ON THE HOMOTOPY OF Q(3) AND Q(5) AT THE PRIME 2

MARK BEHRENS AND KYLE ORMSBY

ABSTRACT. We study modular approximations Q(¥¢), £ = 3,5, of the K(2)-
local sphere at the prime 2 that arise from ¢-power degree isogenies of elliptic
curves. We develop Hopf algebroid level tools for working with Q(5) and
record Hill, Hopkins, and Ravenel’s computation of the homotopy groups of
TMFo(5). Using these tools and formulas of Mahowald and Rezk for Q(3)
we determine the image of Shimomura’s 2-primary divided S-family in the
Adams-Novikov spectral sequences for Q(3) and Q(5). Finally, we use low-
dimensional computations of the homotopy of Q(3) and Q(5) to explore the
réle of these spectra as approximations to SK(2)~
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In [3], motivated by [7], the p-local spectrum Q(¢) (p 1 £) is defined as the totaliza-
tion of an explicit semi-cosimplicial F..-ring spectrum of the form

Q) = (TMF = TMFy(¢) x TMF = TMFO(Z)).

The spectrum @Q(¢) serves as a kind of approximation to the K(2)-local sphere. In
[4], it is proven that there is an equivalence

Q) k(2 ~ (Ej"e)hGal

where I'y is a certain subgroup of the Morava stabilizer group S; coming from
isogenies of elliptic curves. The subgroup I'y is dense if p is odd and ¢ generates
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a dense subgroup of Z, [6]. Based on this, it is conjectured that there are fiber
sequences

(0.0.1) Dk (2)Q(f) = Sk(2) = Q(0)

for such choices of ¢ (and the case of £ = 2 and p = 3 is handled by explicit
computation in [3], and is closely related to [7]). Density also is used in [5] to show
that for such £, Q(¢) detects the exact divided 8 family pattern for p > 5.

However, in the case of p = 2, Z5 is not topologically cyclic, and the closure of T'y
in S, is the inverse image of the closure of the subgroup /% < Z under the reduced
norm

NSQ-)Z;

It is not altogether clear in this case what the analog of the conjecture (0.0.1) should
be, though one possibility is suggested in [6]. Although the 2-primary “duality
resolution” of Goerss, Henn, Mahowald, and Rezk (see [8]) seems to take the form
of a fiber sequence like (0.0.1), we will observe that the mod (2, vy )-behavior of Q(3)
actually precludes Q(3) from being half of the duality resolution (see Remark 4.5.3).
The non-density of I's, together with the appearance of both TMF((3) and TMF((5)
factors in TMF A TMF also suggests that, from a TMF-resolutions perspective,
Q(3) alone may not be seeing enough homotopy, and that a combined approach of
Q(3) and Q(5) may be required at the prime 2.

The goal of this paper is to explore such an approach by extending the work of
Mahowald and Rezk [14] on Q(3), and initiating a similar study of Q(5).

The first testing ground for the effectiveness of Q(3) or Q(5) at detecting va-periodic
homotopy at the prime 2 is Shimomura’s 2-primary divided beta family [16]. To
the authors’ surprise, Q(3) was found to exactly detect Shimomura’s divided beta
patterns on the 2-lines of the Fs term of its Adams-Novikov spectral sequence, as
we shall explain in Section 4. Hence @Q(3) is all that is needed to detect the shape
of the divided beta family. The authors were equally surprised to find no such
phenomenon for Q(5) - the beta family for Q(5) has greater v;-divisibility than
that for the sphere. On the other hand, the K (2)-localization of Q(5) is built out of
homotopy fixed point spectra of groups with larger 2-torsion than @(3). This raises
the possibility that while Q(5) may be less effective when it comes to beta elements,
it could detect exotic torsion in higher cohomological degrees that is invisible to
Q(3). This possibility is explored through some low dimensional computations.

We now summarize the contents of this paper. In Section 1 we review and expand
the theory of I'g(5)-structures on elliptic curves. A T'g(5)-structure is an elliptic
curve equipped with a cyclic subgroup of order 5. We recall an explicit description
of the scheme representing I't (5)-structures (elliptic curves with a point of order
5) in terms of Tate normal form curves and use this description to present several
Hopf algebroids that stackify to the moduli space of I'g(5)-structures. We then use
these Hopf algebroids and the geometry of elliptic curves to determine the maps
defining Q(5)°.

In Section 2 we compute the homotopy fixed point spectral sequence

H*(FX;m TMF1(5)) = m. TMF((5).
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The ring 7, TMF;(5) and the action of FZ on it are determined by Tate nor-
mal form, allowing us to produce a detailed group cohomology computation. We
then compute the differentials and hidden extensions in the spectral sequence by a
number of methods: TMF-module structure, transfer-resetriction arguments, and
comparision with the homotopy orbit spectral sequence. Our use of the homotopy
orbit spectral sequence to determine hidden extensions is somewhat novel and may
find use in other contexts.

Since Q(¢) is the totalization of a cosimplicial spectrum, we can compute the Fs-
term of its Adams-Novikov spectral sequence as the cohomology of a double com-
plex. The differentials in the double complex are either internal cobar differentials
for the Weierstrass or I'g(5) Hopf algebroids or external differentials determined by
the cosimplicial structure of Q(¢)®. In Section 3 we review formulas for the external
differentials in the ¢ = 3 and ¢ = 5 cases. The Q(3) formulas are due to Mahowald
and Rezk [14] while those for Q(5) are derived from Section 1.

In Section 4 we compute several chromatic spectral sequences related to Q(3) and
Q(5). Definitions are stated in Section 4.1 and the technique we use is carefully
laid out in Section 4.4. Stated precisely, we compute H%*(MZC;,(Q(3))) and
H%*(MC},,(Q(5))), both of which are related to the divided 3 family in the Q(¢)
spectra. We compare these groups to Shimomura’s 2-primary divided § family for
the sphere spectrum (i.e. the groups Exto’*(MgBP*), reviewed in Theorem 4.2.1).
In Theorem 4.2.2 we find that Ext”* (Mg BP,) is isomorphic to H**(MZCt,,Q(3)),
so Q(3) precisely detects the divided § family. In contradistinction, Theorem 4.2.4
and Corollary 4.9.4 show that the divided £ family for Q(5) has extra v;-divisibility.

Finally, in Section 5 we compute 7,Q(3) and m,Q(5) for 0 < n < 48. These
computations give evidence for some homotopy which @Q(5) detects which is not
detected by Q(3).
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1. ELLIPTIC CURVES WITH LEVEL 5 STRUCTURES

We consider the moduli problems of I'y (5)- and T'y(5)-structures on elliptic curves.
An elliptic curve with a T';(5)-structure over a commutative Z[1/5]-algebra R is a
pair (C, P) where C'is an elliptic curves over R, and P € C is a point of exact order
5. An elliptic curve with a Tg(5)-structure is a pair (C, H) with C' an elliptic curve
over R and H < C a subgroup of order 5. Let M;(5) denote the moduli stack (over
Spec(Z[1/5])) of T';(5)-structures.
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Let M}(5) denote the the moduli stack of tuples (C, P,v) (respectively (C, H,v))
where v is a tangent vector at 0 € C'. Note that in the case where i = 1, we can use
translation by P to equivalently specify this structure as a tuple (C, P,v’) where v’
is a tangent vector at P.

Let M! denote the moduli stack of elliptic curves with tangent vector. Then the
maps in the cosimplicial E,, ring Q(5)® arise by evaluating the TMF-sheaf QP
on maps M{(5) — M*' and M(5) — M{(5). Recall that the Weierstrass Hopf
algebroid (A, T) stackifies to M*; we review the structure of (4,T) in 1.2. In this
section we produce a Hopf algebroid (B, A') representing M (5) and produce Hopf
algebroid formulas for the maps in the semi-simplicial stack associated to Q(¢)°.

1.1. Representing M;(5). In this section we will give explicit presentations of
M (5) and M1(5). Consider the rings

B:=7Z[1/5,b,A7"]

B! :=7Z[1/5,a1,a9,a3, A7) /(a3 + a3 — ayaza3)
where A is given respectively by:

A(b) =05 (b* — 11 — 1),

A(ay,as,a3) = —8aa3a3 + 20a1a3as — ajasas — 11a3 + a3al.
We have the following theorem.
Theorem 1.1.1. The stacks M;(5) and M1(5) affine schemes, given by
pec(B),
b,

o)
o)
o

PN
>y

Proof. We first use the techniques of [10, §4.4] (which is a recapitulation of a method
from [13]) to produce an explicit model for M1(5) as an affine scheme. The proce-
dure is exhibited graphically in Figure 1.1.

Suppose (C, P) is a I';(5)-structure over a commutative ring R in Weierstrass form
with P = (o, ). For r,;s,t € R and A € R* let ¢, 5+ denote the coordinate
change

T A4

Y= A3y + AN s 4t

Move P to (0,0) via the coordinate change ¢_q,0,-8,1 : (C,P) = (Cy,(0,0)) where
Cy has Weierstrass form

y2 + a’lxy + aé:z:y =23 4 a’2:c2 + aﬁlx.

(Note that ag = 0 because (0,0) is on the curve.) Next eliminate a} by applying
the transformation $0,~a/, /a},0,1- The result is a smooth Weierstrass curve

(1.1.2) T (a1, a0,a3) : y* + a1y + azy = x> + agz?

with Ty (5)-structure (0,0) which we call the homogeneous Tate normal form of
(C, P). The discriminant of T*(ay,az, a3) is

(1.1.3) A = —8ataia3 + 20aya3as — afaiay — 11aj + abay.
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FIGURE 1.1.1. The procedure for putting a I'y (5)-structure in (ho-
mogeneous and non-homogeneous) Tate normal form

Since (0, 0) has order 5 in T (a1, as, az) we must have
(1.1.4) 31(0,0) = [~2](0,0)

where [n] denotes the Z-module structure of the elliptic curve group law. Using the
standard formulas for the addition law for an elliptic curve, we see that (1.1.4) is
equivalent to

(115) (lg + CL% = a1a2a3.
Let fl(a17az7a3) = a% + a?), — ajasas and let
B :=Z[ay, az,a3, A7/ (f1).

Then
M1 (5) = Spec(B').

We now consider T'y(5)-structures without distinguished tangent vectors and pro-
duce a (non-homogeneous) Tate normal form which is the univeral elliptic curve
for M1(5). Begin with a I';(5)-structure (C, P) and change coordinates to put it
in homogeneous Tate normal form 7" (a1, az, a3). Now apply the coordinate trans-
formation ©g0,0,44/a,- (This transformation is permissible because (0,0) has order
greater than 3.) After applying the transformation, the coefficients of y and 22 are
equal. Let

(1.1.6) T(b,c):y* + (1 —c)wy — by = 2* — ba?.
denote the resulting smooth Weierstrass curve.

Since (0, 0) has order 5 we know (1.1.4) holds; it follows that

(1.1.7) b=c
in (1.1.6). Abusing notation, let
(1.1.8) T() :y? + (1 — by — by = 2> — bx?;

we call this the (non-homogeneous) Tate normal form of (C, P). The discriminant
of T'(b) is

(1.1.9) A= —11b—1).
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Let

B:=7Z[1/5,b,A7"].
The preceding two paragraphs show that

M, (5) = Spec(B).

([l
Corollary 1.1.10. The moduli space M1 (5) is represented by
Spec(Z[1/5, a1, u™, A71])
where
A = —11u'? + 64a1utt — 154a3u™® 4 195a3u® — 135a7u® + 46a5u” — 4aSu® — alu®.

Proof. The relation a% + a?,) = ay1a2a3 allows us to put 7" (a1, a2, as) in the form

y? 4+ arzy +u? (a1 — u)y = 2 +u(ay —u)2?

with v invertible. The discriminant is then determined by hand. (]

The simple structure of M;(5) has an immediate topological corollary that we
record here.

Corollary 1.1.11. The K(2)-localization of TMF;(5) is a height 2 Lubin-Tate
spectrum for the formal group law T'(b) defined over Fa:

—

Proof. The K (2)-localization of TMF(5) is controlled by the Fy-supersingular lo-
cus of My(5), M1(5)z5. The 2-series of the formal group law for ' = T'(b) takes
the form

[2]7(2) = 22+ (b—1)22 +2b25 + (b? — 2b)2* + -+ .

Hence T is supersingular over Fy if and only if b = 1. Note that A(T(1)) = 11, a
unit in Zo and Fa. It follows that

M (5)F; = Spec(F2).

Let By = Eg(IFg,f) with 7o Eq = Zs[[u1]]. The map
SpecmoEy — M1 (5)

induced by
B — myFEs
b— u + 1.

induces the K (2)-localization of TMF(5). O
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1.2. Representing maps M1 (5) — M!. There are two important maps M1(5) —
M?* which we analyze. On the level of points, the first is the forgetful map

M) Lo
(C,P)— C.
The second is the quotient map
Mi(5) 2 Mt
(C,P)— C/{(P).
Let (A,T") denote the usual Weierstrass curve Hopf algebroid with
A = Z[a1, az, a3, a4, a6, A7), T = Alr, s,1]
that stackifies to M1.

Theorem 1.2.1. The morphisms f and ¢ above are represented by

AL, B
a; ifi=1,2,3,
a; —
0 ifi=4,6,
and
AL B
a; if1=1,2,3,
a; —r 5a%a2 — 10a1a3 — 10a§ if i = 4,

ajas — 2a3az — 12a%a3 + 19a3 — a3 if i = 6.

Computing g requires that we find a Weierstrass curve representation of C/{P) in
terms of the Weierstrass coeffcients of C. This procedure is well-studied by number
theorists under the name Vélu’s formulae (see [17], [12, §2.4]) and is implemented in
the computer algebra system Magma. In fact, if ¢ is an isogeny on C' in Weierstrass
form with kernel H, then Vélu’s formulae compute Weierstrass coefficients for the
target of ¢ in terms of the Weierstrass coefficients of C' and the defining equations
subgroup scheme H. We briefly review the formulae here for reference.

Suppose H < C is a finite subgroup with ideal sheaf generated by a monic polyno-
mial ¢(x) where C' is a Weierstrass curve of the form
y2 + a1y +asy = z3 + a2x2 + asx + ag.-

For simplicity, assume that the isogeny ¢ : C' — C/H has odd degree. (The even
degree case can be handled as a separate case, but we will not need it in this paper.)
Write
Y(x) =2 — 518" o (=1)"s,.
Then C/H has Weierstrass equation
Y+ a1y + asyg = oo + asxyy + (ag — 5t)xy + (ag — bot — Tw)
where
t= 6(5% — 282) + b281 + le4,

w = 10(s3 — 35159 + 353) + 2(ba(s7 — 255) + 3bys; + nbg,
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and
by = ai + dao,

by = araz + 2ay,
be = a% + 4ag.

Vélu’s formulae also give explicit equations for the isogeny ¢ : (x,y) — (xm,yH),
but they are cumbersome to write down and we will not need them here.

Proof of Theorem 1.2.1. The representation of f is obvious: T%(ay,as,as) is al-
ready in Weierstrass form with a4, ag = 0.

Consider the case of C = T'(a1, as,as) with H = (P) an order 5 subgroup. Using
the elliptic curve addition law we see that H is the subgroup scheme of C' cut out
by the polynomial z(z + a2). Putting this data into Vélu’s formulae, we find that
C/H has Weierstrass form

y* + a1y + azy = ° + aga?
(1.2.2) + (5a%ay — 10a;az — 10a3)z
+ (atag — 2a3a3 — 12a3a2 + 1943 — a2)

from which our formula for ¢ follows. (I

1.3. Hopf algebroids for M}(5). Recall that a I'o(5)-structure (C, H) consists
of an elliptic curve C along with a subgroup H < C of order 5. Unlike the moduli
problem of T'y(5)-structures, My(5) is not representable by a scheme. Still, it is
the case that M;(5) admits a Cy = FZ-action such that Mg (5) is the geometric
quotient M1 (5)//F:. For g € FZ, g takes (C, P) to (C, [g]P) for g any lift of g in
Z. Similarly, we can write M}(5) = Mi(5)//FZ.

While it is typically easier to use this quotient stack presentation of My(5) and
MG} (5) (and this will be the perspective we will be taking in the computations later
in this paper), we will note that there is also a presentation of these moduli stacks
by ‘(r,s,t)’” Hopf algebroids. Let B! be as before and define

A= Blr,s,t]/ ~
where ~ consists of the relations
3r? = 2st + airs + aszs + a1t — 2asr,
2 =r3 4+ a2r2 —art — ast,
s8 = 73a155 +9rst + 3a234 — 3a%s4 + 4ts3
+ 20a1rs3 + 6a1a253 + 2a353 — allss3 + 6a1t52
—27r%s% — 18agrs® + 12a3rs® — 3a3s% + 3atags®
+ 3ajass® — 12rts — dasts + Za%ts — 33ay12s
— 20aqa9rs — 6azrs + a?rs — 3a1a§s — 2asass
+ a%ags + 42 — 2ay7t — 2aiaot + dast + 2703

+ 27agr? — 2a3r% + 9adr — atagr — ajazr.
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Theorem 1.3.1. The rings (B!, A!) form a Hopf algebroid stackifying to M}(5).
The structure maps are given by

=ay + 2s

3

R\G1

(
r(az) = ag +3r—s%—ays
(

3

)
)
Rag):ag—i—Qt—i—alr
Yr)=rel+ler
)
)

3

Y()=s®1+1®s
Pt =t@1+s5Qr+1t.

Proof. The reader will note that the structure maps are identical to those for the
standard Weierstrass Hopf algebroid (A,I"). The relations ~ are precisely those
required so that ¢, ;1 transforms T! (a1, az2,a3) such that a% + a% = ajaqas into
another homogeneous Tate normal curve. (|

There are forgetful and quotient maps on MJ(5) that on points take

My(5) L M
(C,H)— C
and
My(5) & M!
(C,H)— C/H.
(We elide the tangent vectors for concision.)

Corollary 1.3.2. The maps f and q on M}(5) are represented by
(4.0 L (1A
a ifi=1,2,3,
a; —
0 ifi=4,6

r,s,t—=r,s,t

and
(A,T) L5 (B!, AY)
a; ifi=1,2,3,
a; + < 5a%as — 10aaz — 10a3 if i =4,
ajas — 2a3az — 12a%a3 + 19a3 — a3 if i = 6.

r,s,t—r,8,1

Proof. This is a consequence of Theorems 1.2.1 and 1.3.1. g



10 MARK BEHRENS AND KYLE ORMSBY

1.4. The Atkin-Lehner dual. We will now compute the Atkin-Lehner dual
t: My(5) — M§(5).

Each Ty(5)-structure (C, H) can also be represented as a pair (C, ¢) where ¢ : C' —
C’ has kernel H. On points, the Atkin-Lehner dual takes

M(5) 5 MY(5)

(C, ) =~ (C,9)
where QAS is the dual isogeny to ¢.

We can lift ¢ to stacks closely related to M1(5). Recall ([11, §2.8]) that for each
T (5)-structure (C, ¢) there is an associated scheme-theoretic Weil pairing

(—,—)¢ s ker ¢ x ker$—> 145

Choose a primitive fifth root of unity ¢. For a T'y(5)-structure (C, P) let (C,¢p)
denote the associated I'g(5)-structure where ¢pp : C'— C’ is an isogeny with kernel
(P). If we work in M}(5)c, i.e. M}(5) considered as a Z[},(]-scheme, then there

is a unique @ € kerqg; such that (P, Q)4 = (. We define
te s Mi(5)¢ — Mi(5)¢
in the obvious way so that t-(C, P) = (C', Q).

The maps ¢t and t¢ fit in the commutative diagram

t
MI(5)¢ —= Mi(5)

L

Mi(5)¢ —= Mg(5)¢
where the vertical maps take (C, P) to (C, ¢p).

We can gain some computational control over ¢ via the following method. First, re-
call from Corollary 1.1.10 that for each homogeneous Tate normal curve T (a1, as, az)
there is a unit u such that ay = u(a; — u) and a3 = u?(a; — u). Abusing notation,
denote the same curve by T (a1, u), and let H denote the canonical cyclic subgroup
of order 5 generated by (0,0). The defining polynomial for H is z(x + u(a; — u)).
Denote the isogeny with kernel H by ¢. Note that the range of ¢ is the curve C/H
given by Vélu’s formulae in (1.2.2).

Using the computer algebra system Magma, we can determine that the kernel of 5
is the subgroup scheme determined by

1
fi=a*+ (a2 — ayu+u?)z + 5((141l —Tadu — 11a3u® + 47a1u® — 29u*).
Then over the ring R := Z[}, (][a1, u*] the polynomial f splits and we find that

~

(ker ¢)(R) = {00, (20, ¥00), (0, Yo1), (1, Y10), (T1,%11)}
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1
5)
_|_

where
é(C?’ +¢* = 2)ai + %(96’ +9¢% 4+ Naju + 5( 11¢% — 11¢% — 8)u?
T = é( P —¢*—3)af + 5( 9¢* —9¢* — 2)aju + - (11(3 +11¢% + 3)u?
oo = 5 (C* + 20+ 2)al + £((O+ ¢ +17¢ + S)adu
+ %(943 —29¢% — 31¢ — 14)au® + é(—n@ +22¢% 4+ 11¢ + 8)u?
Yo1 = %(—& —2¢% —20)a3 + %(—10(3 —16¢* — 17¢ — 12)atu
+ %(2@ +40¢% + 31¢ + 17)au® + = = (11(3 22¢% —11¢ — 3)u?
Y10 = %(2C3+C+2) 7(16(3 — 2+ 6¢ +4)adu
+ %( 40¢% — 9¢% — 38¢ — 23)au® + - (22g3 4+ 11¢% 4 33¢ + 19)u?
y11 = (- + =+ 1)a} + g(—7@“" +10¢2 — 6¢ — 2)aiu
1
5

1
(29¢% — 2¢% + 38¢ + 15)a1u” + g(—22g3 —11¢% — 33¢ — 14)u®

Choose (g, o) as a preferred generator of H. Let ¢/ = ((0,0), (%0, Y00))s. Then
applying the method of Theorem 1.1.1 we can put (C/H, (g, yoo)) in homogeneous
Tate normal form. What we find is a curve T (7, (a1),t% (u)) with

téar) = %(—8@“3 6¢% —14¢ — Tay + - (14(3 2¢% +12¢ + 6)u,
(1.4.1)
té(u) = %( ¢ —7¢—8C—4)ay + - (8<3 +6¢% +14¢ + T)u.

Remark 1.4.2. We could produce similar formulas for any of the (x;, y;;) and these
would correspond to different choices of ¢’ for the Atkin-Lehner dual on T'y(5)-
structures. The applications below will be invariant of this choice.

Equation (1.4.1) permits a description of the Atkin-Lehner dual on the ring of
I'y(5)-modular forms. For a congruence subgroup I, let M F(T") denote the ring of
I'-modular forms. Let MF(T'1(5)); denote the ring of I';(5)-modular forms over
the ring Z[%, ¢]; it is isomorphic to Z[%, (Jla1,u*, A71]. Then

MF(Do(5)) = (MF(Iy(5)§)"s

where Gal dentoes the copy of FZ acting on coefficients.

Theorem 1.4.3. The map t* : MF(T'¢(5)) - MF(T'¢(5)) induced by the Atkin-
Lehner dual is the restriction of the unique map on MF(I'1(5)¢) determined by
(1.4.1).
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2. THE HOMOTOPY GROUPS OF TMF,(5)

By étale descent along the cover
Mi(5) = My(5)//F5 = Mo(5).

we have TMF(5) ~ TMF;(5)"Fs . Hill, Hopkins, and Ravenel [9] computed
7 TMF((5) using the homotopy point spectral sequence

Eyt = H¥(FZ;m TMF,(5)) = 7 TMFq(5).

As this computation is not yet available in the literature, we reproduce it in this
section.

2.1. Computation of the FEs-term. Consider the representation of M;(5) im-
plicit in Corollary 1.1.10. In the context of spectral sequence computations, we will
let z = w and let y = a; — u. Let o denote the reduction of 2 in F;' a generator.
Then the action of FZ on 7, TMF1(5) = Z[1/5,z,y, A™'] is determined by

oc-T=y
(2.1.1)
o-y=—x.

(This is computed by putting the T'y(5)-structure given by x, y, and the point
[2] - (0,0) in Tate normal form.) The discriminant is given by

A =%y (v + 1oy — 2%),
so = and y are invertible in 7, TMF;(5) as well.

Proposition 2.1.2. The Es-term of the homotopy fixed point spectral sequence
for TMFy(5) is given by

H*(F;vﬂ—* TMF1(5)) = Z[1/5} [bQ, b4» 5a nv,v, 53 Ail]/ ~

where A = §2(bs + 115) and ~ consists of the relations

2 2 2 v =0,
b4 = b25 — 45 B b2U _ 0’
2n =0,
QZ:O bat = 01,
’ vy =0,
2y =0, ) )
4 =0 ba€ = b3E + 20€ + by,
2 ’ b4l/ = O,
ve = 2¢,

bay = (ba + 6)ban,

2 2 2
7= = (b3 +0)n°,
2 Ybo = (b3 + bs).
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FIGURE 2.1.1. The Fs>-term of the homotopy fixed point spectral
sequence for TMF((5)

The generators lie in bidegrees (t — s, s):

Figure 2.1.1 shows a picture of the the subring of the FEs-term of the homotopy
fixed point spectral sequence for TMF(5) with ¢ not inverted. Here and elsewhere
in this paper, we use boxes [J to represent Z’s (or Z[1/5]’s in this case), filled circles
e to represent Z/2’s, and open circles o to represent Z/4’s.

Proof. This is a rote but fairly involved calculation following from (2.1.1). Let
R = Z[1/5,A%]. The first step is to determine the structure of 7, TMF;(5) as a
R[FZ]-module.

We begin by setting some notation for R[Fy|-modules. With a slight abuse of
notation, let R denote the R[FX|-module with trivial action, let R(—1) denote R
with the sign action o-n = —z, let 7 = R? with the twist action o - (m,n) = (n,m),
and let ¢ = R? with the cycle action o - (m,n) = (n, —m). Then we have
TT8n TMF1(5) = T{m4na x4n71y7 cee ,x2n+1y2n71} @ R{xQnyQ'n}’
Rona TV, (5) = @42, g7y, | a2y g R(-1) {24y,
Tango TMF(5) = {1 2%y, . 2" Ty},
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We can now see that
by = 2% + ¢,
by 1= 2%y — xy®,
§ = a%y?
generate (m, TMF;(5))Fs = HO (F3;m TMF;(5)) as an R-module, with relation
b2 = b2 — 46

(Warning: The by and b4 here are not related to the by and by mentioned in relation
to Vélu’s formulae.) Note that § is almost a cube root of A: we have

A = §2(by + 110).

To compute the higher cohomology of 7, TMF;(5) we begin by noting that

H*(F3; R) = R[B]/48,
H*(F5; R(-1)) = R[B]/28(1],

H*(F357) = R[B]/28,

H*(F5';4) = R[]/26(1]

where 8 has cohomological degree 2, [1] denotes a cohomological degree shift by 1,
and each cohomology ring has the obvious H*(F:; R)-module structure. We define

n € HY(F5; 2{x,y}),

v e HY(FX; Z{zy}),

v € HY(F5: Z{2®,y°})
to be the unique non-trivial elements in their respective cohomology groups, and
define

€ = By = 6.

From this description we can verify that the ring in the proposition has the correct
additive structure and it remains to show that the multiplicative relations hold.

Note that the relations in ~ give the correct additive structure of H*(F:; . TMF;(5))
and hence there are no other relations. While some of these relations follow from
simple dimensional considerations or the additive structure, many of them can be
checked explicitly on the cochain level. To this end we have the following 1-cochain
representatives, whose values on o’ € FJ are displayed below.

g ‘ 1 o o? o3
ng) |0 = x+y y
v(g) |0 xy 0 xy
g) [0 2 2P+’ P

Each of these 1-cochains ¢(g) satisfies the 1-cocycle condition
(60)(91,92) = 910(92) — d(9192) + ¢(g2) = 0.

We also record a 2-cocycle 8(g1,g2) which represents §; its values on (g1,¢2) are
recorded in the following table.
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&\ |1 o o of
1 00 0 O
o 00 0 1
o? 0 0 1 1
o> |0 1 1 1

Recall for 1-cocycles ¢(g) and ¢ (g), the explicit chain-level formula for the 2-cocycle
» U1 (see for instance, [1]):

(@ UY)(g1,92) = (9190(g2))1(g1)-

With these explicit cochain representatives, the desired relations may be checked
(when they are not already obvious from dimensional considerations). To illustrate
this, we prove the relation by& = b3¢ + 25¢ + dny. Since § is invertible, to prove
ba€ = b3E + 20¢ + 6ny it suffices to establish the relation by = b33 + 268 + 1y, or
equivalently (since all of these elements have order 2)

v + B(bs + b3 — 26) = 0.

Using our explicit cochain representatives, we compute that 7y + B(by + b3 — 20)
is represented by the 2-cocycle ¥(g1,¢g2) whose values are given by the following
table.

e\ |1 o o? o3
1 0 0 0 0
o 0 23y —zt —xy? 2t + 23y — xyd
a2 |0 —x* 4+ 23y —2xy° vt + 23y
o |0 By—azydtyt 2t —axyd 2t 2By 4oyt

This 2-cocycle is seen to be the coboundary of the following 1-cochain ¢:

O

2.2. Computation of the differentials and hidden extensions. The following
sequence of propositions specifies the behavior of the homotopy fixed point spectral
sequence

(2.2.1) H*(F ;7 TMF(5)) = m—s TMF((5)
culminating in Theorem 2.2.12, a complete description of 7, TMF((5).

Let M(5) denote the moduli space of elliptic curves with full level structure, and
TMF(5) the corresponding spectrum of topological modular forms. Utilizing the
following portion of [11, Diagram 7.4.3]:
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(where B is the Borel subgroup of upper triangular matrices), the spectrum TMF(5)
has an action of GLs(F5), and we have

TMF ~ TMF (5)"¢L2(Fs)
TMF,(5) ~ TMF(5)"5.

Lemma 2.2.2. The transfer-restriction composition

7, TMF 2% 7, TMF,(5) = 7, TMF

is multiplication by [GLy(F5) : B] = 6.

Proof. The theorem is true on the level of homotopy fixed point spectral sequence
FEs-terms: the composite

H*(GLs(Fs); m TMF(5)) == H*(B;m, TMF(5)) = H*(GLo(F5); 7 TMF(5))

is multiplication by [GL2(F5) : B] = 6. Since there are no nontrivial elements of
Es! with t —s = 0 and s > 0, it follows that the transfer-restriction on the unit
1rmr € mg TMF is given by

Tr Res(lTMF) =6- ]-TMF-
We compute, using the projection formula, that for a € 7, TMF, we have
TrRes(a) = TrRes(a - Irmr) = Tr((Resa) - Irmrys)) = a - Tr(lrmr,(s)) = 6 - a.
O

We deduce the following corollary.

Corollary 2.2.3. Suppose that z € 7, TMF satisfies 2z # 0, then Res(z) in
7« TMF(5) is nonzero. Morover, if z has Adams-Novikov filtration s;, and 2z
has Adams filtration ss, then the Adams-Novikov filtration s of Res(z) satisfies
s1 <5< 89,

We may now begin computing differentials in the homotopy fixed point spectral
sequence (2.2.1).

Proposition 2.2.4. In the homotopy fixed point spectral sequence (2.2.1), Fy =
E3 and the ds-differentials are determined by
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FIGURE 2.2.1. The ds-differentials in the homotopy fixed point
spectral sequence for TMFq(5).

dsbs = 1°,
de = 57177523
dgy = 6~ 'my€.

Figure 2.2.1 shows the d3 differentials in the homotopy fixed point spectral sequence
for TMF(5). While most terms involving 61 are excluded, those depicted are
shown in gray.

Proof. First note that dza?h; = hj in the Adams-Novikov spectral sequence for
TMF (we use the notation of [2]). Under the restriction map TMF — TMF,(5),
this differential maps to dsbyn = n*, from which it follows that dsby = 7°.

By Corollary 2.2.3, 2v must be detected in the homotopy fixed point spectral se-
quence for TMF(5) in Adams-Novikov filtration between 1 and 3. Since 2v = 0
in the Fs-page, it follows that in fact the filtration has to be between 2 and 3, and
the only candidates live in filtration 3. Given the differential in the previous para-
graph, the only possible candidate to detect 2v in TMFq(5) is §~1v&; moreover,
the class representing 2nv, i.e. = nv¢, must die in the spectral sequence. This is
only possible if dzy = 6~ 1nyE.

Since §~1~¢ is a permanent cycle, we have

0 =dsd "¢ = (ds6 &)y — 6 '¢(ds).
Hence d3& = €2 O

Figure 2.2.2 shows the resulting Fj-term in the homotopy fixed point spectral
sequence for TMFq(5). Terms involving §—! are excluded on the 0, 1 and 2-lines,
and in lines greater than 2 are shown in gray.



18 MARK BEHRENS AND KYLE ORMSBY

10 —

FIGURE 2.2.2. The E; = FE5 term in the homotopy fixed point
spectral sequence for TMF(5).

In the following sequence of propositions, we will establish the rest of the dif-
ferentials in the homotopy fixed point spectral sequence. Figure 2.2.3 displays
these differentials. In this figure, the gray patterns represent the (infinite rank)
bo-patterns.

Proposition 2.2.5. In the homotopy fixed point spectral sequence for ,, TMFq(5),
FE, = E5 and the ds-differentials are determined by

dsd = 51 we?.

Proof. The element & € myS is in the Hurewicz image of TMF. In the Adams-
Novikov spectral sequence for TMF, ds A = vRK. Since

Res(A) = 62(by + 116),
Res(R) = 6¢2
we deduce that
V€% = ds (62 (by + 116))
= 25d5(8)(bs + 110) + 62d5(bs) + 116%d5(0)
= 20byds5(8) + 330%d5(8) + 0%ds(bs).

Since the only available class for d5(0) to hit is 2-torsion in the E5-page, we deduce
that

62d5(0) + 62ds5(bs) = V&>
and one of the following different scenarios occurs:
Casel: d5(0) =0 'we?and ds(by) = 0,
Case2: ds(0) = 0andds(by) = 6 ‘v
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FIGURE 2.2.3. The E4 term in the homotopy fixed point spectral
sequence for TMF(5) with d,-differentials, r > 4.

In case 2, we can multiply by the permanent cycle Res(&) = d¢2 to deduce
ds(b40€%) = vet.
However, using the relations Proposition 2.1.2, we have
by08? = 830t + 20%¢% + 52y,

Since §%n* = §26yn = 0 in E3, and since §2£2 persists to the Es-page, it follows
that v€? is 2-divisible in Ej, which is not true. Thus “Case 2” above is actually
impossible, and we must be in “Case 1.” We deduce that

dsd = 51 we?.
O

Proposition 2.2.6. In the homotopy fixed point spectral sequence for m, TMF(5),
FE¢ = FE7 and the dr-differentials are determined by

d725 = 5727637
d7(52 = (5_1’753.

Proof. For the first differential, note that 2vE& is 0 in 7, TMF, from which we deduce
that the class represented by d~1v¢& is 0 in m, TMF(5) via the restriction map.
The element v¢2 detects this class, so it must be the target of a differential, and
the only (not necessarily exclusive) possibilities at this point are:

Case 1:  d7(20°%) = €3,
Case 2:  d7(62"bub3"), for somei > 0,

Case 3:  d7(627b3'2), for somei > 0.
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Multiplying by the permanent cycle Res(ik) = 6£2 Cases 2 yields
d7(8°~ b3 + 2047 €23 4 61 Eyn) £ 0
This is a contradiction because
Figtp2 = 26171221 = §4ieny = 0

in the Er-page. Therefore Case 2 cannot occur. Similarly, multiplying Case 3 by &
gives
dr(8°"b3'n") # 0,

again a contradiction. We conclude that Case 1 must hold. It follows that d7(20) =
07262

To establish the other d7 differential, note that the restriction map TMF — TMF(5)
takes 2vA to 2vA which is nonzero in m, TMF(5). Since 2vAR = 0 € m, TMF,
we know 2vAR = 0 € m, TMF((5). The element v£36% detects this class. It follows

that §~1v¢ must be the target of a differential, and by an argument identical to that
of the previous paragraph implies that the only possibility is d76% = §~1~£3. O

To handle the next round of differentials we will need the following lemma.

Lemma 2.2.7. The Hurewicz image of the element x in w4 TMF is restricts to
a non-trivial class in w14 TMF((5), detected by v26 in the homotopy fixed point
spectral sequence.

Proof. Applying Corollary 2.2.3 to the class A*k € 7119 TMF of order 4, we find
that Res(A*k) is non-trivial, and detected in the homotopy fixed point spectral
sequence by a class in filtration between 4 and 14. Given our ds-differentials, the
only candidate is 263, Since Ej is d-periodic, and since  is detected in filtration
2 in TMF, it follows that on the level of Ey pages x restricts to ©25. The lemma
follows, since v2§ is not the target of a differential. O

Proposition 2.2.8. In the homotopy fixed point spectral sequence for 7, TMFq(5),
FEs = E9 = E1¢p and the dy;-differentials are determined by

di1 (7€) = 67*¢".

Proof. In m, TMF we have &3k = 0. The restriction of this element in TMF(5) is
detected in the homotopy fixed point spectral sequence by §%¢7, so the latter must
be the target of a differential. The only possibility is di1(687¢) = §4¢7. Since §*
persists to the Eq1-page, and there are no non-trivial targets for dq;(6%), it follows
that Eq; is d*-periodic, and the proposition follows. ([l

Proposition 2.2.9. In the homotopy fixed point spectral sequence for 7, TMFq(5),
F15 = F13 and the dy3-differentials are determined by

d13((51/f) = (5_458,

d13(531/2) = 5721/57.
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Proof. In m, TMF we have K% = 0. Since Res(k°) is detected by §5¢!2 in the
homotopy fixed point spectral sequence for TMF(5), the latter must be the target
of a differentials. Since £65¢'? is non-trivial in E1g3, if d,.(x) = 6°¢12 it must be the
case that & -z # 0. The only such candidate is

s (6110E) = 55¢12.
Dividing by &2, it follows that we have

di3(6%v€) = 548,
Since d* persists to Fy3 with no possible targets for a non-trivial dy3(d), it follows

that
dig(0v€) = 5%

The differential di36%v2 = 6 2v€7 actually follows from the differential above,
though perhaps not so obviously, so we will explain in more detail. The element £3v
persists to the F13-page, and there are no possibilities for it supporting a non-trivial
dy3-differential. However, by the previous paragraph,

Ry = 64y = di3(0%¢"?) £ 0 € Eys.
Dividing by &2, we get
di3(6"v?) = 6%¢"y
and thus
di3(63v?) = 672w
O

This concludes the determination of the differentials in the homotopy fixed point
spectral sequence, there are no further possibilities. We now turn to determining
the hidden extensions in this spectral sequence. To do this, we will recompute
7 TMF((5) using a homotopy orbit spectral sequence. This different presentation
will turn out to elucidate the multiplicative structure missed by the homotopy fixed
point spectral sequence.

The Tate spectral sequence
H*(FZ;m TMF,(5)) = m_, TMF; (5)5

can be easily computed from the homotopy fixed point spectral sequence — one
simply has to invert £&. A picture of the resulting spectral sequence (just from Ej
and beyond) is displayed in Figure 2.2.4.

Note that everything dies in this spectral sequence. Therefore, we have established
the following lemma. (There may be other more conceptual ways of proving the
following Lemma — for instance, it is well known to hold K (2)-locally, and the
unlocalized statement might follow from the fact that M1(5) — My(5) is a Galois
cover).

Lemma 2.2.10. The Tate spectrum TMF; (5)%F5 is trivial, and therefore the norm
map

N : TMF (5),5x — TMF; (5)"F5

is an equivalence.



22 MARK BEHRENS AND KYLE ORMSBY

FIGURE 2.2.4. The E; term in the Tate spectral sequence for
TMF, (5)"F5 with d,-differentials, r > 4.

Thus the homotopy groups of 7, TMF1(5)hF5x = 7. TMF((5) are isomorphic to

7, TMF; (5)"¥5 as modules over 7, TMF. However, these 7, TMF-modules are
computed in an entirely different way by the homotopy orbit spectral sequence

HS (F; s Tt TMF1(5)) = Tg4t TMFO(5)

Nevertheless, the homotopy orbit spectral sequence (with differentials) can be com-
puted by simply truncating the Tate spectral sequence (and manually computing
Hy where appropriate). The resulting homotopy orbit spectral sequence is dis-
played in Figure 2.2.5. As with our other spectral sequences, we are displaying
the E4-page, with all remaining differentials. The (infinite rank) bo patterns are
displayed in gray.

There are many hidden extensions (as m TMF modules) in the homotopy orbit
spectral sequence (HOSS) which are not hidden in the homotopy fixed point spectral
sequence (HFPSS). Since mo TMF((5) is seen to be torsion free in the HFPSS,
there must be additive extensions as indicated in Figure 2.2.5, and 1 € mg TMF((5)
must be detected on the s = 12 line. Since the HFPSS shows 7, n?, and v are
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FIGURE 2.2.5. The E; term in the homotopy orbit spectral se-
quence for TMF(5),px with d,.-differentials, r > 4.

FIGURE 2.2.6. The hidden extensions in the homotopy fixed point
spectral sequence for TMF(5).

nontrivial in m, TMF(5), there must be corresponding hidden extensions in the
HOSS. Multiplying these by & in the HOSS yields hidden n and 7? extensions
supported by k.

We will now deduce the hidden extensions in the HFPSS from multiplicative struc-
ture in the HOSS. The resulting extensions are displayed in Figure 2.2.6.

Since nk and 1%k are seen to be be non-trivial in 7, TMF((5) using hidden exten-
sions in the HOSS, we obtain corresponding new hidden extensions in the HFPSS.
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With the one exception 7 -§2+&, all of the other hidden extensions displayed in Fig-
ure 2.2.6 follow from non-hidden extensions in the HOSS. The remaining extension
is addressed in the following lemma.

Lemma 2.2.11. In the homotopy fixed point spectral sequence for TMF(5), there
is a hidden extension

n-0%yE =610

Proof. Observe that since v? is non-trivial in 7, TMFy(5), and in 7, TMF we have

v3 = ne, it must follow that e is detected by §72¢* in the HFPSS. Thus &e is
detected by §~'¢6. However, Re is n-divisible in 7, TMF. It follows that it must
also be n-divisible in 7, TMF((5), and the hidden extension claimed is the only
possibility to make this happen. O

Theorem 2.2.12. The homotopy groups 7. TMF(5) are given by the following
§*-periodic pattern.

im‘ '

n&%
n I 48®
. &, u] &k = K’
v o

450

v

3. Q(¢)-SPECTRA

We now begin working with the Q(¢) spectra in earnest. We review the definition
of Q(¢) in 3.1 and in 3.2 recall the double complex that computes the Fa-term of
its Adams-Novikov spectral sequence.

In previous sections we have focused on data for Q(5) but in 3.3 we review formulas
of Mahowald and Rezk from [14] related to Q(3). Finally in 3.4 we recall the
formuals of Section 1 in forms that will be useful in subsequent calculations.

3.1. Definitions. In [3], the p-local spectrum Q(¢) (p t £) is defined as the total-
ization of an explicit semi-cosimplicial F4,-ring spectrum of the form

Q0)* = (TMF = TMF, () x TMF = TMFO(E)).

The coface maps from level 0 to level 1 are given by:

dO:q*Xw[>
dlzf*X:l,
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and the coface maps from level 1 to level 2 are given by

do = t* oy,
*

dy = f*omy,

d2:ﬂ-23

where 7; are the projections onto the components. These maps are induced by the
maps of stacks

P MY MY (CL0) - (CL LT,
[ M) = M, (C,H,v) — (C,7),
q: My(l) = M, (C,H,v)— (C/H, (¢m).1),
t: MJ() — M(0), (C,H,T) — (C/H,H,(¢n).7),

where ¢z : (C,H) — C/H is the quotient isogeny. The map ¢*: MF, — MFj is
analogous to an Adams operation, and acts by multiplication by ¢*. Formulas for
f*, q*, and t*, on the level of modular forms are typically computed differently for
different choices of ¢, and are more complicated.

3.2. The double complex. As done in the special case of £ = 2 and p = 3 in
[3], one can form a total cochain complex to compute the Fs-term for the Adams-
Novikov spectral sequence for Q(¢). Let (A, T") denote the usual elliptic curve Hopf
algebroid, and let (B(¢),A'(¢)) denote a Hopf algebroid which stackifies to give
M), Let Ci(A), C}’;I(E)(Bl) denote the corresponding cobar complexes, so the
corresponding Adams-Novikov spectral sequences take the form

Ey% = HY (M, w®') = H*(C{(A)2) = m2—s TMF,

By = HY(Mo(0), ™) = H*(Cis i (B (0))21) = mae—s TMFy (0).
Corresponding to the cosimplicial decomposition of Q(¢) we can form a double
complex C**(Q(¢))

(3.2.1)

A) —— O (BY(0) & CR(A) —— C%, ) (BH () — -

Let C},.(Q(¢)) denote the corresponding total complex. Then the Adams-Novikov
spectral sequence for Q(¢) takes the form

B3 = H* (Clp(Q(0)21) = 71— Q0.
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3.3. Recollections about Q(3). Mahowald and Rezk [14] performed a study of
the explicit formulas for Q(3) similar to our current treatment of Q(5). We sum-
marize some of their results here for the reader’s convenience.

The moduli space M1(3) is represented by the affine scheme Spec(B*(3)) with
BY(3) =Z[1/3,a1,a3, A™"]
with
A = aj(a} — 27a3).
The corresponding universal 'y (3) structure is carried by the Weierstrass curve
y> + arzy + asy = o

with point P = (0,0) of order 3. The G,,-action on M}(3) induces a grading on
B1(3), for which a; has weight 4. It follows that

7. TMF,(3) = Z[1/3, a1, a3, A™]
with topological degrees |a;| = 2i. The spectrum TMF;(3) admits a complex

orientation with v1 = a7 and vy = as.

The group F3 = {£1} acts on M}(5) by sending an R-point (C, P) (where P is a
point of exact order 3 on C) to the R-point (C,[—1](P)). This induced action of
F; on the ring B1(3) is given by

We have

and hence an equivalence
TMFy(3) ~ TMF, (3)"F5 .
The resulting homotopy fixed point spectral sequence takes the form
H*(F5 ;7 TMF1(3)) = m—s TMF((3).

In particular, the ring of modular forms (meromorphic at the cusps) for I'g(3) is
the subring

MF(Ty(3)) = H*(F5; MF(T'1(3)) = Z[1/3,a3, ara3, a3, A™'] € B'(3).
Mahowald and Rezk also compute the effects of the maps
¢, [ A= B'(3),
t* : B(3) — B'(3)

as
[ (a1) = ax, q"(a1) = ay,
f*(a2) =0, q*(az) =0,
f*(az) = a3, q"(az) = 3as,
f*(as) =0, q"(as) = —6ayas,
f*(as) =0, q*(as) = —(9a3 + afay),
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t*(a?) = —3a?,
* 1 4
t*(ara3) = §a1 —9a1as,

1
t*(a3) = —ﬁa? + 2a%a3 — 27a3.

3.4. The formulas for Q(5). The moduli space M} (5) is represented by the affine
scheme Spec(B!(5)) with
B'(5) = Z[1/5,a1,u, A"
with
A = —11u'? + 64a1utt — 154a3u™® 4 195a3u” — 135a7u® + 46a5u” — 4aSu® — alu®.
The corresponding universal I'; (5) structure is carried by the Weierstrass curve
v? + arzy + (a1u? — )y = 23 + (au — u?)2?

with point P = (0,0) of order 5. The G,,-action on Mj(5) induces a grading on
B1(5), for which a; and u both have weight 1. It follows that

7. TMF1(5) = Z[1/5,a1,u, A™"]
with topological degrees |a;| = |u| = 2. The spectrum TMF;(5) admits a complex

orientation with v; = a; and vy = u® mod (2,v1).

The group FZ = Cy acts on M} (5): for 51 n, the mod 5 reduction [n] € FX acts
by sending an R-point (C, P) (where P is a point of exact order 5 on C) to the
R-point (C, [n](P)). This induced action of the generator [2] of F: on the ring
BL(5) is given by
[2](a1) = a1 — 2u,
[2](u) = a1 — u.
These have the more convenient expression
[2)(u) = b1,
2](b1) = —u
where by := a1 — u. We have
M;(5) = Mi(5)//F5
and hence an equivalence
TMFy(5) ~ TMF; (5)"F5 .
The resulting homotopy fixed point spectral sequence takes the form
H*(F};m TMF (5)) = m_, TMF,(5).
In particular, the ring of modular forms (meromorphic at the cusps) for T'g(5) is
the subring

 Z[1/5,by, ba, 5)[A7Y]

MF(To(5)) = H(F5s MF(I'1(5)) = (07 = byo — 457) C B'(5)
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where
by == u’ + b%,
by = u’by — ub:{’,
§ = ub3.

Note that d is almost a cube root of A; we have

A = 116% 4 §2%bs.

The effect of the maps
¢, " A— B'(5),
t*: BY(5) — B(5)

= —10u* 4 30a,u® — 25a3u* + 5adu,

= —20u’® + 59a;u® — 70a3u* + 45a3u® — 15a u® + aju,

t*(a1) = =(—8¢3 — 6¢% — 14¢ — T)ay + %(1443 —2¢% +12¢ + 6)u,

(—¢3—=7¢% - 8¢ —4)ay + %(8(3 +6¢% +14¢ + T)u.

(SN

In the formulas for t*, we use ¢ to denote a 5th root of unity. This results in the
following formula for f*, ¢*,t* on rings of modular forms:

f*(cq) = b3 — 12by + 126, q*(c4) = b3 + 228by + 4926,
f*(ce) = —b3 + 18bgby — 72b20, q*(ce) = —b3 + 522boby + 10, 008b20,

t*(by) = —5ba,
1
t*(by) = g(111)3 — 117by — 889),

1
t*(0) = 5(193 — 22by + 1175).

4. DETECTION OF THE f3-FAMILY BY Q(3) AND Q(5)

The Miller-Ravenel-Wilson divided S-family [15] is an important algebraic approxi-
mation of the K (2)-local sphere at the prime 2. It was computed for the prime 2 by
Shimomura in [16]. Here we use the standard chain of Bockstein spectral sequences
and the formulas of 3.3 and 3.4 to compute algebraic chromatic data in the Q(3)
and Q(5) spectra. These are compared to Shimomura’s calculations, resulting in
Theorems 4.2.2 and 4.2.4. The surprising observation is that Q(3) precisely detects
the divided S-family, while the analgous family in Q(5) has extra v;-divisibility.
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4.1. The chromatic spectral sequence. Following [15], given a BP,-module N,
we will let
Min_iN = N/(p, - vim1,07, 7'U7C:O—l)[v;1]'
If N is a BP,BP-comodule, then so is M *N. Letting Ext**(N) denote the
groups
EXtE}kJ*BP(BP*v N)a
there is a chromatic spectral sequence
EP*' = Ext*"(MJN) = Ext*T™!(N).
The groups Ext"* (Mg BP,) detect the nth Greek letter elements in Ext**(BP,).

The FEi-term of this spectral sequence may be computed by first computing the
groups Ext™*(M?) and then using the v;-Bockstein spectral sequences (BSS) of
the form

Ext™* (M]'7""'N) @ Fp[vs]/(v5°) = Ext™* (M °N).

4.2. Statement of results. For the remainder of this section we work exclusively
at the prime 2. Shimomura used these spectral sequences to make the following
computation.

Theorem 4.2.1 ([16]). The groups Ext”(MgBP,) are spanned by the elements:

1
S j>landk < k(j);
2kv?
v 2+tm, k <k(j), and
2kyd -

o a(l), k=3n=2,
I = a(n —k+1), otherwise,

where
. 1, j#0 mod 2,
k(j) = . T
va(j)+2, =0 mod 2,
and
1, i=0,
a(i) == 1 2, i=1,
3.2i-1 §>2

The ‘names’ v% / 2’“1){ are not the exact names of B P, BP-primitives in MgBP*, but
rather the names of the elements detecting them in the sequence of BSS’s:

- Fa[vg, v1] 2% Fa[vo] ¥
Ext**(M{BP,) ® 0000 = Ext™*(M{BP,) ® (o) = Ext™*(MZBP,).
0 Y1 0

Put a linear order on the monomials vv? in Fy[vf, v1] by left lexicographical order-
ing on the sequence of exponents (k, 7). With respect to this ordering, the actual
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primitives correspond to elements

1
U

Y + terms with smaller denominators.
U1

The main theorem of this section is the following.

Theorem 4.2.2. The map
Ext’(MZBP.) — HO(M3Ci,,(Q(3)))

is an isomorphism.

Remark 4.2.3. Tt was observed by Mahowald and Rezk [14] that the map
Ext’(M}BP.) — HO(M} Ci,y (Q(3)))

is an isomorphism.

However, the same cannot hold for Q(5). Indeed, the following theorem implies it
does not even hold on the level of M.

Theorem 4.2.4. The map
Ext’(M{ BP.) — H°(M{C},,(Q(5)))

is mot an isomorphism.

4.3. Leibniz and doubling formulas. The group H°(MZC},,(Q(¢))) is the kernel
of the map
do—d
Mg Crop(Q(0)) === Mg Cioy(Q(0))
where dy and d; are the cosimplicial coface maps of the total complex. Explicitly,
we are applying Mg to the map

(nr—nL)®(¢" =)@ (' -1)

Dyot + Az NP Bl(f)(g) @ Ag)-
The projection of D;,; onto the last component is very easy to understand; it is
given by
Yp—1:A4— A
As long as ¢ generates Zy /{£1}, in degree 2t the map ¥* — 1, up to a unit in Z(Xz),

corresponds to multiplication by a factor of 28(Y). It therefore suffices to understand
the composite D of Dy, with the projection onto the first two components:

(nr—nr)®(@"—f")

D : A(2) P(g) D Bl(f)(g).

We shall make repeated use of the following lemma about this map D.
Lemma 4.3.1. The map D satisfies the following two identities.
(4.3.2) D(zy) = D(z)nr(y) + zD(y),

(4.3.3) D(x?) = 22D(x) 4+ D(x)?.

Here, T is given the A-module structure induced by the map 7z, and B!(3) is given
the A-module structure induced from the map f*. Consequently, we have

(4.3.4) D(zy) = xD(y) mod (D(x)).
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Proof. These identities hold for any map D = dy — d; : R® — R!, the difference of
two ring maps:

(ff:y) = do(2)do(y) — di(x)d1(y)
(do(y) — di(y)) + (do(z) — di(2))do(y)
D(y) + D(z)do(y)-
D(2?%) = do(x)? — dy(x)?
= (do(x) — dy(x))? + 2do(x)dy (x) — 2d; (z)?
= D(x)* + 2d,(2)D(x).

Observe that using the fact that a; = vy, there are isomorphisms
L(o) = Zo[v1][az, a3, as, ag, v, s, ][A7],
B'(3)) = Ziay o ][as][A 1),
B(5)(2) = Lz [v1][u][AT].

Express elements of I'2) (respectively, B'(3)(2), B'(5)2) “(2,v1)-adically” so that
every element is expressed as a power of the discriminant times a sum of terms

¢ ki
A E E 2%v] ey, 4
k>0 j>0

for £ € Z and cx,; € Falag,as,a4,a6,1,5,t] (respectively Falas]), Falu]). We shall
compare terms by saying that

2kpdcs is 1 th ok '
1¢jk is larger than vy Cjr g

if (k,7) is larger than (&', j') with respect to left lexicographical ordering. We shall
be concerned with ordered sums of monomials of the form:

vi¢q i, + terms of the form v]cy ; with j > i
+2vil c1,i, + terms of the form Qv{'cw with j > iy
+4v{ ¢y 4, + terms of the form 4v{cz,j with j > iy
NI

+2"in e, 5 4 larger terms

for (ip > 41 > --- > iy) and n > 1. Note that we permit the coefficients ¢y ;, to be
zero. We shall abbreviate such expressions as

Uiocol‘o-i-"'
—1—21)1 Cli, + -
-|-41)1 Coiy T
NI
—|—2"v1 Cnyiy, 00

The following observation justifies considering such representations.
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Lemma 4.3.5. Suppose that z € Ay) satisfies
D(z) =vioco iy + -
+ 2vilcu1 + -
+dviPe i, + -
+...
+ Z”Ui"cmin + -
Then we have
D(a?) =ufc, + -+
+ QUioco,iOx + -
+ 41)%101’1'1.% + e
+ 81);202712:17 4+
4o

+ 2n+1fl)§_ncn,in$ + .

(4.3.6)

and for m odd we have
D(z™) =vi0cy ox™ 1 + - -
+ 2vitey 2™ 4
(4.3.7) b dvizey ™
_|_ e

+ 2"t e, ™

Proof. The identity (4.3.6) follows immediately from (4.3.3). We prove (4.3.7) by
induction on m = 25 + 1. Suppose that we know (4.3.7) for all odd m’ < m. Write
j = 2ts for s odd. Then by the inductive hypothesis, and repeated applications of
(4.3.6), we deduce that

D) =tfoch s, -+
+ 200 ],
+ 41}120’2712 4
_|_ ‘e
+2Mie,
Applying (4.3.6), we have
D) =1 (ch,)? 4+
+ 21);'00{)71-0:&' +-
+ 4vil c'l,ilrj 4+
+ 8vPch @l 4
+ PN
/

+ 2n+1vincn,inl’j 4+ ..
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It follows from (4.3.4) that we have
D(z¥+Y) = D(2¥ ) :U§0607i0x2j N
+ 21}? clvilxzj + e
+ 4U§202,i2x2j + -
4.
+ 2"t ey o

d

4.4. Overview of the technique. The technique for the proof of Theorem 4.2.2
is as follows (following [15] and [16]):

Step 1: Compute the differentials from the s = 0 to the s = 1-lines in the
Ul-BSS

(4.4.1) H**(M3C7,(Q(3))) @ Fa[vr] / (v7°) = H** (M{ C1,,(Q(3))).

This establishes the existence and v;-divisibility of v} /v{ in HO*(C7,(Q(3))).
Step 2: For i, j as above, demonstrate that vi /2v] exists in HO*(MZ2C}.,(Q(3)))
by writing down an element
a5

koyJ
2Fvy

Tijjk = + terms with smaller denominators € MgA

with Dtot (JI) =0.
Step 3: Given j, find the maximal k such that x;,; ;. exists by using the exact
sequence

HO* (MCr(Q(3)) = HO* (MFC,,(Q(3))) = HY* (M} Cr(Q(3))):

Specifically, the maximality of & is established by showing that 0(x;/; ) #
0. The non-triviality of d(z;/;) can be demonstrated by considering its
image under the inclusion:

H"*(M{C3,,(Q(3))) < Coker Mj (Dior)
where M{ (Dyot) is the map
M{(Dyor) : M{A — M{T @ M{B"(3) ® M{ A

essentially computed in Step 1 by the computation of the differentials from
s =0 to s =1 in the spectral sequence (4.6.1).

4.5. Computation of H**(MJC ,(Q(3))). We have [2, Sec. 7]

H**(MJCH(A)) = Falag b, ha, g]/ (B3 = agh),
H**(M3Ci 3 (BY)) = Fala3, ha,1]
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with (s, t)-bidegrees

|las| = (0,6),
lha| = (1,2),
lha| = (1,4),
g = (4,24),
lho1| = (1,6),

and h%ﬁl = g. Moreover, the spectral sequence of the double complex gives
(4.5.1)
H*'(M3CF (A))&
HI=(MYCH(A)) © H =M (MYCHs ) (B')) } = HY (MY, (Q(3))).
HS_Z’t(Mz(]CXI(s)(Bl))

In order to differentiate the terms x with the same name (such as as) occurring in
the different groups in the Ej-term of spectral sequence (4.5.1), we shall employ
the following notational convention:

x € CE(A) on the 0-line,
Z € Cf(A) on the 1-line,
z' € Chuy (B') on the 1-line,
'€ Chuy (B') on the 2-line.

(4.5.2)

The formulas of Section 3.3 show that the only non-trivial d; differentials in spectral
sequence (4.5.1) are

di(g'(a3)’) = ha!1(as)’.
Since g is the image of the element g € Ext®?*(BP,) (the element that detects & in
the ANSS for the sphere), and the spectral sequence (4.5.1) is a spectral sequence

of modules over Ext™*(BP,), we deduce that there are no possible d,.-differentials
for » > 1. We deduce that we have

H**(MJC},,(Q(3))) = Falaz™, ha, ha, g]/ (h3 = ash?)
@ Folaz', gl{h1, ho, b3, h3, b3 = ash?}
@F2[(aé)ilah/2,1]
D F2[(a:/3)i17 gl]{h/z,la (E/2,1)27 (BI2,1)3}~

Remark 4.5.3. Note that H**(M3JC}.,(Q(3))) is less than half of Ext™*(MYBP,).
This indicates that Q(3) cannot agree with ‘half’ of the proposed duality resolution
of Goerss-Henn-Mahowald-Rezk at p = 2 [8], despite the fact that it is built from
the same spectra. In particular, the fiber of the map

Sk = QB)K ()
cannot be the dual of Q(3)x(2)-

4.6. Computation of HO*(M1Cy,(Q(3))). We now compute the differentials in
the v1-BSS

(4.6.1) H**(M3C1,,(Q(3))) @ Fa[v] / (v]%) = H**(M{ C7,,(Q(3)))
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from the s = 0-line to the s = 1-line. This computation was originally done by
Mahowald and Rezk [14], but we redo it here to establish notation, and to motivate
the rationale behind some of the computations to follow.

One computes using the formulas of Section 3.3:
D(xg) = a1s®> mod (2,v?),

(4.6.2) D(z1) = a2azs mod (2,v3),

(a1)%(a3)® mod (2,v])

!
—~
8
™
N
Il

for
Zo = az + ajax =az mod (2,v1)
2., 2 2. 2_ 2
x1 = x5+ ajag +aja; = a5 mod (2,v1),
Ty :=A=a3 mod (2,v1).

Remark 4.6.3. The above formulas for x; were obtained by the following method.
In the complex MYC}(A), we have

dlag) =1+
dlag +a2) =s* 4+ -
d(ag) =t*+--- .

These are used in [2, Sec. 6] to produce a complex which is closely related to the
cobar complex on the double of A(1),.. To arrive at xy we calculate

D(az) =ayr+---

which means that we need to add the correction term ajas to arrive at xg. The
expression for x; was similarly produced. The definition A is a natural candidate
for x5, as it is an element of the form a3 + --- which is already known to be a
cocycle in C2(A).

It follows from inductively applying (4.3.6) that we have

D(a3" ") = (@)™ (a5)*" " mod (2,07 ),
It follows from (4.3.7) that for m odd, we have

D(zy) = a15%a5™"  mod (2,v?),
D(27) = ala3™ 's mod (2,v?),

D@y ") = (@)*? (@)™ " mod (2,037 ).

We deduce the following.
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Lemma 4.6.4. The v;-BSS differentials in (4.6.1) from the (s = 0)-line to the

(s = 1)-line are given by
ag’ ag " thy
di\ 7=
u v

2m 2m—1
P a3y
2\ T g
u v1

man 7 ym2®—2n~1
d3 gn-1 CI,3 o (G’S)
n— . =
. 3T
v] v

1

where m is odd.

Corollary 4.6.5. The groups H%*(M{C},,(Q(3))) are generated by the elements

n
agﬂ
J
U1

for m odd and j < a(n).

4.7. Computation of H%*(MZC;,,(Q(3))). We now prove Theorem 4.2.2, which
is more specifically stated below.

Theorem 4.7.1. The groups H%*(M2C},,(Q(3))) are spanned by elements:

1
—_ i > 1land k < k(j);
Yo] J (7)
o

3 .
2k’Uj7 2Tma kgk(j)v and

1

_ Jatv), k=3n=2,
)= a(n —k+1), otherwise.

In many cases, the bounds on 2-divisibility will follow from the following simple
observation.

Lemma 4.7.2. Suppose the element

al .
S € HO (M, (Q)
U1
exists. Then k < k(t).
Proof. The formula ‘ ‘
3 as t as
-1 - = (3" -1 ,
0~ Vg = -1

implies that in order for
ag 2 ~1
0 # Dyot ﬁ € MGt (Q(3))
1

we must have k < 15(3" — 1). O
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Proof of Theorem 4.7.1. Lemma 4.6.4 established that for m odd, aéni

U1
1 < j < a(n). In order to prove the required 2-divisibility of these elements, we
need to prove

exists for

a4m
(4.7.3) D( 3 +--->=0,
8v?
am2n )
(4.7.4) D<43ij +> =0, 2j < a(n —1),
1
m2"
(4.7.5) D% __+...]=o, k>3, 5252 <a(n—k+1).
2’“1}{2

In light of Lemma 4.7.2, to establish that these are the maximal 2-divisibilities of
these elements, we need only check that

(4.7.6)

) (“3 +> #0 mod D(MA),
21)1

(4.7.7)

m2"
6<a3 , +> #£0 mod D(M{A), a(n—1)<2j<a(n),

m2"
a<a3_,+m> 20 mod D(MLA), k>2, a(n—k+1)<j2¢ <aln—k+2).

Proof of (4.7.6). Using the formulas of Section 3.3, we have
D(zp) = a1s® + -
(4.7.9) +2(t+rs+ 5> +ags) +---
+2a54--- .
It follows from (4.3.7) that we have for m odd

D(z") = aja§ 's® 4 -

(4.7.10) + 205t + s+ 8%+ ags) + - -
+2(ay)™ + -
Since we have
(4.7.11) nr(a1) = a1 + 2s
we deduce from (4.7.10) using (4.3.2):
D(zf'ay) = aja 's* 4 -
(4.7.12) + 2a%'s + 2a1a5 " (t+rs) + - -

+2ay(a3)" + -+

Reducing modulo the invariant ideal (4,v?) we deduce

m mh
3<a3+...)a321+...

2vq vy




38 MARK BEHRENS AND KYLE ORMSBY

Lemma 4.6.4 implies that this expression is not in D(M{A) if m = 3 mod 4.
However, if m = 1 mod 4, then Lemma 4.6.4 implies that % "1 is killed in the

’U1—BSS (461) by dg(

m+1
a3

—). We compute using the formulas of Section 3.3:
1

D(x1) = atazs + aj(t +rs) +---
(4.7.13) + 2a1a35 + - - -
b 2(af) el + -
We deduce using (4.3.7) that for m odd we have:
D(z) = ala3™ ts+adad" 2 (t +rs) - -
(4.7.14) +2a1a3™ s 4
+2(ah)(az)®™ 4

We deduce that for m =1 mod 4 we have
+1

mtl
2

D(a3xl +2x, > ) = ajay ts? -
+2(a1)(as)™

Thus we have for m =1 mod 4:

3<W+...) _ ()™

2’01

and Lemma 4.6.4 implies that this expression is not in D(M{A). This establishes
(4.7.6).

Proof of (4.7.7) for n = 1. Equation (4.7.14) implies that
9 agim_,_... :L’milh?_y...
v% U1

which, by Lemma 4.6.4, is not in D(M{ A). This establishes (4.7.7) for n = 1.

Proof of (4.7.7) for n =2. We compute using the formulas of Section 3.3
_ IN\N6/ 1\2

(4.7.15) D) (a:_) 2((2311))3;:/3)3 .

Applying (4.3.7), we get for m odd:

(4.7.16) D(x3") = (a1)°(a5)*™ 2 + -+

+2(ah)?(ag) ™t 4

It follows that

for a(1) < 2j < a(2), which is not in D(M]A) by Lemma 4.6.4. This establishes
(4.7.7) for n = 2.
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m

- exists. In order to understand
1

4
Proof of (4.7.3). We deduce from (4.7.16) that 32
4m
its 2-divisibility, we compute 8(%), which is the obstruction to divisibility. To do
1
this we need to compute D(g2%). Since (8,v}) is an invariant ideal, we compute
1

this from D(a?z3"). Since

(4.7.17) D(a?) = 4s® + 4say
and
(4.7.18) Ty = a3 + 2a3a3as +a3a? mod (4,v7])

we deduce from (4.3.2) that

D(afay") = (ay)®(az)™ > 4 ---
(4.7.19) +2(ah)?(ag) ™1 4 -

+4a3™s* 4+ dajay™s + 4ada3™ s -

which gives

m 4m 2 4m 4m—1 2
<x2>_a3s as™s a3™ s

Jr
8v? 20} 203 201

——. We compute

4m 4m—+1
Lemma 4.6.4 tells us that a3v4h2 is killed by Zo
1 1
D(zo) = ay5* + sa? mod 2
and thus
D(z3) = afs® mod (2,v).
Using the fact that
g™ = a3™ mod (2,v})
we have
D(zg™ ™) = a1a3™s* + a2a3™s + afaz™ " 3s®  mod (2,07).

and thus

+
2’(}1 2U1

D <:c’2” mémﬂ) _ azg" 88 aém_152'
Since ay + a3 kills s* (see Remark 4.6.3), (as + a3)? kills %, and we compute
D((as +a3)?) = s® +a3s* mod (2,v;).

Therefore we have

m 4m-+1 4m—3 2\2
x x a (ag + a3)
4.7.20 D=2 +20 3 Z_) =o.
( ) (81}% * 207 * 201

This establishes (4.7.3).
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Proof of (4.7.4). Tterated application of (4.3.3) to (4.7.16) yields
n—2 n—1 n n—1
D™ ™) = (a)* " (a4
+2(a))* (@)™
(4.7.21) + 4 (@)™ 4
+ e
+27(ah)? (a5)™ T 4

l,rnZ"’72
D[ =0, 2j<a(n—1).

2j
4v]

It follows that

This establishes (4.7.4).

ok —2

Proof of (4.7.5). Suppose that j is even. Then the ideal (2]“,11]2 ) is invariant,
and reducing (4.7.21) modulo this invariant ideal gives

:I;m2n72
D 2]@2,UJT = 07 j2k_2 S a(n — k + 1)
1

This establishes (4.7.5) for j even.

Suppose now that j is odd. Then the ideal (2¥, v{zk_2+2k_2)

man—2

is invariant, and in or-

der to compute D(;Zvjm) we must compute D(a2" 252" ") modulo (2F, U{2k_2+2k_2).

1
Repeated application of (4.3.3) to (4.7.17) yields
(4.7.22) D(a%kd) = 2k_1a§k_27282 + 2’“_1@?%2715 mod 2.
We also note that since

Ty =aj3 +ala)+--- mod 2

we have

n— n n— on—2 _ n—2
(4.7.23) o = 4 a3 ey T o mod 2

=al?" + af'2n72a§nil+m2n72 +--- mod 2.

Applying (4.3.2) to (4.7.21), (4.7.22), and (4.7.23), we get
(4.7.24)
k—2 n—2 on—1 k—2 man— n—1
D@ ey ) = (a)P T
+ 2(a/1)3'2n—2+2k72 (ag)m2n_2n72 +
_j’_ 4(@,1)3271754"»21672 (aé)m2n72n73 +

+ 2k71(a/1)3~2”*’“+2’“*2 (ag)mﬂfznf’ﬂ +

- k—2_ n _ k—2_ n _ on—2 on—1 n—2
4 9k la% 2agn2 §2 4 2k 10& Lgm2 s+ 2k 132 ag +m2nTt 2
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We deduce that for j odd and j2¥~2 < a(n — k + 1) we have
D " ’ _ ag?" s? n ag?'s
2kv{2k_2 a 21)j2k_2+2 2vj2k_2+1.

However, Lemma 4.6.4 implies that Q,C 5 fz is killed by =

It follows from

W
(4.7.9) that we have
D(Igﬂn) = a71n2" s 4 mod 2
and hence
D(x6n2n+1) = aiay’ m2"s2 4 a%agﬂ s+ a}"QnagstnH +.-- mod 2.

This implies that we have
(4.7.25) o (A N S
- e B e I

and therefore
m2n—2 m2"+1
oy e + 2o =0.
2]{) j2k—2 2 j2k_2+3
U1 it

This establishes (4.7.5).

Proof of (4.7.7) for n > 3. It follows from (4.7.21) that we have for a(n — 1) <
2j < a(n)
n—2 n_on—2
I R W e
5| T o Zimaen T
4'U1 2’01
n—2 n_on—2
o ()
2’Ufj ’U2j7a(n71) :

1
This element is not in D(M{A) by Lemma 4.6.4. This establishes (4.7.7).

and hence

Proof of (4.7.8). Suppose that j is even. Then the ideal (2’“,1}{21672) is invariant,
and reducing (4.7.21) modulo this invariant ideal gives

1‘2 on 2 (ag) on _gn k ho
b 2kv{2k_2 B 2U{2k—2—a(n—k+1) tonaln =k 1) <52 saln—k+2)
and therefore

m2n—2 on _on k

T2 _ (a3) _ o k—2 _
(i) - e a4 ) <2 ala s,

Since k > 3, this is not in D(M{ A) by Lemma 4.6.4. This establishes (4.7.5) for j

eveln.

k—2
Suppose now that j is odd. Then the ideal (2’C g2 ) is invariant, and in or-
man—2

der to compute D(wi

) we must compute D(a1 - xg"b?" ) modulo (2%, U{Qk_ +2¢ 2).
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It follows from (4.7.24) that for j odd and a(n — k + 1) < j2872 < a(n — k +2) we
have

n—2 n n n_on—k
xm2 am2 82 am2 s (al )m2 —2
2 3 3 3 4o

e g2k—2 | T o jok—249 joR—2 11 J25=2 _a(n—k+t1)
2Fvy 2vy 2vy 2v;
Using (4.7.25), we have
m2m2 m2" 41 1 \ym2" —2m 7k
D < L Lo > _ (ag)

k282 j2k—=243 | T j2k—2_q(n—k+1)
28y 2vy 2v;

and therefore

n—2 n_on—=k
o\ gy
2]6_11){2’“_2 U{2’“_2—a(n—k)+1)
Since k > 3, this is not in D(M]A) by Lemma 4.6.4. This establishes (4.7.5) for j
odd. O

4.8. Computation of H**(MC%,(Q(5))). We have (as before)
H**(M3Cf(A)) = Faay", by, ha, 9]/ (13 = a3h?),
H**(M3Chi5)(B")) = Falu™, hy 1]
with (s, t)-bidegrees

las| = (0,6),
lha| = (1,2),
lho| = (1,4),
g = (4,24),
lul = (0,2),
lho,1| = (1,6),

and h%ﬁl = g. Moreover, the spectral sequence of the double complex gives
(4.8.1)
H*'(M3CF (A))&
H MG (A) & He (MECE ) (BY)& } = H(MIC3,(Q(5))).
H* =21 (M3 CRi 5 (BY))
As before, we will differentiate the terms x with the same name occurring in the
different groups in the FEj-term of spectral sequence (4.8.1), we shall employ the
following notational convention:
x € C7(A) on the 0-line,
Z € CE(A) on the 1-line,
y e C};l([)(Bl) on the 1-line,
ge C};l([)(Bl) on the 2-line.

(4.8.2)

The formulas of Section 3.4 show that the only non-trivial d; differentials in spectral
sequence (4.5.1) are

di (giag) = h%flﬂsj~
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Since the spectral sequence (4.8.1) is a spectral sequence of modules over Ext™* (BP,),
we deduce that there are no possible d,.-differentials for » > 1. We deduce that we
have

H**(MJC?,,(Q(5))) = Falaz™, ha, ha, ]/ (h3 = ash?)
@& Falaz’, gl{h1, ha, 1, 13, 1 = ash3}
® Fo[u™!, ho 1]
& Fy[a*?, gl{ha.1, (h21)?, (h21)*}
@® Fola™?, ho 1) {u, u*}.

4.9. Computation of H**(M1C},(Q(5))). We now compute the differentials in
the v1-BSS

(4.9.1) H** (MC, (Q(5))) ® Falun]/(6) = H** (ML Ciy (Q(5))
from the s = O-line to the s = 1-line.
One computes using the formulas of Section 3.4:
D(xg) = ays® mod (2,v?),
(4.9.2) D(z1) = a%azs mod (2,v}),
D(x3) = adu® mod (2,0))

for z; as in Section 4.6. The formula for D(x5) already informs us that the v1-BSS
for Q(5) differs from the v1-BSS for Q(3).

It follows from inductively applying (4.3.6) that we have
D(x%niz) = a%nHuQn mod (2,v%n+1+1).
It follows from (4.3.7) that for m odd, we have
D(zf") = a15%a5™"  mod (2,v7),
D(z7) = aa3™ s mod (2,v}),

D(:c’znzn_Q) = a%nﬂuSmQW*TL+1 mod (2,0%n+1+1).

We deduce the following.
Lemma 4.9.3. The v;-BSS differentials in (4.6.1) from the (s = 0)-line to the

(s = 1)-line are given by
d ﬁ _ agn_th
! T
1 1

2m 2m—1
d as _aj hi
S N
U1 Gt

man 3man _on+1
as U
d2"7'+1 ( ] > - j_2'n+1

4 U1

where m is odd.
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Corollary 4.9.4. The groups H%*(M{C;,,(Q(5))) are generated by the elements

1/’[}{, ,72 la
m2
agj , m odd and
U1
1, n =0,
J=142 n=1,
ontl pn > 2.

In particular, the map
Ext®*(M{ BP,) — H*" (M} C;,,(Q(5)))

is not an isomorphism.

5. LOW DIMENSIONAL COMPUTATIONS

In this section we explore the 2-primary homotopy 7.Q(3) and 7. Q(5) for 0 < * <
48 (everything is implicitly 2-localized). In the case of Q(3), Mark Mahowald has
done similar computations, over a much vaster range, for the closely related Goerss-
Henn-Mahowald-Rezk conjectural resolution of the 2-primary K (2)-local sphere —
there is definitely some overlap here. In the case of Q(5) the computations represent
some genuinely unexplored territory, and give evidence that Q(5) may detect more
non-S-family ve-periodic homotopy than Q(3).

We do these low-dimensional computations in the most simple-minded manner, by
computing the Bousfield-Kan spectral sequence

EYN(Q(0) = m-sQ(¢)

with
m TMF, s =0,
EY = { 1, TMFo(¢) ® m TMF, s =1,
m: TMF((¢), s=2.
Actually, as the periodic versions of TMF typically have 7; of infinite rank, we
only compute a certain “connective cover” of the spectral sequence — we only

include holomorphic modular forms in this low dimensional computation (i.e. we
do not invert A). Thus we are only computing a portion of the spectral sequence,
which we shall refer to as the holomorphic summand. Note that the authors are
not claiming that there exists a bounded below version of Q(¢) whose homotopy
groups the holomorphic summand converges to (it remains an interesting open
question how such connective versions of @Q(¢) could be obtained by extending the
semi-cosimplicial complex over the cusps).

In the following calculations, we employ a leading term algorithm, which basically
amounts to only computing the leading terms of the differentials in row echelon
form. Similarly to the previous section, we write everything 2-adically, and employ
a lexicographical ordering on monomials

Q000
2"y .
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Namely we say that 2%{9: is lower than 2i/v{/x’ ifi <i,orifi=4andj<j. We
will write “leading term” differentials: the expression

=y

indicates that
d,(z 4 higher terms) = y + higher terms.

5.1. The case of (3). In the case of TMF((3), recall that the modular forms of
for To(3) are spanned by those monomials aia} in Z[1/3,a1,as] with i 4 j even.
In this section we will refer to a; as vy and a3 as vy, because that is what they
correspond to under the complex orientation.

Figure 5.1.1 shows a low dimensional portion of the holomorphic summand of the
spectral sequence E$'(Q(3)). There are many aspects of this chart that deserve
explanation/remark.

e The copies of m, TMF and 7. TMF(3) are separated by dotted lines. The
bottom pattern is the s = 0 line of the spectral sequence (m. TMF). The
next pattern up is the m, TMF((3) summand of the s = 1 line, followed by
the 7, TMF summand of the s = 1 line. The top pattern is the s = 2 line
of the spectral sequence (7. TMF(3)). The spectral sequence is Adams-
indexed, with the z-axis corresponding to the coordinate ¢ — s.

e Dots indicate Z/2’s. Boxes indicate Z)’s. The solid lines between the dots
indicate 2-extensions, and 1 and v multiplication.

e Horizontal dashed lines denote bo-patterns. Arrows indicate the bo patterns
continue.

e There are two bo-patterns which are denoted “Im J”. These bo-patterns
(together with the bo-patterns which hit them with differentials) combine
to form Im J patterns.

e Differentials are indicated with vertical curvy lines. All differentials dis-
played only indicate the leading terms of the differentials, as explained in
the beginning of this section. For example, the dy differential from the
1-line to the 2-line showing

V23— 20207
actually corresponds to a differential
di(vivZ + v3vy) = 2020v? + higher terms.

The differentials on the torsion-free portions spanned by the modular forms
are computed using the Mahowald-Rezk formulas.

e Differentials on the torsion summand can often be computed by noting that
the maps f, t, ¢, and ¥3 that define the coface maps of the semi-cosimplicial
spectrum @Q(3)® are all maps of ring spectra, and in particular all have the
same effect on elements in the Hurewicz image. There are a few notable
exceptions, which we explain below.

e Dashed lines between layers indicate hidden extensions. These (probably)
do not represent all hidden extensions: there are several possible hidden
extensions which we have not resolved.
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. VoV oV

FIGURE 5.1.1. The holomorphic summand of the spectral se-
quence E¥(Q(3)) in low degrees.

e The differentials supported by the non-Hurewicz classes x and nz in w17 TMF(3)
and 718 TMF((3) are deduced because they kill the Hurewicz image of 4,41
and B4/4n*, which are zero in 7, S.

e The do-differentials are computed by observing that there is a (zero) hidden
extension n?v$v2[1] = 4viv3[2] (where [s] means s-line).
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e Up to the natural deviations introduced by computing with the Bousfield-
Kan spectral sequence, and not the Adams-Novikov spectral sequence, the
divided B family is faithfully reproduced on the 2-line with the exception of
the additional copy of Im J (there in fact should be infinitely many copies
of such Im J summands) and one peculiar abnormality: the element B /s,
detected by 32v;v5 is 32-divisible. This extra divisibility does not contradict
the results of Section 4 — the results there pertain to the monochromatic
layer M>Q(3), and not Q(3) directly.

e Boxes which are targets of differentials are labeled with numbers. A number
n above a box indicates that after all differentials are run, you are left with
a Z/2™.

e It is interesting to note that the permanent cycles on the zero line in this
range are exactly the image of the TMF-Hurewicz homomorphism

We did not label the modular forms generating the boxes in the spectral sequence.
In the case of m, TMF, the dimensions resolve this ambiguity. The remaining
ambiguity is resolved by the following table, which indicates all of the leading
terms of d; differentials between torsion free classes on the 1 and 2-lines of the
spectral sequence.

2 2
vy — 207

V1V2 — vil Uil — 16v1v9
2 2
vy > 205

vivs > 20507

v1v5 > viv] vivs — Svdvy
8A > Svsv? v3 > 205 vivd = Sudv
4 4
Uy > 20,
vav? = 20507 Vi3 > Susu?
e > vjv] vivy = vsv]  wivy e 64vdu
vav = 8viv? VS — 205
vav} = 160507 vSvi s 20507
vivy — vSv} vSvt = Svlvy v — SvduT

5.2. The case of Q(5). Figure 5.2.1 displays the spectral sequence for Q(5). Es-
sentially all of the conventions and remarks for the Q(3) computation above extend
to the Q(5) computation. Below is the corresponding table for leading terms of
differentials from the torsion-free elements in the 1-line to those in the 2-line.

by — 4by

by > b3 526 b2 — 16by
bod > 4b9d
by6 > D30 62 > 262 b26 > 32040
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FIGURE 5.2.1. The holomorphic summand of the spectral se-
quence E¥(Q(5)) in low degrees.

bo6? — 462b,
8A > 863
b36 > 8byob3
caA = b363
bod? i 4byo?
byt = b30%
bo6® > Abobyd*

bg’é — 8b2b4(5

by6? s b36° 45° v 8b3byd
bad® > 4byd® 1367 > 8b4d?by
ot s 267 by6% = b3byd
b30°% > 8baby6® 1507 > 8b3byS>
46° > 85° b56° > 16b3b40°

b6t 8by6°  B30° — 85°b405

b36% > 16b40>
b36% > 64b40°  b56% > 64b3bs0>

b3o* > 16b40% 562 > 16b46%b5
b76% > 8b5byd>
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We make the following remarks.

(1

[2

0
(11]
(12]
(13]
(14]

[15]

e The 2-line now bears little resemblance to the divided S-family. This is
in sharp contrast with the situation with Q(3). This fits well with our
premise that while Q(3) reproduces the divided 8 family almost flawlessly,
Q(5) does not.

e The much more robust torsion in 7, TMF(5) gives a significant source of
homotopy in m.Q(5) which does not appear in 7.Q(3). In particular, the
elements

vot, V26t et
seem like candidates to detect the elements in 7,S with Adams spectral
sequence names
hsh3, hshd, hshshy,
though the ambiguity resulting from the leading term algorithm makes it
difficult to resolve this in the affirmative. These classes are not seen by

Q3).
e Just as in the case of Q(3), the permanent cycles on the zero line in this
range are exactly the image of the TMF-Hurewicz homomorphism.
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