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Chapter III. Function Spaces, Fibrations and Spectra 

In this chapter we shall gather some miscellaneous 

items. The first and third sections contain some definitions 

and terminology that will be used later. 

1. Function spaces 

In this section we work in the category of G-spaces 

with base point. The group G is arbitrary and need not be 

finite. 

If X and Y are G-spaces we let 

F(X,Y) 

denote the space of all (base point preserving) maps from X 

to Y in the compact-open topology. F(X,Y) is a G-space with 

the following G-action: If f: X § Y and gcG we put 

g(f) (x) = g(f(g-lx)). 

G 
The set F(X,Y) of stationary points of G on F(X,Y) is just the 

set of equivariant maps from X to Y. Thus we put 

(1.1) E(X,Y) = F(X,Y) G. 

Note that the reduced join 

X ̂ Y = XxY/XVY 

of G-spaces has a natural G-action induced from the diagonal 

action on Xxy. Also recall that, for Y locally compact, there 

is a homeomorphism 

(1.2) F(XAY,Z) ~-+ F(X,F(Y,Z)) 

taking f into f defined by (f(x))(y) = f(XAy). Note that 
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(gCT) Cx)3CY) = (gCfCg-1x333(Y) 

= g [ ( T c g - l x ) ) c g - l y ) ]  = g [ f c g - l x A g - l y ) ]  

-1 
= g[fCg (x~ Y3)] = gCf3 (xA Y3 = (gCf) (x)) (Y), 

that is, g(f) = g(f3, which means that (1.2) is equivariant. 

In particular (1.2) induces a homeomorphism 

(1.33 E(x^Y,Z)  

when Y is locally compact. 

If G acts trivially on X, so that X = X G, then clearly 

E(X,Y3 = F(x,yG). In particular, 

(1.4) E(X,F(Y,Z)) ~ F(X,E(Y,Z)3 when X = X G. 

Now the reduced suspension SX = S^ X is a G-space, the 

action on the factor S = S 1 being trivial. Similarly, the 

loop space ~X = F(S,X3 is a G-space, as above. 

rides the equivariant homeomorphism 

( 1 . 5 )  F(SX,Y)  ~ F ( X , f l Y ) .  

The comultiplication SX § SXMSX and the loop multiplication on 

~Y induce Hopf G-space structures (see Chap. II, w on F(SX,Y) 

and F(X,~Y3 and it is well-known, and elementary, that these 

structures correspond under (1.53. In particular, passing to 

sets of stationary points, we have the isomorphism 

(1.63  (sx,Y) E(x,aY3 

of Hopf-spaces. 

I t  i s  e a s y  t o  s e e  t h a t  ( 1 . 6 )  p r e s e r v e s  e q u i v a r i a n t  

h o m o t o p i e s .  T h u s ,  d e n o t i n g  e q u i v a r i a n t  h o m o t o p y  c l a s s e s  by 

d o u b l e  s q u a r e  b r a c k e t s ,  as b e f o r e ,  we h a v e  t h e  o n e - o n e  

c o r r e s p o n d e n c e  

Thus ( 1 . 2 3  p r o -  
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( 1 . 7 )  [[SX;Y]] ~ [ [ x ~ Y l ]  

which p r e s e r v e s  a d d i t i o n .  

F ( S X , R Y )  p o s s e s s e s  t w o  H o p f  G - s p a c e  s t r u c t u r e s .  L e t  u s  

d e n o t e  t h e  o n e  i n d u c e d  b y  c o m u l t i p l i c a t i o n  i n  SX by  o and t h a t  

i n d u c e d b y  l o o p  m u l t i p l i c a t i o n  by  r~.  T h e n  i t  i s  w e l l - k n o w n ,  

a n d  e a s i l y  c h e c k e d ,  t h a t  we h a v e  t h e  i d e n t i t y  

( f o g ) ~  ( h o k )  = ( f i : l  h ) o ( g I : I k ) .  

T h i s  i d e n t i t y  i s ,  o f  c o u r s e ,  a l s o  s a t i s f i e d  on  t h e  f i x e d  p o i n t  

s e t  E ( S X , R Y ) ,  a n d  a l s o  f o r  t h e  i n d u c e d  m u l t i p l i c a t i o n s  on 

[ [ S X , * R Y ] ] .  Bu t  t h e  l a t t e r  s e t  h a s  an i d e n t i t y  e f o r  b o t h  o 

a n d  [] a n d  we h a v e  

a1:IB = ( e o ( l ) ~  ( B o e ) =  (eL-" IB)~(( l~e)  = $=(l 

a n d  (l m B = ( ( l o e )  ~ ( e o B )  = ((li~ e )  o ( e l 3  B) = (lob SO t h a t  

(1.8)  a , , B  = Bo(l  = (lm' B = Bm (l 

on [ [ S X ~ R Y ] ] .  ( T h e  s t a t e m e n t  on  E ( S X , R Y )  i s  t h a t  t h e  c o r r e s p o n d -  

i n g  m a p s  a r e  h o m o t o p i c . )  

I t  s h o u l d  b e  n o t e d  t h a t  w h e n  X i s  1 o c a 1 1 ~  c o m r a c t ,  we 

c a n  i m p r o v e  t h e s e  r e m a r k s  a s  f o l l o w s .  We h a v e ,  by  ( 1 . 3 )  a n d  

( 1 . 4 ) ,  

E(SX,Y) = E ( S , F ( X , Y ) )  = F ( S , E ( X , Y ) }  = RE(X,Y),  

A l s o  [ I X | Y ] ]  ffi ~ o E ( X , Y )  s o  t h a t  we o b t a i n  

( 1 . 9 )  

S i m i l a r l y ,  

( 1 . 1 0 )  

[ [ X I R Y ] ]  ~ [ [ S X ~ Y ] ]  ~ ~ I C E C X , Y ) ) .  

[ [ x ~ R n Y ] ]  ~ [ [ s n x | y ] ]  ~ ~ ( E ( X , Y ) ) .  
n 
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2. The Puppe sequence 

In this section we consider only spaces with base 

points. Let f: X § Y be an equivariant map between two 

G-spaces. Let Cf = CX Of Y be the reduced mapping cone of f 

with the obvious G-action, and let j: Y § Cf be the canonical 

inclusion. It is clear that, for any G-space Z, the sequence 

�9 # f# 
( 2 . 1 )  [ [ C f ) Z l ]  J---* [ [ Y : Z ] ]  , [ [ X ~ Z ] ]  

o f  s e t s  w i t h  b a s e  p o i n t s  i s  e x a c t .  I t  c a n  be  shown  t h a t  t h e  

mapping cone C. of j has the same homotopy type as does SX 
J 

(see Puppe, Math. Zeitschrift, 69 (1958) pp. 299-544). The 

p r o o f  o f  this is s u f f i c i e n t l y  canonical t o  be  e q u i v a r i a n t  and 

we shall not give the details of this here. 

equivariant homotopy type of SX. 

Thus C. has t h e  

As in [Puppe, loc. cir.] we combine (2.1) with the 

�9 ~ SX and continue this pro- similar sequence for Y-~ Cf § C 3 

cess to finally obtain a long exact sequence 

( 2 . 2 )  . . .  § [[sncf|z]] § [[sny~z]] ~ [[snx;z]] § 

[[S n-I - , . . . .  

3 .  G - s p e c t r a  

In  this section we work with t h e  category of spaces 

( o r  G - s p a c e s )  w i t h  b a s e  p o i n t s .  By a G - s p e c t r u m  we mean  a 

c o l l e c t i o n  Y = { Y n l n e Z }  o f  G - s p a c e s ,  t o g e t h e r  w i t h  e q u i v a r i a n t  

maps  

§ Y ( 5 . 1 )  e n :  SYn n + l  

o r ,  by  ( 1 . 5 ) ,  o f  e q u i v a r i a n t  m a p s  Y § ~Y 
n n + l "  

i t  i s  s u f f i c i e n t  t o  h a v e  Yn d e f i n e d  f o r  n ~ n O 

We n o t e  t h a t  

a n d  l e t  Y be  a 
n 

p o i n t  f o r  n < n o . 
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I f  ~ i s  a G - s p e c t r u m  and  i f  X is a l o c a l l y  c o m p a c t  

G - s p a c e ,  t h e n  

FCX, ) 

d e n o t e s  t h e  G - s p e c t r u m  c o n s i s t i n g  o f  t h e  G - s p a c e s  F(X,Y n) and  

t h e  e q u i v a r i a n t  maps d e f i n e d  by t h e  c o m p o s i t i o n  

F(X,Yn) -+ F(X,flYn+l)-%. F(SX,Yn+ 1) ~ ~F(X,Yn+I). 

In  p a r t i c u l a r ,  fl~ i s  a G - s p e c t r u m .  

No te  t h a t  i f  Y i s  a G - s p e c t r u m  t h e n  yG = {yG} i s  a 
~ n 

s p e c t r u m .  In  p a r t i c u l a r ,  f o r  X l o c a l l y  c o m p a c t ,  

G 
K C X , ~ )  = s  

i s  a s p e c t r u m  c o n s i s t i n g  o f  t h e  s p a c e s  E ( X , Y n ) .  

F o r  a d e t a i l e d  t r e a t m e n t  o f  s p e c t r a  s e e  G. W h i t e h e a d ,  

G e n e r a l i z e d  h o m o l o g y  t h e o r i e s ,  T r a n s .  A .M.S .  102 ( 1 9 6 2 ) ,  

pp .  2 2 7 - 2 8 3 .  

We s h a l l  l i s t  b e l o w  some e x a m p l e s  o f  G - s p e c t r a :  

(1)  I f  Y i s  a G - s p a c e  ( w i t h  b a s e  p o i n t )  and  n i s  an i n t e g e r ,  

l e t  Yn = Y and  Yn+k = SkY w i t h  t h e  o b v i o u s  maps SYm § Ym§ 

T h i s  f o r m s  a G - s p e c t r u m  ~ ( Y , n ) .  

(2)  I f  P: G § O ( r )  i s  a r e p r e s e n t a t i o n  o f  G on ~ r  t h e n  

P (~ 1 d e f i n e s  an a c t i o n  ( w i t h  b a s e  p o i n t )  on S r and  t h u s  

d e f i n e s  a G - s p a c e  S r .  We d e n o t e  t h e  G - s p e c t r u m  S($ r r )  by ~ ( P ) .  
P = O'  -- 

(3)  Le t  G = Z 2 and  l e t  p be  t h e  r e p r e s e n t a t i o n  d e f i n e d  by 

t h e  a n t i p o d a l  map i n  ~ r .  We d e n o t e  t h e  G - s p e c t r u m  ~ ( p )  by 

~ ( r ) .  H e r e  t h e  n - t h  G - s p a c e  i n  ~ ( r ) ,  f o r  n ~ r ,  i s  S n w i t h  a 

s t a n d a r d  i n v o I u t i o n  w h i c h  l e a v e s  S n - r  s t a t i o n a r y .  Thus  ~ ( r )  

may be  c a l l e d  t h e  s p e c t r u m  o f  s p h e r e s  w i t h  s t a t i o n a r y  p o i n t s  

o f  c o d i m e n s i o n  r .  



I I I . 6  

C4) L e t  ~c ~ a n d  l e t  Y be  a G - c o m p l e x  o f  t y p e  ( ~ , n ) .  
G n 

§ flY w h o s e  S i n c e  f iYn+l  h a s  t y p e  ( ~ , n )  t h e r e  i s  a map n n :  Yn n + l  

c h a r a c t e r i s t i c  c l a s s  

% n ( n n ) E H G ( Y n , ~ n ( a Y n . l } )  ~ H o m ( ~ n ( Y n ) , ~ n ( a Y n + l ) )  

c o r r e s p o n d s  t o  t h e  i d e n t i t y  1 :  ~ § g ( v i a  g i v e n  i s o m o r p h i s m s  

n (Yn)  ~~ ~ a n d  ~ n { R Y n + l  ) ~ ~ ) "  T h u s  we o b t a i n  a s p e c t r u m  

d e n o t e d  b y  KCfi) ,  t h e  E i l e n b e r g - M a c L a n e  G - s p e c t r u m  o f  ~ .  

4 .  G - f i b e r  s p a c e s  

L e t  ~ :  X § Y be  an e q u i v a r i a n t  map b e t w e e n  t w o  G - s p a c e s ,  

w h e r e  G i s  f i n i t e .  We s h a l l  s a y  t h a t  ~ i s  a G - f i b e r  map i f  i t  

h a s  t h e  e q u i v a r i a n t  h o m o t o p y  l i f t i n g  p r o p e r t y  w i t h  r e s p e c t  t o  

G - c o m p l e x e s .  T h a t  i s ,  i f  K i s  a G - c o m p l e x ,  f :  K ~ X i s  e q u i -  

v a r i a n t  a n d  F:  ExI  § Y i s  e q u i v a r i a n t  w i t h  F ( k , O )  = ~ f ( k ) ,  t h e n  

t h e r e  e x i s t s  an  e q u i v a r i a n t  map 

F ' :  KxI ~ X w i t h  F =  ~ F '  a n d  F ' ( k , O )  = f ( k ) .  
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(4,1) Theorem. i,: X § Y is a G-fiber map iff 

�9 n" { X H X H yH : § is a ($erre} fibration for every H C G. 

Proof. If K is any complex then any map K § X H has a 

unique equivariant extension to f: Kx(G/H) § X (where the 

action of G on K is trivial). Moreover, an equivariant map 

Kx(G/H) § X must take Kx(H/H) into X H. It follows easily that 

X H § yH must be a fibration when X * Y is a G-fibration. 

Suppose that each X H § yH is a fibration. Let K be a 

G-complex, f: K § X equivariant and F: KxI § Y equivariant with 

F(k,O) = wf(k) for each kcK. We must construct F': KxI § X 

equivariant with F = ~F' and F' (k,O) = f(k). This will be 

done by induction on the skeletons of K. Suppose F w is defined 

on Kn-lxI and let o be an n-cell of K�9 Let H = G o . Now 

f: K(o) § X H F: K(o)xI § yH and F': (Kn-lf~K(o))xl § X H 

Since X H § yH is a fibration we may extend F t to a map 

K(a)xI § X H covering F. There is then a unique equivariant 

extension of F t to the cells goxl for gcG. If this construc- 

tion is repeated for each orbit of G on the set of n-cells 

of K, we obtain the required extension of F w to Knxl § X. 

As an example, let Y be a G-space such that each yH is 

arcwise connected and let y0cY G be a base point �9 Then the 

space PY of paths on Y with initial point Y0 is a G-space and 

the canonical projection ~: PY § Y is equivariant. Clearly 

(py)H = p(yH} and the restriction p(yH) § yH of ~ is just the 

path-loop fibration of yH Thus w is a G-fibration 

Suppose now that ~: X § Y is a ~-fibration. Let 

XoCX G be a base point and put YO = rr(Xo)" The G-space 
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-1 
F = a __fY0 ) i s  c a l l e d  t h e  f i b e r  o f  t h i s  f i b r a t i o n .  As i n  t h e  

non-equivariant theory, we have an exact sequence 

i # .  ~# ~# i#  
( 4 . 2 )  . . . - - ~  ~ n ( F , x 0 )  - - + ~ n ( X , x 0 )  , ~ n ( y , y 0 )  L, ~ (F x~  , n - 1  ' " ' "  

In f a c t ,  t h e  e x a c t n e s s  o f  t h i s  s e q u e n c e  f o l l o w s  f rom t h e  e x a c t -  

n e s s  o f  t h e  h o m o t o p y  s e q u e n c e s  o f  t h e  f i b r a t i o n s  X H § yH w i t h  

f i b e r  F H. Of c o u r s e  one  mus t  show t h a t  i # ,  ~# and  ~#,  w h i c h  

a r e  d e f i n e d  so  t h a t  t h e i r  v a l u e s  on G/H a r e  t h e  c o r r e s p o n d i n g  

h o m o m o r p h i s m s  f o r  t h e  f i b r a t i o n  X H § yH, a r e  i n  f a c t  m o r p h i s m s  

i n  ~G" T h i s  i s  l e f t  t o  t h e  r e a d e r .  


