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ABSTRACT. In the Adams—Novikov spectral sequence one considers Ext groups
over the Hopf algebroid I' = BP,(BP). There are spectra T'(m) with BP,(T'(m)) =
BPi[t1,...,tm], which leads one to replace I' by I'(m + 1) = I'/(t1,...,tm).
The corresponding Ext groups have certain structural features that are inde-
pendent of m. In this paper we set up an algebraic framework for studying
the limit as m — oo. In particular there is an analog of the chromatic spectral
sequence in which the Morava stabilizer group gets replaced by an infinitesimal
analog, hence the title.

1. Introduction
For a fixed prime p, recall the spectra T'(m) (introduced in [Rav86, §6.5]) with
BP.(T(m)) = BP.[t1,... ,tm] C BP.(BP).
It is a p-local summand of the Thom spectrum associated with the map
QSU (k) — QSU = BU

for any k satisfying p™ < k < p™*!. These Thom spectra figure in the proof of
the nilpotence theorem of [DHS88]. The T'(m) themselves figure in the method of
infinite descent, the technique for calculating the stable homotopy groups of spheres

described in [Rav86, Chapter 7] and [Ravb].
Very briefly, there are maps

S =7(0) —-T(1)—-T(2) —---— BP

with T'(m) homotopy equivalent to BP below dimension |v,,+1| — 1. Interpolating
between T'(m) and T'(m + 1) are T'(m)-module spectra T'(m)y, for h > 0 with

BP,(T(m);) = BP,[t1, . ,tm|{1,tm1:tonp1s-- s toir ).
There are maps

T(m)=T(m)g — T(m); = T(m)y — - —>T(m+1)
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with T'(m);, homotopy equivalent to T'(m + 1) below dimension (h + 1)|vp41| — 1.
For each m and i there is a spectral sequence converging to 7, (T'(m),i_1) with

By =1 (T(m)pi+1-1) @ E(hy1i+1) @ P(bm1,iv1)

where

hm+1,i+1 € E11’2p1+1(pm+171) and bm+1,i+1 S E%’2p1+2(pm+171).
Thus in a given range of dimensions, a finite number of applications of this spectral
sequence will get us from 7, (T (m + 1)) to m(T(m)) and hence from =, (BP) to
7.(S°). This is discussed in more detail in [Ravb].

Empirical evidence suggests that 7, (T(m)) for roughly 2p™+! < x < 2p*™m+2 ig
the same (up to a suitable regrading) as that of 7, (T (m + 1)) for roughly 2p™*+2? <
% < 2p?™13 . The purpose of this note is to set up an algebraic framework that allows
us to study the limit of this behavior as m goes to infinity. We will define a limiting
Ext group which would be the Es-term for the conjectural spectral sequence of the
title; see Conjecture 4 below.

This will entail defining a bigraded Hopf algebroid (/T, f) The grading is over
Z®Zw where w becomes p™ when we specialize to T'(m). We call the corresponding
Ext group the microstable Adams-Novikov Fs-term for the following reason. For
each spectrum 7T'(m) one can set up a chromatic spectral sequence as in [Rav86,
Chapter 5]. Each Morava stabilizer group S, gets replaced by a certain open
subgroup which shrinks as m increases. Thus in the limit each S, gets replaced by
an infinitesimal version of itself. We conjecture that this Ext group is the Es-term
of a trigraded spectral sequence.

The author wishes to thank Dominique Arlettaz and Kathryn Hess for organiz-
ing a conference in such an inspiring Alpine setting, where the idea for this paper
originated. I am also grateful to Ippei Ichigi for many useful conversations about
this work.

2. Empirical evidence: similarities among the groups 7.(T(m))

In this section we will quote several theorems about the Adams—Novikov spec-
tral sequence for T'(m) that are proved elsewhere.

Let (A,T) denote the Hopf algebroid (BP;, BP.(BP)); see [Rav86, Al] for
more information. A change-of-rings isomorphism identifies the Adams-Novikov
Es-term for T'(m) with Extp(m,11)(A, A) where

F(m+ 1) = F/(tl, e 7tm) = BP*[t.,,H_l,th_g,. . ]

This Hopf algebroid is cocommutative below the dimension of t3,,12, so its Ext
group (and the homotopy of T'(m)) in this range is relatively easy to deal with. We
will denote this Ext group by Extp(,,41) for short.

The following was proved in [Rav86, 6.5.9 and 6.5.12].

THEOREM A. For each m > 0 and each prime p,
Exth(m+1) =Zy) [V1y. oy Vm),

and we denote this ring by A(m). Each of these generators is a permanent cycle,

and there are no higher Ext groups below dimension |vy,41| — 1. Hence m, (T (m)) =
A(m) in this range.
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More generally, for each n >0
EXtP 1y (A, A/1) = A(m +n)/ 1,
where
I, = (p, v1, va,..., Up_1).

Our next result concerns Ext! and increases the range of dimensions by a factor
of p. Before stating it we need some chromatic notation. Consider the short exact
sequence of I'-comodules (and hence of I'(m + 1)-comodules)

(1) 0 N© MO Nt 0
where
N° = BP,,
M° = p'BP,=Q® BP,,
and N' = BP,/(p™)=Q/Z) ® BP..
We write elements in N! as fractions
x
p@

where e > 0 and = € BP, is not divisible by p. The long exact sequence of Ext
groups associated with (1) has a surjective connecting homomorphism

EXt%(m+1)(N1) - Ethl“(m+1)(BP*)

and we will identify elements in Ext%(m (N 1) with their images in Ext'. The
algebraic statement in the following was proved in [Rav86, 6.5.11] while the topo-
logical part is proved in [Ravb].

THEOREM B. In all cases except m =0 and p = 2, Ext%(m+1)(BP*) is isomor-
phic to the A(m)-submodule of N* generated by the set

%:wo.
ip

FEach of these elements is a permanent cycle, and there are no higher Ext groups
below dimension plvmt1| — 2.

For the 2-line and above, we have the following, essentially proved as Theorem
7.1.13 in [Rav86).

THEOREM C. For m > 0, Ext*'(BP,(T(m))) fort < 2p*> — 2p + p?*|vm 11| is
the A(m)-module generated by

P vk
{ mt2 } UE(hmi1.0) @ Plbpyio) @ 2200 < <p, 0<j<p? —piyp,
pvy 1pU1

where

Um+1 Um+2

and bm+170 = .
pu1

hnH—l,O =
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We also let

bm+l,1 = 7>

) m—+1
b Um+3 V2V 42 Uy Um+1
m+2,0 - - 1
pU1 pu P p*u1

p pmtt o
Um41Um+3  V2Um+1Upq2 Vo Uy
and  Vpmi1bmioo = - e 5
pv1 pUy 2p*u;

Our next result concerns the first differential in the Adams—Novikov spectral
sequence for T'(m) and is proved in [Rava]. The differential occurs slightly beyond
the range of Theorem C. Recall that for an odd prime, the first nontrivial differential
in the Adams-Novikov spectral sequence for T(0) = S is

dop—1(b1,1) = h1,0b7 o-
THEOREM D. The first nontrivial differential in the Adams—Novikov spectral
sequence for the spectrum T(1) at an odd prime p is
dap—1(b3,0) = ha,obh
where bz g € E§’2p472p.
For m > 1 the first nontrivial differential in the Adams—Novikov spectral se-
quence for the spectrum T(m) at an odd prime p is
dap—1(Vm+1bm+2,0) = V2hmi1,000, 11 0

m+3 +2pm+1 —2p—2

2,2 . . .
where Vm41bmy2,0 € By P . In this case there is also a nontrivial

group extension in m.(T(m)), namely

— D
Pbm2,0 = V2l 1 -

For p = 3 this is illustrated for m = 1 and m = 2 in Figures 1 and 2 respectively.

3. The bigraded Hopf algebroid (4, T')
Recall that (A,T) = (BP., BP.(BP)) is defined by
A = Zylvi:i>0]  with [v;] =2p’ —2;
T Alt; 11> 0] with |¢;| = 2p* — 2.

The generators v; are related to the coefficients ¢; of the logarithm associated with
the universal p-typical formal group law by Araki’s formula

pen = Z Ezvﬁl_p
0<i<n
where ¢y = 1 and vy = p. The right unit and coproduct are defined by

nr(ln) = Z Eitf;—i

0<i<n

and S LA@) = Y wreell

0<i<n 0<i+j<n
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FIGURE 1. The Adams-Novikov Es-term for T'(1) at p = 3 in di-
mensions < 154, showing the first nontrivial differential. Elements
on the 0- and 1-lines divisible by v; are not shown. Elements on
the 2-line and above divisible by vy are not shown.

where tg = 1. These formulas determine the right unit and coproduct in I' ® Q,
but are known to come from similar (but more complicated) ones in I' itself. For
more details see [Rav86, §4.3] or [Ada74, Part II].

The right unit formula can be rewritten as

ik ik i—j—k i—k
(2) Do by = D0 bgt]  nR(} )

0<j+k<i 0<j+k<i

(where j and k are always nonnegative) for each ¢ > 0, or equivalently

(3) > ol =3 Fting(v)”;
,J

]




6 DOUGLAS C. RAVENEL
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FIGURE 2. The Adams-Novikov Es-term for T'(2) at p = 3 in
dimensions < 530. Elements on the 0- and 1-lines divisible by v,
or vy are not shown. Elements on the 2-line and above divisible by
vy or v are not shown except for vsby o and vzhg,obg”m the source
and target of the first differential.

see [Rav86, A2.2.5] or [Rav76]. The sums here are with respect to the formal
group law F, i.e.,

r+py=F(z,y)

which is determined recursively by

Z 0 F(z, y)pi = Z Gz + Z Zz‘ypi-

i>0 i>0 i>0
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These formulas determine the structure of
Tim+1)=T/(t1,...,tm).

The coporoduct and right unit are particularly simple on the generators t,,4; and
Um+s for 0 < ¢ < m + 2. The coproduct formula in this range simplifies to

i i i
(4) Z G A ig) = Z Gty @110t ),
0<j<i 0<j<i
or equivalently
(5) Z FA(tm-i-i) = Z FF(tm+i ® 1,1® timi).
0<i<m—+2 0<i<m—+2

The right unit formula (2) when projected to I'(m + 1) implies (by induction

on 7) that v; for i < m has trivial right unit in I'(m + 1), i.e., that
nr(v;) = v;.

With this in mind we can rewrite (2) as

, pj ) ;Dj pj+k
E Civg iy + E Civg tyi i

6 0<j<m+i 0<jt+k<i
( ) o £ pj é pj pm,+i—k
= E  Umr(vy )+ E Utk )

0<j<m+i 0<j+k<i

for i < m + 1, or equivalently in this range

i m-41
(7) Z va"‘i + Z Fvitfn—kj = ZFUR(UmH) + Z th+wf .

i>0 i>0,j>0 i>0 i>0,5>0
We wish to study the “limiting behavior” as m approaches co; the precise
nature of this limit will be discussed below.

THEOREM 1. There is a Hopf algebroid (;1\, f) over Ly, graded over Z © Zw,
with

A = BP, [Cim, Ui 1 0 < i <m]/(cim — Ui(p_l)pmcz‘,mﬂ)
with vo = p, |cim| = (W —p™)|vi|, and |0;] = 2p'w — 2;
T = Af;:i>0]  with |f;] = 2p'w — 2.

(The notation for A means that it includes elements ci,m for allm > 0 as well as
the indicated values of i.)

The right unit on the elements v; and c; n, are trivial (meaning that they are
invariant) while the ones on the v; are given by

®) D Th D Tudp =) Tue@)+ Y, TET
i>0 i>0,7>0 i>0 i>0,5>0
The coproduct is given by
9) Y PAG) =Y FREeL,10h);
>0 >0
equivalently the element

Z fj?fiJEQ(X)f

0<j<i
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is primitive for each i > 0.

Note that the coproduct in [ is cocommutative.

We will denote the element vf mci,m by v¢ for 0 < ¢ < m. Because of the
relations in 121\, this element is independent of m and is infinitely divisible by wv;.
This includes the 0-dimensional element v, which is infinitely divisible by p.

Let

(10) V = BP,[cim :m >1>0]/(cim — vgp_l)pmcim_,rl),
so that

A=V[Gi:i>0].
and

BP,[vg,v5,...]CV

with v¢ infinitely divisible by v; in V. It follows that for i < n, ¢; , and vy are
trivial in V/I,.

Since the right unit on V is trivial, Tis a Hopf algebroid over V. Similarly
I'(m + 1) is a Hopf algebroid over A(m).

Proof of Theorem 1. We need to show that the right unit and coproduct satisfy the
Hopf algebroid axioms (see [Rav86, A1.1.1]). The structure of (4,T) is obtained
from that of (A4,T'(m + 1)) in the following heuristic way. The elements v; and wt;
in the former correspond to v,,4; and and t,,, for large m in the latter. Whenever
the symbol p" appears in the latter, either in an exponent or in the dimension of a
generator, we replace it by the symbol w. In this way (8) and (9) are derived from
(7) and (5) respectively.

To verify that they satisfy the necessary axioms, it suffices to work in Q ® r
since T is torsion free. The coproduct there is coassociative because it is primitively
generated.

To verify the coassociativity of the right unit, we will work in K ®z v r
where

K = Zg)[llp—v") i >0
= QU1 —vy" >0

There we can define elements E for i > 0 recursively by

(11) p(i = Z Ej’l};ipj + Z fjﬁfij.

0<j<i 0<j<i
This gives
~ v; 5 P
&-:ﬁ mod (v1,...,0;—1)
P
P — 1y
SO

K®A=K@ V[l ls,...],

and it suffices to show that the right unit on the lz is coassociative.
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We can derive nR(E ) from (11). In the following calculation, each expression
is to be summed over all nonnegative values of the indices with the understanding
that vg = £g = tg = 0. We have

pr@) = nr@)p” +me( )
= UR(ZZ)UWP + €05 —|—€v tklﬂ—ﬁfé’lvk’)
= r(G)o 4T 1l — G
)

= na(l; Uwp +pli — 4, v“’p +p&f§f — &%’ivfpiﬂ
7. i piti
= p(l+ L) + (r(l) — b — 6 Yo

Without the summation convention, this can be rewritten as

—~ —~ k wp?
pir@) =pli+ > G +p Y | nr@) =G — Y Gf | i

0<j<i 0<j<i 0<k<j

for each ¢ > 0. Using induction on ¢ one can deduce that the second sum vanishes,

o
r(l;) =4 + g Zj i
0<5<1
which is coassociative since ng(¢;) — ¢; is primitive. O

4. Maps from subalgebras of I' to the (m+1)

Now we will be more precise about the relation between T and I'(m+1). There
is no map from one to the other in either direction. There is a rather for each m a
sub-Hopf algebroid of (A,T) that maps to (4, T(m+1)) (with a change of grading),
and (A,T) itself is the union of all of these subobjects. This is the sense in which
T is the limit of the T(m + 1) as m — oco.

Specifically let

(/T(m),éu,m)) c (ﬁ, f)
and <E(m+n)/ln, @(1,m,n)> C (A\/Inaf/ln)

for m,n > 0 by

Zl(m) = Zylvi,... om0y - B U Vi S TP DY
G,m) = Am)[,... a1

/T(m,n) = Z(p)[vl,...,vm+n;v8)_pm,v‘f_pm,...,v;‘;;ﬁ:n;ﬁl,...,5m+n+1]/fn
G(,m,n) = A(m,n)[1,...  bniil.

Then the following is straightforward.
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PROPOSITION 2. Let

A(/{Z) = Z(p) [Ul, e ,UkL
Gm+1,m) = ACm+ 1)[tmt1s---,tamt1] as in [Rav86, §7.1],
and Gm+1,kn) = Am+1+k+n)/Liftmits- - tmt1+k]-
There are maps
~ Om
(12) G(1,m) —— G(m+1,m) c T(m+1)
and
o 9m
(13) G(1,m,n) —— Gm+1,mmn) C T(m+1)/I,
given by
v, U
z& = Vi4m
I
%; = ti{—nl-

The indexing set Z & Zw is mapped to Z by sending w to p™.
Thus we have a diagram of Hopf algebroids

G(1,0) — G(1,1) — G(1,2) T
0o 601 02
(1) r(2) I'(3)

REMARK 3. Fori < m+ 1, we have {; € K ® A(m) as defined by (11). We
can extend Oy, uniquely to K @z, e A(m); it sends K to Q. Hence

Om(l;) € Q@ A(2m + 1)

satisfies
- ~ L jtm j
PO (L) = Y Ol + > Ll
0<j<i 0<j<i
s0
—~ v .
O (0;) = # mod (v1, ..., Vmpi_1)-

We also have

o~ ~ J
N8O () = 0 (D)) + > 4th
0<j<i

50 bpyi —Om (Z)l is tnvariant. One can show that it is the sum of all terms in €y, y;
that are monomials in the v; with 1 < j < m.
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Then each element of Extf(g, A) can be pulled back to Extg g m) (A(m), A(m))

for m > 0, and hence mapped via 0,, to Extp(m41)(A, A), which is the Adams-
Novikov spectral sequence Fs-term for the spectrum T'(m).

CONJECTURE 4. There is a spectral sequence with
Es = Extg (A, A)

which is compatible in a range of dimensions with the Adams—Novikov spectral se-
quence for T(m). We call this the microstable Adams—Novikov spectral sequence.

REMARK 5. The map 0., is onto below dimension |tam2|, and T'(m) is equiva-
lent to BP below dimension |ty,y1|. We believe the behavior of the Adams—Novikov
spectral sequence in this range is essentially isomorphic (up to regrading) to that of
the Adams—Novikov spectral sequence for T(m + 1) between dimensions |ty,42| and
[tomt3|. Theorem D is evidence that the behavior of differentials and group exten-
sions in “low” dimensions is independent of m for m sufficiently large. It indicates
that the first differential in this spectral sequence would be

d2p—1(51b2,0) = v2h1,0b€,0
and that there would be a group extension of the form
pbzo = ’Ugbzl)’o.

This is the rationale for the conjecture.

5. The microchromatic spectral sequence

The chromatic spectral sequence converging to Extr(A, A) is obtained from
the resolution

0— BP, - M°—> M'"—> M?— ...
where
M™ = v 'BP,/(p™,v5°, ... ,v°° ).

" Y“n—1
More details can be found in [Rav86, Chapter 5].
We also define

MM =v'BP./(p,... ,0i 1,05, ..., 02 ).

7 n—1
so for each ¢ > 0 there is a resolution

0 — BP./I; — M) — M} — M? — ...

)

and there are short exact sequences
n—i—1 |vi| A yr—1i Vi n—i
E— ; _— ! _
0 M, XM M; 0

which lead to Bockstein spectral sequences. In particular there is a chain of n
Bockstein spectral sequences leading from Extr (A4, v, ' BP./I,) to Extr(A, M™).
There is a change-of-rings isomorphism

(14) Extr (A, M") 2 Exty(,) (K(n)., K(n).)
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where
K(n). = Extpp pp)(BP. v, BP./I,)
= Z/(p)[vn; vy "]
and YX(n) = K(n).®pp, BP.(BP)®pp, K(n).

= K(n).[ti :i > 0]/ (0nt? —0P't;)

as an algebra, with coproduct inherited from BP,(BP). The formula (3) is pivotal
in the proof of this result. Details can be found in [Rav86 §6.1] or [MRT77].

The comodule M~ * be tensored over A with A leading in the same way to
a spectral sequence converging to ExtF(A, A) which we call the microchromatic

spectral sequence. Let
M =M"e4 A

K2

Then the microchromatic spectral sequence converging to Extf(g, 121\) is the reso-
lution spectral sequence based on

0— A— M°— M — M? —
The microstable analog is of (14) is
THEOREM 6. There is a change-of-rings isomorphism
Extr (A, v, 'A/L,) = Extg ) (K(n)., K(n).)
where
K(n). = Ext(Av,'A/I,)
= v, 'V/L,[01,....,0,)
where V is as in (10)

and i(n) = I?(nﬁ@gf@gl?(n)*
= K(n).ffii>0)/(vall —?'E),

Proof of Theorem 6. The change-of-rings-isomorphism theorem [Rav86, A1.3.12]
says that given a Hopf algebroid map f : (4,T) — (B, X) satisfying certain condi-
tions, one has

Extp(A, (T ®4 B)OxB) = Exty (B, B).

Applying this to the map
o~ A~ f ~ ~
(15) (A, r) 1, (K(n)*, E(n))

we get

~

Exty (4, (T @7 K (n).)Og,,) K(n).) = Extg, (k(n)., K(n).).

Thus we have to Verlfy that the map of (15) satisfies the relevant hypotheses and
then identify (T ®3z K(n),)O S(n )K( n), with vy 1A/I,.
The hypotheses required of f are [Rav86, A1.1.19]

(i) the induced map I’ ®;B— $3(n) is onto, and
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(i) (T ®3z [A((n)*)Di(n)[A((n)* is a K (n),-module and a K (n),-summand of
r Dz IA((TL)*
The first of these follows from the definition of i(n) For the second we have
TozK(mn). = K(n)h:i> 0]
([ @z K(n).)0g, Kn). = K)ol —vg? 62> 0],

and the latter is a K (n),-summand of the former.
Finally we have

v A/, 2 K(n)y[Bnas: i > 0]
and there is a 3(n)-comodule isomorphism
v, A/l — ([ K(n).)Og, K(n),
defined by Uppi vn?f — v,“l’ptAZ O
THEOREM 7. The Ext group of Theorem 6 is
Exta(A, vy ' A/L,) = K(n). ® E(hyj : 0 <i<n, j € Z/(n))
where ?Lm- corresponds to ?;]
It is also true [Rav86, 6.5.6] that
Eti(erl)(A, ’U;lA/In) = K(n)*[vn+1, - ,Ugn] ® E(hi-‘,-m,j :0<i1<n,j€ Z/(TL))
for m +1> % (but not for smaller values of m), where h;i,, ; corresponds
to tﬁm. Thus the microchromatic spectral sequence is simpler than the chromatic
spectral sequence for the sphere spectrum.
Proof of Theorem 7. We mimic the methods of [Rav86, §6.3] and [Rav77]. As in
[Rav86, 6.3.1] we can define an increasing filtration on X(n) with
||EPJH ) ‘ ifi1<n
P s .
Then Eoi(n) is the universal enveloping algebra of a restricted abelian Lie algebra
L(n) over K(n), with basis {x; j : 7> 0,j € Z/(n)} and restriction given by

g(%_):{ 0 ifi<n

—UnTi—n,j+1 Otherwise.
Then as in [Rav86, 6.3.4] we have two spectral sequences. The first is
By = H*(I(m)e Pbi)
= K(n). ® B(hi;) ® P(bi;) = H*(Eo3(n)).
with differentials
hij — —vnbi—n jt1,
leaving

Esw=K(n),®E(h;;:0<i<n,jeZ/(n)).
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The second spectral sequence is
Ey, = H*(E°S(n)) = H*(3(n)).

It collapses from Fs since each %7;] with 7 < n is primitive. O

6. The microstable 0- and 1-lines

We can use the microchromatic spectral sequence to compute EXt%(A\, A\) for
s = 0 and 1 in the same way that we use the chromatic spectral sequence to compute
Extp (A, A). The following can proved in the same way as [Rav86, 5.2.1].

THEOREM 8.

s/ A 270 _ Q QRV Zf s=0
Eth(A’M ) = { 0 otherwise

Ext(4,4) = V.

THEOREM 9. Ext%(g, 2) is the V-module generated by the set

~
{1.}1:@'>0}
p

PrOOF. We need to analyze the Bockstein spectral sequence going from
Exta(A, M?) = K(1). ® E(h1 )
to Extf(g, Z/W\Ol) This behaves in much the same way as the stable analog, i.e., the
one going from
Extr(A, M) = K(1). ® E(hy1,)

to Extr(A, MY).
For odd primes the relevant fact about the right unit is that for all i > 0,

nr(01) =08 + pivt ' mod (p?i).

From this we deduce that Ext%(g, ;1\) is the V-module generated by the set
~
{”l Li > 0} :
pt

~2 2u—1~ EEPN
wi,1 =07 + 20777 Uy + 4do] V.

For p =2 let

Then for all j > 0 we have

(@YY = 57T 42077 mod(4)
and nr(wi,) = w{’1+4jﬁfjflt1 mod (87).

From this we deduce that Ext%(ﬁ, A) is the V-module generated by the set

~2j—1 ]
v wiy .
16 L i>0p.
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Now a simple calculation shows that

~2j 2w—152j—1
v v v
Lo 1 for j odd

wy 4 2

27 | 2 w-1-2-1 dw-2-2j-2
E vy u oY for j even
4j 2 2 ’

so the V-module of (16) is the same as the one stated in the theorem. O

For all primes the calculation above also shows that
Exth (4, Mg) =0,

unlike the stable case where Extf(4, M3) D Q/Z.
Note that for odd primes each element in Ext! can be pulled back to

Extg, o) (A(O), A(O)) :
so we can map them via the map 6, of (12) to

for m > 0. For p = 2 we can only do this for m > 1. This is to be expected since
the structure of Ext%(l)(A, A) for p = 2 differs from that of Ext% (A, A) in that for

2
V1

i 52
J > 1, =% is divisible by 4;j while % is only divisible by 2j.

7. The Thom reduction

One can ask about the image of Extl:(g, 21\) in Extf(le\, 11/])7 where I =
(p,v1,v2,...), since the latter can be computed explicitly. Each t; is primitive
mod I, so we have

Exta(A, A/I) = A/I®@E(h;;:i>0,j>0)@ P(bi;:i>0,7>0)

%pj

o~ j (., ~ j+1/ i . .
where h; ; € Ext"?” ®'“=1 corresponds to &, and b; ; € Ext®>?’ #'@=1 g jtg

transpotent.
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Let p denote the mod I reduction in Ext. Then we have

<v§> B ol T 0 for p odd
P\pt 5 o + (f— 100 %Ry, forp=2.

~ 1/\
Sts t

hl 1h1 ,0 + tUl’UQ lbl 0

FH(t — 1505 2y 1 ha g

oyt -1 -
p| =5 = st0;7 0 Ry o

"‘rt/\g/\p (= 1)b1)j for j >0

= t(t - 1)65,_2(%1,232,0 - E2,151,1)

+t(t —1)(t — 2)v5 3 Iy 2h2 1h3 o

Hence the image appears to be rather complicated.

On the other hand, it appears likely that all of the E ,j are in the image. Given
& € BP,[t1,...] ® Q, let 19 denote the expression obtained from x by replacing
each v and tk by its p/th power. Using chromatic notation, we conjecture that

( i— lg )(.H‘l)

Aij= Y

2
0<k<i p
is a cocycle that reduces to EZ j mod I. For example we have

/\pj+1
tl

which is cohomologous to

B ijrl 1 /(P j AW
> p1< L el =N pt L B7 @ 177 mod (p),

0<k<pitl 0<k<p

which is the usual definition of Bl,j.
Next we consider A, ;. Araki’s definition of the v; gives

vy = pfy mod (p?),

so the primitivity of s + El?f implies that the coproduct on 1y is congruent to

Hel+10h—v Y p_l(p)?f@)?l’_k
0<k<p
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modulo p. Now let d denote the differential in the cobar complex we have

0<k<p
SO d(?‘z’jﬂ) _ —vfj+1 Z pl(z>?1€pj+l®fgp_k)pjﬂ
0<k<p
and Al +of %) = 0 mod (5).

It follows that
j+1 41~ 42
A o p/tgj + ng-)] %717]
2,j — 2
p
is a cocycle, and it is easily seen that it is cohomologous to

(P i AW
5 o (D) o0

0<k<p

modulo (p,v1).
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