretﬁn = tx. The ty's are continuous functions on End() if End() is given the topology of the
Itration by powers of the ideal generatedby V (note that V" = p).

(i) The elemens f1;V;:::;V" 1gform abasisfor End() asa right Z,»-module. End() actson
itself on the left by right Z» -module maps which givesus a matrix represertation of End().

Example 14.7. Take n = 2. Then one easily chedks that a+ bV is represerted by the matrix

a pb
b a

In general,we note that if ap + a;V + :::+ a, V" ! correspondsto the matrix A then a, +
a,V+:::+a, ;V" 1 will correspond to the matrix A obtained from A by applying to all its
entries.

The elemen V clearly correspondst% the matrix (also %enoted by V)

0 P
§1 0 oz
0 1 :
0 1 0

It is not hard to ched that
End() = fA2Mp(Zy): VA=A Vg

This secondpoint of view is very useful. For example, it givesus a non-trivial homomorphism
det : End() ' Zp which would have no easy description from the point of view of Hopf
algebroidsand formal groups.

15. Formal Gr oups

The purposeof this brief sectionis to nally write down a de nition of formal groups, as opposed
to formal group laws

Faithfully at descent. SupposeR ! S isamap of rings. We de ne a category Desc(S=R) called
the category of “desceh datum' for S=R.

(i) An object is an S-module N together with an isomorphism' :S gRN! N gSofS RS-
modules, which is required to satisfy the “cacycle condition' saying that the following diagram
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commutes:
S S sl —/S rRN rS
1
N RS rS:
(i) The morphisms are the obvious candidate.

Remark 15.1. f R! Sis at andwesetA =S, =S RS, then (A;) is a Hopf algebroid.
One can ched that the category Desc(S=R) is equivalent (or isomorphic?) to the category of (A; )-
comadules.

There is a canonical map

Modg ! DescS=R) M7!'S g M:
This is left-adjoint to the functor
DescS=R) ! Modk N7'fn2Nj"(2Q n)=n 1g

Recallthat amap R! S issaidto be faithfully at if

(i) The functor S g ( ) is exact ( atness), and
(i) A map of R-modulesM ! N is an isomorphismif andonly if S g M ! S g N isan
isomorphism of S-modules (faithfulness).

Remark 15.2. If R! Sis at, then the condition that it be faithful is equivalert to requiring that
S RM=0i M=0.

Prop osition 15.3. If R ! S is faithfully at, then the functors Modg DescS=R) are an
equivalene of categories.

Proof. We ched that the unit and co-unit of the adjunction are isomorphisms.

Step 1: This is easyif the map R! S admits a retraction.
Step 2: By applying S g ( )|whic hreplacesR with S g R and S with S g S|lone reducesto
the above case.

O

One can repeat this discussionwith R-modules replaced by R-algebas, and one obtains the
following

Corollary 15.4. If R'! S is faithfully at then the functor R Alg ! AlgDesc(S=R) is an
equivalene.
Denition 15.5. LetR bearing. A formal group overR is

(1) An augmental R-algeba A ! R with augmentation ideal m, with the properties that
(i) A is completewith respgct to mli.e., themapA! lim A=m" is an isomorphism;
(i) m=m? is locally free of rank one over R;
(i) GrmA = Symg(m=m?2).
(2) AmapA T limA=m" A=m" = A"A making the following diagrams commute:

Ac—InrA Ac—/ArA A—F Ipnp
F ; t id 1 F 1 F

A"A A ANA —IArANA:

Remark 15.6.
(&) A formal group over the ring R[[x]] is exactly what we've beencalling a formal group law.
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(b) If we have a formal group for which m=m? is free over R and we pick a generator, then there is

an isomorphismR[[x]] T A and onegets an actual formal group law.

(c) If Ris a eldlor more generally, a local ring|then ewery locally free module is actually free
(more-or-lesshy de nition). Soevery formal group over suc a ring actually comesfrom a formal
group law.

Remark 15.7. A formal group should be something which is locally a formal group law in the at
topology. The previous de nition gave something which is locally a formal group law in the Zariski
topology. Theseturn out to be equivalent. The reasonboils down to the fact that if a module over
a local ring R becomesfree of rank 1 under a faithfully at basechangeR ! S, then it was free of
rank 1 to start with.

16. Witt Vectors

The p-adic integersZ, arein somesenseconstructed by starting with Z=p. A similar construction
can be done starting with Fy., and leadsto the ring of Witt vectors.

Oneof the rst things you learn in math is to add numbers. The digits represert a number in the
assciated graded of Z givenby Z 102 1002 . Soin somesensewe've built the integers
out of Z=10. The usual algorithm for addition is not sogood, becauseit is not algebraic: it requires
the mysterious processof “carrying'. Witt's idea s that if we choosedi erent cosetrepresenativ es,
then we can actually make the addition and multiplication laws completely algebraic. There is a
preseration of this with a lot of good motivation in the appendix to [Mul].

Let @,be aprime. Good cosetrepresertativ esfor pZ, Z, are 0 and roots of unity. Write a2 Z,
asa= | & p“ wherethe ay's are 0 or roots of unity. De ne

n n 1 X j .
+a’j p+ +anpn: aip p'

i+j=n

Wn = a
Note that in Z=p, aip = g sothat w, = agp+ a4p+ + app".

For a = (ap;a;; ) andb = (bp;b; ) 2 R!, we'd like to de ne the Witt addition and
multiplication in the way that wy(a+y b) = w,(a) + w,(b) and wy(a w b) = wy(a) wp(b). Since
we want to do this for any ring R, we may as well work in the universal case.

Example 16.1. Obserwethat if c = (co;c1; ) = a+y b, then oneis forcedto have ¢y = ag + by.
c1 hasto have the property that
o+ pa = (ah+ pag) + (K + phy)
(ap + p)® + po (ap + pag) + (kg + phy) .

Sothat )
X% p
P, i

o = (a1 + by) ath ' .
The formulae get complicated in general.
Let A = Z[ap; as; ;bo; by ], the universalring. Considerthe map
Al (WO;WI!;WZ; )Al
2 2
(XoiX1iX2; ) 7! (Xo;Xg+ PX1;Xp + PX) + p°Xz; ) .
We'll show that there are unique +,, and , on the domain which map to componertwise addition
and multiplication.

Remark 16.2. If our ring is a Q-algebra, then we can solve xg" + + p"Xn = wy for the x's in
terms of w's. Sothere is nothing to ched in this case. This alsoimplies that if the ground ring is
torsion free and the operations +,, and , exist, then they are unique.
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Lemma 16.3 (Dwork). SupmseR is a torsion-free ring with a ring homomorphism :R! R
satisfying (r) rP mod p.
Then a s@uene@ (wo;w1; ) 2 R is of the form (wp(a);wy(a); ) for somea 2 R? if and
only if
W, w, ,; 0 modp".
Moreover, the sequene a is unique.
The idea of using this lemma is thinking of asraising to the p-th power so that

Wn =

Wn Wn 1

Proof. If pisaprime andx y mod p, then xP* ypk " mod p¢ sincex y mod p¥ ! implies
XP=(y+ P IP =y p(Et y? Te D (N INAP 2+ yP mod pF

We know ag = wp. Supposewe've found agp; jan, 1 With wyg = aSk +  + pFa, for k < n. From
wh=ay + +p" @ |+ p'a,, weneedto seethat

Wn (agn + tp
The previous discussionshows

"lak ) 0 modp" .

@) " @t & modp k.
Hence o ;
w, 1= (8)" + +p'ta,, ap + +p"'ah; modp’
and .
w, (& + +p"tah ) wa w, ; O modp" .
O
Go bak to A = Z[ag;a;; ;bo;by; 1. Dene :A! Abya =a andh = . By the

Dwork lemma, the existenceof ¢ 2 A* with w,(c) = wy(a) + w,(b) is implied by
Wn (@) + Wn(b) (Wn 1(a) + wp 1(b)) O mod p"

which is fairly clear.
Sothere is a unique ¢ 2 A' sudh that w, (c) = w,(a) + w,(b) forn 0, and similarly there is a
unique d 2 A sud that w,(d) = w,y(a) w,(b).

De nition  16.4. For any ring R, the ring of Witt vectors of R, W(R), is the setR* with the
alove addition and multiplication.

Sometimestheseare called the p-t ypical Witt vectors and denoted by W (R).
Exercise 16.5. Think through thesede nitions to show that W(Z=p) = Z,.
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Big Witt vectogs.

De ne Wy (a) = din dagzd fora= (ai;a; ). If n= p, this is an expressionsimilar to that used

before. There is a similar gamewhich producesthe big Witt vectors .

Lemma 16.6 (Big Dwork lemma). Let R be a torsion-free ring. Suppse that for each prime p

there is an endomorphism , :R! R suchthat p(x) xP modp. Fora= (a;;a;; )2 R!, let
Wh(a)=  daj™:

djn

P -
Then the set of equations W, = djn dag'd can be solval uniquely for the a's if and only if

Wonm Wyl o mod p"
for each prime p and each m with (m; p) = 1.
Proof. Left to reader. You might needto assumethe ,'s commute, but probably not. O

The additiv e group of big Witt vectorscomesup in a dierent context:

Prop osition 16.7. Given aring R, let (1 + xR[[x]]) = (ff 2 R[[x]]if (0) = 1g; multiplication ).
This group is isomorphic to the additive group of big Witt vectors.

Proof. Any elemen of (1 + xR[[x]]) can be uniquely written in the form

1 anx") .
n=1
Sowe needto chedk Y % %
1 apx") 1@ bx")= (@1 cx")
wherec = a+w b in the big Witt vectors. Again, it suces to ched this in the universal case
A = Z[a;; ;b; ] In fact, we can chedk over Q[a;; ;b;; ] Taking the log of both sides

shows it: hy i x i X X
log (1 ax") = nal, — = W (a) —
- nj k
n n;j k
i X h i
log(1 anx")+ log(1 byx")

hy Y
log (1 axx") (1 bx")

X "
[Wh (@) + Wq(b)]—

X XN Y i

Wn(c)—= log (1 cnx™)

Now, we are going to relate big Witt vectorsto p-typical ones.
Prop osition 16.8. If R is a Z(,-algeba, then
Y
bigWitt( R) = W(R)
(m;p)=1
asrings.
Proof. Let us dene the map in the universal case A = Zylai;a2; 1. Take p(a) = al
and (&) = 0O for primes g other than p. Notice that (Wi(a);W2(a); ) splits to W™M(a) =
(Wpom (8); Wpim (a); Wpem (a); ) for (m;p) = 1. Each sequenceW ™ (a) has the property of the
Dwork lemma, and therefore has the form w(b™) for\?omeunique b™ 2 Al . This de nes the map
bigwitt (R) ! W(R)
(m;p)=1
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a7'fbMg .
It is easyto seethis is an isomorphism. O
Remark 16.9. We have an explicit isomorphism
1+ xZ=px]]) = Zp .
(mp)=1
We can do something similar for

1+ xZ=([x]]=(x") = (product of cyclic groups of determined orders) .

The role of the log (actually exp) for the p-Witt vectors.
SupposeR is a torsion-free Z(,)-algebrawith  : R ! R such that (x) xP mod p. Then

P p" . . .
exp Vn tp—n hascoe cien ts in R providedv, v, ; mod p".

P .n
Example 16.10. In the casewhereR = Z,, and (x) = x, we would nd exp tpp—n 2 Zplltll
which is called the Artin-Hasse experniaI. This comesup in writing the map badk from
W(R) ! bigWitt (R):
(mip)=1

17. Classifying Lifts | The Lubin-T ate Space

Up until now we have only looked very carefully at the points of this stack. Now we will try to
expandour vision to the local picture, a small neighborhood of thesepoints. This involvesanalysisof
formal groups over completelocal rings whoseresidue eld is our point. We will begin by discussing
the contents of the secondimportant paper of Lubin and Tate [LT2] on formal groups, which deals
with deformation theory|i.e. the theory of how to lift a structure from a residuefeild to a complete
local ring sitting over it.

Let bethe Lubin-T ate formal group law of height n over F,. Let B bealocal ring with nilp otent
maximal ideal m.

Denition 17.1. A deformation of to B consistsof a triple (G;i; t) where

(8 GisaFGL overB
(b) i :F, ! B=mis an inclusion
() t:G ! i () isanisomorphism, where G denotesthe image of G in B=m.

Remark 17.2. The map i is super uous sinceit is unique. We have included it in the de nition of
deformation because following Drinfeld, this is the thing to do if we consider elds other than Fp.

We will denote a deformation (G;i; t) by a diagram
G—i

De nition  17.3. An isomorphism (Ggy;i; t1) i (Ga2;j; t2) consists of an isomorphism G; |
G, suchthatt, f=( i 1) ty,ie.

Gl —f GZ
t1 t2
i (i 1);j g (j

An isomorphismis called a -isomorphism if we can take g = id in the above de nition.
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The spaceof deformations modulo -isomorphismis called the Lubin-T ate space. The category
of deformations modulo -isomorphism is the Lublin-T ate category , where the objects are -
isomorphism classesand the morphisms are isomorphismsmodulo -isomorphisms.

Note that g2 Aut(i ) acts on the spaceof deformationsby t 7! g t

G

t

J——/

Here (G;i; t) and g(G;i; t) = (G;i; g t) areisomorphic via a non- -isomorphismwhich we call g
given by

G ;/G
t
i 2
It is easyto seethat this action presenes -isomorphism classesand as such descendso a faithful
action on the Lubin-T ate space. Writing a typical morphism in the category

Gl —f GZ

gt

ty

i (i 1);j g (j

t2

weseethat it factorsas(Gi:ists) ™ (Guji G i D) t) ¥ (Gujig (i D t) (G ta);
somorphismsin the Lublin-T ate category are given by pairs consisting of an object and an elemert
of Aut(i ).

The Lublin-T ate category coresndsto the b er category of the projection FGL(B) ! FGL(Fq)
over . Geometrically, isapoint ofthe moduli stadk of formal groupsand the Lublin-T ate category
is a in nitesimal neighborhood of this point given by ways of completing the diagram:

To best understand what these neighborhoods \lo oks like" is to nd a represerting pair for the
Lublin-T ate category. This is equivalent to nding a universallift of and universalisomorphism.
Already we have reducedthis problem to represeriing the objects of this category (sincethe previous
section shaved how to represert Aut(i ) from the previous section).

The Lubin-T ate spaceis a basicobject in homotopy theory. Many unsolved problemsin homotopy
theory have to do with the fact that this action is very hard to describe.

Theorem 17.4 (Lubin-T ate).

(a) There exists a formal group law F over Zp[[ug;::: ;u, 1]] for which
() Fix+y) = x+y+uCy(x;y) + i+ up 1Cun 1(X;y) + Cpn (X;y) mod n? where n =
(P;ug;:ii;uUn 1)

(i) F mod n
(b) Given suchan F, the functor
Ring(Zp[[us;:::;un 1];B)=m ™ Y 1 fDeformationsg=(  iso)
f 7! fF



COMPLEX ORIENTED COHOMOLOGY THEORIES AND THE LANGUA GE OF STACKS 55

is (pro)corepresenta by (F; 1;1) over Zp[[ug;::: ;u, 1]], and this map is in isomorphism.
(c) More precisely, in the category of completelocal rings with residue eld an Fy-algebi the functor
of Deformations is corepresenta by (F; 1; 1) over Zy[[us;:::;un 1]l

Wewill rst give seweral lemmaswhich prove the caseB = F, m;m? = 0. Then we will deduce
the generalcase.

K
NONE OF THIS MAKES ANY SENSETO ME

K

For (a): Hereit suces to construct FOover Zp[[ug;:::;un 1]]=(us;:::;un 1)2. Let I(x) be the
logarythm of the Lublin-T ate formal group law over Z,,. wrong log?

=" X
X) = —_—
pk
We can show that u u o how??
I(x) + B|(xp) + o+ ”p Lix"

is the log of a formal group law over Zy[[ug;::: ;un 1]]=(us;:::;un 1)2. (Wejust haveto ched that
I(x +¢ y) hasinteger coe cien ts, and this is easysinceit is true for | and v2 = vjv; = 0). Given
this we will prove (b).

-
| THINK IT SHOULD BE CUT OUT

111
Lemma 17.5. LetB = F, m;m?= 0. Then
fDefg= iso = H?(; m) = symmetric 2-cocycles/cotoundaries
A symmetric 2-cocycleis an "(x;y) 2 m[[x; y]] satisfying
"(y;z) "(x+ y;z)+(y+oz) "(xy) =0
Coloudaries are of the form
xy)= x+y) (x) (¥

for (x) 2 m[[x]].
The correspndene is given by G(x;y) = ( x;y) + "(X;y):
Proof of Lemma. We have and a deformation G. By using an appropriate -isomorphism we

can supposethat t = id and G mod m. Now write G(x;y) = x+ y+ "(x;y), where
"(%;y) 2 m[x; y]]. Now

x+ y+ "Ogy)=x+oy+ ox+ v 0)(xy)
sincethe coe cients are in m and squareto O (here » denotesthe derivative in the secondvariable

of ).
"(x;y) satis es:
"(xy) = "(yix)
"(0y) =y

"yiz)+ Ty + 2)=T0cy) + (Xt yi2).
The latter statemert follows from assaiativit y of G:
(xX+tcy)tez (xXt+tey)t z+ "(x+tcV;2)
= (xt y+ "Gy)t ozt (Xt yiZ)xte(Yte2)
= x+ (y+tc2)+ "(Xy+tc2)
= X+ (y+ z+ "(yig)+ "(xy+ 2z):
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Sothere is a correspondencebetweenthe setof such G and " (x; y) satisfying the above properties|
theseare symmetric 2-cocycleson with valuesin Gj.

The most general -isomorphismis

g(x) = x+  (x); (x) 2 m[x]]:
One readily chedks that g (x) = x (x), sincem? = 0. Then
g *G(9(x);g(y) G(9(x); 9(y)) (G(9(x); 9(y)))

agx) + g(y) + "(9(x);9(y)) () + gy) + "(9(x);9(y)))
x+ ()t y+ ()t "(xy) (x+y)
X+ y+ Hxy)
where {x;y) = X))+ (y) + "(Xy) (x + y) is a coboundary by de nition. Sothe -
isomorphismsends"(x;y) ! "(x;y). Thus

fDefg= iso = H2(; m) = symmetric 2-cocycles/coboundaries

We have calculated this before using homological algebra on a 2-stage chain complex. This chain
complexis the tangent spaceto our stack at the point . O

Lemma 17.6. H?(; m)is free of rank n 1 on geneators which start out looking like
Cox (x;y) + monomials of degrees higher than pX
fork=1;:::;n 1

Proof. We look at the complex which computesH ?:

Z=p=—=%=px]] ="Z=pllx; y]| ="Z=qllx y; 2]} : ::
where
x) 7 (y)  (x+ y)+ ()
foy) 7N f(y;2) f(x+ y;2)+f(xy+ 2) f(xy):
added this and i
ink it is right and (We can think of this asthe cohomologyof Z=p with respect to the triple on Zp[[x]] with trans-
it it needsto be formations givenby x 7! 0 and .)

eded and if sothe Recall the analgouscomplex with + = +¢_, instead of + , whosecohomologywe already com-
scussion expanded puted.

rea lile more H1(Ga;m) hasbasisf | == x"jk= 0;1;:::g

_ )P xRy

H2(Ga;m) hasbasisfx? x?  x” x?';i < j; = Cp p

p

H (Ga;m)=E[ i] P[ 22
nat is the business

th C, and ;?7? Now Iter the -complex by powersof the maximal ideal. The assaiated graded complexfor this
Itration is the +-complex. Sowe have a spectral sequencewith E; = H (G,; m). We neednow to
compute the remaining di eren tials.

Let ~ bethe Lublin-T ate Formal group over Z, and bethe Lublin-T ate Formal group over Z=p.
Recall:

n n

P P
Iog~(x):x+XT+::: and exp-(x) = X XT+:::

ed this is really Then
e right log
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+y)P" + xP" 4 yP" n
x+y XY px Yo o)

X+y+ Cyu(Xy)+ :::

( x;y) = exp(log(x) + log(y))

In the -complex we have
(0= oX)+ ofy) ox+ y)=Cp(xy)+ i
We can conclude from this that in the spectral sequence ¢ hits . Similarly,
(D= k0O+ k) kx+ y) = Xy (x+ oy
Xy (Y G (Y)Y
Cpn+x(X;y) + higher terms:

The last equality follows from computing
(x+y)” " xP ey T mod (p).

OcHyPT O TPt )P P P+ (e Ty ) mod (p?):
) Co(xy)  Cp(x® “yP" ") mod (p)
Combining this with the fact that Cpn (X;y)P  Cpea (X;y) mod (p), we discover nally that

n+1 n+1

Con (5 Y)P Cp(xP ;yP ) mod (p).
So  hits n+k. It now follows that the E; -term of the spectral sequenceis Fpl[ 1;::: n 1]] SO

H2(; Z=p) isfreeofrank n 1 on classesCyi (x; y)+ higher terms.
O

Corollary 17.7. Let bc(x;y) be a symmetric 2-cocycle lifting the cohomolay class k. Then the

map mn 1 H2( )
A

is an isomorphism.

Proof of Theorem 17.4 for geneal B.
Part (a): Let (x;y) = (Xxy)+ wvibi(x;y) + + vy 1by 1(X;y). This looks right over
Fplvi;iii5vn 1]=(va;iii;ve 1)2 and it is a formal group law. We can let F be any lift to

Part (b): The proof is by induction on k. Supposewe have proved the result for B=m* 1 (i.e.
where the maximal ideal to the (k  1)-st power is 0). In other words, assumethat we've shovn

m=m¢ ! m=mf 11 Def(B=m* )= iso

is an isomorphism.
Now we want to show that if we have two deformations over B=mX which agreemod (m* 1) then

Consider the following diagram whosecolumns are exact:
mk 1=mK mk t=m —— Jker

m=mK m=mk — /Def(B=mk)= iso

m=mk 1 m=mk 1 —/pef(B=mk )= iso
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We want to show that the middle row is also an isomorphism, and for this it suces to chedk
that the top row is an isomorphism. SupposeG,G* are formal group laws over B=m¥, with

G Gt mod (m)

andG  G! mod(mk 1). The upper right hand corner consistsof the set of such G* modulo isomor-
phismswhich reduceto the identity modm* 1. We havethen G1(x;y) = G(x;y)+¢c"(X;¥);"(X;y) 2
mk =mX[[x;y]] B=mK[[x;y]]. Thus the set of such G' modulo isomorphisms which reduce
to the identity modm* ! is in bijective corresppndencewith these symmetric 2-cocycles” mod-
ulo coboundaries which is again H2(; mK '=mK). This is just the casewhere m®> = 0, so
H2(; mk l=mk) = mk l=mk mk L=k

[l

The chromatic spectral sequence.

We will discussthe chromatic spectral sequencewhich provides much of the motivation for the
formal group point of view in homotopy theory. The cornerstone on which it rests is the Miller-
Ravenel (or sometimesMorava) change of rings theorem. Moreover, the spectral sequencecan be
realized geometrically via the Landweber exact functor theorem, which we will also have to discuss.
The idea behind both of theseis to nd a dierent presenation for the stack of height-n formal
groups.

The Adams-Novikov spectral sequences derived from the cosimplicial spectrum

MU=—=qMurMU=MMU MU~ MU=1"
We have already seenthat applying ( ) to the above complex givesthe nerve of the category
of formal groups and strict isomorphisms. The E,-term, the cohomology of the above complex,
is Extyy mu(MU ;MU ). Note that this is also the cohomology of the structure sheafover the
moduli stack of formal groupsM g . From now on we'll denote Exty, ; yu (MU ;N) by Ext(N) for

short.
To help us compute more of Ext(M U ) we look at short exact sequencedike

0! MU! MU Q! MU Q=Z! 0

This leadsto a long exact sequencenf Ext groups. It's easyto compute the middle terms coming from
Ext((tMU  Q), sinceformal groups over a Q-algebraare all isomorphic to G, with isomorphisms
classi ed by the log of the formal group law. This is equivalent to the trivial groupoid whoseone
object is G, (sincethe automorphism group of G, is trivial). It suces to compute the cohomology
over this equivalent groupoid represerned by the Hopf algebroid (Q; Q)-in Q-algebras. The category
of such comadules is equivalent to Q-vector spacesso there are no higher derived functors and we
have:

Ext*°(MU Q)=0Q
Ext'(MU Q) = 0;(s;t) 6 (0;0):
Getting badk to our computation of Ext (M U ) we needstill to gure out Ext (MU  Q=Z). We
will be working one prime at a time so we want to calculate Ext (MU  Q=Z(,). We can write
Q=Z(p) = lim Z=p"Z and we have short exact sequences
0! z=p'z! z=p"*z! Z=pz! O:
Soif we found Ext(M U =p) then we could work inductively to nd ead Ext(M U =p"), and thus
deduceExt(MU  Q=Zy).
Let G be a formal group law over a Z=p-algebra. Then
[ple (X) = vixP + @1
for somev; (possiblyzero). This givesusanelemeri vy 2, M U=pwhich isinvariant, in the sense

that it is equalizedby the two arrows (M U=p) (M U=p" M U=p). Thereforewe getan elemen
vi 2 Ext%% 2(MU =p). In fact the natural map Fp[vi]! Ext® (MU =p) is an isomorphism. Now
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to nd the higher Ext groups M U =p we can play a similar trick with v; aswe did before with p
and look at the sequence
0! MU =p! v;'MU=p! MU=(p;vi)! O

Here too the middle terms Ext (v, M U =p) are easyto compute and so Ext°(M U =(p;vi )) will
give us Ext}(M U =p) (and evertually Ext?(M U )).

To nd Ext(v, M U =p) we considerformal groups over Fp-algebraswherev, is a unitfthese are
the formal group laws of height 1. The groupoid of such formal groupsis equivalent to the groupoid
whosesole object is the Lubin-T ate formal group ; of height 1, and whosemorphisms are all its
automorphisms.

Theorem 17.8 (Morava, Miller-Ravenel Change of Rings Theorem).
Fplvy] H (Aut( 1)) = Ext(v; 'MU =p):

Note that Aut( 1) = Z,,.

Returning to Ext (M U =(p;vi )) we write MU =(p;vi ) = lim M U =(p;v]) where to start the
induction again we look at Ext (MU =(p;v1)). Over MU =(p;v1) the universal formal group law
has [p]r (x) = vzxpz+ higher terms. This givesa new elemert vz in 5, (M U=(p;v1), and in fact

yields a corresponding v, 2 Ext®2P° (M U =(p;vy)).
Theorem 17.9. Fylvz] = Ext® (MU =(p;vy1))
Following the samepattern we cantry to getinformation from the sequence
0! MU =(p;vi)! v, MU =(p;vi) ! MU =(p;vi;v3)! O
Again we have a change of rings theorem which says
Heont (AUt Y 2); Folvo 1) Fpz = Ext(v, "M U =(p;v1))  Fpe:

Here the H2( ) is to be interpreted as continuous cohomology and AutY ») is de ned in the
following way: Any elemert x 2 Aut( ,) hasthe form tox + :::+ tnxP" + ::: for someunique
ti's, and the assigmen x 7! to givesa homomorphism

Aut( 2)! Fp:

The group Aut ») is the kernel of this map.

The pattern of the above analysis cortin ues, and allows one to expressthe Adams-Navikov E -
term in terms of the contin uous cohomologyof certain pro nite groups.

Note: It would be really nice if we could get this last section cleaned up at some point.
|dd

18. Cohomology of stacks, with applica tions

Let M be a stack of the form M (. ) , where (A; ) is someHopf algebroid. In some senseall
that we will really needabout M is that

The diagonal is represertable, and
M admits a covering by represerables.

(In fact even thesecriteria can be relaxed somewhat).
Let F be a quasi-coheren sheafon M . The cohomology of M with coecien ts in F are
the groups

H (M;F):= Ext (Om ;F):
We will often abbreviate theseto H (F).

there are somem
details about t
ch.rng.thm h
which i don't get
all
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There is a standard recipe for computing cohomologyin this case:cover M by the map SpecA !
M and usethe Ced nerve of this covering.

SpecA m SpecA v SpecA E’SpecA M SpecA :/SpecA

n |

Spec A ISpec fSpecA:

Note that the simpicial object on the bottom is Spec( ) applied to the cobar construction for (A; ).

Write M = F(SpecA). Then there is a canonical isomorphism F(Spec) = AM,and M
becomesan (A; )-como dule in a canonicalway. Applying F to the above simplicial stadk, one gets

F(Spec A ) EF(Spec) 8:F(SpecA)

A A M QE A M — I\/U;
and this is of coursethe cobar construction for the comodule M .
The spectral sequenceassaiated to the Cedch nerve is now seento be
HP(SpecA SpecA;F)) HP M ;F);
where there are q copies of SpecA in the product. Since F is quasi-coherem it has no higher

cohomologyon a nes, and therefore the spectral sequencecollapsesto the p= 0 line. We nd that
H (M ;F) in this caseis just the cohomologyof the cobar complexfor M asan (A; )-como dule.

Now assumethat SpecR! M is an arbitrary map. We can form the Cech nerve just as before,
and we'd like to ask the following:

Question: If SpecR" denotesSpecR m SpecR (with n copies), when doesthe complex
HO(SpecR";F) compute H (M ;F)?

If SpecR! M is a coverthen onecanrepeat the argumert from above, and the claim is almost
automatic. But in fact one can get by with evenless: all we needis that SpecR! M is “surjective
in the at topology'.

Denition 18.1. A map SpecR! M is said to be surje ctive if for any givenmap SpecB! M
there exists some faithfully at cover SpecB ! SpecB and a map SpecB" ! SpecR with the
property that the diagram

4SpecR

commutesup to a 2-morphism
(SpecB'! SpecR! M)) (SpecB! SpecB! M):

Prop osition 18.2. If SpecR! M is surjective, then the Cech complex computesthe cohomol@y
H (M;F).

Proof. Considerthe two maps
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By surjectivity, we can nd afaithfully at extensionA! A andamap SpecA! SpecR giving us

the diagram
soPecR

SpecA ;/SpecA —Im:

We can replaceA by A and by A A without e ecting anything, and sowe reduceto the case
wherethe map SpecA! M factors through SpecR (up to a 2-morphism).
Now let U = SpecR and V = SpecA. Form the double complex

E’U ) U :/Uoill\/b

| L
—U wyw V—IU v —
P

—u oy Yy V2—JU vz
Fr T

HereV" isshort for V. m V. The assumptionthat V ! M factors through U can be seen
to imply that the horizontal simplicial sets(except for the top one) admit a cortracting homotopy.

Now apply F( ) to the double complexU" \ V™ above, and take the assaiated chain com-
plexes. One gets:

) o)

[ o I— 2 30 3
F(U2 5V?) F(U oV?)

o 2 20 2
F(U2 V) F(U oV2)

0 FU?2 V)&—FU V)
The horizontal rows are seento be acyclic, with H° the complex
F(V)! F(V3)! F(V3)!

So the homology of the above bi-complex is just the homology of this ordinary complex, which is
H (M ;F) (as we have seenalready).

But now let's think about the columns in the double complex. These came as the result of
applying F to the Cech nerve of the map UX  V | UK. But this map is a cover (becausel | M
was a cover, and covers pull back). So the cohomology of the columns are computing H (UX; F).
Sinceead UK is ane the higher cohomologyvanishes,and sothe columns are acyclic and the H°
is the complex

F(U%)  F(U?)  F(U):
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Hence,we nd that the cohomology of the double complex is the cohomology of F( ) applied to
the Cedh nerve of U = SpecR ! M . The conclusionis then that this latter complex computes
H (M ;F), which is what we wanted. O

For the remainder of the sectionwe x a prime p.

Denition 18.3. M (F”é is the moduli stack over F-algebas consisting of formal groups G with the
property that

[Ple (x) = vaxP" +
wher v, is a unit. (One can check that this property doesrit depend on the choice of a coordinate).

It's easyto seethat M (F”(); = M (a) WhereA = v, I=(p;vi;iii;vh 1) and = fg | A=
A | Fe.

n)

Prop osition 18.4. The 1-morphism SpecF, ! M (FG classifying the Lubin-T ate formal group law
is surjective.

Remark 18.5. The map is not just surjective, but is actually a cover|pro ving this requires some
extra work, however, and being surjective is good enoughfor our purposes.

Proof. The proof is very similar to something we've seenalready.
Givenamap SpecB ! M (F”(); classifying someformal group G, we needto shaw that there is a

faithfully at extensionf :B ! B sudc that f G isisomorphicto the Lubin-T ate group |t .
First note that we can nd a at extensionf : B! B for which f G is a formal group law, and
for which the p-seriesof f G hasthe form

[Pl(X) = voxP" +
for somev, 2 B (essetially by the de nition of M (F”%). Let's now write G for f G, and write the
p-seriesas [p](x) = g(xP") for someg(x) = vpX +
Next wetry to nd anisomorphism' (x) : G! 1. Theisomorphismmust presenethe p-series,
in the sensethat

YOO = ([ple (X)):

) P P ) ,
If wewrite ' (x) = ax*and' (x)= ay x¥, then the above equation translates into

Py = (g));
or

o1 =g

This is secretly a collection of equationsin the ay, and what we must shaw is that we can solve them
after somefaithfully at extensionof By.

Since' (x) = aix + O(x?) and g(x) = vax + O(x?), it's easyto seethat we must havea®” ! = v,
for the above equation to be satis ed. Sowe setB; = Bo[a]J=(a”" ! v,) and make the faithfully
at extensionfi:Bg! Bj (it is faithfully at becausethe target is free asa Bg-module).

We again follow the practice of just writing G for f; G. By twisting G via the isomorphism
' (x) = ax, we have arranged for the resulting formal group law to have p-seriesg(x?" ) with g(x) =
X + O(x?).

Now assumeby induction that B ! By ; is afaithfully at extensionsuc that G is isomorphic
over Bx 1 with a formal group law having p-seriesg(xP" ) where g(x) has the form

g(x) = x + oxk + O(xk*1):

We will show that we can eliminate ¢ by extending By 1 even further.
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As we did a few lectures badk, we look for a' (x) of the form ' (x) = x + axxk + . Then
ST =Xk @)+ o)

and wewant this to equalg(x) = x+cxk+O(x**! ). Soform the extensionBy ! By[a]=(a? ax ),
which is again faithfully at by inspection. This doesit.

We have now shown that after a faithfully at baseextension the original G is isomorphic to
a formal group law whose p-seriesif [p](x) = xP" (and sowe may as well assumethat this is the
p-seriesof G). We want to concludethat G is isomorphicto 1. There are two basic approades:
(1) Since G myst commute with its own p-series, we know that G(xP":y?") = G(x;y)”". Soif
G(xy) = & x'yl then it must be that aﬁ-’n = @ . One must show that G is isomorphic to a
formal group law coming from F,» with the samep-series(perhaps after a faithfully at base
change). This will be left to the reader as an exercise.
(2) Make use of the theory of p-typical formal group laws (to be discussedin the next section):
Choosea p-typical coordinate on G, and apply the Quillen idempotent.

O

19. p-typical Formal Group Laws.

In this section we explain how specializing to Z;,-algebrasgreatly simpli es the Hopf algebroid
of formal group laws and isomorphisms.

The group of curves. In the study of Lie groups, it is useful to assaiate to ead Lie group its
Lie algebra. This hasthe e ect of producing a functor from Lie groupsto Lie algebras,a category
which is much more manageablefrom an algebraic point of view. We will try doing something of
the samesort for formal groups. The algebraic object which plays the role of the Lie algebrawill be
something called the Dieudonne module of the formal group.

De nition  19.1. The group of curveson G is the set CG = ff (x) = a;x + axx?> + :::: & 2 Rg
with addition law given by (f + g)(x) := f (X) + ¢ g(X).

Geometrically, CG is the group of functions A1 | G. The analog of the Lie algebra is the
quotient of CG by the subgroup of curveswhosederivative vanishesat 0. Usually one recoversthe
group from the Lie algebra using the Campbell-Baker-Hausdor formula. Howevwer, for us, this is
not an option sincethe formula requiresintro ducing denominators which may not exist if R is not
a Q-algebra. Instead we can considerthe full group of curveson G together with certain natural
operations on CG:

1. Homothety: Givenr 2 R let (hrig)(x) := g(rx). Geometrically this is precomposition with
multiplication by r:
At T At Y G

2. n-th Verschiebung:Givenn 2 N, de ne V,g(x) :
with the n-th power map:

g(x"). Geometrically this is precomposition

ALY Al P oG
3. n-th Frobkenius: Givenn 2 N and letting denote a primitiv e n-th root of unity, we de ne
XG , XG
(Fag)(x) = g( 'x*") = a(yi)
i=1;:;n yi n-th root of x
This formula requires a little explanation: the expressionon the right is a power serieson

x1=" with coe cien ts in R[ ]. Sincethe formal group law is commutativ e and asseiative the
coe cien ts can be expressedin terms of the elemenary symmetric functions on the '. But
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theseall vanishexceptfor ,(1; ;:::; " 1) = ( 1)" sothe expressionis really a power series
in X with coe cien ts in R.

Another way to think of the Frobeniusis as the Versdiebung on the Pontry agin dual (or
character group) of G.

The algebra D generatedby the operations hri, V, and F,, modulo certain universal relations
is called the Dieudonn e algebra. CG with its D-module structure is called the Dieudonn e
module of G and it is the sough after analog of the Lie algebra: one can show that the functor
which assaiatesto ead formal group law its Dieudonne module is an equivalenceof categories.

To get a better understanding of the Dieudonne algebrawe can considerthe casewhen R hasno
additive torsion. When R ] R Q we canunderstand the operators tri, V, and F, in terms of the
logarithm.

Prop osition 19%2. SupmseR is a Q-algeba and let log denotethe logarithm of G. Thenif g2 CG
and log(g(x)) = b 18nX"

(@) log(frig(x)) = p ranx"
(b) log(Vkg(x)) = p anx™
(€) log(Fkg(x)) = kank x"

Proof. Only (c) requiresproof. Writing for a priénitiv e k-th root oflunity we have

X6 _
log(Fkg(x)) = |Og@ o lxlzk)A
i=1;: 0k
X o
= |Ogg( le—k)
i=1
= X a, xi= n
i=1
Since
X ()= k if kjn
i=1 0 otherwise
we seethat .
log(Fkg(x)) = kan x"
asrequired. .

Using the formulas of the previous proposition it is easyto deducethe relations that the operators
bri, Vi, and F,, satisfy.

p-typical curv es. If we consideronly formal group laws over Z ;, -algebrasthe theory is simpli ed.
From now on we assumethat R is a Z ) -algebra. We begin with a de nition due to Cartier.

Denition  19.3. Letpbeaprime. A curveg 2 CG is p-typic al if for everyn suchthat (n;p) = 1
we haveF,g = 0. The sulgroup of CG consisting of all p-typical curvesis denotel by Cp: (G).

Remark 19.4. If R! R Q, Proposition 19.2ir£1<plies that a curve g is p-typical if and only if

log(g(x)) = mux”
n 0

for somem, 2 R.
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The operators V,, Fp and hri act on C,: (G). The algebra generatedby these operators modulo
certain universalrelations is called the Cartier algebra . One can show that a formal group law G
over a Z, -algebrais determined by the Cartier module structure on Cp: (G).

De nition  19.5. A curve g(x) on G is a coordinate if g40) is a unit in R.

Note that a coordinate y 7! g(x) determines a formal group law on R][y]] in the usual way:
FOGy) = g H(G(9(x); 9(y)).
Denition  19.6. A formal group law is p-typic al if the coordinate x is a p-typical curve, i.e. if
Fn(x) = 0 for everyn suchthat (n;p) = 1.

The following proposition shows that every formal group law over a Z ;) -algebrais isomorphic in
a natural way to a p-typical one.

Prop osition 19.7 (Cartier) . If R is a Z,)-algeba then any formal group law over R hasa p-typical
coordinate.

Broof. Suppose rst that R is torsion free. We needto nd a coordinate g so that log(g(x)) =
mnxP" . We can usethe Dieudonne module structure on CG to changeany coordinate g on G to
one which hasthis form as follows.
Let log(g(x)) = anx" then

X
log(ViFig(x) = lagx"
If (I;p) = 1then the I-series[l](x) is invertible in R[[x]]).( Let [1=I](x) denote the inverse. Then
log([1=NViFig(x)) = aux"
and

X
log(g(x) ¢ [1=IViFig(x)) = anx"
(m;1)=1
Iterating this processfor all | suc that (I;p) = 1 clearly givesus a p-typical coordinate.
In order to deal with the generalcase,however, it is usefulto have an expressionfor the p-typical
curve thus obtained. Let denote the Mobius function de ned by

(m) = 0 i 12jm for someprime | _
( 1) if m= py:i:pc with p; distinct primes
Then de ning the operator
(19.1) = X _(m) Vi Fm
(m;p)=1
one easily cheds that for any g2 CG, g is p-typical. O

Remark 19.8. The operator de ned by (19.1) is easily seento be an idempotent. It de nes a
projection

CG ! Cu (G)
In topology it correspondsto the Quillen idempotent.
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Parameterizations of p-typical formal group laws. It is helpful to have di erent parameter-
izations of the ring classifying p-typical formal group laws. The next proposition is useful for this
purpose.

Lemma 19.9. SuppseR ! R Q and G is a formal group law over R. Then G is p-typical if
and only if there exist v; 2 R suchthat

(19.2) Ple(X) = px+g VixP +g 111 +g VpxP" +g + 10
Proof. The expression(19.2) is equivalert to X
(19.3) plog(x) = log(vaxP")

n 0

with vg = p or equivalently sinceR is torsion free,
X )
log(x) = %Iog(vnxp )

P n . .
If this is the casethen clearly log(x) = m,xP" and hencethe formal group law is p-typical by
Remark 19.4. Conversely if G is p-typical log(x) is of this form and so one clearly can inductiv ely
choosev, 2 R sudh that (19.3) holds. Moreover the choiceis unique. O

Prop osition 19.10 (Cartier). Let G; and G, be p-typical formal group laws over a Z;)-algebea.
If [ple, (X) = [Ple,(x) then Gy = Go.

Proof. Let L = Z[x1;X2;:::] bethe Lazard ring. Considerthe universalformal group law F over L
Z ) with coordinate z and let x = (z) be the p-typicalization of z. Let G denotethe corresponding
p-typical formal group law and let ' be the ring endomorphism

L Zgp 'L Zy

classifyingthe formal grouplaw G. Then' isidempotent (because is). Wewrite Lp: ="' (L Z)).
Then clearly, G de ned over L: is the universal p-typical formal group law.
By the Lemma 19.9, there are elemeris v, 2 L» sudh that

X G n
[Pl (x) = Vn xP

Applying logg to this equation we seethat in the module of indecomposablesof L Q, up to a unit
in Zp), we have

Vn = PMp
The sameargumert usedto prove Lazard's theorem now implies that
Lpr = Z(pylva;iiiivanl
which concludesthe proof. O

The previous proposition describes one of the two usual schemesfor parameterizing p-typical
formal group laws - the Kudo-Araki  parameterization

The other schemeis the Hazewink el parameterization . The parametersare traditionally also
called v, although they do not coincide with the v,'s atove Let be the endomorphismof L p
de ned by

(Vi) = V§

and write f for the power seriesobtained from f by applying to the coecients. Then the
Hazewinkel parametersv; are de ned by the equation

(19.4) logg (x) = X + \%Ioge (XP) + 1o+ \%Iog(; ")+ 11
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If we write
X "
logg (x) = mp x°
then in the Kudo-Araki casewe have,
n 1 n
PMp = Vq + Myvh  + i+ my V) + mypP
and in the Hazewinkel case,
PMy = Vo + Vo 1My + i+ vim, 4
Note that the Hazewinkel parameterization gives easy closedformulas for the my's in terms of the
Vp's, unlike the Kudo-Araki parameterization.

Example 19.11. The Lubin-Tate formal group law. The p-seriesis given by

[Pl(x) = px+¢ x*
sothe Kudo-Araki parametersare simple. The expressionfor the log is mildly complicated.
The isomorphic formal group law with Hazewinkel parametersv; = Ofori 6 n and v, = 1 hasa
log satisfying the functional equation

log(x) = x + %Iog(xp")

This givesan easyexpressionfor the log:
X Xpn k
log(x) = —
ko P
but a slightly complicated p-series.

Remark 19.12. OverL:  Z=p, the Kudo-Araki and Hazewinkel parameters coincide.

20. Stacks: what's up with tha t?

In this sectionwe will discusswhat there isto gain by using the point of view of stadks in homotopy
theory and alsotalk a little about prospects for the future.

The basic miracle about complex oriented (not just orientable) cohomologytheoriesis their close
relationship with the algebra of formal group laws. The language of stacks allows us to go much
deeper in this correspondencebetweenalgebra and topology.

There are two main theorems coming from the correspondencebetween complex oriented coho-
mology theories and formal group laws

1. Landweber's exact functor theorem.

2. The Morava, Miller-Ravenel change of rings theorem.

Both of these have nice proofs in the language of stacks. But there is much more to be gained
from this language.

Spectra associated to sheaves over M . Let E be a multiplicativ e spectrum satisfying

(a) E is complexorientable
(b) 2E contains a unit
() 1E=0

Remark 20.1. Properties (b) and (c) imply property (a).
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We have seenthat this data givesus a map
Spec oE ! MEgg
so we have a way of assigningto certain spectra a ne stadks over M gg. It is natural to ask the
following naive
Question: Can we go bad?

This turns out to be a surprisingly good question. The answer is that in certain casegmore than
you would think) we can and there is a nice criterion for this.
Let MU be the spectrum determined by

MU (X)= MU (X) Zu Y
Alternativ ely, MU is the Thom spectrum assaiated to the identity map
Z BU ! z BU

just asM U is the Thom spectrum assaiatedto Z BU ! BU. Then oMU = L is the Lazard
ring and under the correspondenceabove, MU correspondsto a very special elemen in the category
Af f =M g g, namely the canonical map

SpecL | Mgg

Let F bea at quasi-coheremn sheafover M . In somecaseswe can assa@iate to F a spectrum
which we will call E(F). It will be de ned by descen.

The motivating fact for the construction is the following. Supposethat E is a spectrum satisfying
our assumptions. Then you should recognizethat we have proved that

Spec (MU E —/Spec (E
kl k2
Spec oMU —— /M ¢¢

is a pull back square of 2-categories.

This diagram tells us that the smashproduct of (certain) spectra in topology correspondsto the
bre product over M ¢ in algebra. Moreover, sincel is a cover, the statemert should be true in
generalask; should be determined by k, and descen data.

If we have a at quasi-coheren sheafF over M g, wegeta at L-module! F and by atness a
homology theory

X7IF ,wuMU(X)

which, in view of the remarks above, should be represerted by the spectrum MU ~ E(F) (even
though we haven't de ned E(F) yet).
Similarly, consideringthe maps

Spec ; SpecL I MEec
by atness we get a diagram of cohomologytheories
(20.1) l'F omuMU(C) (1 1)F (MUAMU) ()

We would like to de ne E(F) ( ) to be the equalizer of (20.1) but we can't guarantee that the
equalizerwill be exact. This will be the casehowewer, if F comesfrom a at map

SpecR I' MEeg

which factors through SpecA, i.e. a formal group which comesfrom a formal group law. In this
casethe equalizerabove will split and we will get a homology theory, namely

X7'R MU (X)
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Remark 20.2. If we are more fancy we can actually seethat this works for any represenable sheaf,
without any atness assumption.

Harder question: What about more generalmaps? Givena at map
N I Mgg

can we assaiate to N a cohomologytheory E(N)?

Every time we can do this we obtain an interesting cohomology theory. The answer is yesin
many caseshut there is no generaltheorem giving a functor from such mapsto cohomologytheories
and this is an important problem.

We can try to de ne the cohomology theory E(N) using the following approach: the cover

SpecL ! M g givesus a simplicial stack over M g and taking pullbacks under the boundary
maps do
Ny =——IN; INg ——IN
Spec | —iSpec fSpecL —Im FG

we obtain from N a simplicial stack over M gg

N ! Mg
which we would like to think of asthe nerve of a covering of N .

AsthemapN ! Mg is at, it isin particular represeriable sowe have

N = SpecR

for somecosimplicialring R , with Ry at over | L . Hencewe have a cosimplicial homology

theory
X 7! Rk L L. MU~ AMU (X)

This is where we run into trouble. If we could re ne this to a cosimplicial spectrum E (SpecR )
we could de ne

E(N) := Tot(E(SpecR ))

but if we pick spectra represering the various homology theories, the cosimplicial identities will
only hold up to homotopy modulo phantom maps.

It is de nitely not the casethat we can always rigidify suc a cosimplicial diagram of cohomology
theories, but by a miracle this seemsto happen in important examples.

Prop erties of the construction.  Assuminghowever that we did have this fantasy correspondence
between at stadks over M g and spectra it would have the following properties:

1. E(N1 wmqc N2)= E(N1)” E(N2) up to natural weak equivalence.

2. There is a spectral sequencecorvergingto E(N)

Property 1 is very useful becausethe smashproduct in spectra is so much easierto understand
than the b er product in stacks. It seemsto be a new part of this miraculous correspondence
betweenthe algebra of formal group laws and algebraic top ology.

The spectral sequencen 2 is just the spectral sequenceof a cosimplicial spectrum but there is a
nice homological name for the E, term which we now describe.

There is a map

Meg ' BGy
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classifying a line bundle. In the languageof formal groups,! is the sheafof invariant di erentials
on the universal formal group. It is determined by the map of groupoids corepreseted by

— Z[ ]
Fr
LQ—‘Z

where' corepresets the map assigningto an isomorphism betweenformal group laws its derivative
“ Xs fairly immediate consequencesf the setup and denoting by the samesymbol the pullback of
| to a stack over M g, one nds that
om E (SpecR) HO(SpecR;! ™M)
2m+1 E(SpecR) 0
From this it is easyto identify the E, term of the spectral sequence.We get
E3' = HS(N;1Y)) o sE(N)

Remark 20.3. There are cohomologicalobstructions to rigidifying cosimplicial diagrams of coho-
mology theories. Stadks allow us to give thesea natural cohomologicalname. This is what got me
started thinking about stacks in the rst place. | then realized that this could be usedto push the
analogy between FGLs and cohomologytheories further.

The sphere spectrum. We will start with the worst possibleexample. We take N = M g and
the identity map

N I Mgg
In this case,the cosimplicial homology theory we get is represerted by
MU :iM urMU E’
which is the Adams-Novikov resolution of the sphere. Thus
E(N)=S°
and the spectral sequencehat we described above is just the Novikov spectral sequence.Note how
we have brought the sphereinto this picture of formal groupsin a systematic way.

Elliptic cohomology. If C is a plane curve meeting eadh line in 3 points, we can de ne a group
structure on C by decreeingthat colinear points add up to 0 and choosing a point of in ection as
the unit. Sud a curve C is called an elliptic curve. We want to describe the moduli stadk of elliptic
curvesM g .
If we choosel to be a point of in ection and pick the line at in nit y to be the tangent to this
point, it is an easyexerciseto ched that C will be de ned by an equation of the form
y?+ aixy + agy = x> + ayx + as
The isomorphismsbetweensud curveswill be the automorphisms of P2 which presene the line at
innit y. It is easyto ched that a generalisomorphismis given by
x 7! X+ r
y 7! Sy + sx+t
Thus we can de ne a Hopf algebroid (A; ) with
A Z[ay; az; as; au; ag]
Alrsit, 1
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and we de ne the moduli stack of elliptic curvesto be the assaiated stack

Mgy =M @)
Remark 20.4. Locally every elliptic curve embedsin the plane sothis is really the moduli stack of
elliptic curves.

There is a map
Mer ! Meg
obtained by expanding the group law of C in the parameter x=y, which is a local coordinate near
1 . By the proceduredescribed above this yields a spectrum
eq = E(Mgn)
and there is a spectral sequence
(20.2) HS(MEgi;!'"))  eq
Given that HO(M g ;! ") is the group of modular forms of weight n over Z, (20.2) givesus a
spectral sequenceelating modular forms and homotopy groups.

The spectrum e, seemsto play an important role in homotopy theory. For example, it is very
easyto compute the homotopy groups of spheresthrough dimension 60 using €0,.

In the 60% using K -theory it was possibleto describe in a geometric way the rst layer of the
homotopy groups of spheres(the image of J). Similarly, elliptic cohomology promisesto describe
the secondlayer of the homotopy groups of spheresin a way which is closeto geometry.

21. The Land weber exact functor theorem

In this sectionwe will seehow using the languageof stacks we can get both a simpler proof and
a stronger statemert of the Landweber exact functor theorem.
Let R be aring and G a formal group law over )R( Write

Ple(x)=  ax
i
Then for ead prime p we have a sequenceof elemerts of R
Vi 1= ay
fori 0 wherevg = p. This is not an intrinsic de nition of the v;'s asit depends on the choice of

the coordinate x. Howevwer it turns out that the choice of v, is more or lessunique modulo the ideal
(p;v1;:::;vn 1) in the following sense:if we change coordinate by

X7 g(x)= x +:::
then modulo (p;vi;:::;va 1),
[PI(X) = VaxP" + 13
is sert to
g [pl(g ")) = * Pvax?

In the languageof stacks this says that v, is a section of the line bundle ! P 1 overM gg, which is

canonically de ned over the stack M [F”(]; de ned by

MEE =M ()
with A = L=(p;v1;:::;va 1)and = g L A.
Now let A = L bethe Lazard ring. We have elemeris v; 2 A corresponding to a universal formal
group law over A. Let = L[tol;tl; :::] be the ring corepreseting isomorphismsof formal group

laws. Then we can state the following theorem of Landweber
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Theorem 21.1. Let M be an (A; ) -comadule suchthat for each prime p and eachn 1 the map
Vo i M=(p;ve;iiiive 1) ) M=(p;ve; il v 1)
is an injection. Then for X a spectrum the assignment
X7"MU(X) aM
is a homolagy theory on nite spectra.

Note that the (A; )-como dule MU (X) with X a nite spectrum is a very special kind of co-
module.

Remark 21.2. Note that it doesn't matter whether we take M to be just an A-module or an
(A; )-como dule becausewe can always make an A-module an (A; )-como dule and comedown by
faithfully at descen.

We will now formulate a variation of Theorem 21.1in the languageof stacks and give a proof of
this stronger version.

In the languageof stadks, M correspondsto a quasi-coherem sheafF(M ) overM g andM U (X)
corresponds to a graded quasi-coheren sheafF(X).

Moreover we have that under the map

specL) ! Meg
f F(X) o, .  F(M)= MU (X) (M

Sincef is at, M | M U (X) is exact in the X variable if and only if F(M) o, . F(X) is
exact in the X variable. Sothe question we have to answer is: whenis F(M), or more generally a
guasi-coherem sheafover M g, at?

Exercise 21.3. Chedk that the Landweber conditions given in the statement of Theorem 21.1 are
necessaryfor atness.

Landweber's conditions are also closeto being su cien t. They are not quite becausewe are only
testing exactnessensoring with special kinds of comadules. We can actually get su cien t conditions
for atness. It is usually the casethat when we apply Theorem 21.1 these stronger conditions are
satis ed.

Let F be a quasi-cohereh sheafon M . As we have pointed out above, we have sectionsv,, of
the line bundle ! " * over M . We de ne inductively the sheavescF=(p;::: ;vy) by

F=(p) := coker(F P F)
F=(p;:::;Vn):= coker 11 P Fx(piiiivy 1) P OF=(piiiiive 1)

Theorem 21.4. If F satis es

(i) vi:!?t p F=(p;vi;:::;vi 1)} F=(p;vi;:::;Vvi 1) is aninclusion for eachi 1.
(i) F=(p;vi;::i:i;vqh 1)=0forn O
then F is at.

Proof. Let N be a quasi-coherem sheafover M . We needto show that
Tory(F;N)=0
It suces to do this after tensoring F with Z,,, for eac prime p. The short exact sequence
FPYE I Fxp
gives
Tora(F=(p);N) ! Tory(F;N) P Tori(F;N)
soit suces to show that
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(i) Torp(F=(p);N) =10

(i) Tory(p *F;N)=0
Now considerthe short exact sequence

11 P Fp) ¥ F(p) ! F(piva)
yields the long exact sequence
Tors(F=(p;v1);N) | Tor(!* P F=(p);N) " Tori(F=(p);N)
and de ning
v; IF=(p) := colim F=(p) " 1P 1 F=p) T 12, D Fxp) T

we seethat is su ces to show

() Tori(p F;N)=0

(i) Tora(v; *F=(p);N) =0
(i) Torz(F=(p;v1);N) =0

Sinceby hypothesisF=(p;:::;v, 1) = 0for large n, cortinuing in this way we seethat the theorem
is reducedto proving

(21.1) Tork (v 'F=(p;iisvic 1);N) =0

for all k.

To seewhy this is true, recall that there is a natural map of stacks
(n)
MO Meg
which givesa pair of adjoint functors
f™M :q cohmM ) g coh=M g :f™
is the right adjoint). Since = A o) Wit
(f " is the right adjoint). SinceM 2 = M (4,. ,) with

A, = Vi 1L:(p;::: +Vn l)
n = An
in terms of comodules we have
fM M = v, IM=(p;:::;vn 1)
fOUN = N regardedasan (L; ) comodule
Moreover f (" embedsq coh=M f:nG) asthe full subcategory of comoduleswherep;:::;v, 1 act as

0 and v, acts as a unit (this is independert of the choice of v,). Thus we can rephrase (21.1) as
saying that
(21.2) Tores FXF® F;N) = 0
This result now follows from the following proposition. O
Prop osition 21.5. If Gis a quasi-oherent shaf on M (F”(); and N is a quasi-oherent sheaf on
M e then Torm(f ™GN) = 0for m>n
Proof. We must show that the m-th left derived funtors of the functor

N7 f™Me N
vanish for m > n. But, asis easily cheded on the level of comodules, we have

fWe N=f"G ™ N)
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and so, sincef (" is an exact functor, it is enoughto chedk that the m-th left derived functors of
the composite functor

£ (n)

G
q cohM ¢ —/q coh=M () ——Jq  coh=m )

N———fm N —J5 fm N
vanish for m > n. This will follow from the composite functor spectral sequenceand the following
two results
(@ LM =0fort>n
(b) If A;B are quasi-coherem sheavesover M (F”(); then Torg(A;B) = 0fors> 0
Proof of (a): There is a pullback diagram

SpecA, —/SpecL

\i
(n)
(ny _f
MEeg —M

i

FG

Sincej is faithfully at, soisi. Pulling badk under i takesnonzeroobjects to nonzeroobjects so it
is enoughto ched that if N is an L-module then
Tor(N;A,) =0
for t > n. This is true becausethere is a Koszul resolution for A, given by
An  Efto;:iiiby 4]
with d(b¢) = vk, which is a at resolution of length n.
Proof of (b): The map

SpecF, " M)
classifying the modp reduction of the Lubin-T ate formal group law is faithfully at (we have only

provedthat it wasa cover but looking at the argumert more closelyrevealsthat it is faithfully at).
Then sinceall Fy,-modules are at,

F M (n)
Tors?( A, ,B) =) Tors F¢(A;B)=0
fors> 0
This completesthe proof. O

Remark 21.6. The proofjust givenis not really simpler than Landweber's sinceit usesthe language
of stacks. The good thing about it is that it usesthe sameidea asthe proof of the change of rings
theorem and so ts in a generalframework.
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