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Abstract We extend the theory of ambidexterity developed by M. J. Hopkins
and J. Lurie and show that the oco-categories of T (n)-local spectra are oco-
semiadditive for all n, where T (n) is the telescope on a v, -self map of a type n
spectrum. This generalizes and provides a new proof for the analogous result of
Hopkins—Lurie on K (n)-local spectra. Moreover, we show that K (n)-local and
T (n)-local spectra are respectively, the minimal and maximal 1-semiadditive
localizations of spectra with respect to a homotopy ring, and that all such
localizations are in fact co-semiadditive. As a consequence, we deduce that
several different notions of “bounded chromatic height” for homotopy rings are
equivalent, and in particular, that 7' (n)-homology of m-finite spaces depends
only on the nth Postnikov truncation. A key ingredient in the proof of the
main result is a construction of a certain power operation for commutative
ring objects in stable 1-semiadditive co-categories. This is closely related to
some known constructions for Morava E-theory and is of independent interest.
Using this power operation we also give a new proof, and a generalization,
of a nilpotence conjecture of J. P. May, which was proved by A. Mathew, N.
Naumann, and J. Noel.
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1 Introduction
1.1 Main results

Given an abelian group A with an action of a finite group G, summation along
the orbit provides a natural map Nmg : Ag — A© from the co-invariants to the
invariants. In general, this map may have both non-trivial kernel and cokernel.
However, when A is a rational vector space, Nmg is always an isomorphism.
Similarly, given a spectrum X with an action of G, the spectra of homotopy
orbits X, and homotopy fixed points X"C are also related by a canonical
norm map Nmg: X, — X"C, which, as before, is usually far from being
an equivalence. However, there are certain homology theories, such that when
working locally with respect to them, the analogous norm map is always a
local equivalence. For a spectrum E, let us denote by Spy the co-category of
E-local spectra.

Theorem 1.1.1 (Greenlees—Hovey—Sadofsky, [17,22]) Let K (n) be Morava
K -theory of height n. For every X € Spg ) with an action of a finite group
G, the canonical norm map

Nmg: Xp6 — xh6

becomes an equivalence after K (n)-localization.

Since K (0) = HQ, the case n = 0 follows easily from the invertibility of
Nmg on rational representations of G. However, for n > 0 this is a remarkable
fact, showcasing the intermediary behavior of K (n)-local homotopy theory,
interpolating between characteristic zero and positive characteristic.

Considering the classifying space BG as an oo-groupoid, the data of an E-
local spectrum with an action of G is equivalent to a functor F': BG — Spg.
In these terms, the homotopy orbits and homotopy fixed points of the action
are then just the colimit and limit of F respectively (again, in Spg). In [20],
Hopkins and Lurie extended Theorem 1.1.1 to more general limits and colimits.
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Definition 1.1.2 Given m > —2, a space A is called m-finite if it is m-
truncated, has finitely many connected components and all of its homotopy
groups are finite. It is called 7 -finite if it is m-finite for some m.!

Theorem 1.1.3 (Hopkins—Lurie, [20]) Let A be a m-finite space. For every
F: A — Spg (), there is a canonical (and natural) equivalence

Nmy: limF — limF € Spg,.
A A

The special case, where A = BG for a finite group G, recovers Theorem 1.1.1.
The canonical norms of Theorem 1.1.3 (and Theorem 1.1.1) can be set in the
broader context of higher semiadditivity, developed in [20]. For C an oo-
category that admits all (co)limits indexed by m-finite spaces and a m-finite
space A, we have two functors

lim, lim: Fun (A,C) — C.

E— <
A A

In [20], the authors set up a general process for constructing canonical natural
transformations

Nmy: lim — lim
— <~

A A

for all m-finite spaces A, by induction on m. The mth step of this process
requires that all canonical norm maps for (m — 1)-finite spaces, that were con-
structed in the previous step, are isomorphisms. The property of an co-category
C, that these canonical norm maps can be constructed and are isomorphisms
for all m-finite spaces, is called m-semiadditivity, see §1.2. We can thus restate
Theorem 1.1.1 as saying that the oo-category Spg ) is 1-semiadditive, and
Theorem 1.1.3 as saying that it is co-semiadditive (i.e. m-semiadditive for all
m).

Kuhn extended Theorem 1.1.1 in a different direction, by replacing K (n)-
localization with the closely related telescopic localization. Namely, let 7T (n)
be a telescope on a v,,-self map of some type » finite spectrum and let Spy,)
be the corresponding Bousfield localization of Sp.

Theorem 1.1.4 (Kuhn, [29]) The oo-category Spyy,, is 1-semiadditive.

In view of Theorem 1.1.4 and Theorem 1.1.3, M. Hopkins asked whether the
oo-category Spyy, is co-semiadditive as well. Our first result is an affirmative
answer to this question.

I For m = —2 this means that A is contractible and for m = —1 this means that A is either
contractible or empty, see Sect. 1.5.
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Theorem A (5.3.1) The co-category Spy, is co-semiadditive.

Our proof of Theorem A uses the general framework of higher semiaddi-
tivity developed by Hopkins and Lurie in [20], but is quite different from their
proof of Theorem 1.1.3, see Sect. 1.3 for an outline. Since the latter is implied
by the former, our argument provides an alternative proof for Theorem 1.1.3
as well.

Our next result concerns the classification of 1-semiadditive localizations
of p-local spectra with respect to homotopy rings.> We show that the oco-
categories Sp g, and Spy, are precisely the minimal and maximal examples
of such localizations.

Theorem B (5.4.7) Let R be a non-zero p-local homotopy ring spectrum.
The oo-category Spg, is 1-semiadditive if and only if there exists a (necessarily
unique) integer n > 0, such that

SPkmy € SPr S SPr(n) -

Equivalently, using the Nilpotence Theorem, we get that Spp is 1-
semiadditive if and only if R ® HIF, = 0 and there is exactly one integer
n > 0 for which R ® K (n) # 0. Namely, Spg is 1-semiadditive if and only if
R is supported at a unique (finite) chromatic height.?

Combining Theorem A with Theorem B, and using the arithmetic square,
we show that for localizations of Sp with respect to homotopy rings, the entire
hierarchy of higher semiadditivity collapses.

Theorem C (5.4.9) Let R € Sp be a homotopy ring spectrum. The oo-
category Spg is 1-semiadditive if and only if it is co-semiadditive.

This leads us to formulate the following general conjecture:

Conjecture 1.1.5 Every presentable, stable, and 1-semiadditive co-category
is oo-semiadditive.

Another remarkable property of the localizations Spgy,, and Spz,), 1s
the existence of the so-called Bousfield—Kuhn functor, i.e. a retract of
Q%°: Spr — Ss. This phenomenon turns out to be also strongly connected
to higher semiadditivity. In [12], D. Clausen and A. Mathew gave a new (and
short) proof of Theorem 1.1.4, by showing that every localization of Sp, that
admits a Bousfield—-Kuhn functor, is 1-semiadditive. Combining this obser-
vation with the above results, the situation can be pleasantly summarized as
follows:

2 In fact, all the results apply more generally to weak rings. That is, spectra equipped with a
multiplication map and a one-sided unit, and no associativity conditions, see Definition 5.1.4.

3 A detailed argument for this equivalence is given in the proof of Theorem D (5.4.7).
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Theorem D (5.4.7) Let R be a non-zero p-local homotopy ring spectrum. The
following are equivalent:

(1) R®HI ), = 0andthereis exactly one integern > 0 forwhich RQ K (n) #
0.

(2) There exists a (necessarily unique) integer n > 0, such that Sp Ky S
Spr € Spr(n) -

(3) Either Spp = SpH@, or Q%°: Spr — S, admits a retract.

(4) Spp is 1-semiadditive.

(5) Sppg is co-semiadditive.

It seems appropriate at this point to say a few words about the results sum-
marized in Theorem D, in light of the (still open) Telescope Conjecture, which
asserts that Spg,,) = Spy(y), see [38]. If this conjecture is true, the property of
higher semiadditivity characterizes completely the K (n)-local co-categories
among localizations of Sp with respect to homotopy rings (as does the exis-
tence of the Bousfield-Kuhn functor). If it is false, the property of higher
semiadditivity fails to detect the difference, but on the upside, we are pro-
vided with more examples of co-semiadditive co-categories and new tools for
studying the telescopic localizations. At any rate, our results corroborate, the
by now well-established fact, that the Telescope Conjecture is rather subtle.

The 1-semiadditivity of the oco-categories Spr,) and Spg,), has found
many applications in chromatic homotopy theory. For example, it was used in
[6] to analyze the Balmer spectrum in an equivariant setting, and in [19] to
generalize Quillen’s rational homotopy theory to higher chromatic heights. We
shall now describe an application of the co-semiadditivity of Spz,,) to a matter
of chromatic homotopy theory, that does not refer to higher semiadditivity
explicitly.

Theorem E (5.4.4) Let R be a p-local homotopy ring spectrum and let d > 0.
The following are equivalent:*

(1) R K(m) =0 forallm > d.
(2) R® F(d + 1) = 0 for a finite spectrum F(d + 1) of type d + 1.
(3) R ® X°°A = 0 for every d-connected 7 -finite space A.

Namely, we obtain an equivalence of three different notions of “height < d”
for a homotopy ring: (1) the “algebraic” one using Morava K -theories, (2) the
“geometric” one using finite complexes, and (3) the “categorical” one using 7 -
finite spaces. The categorical height of a spectrum (i.e. the minimal d for which
condition (3) holds) was considered, using different terminology, by Bousfield
in [9]. The most prominent example of such R is K (n), which by [45], has

4 The equivalence of (1) and (2) is well known. The new content is that they are both equivalent
to (3).
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categorical height n. Bousfield’s work also implies that for all n > 0, the
spectrum 7 (n) has some finite categorical height, but determining its precise
value has been an open question.> This can be now settled using Theorem E;
As the algebraic and geometric heights of T'(n) are known to be equal to n,
the categorical height must be n as well.

The proof of the above results relies on establishing certain consequences
of 1-semiadditivity, especially in the context of stable co-categories. The main
one, which is central to the proof of Theorem A, but is also of independent
interest, is the existence of certain power operations.

Theorem F (4.3.2,5.2.2) Let E € Sp, such that Spg, is 1-semiadditive (e.g.
E =T (n)) and let X be an Ex-algebra in Spg. The commutative ring R =
o X admits a canonical additive p-derivation§: R — R, see Definition4.1.1.
In particular, the operation

¥ (x) = x4 pd (x)

is an additive map, which is a canonical lift of the Frobenius endomorphism
modulo p. The operation § (and hence ) is functorial with respect to maps
of Exc-algebras.

For K (1)-local Es-rings, Hopkins has constructed in [21] similar look-
ing power operations denoted 6. Generalizations of these operations to higher
heights were studied by different authors including [42,47], and using them,
a canonical lift of Frobenius was constructed in [46] for the Morava E-theory
cohomology ring of a space. However, even for K (1)-local rings, our power
operation § turns out to be different from the operation 6 constructed by Hop-
kins. We refer the reader to [14], where a thorough study of these power
operations is carried out. We defer the detailed study of the wealth of power
operations on E,-algebras in 1-semiadditive stable symmetric monoidal co-
categories to a future work.

Employing the power operation § we obtain a general relation between
torsion and nilpotence for E-algebras in a 1-semiadditive setting.

Theorem G (4.3.5) Let E € Sp and let X be an Exy-algebra in Spg. If Spg is
1-semiadditive (e.g. E = T (n)), then every torsion element in the commutative
ring R = moX is nilpotent. In particular, if Q ® R = 0, then R = 0.

As a corollary, we obtain a new proof of a conjecture of J. P. May, that was
proved in [35] (Corollary 5.2.5).

5 By comparing with K (n), itis clearly at least n, but not much has been known about it beyond
that.
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1.2 Background on higher semiadditivity

We shall now give an informal introduction to higher semiadditivity. The goal
is to motivate both the concept of higher semiadditivity introduced in [20, §4]
and the more general perspective on it, that we develop in this paper, using
abstract norms and integration.

1.2.1 From norms to integration

Since the construction of the canonical norm maps is inductive, it will be
helpful to begin with describing some consequences of having invertible norm
maps. This will also clarify their relation to the classical notion of semiaddi-
tivity. For an ordinary category C, semiadditivity is a property, whose main
feature is the ability to sum a finite family of morphisms between two objects.
Similarly, for an oco-category C, being m-semiadditive is a property, whose
main feature is the ability to sum an m-finite family of morphisms between
two objects. Namely, given an m-finite space A and a map

¢: A— Map, (X,Y),

we define a map

/(p:X—)Y,
A

which we should think of as the sum (or integral) of ¢ over A, as the compo-
sition

lim ¢ Nm~!

A e m . v

X = limX — limY —25 limY — Y.
<~ < —
A A A

Note, that for an ordinary semiadditive category, summation over a finite
set A is indeed obtained in this way using the canonical isomorphism

Nmy : ]_[X3—> HX.
A A

As a special case, for every object X € C, integrating the constant A-family
on Idy, produces an endomorphism |A| € Map, (X, X). This generalizes
the “multiplication by £~ endomorphism of X for an integer k and should be
thought of as multiplication by the “cardinality of A”.
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1.2.2 From integration to norms

We now turn things around and construct norm maps for m-finite spaces by
integrating some (m — 1)-finite families of maps. In general, given any space
A and a diagram F: A — C, to specify a morphism

Nmy: lim F — lim F,
PO

roughly amounts to specifying a compatible collection of morphisms
b
a,beA: Nm}”: F(a)— F (D).

Fixing a, b € A and denoting by A, , the space of paths from a to b, the

diagram F itself provides a family of candidates for Nmf’4 :

Fap: Agp — Map (F (a), F (b)) .

That is, every path from a to b in A is mapped by F to a morphism from F'(a)
to F(b) in C, which is a candidate for N mi’b. While there is a priori no obvious
(compatible) way to choose one such path, assuming we are able to integrate
maps over the spaces A, p,, we can just “sum them all”

a,b
Nm'y" = / Fap.
Aa,h

This construction is somewhat easier to grasp when F is constant on an object
X. In this special case, a morphism

limX — lim X,
— <—

A A

is the same as a map of spaces
A x A — Map, (X, X).

That is, an “A x A matrix” of endomorphism of X, where the (a,b) € A x A
entry corresponds to Nmi’b. The construction sketched above specializes to

give N mi’b = |Aq.»|. The construction of the norm in the general case can be
thought of as a “twisted” version of the one for the constant diagram.
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1.2.3 The inductive process

To tie things up, we observe that if A is m-finite, then the path spaces A, j, are
(m — 1)-finite. Thus, assuming inductively that we have invertible canonical
norm maps Nmy for all (m — 1)-finite spaces A, we obtain a canonical way
to integrate (m — 1)-finite families of morphisms. As explained above, this
allows us to define norm maps for all m-finite spaces. It is now a property that
all those new norm maps are isomorphisms, which in turn induces an operation
of integration over m-finite spaces and so on. We spell out the situation for
small values of m.

(—2) We define every oo-category to be (—2)-semiadditive. Indeed, if A is
(—2)-finite, then A >~ pt and the canonical norm map Nmy, is the iden-
tity natural transformation of the identity functor. In particular, we get a
canonical way to sum a one point family of maps, which is just taking the
value at the point itself.

(—1) The only non-contractible (—1)-finite space is A = @. The associated
norm map is the unique map

Nmg: Oc — I¢

from the initial object to the terminal object of C. Requiring this map to
be an isomorphism is to require the existence of a zero object. Thus, C
is (—1)-semiadditive if and only if it is pointed. This in turn allows us to
integrate an empty family of morphisms. Namely, given X, Y € C, we get
a canonical zero map given by the composition

X—>l¢c=0—Y.

(0) A O-finite space is one that is equivalent to a finite set A. Given a collection
of objects {X,},c4 in a pointed oco-category C, we get a canonical map

Nmy : ]_[Xa—> HX“‘

acA acA

This map is given by the “identity matrix” (this uses the zero maps, which
in turn use the inverse of Nmg). Requiring these maps to be isomorphisms
is precisely the usual property of being semiadditive, which allows one to
sum a finite family of morphisms.

(1) A connected 1-finite space is of the form A = BG for a finite group G.
A diagram F': BG — C is equivalent to an object X € C equipped with
an action of G. When C is semiadditive, one can construct the canonical
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norm map
Nmps: Xpe — X"¢

and it can be identified with the classical norm of G. If C is stable, then
Nmp¢ is an isomorphism if and only if its cofiber, the Tate construc-
tion X?Y, vanishes. It is in this form that Theorems 1.1.1 and 1.1.4 were
originally stated and proved.

1.2.4 Relative and axiomatic integration

Just like with ordinary semiadditivity, integration of m-finite families of maps
satisfies various compatibilities. These generalize associativity, changing sum-
mation order, distributivity with respect to composition, etc. To conveniently
manage those compatibility relations it is useful to extend the integral oper-
ation to the relative case. Given a map of m-finite spaces g: A — B, the
pullback along g functor

q*: Fun(B,C) — Fun(A,(C),

admits a left and right adjoint, which we denote by g and g, respectively. If C is
(m — 1)-semiadditive, one can constructacanonicalnormmap Nmy : g1 — g«
and it is an isomorphism when C is m-semiadditive. Similarly to the absolute
case, given objects X, Y € Fun (B, (), one can use the inverse of Nm, to
define “integration along the fibers of ¢”,

/1 Mapgyna.c) (¢°X. ¢*Y) — Mapgy,p.c) (X, Y) .
q

The approach we take in this paper is to further generalize the situation and
to put it in an axiomatic framework. We define a normed functor

q:D—C,
to be a functor ¢*: C — D, that admits a left adjoint gy, a right adjoint g,
and is equipped with a natural transformation Nm, : g1 — ¢,. If this natural

transformation is an isomorphism, we can use the same formulas as above to
define an abstract integration operation

/: Mapy, (%X, ¢*Y) — Mape (X, Y)
q
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forall X, Y € C. We proceed to develop a general calculus of normed functors
and integration, which can then be applied to the context of higher semiaddi-
tivity. One advantage of this axiomatic approach, is that it separates the formal
aspects of this “calculus” from the rather involved inductive construction of
the canonical norm maps. Another advantage is that it unifies many seemingly
different phenomena as special cases of several general formal statements.
This renders the development of the theory more economic and streamlined.
Finally, we believe that this axiomatic framework might be of use elsewhere.

1.3 OQutline of the proof

The core result of this paper is the co-semiadditivity of Spy,,. For the conve-
nience of the reader, we shall now sketch the proof. The argument is inductive
on the level of semiadditivity m. The basis of the induction is m = 1, which
is given by Theorem 1.1.4. Assume that Spr, is m-semiadditive. In order
to show that Spy,) is (m + 1)-semiadditive, we need to prove that for every
(m + 1)-finite space B, the natural transformation Nmp : li_1>nB — 1<i£13 is an
isomorphism. We proceed by a sequence of reductions. First, since Spy ) is
stable and p-local, by [20, Proposition 4.4.16], it suffices to show that

(1) The norm map Nmp is an isomorphism for the single space B =
Bm+1 Cp .

Now, consider a fiber sequence of spaces
(x) A— E —> B,

where A and E are m-finite, and B is connected and (m + 1)-finite. We
prove that if the natural transformation |A| is invertible (we call such A
amenable), then Nmp is an isomorphism (Proposition 3.1.18). In fact, it suf-
fices to show that the component of | A| at the monoidal unit Sz (,) is invertible
(Lemma 3.3.5). By abuse of notation, we denote this component also by | A|.

In order to apply the above to B = B™*!C p» We introduce the following
class of “candidates” for A. We call a space A, m-good if it is connected,
m-finite with w,, A # 0, and all homotopy groups of A are p-groups. Since
such A is in particular nilpotent, one can always fit it in a fiber sequence ()
with B = B"t+1C p- Thus, we are reduced to showing that

(2) There exists an m-good space A, such that |A| € oSty is invertible.

To detect invertibility in the ring moSt(,), we transport the problem into a
better understood setting. Let E, be the Morava E-theory Eo,-ring spectrum
of height n, and let Mod g, be the co-category of K (n)-local E,-modules. The
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functor
En® (-): SpT(n) — mEn
is symmetric monoidal, and hence induces a map of commutative rings
fimoStwy = moEn = Zpllui, ..., up—11l.

Using the Nilpotence Theorem and standard techniques of chromatic homo-
topy theory, we show that an element of ¢S, is invertible, if and only if its
image under f is invertible (Corollary 5.1.17). Moreover, the functor E, ® (=)
is colimit preserving. Thus, by general arguments of higher semiadditivity
we can deduce that @En is also m-semiadditive (Corollary 3.3.2(2)), and
moreover, f (|A]) coincides with the element |A| of mgE,, (Corollary 3.2.7).
Thus, we can replace Spr,, with the more approachable co-category Mod E,-
Namely, it suffices to show

(3) There exists an m-good space A, such that |A| € moE), is invertible.

By [5, Lemma 1.33], the image of f is contained in the constants Z,. Hence,
|A| is invertible, if and only if its p-adic valuation is zero. On Z,, we have the
Fermat quotient operation

~ x —xP
d(x)= ,
p

with the salient property of reducing the p-adic valuation of non-invertible
non-zero elements. The heart of the proof comprises of realizing the algebraic
operation § in a way that acts on the elements |A| in an understood way. It
is for this step that it is crucial that our induction base is m = 1. Namely,
for a presentable, 1-semiadditive, stable, p-local, symmetric monoidal oco-
category (C, ®, 1), we construct a “power operation” (Definition 4.1.1 and
Theorem 4.3.2)

§: o (1) — 7o (1e),

that shares many of the formal properties of 8. In particular, specializing to the
case C = Modg,, the operation § coincides with SonZ » € moE,. Moreover,
for an m-good A, we have

8 (1AD = A — A",

where A’ and A” are also m-good (combine Definition 4.3.1 and Theo-
rem 4.2.13). It follows that if |A| is non-zero (and not already invertible),
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then at least one of |A’| and |A”| has lower p-adic valuation than |A|. The
prototypical m-good space is the Eilenberg-MacLane space B" C,. Hence, it
suffices to show that

(4) The element |B"C)| € moE, is non-zero.

To get a grip on the elements |A|, we reformulate them in terms of the symmet-
ric monoidal dimension, which does not refer at all to higher semiadditivity.°®
Let us denote by A ® E,,, the colimit of the constant A-shaped diagram on
E, in @En. We show that A ® E,, is a dualizable object,7 and that (Corol-
lary 3.3.12)

dim (A ® E,) = |AS'| € noE,.
Since
s1 _ _
| (B"Cp)” | =|B™C, x B"™'C,| = |B"Cpl|B"'C,|,

it suffices to show that
(5) The element dim (Bme ® En) € moE,, is non-zero.

Finally, it can be shown that dim (A ® E},) equals the Euler characteristic of
the 2-periodic Morava K -theory (Lemma 5.1.7)%

Xn (A) = dimg, K (n)g A — dimp, K (n), A.

Hence, it suffices to prove that
(6) The integer x,, (B™C)) is non-zero.

This is an immediate consequence of the explicit computation of K (n),
(B™C)), carried out in [45].

We alert the reader that at several points, this outline diverges from the
actual proof we give. Most significantly, we make use of the fact that the steps
(1)—(5) are completely formal and the ideas involved can be formalized in a
much greater generality. Instead of the functor E,® (—), we can consider any
colimit preserving symmetric monoidal functor F': C — D between stable,
p-local, symmetric monoidal co-categories. Given such a functor F', we show
how to bootstrap 1-semiadditivity to higher semiadditivity under appropriate
conditions (Theorem 4.3.10). This necessitates some technical changes in the

6 Symmetric monoidal dimension is also commonly referred to as Euler characteristic.

7 We show that this follows from hi gher semiadditivity, but it can be also deduced directly from
the finite dimensionality of K (n)«(A) [45]. See [24,43].

8 We prove this only for B” Cp, as this suffices for our purposes, but this is true in general.
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argument outlined above.” It is only in the final section that we specialize to
C = Spr(n), and verify the assumptions of this general criterion.

1.4 Organization

We now describe the content of each section of the paper.

In Sect. 2, we develop the axiomatic framework of normed functors and
integration. We begin by developing some general calculus for this notion and
study its functoriality properties. We then study the interaction of integration
with symmetric monoidal structures and the notion of duality. We conclude
with a discussion of the property of amenability.

In Sect. 3, we apply the axiomatic theory of Sect. 2 to the setting of local
systems valued in an m-semiadditive co-category. We begin by recalling the
canonical norm on the pullback functor along an m-finite map (introduced in
[20, §4.1]), and its interaction with various operations. We then consider m-
finite colimit preserving functors between m-semiadditive oo-categories (a.k.a
m-semiadditive functors), and their behavior with respect to integration. We
continue with studying the interaction of m-semiadditivity with symmetric
monoidal structures, duality, and dimension. Finally, we study the behavior
of equivariant powers in 1-semiadditive co-categories, which is used in the
sequel in the construction of power operations.

In Sect. 4, we construct the above-mentioned power operations for 1-
semiadditive stable oo-categories. First, we introduce the algebraic notion of
an additive p-derivation and study some of its properties. We then construct
an auxiliary operation « in the presence of 1-semiadditivity. Specializing to
the stable (p-local) case, we construct from « the additive p-derivation é and
establish its naturality properties. Finally, we formulate and prove the “boot-
strap machine”, that gives general conditions for a 1-semiadditive co-category
to be oo-semiadditive. We conclude the section with a discussion of “nil-
conservativity” which is a natural setup to which one can apply the bootstrap
machine. In Sect. 5, we apply the abstract theory of Sects. 2—4 to chromatic
homotopy theory. After some generalities, we use the additive p-derivation
of Sect. 4 to derive a generalization of a conjecture of May about nilpotence
in Hxo-rings. We then apply the “bootstrap machine” to the 1-semiadditive
oo-category Spry,), to show that it is co-semiadditive, and deduce that 7'(n)-
homology of m-finite spaces depends only on the nth Postnikov truncation.
Finally, we consider localizations with respect to general weak rings. We
show, among other things, that in this setting 1-semiadditivity implies oco-
semiadditivity, and that various notions of “bounded height” coincide.

9 In particular, we bypass [5] using a somewhat different and more general argument.
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1.5 Terminology and notation

Throughout the paper we work in the framework of co-categories (a.k.a. qua-
sicategories), introduced by A. Joyal [27], and extensively developed by Lurie
in [31,32]. We shall also use the following terminology and notation:

(1) We use the term isomorphism for an invertible morphism of an oo-
category (i.e. an equivalence).

(2) We say that a space A is

(a) (—2)-finite, if it is contractible.

(b) m-finite form > —1, if mp A is finite and all the fibers of the diagonal
map Ag: A — Ax Aare (m — 1)-finite (form > 0, this is equivalent
to A having finitely many components, each of them m-truncated with
finite homotopy groups).

(c) m-finite, if it is m-finite for some integer m > —2.

(3) We say that a -finite space A is a p-space, if all the homotopy groups
of A are p-groups.

(4) Given amap of spacesg: A — B, forevery b € B we denote by g~! (b)
the homotopy fiber of g over b.

(5) For m > —2, we say that a map of spaces g: A — B is m-finite (resp.
m-finite) if ¢~ (b) is m-finite (resp. -finite) for all b € B.

(6) Given an oo-category C, we say that C admits all g-limits (resp. g-
colimits) if it admits all limits (resp. colimits) of shape ¢g~! () for all
b e B.

(7) Given a functor F': C — D of co-categories, we say that F' preserves ¢-
colimits (resp. g-limits) if it preserves all colimits (resp. limits) of shape
g~ (b) forall b € B.

(8) We use the notation

to denote that f: X — Z is the composition 4 o g (which is well defined
up to a contractible space of choices). We use similar notation for com-
position of more than two morphisms.

(9) Given functors F,G: C — D and H, K: D — &, and natural trans-
formations a: F — G and 8: H — K, we denote their horizontal
composition by B x«: HF — KG. The vertical composition of natural
transformations is denoted simply by juxtaposition.

(10) For a symmetric monoidal oco-category C, we denote by CAlg(C) the
oo-category of Eq;-algebras in C. We denote coCAlg(C) = CAlg(CP)°P
the co-category of Eo-coalgebras in C, where C°? is endowed with the
canonical symmetric monoidal structure induced from C.
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(11) For an abelian group A and k > 0, we denote by BXA the Eilenberg
MacLane space with kth homotopy group equal to A.

2 Norms and integration

In this section, we develop an abstract formal framework of norms on func-
tors between oco-categories and the operation of integration on maps, that such
norms induce. This framework abstracts, axiomatizes, and generalizes the the-
ory of norms and integrals arising from ambidexterity developed in [20, §4].
We develop a “calculus” for such integrals and study their functoriality prop-
erties and interaction with monoidal structures.

2.1 Normed functors and integration
2.1.1 Norms and iso-norms

We begin by fixing some terminology regarding adjunctions of co-categories.

Definition 2.1.1 Let F': C — D be a functor of co-categories.

(1) By aleftadjoint to F, we mean a pair (L, u), where L : D — C is a functor
and

u: Idp— FolL

is a unit natural transformation in the sense of [32, Definition 5.2.2.7].
(2) By a right adjoint to F, we mean a pair (R, ¢), where R: D — Cisa
functor and

c: FoR — Idp

a counit natural transformation (i.e. satisfying the dual of [32, Definition
5.2.2.7)).

Remark 2.1.2 Given a datum of a left adjoint (L, u), there existsamapc: Lo
F — 1d¢, such that u and c satisfy the zig-zag identities up to homotopy. From
this also follows that ¢ is a counit map exhibiting (F, c) as aright adjoint to L.
This counit map c is unique up to homotopy, and we shall therefore sometimes
speak of “the” associated counit map. In fact, the space of such maps together
with a homotopy witnessing one of the zig-zag identities is contractible [44,
Proposition 4.4.7]. We shall similarly speak of the unit map u#: Id¢ — Ro F
associated with a right adjoint (R, ¢).
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Adjoint functors can be composed in the following (usual) sense:

Definition 2.1.3 As in [33, Tag 02ES], given a pair of composable functors

F F'

C——D—¢&,

with left adjoints (L, u) and (L', u’) respectively, the composite map
W’: lde S F'L' S F'FLL,

which is well defined up to homotopy, is a unit map exhibiting LL’ as left
adjoint to F’F. We define the counit map of the composition of right adjoints
in a similar way.

The central notion we are about to study in this section is the following:

Definition 2.1.4 Given oo-categories C and D, a normed functor
q: D—C,

is a functor ¢*: C — D together with a left adjoint (Q!, u?), a right adjoint
(g, ¢l), and a natural transformation

Nmg: g = g,

which we call a norm. We say that g is iso-normed, if Nm,, is a natural isomor-
phism. For X € C, we also write X, = q1¢* X, and denote by C? tqgt — 1Id
and ul: Id — g.q*, the associated counit and unit of the respective adjunc-
tions. We drop the superscript ¢ whenever it is clear from the context.

Iso-normed functors have also been called ambidextrous adjunctions in the
literature, see e.g. [30], and appear in classical mathematical contexts, such as
algebraic geometry and representation theory.

Example 2.1.5 For an inclusion of finite groups H C G, the restriction functor
from complex G-representations to H -representations extends naturally to an
iso-normed functor. Namely, there is a natural isomorphism between induction
and co-induction from H to G.

Remark 2.1.6 In subsequent sections, we shall sometimes abuse language and
refer to Nmy as a norm on ¢* and to g™ itself (with the data of Nm,) as a
normed functor. Since the left and right adjoints of ¢* are essentially unique
(when they exist), this seems to be a rather harmless convention.

There is a useful criterion for detecting when a normed functor is iso-
normed.
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Lemma 2.1.7 A normed functor q: D ~— C is iso-normed if and only if the
norm Nmy : q1 — g is an isomorphism at ¢* X for all X € C.

Proof The “only if” part is clear. For the “if” part, consider the two diagrams

Cx u C)
99 g« —=q @ —=qq g ——=q
qu lz qu \L leq lemq
Uy * c uy *
qx —=qxq qx —= {x, qx —=q4x4 q,

which commute by naturality of the (co)unit maps. By the zig-zag identities,
the composition along the bottom row in the left diagram is the identity. Thus,
the left diagram shows that Nm,, has arightinverse. Similarly, the right diagram
shows that Nm,, has a left inverse and therefore Nm,, is an isomorphism. O

Given a functor ¢*: C — D with a left adjoint (g1, u;) and a right adjoint
(q*, cZ), the data of a natural transformation Nm,, : g1 — g5 is equivalent to
the data of its mate v,: g*q1 — Id, which is a candidate for a counit of a
“wrong way”” adjunction ¢*  ¢.

Lemma 2.1.8 Let g: D — C be a normed functor. For every Y € D, the
map Nmy : qi — g4 is an isomorphism at Y € D if and only if the mate
vy : q*qr — 1d is a counit map at Y; That is, for all X € C, the composition

Map. (X, ¢1Y) KN Mapp (¢*X, ¢*q1Y) = Mapp (¢*X, Y)

is a homotopy equivalence.

Proof For every X € C, consider the commutative diagram in the homotopy
category of spaces:

Nmg o—

Mape (X, 1Y) ————— Map¢ (X, g4Y)

T

Cyx0—
Mapp (¢* X, ¢* 1Y) ————— Mapp (¢* X, ¢*¢.Y) ———— Mapp (¢*X.Y).

\/

\)(IO—

By the Yoneda lemma, Nm,, is an isomorphism at Y if and only if the top
map in the diagram is an isomorphism for all X € C. By 2-out-of-3, this is
the case if and only if the composition of the top map and the diagonal map
is an isomorphism for all X. Since the diagram commutes, this is if and only
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if the composition of the left vertical map with the long bottom map is an
isomorphism for all X, which is by definition if and only if v, is a counitat Y.
O

Notation 2.1.9 When Nm,, is an isomorphism at ¢* X, and hence v, is a counit
at X, we denote the associated unit by uy x: X — qig*X = X,. If g is iso-
normed, we let iy : Id — g™ be the unit natural transformation associated
with v,. As usual, we drop the subscript ¢, whenever the map is understood
from the context.

Remark 2.1.10 We will use the two points of view, that of a norm Nmy, : g1 —
g« and that of a “wrong way counit” v, : g*q1 — Id interchangeably. Each
point of view has its own advantages. We note that the definition using v,
seems to be slightly more general as it is available even if g* does not (a
priori) admit a right adjoint. In practice, we are mainly interested in situations
where v, is indeed a counit map for an adjunction, exhibiting g, as a right
adjoint of ¢*. Thus, the gain in generality is rather negligible.

Definition 2.1.11 We define the identity normed functor and composition of
normed functors (up to homotopy) as follows.

(1) (Identity) For every oco-category C, the identity normed functorId: C — C
consists of the identity functor Id: C — C viewed as a left and right adjoint
to itself using the identity natural transformation Id — Id as the (co)unit
map and with the identity natural transformation Id — Id as the norm.

(2) (Composition) Given a pair of composable normed functors

p q

EHDHC’

we define their composition gp: £ — C by composing the adjunctions
(Definition 2.1.3)

(gp)* =p*q*, (@p)=qp, (qp)s = q«P«

and take the norm map to be the horizontal composition of the norms (the
order does not matter)

Nmg, Nm,,
q\p) —> 4« P! — qxPx-

We denote the norm of the composite by Nmy,,. If p and g are iso-normed,
then so is gp.

—~Nm
Remark 2.1.12 1t is possible to define an co-category Cat_, , whose objects
are oo-categories and morphisms are normed functors, such that the above
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constructions give the identity morphisms and composition in the homotopy
category. This oco-category captures the higher coherences manifest in the
above definitions. We intend to elaborate on this point in a future work, but
for the purposes of this one, which will not use the higher coherences in any
way, we shall be content with the above explicit definitions up to homotopy.

2.1.2 Integration

The main feature of iso-normed functors is that they allow us to define a formal
notion of “integration” of maps.

Definition 2.1.13 Letg: D — C be an iso-normed functor. For every X, Y €
C, we define an integral map

/: Mapy, (¢* X, ¢*Y) — Mape (X, Y),
q

which is natural in X and Y, as the composition

Mapp, (q*X, q*Y) LY Map, (q*q*X, q*q*Y)

-1
Nm Clo—olly

—> Mapg (4:9™ X, 1q*Y) ——> Mapc (X, Y).

Remark 2.1.14 Alternatively, using the wrong way unit pg: 1d — q1q*, one
can define the integral as the composition

q clo—op
Mapy, (%X, ¢*Y) = Mape (919" X, q1¢*Y) —— Map, (X, Y) .

As a special case we have

Definition 2.1.15 Letg: D — C be an iso-normed functor. For every X € C,
we define a map

lglx: X - X
by
qlx = /q*ldx _ /qu*x-
q q

Remark 2.1.16 By unwinding the definition of the integral, the maps |q|x :
X — X are the components of the natural endomorphism |g| = c!q o g of
Ide.
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Integration satisfies a form of “homogeneity”.

Proposition 2.1.17 (Homogeneity) Let g : D — C be an iso-normed functor
andlet X,Y,7Z € C.

(1) Forallmaps f: q*X — q*Y and g: Y — Z we have

go /f =/(q*30f) € Homye (X, Z).

q q

orallmaps f: X — Y and g: — we have
(2) Forallmaps f: X - Yand g: q¢*Y — q*Z we h

/g szf(goq*f) € Homyc (X, Z).

q q

Proof For (1), consider the commutative diagram

C\

X qq*X 9q"Y ——=Y

A A

Qg+ X °

9q*Y ———=qq*Z — Z.

The composition along the top and then right path is go [ f, while the com-
q
position along the left and then bottom path is [ (¢*g o f), see Remark 2.1.14.
q
For (2), consider the diagram

X —" g X —L gy — 5 gz

A A

Y qq*Y 9q*Z — z

and apply an analogous argument. O

Integration also satisfies a form of “Fubini’s Theorem”.

Proposition 2.1.18 (Higher Fubini’s Theorem) Given a pair of composable
iso-normed functors

e~r.p- 1. ¢,
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forall X, Y € C,and f: p*q*X — p*q*Y, we have

/ /f =/f € Homye (X, 7).

q p qp

Proof Since g and p are iso-normed, we can construct the following diagram

Nm!

f
PP X ——= qupsp* Y ———= qipip*q*Y

M‘H’ C?P
* Nmpll .
qu’l
X ul P10 q*Y ————=qipip*q*Y Y.
. Cypl C[’)\L /
uf [{f qu_1 C!q

q+q* X q+q*Y qq*Y

The triangles and the bottom right square commute for formal reasons. The top
right square commutes by the way norms are composed (Definition 2.1.11(2))
and the left rectangle commutes by definition of | f. Thus, the composition

P
along the top path, which is [* f, is homotopic to the composition along the
qap
bottom path, which is [ ( [r ) i
q \p

Remark 2.1.19 Fubini’s theorem for Kan extensions is a special case when C
is the co-semiadditive co-category of co-complete co-categories and colimit
preserving functors. This example is worked out in [13, §2.2].

2.2 Ambidextrous squares and Beck—Chevalley conditions

In this section we study functoriality properties of norms and integrals and
develop further the “calculus of integration”.

2.2.1 Beck—Chevalley conditions

We begin by recalling some standard material regarding commuting squares
involving adjoint functors (e.g. see beginning of [32, §7.3.1]). A commutative
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square of functors

c—<-¢
q*l l )
p_2 _pH

is a natural isomorphism
Fpg*™ = " Fe.

If the vertical functors admit left adjoints ¢; - ¢* and ¢, - ¢* (suppressing
the units), we get a BCy (Beck—Chevalley) natural transformation

q q

uy ~ o~ C
Bi: §Fp — ¢ Fpq*q = §:G*Feqi — Feq.

Similarly, if the vertical functors admit right adjoints ¢* = ¢, and g* = G,
we get a BC, (Beck—Chevalley) natural transformation

i . . A
By Foqs = GuG* Feqw => G+ Fpq*qy —> G Fp.

Definition 2.2.1 We say that the square [] satisfies the BC, (resp. BC,) con-
dition, if ¢* and ¢* admit left (resp. right) adjoints and the map B (resp. Bs)
is an isomorphism.

Example 2.2.2 A classical example of a square satisfying the BC, is given
by the proper-base change theorem, see [48, 095S] in the context of étale
cohomology, and [32, Introduction to §7] in the context of locally compact
Hausdorff spaces.

Warning 2.2.3 It may happen that in [, the horizontal functors F and Fp
also have left or right adjoints. In this case, there are other BC maps one can
write. To avoid confusion, we will always speak about the BC maps with
respect to the vertical functors.

Given a commutative square [ as above, such that ¢g* and ¢* admit right

adjoints, we denote u, = u? and i, = u? (and similarly for other (co)unit
maps). It is an easy verification using the zig-zag identities, that the BC-maps
are compatible with these units and counits in the following sense:

Lemma 2.2.4 Given a commutative square of functors [, such that q* and
q* admit left (resp. right) adjoints, the following four diagrams commute up
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to homotopy:

(D Feq.q* (2) Fpq*qs
Us Cx
Pt N
Fe g+ Fpq* q* Feqx Fp
~ \LZ \Lﬂ*/
Uy Cx
Ci*q*FC q*é*FD
3) gqFp 4 qq*Fc
iy ¢
Fp q*Feq g Fpq* Fe.
PN p
Fpg*q Feqq*

The BC maps also satisfy some naturality properties with respect to hor-
izontal and vertical pasting, as well as multiplication and exponentiation of
squares. We begin with horizontal pasting. Given a commutative diagram of
oo-categories and functors

c—fe g% ¢
N
p ™ .p_ 2. 5H

we call the outer square the horizontal pasting of the left and right small
squares. The following is easy to verify.

Lemma 2.2.5 Given a horizontal pasting diagram (x) as above,

(1) The BCi-map for the outer square is homotopic to the composition
@GpFp — GegiFp — GeFeqy

of the BCy maps for the left and right squares.
(2) The BCy-map for the outer square is homotopic to the composition

GeFeqs — GeguFp — §2GpFp

of the BC, maps for the left and right squares.
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This immediately implies the following horizontal pasting lemma for BC
conditions.

Corollary 2.2.6 Given a horizontal pasting diagram (x) as above, denote by
Uz, Og and U, the left, right and outer squares respectively.

(1) If Q¢ and g satisfy the BC, (resp. BC,) condition, then so does [.
(2) IfUg and U satisfy the BC) (resp. BC,) condition and G¢ is conservative,
the so does Uy .

We now turn to vertical pasting. Given a commutative diagram of oo-
categories and functors

QOi<— ™

(sk)

S P —
&

we call the big outer square (i.e. rectangle) the vertical pasting of the top and
bottom small squares. The following is easy to verify.

Lemma 2.2.7 Given a vertical pasting diagram (x*) as above,
(1) The BCi-map for the outer square is homotopic to the composition of the
BC, maps for the top and bottom squares

Q1 Fe — qiFppy — Feqp:.

(2) The BC,-map for the outer square is homotopic to the composition of the
BC, maps for the top and bottom squares

Feqspx — G« Fpps — G« psFe.

Again, this immediately implies the following vertical pasting lemma for
BC conditions.

Corollary 2.2.8 Given a vertical pasting diagram (x%) as above, denote by
U7, Op and U, the top, bottom, and outer squares respectively. If O and U p
satisfy the BCy (resp. BCy) condition, then so does [1.

Finally, the BC conditions are also natural with respect to multiplication
and exponentiation.
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Lemma 2.2.9 Given a pair of squares corresponding under the adjunction
(=) x & 4 Fun(&, —),

F . 7 3
CxE—1C ¢ c— " Fune. 0

q*xIdJ Lg* (i q*J/ J/(q*)s (y) .
DxELP P D Fun(E. D)

the square [y satisfies the BCy (resp. BCy) if and only if U, satisfies the BC,
(resp. BCy) condition.

Proof Under the canonical equivalence of co-categories
Fun(D x &, C) ~ Fun(D, Fun(&, C)),

the BC; (resp. BC,) map for [J; corresponds to the BC, (resp. BC,) map of
[ and isomorphisms correspond to isomorphisms. |

2.2.2 Normed and ambidextrous squares

We now consider commuting squares of co-categories, where the vertical func-
tors are normed.

Definition 2.2.10 We define:

(1) A normed square is a pair of normed functors g: D ~— Cand §: D — C,
together with a commutative diagram

CL)C'
q*l \L~* (*)
D . p

It is iso-normed if g and g are iso-normed.
(2) A weakly ambidextrous square is a normed square, such that the associated
norm diagram:

qu
Feq, Feqx
ﬁﬁ lﬁ* (@)
- ng -
q Fp g+ Fp.
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commutes up to homotopy. An ambidextrous square is a weakly ambidex-
trous square that is iso-normed (note that an ambidextrous square satisfies
the BC, condition if and only if it satisfies the BC, condition).

Remark 2.2.11 We shall often abuse language and say that (x) is a normed (or
ambidextrous) square implying by this that we also have normed functors g
and g as in the definition.

As with any definition regarding norms, we can recast the definition of an
ambidextrous square in terms of wrong way counits. As this will be used in
the sequel, we shall spell this out.

Lemma 2.2.12 Let (%) be a normed square as in Definition 2.2.10(1). Con-
sider the diagrams (where <1 is defined only when (%) is iso-normed).

Fpq*q q\q*Fe
A =
N N
q* Feq Fp (>), Fe g Fpq* (<)
|| A Ny
q*qFp Feqiq*.

(1) The norm-diagram (] commutes if and only if the diagram > commutes.
(2) If (%) is iso-normed, satisfies the BC, condition and the norm-diagram []
commutes, then the diagram <| commutes.

Proof We begin with (1). The norm-diagram [J commutes if and only if the
two maps g1 Fp — ¢+« Fp are homotopic. This holds if and only if their mates
G*q1Fp — Fp are homotopic. To compute the mate, one applies ¢* and post-
composes with the counit ¢, : g*G« — Id (of the right way adjunction). Now,
consider the diagram

* qu *

Fpq™q Fpq™qx«

T P

N N
. Nm,
G Feqy ——— G* Feqs Fp.
L Nm; . *
§*qFp ——= §*G«Fp

The triangle on the right commutes by Lemma 2.2.4(2). The composition of
the top maps is Fpv, and of the bottom maps is v; Fp. Hence, L] commutes,
if and only if > commutes.
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We now turn to (2). To check the commutativity of <, we may replace S
with its inverse. By assumption, all maps in [J are isomorphisms. Thus, the
map /8!_1 in < is homotopic to the composition

lel Bs -~ (qu)—l ~
Feqy —> Feqs — g« Fp ——> qiFp.

Unwinding the definitions, this exhibits ,8!_1 as the BC,-map of the wrong way
adjunctions ¢* - ¢ and ¢* - gi. The commutativity of <] now follows from
the compatibility of BC-maps with units (Lemma 2.2.4(1)). O

The main feature of ambidextrous squares is that they behave well with respect
to the integral operation.

Proposition 2.2.13 Let

@)

Q*
B S QY
&l
9
l%mz
*

be an ambidextrous square that satisfies the BC, condition (and hence the
BC, condition). Forall X,Y € Cand f: q*X — q*Y, we have

Fe </ f) = / Fp(f) € Hom;(FeX, FcY).
q q
In particular, for all X € C, we have
Fe(lglx) = 1qlre(x) € Hom,s (FeX, FeX).
Proof Since [ is iso-normed, we can construct the following diagram:

N —1
Feaquq*X — = Fequq*Y ——*~ Feqiq*Y
«q cq+q cqiq

Usx C
B lz B J/z B TZ \
f Nmg!

FeX GxFpq*X ——= G« Fpq*Y —— q:Fpq*Y FeY.

2 2 2

Nmfl
GuG* FeX ——— §ug*FeY ———= Gig* FeY

The left and right triangles commute by the compatibility of BC maps with
(co)units (Lemma 2.2.4, diagrams (1), and (4) respectively). The top right
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square commutes by the assumption that the square [] is ambidextrous and
satisfies the BC conditions and the rest of the squares commute for trivial
reasons. Hence, the composition along the top path is homotopic to the com-
position along the bottom path, which proves the first claim. The second claim
follows from the first applied to the map f = ¢* Idy. O

2.2.3 Calculus of normed squares
As discussed before, squares of functors can be pasted horizontally and ver-
tically. We extend these operations to normed squares and consider their

compatibility with the notion of ambidexterity. We begin with horizontal past-
ing. Given normed functors

qg:D—C, G:D—C, 5:75>—>(~3,
and a commutative diagram

Fe

c ¢ ¢
lq* \Lé* \L:* (*)
D D

F
D D

we call the big outer normed square the horizontal pasting of the left and right
small normed squares. We have the following horizontal pasting lemma for
ambidexterity.

Lemma 2.2.14 (Horizontal Pasting)Let (%) be a horizontal pasting diagram
of normed squares as above. We denote by Uy, Ug and U), the left, right, and
outer normed squares respectively. If U and Ui are (weakly) ambidextrous,
then so is L.

Proof Consider the following diagram composed of whiskerings of the norm
diagrams of [J; and i (with all horizontal maps the respective BC-maps).

GeFeqy<—— GegiFp<—— qGpFp

l Nmg \Lqu \LNmé

GeFeqy — GegwFp — G«GpFp.

By Lemma 2.2.5, the outer square is the norm diagram for [J, which implies
the claim. O
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We now turn to vertical pasting. Given normed functors
g:D—C, G:D—C, p:E—D, p:E—D

and a commutative diagram

Q*
QO
S
@l%mz
*

(k)

(‘Qz%
!
*

we call the big outer normed square, with respect to the compositions of normed
functors gp and g p, the vertical pasting of the top and bottom small normed
squares. We have the following vertical pasting lemma for ambidexterity:

Lemma 2.2.15 (Vertical Pasting) Let (x*) be a vertical pasting diagram of
normed squares as above. We denote by (1, (g and [J, the top, bottom, and
outer normed squares respectively. If O and Og are (weakly) ambidextrous,
then so is L.

Proof Consider the following diagram composed of whiskerings of the norm
diagrams of U7 and Ulp (with all horizontal maps the respective BC-maps).

Feqipy<——q\Fpp: qp Fe

leq leq leq

Feq«py — G« Fpp <—— g« p1 Fe

lep lep lef,

Feqeps — Q*FDP* — C}*ﬁ*FE-

By Lemma 2.2.7, the outer diagram is the norm diagram for [J. Thus, it is
enough to check that all four small squares commute. The top right and bottom
left squares commute for trivial reasons. The top left and bottom right squares
are whiskerings of the norm diagrams of Ul and Up respectively and hence
commute by assumption. O
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2.3 Monoidal structure and duality

In this section, we study the interaction of norms and integration with (symmet-
ric) monoidal structures on the source and target co-categories. Under suitable
hypotheses, this interaction allows us to reduce questions about ambidexterity
to questions about duality.

2.3.1 Tensor normed functors

Definition 2.3.1 LetC and D be monoidal co-categories. A ®-normed functor
from D to C, is a normed functor ¢g: D — C, such that ¢* is monoidal (and
hence ¢ is colax monoidal by the dual of [31, Corollary 7.3.2.7]) and for all
Y € D and X € C, the compositions of the canonical maps

0 (Y ® (¢°X)) = @) ® (014" X) =25 (q7) ® X

and

2 (@*X)®Y) > (g*X) ® () 225 X ® (q7)
are isomorphisms.

Remark 2.3.2 The above definition does not depend on the norm and is actually
just a property of the functor ¢g*. However, we shall only be interested in this
property in the context of normed functors.

Remark 2.3.3 The analogous property with g, instead of ¢, is commonly
referred to as the projection formula. A classical example is the projection
formula for coherent sheaves on schemes, see [48, 01E6].

Notation 2.3.4 To make diagrams involving (co)units more readable, we shall
employ the following graphical convention. When writing a unit map of an
adjunction whiskered by some functors, we enclose in parenthesis the effected
terms in the target. Similarly, when writing a counit map of an adjunction
whiskered by some functors, we underline the effected terms in the source.

We adopt the definitions and terminology of [20] regarding duality in
monoidal co-categories. In the situation of Definition 2.3.1, substituting ¢*1¢
for Y, gives a natural isomorphism from the functor ¢1¢™ to the functor 1, ® —,
where 1, = q1¢*1¢. We can therefore consider the map

e:1, @1, =~ qq*qq*le > qq*le > 1c.

@ Springer



Ambidexterity in chromatic homotopy theory 1177

Proposition 2.3.5 Let g: D — C be a ®-normed functor of monoidal oo-

categories. The following are equivalent:

(1) Nmy, is an isomorphism natural transformation (i.e. q is iso-normed).

(2) Nmy, is an isomorphism at g*1¢.

(3) Themap e: 1, ® 14 — 1¢ is a duality datum (exhibiting 1, as a self dual
object in C).

Proof (1) = (2) is obvious. Assume (2). The map Nm,: g1 — g has

a mate v: g*qy — Id. By Lemma 2.1.8, since Nm, is an isomorphism at

g*1¢, the map v is a counit map at g*1¢ and has an associated unit map

ui: e = qg*le. Let

n:le 55 (@) Te = a1 (¢*q) ¢ le = 1, ® 1.

We prove (3) by showing that ¢ and 7 satisty the zig-zag identities. As
above, we identify 1, with g1¢*1¢ and 1, ® 1, with g1¢g*q1g*1¢. For the first
zig-zag identity, consider the diagram

nxld

T

n uy
0q* e —— = (@gMqq*lc —= q1 (¢*q) ¢*qq* ¢

\lv u |

Qg e ————=qi(g* q)q* I |1dse
\ \LC!
q1q*1c.

The square commutes by the interchange law for natural transformations. The
upper triangle by the definition of 11 (i.e. the corresponding zig-zag identity
at 1¢) and the bottom by the zig-zag identities for u; and c,. For the second
zig-zag identity, consider a similar diagram

Id *xn

/\

m u
0q* e ——— qq* (g e —= qq*q (q*q) ¢* ¢

\lv u |

Qg e ——— qi(g*q)g* ¢ |exld

qq*1c.
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Assume (3). By Lemmas 2.1.7 and 2.1.8, it is enough to show that v is a
counit at g* X for all X € C. Consider the following diagram

1,0

Map (¥, 1, ® X) Map (1, ® Y, 1, ® 1, ® X)
Map (Y, q1¢*X) — Map (q*Y, q*q!q*X) —2% Map (qzq*Y, qxq*qzq*x) o

- lvof luof
RN

Map (¢*Y, q*X)4q’>Map (q!q*Y, q!q*X) Map (Ilq RY, X)

Map (q:¢*Y, X)

The triangles commute by definition and the rest by naturality. The composi-
tion along the top and then right path is an isomorphism since ¢ is an evaluation
map of a duality datum on 1. Thus, the dashed arrow is an isomorphism by
2-out-of-3, which proves that v is a counit at ¢g*X. O

Remark 2.3.6 A similar result is given in [20, Proposition 5.1.8].

2.3.2 Tensor normed squares

The following is the analogous notion to a normed square in the monoidal
setting.

Definition 2.3.7 A ®-normed square is a pair of ®-normed functors g : D —
C and g: D — C and a commutative square of monoidal co-categories and
monoidal functors

F,
c—"¢ .

q*l
F

D

c
lN* (*)
D

For a ®-normed square (x) as above, we define a colax natural transforma-
tion of functors

o~ ~ B
0: (=) Fe = qq"Fe = q1Fpq* — Feqiq™ = Fe (=), .

Using the isomorphisms from Definition 2.3.1 we define the natural isomor-
phisms

Ly (X®Y),
=qq" (XQY)~q ("X ®q"Y) = q¢*X®Y

@ Springer



Ambidexterity in chromatic homotopy theory 1179

—X,®7,

Ry (X®Y),
=qq" (X®Y)~q ("X ®q"Y) = X ®qq"Y
=X®Y,.

We shall need a technical lemma regarding the compatibility of the maps
L, R,and6.

Lemma 2.3.8 Let (%) be a ®-normed square as above. For all X, Y € C, the
following diagram:

~ Rq Lq
Fe(X®Y)zs— (Fe (X)® Fe (V)g5—= (Fe (X) ® Fe (Y);), — = Fe (X); ® Fe (Y);
lf’my lld ®06y lld ®0y

Lg
Fe(X®Y),), — (Fe (X) ® Fe (Yq)); — = Fe (X); ® Fe (Yq)

Fe (X ®Y,),
l"(}(@nq l(’xmt, lex@d

Fe (Xq) ® Fe ()

Lq

Fe(X® 1)) —=Fe((X@¥,),) Fe (X, ®Y,)

commutes up to homotopy.

Proof The top right square commutes by naturality of L; and the bottom left
square commutes by naturality of 6. We now show the commutativity of the top
left rectangle (the commutativity of the bottom right rectangle is completely
analogous). By unwinding the definition of R, the top leftrectangle is obtained
by applying (—); to the following diagram

R;

/—\

(Fe (X) ® Fe (Y)); —= Fe (X); ® Fe (Y); 2% Fo (X) ® Fe (Y);

2 l@x@GY ild@@y
Fe(X®7Y); Fe (Xg) ® Fe (Y,) 224 Fo () ® Fe (V)
l(?xm 2 2
c®Id
Fe((X®1),) Fe (Xq ®Y,) Fe(X®7Y,).
Rq
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The left rectangle commutes by the monoidality of 6 and the bottom right
square commutes by naturality. The top right square is a tensor product of two
squares

Fe (X); — > Fe (X) Fe (V); — 2 Fe (v);
lex lld @O, ley léy (@)
Fe (Xg) —— Fe (X) Fe (Y,) —2~ Fe (v,).

The square [, commutes for trivial reasons and the square [J; commutes by
the compatibility of BC-maps with counits (Lemma 2.2.4(4)). |

The main fact we shall use about ®-normed squares is the following:

Proposition 2.3.9 Ler (x) be a ®-normed square as above. Assume that () is
weakly ambidextrous and satisfies the BC-condition. If q is iso-normed, then
q is iso-normed and the BC, condition is satisfied as well.

Proof By the assumption of the BCi-condition, the operation 6 is an isomor-
phism. Observe that 1; >~ F¢ (1¢); and consider the following diagram:

LRS! -
1;01; — > §.§*§¢* Fe (I¢) ——— 3" Fe (L¢)

é
o0®0 |

Fc (14) ® Fe (14) o 0 Fe(lg) ~ 1.

| A

L;'R!
Fe(l, ®1,) ——— F¢ (q!q*qzq*]lc) — = F (q!q*ﬂc>

The middle rectangle and the triangle commute by the compatibility of BC
maps with counits (Lemma 2.2.4(4)). The left rectangle commutes by applying
Lemma 2.3.8 with X = Y = 1¢. By Proposition 2.3.5, ¢,: 1, ® 1, — 1¢is
a duality datum and since F¢ is monoidal,

Fe(gq) : Fo (14) ® Fe (1g) — Fe(le) >~ 15
is a duality datum as well. The commutativity of the above diagram, identifies
Fe (sq) with e; and hence ¢; is a duality datum for 1;. By Proposition 2.3.5

again, ¢ is iso-normed. Finally, the BC, condition is satisfied by 2-out-of-3
for the norm diagram. |
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2.4 Amenability
Definition 2.4.1 An iso-normed functor ¢: D — C is called amenable, if
lg| = fq Id: X — X is an isomorphism for every X € C.

Remark 2.4.2 The name is inspired by the notion of amenability in geometric
group theory. Given an object X € C, the integral operation

f: Map (¢*X, ¢*X) — Map (X, X)

q
can be thought of intuitively as “summation over the fibers of ¢g”’. Amenabil-
ity allows us to “average over the fibers of ¢ by multiplying the integral

with |¢|~!. This is especially suggestive in the prototypical example of local-
systems, which we study in the next section.

Lemma 2.4.3 Let

CL)@
NI
p_ . P

be an ambidextrous square, such that F¢ is conservative. If G is amenable,
then q is amenable.

Proof Given X € C, since the square is ambidextrous, we have by Proposi-
tion 2.2.13,

Fe(qlx) = 1q1Fox)-

The claim follows from the assumption that F¢ is conservative. O

The next result demonstrates how can amenability be profitably used for “aver-
aging”.

Theorem 2.4.4 (Higher Maschke’s Theorem) Let g: D — C be an iso-
normed functor. If q is amenable, then for every X € C the counit map
o qq*X — X has a section (i.e. right inverse) up to homotopy. In par-
ticular, every object of C is a retract of an object in the essential image of

Q-

Proof By definition, |g|x is given by the composition
Uy * Nm™! * g
X —q:qg X — qq X = X.
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Hence, if |g|x is an isomorphism, then (c1)x has a section up to homotopy s,
given by

s :=Nm~! Oly O |q|;l.

Theorem 2.4.5 [Cancellation Theorem] Let

q

e—Pt . p. 1 ¢

be a pair of normed functors. If p is amenable and qp is iso-normed, then g
is iso-normed.

Proof This is essentially the same argument as the one used in the proof of
[20, Proposition 4.4.16], but let us recall it for the convenience of the reader.
The map Nmy,, is given by the composition

Nmy, Nm,,
q\p! > s P! —> (% Dx-

N
Since Nmy;, and Nm, are isomorphisms, so is qp 1, g« p1. By Theo-

rem 2.4.4, every X € D is aretract of p\Y for some Y € £. Isomorphisms are
closed under retracts, and so Nmy, is an isomorphism for every X € D. O

3 Local-systems and ambidexterity

The main examples of normed functors that we are interested in are the ones
provided by the theory of higher semiadditivity developed in [20] and further
in [18]. In what follows, we first briefly recall the relevant definitions and
explain how they fit into the abstract framework developed in the previous
section. Then we apply the theory of the previous section to this special case.
The theory developed in [20] is set up in a rather general framework of Beck—
Chevalley fibrations. Even though this framework fits into our theory of normed
functors, for concreteness and clarity, we shall confine ourselves to the special
case of local systems.

3.1 Local-systems and canonical norms

Let C be an co-category and let A be a space viewed as an co-groupoid. We call
Fun (A, C) the oo-category of C-valued local systems on A. Letg: A — B
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be a map of spaces and assume that C admits all g-limits and g-colimits [as
defined in Sect. 1.5(6)]. The functor of precomposition with ¢, denoted by

q*: Fun(B,C) — Fun(A,(C),

admits both a left adjoint ¢ and a right adjoint ¢, (given by left and right
Kan extension respectively). We shall define, after [20, §4.1], a class of
weakly C-ambidextrous maps ¢, to which we associate a canonical norm map
Nm, : g — g+. This norm map gives rise to a normed functor

g™ : Fun (A, C) — Fun (B, ().

A map gq is called C-ambidextrousif it is weakly C-ambidextrous and the

associated canonical norm is an isomorphism (i.e. ¢g*" is iso-normed).

3.1.1 Base change and canonical norms

We begin with some terminology regarding the operation of base change for
local-systems.

Definition 3.1.1 Given an oco-category C and a pullback diagram of spaces

SA
_—

A
lq ()
sp

—— < B

o~y

the associated base-change square (of C-valued local-systems) is

Fun (B, C) —2 = Fun(B, C)

q*l l - )
Fun (A, C) —2* - Fun(4, C).

Lemma 3.1.2 Let C be an oo-category and let (x) be a pullback diagram
of spaces as in Definition 3.1.1 above. If C admits all q-colimits (resp. q-
limits), then the associated base-change square U satisfies the BC (resp. BC,
condition).

Proof For BC, this is [20, Proposition 4.3.3] (note we only need g-colimits).
The claim for BC, follows by replacing C with C°P. O

The construction of the canonical norm rests on the following more general
construction.
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Definition 3.1.3 Letg: A — B beamapof spacesandlet§: A > A xp A
be the diagonal of ¢. Let C be an co-category that admits all ¢g-(co)limits and
8-(co)limits. Given an isomorphism natural transformation

Nmyg: 8 = b4,
we define the diagonally induced norm map

Nmy: g1 — g«

as follows. Consider the commutative diagram

To the iso-norm Nmyg, corresponds a wrong way unit map ps: Id — 8;6*.
By Lemma 3.1.2, the base change square associated with () satisfies the BC,
condition, and so we can define the composition

—1
vy gt — )L () 88w > 1d.

We define Nm, : g1 — g4 to be the mate of v, under the adjunction g* = gx.

Remark 3.1.4 In light of [20, Remark 4.1.9], we can informally say that the
diagonally induced norm map on ¢ is obtained by integrating the identity map
along the diagonal 8. Though we shall not use this perspective, it is helpful to
keep it in mind.

Note thatifg: A — B is m-truncated for some m > —1, then §is (m — 1)-
truncated. This allows us to define canonical norm maps inductively on the
level of truncatedness of the map.

Definition 3.1.5 Let C be an co-category and m > —2 an integer. A map of
spaces ¢g: A — B is called

(0) (=2)-C-ambidextrous if it is (—2)-truncated, i.e., an isomorphism.
(1) weakly m-C-ambidextrous, it g is m-truncated, C admits g-(co)limits and
either of the two holds:
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e m = —2,in which case the inverse of ¢* is both a left and right adjoint
of ¢g*. We define the canonical norm map on g* to be the identity of
some inverse of g*.

e m > —1, and the diagonal §: A — A xp A of g is (m — 1)-C-
ambidextrous. In this case we define the canonical norm on g* to be
the diagonally induced one from the canonical norm of §.

(2) m-C-ambidextrous, if it is weakly m-C-ambidextrous and its canonical
norm map is an isomorphism.

A map of spacesg: A — B iscalled (weakly) C-ambidextrous if it is (weakly)
m-C-ambidextrous for some .

By [20, Proposition 4.1.10 (5)], the canonical norm associated with a map
q: A — B, thatis m-truncated for some m, is independent of m.

Remark 3.1.6 In fact, one can define the (weak-)ambidexterity property of a
truncated map g: A — B without referring explicitly to the truncation level
(as suggested in [13, Defintiion 2.1.1]). Namely, one simply defines the class of
(weakly) ambidextrous maps recursively over the iterated diagonal. One has to
verify only that for an isomorphism, the norm induced by the diagonal (which
is also an isomorphism) coincides with the identification ¢, >~ (¢*) ™! ~ g..

Definition 3.1.7 In the situation of Definition 3.1.5, givenamapg: A — B
that is weakly C-ambidextrous, we define the associated canonical normed
functor

gc™: Fun(A,C) — Fun (B, (),
by

(@) =q* (@), =a. (@), =

and the norm map Nmy, : ¢ — ¢ the canonical norm of Definition 3.1.5.

Note that the normed functor gz*" is iso-normed if and only if g is C-

ambidextrous. We add the following definition.

Definition 3.1.8 Let C be an co-category. A C-ambidextrous map g: A — B
is called C-amenable if ¢“® is amenable.

Notation 3.1.9 Given a weakly C-ambidextrous map of spaces g: A — B,
we write ¢“" for g5*" if C is understood from the context. We also write (—),,
fq and |g| instead of (=) e, chan and |¢g“®|. For a map g: A — pt, we
shall also say that A is (weakly) C-ambidextrous or amenable if g is, and write

(=)a» [, »and |A] instead of (—),, fq and |q|.

@ Springer



1186 S. Carmeli et al.

The next proposition ensures that the canonical norms are preserved under
base change, compositions and identity as in Definition 2.1.11.

Proposition 3.1.10 Let C be an oo-category.

(1) (Identity) Given an isomorphism of spaces q: A —> B, the functor q* is
C-ambidextrous and its canonical norm is the identity of the left and right
adjoint inverse of q*.

(2) (Composition) Given (weakly) C-ambidextrous maps q: A — B and
p: B — C, the composition pq: A — C is (weakly) C-ambidextrous
and (pq)*™ can be identified with p®"q*.

(3) (Base-change) Let (x) be a pullback diagram of spaces as in Defi-
nition 3.1.1. If q is (weakly) C-ambidextrous, then q is (weakly) C-
ambidextrous and the associated base-change square

Fun (B, C) —2—~ Fun(B, C)

- P
*

Fun (A, C) —2~ Fun(A, C)

is (weakly) ambidextrous.

Proof (1) follows directly from the definition. (2) is the content of [20, Remark
4.2.4]. (3) is a restatement of [20, Remark 4.2.3]. O

The following is a central notion for this paper.

Definition 3.1.11 Let m > —2 be an integer. An oco-category C is called m-
semiadditive, if it admits all m-finite limits and m-finite colimits and every
m-finite map of spaces is C-ambidextrous. It is called co-semiadditive if it is
m-semiadditive for all m.

Remark 3.1.12 Our definition of m-semiadditivity agrees with [18, Definition
3.1] and differs slightly from [20, Definition 4.4.2] in that we do not require
C to admit al/l small colimits, but only m-finite ones. Note that using the
“wrong way counit” perspective, one could phrase m—semiadditivity without
the assumption that C admits m-finite limits, but this would then be a direct
consequence. Thus, Definition 3.1.11 is somewhat more general then [20,
Definition 4.4.2].

3.1.2 Base change and integration

We can now apply the theory of integration developed in the previous section
to the canonically normed functors associated with ambidextrous maps.
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Example 3.1.13 (see [20, Remark 4.4.11]) Let C be a 0-semiadditive oo-
category (e.g. C is stable). For every finite set A, the map g: A — pt is
C-ambidextrous. Given X, Y € C, a map of local systems f: ¢*X — ¢*Y,
can be viewed as a collection of maps {f;: X — Y},c4. We have

acA

/f:Zfa € Homye (X, Y).
A

We now apply the general theory of integration to base change squares.

Proposition 3.1.14 Let C be an oo-category and let (x) be a pullback diagram
of spaces as in Definition 3.1.1, such that q (and hence q) is C-ambidextrous.
Forall X,Y € Fun(B,C) and f: g*X — ¢*Y, we have

s}/f:/sf‘f eHomhFun@’C) (s5X.s3Y).
q

q
In particular, for all X € Fun (B, C) we have

sglalx =14lsx € HomhFun(é,c) (s5X, s5X).

Proof Denote by []the associated base-change square. By Proposition 3.1.10(3),
[J is ambidextrous and by Lemma 3.1.2, it satisfies the BC, condition. Now,
the result follows from Proposition 2.2.13. O

As a consequence, we get a form of “distributivity” for integration.

Corollary 3.1.15 LetC be an oo-categoryandletq): A| — Bandgy: Ay —
B be two C-ambidextrous maps of spaces. Consider the pullback square

Ay xp Ay il Ay
l - l

b q
Ar > B.

The map q>» X g q1 is C-ambidextrous and for all X, Y, Z € Fun (B, C) and
maps

f1: 45X = qiY, fr: 3Y > ¢ Z,
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we have
/ (75 fromf f1) =/f20/f1 € Homy, pun(,c) (X, Z) .
92X Bq1 q2 q1

In particular, for every X € Fun (B, C), we have
lg2 xB q1lx = lq21x o lq1lx € Homy puns,c) (X, X) .
Proof The map m, is C-ambidextrous by Proposition 3.1.10(3) and therefore
g2 Xp q1 = gqam is C-ambidextrous by Proposition 3.1.10(2). We now start

from the left hand side and use Proposition 2.1.18, Proposition 2.1.17(1),
Proposition 3.1.14 and Proposition 2.1.17(2) (in that order).

[ wnontn)= [ wronin)=[ [(ronin)

q2XBq1 qam2 q2 T2
=/ fZO/ﬂl*fl =/ fzoq;/fl =/f20/f1.
q2 ) q2 q1 q2 q1

The second claim follows from applying the first to f> = g5 Idx and f; =
qik Idy. O

As another consequence, we obtain the additivity property of the integral.

Proposition 3.1.16 (Integral Additivity) Let C be a 0-semiadditive oo-
category and let q;: A; — B fori = 1,...,k be C-ambidextrous maps.
Then,

@qt,...yqr): AyU---UAr > B

is C-ambidextrous and for all X, Y € Fun (B, C) and maps f;: qf X — q]'Y
fori=1,...,k we have

k

/ (fi,..., fr) = Z /fi € Homy, pun(g,c) (X, Y).
i=1 \

gi

Proof By induction, we may assume k = 2. Write (g1, g2) as a composition

AlUuA, 222 g Y B,

@ Springer



Ambidexterity in chromatic homotopy theory 1189

where V is the fold map. By [20, Proposition 4.3.5], the map ¢; U g3 is C-
ambidextrous. Consider the pullback square of spaces, with j; the natural
inclusion inclusion of the first summand,

A1$—A1UA2

qll lqlu@ (+)
B—" _BuUB.

By Proposition 3.1.14 applied to the base-change square of (x), we get that

it / (f1, f2) fol-
a1

14g2

Applying the analogous argument to the second component, we get

/(fl,fz>= /fl,/fz

qi14ga 1 q2

Since V: B U B — B is O-finite and C is O-semiadditive, V is C-
ambidextrous and the map (g1, g2) is C-ambidextrous as a composition of two
such (Proposition 3.1.10(2)). Using Fubini’s Theorem (Proposition 2.1.18),
and a direct computation from the definition of the integral over V (identical
to Example 3.1.13) we get

/(fl,m:f/(fl,fz):f ffl,/fz =/f1+ffz.
q1 q2

(q1,92) V qilg2 \Y 1 q2

3.1.3 Amenable spaces

Ambidexterity of the base-change square has also a corollary for the notion of
amenability.

Corollary 3.1.17 Let C be an oo-category and let (%) be a pullback diagram
of spaces as in Definition 3.1.1. If sp is surjective on connected components
and q is C-amenable, then q is C-amenable.
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Proof Since sp is surjective on connected components, the C-ambidexterity of
g implies the C-ambidexterity of ¢ by [20, Corollary 4.3.6]. Thus, by Proposi-
tion 3.1.10(3), the diagram [ of Definition 3.1.1 is ambidextrous. Since sp is
surjective on connected components, s is conservative and the claim follwos
from Lemma 2.4.3. O

The following two propositions give the core properties of amenable spaces.

Proposition 3.1.18 Let C be an co-category and let A — E L Bbea fiber
sequence of weakly C-ambidextrous spaces, where B is connected. If E is C-
ambidextrous and A is C-amenable (and hence also C-ambidextrous), then B
is C-ambidextrous.

Proof By assumption, A is C-amenable and B is connected, hence by Corol-
lary 3.1.17, the map p is C-amenable. Denote ¢g: B — pt and consider the
pair of composable canonically normed functors

can can

Fun (E, C)~"—= Fun (B, )%~ Fun (pt, C) .

Since p" is amenable and (gp)“™" = ¢ " p®" is iso-normed, by Theo-
rem 2.4.5, ¢°®" is iso-normed. In other words, the map g (namely, the space
B) is C-ambidextrous. O

Proposition 3.1.19 Let C be an oo-category and let A be a connected space,
such that C admits all A-(co)limits and Q A-(co)limits. Denoting qg: A — pt,
if QA is C-amenable, then the counit map

s qq* — 1d,

is an isomorphism.

Proof Lete: pt — A be a choice of a base point. The composition

cf cl
ld=qee’q" — q¢* — Id
is the counit of the adjunction

Id = giey - e*¢™ =1d,
and hence an isomorphism. Thus, the whiskering gicfg* is a right inverse
of c, up to isomorphism. It therefore suffices to show that c¢{ has itself a
right inverse. Since A is connected and Q2A is C-amenable, the map eis C-
amenable by Corollary 3.1.17. Thus, by Theorem 2.4.4, the map ¢ has a right
inverse. . m|
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3.1.4 Higher semiadditivity and spans

We conclude with recalling from [18] some results regarding the universality
of spans of m-finite spaces among m-semiadditive co-categories. These results
are useful in reducing questions about general m-semiadditive categories to
the universal case, in which they are sometimes easier to solve.

Let S, € S be the full subcategory spanned by m-finite spaces and let S}
be the oo-category of spans of m-finite spaces, see [3]. Roughly,

e The objects of ) are m-finite spaces.

e A morphism from A to B is aspan A < E — B, where E is m-finite as
well.

e Composition, up to homotopy, is given by pullback of spans.

By [18, §2.2], the co-category S of spans of m-finite spaces inherits a sym-
metric monoidal structure from the Cartesian symmetric monoidal structure on
S While this symmetric monoidal structure is not itself Cartesian, the unit is

pt € S} and the tensor of two maps A &L Eq N B; and A, & E> Y B>
is equivalent to

q1xXq2 riXry
A1XA2<—E1XE2—>leBz.

One of the main results of [18] is that S canonically acts on any m-
semiadditive co-category (and the existence of such an action is in fact
equivalent to m-semiadditivity).

Theorem 3.1.20 (Harpaz, [18, Corollary 5.2]) For every m-semiadditive
C, there is a unique monoidal m-finite colimit preserving functor S, —
Fun (C, C), with respect to the symmetric monoidal structure on S, discussed
above.

Unwinding the definition of this action, we get that

e The image of an m-finite space a: A — pt is equivalent to the functor
(Hpa=aa*:C—C

(i.e. colimit over the constant A-shaped diagram).

e The image of a “right way” arrow A < A 5 Bis homotopic to the right
way counit map

(=)a = @a™ >~ byryr*b* % bt = (s

wherea: A — ptand b: B — pt are the unique maps (i.e. it is the natural
map induced on colimits).
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e The image of a “wrong way” arrow B A5 Ais homotopic to the
wrong way unit map

(=) = bib* 2, (q1q™) b* ~ aa* = (—)4

(which can informally be thought of as “integration along the fibers of ¢”).
e The natural transformation |A| at pt € S, is given by the spanpt <— A —

pt.

Remark 3.1.21 If one s only interested in this functor on the level of homotopy
categories (as we are),

hS,, — hFun (C,C),

one can use the above formulas as a definition. The compatibility with com-
position can be verified using [20, Proposition 4.2.1 (2)].

3.2 Higher semiadditive functors

In this section, we study m-finite colimit preserving functors between m-
semiadditive co-categories and study their behavior with respect to integration.
We call such functors m-semiadditive.

Definition 3.2.1 Let F: C — D be a functor of co-categoriesandg: A — B
a map of spaces. We define the (F, g)-square to be the commutative square

Fun (B, C) —*— Fun (B, D)

o Lk

Fun (A,C) ——=—=Fun (A, D),

where the horizontal functors are post-composition with F and the vertical
functors are pre-composition with g. If g is weakly C and D ambidextrous,
then this square is canonically normed.

Proposition 3.2.2 Let F: C — D be a functor of oo-categories and q: A —
B a map of spaces. If C and D admit, and F preserves, all q-colimits (resp.
q-limits), then the (F, q)-square satisfies the BC, (resp. BCy) condition.

Proof To check that the BC-map is an isomorphism, it suffices to verify this
after pulling back to each of the points of B. By Lemma 3.1.2, this reduces the
claim to the case B = pt and A = ¢~ !(b) for some b € B. This case follows
from the the assumption that F is g-(co)limit preserving. m|
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The following is the main result of this section.

Theorem 3.2.3 Let F: C — D be a functor of oo-categories which preserves
(m — 1)-finite colimits. Let g: A — B be an m-finite map of spaces. If q
is (weakly) C-ambidextrous and (weakly) D-ambidextrous, then the (F, q)-
square is (weakly) ambidextrous.

Proof The statement about ambidexterity follows immediately from the
ambidexterity of g and the statement about weak ambidexterity. We shall prove
the latter by induction on m. For m = —2, both vertical maps in the (F, g)-
square are isomorphisms, and so the claim follows from Proposition 3.1.10(1).
We therefore assume m > —1. Consider the diagram

A ©)

The square in the diagram induces a BC, map f,: (72), 7{ — ¢*¢q, which
is an isomorphism by Lemma 3.1.2. By definition, vg is the composition of
maps

* A x M3 *__%
g q — (m) |y — (m2), 68" w) ~1d.

By Lemma 2.2.12(1), it suffices to show that the wrong way counit diagram
of g commutes. This will follow from the commutativity of the (solid) diagram:

1 D

* B~ * Hs * *
G @ F, ——— (m2), (m1)* Fx ——— (m2)1 818" (1) Fi
| |
I [ N
| y
B 12 (72)y 818 Fy (71)*
! w7 !
| _ - I
v o - y N
q* Fyq (m2)y Fy (m1)* (M) 81 Fe8* ()" — — — — — — — > F,.
~_ |
~ _ ‘

(m2)y Fi88* (1)*
|

|

! c

\ Ky N \
|

|

| |

-1 \ us N
Fug*q — = F\ (), (m1)* —2 = F, (m2), 88* (m1)*
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The two trapezoids and the upper triangle commute for formal reasons. The
bottom triangle commutes by Lemma 2.2.7(1) and the fact that 75 0§ = Id. For
the rectangle on the left, is enough to prove the commutativity of the following

diagram:

q*q 1 F (m2)y (m1)* Fy
|

lﬁ! 12
y

q* Fyq (m2)y Fy (m1)* (*)
|

} V

\
B
Fiq*qy<——— Fy (m2), (m1)*.

For this we consider the following commutative cubical diagram:

Fun (B, C) —— b Fun(B.D)
Fun (A, C) > - ~“=Fun (A, D)
b2 F, \Lf]
Fun(A,C), R Fun(A’D) Tk *
1 T R 1 T
Fun (A xp A, C) * Fun (A xg A, D).
(o)

Applying Lemma 2.2.5(1) once to the back and then right face of (#) and
once to the left and then front face of (#), we get two presentations of the BC,
map of the diagram

Fun(B, C) >Fun(A, D)
q*l J/”i“
Fun(A, C) >Fun(A xp A, D).

These two presentations correspond precisely to the two paths in (x).
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It is left to check the commutativity of the triangle in the middle, which is
a whiskering of the diagram

27

F* S!F*S* (<])

P

The map § is an (m — 1)-finite map that is both C-ambidextrous and D-
ambidextrous. By assumption, F' preserves (m — 1)-finite colimits and so, by
the inductive hypothesis, the norm diagram of the (F, §)-square commutes.
Thus, <1 commutes by Lemma 2.2.12(2). |

As a corollary, we get a higher analogue of a known fact about 0-semiadditive
categories.

Corollary 3.2.4 Let F: C — D be afunctor of m-semiadditive oo-categories.
The functor F preserves m-finite colimits if and only if it preserves m-finite
limits.

Proof We proceed by induction on m. For m = —2, there is nothing to prove.
For m > —1, assume by induction the claim holds for m — 1. Since C and
D are in particular (m — 1)-semiadditive and F preserves either (m — 1)-
colimits or (m — 1)-limits, we deduce that F' preserves both. For every m-finite
A, consider the map ¢g: A — pt. Since C and D are in particular (m — 1)-
semiadditive and F preserves (m — 1)-colimits, by Theorem 3.2.3, the (F, g)-
square is weakly ambidextrous. Since C and D are m-semiadditive, the (F, ¢)-
square is in fact ambidextrous. It follows that the (F, g)-square satisfies the
BC, condition if and only if it satisfies the BC, condition. Namely, F preserves
A-shaped colimits if and only if it preserves A-shaped limits. O

Corollary 3.2.5 Let {C;}ic; be a collection of m-semiadditive co-categories.
The oo-category C := [[;¢; Ci is m-semiadditive.

Proof We proceed by induction on m. For m = —2 there is nothing to prove,
and so we may assume that m > —1. Let g: A — B be an m-finite map of
spaces. By induction, C is (m — 1)-semiadditive, and hence ¢ is weakly C-
ambidextrous. In particular, the map ng is defined and it is left to show that
it is an isomorphism. For every i € I, the map ¢ is C;-ambidextrous and the
projection ir; : C — C; preserves colimits. Thus, by Theorem 3.2.3, the (77;, g)-
square is weakly ambidextrous. Additionally, as 77; commutes with limits and
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colimits, the (;, g)-square satisfies both the BC, and BC, conditions. The
C;-ambidexterity of g implies now that the natural transformation

T ng: Tiqy — Tiqx

is a natural isomorphism. Finally, since the collection {r;};<; is jointly con-
servative, we deduce that ng is an isomorphism. O

Definition 3.2.6 Let C and D be m-semiadditive oco-categories. A functor
F: C — D is called m-semiadditive, if it preserves m-finite (co)limits.

The following gives the fundamental property of m-semiadditive functors,
which justifies their name.

Corollary 3.2.7 Let F: C — D be an m-semiadditive functorandletq: A —
B be an m-finite map of spaces. For all X,Y € Fun(B,C) and f: ¢*X —
q*Y, we have

F /f :/F(f) € Homypus,p) (FX, FY).

q q

In particular, for all X € Fun (B, C) we have

F(qlx) =lqlrxy € Hompprums,p) (FX, FX).

Proof The (F, g)-square is ambidextrous by Theorem 3.2.3 and satisfies the
BC conditions by Proposition 3.2.2, and so the claim follows form Proposi-
tion 2.2.13. O

Remark 3.2.8 In view of Remark 3.1.4, one can reinterpret Theorem 3.2.3
informally, as saying that

/F(Id):F /Id ,

8 8

whereé: A — A xpAisthediagonalofg: A — B.Since§ is (m — 1)-finite,
this in turn follows inductively from Corollary 3.2.7. Turning this argument
into a rigorous proof requires some categorical maneuvers that we preferred
to avoid.
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3.2.1 Multivariate functors

We now discuss a multivariate version of higher semiadditive functors.

Definition 3.2.9 Let Cy, ..., Cx and D be oo-categories and F: ]_[5-‘:1 Ci —
D a functor. Given a collection of diagrams X;: A; — C; fori = 1,...,k,
their external product X| X - - - X X is defined to be the composition

k " k
i= X F
14 =% 1]e & o
i=1 i=1

This assembles to give a functor

k k
X: l_[Fun(A,-,Ci)—>Fun( Ai,D>.
1

i=1 i=

Given a collection of maps of spaces g; : A; — B;j fori =1, ..., k, we obtain
the associated external product square:

k X k
HFU.H(BZ',C,') Fun(]_[ Bi,D>
i=1 i=1

k

1

= k
Fun (A,',C,') Fun < A[,'D) .
1 i=1
Proposition 3.2.10 LetCy, ..., Cy andD be oco-categories and F ]_[le Ci —
D a functor. Additionally, let g;: A; — B; fori = 1,...,k be a collection
of maps of spaces. If F preserves all g;-colimits (resp. q;-limits) in the ith

coordinate, then the external product square (x) satisfies the BC, (resp. BCy)
condition.

Proof We proceed by a sequence of reductions. First, by induction on k and
horizontal pasting (Corollary 2.2.6), we can reduce to k = 2. Write ¢ X ¢ as
a composition

q1 x1d Id xq>
Al X Ap —— B x A, —— Bj x B».
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The diagram

Fun (B], Cl) x Fun (Bz, CQ) L Fun (Bl X Bz, D)

lId xq3 l(ld xq2)*
Fun (Bl, Cl) x Fun (Az, Cz) L— Fun (Bl X Az, D)
quxld l(qlxld)*

Fun (A;, C1) x Fun (A2, C2) — 2~ Fun (A} x Ay, D)

exhibits (x) as a vertical pasting of the top and bottom squares. Hence, by
Corollary 2.2.8, it is enough to show that each of them satisfies the BC; (resp.
BC.) condition. We will focus on the bottom square (the argument for the
top square is analogous). Since (co)limits in Ap-local systems are computed
point-wise, the external product functor

F4,: C1 x Fun (A2, C2) — Fun (A3, D)
preserves in each coordinate the (co)limits which are preserved by F. By
replacing the oo-category Cp with Fun (A3, Cp), the oco-category D with

Fun (A3, D) and the functor F' with Fy4,, we may assume without loss of
generality that A» = AC. The bottom square becomes

Fun (By,C;) x Co — 2~ Fun (B, D)

\Lqi"xld \Lqi"

Fun (A1, C)) x Co — 2~ Fun (A, D).

By the exponential rule (Lemma 2.2.9), it is enough to show that the left
square in the following diagram satisfies the BC, (resp. BC,) condition:

~

Fun (B1, C;) — 2~ Fun (Ca, Fun (B}, D)) Fun (B;, Fun (C2, D))

lqi‘ J/(qlc)* qu

Fun (A1, C;) — 2~ Fun (Cz, Fun (A}, D)) —~ Fun (A;, Fun (C2, D)) .

Equivalently, it is enough to show that the outer square [ satisfies the BC,
(resp. BC,) condition. Observe that [ is the (F v, ql)—square for the functor

FY:Cy — Fun(Cy, D),
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which is the mate of F. From the assumption on F, the functor F" preserves
g1-colimits (resp. gp-limits) and therefore [ satisfies the BC, (resp. BC,)
condition by the univariate version of Proposition 3.2.2. O

The following definition is needed to state a corollary to Proposition 3.2.10.

Definition 3.2.11 LetCy, ..., C; and D be m-semiadditive co-categories. An
m-semiadditive multi-functor F: ]_[f-‘:1 C; — D is a functor that preserves
m-finite colimits in each coordinate separately.

Corollary 3.2.12 LetCy, ..., Cy and D be m-semiadditive co-categories. Let
F: ]_[f:1 Ci — D be an m-semiadditive multi-functor. For every collection of
m-finite maps q; : A; — B;j fori = 1, ...k, the external product square (x)
from Definition 3.2.9 satisfies both BC-conditions.

3.3 Symmetric monoidal structure

In this section, we study the interaction of higher semiadditivity with (sym-
metric) monoidal structures.

3.3.1 Monoidal local systems

Let (C, ®, 1) be a (symmetric) monoidal co-category. For every space A, the
oo-category Fun (A, C) acquires a point-wise (symmetric) monoidal structure.
Moreover, given a map of spaces g: A — B, the functor

g": Fun(B,C) — Fun (A, ()

is (symmetric) monoidal in a canonical way ([31, Example 3.2.4.4]).

Proposition 3.3.1 Ler (C, ®, 1) be a monoidal co-category. Let q: A — B
be a weakly C-ambidextrous map of spaces, such that ® distributes over q-
colimits. The normed functor

¢ Fun (A, C) — Fun (B, ()

is ®-normed in a canonical way, see Definition 2.3.1.
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Proof Consider the diagram

uy, x ®uyy

o, ®Id
@@ X ®Y) ——" = 41((q*"q)q* X ® (¢*9)Y) ——— q1(g* X ® ¢*q:Y)

\
\ 2 2
\
¢ x®Id

N 79" (q9* X ® qY) ————— = q¢* (X ® q1Y)
AN
N lcumqm J/C!.(X@»qm
T~ 1, x®Id
Tt X ®qY i X®qY.

The triangle on the left commutes by definition, where the dashed arrow is
induced by the colax monoidality of gi. The rest of the diagram commutes for
formal reasons. The composition along the bottom path of the diagram is the
second map in Definition 2.3.1 and we shall show it is an isomorphism (the
proof for the first one follows by symmetry). Since the diagram commutes,
it suffices to show that the composition along the top and then right path
is an isomorphism. By the zig-zag identities, the latter is homotopic to the
composition

Id Qu;, ~
W@FX®Y)  =q(@*X ® ¢*q¥) => g* (X @ qiY)
ClL(X®q!Y)

X ®qY.

Finally, this composition is by definition the BC, map B, for the square

Fun(B.C) —2) . Fun(B.C)
lq* J/q*
Fun(4,C) -2 **2_Fun(a, 0).

To see that B, is an isomorphism, it is enough to check this after pulling back to
every point b € B. This in turn follows from the assumption that ® distributes
over g-colimits. O

This allows us to apply the general results about ®-normed functors to the
setting of local systems.

Corollary 3.3.2 Let F: C — D be an m-finite colimit preserving monoidal
functor between monoidal categories that admit, and the tensor product dis-
tributes over, m-finite colimits.
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(1) An m-finite map of spaces q: A — B, that is C-ambidextrous and weakly
D-ambidextrous, is D-ambidextrous.
(2) If C is m-semiadditive, then D is also m-semiadditive.

Proof By Proposition 3.3.1, ¢®" is ®-normed. By Theorem 3.2.3, the (F, g)-
square is weakly ambidextrous. Since F preserves m-finite colimits, the (F, g)-
square satisfies the BC-condition. (1) now follows from Proposition 2.3.9.
We prove (2) by induction on m. For m = —2, there is nothing to prove, and
so we assume m > —1. By the inductive hypothesis, we may assume D is
(m — 1)-semiadditive. In this case, every m-finite map ¢: A — B is weakly
D-ambidextrous and C-ambidextrous, hence by (1), is D-ambidextrous. O

Remark 3.3.3 For m = —1, the above corollary follows from the fact that
F (O¢) is a zero object of D. Indeed, since F is colimit preserving, F(0O¢) is
initial. Furthermore, O is self-dual and since F' is monoidal, F (O¢) is self dual
as well. It follows that F(O¢) is also terminal and hence a zero object of D.

The following definition is the natural notion of (symmetric) monoidal struc-
ture in the realm of m-semiadditive co-categories.

Definition 3.3.4 An m-semiadditively (symmetric) monoidal co-category, is
an m-semiadditive (symmetric) monoidal co-category C, such that the tensor
product distributes over m-finite colimits.

Lemma 3.3.5 Let (C, ®, 1) be an m-semiadditively monoidal co-category
and A an m-finite space.

(1) Forevery X € C, we have |A|x ~ Idx ®|Al1.
(2) A is C-amenable if and only if |Al1 is an isomorphism.

Proof We start with (1). Given an object X € C, the functor Fx: C — C,
given by

FxY)=XQ®Y,
preserves m-finite colimits. Thus, by Corollary 3.2.7 we have:
ldx ®|Al1 = Fx (|Al1) = |Alrya) = |Alx.

(2) is an immediate corollary of (1). |

Notation 3.3.6 For an m-semiadditively symmetric monoidal oco-category
(C,®, 1) and an m-finite space A, we abuse notation by identifying |A|qy
with |A|. If we want to emphasize the oco-category C, we write |A|¢c. By
Lemma 3.3.5, this conflation of terminology is rather harmless.

We also have the following consequence for dualizability:
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Proposition 3.3.7 Ler (C, ®, 1) be a monoidal oco-category. For every C-
ambidextrous space A such that @ distributes over A-colimits, the object
14 (see Notation 3.1.9) is dualizable. In particular, if (C,®,1) is m-
semiadditively monoidal oco-category, then 1 4 is dualizable for every m-finite
space A.

Proof By Proposition 3.3.1, the map g : A — pt corresponds to a ®-normed
functor

g : Fun(A,C) — C

and by definition 14 = 1, = ¢qi¢*1. Thus, the claim follows from Proposi-
tion 2.3.5. o

3.3.2 Symmetric monoidal dimension

We now specialize to the symmetric monoidal case. We begin with recalling
the definition of dimension for a dualizable object of a symmetric monoidal
oo-category. As in [20, §5.1], a dualizable object X in a symmetric monoidal
oo-category (C, ®, 1) has a notion of dimension, which is defined as follows.
Let XV be the dual of X and let

e X'eX—->1, nnl1->X®X"

be the evaluation and coevaluation maps respectively.

Definition 3.3.8 We denote by
dim¢ (X) € End¢ (1)
the composition
15 xe0x" 5 XxVex 51,

where o is the swap map of the symmetric monoidal structure. We say that a
space A is dualizable in C, if 1 4 is dualizable in C and we denote

dil‘nc (A) = din’lc (]lA) .

This generalizes the classical notion of dimension from linear algebra.

Example 3.3.9 In the category of vector spaces over a field I, the dualizable
objects are precisely the finite dimensional vector spaces. Moreover, the sym-
metric monoidal dimension of a finite dimensional vector space V is the image
of the dimension of V in the usual sense under the map Z — F.
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Dualizability of m-finite spaces in the oco-category of spans of m-finite
spaces S assumes a particularly simple form.

Proposition 3.3.10 Every m-finite space A is self dual in S)) and satisfies
dimgn (A) = (pt < AS' — pt) = 45| € Endgy (pt) .
Proof 1t is straightforward to check that the spans

8Z(AXA<£A—>pt)
N (pt < AS AxA),

satisfy the zig-zag identities and therefore ¢ is a duality pairing exhibiting A as
self dual. Moreover, since € o o is homotopic to ¢, whereo: X x X — X x X
is the symmetric monoidal swap, we get dim (A) = ¢ o 1. Computing the
relevant pullback explicitly,

AS'
A/ \A
OO TN
pt

AxA pt

we obtain the desired result. O

As a symmetric monoidal oco-category, S, has also the following universal
property.

Theorem 3.3.11 (Harpaz, [18, Corollary 5.8]) Let (C,®,1) be an m-
semiadditively symmetric monoidal oo-category. There exists a unique m-
semiadditive symmetric monoidal functor S} — C and its underlying functor
is 1.

Corollary 3.3.12 Let (C, ®, 1) be an m-semiadditively symmetric monoidal
oo-category. Every m-finite space A is dualizable in C and

dime (A) = AS'| € Homye (lle, ) .
In particular, if A is a loop space (e.g. A = Bka), we have

dime (A) = |A[|QA].
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Proof By Theorem 3.3.11, there is a canonical m-finite colimit preserving
symmetric monoidal functor F: S} — C. Since F (A) = 14 and F is sym-
metric monoidal, we have

F (dimgy A) = dime (14) .
Since F also preserves m-finite colimits, we have by Corollary 3.2.7, that
F (IBlpt) = |Blr@py = |Bli,

for all m-finite B. We are therefore reduced to the universal case C = S,
which is given by Proposition 3.3.10. The last claim follows from the fact that

if A is a loop-space, then AS '~ A x QA and Corollary 3.1.15. m|

3.4 Equivariant powers

Let C be a symmetric monoidal co-category and p a prime. As we shall recall
below, for every object X € C, the pth tensor power X®? carries a natural
action of the cyclic group C, € X,,. Moreover, given amap f: X — Y,
we get a Cp,-equivariant morphism f®?: X®? — Y®P Namely, there is a
functor

®?:C — Fun (BCp,C),

whose composition with ¢*: Fun (BCp,,C) — C (where e: pt — BC)) is
homotopic to the pth power functor (—)®? : C — C. In this section, we study
the functor @7, its naturality and additivity properties.

3.4.1 Functoriality and integration

We begin by describing ®” formally. It will be useful to work in the greater
level of generality of C-valued local-systems instead of single objects. Given a
simplicial set K we define the C,-equivariant p-power of K to be the simplicial
set K 5C,, = (K? x EC))/C)p. For K = C a quasi-category, one can easily

varify that C;;Cp is a quasi-category as well. Moreover, since the C), action on
CP x EC) is free, the quasi-category lec,, is a model for the co-categorical

quotient of C? by C ,,.10 In particular, we can consider this construction for
every A € S, which we also denote by A2 C), = (AP),c, .

10 Compare [31, §6.1.4], where the analogous construction of ¥,-equivariant powers is dis-
cussed.
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Lemma 3.4.1 The functor (—):Cj,: S — S preserves fiber products.

Proof The functor (—) : C), can be identified with the composition
S = Fun(BCp, S) =~ Sypc, = S,

where pt 5 BC p 1s a choice of a base point. The functor e, preserves limits
as it is a right adjoint, and the canonical projection 7w preserves limits of
contractible shape [31, Proposition 4.4.2.9] O

The construction (—) 2 C, induces a functor
(—);’jcp :Fun (A,C) — Fun((Ap)hcp : (cp)hcp).

Using this we have the following:

Definition 3.4.2 Given a symmetric monoidal co-category C, we define the
functor

@Z : Fun (A, C) — Fun (A 1Cp, C)
to be the composition of (—) II;C,, with

®
(Cp)hc,, - (Cp)hE,, —C.

We shall suppress the subscript A in ® 4 when the space A is understood from
the context.

The ®7 operation is functorial in the following sense:

Lemma 3.4.3 Let F: C — D be a symmetric monoidal functor between sym-
metric monoidal co-categories. For every space A, the diagram

er

Fun (A, C) Fun (Asz,C)

Fy lF*

Fun (A, D) —2—~ Fun (A1 C,, D)

commutes up to homotopy.
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Proof The square in question is the outer square of the following diagram

Fun (4, C) ——Fun(41C,, Ch. ) —=—Fun (42C,,C)

Fy lF* lF*
®

Fun (A, D) Fun(A: C), D,’jcp) Fun (A:Cp, D).

The left square commutes by the functoriality of C +— Cf: c, and the right,
since F' is symmetric monoidal. m|

Definition 3.4.4 For a map of spaces g: A — B, the naturality of Defini-
tion 3.4.2 gives a commutative square

P

S
Fun (B,C) ——Fun (B2 C,,C)
q* l(qch)*

p

Fun (A,C) — %~ Fun (A2 C,.C).

We call this the ®7-square of g. If ¢ is m-finite, then so is g ¢ C)p. If
additionally C is (m — 1)-semiadditive and admits m-finite (co)limits, the ®”-
square is canonically normed.

Example 3.4.5 Given a space A, the space A C), is defined as the homotopy
quotient of A? by the action of C,,. Thus, we obtain a fiber sequence

AP — A2C, 5 BC,.
The ®P-square of g: A — ptis

Fun (pt, C) — 2> Fun (BC,, C)

q* J/n*

Fun (A, C) — 9 . Fun (Asz,C).

Lemma 3.4.6 Let g: A — B be a map of spaces and let (C, ®, 1) be a
symmetric monoidal oco-category that admits all g-(co)limits. If @ distributes
over all g-colimits (resp. q-limits), then the OF -square satisfies the BC (resp.
BC,) condition.
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Proof We horizontally paste the ®”-square for g with the square induced by
the pullback diagram

TA
AP AC,

ql’l lqch

TR
BP B:C),

to obtain

)4

Op Tp
Fun (B,C) —— Fun (B:C,,C) —— Fun (B”,()

o) A
Fun (A, C) Fun (A:C,,C) Fun (A?,C).

The right square [r satisfies both BC-conditions by Lemma 3.1.2. Since
my, is conservative (7rp is surjective on connected components), by Corol-
lary 2.2.6(2), it is enough to show that the outer square [ satisfies the BC,
(resp. BC,) condition. We can now write [ as a horizontal pasting of two
squares [} and (0, in a different way:

A XP

Fun (B, C) Fun (B, C)? Fun (B?,C)

lq* l(q*)p J/(q”)*

Fun (A, C) —2 = Fun (A, )" —2' ~ Fun (A7, C).

The square [J; satisfies the BC-conditions trivially and (1), by Proposi-
tion 3.2.10. o

Proposition 3.4.7 Let (C, ®, 1) be an m-semiadditively symmetric monoidal
oo-category and let g A — B be an m-finite map of spaces. The correspond-
ing ®P-square is ambidextrous.

Proof Since C is m-semiadditive, the ®”-square for ¢ is iso-normed and hence
it suffices to show that it is weakly ambidextrous. Namely, that the associated
norm-diagram commutes. The proof is very similar to the argument given in
Theorem 3.2.3, and therefore we shall use similar notation and indicate only
the changes that need to be made. We proceed by induction on m using the
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diagram of spaces

Denoting (=) = (=nC »» we consider the diagram of functors from Fun(A, C)
to Fun(A : Cp, C) (where all unnamed arrows are BC-maps)

e~ B . . Hs PN p
G* G0 —————— (@), (A)* O ———————— (72, 6,8* (71)* ©F
| |
| |2
| Y
B e @21 880k, 4 (1))
| o7
2
y oo Y
7*O%aq (702), O, 4 (@D* G 8OR8* (r) — — — — — — — — > 0.
\ ~ . |
| T~ |
M~
I A A
: | (702), OF, , 488 ()*
\ | o
| |
P % s P ! * " p ' * *
Ohq*q ————— O (m2), (1) —————— O (m2),8:8* (m1)

By Lemma 2.2.12(1), it suffices to show that the above (solid) diagram com-
mutes. As in the proof of Theorem 3.2.3, all the parts except for the rectangle
on the left and the triangle in the middle, commute for formal reasons. The
functor (—) : C,: & — & preserves fiber products (Lemma 3.4.1) and there-
fore § can be identified with the diagonal of §. By Lemma 3.4.6, the BC; map in
the middle triangle is an isomorphism. Thus, the middle triangle commutes by
the inductive hypothesis and Lemma 2.2.12(2). As for the rectangle, we apply
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a similar argument to the one in Theorem 3.2.3, using again that the functor
(=) 1 C), preserves fiber products, and the commutative cubical diagram

P
O

Fun (B, C) —— Fun (B:C,.C)
ErR, #
a* \ p\
Fun (4, C) . 2 Fun (A1 C,, C)
. i" »
Ty
i o
Fun (4,C) ——— Fun (A:Cp.C)
! ay o)
\ éﬁ'x'ﬂ.} R )\
Fun (A x3 A, C) Fun ((A x5 A)2Cp,C).

O

Theorem 3.4.8 Let C be an m-semiadditively symmetric monoidal oo-
category and q: A — B an m-finite map of spaces. For every X,Y €
Fun (B,C) and f: q*X — q*Y, we have

ek /f = f O% (f) € Homypun(pic, ) (7 X, OFY).
q qQCp

Proof By Lemma 3.4.6, the ®”-square satisfies the BC conditions, and by
Proposition 3.4.7, it is ambidextrous. Thus, the claim follows from Proposi-
tion 2.2.13. o

3.4.2 Additivity of theta

We now investigate the interaction of ®” with addition of morphisms. Let
C be a 0-semiadditively symmetric monoidal co-category. Given two objects
X,Y e Candtwomaps f, g: X — Y,wecanexpress f+g asanintegral of the
pair (f, g)overg: ptLUpt — pt,see Example 3.1.13. Applying Theorem 3.4.8
to this special case and analyzing the result, we will derive a formula of the
form

OF (f+g) = OF (f) + 67 (g) + “induced terms”.
The ®P-square for g : ptUpt — ptis

14
pt

®

Fun (pt, C)

Fun (BCp, C)
. l(qch)* (%)

P
®pt upt

Fun (pt Upt, C) ——— Fun ((ptupt) 2 Cp,C).
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Our first goal is to make this diagram more explicit. First, we can identify ¢*
with the diagonal

A:C— C xC.
Next, let S be the set
S={wefx,y)? | w#x" y},

with x, y formal variables and let S is the set of orbits of S under the action
of Cp, by cyclic shift. We have a homotopy equivalence of spaces

(ptupt)2Cp ~ BC, UBC,US,
and therefore an equivalence of co-categories

Fun ((ptupt) 2 C,,C) ~ CBCr x CBCr x HC.

wesS

Choosing a base point map e: pt — BC,, we see that up to homotopy, we
have

q:Cp, =(d,Id,e,...,e).
Similarly, the bottom arrow of (x) can be identified with a functor

CI>:C><C—>CBCP><CBCPXHC,

wes
which we now describe. For each w € §, let
ew: pt = (ptupt): C)p
be the map choosing the point w € S and let e,,: pt — w be the map

choosing the point w € w. Given an element w € {x, y}” we define a functor
w (—, —) : C x C — C as the composition

Fun (ptupt, C) —2 . Fun (ptupt, C)?

— B Fun((ptupt)”, C) > Fun (pt,C).
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Informally, for objects X, Y € C, we have

X if wy=x
wX,Y)=2102,8---® Z), Zi = . .
Y if wi=y

Lemma 3.4.9 There is a natural isomorphism of functors
® > (070 p1,®” 0 py, {w (—, —)}wes) »

where p;: C xC — C is the projection to the ith component (it does not matter
which representative w we take for eachw € S).

Proof The claim about the first two components follows from the commuta-

tivity of the ®”-square applied to the two inclusion maps pt < ptLU pt. The
pullback square

w———— (ptUpt)”

| I

ew
pt ——— (ptupt) 2 C)

induces the commutative square in the following diagram

[CLA- "
Fun (ptupt, C) ™" o Fm ((ptupt)2C,,C) —2 > Fun ((ptupn?,C)

~
~ *
X ~Y
w ~
~
* A

Fun (pt,C) —— >~ Fun(@,C) —" = Fun (pt, C).

Observe that the composition of the leftmost horizontal functor and the left
vertical functor is the w component of ®. Since the composition of the two
bottom horizontal functors is the identity, it suffices to show that the resulting
functor

Fun (ptupt, C) — Fun (pt, C),

obtained from the composition along the entire bottom path of the diagram,

is naturally isomorphic to w (—, —). Since the diagram commutes, this is
isomorphic to the composition along the top path of the diagram, which is
w (—, —) by definition. |
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Summing up, we have identified the ®”-square (*) with the following square

c er CBCp
N (Id,1d,e,...,e)* ()
®Pop1,0P0py, {w(—,—)} <
Cx (®Popy P2 Aw(=lges) CBCy « 0BGy « I1¢C.

weS

Using this we can compute the effect of ®7 on the sum of two maps.

Proposition 3.4.10 Let C be a 0-semiadditively symmetric monoidal oo-
category, Given X, Y € C and a pair of maps f, g: X — Y, we have

o (f+9=0r N+’ @+ Y | [wiro
weS \e
Proof The pair (f, g) can be considered as a map (f, g) : ¢*X — ¢q*Y.

By Theorem 3.4.8, Lemma 3.4.9 and the additivity of the integral (Propo-
sition 3.1.16) we have

O (f +g) = O /(ﬁg)
q

_ f (©7 (). O (9). {w (f. )}pes)

(Id,Id,e,...,e)

—ornrer@r Y | [uite

weS \e

4 Higher semiadditivity and additive derivations

Let C be a stable symmetric monoidal oco-category such that the tensor product
distributes over finite coproducts. For every pair of objects X, Y € C, the set

Homy¢ (X, Y) = moMap, (X, Y)
has a canonical structure of an abelian group. Furthermore, if

X € coCAlg(C), Y e CAlg(0),
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then the set Homy¢ (X, Y) acquires a commutative ring structure in the fol-
lowing way. Given f, g: X — Y, we define their product as the composition

co—mult mult

x O v ox L% ygy ™MLy

Fixing a prime p and assuming further that C is 1-semiadditively symmetric
monoidal, we will construct in this section an operation (which depends on p)

é: Homye (X,Y) - Homye (X, Y),

and show that it is an “additive p-derivation”. We begin with a general dis-
cussion of the algebraic notion of an additive p-derivation, and then proceed
to construct an auxiliary operation o (which does not require stability) and
study its properties. After that, we specialize to the stable case, construct
the operation § above, and study its behavior on elements of the form |A]|.
Finally, we shall use the properties of the operation é to provide a general cri-
terion for deducing oo-semiadditivity of a presentably symmetric monoidal,
1-semiadditive, stable, p-local co-category.

4.1 Additive p-derivations

This section is devoted to the algebraic notion of an additive p-derivation. We
recall the definition and establish some of its basic properties.

4.1.1 Definition and properties

The following is a variant on the notion of a p-derivation (e.g. see [11, Defi-
nition 2.1]), in which we do not require the multiplicative property.

Definition 4.1.1 Let R be a commutative ring. An additive p-derivation on
R, is a function of sets

6: R — R,

that satisfies:

(1) (additivity) 8 (x +y) = 8 (x) + 8 (¥) + w forall x,y € R.
(2) (normalization) § (0) =48 (1) = 0.

The pair (R, §) is called a semi-5-ring. A semi-5-ring homomorphism from
(R, 8) to (R’, 8/), is a ring homomorphism f: R — R’, that satisfies f 0§ =
8o f.
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Remark 4.1.2 The expression

xP+yl —(x+y)?
p

is actually a polynomial with integer coefficients in the variables x and y
and does not involve division by p. In particular, this is well defined for all
X,y € R, even when R has p-torsion.

Remark 4.1.3 Infact, the condition é (0) = 0 is superfluous, as it follows from
the additivity property, and we include it in the definition only for emphasis.

The following follows immediately from the definitions:

Lemma 4.1.4 Let §: R — R be an additive p-derivation on a commutative
ring R. The function y: R — R given by

¥ (x) = xP + pd (x)

is an additive lift of Frobenius, i.e. it is a homomorphism of abelian groups
and agrees with the Frobenius modulo p.

Example 4.1.5 The following are some examples of additive p-derivations.
(1) For R a subring of Q, the Fermat quotient

. —xP
S(x):x X
p

is an additive p-derivation (we shall soon show that it is the unique additive
p-derivation on any such R).

(2) The same formula as for the Fermat quotient defines the unique additive
p-derivation on the ring of p-adic integers Z,.

Definition 4.1.6 For every x € QQ, we denote by v, (x) € Z U {oo} the p-adic
valuation of x.

The fundamental property of the Fermat quotient is that it reduces the p-adic
valuation.

Lemma 4.1.7 Forevery x € Q, if0 < v, (x) < o0, then
v (F) =vp 0 - 1.
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Proof Since v, (x) > 0, we have

vp (xp) = pv, (x) > v, (x).

Thus,

Up <x—px1’> =vp(x—x”)—1=vp(x)—1.

O

Definition 4.1.8 Let R be a commutative ring. Let ¢g: Z — R be the unique
ring homomorphism and let S be the set of integers m, such that ¢g(m) € R*.
We denote

QR::Z[SEI]:{%MGZ,meSR}gQ

and ¢: Qg — R, the unique extension of ¢p. We call an element x € R
rational if it is in the image of ¢. By Example 4.1.5(1), (Qg, ) is a semi-3-
ring.

The following elementary lemma will have several useful consequences.

Lemma 4.1.9 Let (R, 8) be a semi-8-ring and let § denote the Fermat quotient
on Qg. Forallt € Qg and x € R, we have

8 (tx) =18 (x) + & (1) xP.
Proof Fix x € R and consider the function ¢ : Qg — R given by

@ (t) =8 (tx) — 8 (1) xP.

Since
8 (tx + sx)
5 (x) 4+ 8 (sx) o ST 0T — x4 s0)P
=8 (tx) + 8 (sx) + <g(t +s)— gp(t) _ S(S)>xp
=@)+¢(s)+35(+s)xP.
we get

Pt +s)=8x+sx) =8¢ +)xP =0 @)+ ¢ (s).
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Hence, ¢ is additive and ¢ (1) = § (x). Since Qp is a localization of Z, ¢ is a
map of Qr-modules and we deduce that ¢ (f) = ¢8 (x) for all t € Qg. O

4.1.2 p-Local rings

In the case where R is a p-local commutative ring, which is the case we are
mainly interested in, the existence of an additive p-derivation on R has several
interesting implications.

Proposition 4.1.10 Let (R, &) be a p-local semi-§-ring. If x € R is torsion,
then x is nilpotent.

Proof Since R is p-local, if x is torsion, then there isd € N, such that p%x = 0.
By Lemma 4.1.9, we have

0=60)=3$ (pdx) = p?5 (x) +<§(pd> xP.

Multiplying by x, we obtain § (pd) xP*! = 0.ByLemma4.1.7, Vp <(§ (pd)) =

d — 1, and since R is p-local, we get p?~!xP+1 = 0. Iterating this d times we

getx(”“)d =0. i

Proposition 4.1.11 Ler (R, §) be a non-zero p-local semi-§-ring. The map
¢: Qr — R is an injective semi-8-ring homomorphism. In particular § is the
unique additive p-derivation on Qg.

Proof Applying Lemma 4.1.9 to x = 1, we see that ¢ o 8 = 8 o ¢. If ¢
is non-injective, then so is ¢g: Z — R and hence 1 € R is torsion. By
Proposition 4.1.10, 1 is nilpotent and hence R = 0. |

Remark 4.1.12 For a non-zero p-local semi-§-ring (R, §), we abuse notation
by identifying Qr with the subset of rational elements of R. There are two
options:

(1) If p € R*, then Qg = Q € R and all non-zero rational elements are
invertible.

(2) If p ¢ R*, then Qg = Z(p) S R, and x € Qg is invertible if and only if
v, (x) =0.

Proposition 4.1.13 Let (R, 8) be a p-local semi-§-ring. The ideal Iio; < R of
torsion elements is closed under 8.

Proof For x € I, there is d € N, such that pdx = 0. By Lemma 4.1.9,
0=3s (dex) = p s (x) +3 <pd+1> ¥
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By Lemma 4.1.7, v, (S (pd+1)> = d and therefore § (p9T!) x? = 0. We get
p?*18 (x) = 0 and hence 8 (x) € Iior. |
Definition 4.1.14 For every commutative ring R, we define I;o; € R to be the

ideal of torsion elements, and RY = R / Iior to be the torsion free ring obtained
from R.

The following proposition will allow us to “ignore torsion” when dealing
with questions of invertibility in p-local semi-§-ring. First,

Definition 4.1.15 Given a ring homomorphism f: R — §, we say that f
detects invertibility if forevery x € R,if f (x) isinvertible, then x is invertible.

Proposition 4.1.16 Let (R, 5) be a p-local semi-5-ring. There is a unique
additive p-derivation 8 on RY, such that the quotient map g¢: R — RY is a
homomorphism of semi-&-rings. In addition, g detects invertibility.

Proof Letx € Rand y € Iio;. We have

5(x+y)—5(x):3(y)+(xp+yp_(x+y)p> € Ior

P

since 8 (y) € Iior by Proposition 4.1.13 and the expression in parenthesis is a
multiple of y. Thus,

8 (x + Lor) := 8 (x) + ior
is a well defined function on RY. The operation § is an additive p-derivation
and makes g a homomorphism of semi-§-rings. The operation § is unique by

the surjectivity of g. For the second claim, the kernel of g consists of nilpotent
elements by Proposition 4.1.10 and hence g detects invertibility. O

4.2 The alpha operation
Let C be a 0-semiadditively symmetric monoidal co-category and let
X € coCAlg (C), Y € CAIg (0).
Fix a prime p. The set
Homye (X, Y) = moMap, (X, Y)

has a structure of a commutative rig. That is, it posses addition and multipli-
cation operations which satisfy all the ring axioms except for the existence
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of additive inverses (e.g., the natural numbers N form a rig which is not a
ring). Assuming further that C is 1-semiadditively symmetric monoidal, we
construct an operation & (which depends on p) on Homy¢ (X, Y) and study
its properties and interaction with the rig structure.

Throughout the section we denote

pt > BC, 5 pt.
4.2.1 Definition and naturality

The E-coalgebra and [E-algebra structures, on X and Y respectively, pro-
vide symmetric comultiplication and multiplication maps:

ix: X > (X®7)"" = r,0" (X)
my: n®P (Y) = (Y®r),

)th
c, — Y.
These maps have mates

tx: r*X — O (X), my:0°X)—>rY,

such that

*tx: X = e*r*X — 0P (X) = X®P
e*my: YO = e*OF (V) — e*r*Y =Y,

are the ordinary comultiplication and multiplication maps.

Definition 4.2.1 LetC be a 1-semiadditively symmetric monoidal co-category
and let

X € coCAlg (0), Y € CAIg (0).

(1) Given g: ®F (X) — OPF (Y), we define @ (g) : X — Y to be either of
the compositions in the commutative diagram

Ix Nm;!

r«®PF (X) rneP (X)

T

N
rOP (V) — L @P (Y) Ty,

X

(2) Given f: X — Y,wedefine o (f) = a (OF (f)).
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Remark 4.2.2 The most common use of Definition 4.2.1 is for X = 1. In
this case, we can describe the operation « in terms of integration. A map
f:1 — Y is a point in the space Map(1, Y). Rising f to the pth power,
taking the equivariance with respect to the cyclic action of C,, into account,
we obtainamap f7: BC, — Map(1, Y). The element ct( f) is just fBC,, fP.
We shall prove this for Y = 1 in Proposition 4.2.12. The general case can be
reduced to that by replacing C with Mody (C).

Remark 4.2.3 In fact, the definition of « uses only the equivariant (co)multi-
plication maps X — X®” and Y®” — Y. Namely, only the H..-algebra
structure of Y and the H,-coalgebra structure of X as defined in [7]. Moreover,
everything we state and prove in this section about the properties of « holds
when we replace Eo, with Hyo.

Lemma 4.2.4 The map «: mg Map(@F X, ©®PY) — moMap(X, Y) is addi-
tive.

Proof Since r, is an additive functor, it induces an additive map
7o Map(®” X, ®PY) — 7o Map(r,®F X, r,®FY).

The operation & consists of the application of this followed by pre- and post-
composition with fixed maps in a 0-semiadditive co-category. O

The operation « is natural with respect to (co)algebra homomorphisms in
the following sense:

Lemma 4.2.5 Let C be a 1-semiadditively symmetric monoidal co-category
and let

X, X €coCAlg(C), Y, Y €CAlg).

Givenmaps g: Y — Y' and h: X' — X of commutative algebras and coal-
gebras respectively, for every map f: X — Y, we have

a(gofoh)y=goa(f)oh €Homue (X' Y').
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Proof Consider the diagram

Ty NIII_1
X' Yo r0PX — s n@PX’
h h h
v ;X Nm,._l
X r«@P X — nePX
[N
Nmfl Tl ity
rys®@PY =Py ——=Y
g g g
Nm;' iy
r®PY — s p@rYy’ sy

The squares in the middle column commute by the naturality of the norm map.
The homotopy rendering the bottom right square commutative is provided by
the data that makes g into a morphism of commutative algebras and similarly
for the upper left square and /. The composition along one of the dotted paths
isa (g o f o h), while composition along the other dotted pathis goa (f) ok,
which completes the proof. O

The operation « is also functorial in the following sense:

Lemma 4.2.6 Let F: C — D be a 1-semiadditive symmetric monoidal func-
tor between two 1-semiadditively symmetric monoidal co-categories, and let
X € coCAlg (C) and Y € CAlg (C). The induced map of commutative rings

F: Homye (X,Y) - Homy,p (FX, FY),

commutes with the operation «.

Proof Given amap g: X — Y, consider the following diagram:

—1
;

F (r«©F (X)) F (n®P (X)) —— F (n®” (1))

; l T T <
U B Bl Bl
Nm-!

FX r F (OP (X)) — > 1 F (0P (X)) —— > nF (©F (V) FY.

% i ¢

Nm;"! ‘
1O (FX) — o 1@ (FX) — > 1®P (FY)

The vertical isomorphisms in the bottom squares are defined by Lemma 3.4.3

and the squares commute by the interchange law. The top left square commutes
by the ambidexterity of the (F, r)-square (Theorem 3.2.3) and the top right
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square by naturality of the BC; map. The triangles commute by the definition
of the commutative coalgebra (resp. algebra) structure on F (X) (resp. F (Y)).
Thus, the composition along the top path, which is F (« (g)), is homotopic to
the composition along the bottom path, which is « (F (g)). O

4.2.2 Additivity of alpha

Our next goal is to understand the interaction of o with sums. For this, we first
need to describe the effect of & on “induced maps”. Recall the notation

pt > BC, 5 pt.

Lemma 4.2.7 Let C be a 1-semiadditively symmetric monoidal co-category
and let X € coCAlg (C) and Y € CAlg (C). For every map

h: X®P = ¢*@P (X) — ¢*@P (Y) = Y®P,

the map o ( f h) is homotopic to the composition

e

e*t h e*m
x =5 x®r 5 y®r Z 7Ny,

Proof Unwinding the definition of the integral, the map [ / is homotopic to
e

the composition of the following maps

ué Nm;! v
OF (X) 5 2,60 (X) 5 6,6 O (X) 5 £,6"OP (X) <> OF (X).

Plugging this into the definition of @, we get that@ | [ & | equals the com-

e
position along the top and then right path in the following diagram

7 i u h Nm;! of
X — re@F (X) ——— rye.e*0r (X) L reese*@F (Y) ——— rye;e*@F (Y) ——— r, 07 (Y)

le,' Nm,!
s

nee*@P (Y) — > n®P (Y)

my
|
Y.
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We denote this diagram by (). The left square commutes for trivial reasons,
the right square by the interchange law and the middle by

Nm!'oNm;! = (Nm,oNm,)"! = Nm,,)"! =1d.

To see that the left triangle commutes, consider the diagram

by e

X X 0P (X) — e @P (X)

*
\ Ttx TtX ety
Uy e

rer*X reexe r* X ———X.

The square commutes by naturality, and the left triangle by the definition of
mates. Note that the composition along the bottom path is the unit of the
composite adjunction

Id =e*r* dree. =1d,

and hence is the identity map. It follows that the left triangle in () is commuta-
tive. The proof that the right triangle in (*) commutes is completely analogous.
Thus, (x) is commutative and @ | [ & ) equals the composition along the bot-
tom diagonal path in (%), which cgmpletes the proof. O
The main property of « is that it satisfies the following “addition formula”.

Proposition 4.2.8 Let C be a 1-semiadditively symmetric monoidal oo-
category and let

X € coCAlg(C), Y € CAlg(C).

Forevery f,g: X — Y, we have

P _ f£P _ oP
a(f+g)=a(f)+a(g)+(f+g)pf " ¢ Homye (X, V)

(as in Remark 4.1.2, this expression does not actually involve division by p).

Proof Since, by Lemma 4.2.4, « is additive, we get by Proposition 3.4.10,

a(f+g=a(0(f+g)

= ®P(f)+®P(g)+Z /w(f,g)

weS \e
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=a(f)+a@+) @ fw(ﬁg)

weS e

Now, by Lemma 4.2.7, the map o (f w (f, g)) is homotopic to the composi-
e

tion

X €*tX X®p w(f’g) Y®p e*mY Y

This is by definition f*~g"», where wy and w, are the number of x-s and
y-s in w respectively and this completes the proof. O

4.2.3 Alpha and the unit

We shall now apply the above discussion of the operation « to the special case
where X = Y = 1 is the unit of a symmetric monoidal co-category C. The
unit 1 € C has aunique E,-algebra structure and this structure makes it initial
in CAlg (C). The same argument applied to C°? shows that 1 has also a unique
Eoo-coalgebra structure and it is terminal with respect to it.

Definition 4.2.9 Let (C, ®, 1) be a symmetric monoidal oco-category. We
denote

Rc = Homye (1, 1)

as a commutative monoid. If C is 0-semiadditive, then R is naturally a commu-
tative rig and if C is stable, then it is a commutative ring. Given a symmetric
monoidal functor F: C — D, the induced map ¢ : Rc — Rp is a monoid
homomorphism. It is also a rig (resp. ring) homomorphism, when C and D are
0-semiadditive (resp. stable) and F is a 0-semiadditive functor.

The goal of this section is to study the operation & on Rc. We begin with a
few preliminaries. Recall the notation
pt 5 BC p 5 pt.
Lemma 4.2.10 Let (C,®, 1) be a symmetric monoidal oo-category. The
action of C, on 1®P =~ 1 is trivial. Namely, ©F (1) = r*1.

Proof First, observe that the terminal oo-category pt is the unit for the Carte-
sian symmetric monoidal structure of Cat,. Thus, by [31, Corollary 3.2.1.9],
it is the initial symmetric monoidal co-category. Thereofore, we have a sym-
metric monoidal functor pt — C taking the unique element of pt, and hence
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all of its powers, to 1. This reduces the claim to the case C = pt in which it
holds trivially.
O

If C admits BC ,-shaped limits and colimits, then it follows by the above
that n®” (1) ~ rir*1 and r,OF (1) =~ rr*1.

Lemma 4.2.11 Let (C, ®, 1) be a symmetric monoidal co-category which
admits BC,-shaped limits and colimits. The maps

f1:1 - r,® 1), mp: nO®F 1) — 1,

induced from the commutative algebra and coalgebra structures on 1, are
equivalent to the unit and counit maps (respectively)

ug: 1 — ror™1, ¢ nr*l — 1.

Proof This is equivalent to showing that the mate (in both cases) is the identity
map r*1 — r*1. The algebra structure on 1 € C is induced from the algebra
structure on 1 € CAlg (C), where CAlg (C) is endowed with the coCartesian
symmetric monoidal structure in which 1 is initial ([31, Corollary 3.2.1.9]).
Now, the object r*1 is initial in Fun (B C,,CAlg (C)), and therefore the only
map r*1 — r*1 is the identity. A similar argument applies for the comulti-
plication map. O

As a consequence, we can describe the effect of o on any element of R¢ using
the integral operation.

Proposition 4.2.12 Let (C, ®, 1) be a 1-semiadditively symmetric monoidal
oo-category. For every f € Rc, we have

a(f)=/®”(f) € Re.

BC,

Proof Unwinding the definition of & (Definition 4.2.1) in this case and using

Lemma4.2.11, we get@ (—) = [ (—). Hence,
BC,

o (f) =@ (07 () = / o’ (/).

BC,
i

In particular, we get an explicit formula for the operation & on elements of the
form |A| € Re.
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Theorem 4.2.13 Let C be an m-semiadditively symmetric monoidal oco-
category for m > 1. For every m-finite space A, we have

a(JA) =|A2Cpl € Re.
Proof Consider the maps
qg:A—>pt, 1=q2Cy: A2Cp, > BCp, r:BCp, — pt.
By definition of «, Proposition 4.2.12, the definition of |A|, the ambidex-

terity of the ®”-square (Theorem 3.4.8) and Fubini’s Theorem (Proposi-
tion 2.1.18) (in that order) we have

“('A')=5(@”(|Al>)=/®”(|A|>=/@P /Idn

r q

=//®p(ld]1)=/ld]1=|Asz|.
r i

rm
O

As a consequence, we can identify the action of « on the identity element of
the rig Homy,¢ (X, Y), for any X € coCAlg (C) and Y € CAlg (C).

Lemma 4.2.14 Let C be a 1-semiadditively symmetric monoidal co-category
and let

X e coCAlg(C), Y e CAlg ().
Denoting R = Homy,¢ (X, Y), we have
a(lg) =|BCplolr €R,
where 1 € R is the multiplicative unit element.

Proof The map 1r: X — Y is the composition of the canonical maps X 5

15y , encoding the counit and unit of the coalgebra and algebra structures
of X and Y respectively. The maps x and y are naturally maps of commutative
coalgebras and commutative algebras respectively. By Lemma 4.2.5, we have

a(lg)=a(yolox)=yoa(l)oux,
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where 1 € R¢ is the multiplicative unit element. Observing that 1 = | pt | and
using Theorem 4.2.13, we get (we can commute |BC | because it is a natural
transformation)

yoa(l)ox=yoa(|pt))ox =yo|BCplox =|BCployox
=|BCp|o 1g.

4.3 Higher semiadditivity and stability
In this section, we specialize to the stable case. Using the operation « and sta-

bility, we construct additive p-derivations and use their properties to formulate
a general detection principle for higher semiadditivity.

4.3.1 Stability and additive p-derivations

Definition 4.3.1 Let C be a stable 1-semiadditively symmetric monoidal oco-
category with

X € coCAlg(C), Y e CAlg(0),

and so R = Homy¢ (X, Y) is a commutative ring. We define an operation
3: R — Rby

() =IBCplf —a(f),
for every f € R. In particular, this applies to R¢ = Homy¢ (1, 1).

Theorem 4.3.2 Let C be a stable 1-semiadditively symmetric monoidal oo-
category with

X € coCAlg(C), Y € CAlg(C).

The operation § from Definition 4.3.1 is an additive p-derivation on R =
Homy¢ (X, Y).

Proof The additivity condition follows from Proposition 4.2.8 and the nor-
malization follows from Lemma 4.2.14. m|

The additive p-derivation of Theorem 4.3.2 is natural in the following sense:
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Proposition 4.3.3 Ler C be a stable 1-semiadditively symmetric monoidal oo-
category with

X, X € coCAlg(C), Y,Y eCAlg(C).

Givenmaps g: Y — Y and h: X' — X of commutative algebras and coal-
gebras respectively, the function

go(—)oh: Homye (X, Y) — Homye (X', Y')
is a homomorphism of semi-§-rings.
Proof This follows from Lemma 4.2.5 and naturality of |BC)|. O

The additive p-derivation of Theorem 4.3.2 is also functorial in the following
sense:

Proposition 4.3.4 Let F: C — D be a symmetric monoidal 1-semiadditive
functor between stable 1-semiadditively symmetric monoidal co-categories.
Given

X € coCAlg (C), Y e CAlg(0),
the map
F: Homye (X, Y) - Homyp (FX, FY),
is a homomorphism of semi-6-rings.

Proof By Lemma 4.2.6, F preserves «, and by Corollary 3.2.7, F preserves
multiplication by | BC)|. Combined with ordinary additivity, it follows that F
preserves 6. |

The theory of p-local semi-3-rings implies the following abstract incar-
nation of May’s conjecture, from which we shall deduce May’s original
conjecture using the higher semiadditivity of the K (n)-local categories (Corol-
lary 5.2.5).

Theorem 4.3.5 Let C be a stable, p-local, 1-semiadditively symmetric
monoidal co-category with

X € coCAlg (0), Y € CAlg (0),

and consider the commutative ring R = Homy¢ (X, Y). Every torsion element
of R is nilpotent. In particular, if Q @ R = 0, then R = 0.
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Proof The commutative ring R is p-local and admits an additive p-derivation
by Theorem 4.3.2, and so the result follows by Proposition 4.1.10. The last
claim follows by considering the element 1 € R. O

4.3.2 Detection principle for higher semiadditivity

We now formulate the main detection principle for m-semiadditivity for sym-
metric monoidal, stable, p-local co-categories. For convenience, we formulate
these results for presentable co-categories and colimit preserving functors,
though what we actually use is only the existence and preservation of certain
limits and colimits.

Lemma 4.3.6 Letm > 1 and let C be an m-semiadditive presentably symmet-
ric monoidal, stable, p-local co-category. If there exists a connected m-finite
p-space A, such that wy, (A) # 0 and |A|y is an isomorphism, then C is
(m + 1)-semiadditive.

Proof Since m > 1, the space B+ C, is connected. Since the co-category
C is m-semiadditive, the map ¢: B™*'C, — pt is weakly C-ambidextrous.
By [20, Corollary 4.4.23], it suffices to show that ¢ is C-ambidextrous. Since
m-finite p-spaces are nilpotent, and we assumed that ,,(A) # O, there is a

fiber sequence A — B 5 pntic p with B an m-finite space. Since |A|q is
invertible, by Lemma 3.3.5(2), A is C-amenable. Hence, by Proposition 3.1.18,
the space B"*1C p is C-ambidextrous. O

We can exploit the extra structure given by the additive p-derivation on R¢
to find a space A as in Lemma 4.3.6.

Proposition 4.3.7 Letm > 1 and let C be an m-semiadditive presentably sym-
metric monoidal, stable, p-local co-category. Leth: R¢ — S be a semi-§-ring
homomorphism that detects invertibility, and such that h (| BC, |) ,h (| B"C, |)
€ S are rational and non-zervo. Then C is (m + 1)-semiadditive.

Proof A space A will be called h-good if

(a) A is aconnected m-finite p-space, such that m;, (A) # 0.
(b) h (JA]) is rational.

By Lemma 4.3.6, it is enough to show that there exists an h-good space A,
such that |A| is invertible in R¢. Since /& detects invertibility, it suffices to find
such A with 2 (| A]) invertible in S. By assumption, & (| B C |) is rational and
therefore B” C, is h-good. If p € §*, then all non-zero rational elements in S
are invertible and we are done by the assumption that / (I B"C, |) = 0. Hence,
we assume that p ¢ S*. In this case, a rational element x € § is invertible if
and only if v, (x) = 0. Denoting v (A) = v, (h (|A])), it is enough to show
that there exists an s-good space A with v (A) = 0.
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Since h (|B’"C p|) is non-zero and p is not invertible, we get 0 <
v (Bm C ,,) < 00. It therefore suffices to show that given an A-good space A
with 0 < v (A) < oo, there exists an s-good space A’ withv (A) = v (A) —1.
For this, we exploit the operation §. We compute using Theorem 4.2.13 and
Corollary 3.1.15:

S (|A]) = [BCplIA] —a (|A]) = |BCp||A] — A C)p|
=|BC, x A| — |A1C,|.

Thus,
8 (h (|AD) =h (8 (|AD) = h (IBC, x Al) —h (JA2Cpl).

Since by assumption & (IBC pl) is rational, then by Corollary 3.1.15 we get
that

h(1BCp x Al) =h (|BCpl)h (|A])

is also rational, and moreover, as p ¢ S, we obtain v(A) < v (BC, x A).
Furthermore, since % (|Al) is rational, by Proposition 4.1.11, the same is true
for § (h (JA])). Therefore,

h(JA2Cpl) =h(IBCp x Al) —h (3 (JA]))

is also rational. It is clear that A 2 C), satisfies (a), and so is h-good. Since
0 <v(A) <o0,by Lemma4.1.7, we get v, (§ (h (JA]))) = v (A) — 1. Thus,
v(A1Cp) = v (A) — 1 and this completes the proof. |

Remark 4.3.8 The proof did not actually use anything specific to the space
B™C . It would have sufficed to have some good space A with & (| A|) rational
and non-zero. The space B" C), is just the “simplest” one.

In practice, the situation of Proposition 4.3.7 arises as follows:

Proposition 4.3.9 Let m > 1, and let F: C — D be a colimit preserving
symmetric monoidal functor between presentably symmetric monoidal, stable,
p-local, m-semiadditive co-categories. Assume that the map ¢ : R¢ — Rop,
induced by F, detects invertibility and that the images of |[BC|p, |B" Cp|p €
Rop in the ring R% are rational and non-zero. Then C and D are (m + 1)-
semiadditive.

Proof 1t is enough to prove that C is (m + 1)-semiadditive, since by Corol-
lary 3.3.2, this implies that D is (m 4+ 1)-semiadditive. We shall apply
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Proposition 4.3.7 to the composition
Re S Rp & RY,

where g is the canonical projection. By Proposition 4.3.4, ¢ is a semi-§-ring
homomorphism and it detects invertibility by assumption. On the other hand,
g is a semi-§-ring homomorphism and it detects invertibility by Proposi-
tion 4.1.16. It is only left to observe that ¢ (JA|¢c) = |A|p, which follows
from Corollary 3.2.7. m|

We conclude with a variant of Proposition 4.3.9, in which the condition on the
elements |B" C,|p, is replaced by a condition on the closely related elements
dimp (BmC p), and which assembles together the individual statements for
different m € N.

Theorem 4.3.10 (Bootstrap Machine) Let 1 < m < oo and let F: C —
D be a colimit preserving symmetric monoidal functor between presentably
symmetric monoidal, stable, p-local co-categories. Assume that

(1) C is 1-semiadditive.

(2) The map ¢ : Rc — Rp, induced by F, detects invertibility.

(3) Forevery0 < k < m, if the space BC p is dualizable in D, then the image
of dimp (BkC p) in Rtlf) is rational and non-zero.

Then C and D are m-semiadditive.

Proof 1t suffices to show that C is m-semiadditive, since by Corollary 3.3.2,
D is then also m-semiadditive. We prove by induction on k, that the images
of the elements |B'C plp in Rtlg are rational and non-zero for all 0 < i < k,
and that C is k-semiadditive. The base case k = 1 holds by assumption (1)
and the fact that |Cp|p = p is rational and nonzero in RY since the unique
ring homomorphism Z — Rtlg is injective by Proposition 4.1.11. Assuming
the inductive hypothesis for some k < m, we first prove that | B¥C plp in R%
is rational and non-zero. By Corollary 3.3.12, B¥C p 1s dualizable in D, and
we have

dimp (Bkc,,> = |B*C,|p|B1C,lp € RYE.

By assumption (3), dimp (Bk C ,,) is rational and non-zero and by the inductive
hypothesis, the image of |B*~!C plpin R% is rational and non-zero as well.
Consequently, the image of | B¥C plpin R% must also be rational and non-zero
since R% is torsion-free. We shall now deduce that C is (k + 1)-semiadditive
by applying Proposition 4.3.9 to the functor F. Since | B¥C p|p s rational and
non-zero, it suffices to show that | BC),|p is rational and non-zero. For k = 1
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there is nothing to prove and for k£ > 2 this follows by the inductive hypothesis.
0

Remark 4.3.11 The proof shows that the assumptions of the theorem above
imply that the spaces B¥C p are dualizable in D. Thus, in retrospect, the “if”
in assumption (3) is superfluous.

4.4 Nil-conservativitiy

In this subsection we introduce and study a natural condition on a sym-
metric monoidal functor C — D, which ensures that the induced map
Rc — Rp detects invertibility. For simplicity, we shall work throughout
under the assumption of presentability, though most of the arguments do not
require the full strength of this assumption.

Definition 4.4.1 We call a monoidal colimit preserving functor F: C — D,
between stable presentably monoidal oco-categories nil-conservative, if for
every ring R € Alg(C), if F(R) = 0then R = 0.!!

The fundamental example of nil-conservativity in chromatic homotopy the-
ory is provided by the Nilpotence Theorem (Proposition 5.1.15). The following
is immediate from the definitions.

Lemma 4.4.2 Let F: C — Dand G: D — & be monoidal colimit preserving
functors between stable presentably monoidal co-categories.

(1) If F is conservative it is nil-conservative.
(2) If F and G are nil-conservative then G F is nil-conservative.
(3) If GF is nil-conservative then F is nil-conservative.

The property of nil-conservativity has a useful equivalent characterization
in terms of conservativity on dualizable modules. For this we shall need a
non-symmetric version of the known fact that dualizable objects are closed
under cofibers in the stable setting.

Lemma 4.4.3 Let C be a stable presentably monoidal oo-category and let
R, S € Alg(C). For every cofiber sequence

X—>Y—>Z € ¢BModgr((0),

if two out of X, Y, and Z are right dualizable, then so is the third.

1" This notion is closely related to the notion of “nil-faithfulness” defined in [1].
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Proof We treat the case that X and Y are right dualizable (the other cases are
analogous). Given M € LMod,¢ (Prl) we have a functor

X ®pr (—): LModgr(M) — LModg(M).

. . U .
Moreover, given a morphism M’ = M” in LMod¢ (Pr!), we have a com-
mutative diagram

X®r(—)

LModg (M) LModg (M)
Ul lU
LModg(M”) — 8% _ | Modg(M”).

By the dual of [31, Proposition 4.6.2.10], the module X is right dualizable
if and only if for every M € LMod¢(Prl) the functor X ®z (—) admits a

left adjoint Fy, and for every map M’ % M’ in LMod¢ (Prl) the Beck—

Chevalley map FyU &) U Fy in the above diagram is an isomorphism. '

Since C is stable, so is every M € LModc(Pr’) and LModg(M). For every
such M, we have a cofiber sequence of functors

XQ®r (=)= YQ®r (=) > Z®g (—).

Since the first two admit left adjoints Fx and Fy respectively, sodoes ZQ g (—).
Moreover, we have a cofiber sequence of functors

Fz—> Fy—>Fx.

Unwinding the definitions, for every M’ — M" in LModc (Pr%), we have
a commutative diagram of Beck—Chevalley maps:

FJU FJU FyU
e
UF, UFy UFy.
Hence, if Bx and By are isomorphisms then so is 8z. O

12 The statement of [31, Proposition 4.6.2.10] considers more general C-left tensored oo-
categories M. The proof however uses only the special cases M = RMod 7 (C) for T € Alg(C).
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Proposition 4.4.4 A monoidal colimit preserving functor F : C — D between
stable presentably monoidal co-categories is nil-conservative, if and only if
for every S € Alg(C), the induced functor

F: LMods(C) — LModfs) (D)

is conservative when restricted to the full subcategories of right dualizable
modules.

Proof The ‘if” part follows from the fact that every ring R is right dualizable
as a left module over itself. Conversely, let f: N; — N; be a map of right
dualizable left S-modules and let M be the cofiber of f, which is also right
dualizable (Lemma 4.4.3). It suffices to show that if FM = 0, then M = 0.
Let MY € RModg(C) denote the right dual of M. We have

MY ®s M =Homg(M,M) € C

the ring of endomorphisms of M. Since F is monoidal and preserves all, and
in particular sifted, colimits we have

FHomg(M,M)) = F(M" ®sM)=FM" ®rs FM = 0.
By assumption, we get Homg(M, M) = 0 and hence M = 0. O

Applying Proposition 4.4.4 to S = 1., we see that a nil-conservative functor
is in particular conservative on right dualizable objects of C itself.

Corollary 4.4.5 Let F: C — D be a nil-conservative functor. The induced
ring homomorphism Re — Rop detects invertibility. In particular, if A is a
C-ambidextrous and D-amenable space, then it is also C-amenable.

Proof This follows from Proposition 4.4.4, as 1¢ is a dualizable object. O

5 Applications to chromatic homotopy theory

In this final section, after fixing some notation and terminology, we apply the
general theory developed in the previous sections to chromatic homotopy the-
ory. We begin by studying the consequences of 1-semiadditivity to nilpotence
in the homotopy groups of Eo, (and Hso)-ring spectra and May’s conjecture.
Then, we prove the main theorem regarding the co-semiadditivity of Spr,
and derive some corollaries. Finally, we study higher semiadditivity for local-
izations with respect to general weak rings (a generalization of a homotopy
ring) and the various notions of “bounded height” for them.
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Throughout, we fix a prime p which will be implicit in all definitions that
depend on it, except when explicitly stated otherwise. We refer the reader
to [4,37,41], for comprehensive treatments of the fundamentals of chromatic
homotopy theory.

5.1 Generalities of chromatic homotopy theory

We begin with some generalities, mainly to fix terminology and notation.
Let (Sp, ®, S) be the symmetric monoidal co-category of spectra, see [31,
Corollary 4.8.2.19].13

5.1.1 Localizations, rings and modules

Recall from [32, §5.2.7] that a functor L: Sp — Sp is called a localization
Sunctor if it factors as a composition Sp — Sp; — Sp, where the second
functor is fully faithful and the first is its left adjoint. We abuse notation and
denote by L also the left adjoint Sp — Sp; itself. We callamap f in Sp an L-
equivalence, if L(f) is an isomorphism. Asin [31, Definition 2.2.1.6, Example
2.2.1.7], a functor L: Sp — Sp is said to be compatible with the symmetric
monoidal structure, if L-equivalences are closed under tensor product with all
objects of C.

Definition 5.1.1 A localization functor L: Sp — Sp is called a ®-
localization if L is compatible with the symmetric monoidal structure.

Note that a localization functor L: Sp — Sp is a ®-localization, if and
only if the L-acyclic objects are closed under desuspension.

Proposition 5.1.2 For every ®-localization L: Sp — Sp, the oo-category
Sp;. is stable, presentable and admits a structure of a presentably symmetric
monoidal co-category (SpL, ®, LS), such that the functor L: Sp — Sp; is
symmetric monoidal. Moreover, the inclusion Sp; — Sp admits a canonical
lax symmetric monoidal structure. Finally, for all X,Y € Sp; we have

XR®Y ~L(XQ®Y).

Proof Applying [32, Proposition 5.5.4.15] to the collection of L-equivalences,
we deduce that Sp; is presentable. Since L is a ®-localization, all claims
except for the stability of Sp; follow from [31, Proposition 2.2.1.9]. Now,
since Sp is pointed, so is Sp; (e.g. from Corollary 3.3.2). To show the stability
of Sp; by [31, Corollary 1.4.2.27] it is enough to show that ¥: Sp; — Sp;.

13 This oo-category can be also obtained using a symmetric monoidal model category as in
[15] or [25].
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is an equivalence. Indeed, this functor has an inverse, given by tensoring with
L(z7's). 0
For every spectrum E € Sp, wedenoteby Lg: Sp — Spthe ®-localization
with essential image the E-local spectra.'* We denote Sp L, DY Spg and LE(S)
by Sg . For a prime p, we shall consider also ®-localizations L: Sp(,, —
Sp(p)- The analogous results and notation apply to the p-local case as well.

Proposition 5.1.3 Letr E € Sp and let R be an E-local Ex-ring. The

oo-category ModgeE) of left modules over R in the symmetric monoidal co-
category Spg, is presentable and admits a structure of a presentably symmetric
monoidal co-category. Moreover, we have a free-forgetful adjunction

Fr: Spg & Mod%E): Urg.

in which Fg is symmetric monoidal.

Proof [31, Corollary 4.5.1.5] identifies modules over R as an Ey,-ring with
left modules over R as an E;-ring. By [31, Theorem 4.5.3.1] and [31, Corollary
4.2.3.7] this co-category is equipped with a presentably symmetric monoidal
structure. By [31, Remark 4.2.3.8] and [31, Remark 4.5.3.2] applied to the
map of algebras Sg — R, we have the adjunction Fg - Ug, such that Ff is
symmetric monoidal. O

We shall also consider the following much weaker notion of a “ring” spec-
trum:

Definition 5.1.4 A weak ring'? is a spectrum R € Sp, together with a “unit”
map u: S — R and a “multiplication” map u: R ® R — R, such that the
composition

R po R R,

is homotopic to the identity.

Example 5.1.5 Every homotopy-ring is a weak ring.

Lemma 5.1.6 Let R and S be weak rings. Then R ® S is a weak ring.
Proof This follows directly from the definition. O

Our interest in weak rings stems from the fact that they include a large class
of spectra of interest and have just enough structure to invoke the Nilpotence
Theorem, see Theorem 5.1.14.

14 This functor is also called Bousfield localization after Bousfield who originally constructed
itin [8].
15 1t is called w-spectrum in [24, Definition 4.8]
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5.1.2 Morava theories

Given an integer n > 0, let E, be a 2-periodic Morava E-theory of height n
with coefficients (forn > 1)

ThEn = Zplluy, - gy M=, i =0, Jul = 2,

and let K (n) be a 2-periodic Morava K -theory of height n with coefficients
(n=1)

K (n) = Fplu™], |ul =2.

The spectrum E, admits an [E-ring structure in Sp (by [16]). The spectrum
K (n) is obtained from the even E,-ring E,, by taking the quotient with respect
to the (regular) sequence (p, uy, ..., u,—1) and hence admits an £ -ring struc-
ture with an [E-ring map E, — K (n), see e.g. [26]. Since E, is K (n)-local,
we can also view it as an Eo-ring in the co-category Spg (). We shall use the

notation @En for Modgi(")).
We shall make an essential use of the dualizability and dimension of
Eilenberg—MacLane spaces in Modg, . First, we recall a general criterion for

a space to be dualizabe in Modg, .

Lemma 5.1.7 Letn > 0 and let X be a space. If
dimp, (K (n)g (X)) =d <oo and K(n); (X) =0,
then X is dualizable in Mod E, and
dim@b_n (X) =d.

Proof By [20, Proposition 3.4.3] (see also [24, Proposition 8.4]), there is an
isomorphism of E,-modules

Li (En ® T°X4) ~ EY,
from which the claim follows immediately. m|

Remark 5.1.8 Using [20, Proposition 3.4.3] together with [34, Proposition
10.11], one can deduce that for every dualizable object M € Modg,, we have

dimgs (M) = dimg, (7m0 (K (n) ®E, M)) — dimp, (71 (K () @, M)).
But we shall not need this fact.
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Using the classical computations of Ravenel and Wilson we get the follow-
ing dimension formula:

Corollary 5.1.9 Forall k € N, we have

dimmEn (Bka) = p(Z) € mo (Ey) .

In particular, these are all rational and non-zero.

Proof By [45, Theorem 9.2], we have

dimg, K (o (B*C,) = p® and K@), (B*C,) =0.
Hence, the result follows from Lemma 5.1.7. O
5.1.3 Telescopic localizations

Recall that a finite p-local spectrum is a compact object in the co-category
Sp(p)- Equivalently, it is a p-localization of a suspension spectrum of a finite
cell complex up to (de)suspension.

Definition 5.1.10 A finite p-local spectrum X is said to be of type n, if K (n) ®
X#0and K(j) @ X =0for j =0,...,n—1.

Let F (n) be afinite p-local spectrum of type n. Let DF (n) = Hom (F (n), S p))
be the Spanier-Whitehead dual of F(n). The finite p-local spectrum
R =DF(n)® F(n) = Hom (F(n), F(n)),

is also of type n by the Kiinneth isomorphism. By replacing F(n) with R, we
may assume that F'(n) is an E;-ring, see [31, §4.7.1].

Finite p-local spectra of type n control the various periodic phenomena in
stable homotopy theory and in particular in the stable homotopy groups of
spheres. Every type n spectrum F(n) admits a v,-self map, which is a map

v: ©XF(n) - F(n),

that is an isomorphism on K (n),, X and zero on K (), (X) for j # n. Taking
the telescope on v,

T(n) = v~ F(n) = lim (F(n) 52 Fm) > 27 *Fn) > ) ,
k

singles out the “v-periodic part” of F(n). The canonical map F(n) — T (n)
exhibits T'(n) as the T (n)-localization of F(n) (e.g. [36, Proposition 3.2]).
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Since the functor L7, is symmetric monoidal, we can consider 7 (n) =
L7y F(n) as an Ej-ring in Spy,,). By the Thick Subcategory and Periodicity
theorems [23], the localization Spr,, depends only on the prime p and the
height n and in particular is independent of the choice of F(n) and v. It is
known (e.g. [36, §6 (4)]) that

SPk () € SPr(ny € SP-

Thus, both E,, and K (n) are also T (n)-local, and so we can consider them as
an Eoo-ring and an E; -ring in Spy,,) respectively. The question of whether the
inclusion Spg ;) € Spry) 18 strict is a celebrated open question in chromatic
homotopy theory known as the telescope conjecture [38].

5.1.4 Nilpotence theorem

Morava K -theories are used in the following definition of support:

Definition 5.1.11 Let L: Sp(,, — Sp(,, be a ®-localization functor. The
(chromatic) support of L is the set

supp(L) = {0 < n < 0o | L (K (n)) # 0} € N U {oo).

For E € Sp(,) we denote supp(E) = supp(LE).

Note that Lg(X) = Oif and only if £ ® X = 0 and so supp(E) coincides
with the usual notion of chromatic support of a spectrum. By the Kiinneth
Theorem we have

supp(E ® E) = supp(E) N supp(E’).

Lemma 5.1.12 Let L: Sp,) — Sp, be a ®-localization functor and let
0 <n < o0. Thenn € supp (L) if and only if Spg,y < Spy.-

Proof 1f Spg(,, < Sp;, then in particular K (n) € Sp; and hence
L(K(n)) = K(n) # 0.

Conversely, we need to show that if L (X) = 0, then K(n) ® X is zero. We
have

LKm)®X)~L(KMn) L (X)=0.
Since K (n) ® X is a direct sum of suspended copies of K (n),if K(n)® X # 0,

then up to a suspension, K (n) is aretract of K (n) ® X. This would imply that
L (K (n)) = 0 in contradiction to the hypothesis. |
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Example 5.1.13 The following are examples for the support of some particular
types of localization:

(1) For a finite spectrum F'(n) of type n, we have by definition
supp(F(n)) ={n,n+1, ..., 0o}
(2) For every integer n > 0, we have

supp(K (n)) = supp(T (n)) = {n},

see e.g. [39, Proposition A.2.13].
(3) For a non-zero smashing localization L, we have

supp(L) = {0, ..., n}

for some 0 < n < oo, see e.g. [2, Lemma 4.1].
(4) For the Brown-Comenetz spectrum Ig,z, we have supp(lg,z) = @, see
e.g. [40, Proposition 7.4.2].

When considering localizations with respect to non-zero weak rings, the
Nilpotence Theorem of Devintaz—Hopkins—Smith guarantees that the support
can not be empty. Since it is not usually stated in this generality, we include
the argument for deriving it from the standard version.

Theorem 5.1.14 (Devinatz—Hopkins—Smith) Let R be a p-local weak ring.
Then R = 0 if and only if supp(R) = @.

Proof Consider the unitmapu: S — R.If K(n) @ R =0forall0 <n < oo,
then by [23, Theorem 3(iii)], the map u is smash nilpotent. Namely, u®": S —
R®" is null for some r > 1. The commutative diagram

SS—"®_R®R

Id
Id(gml V lu

SR R

shows that u factors through u ® u. Applying this iteratively, we can factor u
through the null map #®" and deduce that u itself is null. Consequently, the
factorization of the identity map of R as the composition

R poRrR-T-R,

implies that it is null and thus R = 0. O

@ Springer



1240 S. Carmeli et al.

This provides the main example of a nil-conservative functor.
Proposition 5.1.15 Let R be a p-local weak ring. The functor

L: SpR —> 1_[ SpK(n)’
nesupp(R)

whose nth component is K (n)-localization, is nil-conservative.

Proof Let S be an R-local ring spectrum. If L(S) = 0,then S ® K(n) =0
for all n € supp(R). On the other hand, by definition, R ® K (n) = 0 for all
n ¢ supp(R). Consequently, S ® R ® K(n) = 0 for all n € N U {oco}. By
Lemma 5.1.6, S ® R is a weak ring and hence by the Nilpotence Theorem
(Theorem 5.1.14) we get S ® R = 0. Finally, since S is R-local, S =0. O

Definition 5.1.16 Let En[—] be the composition

Lk Fg
SPr(y — SPk(m) — MOdEw

where we abuse notation and write L LK (n) also for the left adjoint of the inclu-
si0n Spg )y < Spr(y)- The functor E,[—]is a colimit preserving symmetric
monoidal functor as a composition of two such.

Corollary 5.1.17 For every 0 < n < oo, the functor
fn[—]: Spr () — Modg,,

is nil-conservative. Consequently, the canonical map oSt (ny — moE, detects
invertibility.

Proof By Proposition 5.1.15 and the fact that supp(7T'(n)) = {n} (Exam-
ple5.1.13(2)), we getthat Lk (n): Spr(,) = SPk (n) 18 nil-conservative. Since

En @ (_) SpK(n) - MaEn

is conservative, it is in particular nil-conservative and hence the composition

Sprmy — @En is nil-conservative. The claim now follows from Corol-
lary 4.4.5. O

Remark 5.1.18 The fact that the functor I/E\n[—]: SpT(n) — @En 1s con-
servative on dualizable objects is what gives us the handle on Spy,, which
will allow us to prove the co-semiadditivity of Spy(,,. However, it has other
uses as well. As a consequence of the co-semiadditivity of Spr,, we have
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a large supply of dualizable objects in Spr,), including for example all -
finite spaces. In an upcoming work, we shall exploit this fact together with
nil-conservativity to lift the maximal abelian Galois extension of Spg ) to

Spr(n)-

5.2 Consequences of 1-semiadditivity

In this section, we discuss some applications of the theory of 1-semiadditivity
in stable oo-categories to chromatic homotopy theory.

5.2.1 Power operations

Definition 5.2.1 We denote by CRing the category of commutative rings and
by CRing’® the category of semi-8-rings and semi-8-ring homomorphisms.

Theorem 5.2.2 The functor

mo: CAlg(Spr(,)) — CRing
has a lift to a functor

CAlg(Spr(,)) — CRing’

along the forgetful functor CRing? — CRing.
Proof The oco-category Spr, is 1-semiadditive by [29] and therefore satisfies
the conditions of Theorem 4.3.2. Thus, for every R € CAlg(Spr,)), the
commutative ring

7TOR = Homh SpT(n) (ST(n)s R)

admits an additive p-derivation §. The functoriality follows from Proposi-
tion 4.3.3. O

Note that for a semi-§-ring (R, §), the operation
Y(x):=xP+pS(x) : R— R
is an additive group homomorphism which satisfies ¥ (1) = 1 and ¥ (x) =

xP € R/pR. Thus, Theorem 5.2.2 also provides a functorial additive lift of
Frobenius for T (n)-lcoal commutative ring spectra.
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Remark 5.2.3 For every R € CAlg(Spg ), Hopkins defined in [21] a p-
derivation

0: mo(R) — mo(R).

We warn the reader that our operation § is not the same as this 6. Indeed, these
two operations can be expressed in terms of the operation « as follows:

3(x) = |BCplx — a(x),

0(x) =

7 (@) = [BCIx?).

see [14, Corollary 5.2.13].
5.2.2 May’s conjecture

Applying our results from §4.3, regarding commutative algebras in stable
1-semiadditive co-categories, to the chromatic world, we obtain May’s con-
jecture:

Proposition 5.2.4 Let R be an Ex-ring. If HF @ R = 0 for F = Q and
F =¥, for every prime p, then R = 0.

Proof By the Nilpotence Theorem, to show that R = 0, it suffices to show that
for all primes p and 0 < n < oo, we have K(n) ® R = 0. The assumption
covers the cases n = 0 and n = 00, so it remains to treat the case 0 < n < oo.
The assumption HQ ® R = 0 implies also that the unit 1 € 7R is torsion.
Since we have a ring map moR — 7woLk n) R, the unit 1 € 7L g (,) R must be
torsion as well. Since L ()R is a commutative algebra in the 1-semiadditive
oo-category Spg ), by Theorem 4.3.5, we get that Lk ;)R = 0 and hence
Kn)® R =0. O

Corollary 5.2.5 ([35, Theorem B]) Let R be an E.-ring and let x € w,.R. If
the image of x is nilpotent in . (HF ® R) for F = Q and F = T, for every
prime p, then x is nilpotent.

As explained in [35], this immediately implies the version with F = Z
instead of Q and I, (i.e., [35, Theorem Al]), as in the original formulation
given by May.

Proof First, observe that
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Replacing x with a suitable power, we can assume that x is torsionin 7, R. Since
the homogeneous components of a torsion element are torsion, we may assume
without loss of generality that x € mx R for some k (i.e. x is homogeneous).
Consider the corresponding map |x|: R — £ ¥R given by multiplication by
x. The telescope

x|

xR = lim (R Moskp Mgk p 1L )
ﬁ

carries a structure of an Eo-ring and the map R — x~! R induces the localiza-
tion by x map on ... Hence, it would suffice to show that x 'R = 0. However,
if the image of x is nilpotent in 7, (HF ® R), then

HF® x"'R)=x""(HF® R) = 0.
Thus, the claim follows by Proposition 5.2.4 applied to x ™' R. m|

Remark 5.2.6 We could have replaced Eo, by Hso in the above proposition
and its corollary, see Remark 4.2.3.

5.3 Higher semiadditivity of 7 (n)-local spectra

In this section, we prove the main theorem of the paper. Namely, we show
that the co-category Spy(,) is co-semiadditive for all n > 0 and draw some
consequences from this. Our strategy is to apply the “Bootstrap Machine”
(Theorem 4.3.10) to the functor E, [—] given in Definition 5.1.16.

Theorem 5.3.1 For all n > 0, the co-categories Spy ) and mlgn are 0o-
semiadditive.

Proof We verify the assumptions (1)-(3) of Theorem 4.3.10 for the colimit
preserving symmetric monoidal functor

En[—]: SpT(n) — mEn.

Namely, we need to show that

(1) The oco-categories Spy(,,) are 1-semiadditive.
(2) The functor E\n[—] detects invertibility.

(3) The symmetric monoidal dimensions of the spaces BXC p in Modg, are
rational and non-zero.

Claim (1) is proved in [29], claim (2) follows from Corollary 5.1.17, and claim
(3) is given by Corollary 5.1.9. O
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This readily implies the original result of [20].

Corollary 5.3.2 Forall0 < n < 00, the 0o-category Sp ) is 0o-semiadditive.

Proof Apply Corollary 3.3.2 to the localization functor L) : Spry,) —
Spk(n)- Alternatively, one could just use the same argument as in Theo-
rem 5.3.1. O

By Theorem 5.3.1, both co-categories Spr,,) and Mod E, are oo-semiadditive.
Hence, for every m-finite space A, we have an element |A| € 79S7(,), which
maps to the corresponding element |A| € 7o E, (since the map is induced by
a colimit preserving functor). We shall make some computations regarding
these elements and use them to deduce some new facts about Spy ;).

Lemma 5.3.3 For every k,n > 0 we have

n—1
|B*C,, = p(d) e mE,.

IMod s,

Proof By Corollary 3.3.12 and Corollary 5.1.9, we have

p(k) = dimmEn (Bka> = |Bkcp||Bk_1Cp|-

The result now follows by induction on k, using the identity
n—1 n n—1\ (n
k k—1)  \k
and the fact that the ring 7o E,, is torsion free. O

Lemma 5.3.4 For every k > n > 0 the element |BkCP|SpT(n) € moST(n) IS
invertible.

Proof For n = 0 this is clear, so we may assume n > 1. By Corollary 5.1.17,
the map

f: HOST(n) — moEy

detects invertibility and by Lemma 5.3.3,

f(1B5C,l) = pU') = 1.
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Theorem 5.3.5 Let n > 0 and let f: A — B be a map with m-finite n-
connected homotopy fibers. The induced map L f: L°A — LB is a
T (n)-equivalence.

Proof We begin with a standard general argument that reduces the statement
to the case B = pt, by passing to the fibers. Consider the equivalence of
oo-categories
S/B = Fun (B, S) ,

given by the Grothendieck construction. Let X € Fun (B, S) be the local
system of spaces on B, that corresponds to f and let Y € Fun (B, S) be
the constant local system with value pt € S. As Y is terminal, there is an
essentially unique map X — Y, which at each point b € B, is the essentially

unique map from X, the homotopy fiber of f at b, to Y3, = pt. We recover f,
up to homotopy, as the induced map on colimits

A>~limX — limY ~ B.
— —
For each E € Sp, the functor
E®EF(-):S—Sp

preserves colimits. Therefore, if the induced map for each homotopy fiber

EQ XX, > E® X7 pt,
is an isomorphism, then the induced map on colimits is also an isomorphism

E®E§’FOAL>E®E$°B.

Now, if B = pt, we have that A is a 7 -finite n-connected space. For n = 0,
the claim is obvious, and so we may assume thatn > 1. Therefore, A is simply
connected and in particular nilpotent. Thus, we can refine the Postnikov tower
of A to a finite tower

A=A)g—> A — -+ —> Az =t

such that the homotopy fiber of each A; — A, is of the form B* Cy.forga
prime and k > n + 1. It thus suffices to show that the map

2®BkC, —» 2 pt S,
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induced by
. pk
g: B"Cy — pt,

is a T'(n)-equivalence. For ¢ # p this is clear. For ¢ = p we apply Proposi-
tion 3.1.19 to the map g. For this, we need to check that

QB*C,| = |B*"'C))|

is invertible in 7Sz (,), which follows from Lemma 5.3.4. Alternatively,
B*C, is dualizable in Spr(ny by Theorem 5.3.1 and Corollary 3.3.12, and
Lkmy: Sprmy = SPk(n) Innil-conservative by Proposition 5.1.15 and Exam-
ple 5.1.13(2). Thus, by Proposition 4.4.4, it suffices to check that the map g
is a K (n)-equivalence, which follows from the computation of K (n)*Bqu
carried out in [45]. |

Remark 5.3.6 The analogous result for K (n) instead of 7' (n) is a consequence
of the [45] computation of the K (n)-homology of Eilenberg—MacLane spaces.
A weaker result for T (n), namely that the conclusion holds if the homotopy
fibers of f are m-finite and k-connected for k > 0, can be deduced from [9,
Theorem 3.1].

Corollary 5.3.7 Let n > O and let f: A — B be a map with m-finite n-
connected homotopy fibers. For every localization L: Sp(,y — Sp(,) such
that L (F(n + 1)) = 0, the induced map

L(Zf): L(2FA) - L(=B)
is an isomorphism.

Proof The condition L (F(n 4+ 1)) = 0 ensures that L : Sp(p) — Sp; factors

through the finite chromatic localization L,{: Sp(py — Sp, s, which is also

the localization with respect to the spectrum 7 (0) @ --- @ T (n). Hence, the
claim follows from Theorem 5.3.5. m|

5.4 Higher semiadditivity and weak rings

In this section, we study higher semiadditivity for more general localizations of
spectra. In particular, with respect to weak rings, which are a very weak version
of a homotopy ring, see Definition 5.1.4. We begin by studying the chromatic
support of a localization and show that three different notions of “bounded
chromatic height” for weak rings coincide. We then study localizations of
the oo-category Sp with respect to weak rings, which are 1-semiadditive.
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We show that p-locally, those are precisely the intermediate localizations
between Spg,) and Spr(,). We deduce that such localizations are always
oo-semiadditive and also derive a characterization of higher semiadditivity in
terms of the Bousfield—Kuhn functor.

5.4.1 General localizations

We begin with a discussion regarding general ®-localizations. The following
result relates the 1-semiadditivity of a ®-localization and the support of the
corresponding localization functor. In a sense, a 1-semiadditive ®-localization
of Sp(,,y is monochromatic of finite height.

Proposition 5.4.1 Let L: Sp,) — Sp(,) be a Q-localization functor. If Spy,
is 1-semiadditive, then either supp(L) = @ or supp(L) = {n} for some 0 <
n < oo.

Proof We start by showing that co ¢ supp(L). Assuming the contrary, by
Lemma 5.1.12, we get that

This is a contradiction to Theorem 4.3.5 as HIF ), is an E-ring.

It remains to show that supp(L) cannot contain two different natural num-
bers. We shall prove this by contradiction. Suppose that there are 0 < m <
n < oo such that m,n € supp(L). By Lemma 5.1.12 again, it follows that
SPkm)s SPky S Spr. In particular, we get Ey,, E, € Sp;. Consider the
object

E,®E, =L (E,®Ey) € Sp; .

We begin by showing that E,®E,, # 0. Indeed, since Sp Koy S Spr we
have

LK(m) (En®Em) ~ LK(m)L (En & Em) = LK(m) (En ® Em) .

The spectrum L k() (E, ® E;) is non-zero by the Kiinneth isomorphism and
the fact that

Km)®E,, Kmn)®E, #0.
The object E,®E,, is an Ey-ring in the 1-semiadditive oo-category Sp L
and therefore we have a well defined elementa = |BC)| € mo (E,,@Em) By

naturality, a is the image of the elements

an = |BCpl € mo (Ep), am = |BCp| € mo (Em)
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under the canonical maps of E,-rings E,, — E,®E,, and E,, —» E,QE,
respectively. However, the computation in Lemma 5.3.3 shows thata,, = p"~!
and a,, = p"~'. Hence, their equality is a contradiction to the injectivity of
the unit map Z — no(E,,®E m), which follows from Proposition 4.1.11. O

Remark 5.4.2 The definition of a,, as |BC),| € mo (E,) is unambiguous, since
by Corollary 3.2.7 for the symmetric monoidal localization functor Sp; —
Spkn)» 1t does not matter whether we consider E, as an object of Sp; or

SpK(n)'

Remark 5.4.3 We are not aware of any example of a non-zero 1-semiadditive
®-localization L, for which supp(L) = @. The techniques of this paper can be
used to show that if no such examples exist (as we suspect), then Corollary 5.4.9
can be generalized to every ®-localization. Namely, a ®-localization of Sp is
1-semiadditive if and only if it is co-semiadditive.

5.4.2 Weak rings

There are several notions of being “of height < n” for the Bousfield class of
a weak ring. The following theorem shows that they are all equivalent.

Theorem 5.4.4 Let R be a non-zero p-local weak ring and let 0 < n < oo.
The following are equivalent:

(1) F(n+ 1) ® R = 0 for some finite spectrum F(n + 1) of type n + 1.
(2) T*°B"*IC,®@ R =0.
(3) supp(R) € {0, ..., n}.

Proof We prove the equivalence by showing first that the implications labeled
by solid arrows in the diagram below hold for a general ®-localization L,
where the condition R ® X = 0 is interpreted as L (X) = 0. Then we turn to
the remaining implication, labeled by the dashed arrow in the diagram.

P
= S
=
= N

(1) — 2) — (3)

The implication (1) == (2) follows from Corollary 5.3.7. Given (2),
assume by contradiction that L (K (m)) # 0 for some n < m < 00. On
the one hand, by Lemma 5.1.12, we have

®B"C, ® K(m) € Spg(m) < SPy -
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On the other hand, by assumption, L (£*°B"*!C,) = 0 and hence (using
[45]), we have

0# S®B"C, ® K(m) = L(E®B""'C, ® K(m))
= L(Z®B""'C,)®L (K (m)) = 0.
It now suffices to show that for a localization with respect to a non-zero p-
local weak ring R, the implication (3) = == (1) holds as well. By Example

5.1.5, we may assume that F'(n + 1) is a weak ring and hence by Lemma 5.1.6,
the spectrum F(n + 1) ® R is a weak ring as well. Moreover, we have

supp(F(n + 1) ® R) = supp(F(n + 1)) Nsupp(R) = 0
and thus by Theorem 5.1.14, we get F(n + 1) @ R = 0. O

Remark 5.4.5 Condition (2) in Theorem 5.4.4 has an alternative formulation.
As in the proof of Theorem 5.3.5, if E is a p-local spectrum, > B"+! Cp®
E = 0 if and only if the following condition is satisfied:

(2’ ) Foreverymap f: A — B of m-finite spaces, that induces an isomorphism
on the nth Postnikov truncation, the map

YPfRE:XPAQE - XPBQE
is an isomorphism.

We now show that for localization with respect to a weak ring, being monochro-
matic is even more closely related to higher semiadditivity. For this we need
the following general lemma.

Lemma 5.4.6 Let E € Sp . For every n = 0, the spectrum E is Bousfield
equivalent to

TORE)Ys(TMHRE)®--- @(TMRE)S(Fn+1)®E).

Note that the Bousfield class of X ® Y depends only on the Bousfield classes
of X and Y. Hence, in the statement and proof of the above lemma, we are
free to choose the 7 (i)-s and F(n + 1) as we please.

Proof Using the Periodicity Theorem [23] we can construct a sequence of
finite type n spectra F(n) with v,-self maps

Ui SN F(n) —> F(n),

such that
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(1) F(0) =S

(2) F(n + 1) is the cofiber of v,,.

(3) T(n) = v, 'F(n).

The claim now follows from a repeated application of [38, Lemma 1.34]. O

Theorem 5.4.7 Let R be a non-zero p-local weak ring. The following are

equivalent:

(1) There exists a (necessarily unique) integer n > 0, such that Spg,) <
Spr S Spr() -

(2) Either Spg = Spyq, or Q%°: Spg — S admits a retract.

(3) Spp is co-semiadditive.

(4) Spp is 1-semiadditive.

(5) supp(R) = {n} for some 0 < n < oo.

Moreover, the integer n in (1) and (5) is the same one.

Proof Consider the following slight variant of condition (5):
(5)’ Either supp(R) = @ or supp(R) = {n} for some 0 < n < oo.

We shall prove the theorem by verifying all the implications in the following
diagram:

(1 @) =——=0)=====>()

\ 3 /7

In fact, we show that the implications labeled by solid arrows hold for a general
®-localization L, and those labeled by dashed arrows hold for Lz, where R
is a non-zero p-local weak ring.

We start by showing that (1) == (2). If n = 0 then

Spk©) = SPr©) = SPo

and we are done. Otherwise, let ®,: Sy — SpT(n) be the Bousfield—Kuhn
functor, see [10,28]. We get that L o @, is a retract of Q2*°: Sp; — S.. To

show that (1) == (3), consider the symmetric monoidal colimit preserving
functor L: Spy(,) — Spy. The claim now follows from Theorem 5.3.1 and

Corollary 3.3.2. The implication (2) == (4) isprovedin[12, Theorem 2.6].
Finally, (3) =—=> (4) is trivial and (4) =——=> (5) is Proposition 5.4.1.

It is left to show the implications (5)" === (5) and (5) === (1), where
L = L foranon-zero p-local weak ring R. The first implication follows from
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Theorem 5.1.14. For the second, let 0 < n < oo be such that supp(R) = {n}.
By Lemma 5.1.12, we have Spg,) S Spg. It remains to show that Spp <
Spr(n)- By Lemma 5.4.6, the spectrum R is Bousfield equivalent to

TORSDTNHR)D---®d(TM)QR)D(Fn+1)®R).

From the assumption supp (R) = {n} and Theorem 5.4.4, we get that
F(n+1) ® R = 0. By Example 5.1.5 and Lemma 5.1.6 we may assume
that the spectra 7'(m) ® R for m < n are weak rings. Now, for m # n we have

supp(T'(m) ® R) = supp(T (m)) Nsupp(R) = {m} N {n} =0

and therefore 7'(m) ® R = 0 by Theorem 5.1.14. It follows that

Spr = SPrimer S SPrm) -
O

We conclude by showing that the equivalence of conditions (3) and (4) in
Theorem 5.4.7 holds for general, not necessarily p-local, weak rings.

Lemma 5.4.8 Let E be a spectrum and let £ be an integer such that E L E is
null. The canonical functor F: Spp — [] ol Spg » is an equivalence, where
E(p) is the p-localization of E at the prime p.

Proof The functor F admits a right adjoint G given on objects by

(Xp)ipley = @ Xp.

ple

It suffices to show that F is conservative and that the counit of the adjunction
is an isomorphism. Since multiplication by £ is null on E, all homotopy groups
of E are ¢-torsion. It follows that the canonical map E — & sl E(py 18 an
isomorphism on homotopy groups and hence an isomorphism. Thus, F is
conservative. The components of the counit are given by

Lg, @Xq - X,
qlt

Since LE,, is exact, it is enough to show that Lg, (X,) = O forall g # p.
Indeed, multiplication by p acts invertibly on X, and nilpotently on E(,),
hence E,) ® X, = 0. O
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Corollary 5.4.9 Let R € Sp be a (not necessarily p-local) weak ring. Then
Spr is 1-semiadditive if and only if it is co-semiadditive.

Proof Denote by R(,) the p-local weak ring R ® S(,). By Corollary 3.3.2
applied to the localization functor F),: Spgp — Spg . the co-category Spp »
is 1-semiadditive and hence by Theorem 5.4.7 it is co-semiadditive. We divide
into cases according to whether R ® HQ vanishes or not. If R ® HQ = 0,
then the unit ug : S — R has finite order £ in 7o R. Hence,

C-Idg =L - ur(ugr @ Idg) = ur((€-ug) @ Idg) = 0.

By Lemma 5.4.8 we have

SP(R) = l—[ SPR(,,)
ple

and by Corollary 3.2.5 it is oo-semiadditive. Now, consider the case where
HQ ® R # 0. For every prime p, since Spp » is 1-semiadditive and

KO)®Rp) =HQQR #0,

we get from Theorem 5.4.7 that supp(R(p)) = {0}. By Theorem 5.4.4 applied
to the Moore spectrum M (p) = F(1), we obtain

R® M(p) ~ Riyy ® M(p) = 0.

It follows that R € Spyg = Modpqg and hence Spp = Sppq is oo-
semiadditive. o
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