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What is elliptic cohomology?
Definition 1 For a ring R, an R-valued genus on a
class of closed manifolds is a function ϕ that assigns
to each manifold M an element ϕ(M) ∈ R such that
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What is elliptic cohomology?
Definition 1 For a ring R, an R-valued genus on a
class of closed manifolds is a function ϕ that assigns
to each manifold M an element ϕ(M) ∈ R such that

(i) ϕ(M1

∐
M2) = ϕ(M1) + ϕ(M2)

(ii) ϕ(M1 × M2) = ϕ(M1)ϕ(M2)

(iii) ϕ(M) = 0 if M is a boundary.

Equivalently, ϕ is a homomorphism from the
appropriate cobordism ring Ω to R.
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What is elliptic cohomology?
Definition 2 A 1-dimensional formal group law over
R is a power series F (x, y) ∈ R[[x, y]] satisfying
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What is elliptic cohomology?
Definition 2 A 1-dimensional formal group law over
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(i) F (x, 0) = F (0, x) = x.
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What is elliptic cohomology?
Definition 2 A 1-dimensional formal group law over
R is a power series F (x, y) ∈ R[[x, y]] satisfying

(i) F (x, 0) = F (0, x) = x.

(ii) F (y, x) = F (x, y)

(iii) F (x, F (y, z)) = F (F (x, y), z).
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What is elliptic cohomology?
A theorem of Quillen says that in the complex case
(whereΩ = MU∗, the complex cobordism ring),ϕ is
a equivalent to a 1-dimensional formal group law over
R.
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group lawG overMU∗ having a certain universal
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Let α be a complex line bundle over a spaceX. It has
a Conner-Floyd Chern classc1(α) ∈ MU 2(X).
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What is elliptic cohomology?
A theorem of Quillen says that in the complex case
(whereΩ = MU∗, the complex cobordism ring),ϕ is
a equivalent to a 1-dimensional formal group law over
R. More precisely, there is a 1-dimensional formal
group lawG overMU∗ having a certain universal
property. It is defined as follows.

Let α be a complex line bundle over a spaceX. It has
a Conner-Floyd Chern classc1(α) ∈ MU 2(X). Given
two such line bundlesα1 andα2, we have

c1(α1 ⊗ α2) = G(c1(α1), c1(α2))

whereG is the desired formal group law.
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What is elliptic cohomology?
This formal group lawG overMU∗ has the following
universal property: Any formal group lawF over a
ring R is induced fromG via a homomorphism

θ : MU∗ → R.
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It follows that anR-valued genus on complex
manifolds is equivalent to a 1-dimensional formal
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What is elliptic cohomology?
This formal group lawG overMU∗ has the following
universal property: Any formal group lawF over a
ring R is induced fromG via a homomorphism

θ : MU∗ → R.

It follows that anR-valued genus on complex
manifolds is equivalent to a 1-dimensional formal
group law overR.
It is also known that the functor

X 7→ MU∗(X) ⊗ϕ R

is a homology theory ifϕ satisfies certain conditions
spelled out in Landweber’s Exact Functor Theorem.
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What is elliptic cohomology?
Now supposeE is an elliptic curve defined overR. It
is a 1-dimensional algebraic group, and choosing a
local paramater at the identity leads to a formal group
law Ê, the formal completion ofE. Thus we can
apply the machinery above and get anR-valued
genus.
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What is elliptic cohomology?
Now supposeE is an elliptic curve defined overR. It
is a 1-dimensional algebraic group, and choosing a
local paramater at the identity leads to a formal group
law Ê, the formal completion ofE. Thus we can
apply the machinery above and get anR-valued
genus.
For example, theJacobi quartic, defined by the
equation

y2 = 1 − 2δx2 + εx4,

is an elliptic curve over the ring

R = Z[1/2, δ, ε].
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What is elliptic cohomology?
The resulting formal group law is the power series
expansion of

F (x, y) =
x
√

1 − 2δy2 + εy4 + y
√

1 − 2δx2 + εx4

1 − εx2y2
;

this calculation is originally due to Euler. The
resulting genus is known to satisfy Landweber’s
conditions, and this leads to one definition of elliptic
cohomology.
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What are modular forms?
Recall that an elliptic curve is determined by a lattice
in C generated by 1 and a complex numberτ in the
upper half planeH. There is an action of the group
SL2(Z) onH given by

τ 7→ τ ′ =
aτ + b

cτ + d
for

[
a b

c d

]
∈ SL2(Z).
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What are modular forms?
Recall that an elliptic curve is determined by a lattice
in C generated by 1 and a complex numberτ in the
upper half planeH. There is an action of the group
SL2(Z) onH given by

τ 7→ τ ′ =
aτ + b

cτ + d
for

[
a b

c d

]
∈ SL2(Z).

An easy calculation shows thatτ ′ determines the same
lattice asτ . This means that elliptic curves are
parametrized by the orbits under this action.
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What are modular forms?
A modular form of weight k is a meromorphic
functiong defined on the upper half plane satisfying

g

(
aτ + b

cτ + d

)
= (cτ + d)kg(τ).
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What are modular forms?
A modular form of weight k is a meromorphic
functiong defined on the upper half plane satisfying

g

(
aτ + b

cτ + d

)
= (cτ + d)kg(τ).

Here is an example. Let

Gk(τ) :=
∑

m,n∈Z

′ 1

(mτ + n)k

where the sum is over all nonzero lattice points. This
vanishes ifk is odd and is known to converge for
k > 2.
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What are modular forms?
Note that

Gk

(
aτ + b

cτ + d

)

=
∑

m,n∈Z

′

(
cτ + d

m(aτ + b) + n(cτ + d)

)k

= (cτ + d)kGk(τ).

soGk is a modular form of weightk.
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What are modular forms?
Now let q = e2πiτ . In terms of it we have

Gk(τ) = 2(2πi)k Bk

2k!

(
1 − 2k

Bk

∞∑

n=1

σk−1(n)qn

)

Wayne State Topology Seminar – p. 11/21



What are modular forms?
Now let q = e2πiτ . In terms of it we have

Gk(τ) = 2(2πi)k Bk

2k!

(
1 − 2k

Bk

∞∑

n=1

σk−1(n)qn

)

whereBk is thekth Bernoulli number defined by

x

ex − 1
=:
∑

k≥0

Bk

xk

k!
,
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What are modular forms?
Now let q = e2πiτ . In terms of it we have

Gk(τ) = 2(2πi)k Bk

2k!

(
1 − 2k

Bk

∞∑

n=1

σk−1(n)qn

)

whereBk is thekth Bernoulli number defined by

x

ex − 1
=:
∑

k≥0

Bk

xk

k!
,

and
σk−1(n) :=

∑

d|n
dk−1.
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What are modular forms?
It is convenient to normalizeGk by defining the
Eisenstein series

Ek(τ) := 1 − 2k

Bk

∞∑

n=1

σk−1(n)qn.
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What are modular forms?
It is convenient to normalizeGk by defining the
Eisenstein series

Ek(τ) := 1 − 2k

Bk

∞∑

n=1

σk−1(n)qn.

It turns out that

Ek(τ) =
∑

(m,n)=1

1

(mτ + n)k
,

where the sum is over pairs of integers that are
relatively prime.
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What are modular forms?
Let

∆ :=
E4(τ)3 − E6(τ)2

1728

= q

∞∏

n=1

(1 − qn)24

and j := E3
4/∆.

∆ is called the discriminant, and the modular function
j of weight 0 is a complex analytic isomorphism
betweenH/SL2(Z) and the Riemann sphere.
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What are modular forms?
It is known that the ring of all modular forms with
respect toΓ = SL2(Z) is

M∗(Γ) = C[E4, E6],

with (∆) being the ideal of forms that vanish ati∞,
which are calledcusp forms.
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The Weierstrass curve
TheWeierstrass equation for an elliptic curve in affine
form is

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6.
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The Weierstrass curve
TheWeierstrass equation for an elliptic curve in affine
form is

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6.

It is known that any elliptic curve is isomorphic to one
of this form.
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The Weierstrass curve
The Eisenstein series are related to theak by

E4 = b2
2 − 24b4

and
E6 = −b3

2 + 36b2b4 − 216b6

where

b2 = a2
1 + 4a2

b4 = a1a3 + 2a4

b6 = a2
3 + 4a6.
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The Weierstrass curve
Then

∆ =
E3

4 − E2
6

1728

is the discriminant of the Weierstrass equation,
meaning that the curve is smooth iff∆ is a unit in the
ground ring.
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The Weierstrass curve
Then

∆ =
E3

4 − E2
6

1728

is the discriminant of the Weierstrass equation,
meaning that the curve is smooth iff∆ is a unit in the
ground ring.
This means there is a formal group law defined over
the ring

E``∗ = Z[a1, a2, a3, a4, a6][∆
−1]

and the resulting genus is Landweber exact.
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The Weierstrass curve
Then

∆ =
E3

4 − E2
6

1728

is the discriminant of the Weierstrass equation,
meaning that the curve is smooth iff∆ is a unit in the
ground ring.
This means there is a formal group law defined over
the ring

E``∗ = Z[a1, a2, a3, a4, a6][∆
−1]

and the resulting genus is Landweber exact. Thus we
get a spectrumE`` with π∗(E``) = E``∗.
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The Weierstrass curve
Consider the affine coordinate change

y 7→ y + r and x 7→ x + sy + t
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The Weierstrass curve
Consider the affine coordinate change

y 7→ y + r and x 7→ x + sy + t

It can be thought of as an action of an affine goupG
of 3 × 3 matrices given by




1 s t

0 1 r

0 0 1








x

y

1



 =




x + sy + t

y + r

1




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The Weierstrass curve
Under it we get

a6 7→ a6 + a4 r + a3 t + a2 r2

+a1 r t + t2 − r3

a4 7→ a4 + a3 s + 2 a2 r

+a1(r s + t) + 2 s t − 3 r2

a3 7→ a3 + a1 r + 2 t

a2 7→ a2 + a1 s − 3 r + s2

a1 7→ a1 + 2 s.
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The spectrumtmf
Very roughly speaking, there is an action of the group
G on the spectrumE`` inducing the above action on
its homotopy groups.
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The spectrumtmf
Very roughly speaking, there is an action of the group
G on the spectrumE`` inducing the above action on
its homotopy groups.
The homotopy fixed point set of this action istmf .
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The spectrumtmf
Very roughly speaking, there is an action of the group
G on the spectrumE`` inducing the above action on
its homotopy groups.
The homotopy fixed point set of this action istmf .
There is a spectral sequence converging toπ∗(tmf)
with

E2 = H∗(G;E``∗).
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The spectrumtmf
Very roughly speaking, there is an action of the group
G on the spectrumE`` inducing the above action on
its homotopy groups.
The homotopy fixed point set of this action istmf .
There is a spectral sequence converging toπ∗(tmf)
with

E2 = H∗(G;E``∗).

The modular formsE4 andE6 are both invariant
under this action, and

H0(G;E``∗) = Z[E4, E6][∆
−1]
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The spectrumtmf
The coordinate change above can be used to define a
Hopf algrebroid(A, Γ) with

A = Z[a1, a2, a3, a4, a6]

Γ = A[r, s, t]

and right unitηR : A → Γ given by the formulas
above.
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The spectrumtmf
The coordinate change above can be used to define a
Hopf algrebroid(A, Γ) with

A = Z[a1, a2, a3, a4, a6]

Γ = A[r, s, t]

and right unitηR : A → Γ given by the formulas
above. It was first described by Hopkins and
Mahowald inFrom elliptic curves to homotopy theory.
Its Ext group is the cohomology group mentioned
above. Tilman Bauer has written a nice account of
this calculation.
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