An introduction to elliptic
cohomology and topological
modular forms

Wayne State University Topology Seminar
February 27, 2007

Doug Ravenel

Wayne State Topology Seminar



What is elliptic cohomology?

Definition 1 For aring R, an R-valued genus on a
class of closed manifolds is a function ¢ that assigns

to each manifold M an element (M) € R such that
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What is elliptic cohomology?

Definition 1 For aring R, an R-valued genus on a
class of closed manifolds is a function ¢ that assigns

to each manifold M an element ©(M) € R such that
() (M 1] M) = o(M1) + p(M2)

(i) (M1 x Ms) = @(M1)p(Ma)

(ii1) o(M) = 0if M isaboundary.

Equivalently, ¢ 1s a homomorphism from the
appropriate cobordismring €2 to R.
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What is elliptic cohomology?

Definition 2 A 1-dimensional formal group law over
R isapower series F'(x,y) € R||x,y|| satisfying
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What is elliptic cohomology?

Definition 2 A 1-dimensional formal group law over
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What is elliptic cohomology?

Definition 2 A 1-dimensional formal group law over
R isapower series F'(x,y) € R||x,y|| satisfying

(i) F(z,0) = F(0,z) = .
(i) F(y,z) = F(z,y)
(i) F(z, F(y,2)) = F(F(z,9),2).
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What is elliptic cohomology?

A theorem of Quillen says that in the complex case
(wheref) = MU,, the complex cobordism ringy; Is

a equivalent to a 1-dimensional formal group law c
R.
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group lawG over MU, having a certain universal
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What is elliptic cohomology?

A theorem of Quillen says that in the complex case
(wheref) = MU,, the complex cobordism ringy; Is
a equivalent to a 1-dimensional formal group law c
R. More precisely, there is a 1-dimensional forma
group lawG over MU, having a certain universal
property. It is defined as follows.

Let o be a complex line bundle over a spakelt has

a Conner-Floyd Chern class(a) € MU?(X). Given
two such line bundles; andas, we have

Cl(Ozl 029 Oég) — G(Cl(()dl), Cl(()dg))

whered' is the desired formal group law.
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What is elliptic cohomology?

This formal group lawG: over M U, has the following
universal property: Any formal group law over a
ring R is induced from& via a homomorphism

0: MU, — R.
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universal property: Any formal group law over a
ring R is induced from& via a homomorphism

0: MU, — R.
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What is elliptic cohomology?

This formal group lawG: over M U, has the following
universal property: Any formal group law over a
ring R is induced from& via a homomorphism

0: MU, — R.

It follows that anR-valued genus on complex
manifolds is equivalent to a 1-dimensional formal
group law overr.

It Is also known that the functor

X — MU(X)®, R

IS @ homology theory ifp satisfies certain conditions
spelled out in Landweber’s Exact Functor Theoren
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What is elliptic cohomology?

Now suppose” is an elliptic curve defined ovek. It
Is a 1-dimensional algebraic group, and choosing
local paramater at the identity leads to a formal gr

law E, the formal completion of’. Thus we can
apply the machinery above and get/afvalued
genus.
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What is elliptic cohomology?

Now suppose” is an elliptic curve defined ovek. It
Is a 1-dimensional algebraic group, and choosing
local paramater at the identity leads to a formal gr

law E/, the formal completion oE. Thus we can
apply the machinery above and get/afvalued
genus.

For example, thdacobi quartic, defined by the
equation

y? =1 — 20x* + ex?,
IS an elliptic curve over the ring

R=17|1/2,6,¢€|.
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What is elliptic cohomology?

The resulting formal group law Is the power series
expansion of

z\/1 — 2092 + eyt + /1 — 20x% + ex*

)

F(Qﬁ,y) —

1 — ex?y?

this calculation is originally due to Euler. The
resulting genus is known to satisfy Landweber’s
conditions, and this leads to one definition of ellipti
cohomology.
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What are modular forms?

Recall that an elliptic curve is determined by a latti
In C generated by 1 and a complex numben the
upper half plangd. There Is an action of the group

SLy(Z) on H given by

/
T T =

at + b {a b
for

IVAY
ct + d cd}ESQ()
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What are modular forms?

Recall that an elliptic curve is determined by a latti
In C generated by 1 and a complex numben the
upper half plangd. There Is an action of the group

SLy(Z) on H given by

/
T T =

atT + b tor a b
ct + d c d

} SIVAR

An easy calculation shows thatdetermines the san
lattice asr.
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What are modular forms?

Recall that an elliptic curve is determined by a latti
In C generated by 1 and a complex numben the
upper half plangd. There Is an action of the group

SLy(Z) on H given by

/
T T =

atT + b tor a b
ct + d c d

} SIVAR

An easy calculation shows thatdetermines the san
lattice asr. This meansthat elliptic curves are
parametrized by the orbits under this action.
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What are modular forms?

A modular form of weight % is a meromorphic
function g defined on the upper half plane satisfyin

g (m i b) — (er + d)g(r).

ct +d
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What are modular forms?

A modular form of weight % is a meromorphic
function g defined on the upper half plane satisfyin

; (‘” *2) — (er + d)fg(r)

CT

Here is an example. Let

/ 1
Gilr) = Z (m7 4+ n)*

m,nez

where the sum Is over all nonzero lattice points. Tl
vanishes ift Is odd and Is known to converge for
k> 2.
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What are modular forms?
Note that

at + b
G <c7'+d)

= 2 (m(aT +Z§is(w+d)>k

m,nel
— (7 + d)}Gi(7).

so (G, IS a modular form of weight.
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What are modular forms?
Now letq = e*™". In terms of it we have

Cr(r) = 2(2mi) (1 -y am(n)qn)
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What are modular forms?
Now letq = e*™". In terms of it we have

Gr(T) = 2(27?2')]“23—]5 (1 — %]Z Z Jkl(n)q”)

n=1

whereB;, is thekth Bernoulli number defined by
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What are modular forms?
Now letq = e*™". In terms of it we have

Gr(T) = 2(27?75)]“23—]5 (1 — %IZ Z Jkl(n)q”)

n=1

whereB;, is thekth Bernoulli number defined by

and
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What are modular forms?

It IS convenient to normaliz&';,. by defining the
Eisenstein series
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What are modular forms?

It IS convenient to normaliz&';,. by defining the
Eisenstein series

Eo(r) =1 — — or_1(n)q"
(7) =1, 2 okl
It turns out that
1
E —
k(T) ol (mT n n)k

where the sum Is over pairs of integers that are
relatively prime.
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What are modular forms?
Let

and j = E;/A.

A IS called the discriminant, and the modular funct
5 of weight O Is a complex analytic isomorphism

betweenH /S L,(Z) and the Riemann sphere.
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What are modular forms?

It Is known that the ring of all modular forms with
respecttd’ = SLy(Z) is

M. (T') = C|Ey, L),

with (A) being the ideal of forms that vanishiab,
which are calleatusp forms.
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The Welerstrass curve

TheWaierstrass equation for an elliptic curve in affine
form is

?/2 T a1 XY + azy = z° =+ &21‘2 + a4 + ag.
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The Welerstrass curve

TheWaierstrass equation for an elliptic curve in affine
form is

92 T a1 XY + azy = z° =+ Cl2$2 + a4 + ag.

It Is known that any elliptic curve is iIsomorphic to o
of this form.
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The Welerstrass curve
The Eisenstein series are related todhdy

B, = b5 — 24by
and
Eg = —bj + 36byby — 216bg
where
by = CL% + 4ao
by = aijas+ 2ay
b@ — CL% +4a6.
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The Welerstrass curve

Then
_ Ej - E§
1728
IS the discriminant of the Welerstrass equation,

meaning that the curve is smooth 4ffis a unit in the
ground ring.
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The Welerstrass curve

Then
_ Ej - E§
1728
IS the discriminant of the Welerstrass equation,

meaning that the curve is smooth 4ffis a unit in the

ground ring.
This means there is a formal group law defined ov

the ring

B, = Zlay, as, a3, aq, agl[A 7]

and the resulting genus is Landweber exact.
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The Welerstrass curve

Then
_ B} - E§

1728

IS the discriminant of the Welerstrass equation,
meaning that the curve is smooth 4ffis a unit in the

ground ring.
This means there is a formal group law defined ov

the ring

B, = Zlay, as, a3, aq, agl[A 7]

and the resulting genus is Landweber exact. Thus
get a spectrunk (¢ with 7, (E40) = ElL,.
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The Welerstrass curve
Consider the affine coordinate change

y—y+r and rr—xr+sy+t
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The Welerstrass curve
Consider the affine coordinate change

Yyr—y-—+r

and

r—r+Ssy+t

It can be thought of as an action of an affine gaup

of 3 x 3 matrices given by

1
0
0

S = W

_ N o+

x
Y
1

T+ sy -+t
y+r

|
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The Welerstrass curve
Under it we get

ag +— a6+a4r+a3t+a2r2

tairt+tt—1r°
ag — a4+ass—+2asr
t+ai(rs+t)+2st—3r’

a3 — az+ayr—+ 2t
gy — Ay +a;8—3r—+ s
a; — a1+ 2s.
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The spectrumtm f

Very roughly speaking, there is an action of the grc
( on the spectrunk'/¢ inducing the above action or
Its homotopy groups.
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The spectrumtm f
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The spectrumtm f

Very roughly speaking, there is an action of the grc
( on the spectrunk'/¢ inducing the above action or
Its homotopy groups.

The homotopy fixed point set of this actiontia f.
There is a spectral sequence converging.{@m f)
with

Ey = H(G; ElL,).
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The spectrumtm f

Very roughly speaking, there is an action of the grc
( on the spectrunk'/¢ inducing the above action or
Its homotopy groups.

The homotopy fixed point set of this actiontia f.
There is a spectral sequence converging.{@m f)
with

Ey = H(G; ElL,).

The modular forms2, and E; are both invariant
under this action, and

H(G; ElL,) = Z[Ey, Eg][A™']

Wayne State Topology Seminar — p. ?



The spectrumtm f

The coordinate change above can be used to defi
Hopf algrebroid( A, ') with

A = Zlay, a9, a3, ay, ag)
' = Alr,s,t]

and right unitnr : A — T" given by the formulas
above.
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The spectrumtm f

The coordinate change above can be used to defi
Hopf algrebroid( A, ') with

A = Zlay, a9, a3, ay, ag)
' = Alr,s,t]

and right unityz : A — T" given by the formulas
above. It was first described by Hopkins and
Mahowald inFrom elliptic curves to homotopy theory.
Its Ext group Is the cohomology group mentioned
above. Tilman Bauer has written a nice account of
this calculation.
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