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First precedent: Atiyah’s work on K ∗BG

Let G be a finite group,

and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G.

This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ),

where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V .

The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,

and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products.

It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,

where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG,

where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal

of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0.

The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.3

First precedent: Atiyah’s work on K ∗BG

Let G be a finite group, and let V be a finite dimensional
unitary representation of G. This defines a homomorphism
G → U(V ), where U(V ) is the unitary group of V . The induced
map of classifying spaces defines a vector bundle over BG,
and hence an element in K 0BG.

This construction plays nicely with direct sums and tensor
products. It leads to a ring homomorphism R(G) → K 0BG,
where R(G) denotes the complex representation ring of G.

Theorem (Atiyah, 1961)

The homomorphism above induces an isomorphism
R̂(G) → K 0BG, where R̂(G) denotes the completion of R(G)
with respect to the ideal of virtual representations of dimension
0. The group K 1BG is trivial.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.4

Second precedent: A finiteness theorem

Theorem (R, 1982)

For each n and p,

and for each finite group G, K (n)∗BG has a
finite rank as a K (n)∗-module.

What is the rank of K (n)∗BG?

Some clues:

• For a finite abelian p-group A, the rank of K (n)evenBA is
|A|n, and K (n)oddBA = 0.

• Atiyah’s theorem implies that the rank of K (1)∗BG is the
number of conjugacy classes of elements of order pi (for
some i) in G.
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1.5

Third precedent: Classical character theory

As before, let G be a finite group,

and let V be a finite
dimensional unitary representation of G. Choose a unitary
basis of V , so we have a matrix for each g ∈ G. Denote its
trace by χV (g). Now three very nice things happen.

(i) The value of χV (g) is independent of the choice of basis.
(ii) The value of χV (g) depends only on the conjugacy class

of g.
(iii) For a second representation W ,

χV⊕W (g) = χV (g) + χW (G)

and χV⊗W (g) = χV (g)χW (G).

This means that χ induces a homomorphism from the
representation ring R(G) to Cl(G;C), the ring of complex
valued functions on the set of conjugacy classes of elements of
G. Such functions are called characters of G.
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1.6

Notational digression

In the paper we apologize for our excessive use of the symbol
χ.

Its use in character theory as above is standard in the
literature on representation theory. Likewise, topologists
routinely use it to denote Euler characteristics, which will figure
later in this talk.

We will finesse this problem with the use of color.

The character of representation theory will be denoted by
χ (red for representation theory).

The Euler characteristic of topology will be denoted by
χ (teal for topology).
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1.7

Back to classical character theory

Character theory defines a homomorphism

χ : R(G) → Cl(G;C).

A classical theorem states that χ induces an isomorphism
R(G)⊗ C → Cl(G;C). We also know that R(G) is the free
abelian group generated by the irreducible representations of
G.

Hence the number of irreducible representations of G is equal
to the number of conjugacy classes of elements of G, but there
is no natural one to one correspondence between the two.
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1.8

Classical character theory (continued)

We have a homomorphism

χ : R(G) → Cl(G;C).

which becomes an isomorphism after tensoring the
representation ring R(G) with the complex numbers C.

We can replace the field C above by the field L obtained by
adjoining all roots of unity to the rationals Q. It is the maximal
abelian extension of Q. Its Galois group is Ẑ×, the group of
units in the profinite integers. An invertible profinite integer k
sends a root of unity ζ to ζk .

Ẑ× also acts on G = Hom(Ẑ,G), with k sending g to gk . Hence
we can consider the ring of Galois equivariant class functions,

Cl(G;L)Ẑ×
.

It is known to be isomorphic to R(G)⊗ Q.
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1.9

Morava K -theory Euler characteristics

A finite group G acts on the set G = Hom(Ẑ,G) of elements of
G by conjugation on the target.

It acts similarly on
Gp = Hom(Zp,G), the set of elements in G of order pi for some
i . In both cases, orbits are conjugacy classes of such elements.

For a prime p and positive integer n, let

Gn,p = Hom(Zn
p,G),

the set of commuting n-tuples of elements whose orders are
powers of p.

Theorem B (Part 1)

Let G be a finite group. The Morava K-theory Euler
characteristic

χG
n,p := dim K (n)evenBG − dim K (n)oddBG

is the number of G orbits in Gn,p.
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Morava K -theory Euler characteristics (continued)

Theorem B (Part 1)

Let G be a finite group. The Morava K-theory Euler
characteristic

χG
n,p := dim K (n)evenBG − dim K (n)oddBG

is the number of G orbits in Gn,p.

As remarked above, this is a consequence of Atiyah’s Theorem
for n = 1.

For a finite abelian p-group A, the group A acts trivially on
An,p = An, and that set’s cardinality of |A|n. Hence the theorem
holds in that case.
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Let G be a finite group. The Morava K-theory Euler
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χG
n,p := dim K (n)evenBG − dim K (n)oddBG

is the number of G orbits in Gn,p.

We will study this for the symmetric group G = S3.

For p = 2, we have three noncommuting elements of order 2,
each generating a subgroup Hi of order 2 for 1 ≤ i ≤ 3. They
do not commute with each other and they are permuted by the
action of G. The set Gn,2 is the (non-disjoint) union of the three
sets Hn

i , any two of which intersect in the single n-tuple
(e,e, . . . , e). It follows that the number of orbits is

3(2n − 1)/3 + 1 = 2n,

which is the same as that for the group C2.
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Let G be a finite group. The Morava K-theory Euler
characteristic

χG
n,p := dim K (n)evenBG − dim K (n)oddBG

is the number of G orbits in Gn,p.

We now look at G = S3 and p = 3. We have two commuting
elements of order 3, generating the subgroup C3. They are
interchanged by the action of G. The set Gn,3 is thus Cn

3 . The
number of orbits is

3n − 1
2

+ 1 =
3n + 1

2
,

roughly half the number for C3.
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1.13

Counting orbits in Gn,p

We will give a formula for the number of G orbits in Gn,p.

First
we need

Definition

Let P be poset in which each element is exceeded by only
finitely many elements. Its Möbius function µ is defined by
downward induction∑

y≥x

µ(y) = 1 for each x ∈ P.

In particular µ(m) = 1 for each maximal element m.

When P is the poset of nonunit ideals in Z, we get the classical
arithmetic Möbius function up to a change of sign.

The poset of interest to us is that of abelian subgroups of G
ordered by inclusion.
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In particular µ(m) = 1 for each maximal element m.

When P is the poset of nonunit ideals in Z, we get the classical
arithmetic Möbius function up to a change of sign.

The poset of interest to us is that of abelian subgroups of G
ordered by inclusion.
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1.14

Counting orbits in Gn,p (continued)

Theorem B (Part 2)

Let P be the poset of abelian subgroups of a finite groups G

and let µ be its Möbius function. Then the number of G-orbits
in Gn,p is

χG
n,p =

∑
A≤G

|A|
|G|

|A(p)|nµ(A).

The sum is over all abelian subgroups A of G.
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Counting orbits in Gn,p (continued)

Theorem B (Part 2)

χG
n,p =

∑
A≤G

|A|
|G|

|A(p)|nµ(A).

We illustrate the case G = A4. It has four maximal abelian
subgroups of order 3 and one isomorphic to C2 ×C2. The latter
has three subgroups of order 2 on which µ vanishes, since
each is contained in a single maximal abelian subgroup. The
trivial subgroup, being contained in five maximal abelian
subgroups, has µ = −4. Thus we have

χG
n,2 =

4
12

· 4n + 4 · 3
12

− 4
12

=
4n + 2

3

χG
n,3 =

4
12

+ 4 · 3
12

· 3n − 4
12

= 3n.
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1.16

Generalized characters

Recall that
χ : R(G)⊗ Q ∼= Cl(G,L)Ẑ×

.

We want to generalize its relation with classical K -theory. Let
E∗ be a complex oriented cohomology theory with formal
group law F associated to a fixed orientation x ∈ E2(CP∞).
We require

• E∗ is a complete local ring with maximal ideal m.
• The graded residue field E∗/m has characteristic p > 0.
• p−1E∗ is not zero.
• The mod m reduction of F has height n < ∞ over the field

E∗/m.

The nth Morava E-theory E∗
n at p satisfies these conditions.

We wish to generalize the field L, the ring Cl(G,L) and the
Galois group Ẑ× to E∗.
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HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.16

Generalized characters

Recall that
χ : R(G)⊗ Q ∼= Cl(G,L)Ẑ×
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The Lubin-Tate construction

Jonathan Lubin John Tate

In 1965 Lubin and Tate gave a construction of the maximal
abelian totally ramified extension of a finite extension K of the
p-adic numbers Qp. It led them to prove some interesting
things about formal groups laws that are very useful in stable
homotopy theory.
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The Lubin-Tate construction (continued)

Let K be a finite extension of the p-adic numbers Qp.

Let
A ⊂ K be the ring of integers and let m be its maximal ideal.
Let F be a formal group law over A, that is a power series
F (x , y) ∈ A[[x , y ]] with certain properties. It converges for
x , y ∈ m, thereby giving m a groups structure that may differ
from the usual additive one.

The same is true if x and y lie in the maximal ideal m of the
completion of the algebraic closure Qp of K . In this way we
obtain a group structure on m. We will denote this group by mF .

When F is the additive formal group law x + y , then we get the
usual additive group structure on m. In this case there are no
nontrivial elements of finite order.
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The Lubin-Tate construction (continued)
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The Lubin-Tate construction (continued)

Let K be a finite extension of the p-adic numbers Qp. Let
A ⊂ K be the ring of integers and let m be its maximal ideal.
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The Lubin-Tate construction (continued)
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The Lubin-Tate construction (continued)

Let K be a finite extension of the p-adic numbers Qp. Let
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The Lubin-Tate construction (continued)
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The Lubin-Tate construction (continued)
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The Lubin-Tate construction (continued)

Let K be a finite extension of the p-adic numbers Qp. Let
A ⊂ K be the ring of integers and let m be its maximal ideal.
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The Lubin-Tate construction (continued)

Let K be a finite extension of the p-adic numbers Qp. Let
A ⊂ K be the ring of integers and let m be its maximal ideal.
Let F be a formal group law over A, that is a power series
F (x , y) ∈ A[[x , y ]] with certain properties. It converges for
x , y ∈ m, thereby giving m a groups structure that may differ
from the usual additive one.

The same is true if x and y lie in the maximal ideal m of the
completion of the algebraic closure Qp of K . In this way we
obtain a group structure on m. We will denote this group by mF .

When F is the additive formal group law x + y , then we get the
usual additive group structure on m. In this case there are no
nontrivial elements of finite order.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.18

The Lubin-Tate construction (continued)
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The Lubin-Tate construction (continued)
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1.19

The Lubin-Tate construction (continued)

When F is the multiplicative formal group law, we get the usual
multiplicative groups structure on 1 +m. The elements of finite
order are roots of unity congruent to 1 modulo m, i.e., the (pi)th
roots of unity for various i . The field obtained by adjoining all of
these elements to Qp is the maximal totally ramified abelian
extension.

The main result of Lubin-Tate is that we can construct the
maximal abelian totally ramified extension of K in a similar way
with the right formal group law F . In order to specify this
choice, we need the notion of a formal A-module, which is a
formal group law over an A-algebra R with certain additional
structure. Recall that A is the ring of integers in K , a finite
extension of Qp.
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The Lubin-Tate construction (continued)

When F is the multiplicative formal group law, we get the usual
multiplicative groups structure on 1 +m.

The elements of finite
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roots of unity for various i . The field obtained by adjoining all of
these elements to Qp is the maximal totally ramified abelian
extension.
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extension of Qp.
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The Lubin-Tate construction (continued)

When F is the multiplicative formal group law, we get the usual
multiplicative groups structure on 1 +m. The elements of finite
order are roots of unity congruent to 1 modulo m, i.e., the (pi)th
roots of unity for various i .

The field obtained by adjoining all of
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The main result of Lubin-Tate is that we can construct the
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The Lubin-Tate construction (continued)
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roots of unity for various i . The field obtained by adjoining all of
these elements to Qp is the maximal totally ramified abelian
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The main result of Lubin-Tate is that we can construct the
maximal abelian totally ramified extension of K in a similar way
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The Lubin-Tate construction (continued)

When F is the multiplicative formal group law, we get the usual
multiplicative groups structure on 1 +m. The elements of finite
order are roots of unity congruent to 1 modulo m, i.e., the (pi)th
roots of unity for various i . The field obtained by adjoining all of
these elements to Qp is the maximal totally ramified abelian
extension.

The main result of Lubin-Tate is that we can construct the
maximal abelian totally ramified extension of K in a similar way
with the right formal group law F .

In order to specify this
choice, we need the notion of a formal A-module, which is a
formal group law over an A-algebra R with certain additional
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extension of Qp.
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The Lubin-Tate construction (continued)

When F is the multiplicative formal group law, we get the usual
multiplicative groups structure on 1 +m. The elements of finite
order are roots of unity congruent to 1 modulo m, i.e., the (pi)th
roots of unity for various i . The field obtained by adjoining all of
these elements to Qp is the maximal totally ramified abelian
extension.

The main result of Lubin-Tate is that we can construct the
maximal abelian totally ramified extension of K in a similar way
with the right formal group law F . In order to specify this
choice, we need the notion of a formal A-module,

which is a
formal group law over an A-algebra R with certain additional
structure. Recall that A is the ring of integers in K , a finite
extension of Qp.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.19

The Lubin-Tate construction (continued)

When F is the multiplicative formal group law, we get the usual
multiplicative groups structure on 1 +m. The elements of finite
order are roots of unity congruent to 1 modulo m, i.e., the (pi)th
roots of unity for various i . The field obtained by adjoining all of
these elements to Qp is the maximal totally ramified abelian
extension.
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The Lubin-Tate construction (continued)

When F is the multiplicative formal group law, we get the usual
multiplicative groups structure on 1 +m. The elements of finite
order are roots of unity congruent to 1 modulo m, i.e., the (pi)th
roots of unity for various i . The field obtained by adjoining all of
these elements to Qp is the maximal totally ramified abelian
extension.

The main result of Lubin-Tate is that we can construct the
maximal abelian totally ramified extension of K in a similar way
with the right formal group law F . In order to specify this
choice, we need the notion of a formal A-module, which is a
formal group law over an A-algebra R with certain additional
structure. Recall that A is the ring of integers in K , a finite
extension of Qp.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,

• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and

• [mn]F (x) = [m]F ([n]F (x)).
From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n.

When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra,

we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A.

When we can, we say
that F is a formal A-module.



HKR again

Doug Ravenel

Precedents
Atiyah’s theorem

A finiteness theorem

Classical character theory

Morava K -theory Euler
characteristics
Commuting n-tuples

Counting orbits

Generalized
characters
The Lubin-Tate construction

Morava E-theory

The generalized character
theorem

1.20

The Lubin-Tate construction (continued)

For any formal group law F there are power series [n]F (x) for
integers n satisfying

• [1]F (x) = x ,
• [m + n]F (x) = F ([m]F (x), [n]F (x)) and
• [mn]F (x) = [m]F ([n]F (x)).

From now on, we will drop the subscript F .

When F is defined over a Zp-algebra, we can define such
power series for p-adic integers n. When F is defined over an
A-algebra, we may or may not be able to define power series
[a](x) with similar properties for a ∈ A. When we can, we say
that F is a formal A-module.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above.

Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator

and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq .

Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2

and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A.

eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq .

Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li .

Its Galois group is A/(πi)×.
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The Lubin-Tate construction (continued)

Theorem (Lubin-Tate, 1965)

Let A, K and m be as above. Let π ∈ m be a generator and let
A/(π) = Fq . Let f (x) ∈ A[[x ]] be a power series with

f (x) ≡ πx mod (x)2 and f (x) ≡ uxq mod m

for a unit u ∈ A. eg f (x) = πx + xq . Then

(i) There is a unique formal A-module F over A for which
[π]F (x) = f (x).

(ii) The field L obtained by adjoining the elements of finite
order in the A-module mF is the maximal totally ramified
abelian extension of K .

(iii) The Galois group Gal(L : K ) is isomorphic to the group of
units A× in A.

We will denote the splitting field of f (i)(x), the i th iterate of f , by
Li . Its Galois group is A/(πi)×.
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1.22

Morava E-theory

Let K be the degree n unramified extension of Qp.

Its residue
field is Fpn and its ring of integers is W (Fpn). Its Lubin-Tate field
L is the appropriate target for our generalized characters.

Recall that for a fixed prime p and positive integer n, Morava
E-theory En is a commutative ring spectrum with

π∗En = W (Fpn)[[u1,u2, . . . un−1]][u±1]

where ui ∈ π0 and u ∈ π2.

This is a complete local ring with maximal ideal
In = (p,u1, . . . un−1) and residue field Fpn . It is complex
oriented with a height n formal group law. In it we have

[p](x) ≡ px mod (x)2

and [p](x) ≡ upn−1xpn
mod In.
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The generalized character theorem

Generalized character theorem

Let K ⊃ Qp be the degree n unramified extension. It has ring of
integers A = W (Fpn) and maximal ideal (p). Let

ϕ : E∗
n → A

be a ring homomorphism sending In to (p). Then for all finite
groups G there are natural isomorphisms

χG : E∗
n BG ⊗E∗

n
L → Cln,p(G;L),

where L is the Lubin-Tate extension of K and the tensor
product is defined using ϕ. Cln,p(G;L) is the ring of L-valued
functions on conjugacy classes in Gn,p, the set of commuting
n-tuples of elements of p-power order in G. In particular the
rank of this L-vector space is the K (n)∗ Euler characteristic
χG

n,p.
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1.24

The generalized character theorem (continued)

The role of the Lubin-Tate extension here is the following.

The
requirement on f (x) ∈ A[[x ]] in the Lubin-Tate theorem and the
description of [p](x) ∈ E∗

n [[x ]] above are such that we could
define the former by f (x) = ϕ([p](x)) for ϕ as in the
generalized character theorem.

We know that E∗
n BZ/(pi) = E∗

n [[x ]]/([pi ](x)), so ϕ extends to
ring homomorphisms

x_

��

E∗
n BZ/(pi)

ϕi //

��

A[[x ]]/(f (i)(x))

f��

// Li

��
[p](x) E∗

n BZ/(pi+1)
ϕi+1// A[[x ]]/(f (i+1)(x)) // Li+1

where the left vertical map is induced by the surjection
Z/(pi+1) → Z/(pi) and the right one is the inclusion of Li , the
splitting field of f (i)(x), into Li+1.
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The generalized character theorem (continued)
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The generalized character theorem (continued)
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The generalized character theorem (continued)
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The generalized character theorem (continued)
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The generalized character theorem (continued)

The role of the Lubin-Tate extension here is the following. The
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The generalized character theorem (continued)

The role of the Lubin-Tate extension here is the following. The
requirement on f (x) ∈ A[[x ]] in the Lubin-Tate theorem and the
description of [p](x) ∈ E∗

n [[x ]] above are such that we could
define the former by f (x) = ϕ([p](x)) for ϕ as in the
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We know that E∗
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The generalized character theorem (continued)

x_

��

E∗
n BZ/(pi)

ϕi //

��

A[[x ]]/(f (i)(x))

f��

// Li

��
[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G. Since G is

finite it must factor through some Z/(pi)n, so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,
we have an isomorphism α : A → Zn

p. We also have a ring
homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)

x_

��

E∗
n BZ/(pi)

ϕi //

��

A[[x ]]/(f (i)(x))

f��

// Li

��
[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G. Since G is

finite it must factor through some Z/(pi)n, so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,
we have an isomorphism α : A → Zn

p. We also have a ring
homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)
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A[[x ]]/(f (i)(x))
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// Li

��
[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G.

Since G is
finite it must factor through some Z/(pi)n, so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,
we have an isomorphism α : A → Zn

p. We also have a ring
homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)
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E∗
n BZ/(pi)

ϕi //

��

A[[x ]]/(f (i)(x))

f��

// Li

��
[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G. Since G is

finite it must factor through some Z/(pi)n,

so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,
we have an isomorphism α : A → Zn

p. We also have a ring
homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)
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// Li
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[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G. Since G is

finite it must factor through some Z/(pi)n, so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,
we have an isomorphism α : A → Zn

p. We also have a ring
homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)
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ϕi //
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A[[x ]]/(f (i)(x))
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// Li

��
[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G. Since G is

finite it must factor through some Z/(pi)n, so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,
we have an isomorphism α : A → Zn

p. We also have a ring
homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)
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E∗
n BZ/(pi)

ϕi //
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A[[x ]]/(f (i)(x))

f��

// Li

��
[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G. Since G is

finite it must factor through some Z/(pi)n, so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,

we have an isomorphism α : A → Zn
p. We also have a ring

homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)
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ϕi //
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A[[x ]]/(f (i)(x))

f��

// Li
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[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G. Since G is

finite it must factor through some Z/(pi)n, so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,
we have an isomorphism α : A → Zn

p.

We also have a ring
homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)

x_

��

E∗
n BZ/(pi)

ϕi //

��

A[[x ]]/(f (i)(x))

f��

// Li

��
[p](x) E∗

n BZ/(pi+1)
ϕi+1 // A[[x ]]/(f (i+1)(x)) // Li+1

Passing to the colimit as i → ∞, we get a ring homomorphism

ϕ : lim
→
i

E∗
n BZ/(pi) → L.

An element γ ∈ Gn,p is a homomorphism Zn
p → G. Since G is

finite it must factor through some Z/(pi)n, so we get a map

γ∗ : E∗
n BG → lim

→
i

E∗
n BZ/(pi)n

that is invariant under conjugation.

Next note that since A = W (Fpn) is a free Zp-module of rank n,
we have an isomorphism α : A → Zn

p. We also have a ring
homomorphism µ : Z/(pi) → A/(pi).
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The generalized character theorem (continued)

Putting all this together gives, for each γ ∈ Gn,p, a diagram

E∗
n BG

γ∗
// lim

→
i

E∗
n BZ/(pi)n

α∗

lim
→
i

E∗
n BA/(pi)

µ∗

��
lim
→
i

E∗
n BZ/(pi)

ϕ // L

Thus, we have a map Gn,p/G → Hom(E∗
n BG,L), which is dual

to a map E∗
n BG → Cln,p(G;L).

This leads to the character map χG in the theorem.
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The generalized character theorem (continued)

Putting all this together gives, for each γ ∈ Gn,p, a diagram

E∗
n BG

γ∗
// lim

→
i

E∗
n BZ/(pi)n

α∗

lim
→
i

E∗
n BA/(pi)

µ∗

��
lim
→
i

E∗
n BZ/(pi)

ϕ // L

Thus, we have a map Gn,p/G → Hom(E∗
n BG,L),

which is dual
to a map E∗

n BG → Cln,p(G;L).

This leads to the character map χG in the theorem.
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The generalized character theorem (continued)

Putting all this together gives, for each γ ∈ Gn,p, a diagram

E∗
n BG

γ∗
// lim

→
i

E∗
n BZ/(pi)n

α∗

lim
→
i

E∗
n BA/(pi)

µ∗

��
lim
→
i

E∗
n BZ/(pi)

ϕ // L

Thus, we have a map Gn,p/G → Hom(E∗
n BG,L), which is dual

to a map E∗
n BG → Cln,p(G;L).

This leads to the character map χG in the theorem.
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The generalized character theorem (continued)

Putting all this together gives, for each γ ∈ Gn,p, a diagram

E∗
n BG

γ∗
// lim

→
i

E∗
n BZ/(pi)n

α∗

lim
→
i

E∗
n BA/(pi)

µ∗

��
lim
→
i

E∗
n BZ/(pi)

ϕ // L

Thus, we have a map Gn,p/G → Hom(E∗
n BG,L), which is dual

to a map E∗
n BG → Cln,p(G;L).

This leads to the character map χG in the theorem.
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