CHAPTER VII

H, RING SPECTEA VIA SPACE-LEVEL HOMOTOPY THEORY

J. E. McClure

Our main goal in this chapter is to show that the spectrum KU representing
periodic complex K-theory has an H_, structure. The existence of such a structure is
important since it will allow us to develop a complete theory of Dyer-Lashof
operations in K-theory, including the computation of Ky(QX); this program is carried
out in chapter IX. Of course, we already know that the connective spectrum kU has
an H, structure since it has an E, structure by [71, VIII. 2.1]. However, it is not
known whether KU has an E, structure, and the distinction between kU and XU is
crucial for our work in chapter IX. We therefore require a new method for

constructing H_ ring spectra.

As usual, the case of ordinary ring spectra provides a useful analogy. The
easiest way to give KU & ring structure is to use Whitehead's original theory of
spectra [108]). We use the term "prespectrum” for a spectrum in the sense of
Whitehead [108, p. 2401, reserving the term "spectrum" for the stricter definition
of I§81. The Bott periodicity theorem for BU gives rise at once to a prespectrum
([108, p. 241]; more work is needed in order to get a spectrum), and the tensor
product of vector bundles gives this prespectrum a ring structure in the sense of
[108, p. 270]. Now the Whitehead category is not equivalent to the stable category
ns , but it is a quotient of it, and one can 1ift structures in this category to

1 1

hA as long as certain lim™ terms vanish. These lim~ terms do vanish for KU and we

obtain the desired ring structure.

In order to carry this through for H  structures we must give the Bott
prespectrum a "Whitehead” H_ structure (which is fairly easy) and show how to 1lift
it to nd (whicn is considerably more difficult). Our main concern in this chapter
is with the lifting process, which is called the cylinder construction and denoted
by Z. We begin in Sections 1 and 2 by giving a careful development of the ecases
already mentioned, namely the passage from prespectra tc specira and from ring
prespectra to ring spectra. Our account is based on that in [67] and [71, II §3]
but is adapted to allow generalization to the H_  case to which we turn next. In
section 3 we give a general result allowing construction of maps D“E > F in nd from
prespectrum~level data. Although the basic idea is similar to that of section 2
this situation requires new hypotheses and methods. Section 4 is a digression which

1

gives a convenient sufficient condition for the vanishing of the lim~ terms

encountered in sections 1, 2, and 3. In section 5 we define H_, structures on

prespectra (for technical reasons, these are called HS structures) and show that

1

they 1ift to H, structures in hd when the relevant 1lim' terms vanish. In section 6
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we observe that spectra obtained in this way actually have Hg structures as defined
in I.4.3 and that there is in fact an "approximate equivalence" between HS
structures on spectra and prespectra. Section 7 gives the application to K-
theory. The necessary Hg structure on the Bott prespectrum is obtained from the E_
structure on kU; a more elementary construction not depending on E_ theory (but
still using the results of this chapter) will be given in VIII §4. Section 8 gives
a technical result which is used in section 3. Except for section 8 and one place

in section 1 we use only the formal properties of nd and Dn given in I§1 and I82.

This chapter and the next are a revised version of my Ph. D. dissertation.
I would like to take this opportunity to thank my advisor Peter May for his warm
support and encouragement both in the course of this work and in the years since. I
would also like to thank my colleagues Gaunce Lewis and Anne Norton, my friend
Deborah Harrold, my parents, and a person who wishes to remain anonymous for their
no less valuable support. However, the views expressed in these chapters are my own

and do not necessarily reflect their opinioms.

§1. The Whitehead category and the stable category

In this section we deseribe the relation between the Whitehead category,
denoted.;;f3 , and the stable category'¥;£ . The results are well-known, but we give
them in some detail in order to fix notation and because we need particularly

precise statements for our later work.

We begin by defining ;i? . An object T, called a prespectrum, is a sequence of
,; in nd (see I$1; the use of hJ here
is technically convenient but could be avoided by systematic use of CW-

spaces T; (for i > O) and maps o i, » T,

approximations). If the adjoints Ei:Ti > QTi+l are weak equivalences we call T an
Q-prespectrum. A morphism £:T + U is a sequence of maps fi:Ti + Ui such that
fi+l°°i ® 09,0 Zfi in hJ . This should be compared with the much stricter
definition of morphism in h# given in I8§1; it is precisely because morphisms in
w® are defined in terms of homotopy that this category is a useful intermediate
step between space-level and spectrum-level homotopy theory. The set of maps in
w® from T to U is denoted [T,Ul,. If U is an Q-prespectrum then this set is an

abelian group and is equal to the inverse limit 1lim;{7,,U;] with respect to the maps

~¥ ~ -
Q oy (Gi)*l
iUy | 100,00 T = 11500, ) 1 ———> (1,0, 1

There is an evident forgetful functor z: hd » WP . Although there is no
useful functor in the other direction, there is an "approximately functorial

construction Z, called the cylinder construction. This can be defined in several
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essentially equivalent ways (see I86 of the sequel). For our purposes it is easiest

to define
ZT = Tel £ 12°
i

Ty
where the telescope is taken with respect to the maps

i-1

i ® -1 -1 il @ - w
+ : T, T T

Lt T, =% "L "z Ti = 0 {41 °
We write ¢; for the inclusion "Iy » s12T. If £:T » U is any map in w§ there

exists a map F:ZT + ZU induced by f in the sense that the diagram

commutes for all i > O. Unfortunately, this map is not in general unique. To

clarify the situation consider the Milnor 1im1 sequence

1 [ 1-1 e,

0 —=1lin (377 271,;,20) —= [21,20] —>1lin[z"2"1,,20] — O.

1 term vanishes. We

Clearly, the map induced by f is unique if and only if the lim
shall use the notation Zf for this map when this condition is satisfied (and not

otherwise). We have Z(f o g) = Zf o Zg whenever all three are defined.

The liml term just mentioned is only the first of many which will arise in our
work. For applications we wish to know when they vanish. This question will be
considered in detail in §4; for the moment we simply remark that for the cases of
interest to us (namely Bott spectra and certain bordism spectra) all relevant 1im?

terms do in fact vanish.

Although Z is not a functor, it has several useful properties. In fact, one
may think of the pair (z,2) as an "approximate adjoint equivalence" between hd and
the full subcategory of Q-prespectra inw® . The following result makes this
precise.

Theorem 1.1. For each T ¢ w® and E € WA there exists maps x:T + 22T and A:Z2E + E
with the following properties.
(1} « is natural in the sense that 2Zf o « = ¢ o f whenever If is
defined.

(ii) « is an equivalence whenever T is an Q-prespectrum.
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(11i) A is natural in the sense that f o A = A o Zzf whenever Zzf is
defined.
(iv) A 1s an equivalence for all E ¢ nd .
{v) zA © x 1is the identity map of zE.
{vi} The map t:{ZT,E] » {T,zE}w defined by «f = zf o ¢ 1is an isomorphism
whenever 1imlEi“lTi = 0.
{vii) The map 2f, whenever it is defined, is uniquely determined by the

equation t(Zf) = ¢ o f.

The rest of this section gives the proof of 1.1. In order to construct « and i

we need an alternative description of the i-th space functor from hd tohJ.

lemma 1.2. There is a natural equivalence Ei = Q"r'E. If ei denotes the adjoint

map szi > ZiE then the following diagrams commute.

o i «“ o
EEi = I LE b ZEi = Lz Ei
b y
{1) 101 l (2} [Y o5 IZG
6\
o J+1 i+1 i+l
se1 2z E T Ei+1 E

For the proof see I§7 of the sequel. The fact that such an equivalence exists
should not be surprising since it is well-known that the reduced E-cohomology groups
EXX of a based space X can be defined either as [5%X, z1E] or as [X,Ei]. The
diagrams of lemms 1.2 (which are adjoints of each other) simply say that one obtains

the same suspension isomorphism with either of these two definitions.

Given T ¢ w® we can now define w:T » 2ZT by letting the i-th component xy:T; »
(ZT)i be the composite
ww, EO 44
Iy =T, — a1l PANIE {ZT)i.
We note for later use that the following diagram commutes.

Z T —v—————————————z (ZT)

N

The verification that « is in fact a w® -map is a routine diagram chase using
diagram (1) above. It is clear that « satisfies 1.1(i); in fact it has the stronger
property that zF o ¢ = ¢« o f whenever F:ZT » ZU is induced by f. For part {ii) we
first compute



219

uk(ZT)i = nk_iZT = co;lm nk—i+j£ ?3
- . . 2
colim colim “k—i+j+2 L Tj .
J 2
A cofinality argument shows that the inclusion of colim « T, in the last

k-i+j 7j
group is an isomorphism. If T is an Q-prespectrum, then the inclusion

%, T
i

e eo%im [ Y

p k-i+j 7]
is an isomorphism and the result follows.
Next we define X:ZzE + E to be any map obtained by passage to the telescope
from the maps
PRETYIEE et SN
i i
Part (v) is immediate, and (iv) follows from (ii) and (v). For (iii) it suffices,
by the definition of Zzf, to show that A-l of o A : ZzE » ZzE' 1is induced by zf,
i.e., that the diagram

-1 =
r L f, .
s~ i*g, = £ E!
1
i -i
£7e, 1o,
A f A

commutes for all i > O. This in turn follows from the definition of A and the
naturality of ei.

For part (vi)} consider the 1im? sequence

0 —» lim (32751, ,E] — (21,E} T Limlz 27T, B} —= O.

The map ;'agrees with 1t under the isomorphism
linlz™Y:®1, E) * 1im(T,,E,) = [T,zE]
1mZZi, = limidy, byl = »Zh ]y

and the result follows.

Finally for (vii) we calculate
t{Zf} = 22f o «x =k o f.

The uniqueness follows from (vi).
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§2. Pairings of spectra and prespectra.

In this section we give a multiplicative version of the results of §1 which in
particular will gllow us to produce a ring spectrum in h§ from suitable input in
wP . Again the results are well-known.

For the rest of the chapter we fix an integer d > 0 and consider prespectira
indexed on nonnegative multiples of d. This is convenient in the present section

(for dealing with Bott spectra) and will be crucial in §3.

Let E,E',F ¢ nAk. By a pairing of E and E' into F we mean simply a map
$:Ea E} » F. Although the category .‘;33 has no smash product, a suitable
prespectrum-level notion of pairing has been given by Whitehead {1(8, p. 255]; we
recall it here.

Definition 2.1. Let T,T',U e w® . A pairing y:(T,T') » U consists of a
collection of maps
. t
Y15 7% Tay 7 Vacieg)

such that the following diagram commutes in nJ for all i g > 0.

a o 1
AT t
ETy" Ty Tar1en)™ a5
4
-1 .
It - Y141,
}.‘.dtp g
d i, .d 14
Ty N Ty ) e B gy T Ugaag e
It
a1 dj a1’ tag+n) »

If $:EAE' + F is a pairing in h4 and f:ﬁ + E, f':fi' > E', and g:F » F are
maps in h4 there is an evident pairing
go ¢ o (FAaft): E~E ' » F.
Similarly, if ¢:(T,T') + U is a pairing in wy and f‘:% + T, f':'i" + T', and

g:U» U s&are maps in WP there is a composite pairing

~

goyeo (f,f"):(’i‘,"f") + U.

Next we show how to 1lift pairings from w® tond . If $:{T,T") » Uis a
pairing then ZT A ZT' is equivalent to
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-2di ,
Tel 1771 (T, A Ty, )

and we can obtain an induced pairing ZT AZT' + ZU by passage to telescopes from the

maps E'Zdiz“’wi’i. The induced pairing is unique if the group

2di-1(

1in® (20) T ')

di di

vanishes, and we denote it by Zy when this condition is satisfied. Note that we now
have two distinct, but analogous, meanings for the symbol Z, and we shall give
another in section 3. There is no risk of confusion since the context will always
indicate whether Z is being applied to a map in w? , a pairing, or an extended

pairing as defined in section 3. Clearly we have
Zg o Zy o (ZfAZf') = Z(g o y o (f,f'))

whenever both sides are defined.

Next, given a pairing ¢:EA E' » F in w4 we wish to define a pairing
2z¢:(2E,2E") » zF (again, this use of the notation z is distinet from that in section
1). In contrast to section 1, it is inconvenient to do this directly from the
definitions since the definition of EA E' is too complicated. Instead, we use the
maps provided by lLemma 1.2. First let

© a(i+)
. N 1
¢i,j‘ T (Edi Ed,j) > I F
be the composite
w - o O MBS 4 g a(i+) a(i+)
B Byy) = BB Al E('ij——-—~'1——>5: EasNE = 3 EAL —»g F

Then the diagram

o, 4 ' o 1
2720y A By ) ———> 17(Ey,)n By
¢ (-1 %

a
b, . .
o, d d o . i d(i+j+1)
T (Eg; A B ) EZ(EdiAE.)——"L’Z F

dj
IZ a /.+l
~« ' @ f 1,J
L (Edil\z El,) ———»z (Edi" By

dj (3+1)

i

commutes by Lemma 1.2. We now define

1
(z¢)i,j :Egqh Edj > Fd(i+j)

to be the composite
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o, . -
{NEY) 55 IS A B I

' -_’mw -
Fai® By &t (E a(i+)

di (51
The fact that z¢ is a pairing follows from the diagram above and another application
of Lemma 1.2. We clearly have

z(g o ¢ o (£af')) =2g 0 2y o (af,zf').

Finally, given a pairing ¢:4T AZT' » F we can define a pairing

t{¢):{T,T'} » zF by (¢} = 2¢ o (x,«x). In analogy with Theorem 1.1 we have

Proposition 2.2 (i) If y is a pairing in w® then 23y o (k,x) = x o § whenever Zy
is defined.
(ii) If ¢ is a pairing in nd then Ao Zz¢ = ¢ o {2 1) whenever Zz¢ is
defined.
(iii) If limlFZdi'ldeiA Téi) = 0 then T is a one-to-one correspondence
between pairings ZTA ZT' » F and pairings (T,T') » zF.
{iv) The pairing Zy, whenever it is defined, is uniquely determined by the
equation <{Zy) =« o .

The proof is completely parallel to that of 1.1 and will be omitted.

As a special case we consider ring spectra and prespectra. Let S be the zero-
sphere in nA and let S be the prespectrum whose di-th term is Sdi {(with the evident
struetural maps). A ring spectrum is a spectrum E with maps ¢:EAE > E and ¢:S + E
satisfying the usual associativity, commutativity and unit axioms. Similarly, a
ring prespectrum is a prespectrum T with a pairing ¢:(T,T) » T and a map e:8 + T

satisfying associativity, commutativity and unit axioms. The unit axiom in this

case is the commutativity of the following diagram in nd .

. e,.»1 1a e, .
s, B T gpoap, A gAY
dai | "4 di

\ "’i,j [

Td(i+j)

There are also evident notions of morphism for these structures. As a consequence
of Proposition 2.2 we have the following.

Corollary 2.3. (i) If E is a ring spectrum then zE is & ring prespectrum. If { is

a ring map in hA then zf is a ring map in w ¥ .

2di-1

(11)If T is a ring prespectrum with liml(ZT) (TdiA Tdi) = (O then ZT

is a ring spectrum and «:T + 2ZT is a ring map. If in addition £:T » T' is a ring
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map and

1 2di-1 o1
1im* (ZT") (TgiA Tgy) = lim™(ZT')

2d1-—l(TI

g1 Tag! = O

then Zf is a ring map. If E is a ring spectrum and 1imlE2dl-1(EdiA E

di) = 0 then

x:Z22E » E is a ring map.

§3. Extended pairings of spectra and prespectra

let 7 be a fixed subgroup of I In this section we generalize the results of

3 _
section 2 by relating maps of the form f:D E» F in h4 to certain structures in
w® called extended pairings. This is our basic technical result, which will be
applied in this chapter and the next to various problems in the theory of H_ ring

spectra.

First we need a generalization of Definition 2.1. The difficulty is that,
unlike the smash product, D, does not commute with suspension. The situation
becomes clearer when one realizes that Dﬂzdx is a relative Thom complex. For if p
is the bundle

En x“(ﬁg)j > Bx

and Py is the pullback of this bundle along the map
Ex e ¥ o B,

then DﬁZdX is the quotient T(pX)/T(p*), where * denotes the basepoint of X. The
failure of D1T to commute with suspension arises from the faet that the bundle p is
nontrivial. This suggests that we consider theories for which this bundle is at
least orientable and replace the suspension isomorphisms which were implicitly
present in section 2 with Thom isomorphisms. Note that the orientability of p with

respect to a certain theory may well depend on the positive integer d.
Definition 3.1. Let F be a ring spectrum. A wn-orientaticn for F is a map
wd s » £ Yr

such that the diagram

(sd)(j) 1 Qde
0 _ |
s 1Ye sUr

commutes in hd . If U is a ring prespectrum, a wn-orientation for U is a map

v:D"Sd > qx
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such that the diagram
d)(j) i 1 d

e [ 8

(s

12 lv

a e..
S _d Udj

commutes in }EJ . A ring spectrum F or a ring prespectrum U with a fixed choice of
w-orientation is called w-oriented. A ring map of wn-oriented spectra or prespectra

is w-oriented if it preserves the orientation.

It is now easy to give an analog for Definition 2.1. Recall the natural map §
defined in I§2.

Definition 3.2. Let T be a prespectrum and let (U,v) be a n-oriented ring

prespectrum. An extended pairing

g:{w,T) » (U,v)

is a sequence of maps
1 D;Tgs * Uiy

such that the following diagram commutes in hd for all i > 0.

D (T~ &%) J =D Ty~ D s
l D“a lciA v
DrTa(s41) Yais™ Yy
;M‘ /“’ij 3
Ya(i+1)j

We shall usually suppress the orientation v from the notation.
Definition 3.1 is general enough for our purposes, but it could be made more
general by allowing U to be a module prespectrum over some wn-oriented ring pre-

spectrum. Everything which follows would work in this generality.

If g:U + U' is a n-oriented ring map and £:T' + T is any map in ;2? we define
the composite
gog o {n,f):{n,T"} » U*

by letting (g o g o (u,f))i o Dn(fdi)' We also have composites in the

=g .. O L.
dji i
n-variable: 1if p is a subgroup of = and U has a p-orientation consistent with its

w-orientation then the maps
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3 © vD Tas > Ugys
form an extended pairing denoted ¢ o (:1,1).

There is an evident stable version of 3.2: if F is a wn-oriented ring spectrum

we define an extended pairing from E to F to be a map £:D E > F. We do not assume

any relation between £ and the orientation u, but the presence of u is necessary for
the comparison with the prespectrum level., We can define composites

gogo an and £ o 1 as in the prespectrum case.

To complete the program of section 2 must show how to define zf and Zg with
suitable properties. Both of these will be defined by using a spectrum-level
variant of the Thom homomorphism to which we turn next. If F is a n-oriented ring

spectrum end £:D E + IPF is any mep we write ¢(f) for the composite

DTIZdE —SS-"DT[E ’\D,n_sd .,Lﬁ.)ﬁ,.’ EnF /\Zd'JF LE n+dJF-

Since each class in Fn(DnE) is represented by some f we obtain a homomorphism
o:7( B) » PV (0 1%)

called the Thom homomorphism. We write ®(i) for the iterate
Fn(DnE) -+ Fn+d1J(D“Zd1E). If E = "X for some space X then it is easy to see that ¢

is the relative Thom homomorphism for the bundle py and is therefore an isomorphism.

Thus the following result should not be surprising.
Theorem 3.3. ¢ is an isomorphism for every E ¢ h d .

The proof of this result, while not difficult, involves the definition of D

and not just its formal properties and is deferred until section 8.

We can now define 2zt for an extended pairing g:D“E + F. Give zF the

orientation
2(0):D 8%~ 8% = 0" ¥ " VFar,, .
i E n aj
For each 1 > O let (zg); be the composite
o
& Dnedi

DE,, —»Q D1 E,, —2E2 0o
n i

: w (i) .
di, 2 ¢ "'t = dij. |
L Eai a4 E—-——=q i “F=F

dij °

The verification that zg is in fact an extended pairing is completely similar to the
analogous verification in section 2. Further, z is natural in the sense that

z(g o g o an) =2g o 2 o (w,zf) and =2(f o 1) =2£ o (1,1). Note that zf¢ depends
not just on the map g but also on the orientation u.
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Unfortunately, Zr cannot be constructed directly as in sections 1 and 2.
Instead we observe that we could have used 1.1{vi} and 2.2{iv) to define Zf and Zy
by means of the equations <(Zf) = « o £ and 1(Zy) =« o . If ¢ is an extended
pairing from ZT to F let (&) be the extended pairing

2§ o {w,x): {(n,T) » zF.

At the end of this section we shall prove

Theorem 3.4. If limlF‘l(D“E“dizdei) = 0 then 1t is a bijection between extended

pairings D ZT + F and extended pairings («,T) + zF.

We can now define Zy for an extended pairing g:(=,T) » U when the relevant 1imt

terms vanish. Give ZU the w-orientation

2(v):p. s = £™p s » U, » ¥z,
k1 n 4j
and let Z(z) be e o z).
Corollary 3.5. (i) =2Zg o (m,c) = «x o ¢ whenever Zr is defined.
(ii) Z(gog o (w,f)) =Zg 0 Zr © D"Zf and Z(z o (1,1)) = Zz o 1 whenever

both sides are defined.

{iii) X o Zzg = o D“A whenever Zzf is defined.

Proof of 3.5. (i) is the definition of Zz. For the first equation in (ii) we

calculate

1(Zg o Z¢ o D"Zf) 2Zg o zZr o (m,zZf) o (m,«)
= 2Zg o zZz o {n,c} o {n,f)

=zZg ok oz o {n,f)

kogoygo (n,f)

t(Z2(g o g o (n,f}));
the result follows by 3.4. The verification of the other equation in (ii) is

similar. For part (iii) we have

"o g oD = ato zE o {®,zx) o {(m,x)

=x o2t = 1(Z8)

with the second equality following from 1.1{v); the result follows by 3.4.
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Next we make some observations that will be important in sections 5 and 6.

Part (iii) of our next result gives an alternate description of Zg which is similar

to the definitions of Zf and Zy in sections 1 and 2.

Corollary 3.6. Let £:D 2T » F be an extended pairing.
(i) r{g)i is the composite
Q’D e, . e () s
@@ ndi o din Q9 o dij o
DTy —= @D 1T o, —=—sq"p x¥zr £ 5 o7 F . Fai
(ii) If g':D 2T » F 1is another extended pairing and t is a bijection then
g = g' if and only if

(i) _ (1)
¢ 7' o Duei =9 gt o Dnei

for all 1 > 0.

(iii} If g:{=,T) + U is an extended pairing and Zg is defined then Zg is the

unique map for which the following diagram commutes for all i > O.

D 6 .
o w di - di
D 2"T,, b stz
™ (1)
z DﬁTdi [ A4
- Saij ai]
I gy -3 gy

Proof of 3.6. Part (i) is immediate from the definition of t and diagram (3) of
section 1. Part (ii) follows at once from part {i). In part (iii) the
commutativity follows from part (i) and the definition of Zr, while the fact that Zg
is the only such map follows from {(ii).

Remark 3.7. Let D be a functor which is naturally equivalent to DTT for some n.
More precisely, we assume that there are space and spectrum level functors , both
called D and compatible with EW, and space and spectrum level equivalences D = D,
mmhmeMmcmmﬁMemwrf;mew%sdiMM%tme%A%mm%%.We
can clearly carry through everything in this section with Dﬂ replaced everywhere

by D. The necessary maps

§:D{XAY) » DXADY

1:X(j) +> DX
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may be obtained from those for D, by means of the given natural equivalence. Of
course, D may already possess transformations § and 1 compatible with those for I%;
this is the case for D = th D and D = QjDk’ If 7 is a subgroup of p C zj and 1’
denotes the composite

D=D ~+-®D
w P

then (provided that 1' preserves the orientations) we can compose an extended
pairing g:DpE + F with 1' to get an extended pairing in the new sense from DE to F.
Clearly z and Z will preserve such composites. The examples of interest for 1' are
the maps a5 and 8j,k defined in I§2.

We conclude this section with the proof of 3.4. If £:D ZT » F is an extended
pairing we write [g] for the element of FOD“ZT represented by £. Now Dﬁ preserves

telescopes by I1.1.2(iii) so
~di =
D“ZT =~ Tel D"Z z Tdi .
Hence the liml hypothesis implies
% 21 = 1im FOp 3 857 .
™ s di
The image of [g] in the i-th term of the limit is (Dﬂx_dlei)

14

*[g}-

On the other hand if z:(x,T) » 2F is an extended pairing then each T3
represents an element [gi} € FdijD“Tdi, and Definition 3.2 says precisely that

*
olgs) = (Do) lgg 4.

Hence the extended pairings (n,T) + 2F are in one-to-one correspondence with the

elements of
. dij
lim F JDani’

where the maps of the inverse system are the composites

*
. . (D o} . . -1 .
d{i+1}) W d{i+l}j .4 @ dij
F D Tac141) -F Dz T4 »FD Ty -
Thus t gives a map
lim F°(0 171 ) —rim P D 7).
b di ) ndi

We claim this map is lim é(i), from which the result follows by 3.3. For by 3.6(1)

and the naturality of ¢ we have

* ! i *
(xg);1 = (0o ) e Mgy = @(1)”’%%1) eh.
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S4. A vanishing condition for lim! terms

In order to apply the results of sections 1,2, and 3, one must have some way of

showing that the relevant 1im?

terms vanish. In this section, which is based on a
paper of D. W. Anderson [10], we give a simple sufficient condition which is

satisfied in our applications.

If F is a spectrum and X is a space we denote the F-cohomology Atiyah-
Hirzebruch spectral sequence of X by Er(X;F). We say that the pair (X,F) is Mittag-
Leffler (abbreviated M-L) if for each p and q there is an r with
Eg’q(X;F) = Eg’q(X;F); in particular this is true if the spectral sequence

collapses.

Definition 4.1. A pair (T,F) with T e w® and F ¢ hd is lim'-free if
(i) F and each Tdi have finite type.
(11) The pair (T44,F) is M-L for each i > O.
(iii) If d is odd then Hn(Tdi) and n F are finite for all n. If 4 is even
they are finite for odd n.

We say that T ¢ w® is limi-free if the peir (T,2T) is.

The integer d in part (iii) is the one which was fixed at the beginning of

section 2.

In practice it is easy to see whether a particular pair satisfies (i) and
(iii). It is sometimes easier to deal with condition (ii) in the following
equivalent form ([10, p. 291}).

Proposition 4.2. Suppose E,(X;F) has finite type. Then the pair (X,F) is M-L if
and only if for each p and q the infinite cycles ZE’q(X;F) have finite index in
B UXE).

Proof. Fix p and q. Let cﬁ’q be the quotient of Eg’q by its infinite cyeles. If

Zg,q has finite index in Ep,q then €P>9 is finite. Since Cgiq is a subquotient of

2 1
Cg’q there must be an Ty with Cg’q = Cg’q for all r > Tge But then clearly
% = 0, hence EP’% = g9, ©
To Yo ©

For the converse we recall that the rationalization F » FQ induces a rational
isomorphism of E, terms. Since FQ splits as a wedge of rational Eilenberg-Mac Lane
spectra the spectral sequence Er(X;FQ) collapses. Hence an element of infinite
order in Eg’q(X;F) cannot have as boundary another element of infinite order. It
follows that zg’q has finite index in EP’Y and that the projection zﬁ’q N Eiicll has
finite kernel. But if Eg’q = 82°% then Cg’q = 0 and hence CP»9 is finite as

r 2
required. 0 0
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Corollary 4.3. Suppose Er(X;F) and ET(X‘;F') have finite type. If

£:E.(X;F) » EL(X';F') is a map of spectral sequences which induces a rational
epimorphism in each bidegree of the E,-terms, and if the pair (X,F) is M-L, then so
is the pair (X',F').

As a consequence we get a way of generating new lim-free pairs from known

ones.

Corollary 4.4. Let (T,F) be s limlnfree pair and let f:F » F' and g:T' + T be maps
inducing rational epimorphisms onto w4F' and H*Téi for each i. If F!' and each Téi

have finite type then the pair (T',F') is liml-free.

Proof. The pair (T',F') clearly satisfies 4.1(iii), and it also satisfies 4.1(ii)
since

*
- . i o B g |
fyBqs Byl TaqsF) » By (T 57N
is a rational epimorphism in each bidegree.

In the remainder of this section we show that liml terms arising in previous
sections do in fact vanish for liml-free pairs. The reader willing to believe this

can proceed to section 5.

By a filtered group we mean an abelian group A with a descending filtration
A=00al> A25 .

A is complete if the map A » lim A/An is an isomorphism (this includes the Hausdorff

property), or equivalently if lim A" = 1imlA® = 0. Filtered groups form a category

whose morphisms are the filtration preserving maps.

1
filtration of A;. Let GRA; = A3/AR*l. ¥e need an algebraic fact ([10, Lemma

1.131]).

Let {Ai}->o be an inverse system of filtered groups, and let A? be the n-th

Proposition 4.5. Suppose that lim1

GnAi = 0 for each n and that A; is complete for
each i. Then lim® A; = 0. 1

Using this we can prove the standard result about convergence of the Atiyah-
Hirzebruch spectral sequence ({10, Theorem 2.1}). Recall that the skeletal
filtration of F®X has as its n-th filtration the kernel of the restriction to the
{(n-1)-skeleton X(n-1). The associated graded groups of this filtration are the E_-

term of the Atiyah-Hirzebruch spectral sequence.
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Corollary 4.6. If the pair (X,F) is M-L then
i) 1lim F™X(n) = O for each m,
(ii) The map FPX » lim F®X(n) is an isomorphism, and
(11i) The skeletal filtration of F'X is complete.

Proof. Clearly (i} = (ii) => (iii) so we need only prove (i}. Iet Ay = (1)
with its skeletal filtration. This filtration is discrete, hence certainly
complete, so by 4.5 it suffices to show lim1 Ez’q(X(i);F) = 0 for each p and q.

Now the restriction l

B Ux;F) » B Yx(4)5F)
is an isomorphism for p < i, hence the map
2 UF) » BB X ) ;F)

is an isomorphism for p < i-r+l. Thus, if ry is such that Ez’q(X;F) = Eg’q(X;F)
we see that Ei’q(X;F) * EE’Q(X(i);F) is an isomorphism for i > p+ry-1, 88 that
1in B Ux(1);F) = 0.

i

1

Now we can deal with the 1lim~ term of section 1.

Corollary 4.7. If the pair (T,F) is liml-free then 1im* Fdi-lr . = o.

Proof. Give Fdi'lei the skeletal filtration, which is complete by 4.6. Then each
group of the associated graded is finite by 4.1(iii), hence the hypothesis of 4.5 is
satisfied and we conclude that lim® Fdi'lei = 0,

Next we consider the relation with multiplicative struetures.

Proposition 4.8. [10, p. 291] Suppose that F is a spectrum of finite type having
the form ZU for a ring prespectrum U {in particular F may be a ring spectrum). If X
and Y are spaces of finite itype and the pairs (X,F) and (Y,F) are M-L, then so is
{XAY,F},

Proof. The hypothesis on F makes F-cohomology a ring-valued theory on spaces (but

not necessarily on spectra). For each p and ¢ the resulting product map

3 1
® (8 O(x,F) « £ AtE)) > By UK AYGE)
p'+ p'=p
: : . »',0 p",q is . .
is a rationsl epimorphism. Now Z  ’ (X;F}) and Z  **(Y;F) have finite index in
1 # 1 "
124 O(%;F) and Eg 'UY;F) by 4.2, and the image of Z¥ 0 g z2»% is contained in
22 UXAY;F). Hence ZPUXAY;F) has finite index in Eg’q (XA Y;F) and the result
follows by 4.2.
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1

This allows us to handle the 1lim~ term in section 2.

Corollary 4.9. If (T,F) and (T',F) are liml-free and F has the form ZU for & ring
prespectrum U then limt F2d1_1(TdiA T4;) = 0.

Proof. The skeletal filtration of FPI1~1(T . AT!.) is complete by 4.6 and 4.8,
and each group of the associated graded is finite by 4.1(iii). The result follows
by 4.5.

We now consider extended powers.

Corollary 4.10. If X and F have finite type, F has the form ZU for a ring
prespectrum U, and the pair (X,F) is M-L, then so is (DﬂX,F) for any = € Ej'

Proof. The transfer, which is a stable map from DX to X(j), gives a rational
epimorphism

P,y (), P, x.

E2 (XY °;F) » E2 (DHX,F).

The result follows by 4.2 and 4.8.
Next we dispose of the 1im! term of section 3.

Corollary 4.11. If (T,F) is 1im1—free and F is a w-oriented ring spectrum then

1im'F i 5o = 0.
kil di

Proof. The proof of 3.4 shows that the given inverse system is isomorphic to the

m
isomorphism ¢ preserves the skeletal filtration so we have a filtered inverse system

. - %
inverse system pdii-1p T4i with structural maps ¢ 1o (D“o) . Now the Thom

of groups which are complete by 4.10. The associated graded groups are finite by
4.1(1ii) and the proof of 4.10. The result follows by 4.5.

Finally, we record a result of Anderson which generalizes 4.6.

Proposition 4.12 {10, Corollary 2.4]. Suppose that X and F have finite type and
(X,F) is M~-L. If X is a countable CW-complex then the map

F'X > lim ana ,
a

where {Xa} is the set of finite subcomplexes of X, is an isomorphism for each n.
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§5. H_ ring spectra and prespectra

In this section we show that H_ ring spectra can be obtained by 1ifting the
following structures in wP .

Definition 5.1. An Hi ring prespectrum is a ring prespectrum U with maps

25,1 D5%s1 » Vaij

for all i, > O such that each ¢1 4 is the identity map and the following diagrams
p— b4
commute in hJ for all i,j,k > O.

o]

Dila* Dlas = B0l DiDyUas —t Dy Uas
lcj itk lcj +K,1 [chk,i S5k,1
Yais ~ Yaix —t— Ya1(j+x) D Ug:x —Li Vatsx
D (Ugs * Ugy) w--mﬁ——————wkudia D Ugs
le“’ Cx,i" Pk,
Pla(i4g)

Yaix™ Ya5x
Ck,i"‘j /

. 4 . d . :
A ring map f:U » U' between Hw ring prespectra is an H°° ring map if

25,1 ° P5fas * fagy © %51

Ya(i+j)x

for all i,j > O.

The significance of the positive integer d in this definition is that a
prespectrum may have an Hi structure but not an HS' structure for 4' < 4. (Some
examples of this phenomenon are given in the next section.} The third diagram in
Definition 5.1 has no analog in the definition of H_ ring spectrum since in that
situation the analog of the third diagram follows from the other two by (ii) and
{iii) of I.3.4.

Definition 5.1 has several consequences. The first diagram implies the
commutativity of
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—————————————4-D U
for all i and j. In particular the composite

is a Zj-orientation for U. These orientations are consistent in the sense that the

diagrams

d, d d 8 d
— 8 o
D, 5%~ D s Dy i D, Dy Dy S

(1) vn Yy tvj " (2) iDjvk f}jk

z :
-y . _ d.k
U3 * Yax Ya(j+k) D Ugie U5 x

commute for all j and k. Now the unit diagram in the definition of a ring
prespectrum and the third diagram in Definition 5.1 imply that for each fixed j the

maps gj 3 give an extended pairing

cj:(zj,U) > (U,vj).

Theorem 5.2. If U is a liml-free HS ring prespectrum then the maps
:D, Z2U » ZU
give 2U an H  ring structure. If f:U » U' is an HS ring map and U,U' and the pair
(U,2U') are lim'-free then Zf is an H_ ring map.
The proof will occupy the rest of this section. We write F for ZU, Ej for
Z(cj) and ¢ for the multiplication Zy. Let B be the orientation
Z(vj):Dde + Zd'JZU = Ed'JF;

as defined after Theorem 3.4. First we claim that the “j are consistent in the

following sense.
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Iemma 5.3. The diagrams

d a d d B d
—_— >
D.STAD S ———A--*»DJﬂ{S DjDkS Dij
(3} uy Aty luj X {4) le by ) Lujk
d(g +X} . ] {g.) .
pNpa gy 27 70 4k DjzdkF R RPN

commute for all j,k > O.

Proof . For diagram (4) recall that y; is the composite o, o ):mvi, where

: ai
841 1s the natural map 1*Ugy - $33F,  Hence

“jko g = edjk oz (\’jk o B)

dek oI (Cj,k) oz Djvk by diagram (2)

Q(k)(Ej) o D,8., o Djz“’v

;6 by Corollary 3.6(iii)

k

k)
(Ej) o D.U] .

The proof for diagram (3) is similar.
Next we need another preliminary result.

lemma 5.4. The diagranm

Dk(FA F) D FaAaDF
le¢ lgk“ Ek
DkF FAaF

X\ /
F

commutes for all k > O.
In order to prove 5.4 we need the following variant of 3.6(ii).

lemma 5.5. Let nq and Ny be two maps

D“(ZT/\ ZT') » F,
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where F is & m-oriented ring spectrum and the pairs (T,F} and (T',F) are limi-
free. Then L ) if and only if the equation

(21) _ {21y
{5) ¢ (nl) o Dﬂ(einei) =3 (nz) o D"(ei:\ei)

holds for all 1 > 0.

Proof of 5.5. The composite isomorphism

0. _-2di (21)

FO(DN{ZTAZT’)) —— Lin F%D im ¢ lim ZdiJD (Tg A !

(T AT a1

a1) )

takes n to 6(21)(n1) ) DH(BiA ei), and similarly for n5.

Proof of 5.4. Let ny be the counterclockwise composite in the diagram and ny the
clockwise composite. Consider the following diagram of spectra, where we have
suppressed ©” to simplify the notation and the unlabeled arrows are all induced by

maps B4;.

Dy (Vg3 A Uq4) 2 > D Uqs ADyUgs
. ® —
D, (z¥F A pp) J p,2%%F ap 2%
D, ¥ ® Dk22d1¢ ( )(Ek)”’( )(51()
k,1 % fk,4
LAk,

21:\\\\\\\\t ‘/////552;
z2dlkF
\ s

D Uoqik © x N Uaix

%x,21 v

U2dik

It is easy to see that the counterclockwise and clockwise composites in the
inner pentagon are 9(21)(n1) and ¢(2i)(n2). To verify equation (5) it suffices to
show that the ocuter pentagon and parts A, B, ¢, D and E commute. But the outer
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pentagon is the third diagram of Definition 5.1. Part A commutes by naturality of
§, parts C and E by definition of ¢ = Zy, and parts B and D by 3.6(iii).
We now turn to the main part of the proof of 5.2. We shall show that the

following diagram commutes; the other is similar.

Xk
(6) legk l Ejk
£,
D,
J

We shall apply Remark 3.7 with D = DjDk' First orient Dj Dde using either of the
two equal composites in diagram (4) of Lemma 5.3, and denote the associated Thom
isomorphism by ®. We write ny and n, for the counterclockwise and clockwise
composites in diagram (6); these are extended pairings in the sense of Remark 3.7.
By 3.6(ii) it suffices to show

—(1) _ =(1)
(7) [ oDJ.D 8, = ¢ “2°DjDkei
for each i > O. Consider the following diagram, where we have again suppressed
z

@

and the unlabeled arrows are all induced by maps 831"

D, D, U 8

R —» D, . U..
Jj Tk di @ jkTdi
D, D EdiF —:B———>D ZdiF
J K jk
(1) (i)
D, . D¢ (g, ) ¢ (g, ) RO
i%%,1 0 (D 3 Elz_k) %k Sk, i
i
. ) (g.) <o
D, ZdlkF — 4 Edl‘] kF
J
*L T. .
j,ik
DiUgik ™ Vaijx

In the inner square the clockwise composite is clearly E(i)(nz). Using Lemma 5.4
one can show that the counterclockwise composite is 5(i)(nl). To verify equation (7)
we must show that the outer square and parts A, B, C and D commute. The outer
square is the second diagram of Definition 5.1. Part A commutes by naturality of B8

and parts B,C, and D by 3.6(iii). This completes the proof.
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§6. HS ring spectra.

Theorem 5.2 gives a useful relation between H  structures in nd and Hz
structures in ;TP . However, it does not provide a satisfactory analog for
Corollary 2.3 since an arbitrary H_  ring spectrum F need not possess the Zj-
orientations necessary to give an HS structure for zF. For example, if F = § then
zF is not an Hi prespectrum for any d > O (ef. Proposition 6.1). What is needed
is a notion of H_ ring spectrum with built-in orientations. It turns out that the
right objects to lock at are Hi ring spectra as defined in T.443.

If F is an H_ ring spectrum we say that a sequence of zj—orientations is
consistent if the dlagrams of Lemma 5.3 commute. If F has an HS structure let H3

be the composite D.Zde

£, .
DJ.Sd d rDjzdF J.l A,

Then each ¥ is a zj—orientation by I.4.4(iii) and an easy diagram chase shows that
the uy are consistent. On the other hand, some H, ring spectra do not even have I,-
orientations, and thus are certainly not Hi. This is illustrated by our next

result.

Propogition 6.1. (i) The sphere spectrum S is not an HS ring spectrum for any
d > 0.

(ii) If F is an H: ring spectrum for d odd, then wyF has characteristic 2.
If, in addition, F is connective and ToF is augmented over 22 then F splits as a

wedge of suspensions of HZ,.

Proof. Let pd be the bundle

EL., x (Rd)2->B)32.

Then pd is the d-fold Whitney sum of p1 with itself, and p1 is the sum of the Hopf

bundle with a trivial bundle. The Thom complex of pd is DS, and so pd is F-

orienteble if and only if F has a I,-orientation (for the given value of d).

For (i) we recall (e.g. from [71, III.2.7]) that a bundle is S-orientable if
and only if it is stably fibre-homotopy trivial. But pd clearly has nontrivial
Stiefel-Whitney classes for every 4 > 1.

(ii) Let R = mof and observe that F-orientability implies HR-orientability by

virtue of the canonical map F +» HR. Consider the spectral sequence with
BPy9 = #P(z,;H3(s? sdjm))
2 2

converging to H*{Dzsd;R). There is only one nonzero row and so H2d(D28d;R) is
isomorphic to HO(22;H2(SdA Sd;R)), which is the Z,-fixed subgroup of
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sz(SQA Sd;R) = R. But Z, acts on R as multiplication by -1, so we conclude that
H2d(D2Sd;R) is isomorphic to the 2-torsion subgroup of R. If on the other hand p1
has an HR-orientation then HZd(DZSd;R) = R, so that R must have characteristic 2.
If in addition F is connective and R is augmented over %5 then the proof of
Steinberger's splitting theorem III.4.1 gives the splitting of F.

Now let F be an HS ring spectrum. An easy diagram chase shows that the

equation

= g(1) s
Ej,i = (Ej,O)ZDjEdiF > ):dl'JF

holds for each i and j, where ¢'1) is the Thom isomorphism determiend by the induced
Ej-orientation of F. Thus the HS structure on F is uniquely determined by its

underlying H_ siructure and the set of induced Xj-orientations. Conversely, we have

Proposition 6.2. If F is an H_ ring spectrum with consistent Xj-orientations then

the maps gj 4 defined by gj i = ¢(i)(gj) give F an Hd structure.
2 H ©
Using this, we can give a precise analog of 2.3.

Corollary 6.3 (i) If F is an HS ring spectrum then 2F is an HS ring prespectrum.
If £ is an Hg ring map in h4 then zf is an HS ring mep in w®.

(i1) If U is a lim'-free Hg ring prespectrum then ZU is an Hg ring spectrum
and «:U » 22U is an HS ring map. If in addition f:U » U' is an Hg ring map and U'
and (U,20') are lim'-free then Zf is an Hg ring map. If F is an Hﬂ ring spectrum

and zF is liml-free then A:ZzF » F is an Hg ring map.

Proof of 6.3. For part (i), the adjoint of the composite

" o, D934 ai. 55,1 _dij
£°D,F.. = D,5°F,, 4 pUF A2t ;N
Jhai 3 di 3
is a map gj i:Qdei > Fdij‘ An easy diagram chase shows that the Cj,i satisfy
7’
Definition 5.1. Part (ii) is immediate from 5.2, 5.3 and 6.2.

The rest of this section gives the proof of 6.2. Let wy denote the composite
D.e £,
qjs ——J——»IBF‘wALo F

F; 1in particular u;l) = yu,. Then gj 1 is the
2

(1) _ (4, SRS ,3

and let ;5 z

composite EoA u(i) aij
D, D J DjFADjsdl ) o pagdlp 20, Ay
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It clearly suffices to show the commutativity of the following diagrams for all

i,j,k.
di di o di di 8 di
D, S ADkS thj +kS DjDkS —_— Dij
(1), (1) (1) (1) (i)
(1) MiTTA by e (2) Dj“k Mk
. (ik)
A . di(j+k) . . [ (g.) ‘s
s pa ):dlkF z ¢ zdl(j *rk)F Dj ):dlkF j Zle L
ai  .dj § ai dj
Dk(S A S ,DkS I\Dk
(1) ()
l 1 By Ay
(3) p,st(1) p3ikp A4 ¥p
(i+j) .
Zd(J.*q] )k¢

Z<l(i+,)' )kF

In diagram (3} the clockwise composite is Q(‘j)uf{i) = @tj)éii)mk = @”‘ﬁ )wk' Hence
the diagram commutes. Diagrams (1) and (2) commute when i = O since

e:5 + F is an H  ring map. They commute when i = 1 by the consistency of the .,
and for i > 1 by induction. A similar induction shows that they will commute for
all negative i if they do for i = -1. We prove commutativity of {2) when i = -1;
the proof for (1) is similar. We apply Remark 3.7 with D = DjDk' Give Dj Dksd
either of the two equal orientations indicated in the second diagram of Lemma 5.3
and let ¢ denote the associated Thom isomorphism. Let ny be the counterclockwise
composite in diagram (2) and let ny be the clockwise composite. Clearly, we have
¢(ny) = P o 8, and since Wy o B = gj ) Dj“’k (this is the case i = 0 of diagram
(2)) it suffices to show

a(nl) = E’:j o Djwk-

This is demonstrated by the following commutative diagram.
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D, §
-a, 4 -d a § - -4 d
DjDk(S A st —L—’Dj(DkS A D, S%) > DDy ADjDkS
(-1) (-1}
= D, D, D,
J(nk " uk) !J“k A Juk
D D s 5 -dkp AzdkF) 8 -dk dk

D.z "FADELF
J J

\ / © Q(—k)(gj),\q)(k)(gj)
Y

g Wkp , ;A kp

A\

5]

A
e

Here part @ is D‘j applied to one case of diagram (3), part commuteg by
naturality of 3§, and part @ follows from diagram (3) and the fact that ¢ is an H

ring map (see parts (ii) and (iii) of I1.3.4). This completes the proof.

§7. K-theory spectra

For our work in chapter IX with Dyer-Lashof operations in K-theory it will be
essential to know that the spectrum KU representing periodic complex K-theory is an
H, ring spectrum. This is immediate from Corollary 6.3 once one has the necessary
space-level input. We begin this section with a quick proof using as input the fact
that the connective spectrum kU has an E, ring structure. This in turn raises a
consistency question which is settled in the remainder of the section. In VIII §4
we shall use Atiyah's power operations as input to give a more leisurely and
elementary proof that KU is an H_  ring spectrum. Although we concentrate on the
complex case in this section, everything goes through in the orthogonal case with

the usual changes.

First recall from [71, VIII §2] that the spectrum kXU representing connective
complex K-theory is an E_ ring spectrum. Hence {as explained in I§4) it is an H,
ring spectrum. Throughout this section we will write Ej for the struetural maps
Dj kU » kU. Now by I.3.9 the zero-th space of kU, which we denote by X, is an H,,
space with structural maps DjX + X which will be denoted by gy. The space X is of
course equivalent to BU x Z, and by Bott periodicity we can define an Q-prespectrum
KU with XU,; = X. We give XU an Hi structure by letting each map
DjKUzi + KUyy; be 4 :D;X » X. We define KU to be ZXU. At this point we need to

5 |

know something about lim™ terms.

Proposition 7.1. XU and XO are liml_free.

Proof. The pair (XU,KU) clearly satisfies 4.1(i) and (iil). Sinece E.(BU x Z;KU)

collapses for dimensional reasons it also satisfies 4.1(ii) and hence is 1im1-
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free. The result for X0 follows from 4.4 by letting f:KU » KO be realification and
g: %0 » XU be complexification.

Now we can apply 6.3 to get
Theorem 7.2. KU is an Hi ring spectrum and KO is an HS ring spectrum.

Remark 7.3. {i} We shall see in VIII§6 that the HS structure of KO extends to an
E
(i1} It is shown in [71, VIII. 2.6 and VIII. 2.9] that the Adams operation wk

induces an E_ ring map of kU when completed away from k. We shall see in VIIIS7

stiructure.

that wk also induces an H, ring map of KU(p} for p prime to k but that this is not
an Hi ring map. Since the methods of the present section can only give Hi ring

maps they cannot be applied directly to this question.

Next we wish to show that the H, structure on KU is consistent with the
original structure on kU. The point is that (as we shall see in a moment) kU
inherits an H, structure from that just given for KU, and we would like to know that
the inherited structure is its original one. The proof will occupy the rest of this

section.

First recall the n-connected-cover functors in hA (171, I1.2.11]). We write ¢
for the connective (i.e., -l-connected) cover functor. These functors have the
usual property that any map from an n-connected spectrum lifts uniquely to the n-

connected cover of its target ([71, II.2.10]). In particular, we have

Proposition 7.4. If F is an H  ring spectrum then cF has a unique H_ structure for
which the map ¢F » F is H_.

We shall prove

Proposition 7.5. There is an H_ ring map from kU (with its E_  structure} to cKU

{with the H_ structure given by 7.2 and 7.4) which is an equivalence.
The snalogous comparison of ring structures was given in ]71, II§3].
First we observe that the iterated Bott map
B:2k0 > xU
is equivalent to the (2i-1)-connected cover of kU. We can therefore define

.D. 82 23
uj.QjS > kU
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to be the unique 1ift of the composite
2
D.t7e D, B £,
}3332 ~l——p, 2%k —dw D, k0 — L kv,

The B are consistent ):j ~orientations in the sense of 6.2 and hence kU is an Hi

ring spectrum. It follows that zkU is an Hi ring prespectrum. We write
nj ,i:DJ (kU)Zi + (kU)Qij

for its structural maps.

Now define a map
vizkU » XU

by letting y,; be the composite

o

B

g 2B 0%y = x = (R0),, .

(ZkU)Zi = Q5

We claim that y is an Hi ring map. This is demonstrated by the commutativity of
the following diagram.

Djyi
Dj (kU)Zi %DJ.X
\ 7o, /
0 00 w o
Q3 DJ. (kU)2i — e 0”r Dj (kU)O
12 wm R
© 8 D5y, w
QD% (kU)Q:.L »Q D, T (kU)O
CI 2°D,8! z
M, 1Q Dy6og - © i 370 J
. Q D,B
2D, 22 iy J > 2D, kU ©
QE . 2k,
l S5, © l 5
“r*lwu 9 B - 0 KU
¥ y

Parts F and G commute by definition of Ny, and Ty Parts A and B commute by

E]
naturality, parts C and E by the definition of y. Commutativity of part D follows
from the definitiion of Uy

1

Next we need more lim™ information.
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Proposition 7.6. zkU, zkO and the pairs (zkU,KU) and (2k0,K0) are 1im! free.

Proof. The Serre spectral sequence shows that the pairs (zkU,kU) and (zkU,KU)
satisfy the finiteness requirement of 4.1(i) and (iii). Now by [10,4.3] and the
proof of [10,3.13] (specifically the fifth line on p.301) we see that the pair
({kU)54,kU) is M-L for each i and hence zkU is liml-free. Since

p,q JER. 1| .
B3’ (kU 5KU) = B2 R((KU) 5, 5k0)

for g < 0 it follows that zf'q((k0)2i);KU) has finite index in Eg’q({kmzi;m)
for q < 0, hence for all q by Bott periodicity. Thus the pair {(kU,KU) is liml—

free. The orthogonal case follows as in the proof of 7.1.

We can now define
r:kU » KU

1o be ZY [*] A-l, where Z and A are as in §1. Then I is an Hi ring map by 6.3 and
is clearly an equivalence of zeroth spaces. Hence the unique 1ift of I to cKU is an

Hi ring map and an equivalence. This completes the proof of 7.5.

The fact that I' is an Hi ring map, and thus preserves the orientations, has

the following additional consequence which will be used in VIII $§4.

Corollary 7.7. Dy s° » 3% KU is the composite

2
D.t7e D, B . ~2j .
DJ.SZ d DJZZKU d D, KU gy B, 3Rk,

§8. A Thom isomorphism for spectra

In this section we prove Theorem 3.3. This is the only place in our work where
we need the actual definition of D, instead of just its formal properties. We
accordingly begin by giving a form of the definition; for a general discussion see
the sequel.

Let XL(j) be the space of linear isometries from (B} to K°. Then Z{j) is a
free contractible n-space and hence there is a w-map x:Enx » L{(j). Choose an
increasing sequence W; of finite w-subcomplexes of En with JW, = Er. If

Vv € (F*Y is a finite-dimensional subspace then (since W; is tompact) the union

U xwmcr

weW,
1
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is contained in a finite-dimensional subspace. In particular, if we let Ai be the

standard copy of R@i

with

in E° then there is a finite-dimensional subspace Ai of K°

)((W)(Ai ® .- @Ai) c A

for every w ¢ Wi' Let ay be the dimension of Ai. We may assume that the A{ form an
increasing sequence, and we write B; and Bi for the orthogonal complements of A; in
L '
Aj,q and of Ay din Ay,
Now consider the map from Wy ox (Ai)j to Wy x Ai which takes (w,xl,...,xj) to
(W, x (W) (x; @ +++ @ X }). This gives an embedding of the trivial bundle

. J
{1} Wi % (Ai) > Wi
in the itrivial bundle

(2) W, x A » W, .
i i i

The orthogonal complement is a nontrivial vector bundle over Wi' We let Ny be the
associated sphere bundle (obtained by fibrewise one-point compactification). We
write S(ny) and T(ny) for the total space and the Thom complex of nj. If we let n
act through permutations on (Ai}j and trivially on Aé we obtain diagonal actions
on the bundles (1) and {2) and hence on S(ni) and T(ni}.

Next observe that the diagram of embeddings

J J
W:.L x (Ai) ’wi+l x (Ai)
J
]
Wy x Ay Wi = (8440
1 1
Wy x A Wi % A

commutes. Hence there is a bundle map
: k!
ni® B+ nj ® (Bi)

covering the inclusion Wi Wi+1.

Bi Bi
T(ni)'\S —»T(ni+l)A(S )

The induced map
()
By
of Thom complexes is a w-map if we give each side the diagonal wm-action; here S - is
the one-point compactification of Bi’ ete.

Now let U be a prespectrum (indexed on multiples of d as usual). We define a
X .
new prespectrum U indexed on the set {a;} as follows {(we haven't previously

considered prespecira indexed on sets like {ai}, but everything in section 1 goes
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X
through with the obvious modifications}. Let (U )a- be the space
i

R

with the structural maps ¢ indicated in the following diagram.

21 30 2 ras ha o) e (1 s 1)) a (g, )W)
LAt = VAN At tad Ni+1 7 odi
I Tt
() a. ). i ()
T(ni+1)An(Ud(i+1) é—TWni+l)A"(Z Udi) = T(ni+1 "(S A Udi)

Finally, given E ¢ h4 we choose a prespectrum U with ZU = E {for example, we could

let U = zE)} and define
X _ai P
DE=2Z{U)=Tel z “1r {Tln,} a_ (U
n 5 i’

)
di) I
This agrees up to weak equivalence with the more sophisticated definition given in

the sequel, and in particular it does not depend on the choice of x or U.

Now we can give the proof of 3.3. First we observe that the Thom isomorphism
theorem holds in F-cohomology of spaces for any F-orientable bundle. This 1s well-
known when the base space is finite-dimensional (see e.g. [71,III. 1.4]) and the
general case follows since the Thom homomorphism induces a map of Milnor 1im1
sequences. Similarly, the relative Thom isomorphism theorem holds for any F-

oriented bundle over a pair (X,Y). For example, let U be a prespectrum, let
X = S(ng) %, (Ugq)

and let Y be the subspace in which at least one coordinate is a point at = or the
basepoint of Uyj. Note that X/Y is (Ux)a_. let g be the pullback of the bundle
i

p:En xn(Rd)J + Bp
along the map
)

X = S(ni) . (U + En L ¥ = Bu.

di
Then the relative Thom complex T{q)/T(ql|Y) is

: X
G-l
i

d
T(ni) . (z Udi)

Let 84 denote the composite indicated in the following diagram.
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doyx _ d ) arl + 4
(z U)a._ T(ni)Ajﬁz Udi) —————’(T(ni)“ﬁh ) A“(Z Udi)

i
15,
i

tXAD S
a. k4
1

(3)

a_ (3) e el @)
= [T(ny) A (U )0 TA B A (sHY)

If F is a w-oriented ring spectrum then the relative Thom isomorphism for q is the

composite

’

. §¥ .
FHUX ) — P X p gy . P (5l )
ai al n B.i

where the first map is multipliecation by the w-orientation u. We denote this

composite by ?;.

Next, we note that if E = ZU then sz B Z(EdU). It is shown in the sequel

that the map

§:D 3%E » p EaD 8¢
H kil "

is obtained by passage to telescopes from the §;. We therefore have a map of Milnor

lim1 sequences

1 n+ai-l n+a,
0 —=lim" F (vX ) g FUD E — 1im F l(Ué)——-»O
i i T i i
1 )
lllm @i 1@ lllm @i
n+dj+a, -1 . n+dj +a,
0 —»lin® F i ((zdu)g —> Y y%E — Lin ¥ l((sz)é ) —=0
i i i i

The result follows by the five lemma.

We conclude this section with a technical fact which will be needed in VIII §6.

let z:{w,T) » U be an extended pairing and suppose that the pair (T,ZU) is 1im!-

free. Then Zy exists and is clearly determined by the composites
(Zc)a'
) A (1)) = X Eop g —— Lz
1 1 i
for i > O. It is natural to ask for an explicit description of the elements

8. .
2y ¢ (30) H(T(ny)m (74949 ))

represented by these composites. We shall give such a description by calculating

the image of z; under the relative Thom isomorphism

20 T (109 ez T (i a0,
¥ Ny ALt las HERAMA IR At :



248

Let y; € (ZU)dij(W; h“{Tdi){j)) be represented by the composite

+ (i) i ©
Wy Ao (Tgy) " G DTy —— = Uggy — (200444

and recall the homeomorphism

3)
di)

. . a,
T(ni)hﬂ(zdl’l‘di)(a) z 1 W;A“(T .

a,
Proposition 8.1. ¥z, = L 1y .
Proof. Write a for a;. It will be shown in the sequel that the following diagram

commutes for any space X.

N . K
T(n,) Aﬁ(idl}i) Gr & . (0_z™X),

R R

a,wt () a *a %
WA (Tg)7) [, D Tyy — = (2D X),

Letting X = Tdi gives the commutativity of the left square in the next diagram.

a

. . D8,
o di {j) a_ . a8, . 7 di _.a.  di
bt {T(ni)A“(x Tgq) ° ) —: D& Ty = 1Dz 2T
R (i) (1)

=8t 3 . a {i

Tz (wil'\“(’rdi) ) = ¢ T Zg
a_w a
IL g R S .

®.a = a_w i__a.= d a+dij

Lz Dani L'z DﬂTdi———rZ L Udij ——&J—D z U

The right square commutes by Corollary 3.6(iii), and we therefore have equality of
the two composites around the outside. But the counterclockwise composite is
clearly 2ayi, and the proof of Theorem 3.3 given in this section shows that the

clockwise composite is ¥z, . This completes the proof.



