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The 6; in the theorem is the name given to a hypothetical map
between spheres for which the Arf-Kervaire invariant is
nontrivial. It has long been known that such things can exist
only in dimensions that are 2 less than a power of 2.

6 is known to exist for 1 < j < 5, i.e., in dimensions 2, 6, 14, 30
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The 6; in the theorem is the name given to a hypothetical map
between spheres for which the Arf-Kervaire invariant is
nontrivial. It has long been known that such things can exist
only in dimensions that are 2 less than a power of 2.

6 is known to exist for 1 < j < 5, i.e., in dimensions 2, 6, 14, 30
and 62.

Our theorem says 6; does not exist for j > 7.

The case j = 6 is still open.
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The spectrum ©

We will produce a map S° — ©, where © is a nonconnective
spectrum (meaning that it has nontrivial homotopy groups in
arbitrarily large negative dimensions) with the following
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(i) Detection Theorem. It has an Adams-Novikov spectral
sequence (which is a device for calculating homotopy
groups) in which the image of each 6; is nontrivial. This
means that if §; exists, we will see its image in 7, (©).

(i) Periodicity Theorem. It is 256-periodic, meaning that
m«(©) depends only on the reduction of k modulo 256.

(iii) Gap Theorem. w_5(©) = 0. This property is our zinger.
Its proof involves a new tool we call the slice spectral
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Here again are the properties of ©

(i) Detection Theorem. If §; exists, it has nontrivial image in
m(©).

(i) Periodicity Theorem. m(©) depends only on the reduction
of k modulo 256.

(iii) Gap Theorem. 7_»(©) =0.
(ii) and (iii) imply that mos4(©) = 0.

If 7 € m054(SP) exists, (i) implies it has a nontrivial image in this
group, so it cannot exist.
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of k modulo 256.

(iii) Gap Theorem. 7_»(©) =0.
(ii) and (iii) imply that mos4(©) = 0.
If 7 € m054(SP) exists, (i) implies it has a nontrivial image in this

group, so it cannot exist. The argument for 0; for larger j is
similar, since |0;| = 2/t — 2 = —2 mod 256 for j > 7.
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If 7 € m054(SP) exists, (i) implies it has a nontrivial image in this

group, so it cannot exist. The argument for 0; for larger j is
similar, since |0;| = 2/t — 2 = —2 mod 256 for j > 7.

© will be the fixed point set associated with a Cg-equivariant
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The spectrum © (continued)

Here again are the properties of ©
(i) Detection Theorem. If §; exists, it has nontrivial image in
m(©).

(i) Periodicity Theorem. m(©) depends only on the reduction
of k modulo 256.

(iii) Gap Theorem. 7_»(©) =0.
(ii) and (iii) imply that mos4(©) = 0.

If 7 € m054(SP) exists, (i) implies it has a nontrivial image in this
group, so it cannot exist. The argument for 0; for larger j is
similar, since |0;| = 2/t — 2 = —2 mod 256 for j > 7.

© will be the fixed point set associated with a Cg-equivariant
spectrum © related to the complex cobordism spectrum. As we

will explain below, a G-equivariant spectrum is more than just a
spectrum with a G-action.
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Ordinary spectra

In order to construct the slice spectral sequence, we need
some notions from equivariant stable homotopy theory.
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describing them it will be useful to recall some notions from
ordinary stable homotopy theory.

A prespectrum D is a collection of spaces D, with maps
> D, — Dp 1. The adjoint of the structure map is a map
Dy, — QDp 5.

We get a spectrum E from the prespectrum D by defining

En=limQXDp
k

This makes E, homeomorphic to QE, 1.
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Ordinary spectra (continued)

Example 1. For a space X, let D, = X" X with the obvious
maps.

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra

Equivariant spectra
RO(G)-graded homotopy
Induction and coinduction

The slice spectral

sequence
Postnikov towers
An equivariant version
The slice spectral sequence

MU
Basic properties
MU as a C,-spectrum

Norming up from MU
Refining homotopy

Proof of Gap Theorem

Fixed point sets
Dugger’s example

26



Ordinary spectra (continued)

Example 1. For a space X, let D, = X" X with the obvious
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Ordinary spectra (continued)

For technical reasons it is convenient to
replace the collection {E,} by a collec-
tion {Ey} indexed by finite dimensional
subspaces V of a countably infinite di-
mensional real Euclidean space U called
a universe.
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Ordinary spectra (continued)

For technical reasons it is convenient to
replace the collection {E,} by a collec-
tion {Ey} indexed by finite dimensional
subspaces V of a countably infinite di-
mensional real Euclidean space U called

a universe. This theory is due to Peter
May.

The homotopy type of E\, depends only on the dimension of V
and there are homeomorphisms

E, — QWI-IVIE,  forVc WcU.
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Ordinary spectra (continued)

The homotopy type of E\, depends only on the dimension of V

For technical reasons it is convenient to
replace the collection {E,} by a collec-
tion {Ey} indexed by finite dimensional
subspaces V of a countably infinite di-
mensional real Euclidean space U called
a universe. This theory is due to Peter
May.

and there are homeomorphisms

E, — QWI-IVIE,  forVc WcU.

A map of spectra f : E — E’ is a collection of maps of based

spaces fy : Ey — E|, which commute with the respective

structure maps.
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Equivariant spectra

Let G be a finite group. Experience has shown that in order to
do equivariant stable homotopy theory, one needs G-spaces
Ey indexed by finite dimensional orthogonal representations V
sitting in a countably infinite dimensional orthogonal
representation U.
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Equivariant spectra

Let G be a finite group. Experience has shown that in order to
do equivariant stable homotopy theory, one needs G-spaces
Ey indexed by finite dimensional orthogonal representations V
sitting in a countably infinite dimensional orthogonal
representation U.

This universe U is said to be complete if it contains infinitely
many copies of each irreducible representation of G. A
canonical example of a complete universe for finite G is the
direct sum of countably many copies of the regular real
representation of G.
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G-equivariant spectra (continued)

A G-equivariant spectrum (G-spectrum for short) indexed on U
consists of a based G-spaces E\, for each finite dimensional
subspace V C U together with a transitive system of based
G-homeomorphisms

Ey _Gvw QW-VE,

o

forVcWcU.
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G-equivariant spectra (continued)

A G-equivariant spectrum (G-spectrum for short) indexed on U
consists of a based G-spaces E\, for each finite dimensional
subspace V C U together with a transitive system of based
G-homeomorphisms

Ey— s qW-VE,,
for V. W c U. Here QVX = F(SY, X), the space of

equivariant maps to X from the one point compactification of
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G-equivariant spectra (continued)

A G-equivariant spectrum (G-spectrum for short) indexed on U
consists of a based G-spaces E\, for each finite dimensional
subspace V C U together with a transitive system of based
G-homeomorphisms

Ey— s qW-VE,,
for V. W c U. Here QVX = F(SY, X), the space of

equivariant maps to X from the one point compactification of
V. W — Vis the orthogonal complement of V in W.
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G-equivariant spectra (continued)

A G-equivariant spectrum (G-spectrum for short) indexed on U
consists of a based G-spaces E\, for each finite dimensional
subspace V C U together with a transitive system of based
G-homeomorphisms

Ey _Gvw QW-VE,

for V. W c U. Here QVX = F(SY, X), the space of
equivariant maps to X from the one point compactification of

V. W — Vis the orthogonal complement of V in W. As in the

classical case, the G-homotopy type of E\, depends only on the
isomorphism class of V.
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G-equivariant spectra (continued)

A map of G-spectra f : E — E’ is a collection of maps of based

G-spaces fy : Ey — E|, which commute with the respective
structure maps.
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G-equivariant spectra (continued)

A map of G-spectra f : E — E’ is a collection of maps of based
G-spaces fy : Ey — E|, which commute with the respective
structure maps.

Dropping the requirement that the structure maps be

homeomorphisms gives us a G-prespectrum as in the ordinary
case.
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G-equivariant spectra (continued)

A map of G-spectra f : E — E’ is a collection of maps of based
G-spaces fy : Ey — E|, which commute with the respective
structure maps.

Dropping the requirement that the structure maps be
homeomorphisms gives us a G-prespectrum as in the ordinary
case.

The structure map &v,w is adjoint to a map
ov.w: ZW_VEV — Ew,

where ¥V X is defined to be SY A X.
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G-equivariant spectra (continued)

A map of G-spectra f : E — E’ is a collection of maps of based
G-spaces fy : Ey — E|, which commute with the respective
structure maps.

Dropping the requirement that the structure maps be
homeomorphisms gives us a G-prespectrum as in the ordinary
case.

The structure map &v,w is adjoint to a map
ov.w: ZW_VEV — Ew,
where YV X is defined to be SV A X.

A suspension G-prespectrum is a G-prespectrum in which the
maps above are G-equivalences for V sulfficiently large.
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RO(G)-graded homotopy groups

Given a representation V one has a suspension G-spectrum
¥> 8V, which is often denoted abusively (as in the
nonequivariant case) by SV.
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RO(G)-graded homotopy groups

Given a representation V one has a suspension G-spectrum
¥> 8V, which is often denoted abusively (as in the
nonequivariant case) by SV.

As in the nonequivariant case, to define a prespectrum D it
suffices to define G-spaces DV for a cofinal collection of
representations V.
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RO(G)-graded homotopy groups

Given a representation V one has a suspension G-spectrum
¥> 8V, which is often denoted abusively (as in the
nonequivariant case) by SV.

As in the nonequivariant case, to define a prespectrum D it
suffices to define G-spaces DV for a cofinal collection of
representations V.

We define S~V by saying its Wth space for V ¢ Wis SW-V.
This is the analog of formal desuspension in the
nonequivariant case.
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RO(G)-graded homotopy groups (continued)

Given a virtual representation v = V' — V, we define
S” = ¥V'S~V. Hence we have a collection of sphere spectra
graded over the orthogonal representation ring RO(G).
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RO(G)-graded homotopy groups (continued)

Given a virtual representation v = V' — V, we define
S” = ¥V'S~V. Hence we have a collection of sphere spectra
graded over the orthogonal representation ring RO(G).

We define
7TS;()() = [SV7X]Gv

the group of G-equivariant homotopy classes of maps from S”
to X.
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RO(G)-graded homotopy groups (continued)

Given a virtual representation v = V' — V, we define
S” = ¥V'S~V. Hence we have a collection of sphere spectra
graded over the orthogonal representation ring RO(G).

We define
7TS;()() = [SU7X]Gv
the group of G-equivariant homotopy classes of maps from S”

to X. These are the RO(G)-graded homotopy groups of the
G-spectrum X, denoted by ., (X).
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RO(G)-graded homotopy groups (continued)

Given a virtual representation v = V' — V, we define
S¥ = ¥¥ S~V. Hence we have a collection of sphere spectra
graded over the orthogonal representation ring RO(G).

We define
7TS;()() = [SU7X]Gv

the group of G-equivariant homotopy classes of maps from S”
to X. These are the RO(G)-graded homotopy groups of the
G-spectrum X, denoted by ., (X).

For an integer n,

T (X) = [S". Xle = [S", X°] = mn(X9),

the ordinary nth homotopy group of the fixed point spectrum
XC.
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Inducing and coinducing up to a larger group

Let H C G be groups and let X be a H-space. There are two
ways to get a G-space from it. The corresponding functors are
the left and right adjoints to the forgetful functor from G-spaces
to H-spaces.

There is the induced G-space
GxyX=(GxX)/H
where the action of H on G x X is defined by

n(v,x) = (=", nx)

forne H,ve Gand x € X.
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Inducing and coinducing up to a larger group

Let H C G be groups and let X be a H-space. There are two
ways to get a G-space from it. The corresponding functors are
the left and right adjoints to the forgetful functor from G-spaces
to H-spaces.

There is the induced G-space
GxyX=(GxX)/H

where the action of H on G x X is defined by
(. x) = (v~ 9x)

forn e H,v € Gand x € X. lts underlying space is the disjoint
union of |G/H]| copies of X.
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Inducing and coinducing up to a larger group (continued) Arf Korvaire Ivariant
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There is the coinduced G-space %

map,(G,X) = {femap(G X): f(yn ") = nf(v)
Vn € Hand v € G}
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Inducing and coinducing up to a larger group (continued)

There is the coinduced G-space

map,(G,X) = {femap(G X): f(yn ") = nf(v)
Vn € Hand v € G}

The underlying space here is the Cartesian product XIG/H!.
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Inducing and coinducing up to a larger group (continued)

There is the coinduced G-space

map,(G,X) = {femap(G X): f(yn ") = nf(v)
Vn € Hand v € G}

The underlying space here is the Cartesian product XIG/H!.

There is a based analog of the coinduced G-space in which the
underlying space is the smash product X(IG/HD,
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Inducing and coinducing up to a larger group (continued)

There is the coinduced G-space

map,(G,X) = {femap(G X): f(yn ") = nf(v)
Vn € Hand v € G}

The underlying space here is the Cartesian product XIG/H!.

There is a based analog of the coinduced G-space in which the
underlying space is the smash product X(IG/HD,

It extends to H-spectra. For a H-spectrum X we denote the

coinduced G-spectrum by NSX, the norm of X along the
inclusion H C G.
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Inducing and coinducing up to a larger group (continued)

There is the coinduced G-space
map,(G,X) = {femap(G X): f(yn ") = nf(v)
Vn € Hand v € G}

The underlying space here is the Cartesian product XIG/H!.

There is a based analog of the coinduced G-space in which the
underlying space is the smash product X(IG/HD,

It extends to H-spectra. For a H-spectrum X we denote the
coinduced G-spectrum by NSX, the norm of X along the

inclusion H C G. We will use this construction later to produce
O.
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The classical Postnikov tower

The slice spectral sequence is based an equivariant analog of
the Postnikov tower.
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The classical Postnikov tower

The slice spectral sequence is based an equivariant analog of
the Postnikov tower. First we need to recall some things about
the classical Postnikov tower.
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The classical Postnikov tower

The slice spectral sequence is based an equivariant analog of
the Postnikov tower. First we need to recall some things about
the classical Postnikov tower.

The nth Postnikov section P"X of a space or spectrum X is

obtained by killing all homotopy groups of X above dimension
n by attaching cells.

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra
Spectra
Equivariant spectra
RO(G)-graded homotopy
Induction and coinduction
The slice spectral
sequence

An equivariant version

The slice spectral sequence
MU

Basic properties

MU as a C,-spectrum
Norming up from MU
Refining homotopy

Proof of Gap Theorem

Fixed point sets
Dugger's example



The classical Postnikov tower

The slice spectral sequence is based an equivariant analog of
the Postnikov tower. First we need to recall some things about
the classical Postnikov tower.

The nth Postnikov section P"X of a space or spectrum X is
obtained by killing all homotopy groups of X above dimension
n by attaching cells. The fiber of the map X — P"X is P11 X,
the n-connected cover of X.
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The classical Postnikov tower

The slice spectral sequence is based an equivariant analog of
the Postnikov tower. First we need to recall some things about
the classical Postnikov tower.

The nth Postnikov section P"X of a space or spectrum X is
obtained by killing all homotopy groups of X above dimension
n by attaching cells. The fiber of the map X — P"X is P11 X,
the n-connected cover of X.

These two functors have some universal properties. Let S and

S~ denote the categories of spectra and n-connected spectra.
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The classical Postnikov tower (continued) e
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The classical Postnikov tower (continued)

Then the functor P,.1 : S — S satisfies

e Forall spectra X, Pp 1 X € Ssp.
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The classical Postnikov tower (continued)

Then the functor P,.1 : S — S satisfies
e Forall spectra X, Pp 1 X € Ssp.

e Forall A€ S.,and X € S, the map of function spectra
S(A, Pri1X) = S(A, X) is a weak equivalence.
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The classical Postnikov tower (continued)

Then the functor P,.1 : S — S satisfies
e Forall spectra X, Pp 1 X € Ssp.

e Forall Ae S.,and X € S, the map of function spectra
S(A, Pri1X) — S(A, X) is a weak equivalence.

In other words, the map P,.1X — X is universal among maps
from n-connected spectra to X.
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The classical Postnikov tower (continued)

Then the functor P,.1 : S — S satisfies
e Forall spectra X, Pp 1 X € Ssp.

e Forall Ae S.,and X € S, the map of function spectra
S(A, Pri1X) — S(A, X) is a weak equivalence.

In other words, the map P,.1X — X is universal among maps
from n-connected spectra to X.

Similarly the map X — P"X is universal among maps from X
to spectra which are S< ,-null in the sense that all maps to them
from n-connected spectra are null. In other words,
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The classical Postnikov tower (continued)

Then the functor P,.1 : S — S satisfies
e Forall spectra X, Pp 1 X € Ssp.

e Forall Ae S.,and X € S, the map of function spectra
S(A, Pri1X) — S(A, X) is a weak equivalence.

In other words, the map P,.1X — X is universal among maps
from n-connected spectra to X.

Similarly the map X — P"X is universal among maps from X
to spectra which are S< ,-null in the sense that all maps to them
from n-connected spectra are null. In other words,

e The spectrum P"X is S~ p-null.
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The classical Postnikov tower (continued)

Then the functor P,.1 : S — S satisfies
e Forall spectra X, Pp 1 X € Ssp.

e Forall Ae S.,and X € S, the map of function spectra
S(A, Pri1X) — S(A, X) is a weak equivalence.

In other words, the map P,.1X — X is universal among maps
from n-connected spectra to X.

Similarly the map X — P"X is universal among maps from X
to spectra which are S< ,-null in the sense that all maps to them
from n-connected spectra are null. In other words,

e The spectrum P"X is S~ p-null.

e For any Ss ,-null spectrum Z, the map
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The classical Postnikov tower (continued)

Then the functor P,.1 : S — S satisfies
e Forall spectra X, Pp 1 X € Ssp.

e Forall Ae S.,and X € S, the map of function spectra
S(A, Pri1X) — S(A, X) is a weak equivalence.

In other words, the map P,.1X — X is universal among maps
from n-connected spectra to X.

Similarly the map X — P"X is universal among maps from X
to spectra which are S< ,-null in the sense that all maps to them
from n-connected spectra are null. In other words,

e The spectrum P"X is S~ p-null.
e For any Ss ,-null spectrum Z, the map
S(P"X,Z) — S(X, Z) is an equivalence.

Since S, C S-p_1, there is a natural transformation
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An equivariant Postnikov tower

In what follows G will be an arbitrary finite cyclic 2-group, and
g=1Gl.
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An equivariant Postnikov tower

In what follows G will be an arbitrary finite cyclic 2-group, and
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its regular real representation and for m € Z, let

~

S(mpp) = G Ay S™".

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra
Spectra
Equivariant spectra
RO(G)-graded homotopy
Induction and coinduction
The slice spectral
sequence
Postnikov towers

The slice spectral sequence
MU
Basic properties
MU as a C,-spectrum
Norming up from MU
Refining homotopy
Proof of Gap Theorem

Fixed point sets
Dugger's example



An equivariant Postnikov tower

In what follows G will be an arbitrary finite cyclic 2-group, and
g = |G|. For a subgroup H C G, let h = |H| and let p;, denote
its regular real representation and for m € Z, let

~

S(mpp) = G Ay S™".

The underlying spectrum here is a wedge of g/h copies of S™.

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra
Spectra
Equivariant spectra
RO(G)-graded homotopy
Induction and coinduction
The slice spectral
sequence
Postnikov towers

The slice spectral sequence
MU

Basic properties

MU as a C,-spectrum
Norming up from MU
Refining homotopy

Proof of Gap Theorem

Fixed point sets
Dugger’s example
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In what follows G will be an arbitrary finite cyclic 2-group, and
g = |G|. For a subgroup H C G, let h = |H| and let p;, denote
its regular real representation and for m € Z, let
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In what follows G will be an arbitrary finite cyclic 2-group, and
g = |G|. For a subgroup H C G, let h = |H| and let p;, denote
its regular real representation and for m € Z, let
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An equivariant Postnikov tower

In what follows G will be an arbitrary finite cyclic 2-group, and
g = |G|. For a subgroup H C G, let h = |H| and let p;, denote
its regular real representation and for m € Z, let

~

S(mpp) = G Ay S™".
The underlying spectrum here is a wedge of g/h copies of S™.
Let SC denote the category of G-equivariant spectra. We need

an equivariant analog of S~ . Our choice for this is somewhat
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An equivariant Postnikov tower

In what follows G will be an arbitrary finite cyclic 2-group, and
g = |G|. For a subgroup H C G, let h = |H| and let p;, denote
its regular real representation and for m € Z, let

~

S(mpp) = G Ay S™".

The underlying spectrum here is a wedge of g/h copies of S™.

Let SC denote the category of G-equivariant spectra. We need

an equivariant analog of S~ . Our choice for this is somewhat
novel.

Recall that S~ is the category of spectra built up out of

spheres of dimension > n using arbitrary wedges and mapping
cones.
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An equivariant Postnikov tower (continued)

We will replace the set of sphere spectra by

A= {g(mph), s 1S(mpp): HC G, me Z}.
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An equivariant Postnikov tower (continued)

We will replace the set of sphere spectra by
A= {g(mph), s 1S(mpp): HC G, me Z}.

We will refer to the elements in this set as slice cells or simply
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An equivariant Postnikov tower (continued)

We will replace the set of sphere spectra by
A= {g(mph), s 1S(mpp): HC G, me Z}.
We will refer to the elements in this set as slice cells or simply

cells. Note that Z*2§(mpH) (and larger desuspensions) are
not cells.
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An equivariant Postnikov tower (continued)

We will replace the set of sphere spectra by
A= {g(mph), s 1S(mpp): HC G, me Z}.

We will refer to the elements in this set as slice cells or simply
cells. Note that Z*2§(mp,.,) (and larger desuspensions) are
not cells. A free cell is one of the form §(mp1 ), a wedge of g
spheres permuted by G.
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An equivariant Postnikov tower (continued)

We will replace the set of sphere spectra by
A= {g(mph), s 1S(mpp): HC G, me Z}.

We will refer to the elements in this set as slice cells or simply
cells. Note that ¥ 2S(mpy) (and larger desuspensions) are
not cells. A free cell is one of the form S(mp+), a wedge of g
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An equivariant Postnikov tower (continued)

We will replace the set of sphere spectra by
A= {g(mph), s 1S(mpp): HC G, me Z}.

We will refer to the elements in this set as slice cells or simply
cells. Note that ¥ 2S(mpy) (and larger desuspensions) are
not cells. A free cell is one of the form S(mp+), a wedge of g
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spheres permuted by G. Its desuspension is S((m — 1)p1). A
nonfree cell is said to be isotropic.
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An equivariant Postnikov tower (continued)

We will replace the set of sphere spectra by
A= {g(mph), s 1S(mpp): HC G, me Z}.

We will refer to the elements in this set as slice cells or simply
cells. Note that Z*2§(mp,.,) (and larger desuspensions) are
not cells. A free cell is one of the form §(mp1 ), a wedge of g
spheres permuted by G. Its desuspension is §((m —1)p1). A
nonfree cell is said to be isotropic.

In order to define Sf,,, we need to assign a dimension to each
elementin A, i.e., to each slcie cell.
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An equivariant Postnikov tower (continued)

We will replace the set of sphere spectra by
A= {g(mph), s 1S(mpp): HC G, me Z}.

We will refer to the elements in this set as slice cells or simply
cells. Note that ¥ 2S(mpy) (and larger desuspensions) are
not cells. A free cell is one of the form S(mp+), a wedge of g

~

spheres permuted by G. Its desuspension is S((m — 1)p1). A
nonfree cell is said to be isotropic.

In order to define 85,,, we need to assign a dimension to each
elementin A, i.e., to each slcie cell. We do this in terms of the
underlying spheres, namely

dim S(mpp) =mh and dim X~'S(mpy) = mh—1.
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An equivariant Postnikov tower (continued)

Then SE,, is the category built up out of elements in A of
dimension > n using arbitrary wedges, mapping cones and
smash products with equivariant suspension spectra.
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An equivariant Postnikov tower (continued)

Then an is the category built up out of elements in A of
dimension > n using arbitrary wedges, mapping cones and
smash products with equivariant suspension spectra.

With this definition it is possible to construct functors PZ, , and
PZ with the same formal properties as in the classical case.
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An equivariant Postnikov tower (continued)

Then Sgn is the category built up out of elements in A of
dimension > n using arbitrary wedges, mapping cones and
smash products with equivariant suspension spectra.

With this definition it is possible to construct functors PZ, , and

PZ with the same formal properties as in the classical case.
Thus we get a tower

..4>p8+1x P2X ng1X—>---
A p A
PLIX  oPX  oPiX

in which the inverse limit is X and the direct limit is contractible.
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The slice spectral sequence

We call this the slice tower. GP7X is the nth slice and the

decreasing sequence of subgroups of 7.(X) is the slice
filtration.
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The slice spectral sequence

We call this the slice tower. GP7X is the nth slice and the
decreasing sequence of subgroups of 7.(X) is the slice
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The slice spectral sequence

We call this the slice tower. GP7X is the nth slice and the
decreasing sequence of subgroups of 7.(X) is the slice
filtration. We also get slice filtrations of the RO(G)-graded

homotopy =, (X) and the homotopy groups of fixed point sets
. (XH).

There is an important difference between this tower and the
classical one.
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The slice spectral sequence

We call this the slice tower. GP7X is the nth slice and the
decreasing sequence of subgroups of 7.(X) is the slice
filtration. We also get slice filtrations of the RO(G)-graded

homotopy =, (X) and the homotopy groups of fixed point sets
. (XH).

There is an important difference between this tower and the
classical one. In the classical case the map X — P"X does not
change homotopy groups in dimensions < n.
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The slice spectral sequence

We call this the slice tower. GP7X is the nth slice and the
decreasing sequence of subgroups of 7.(X) is the slice
filtration. We also get slice filtrations of the RO(G)-graded

homotopy =, (X) and the homotopy groups of fixed point sets
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There is an important difference between this tower and the
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The slice spectral sequence

We call this the slice tower. GP7X is the nth slice and the
decreasing sequence of subgroups of 7.(X) is the slice
filtration. We also get slice filtrations of the RO(G)-graded

homotopy =, (X) and the homotopy groups of fixed point sets
. (XH).

There is an important difference between this tower and the
classical one. In the classical case the map X — P"X does not

change homotopy groups in dimensions < n. This is not true in
this equivariant case.

Equivalently, in the classical case, P2 X is an

Eilenberg-Mac Lane spectrum whose nth homotopy group is
that of X.

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra
Spectra
Equivariant spectra
RO(G)-graded homotopy
Induction and coinduction

The slice spectral
sequence

Postnikov towers

An equivariant version

MU

Basic properties

MU as a C,-spectrum
Norming up from MU
Refining homotopy

Proof of Gap Theorem

Fixed point sets
Dugger’s example



The slice spectral sequence

We call this the slice tower. GP7X is the nth slice and the
decreasing sequence of subgroups of 7.(X) is the slice
filtration. We also get slice filtrations of the RO(G)-graded

homotopy =, (X) and the homotopy groups of fixed point sets
. (XH).

There is an important difference between this tower and the
classical one. In the classical case the map X — P"X does not

change homotopy groups in dimensions < n. This is not true in
this equivariant case.

Equivalently, in the classical case, P2 X is an
Eilenberg-Mac Lane spectrum whose nth homotopy group is

that of X. In our case, m.(°P7X) need not be concentrated in
dimension n.
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The slice spectral sequence

We call this the slice tower. GP7X is the nth slice and the
decreasing sequence of subgroups of 7.(X) is the slice
filtration. We also get slice filtrations of the RO(G)-graded

homotopy =, (X) and the homotopy groups of fixed point sets
. (XH).

There is an important difference between this tower and the
classical one. In the classical case the map X — P"X does not

change homotopy groups in dimensions < n. This is not true in
this equivariant case.

Equivalently, in the classical case, P2 X is an

Eilenberg-Mac Lane spectrum whose nth homotopy group is
that of X. In our case, m.(°P7X) need not be concentrated in
dimension n. We will discuss some computational specifics
below.
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The slice spectral sequence (continued)

This means the slice filtration leads to a slice spectral
sequence converging to m..(X) and its variants.

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra
Spectra
Equivariant spectra
RO(G)-graded homotopy
Induction and coinduction
The slice spectral
sequence
Postnikov towers

An equivariant version

MU

Basic properties

MU as a C,-spectrum
Norming up from MU
Refining homotopy

Proof of Gap Theorem

Fixed point sets
Dugger’s example



The slice spectral sequence (continued)

This means the slice filtration leads to a slice spectral
sequence converging to ..(X) and its variants.

One variant has the form
Eé” = WES(GP{X) = 71'tcis()()-

Recall that 78(X) is by definition 7..(X %), the homotopy of the
fixed point set.
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The slice spectral sequence (continued)

This means the slice filtration leads to a slice spectral
sequence converging to ..(X) and its variants.

One variant has the form
Eé” = 7'rtcis(G’DttX) = 71'tcis(x)-

Recall that 78(X) is by definition 7..(X %), the homotopy of the
fixed point set.

This is the spectral sequence we will use to study MU®) and its
relatives.
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The complex cobordism spectrum

MU is the Thom spectrum for the universal complex vector
bundle, which is defined over the classifying space of the
stable unitary group, BU.
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The complex cobordism spectrum

MU is the Thom spectrum for the universal complex vector

bundle, which is defined over the classifying space of the
stable unitary group, BU.

e MU has an action of the group C. via complex conjugation.
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MU as a Co-spectrum

Let p = po denote the real regular representation of Co. It is
isomorphic to the complex numbers C with conjugation.

We define a Co-prespectrum mu by mux, = MU(k), the Thom
space of the universal C*-bundle over BU(k), which is a direct
limit of complex Grassmannian manifolds. The action of C; is
by complex conjugation.

Since any orthogonal representation V of C, is contained in kp
for k > 0, we can define the Cy-spectrum MU by
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MU as a Co-spectrum
This spectrum in known as real cobordism theory MUg. It has

been studied by Landweber, Araki, Hu-Kriz and

Kitchloo-Wilson.

L

Shoro Araki

1930-2005

o

Igr Kriz and Po Hu
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Steve Wilson
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Norming up from MU

We will now construct a spectrum acted on by a larger cyclic
2-group.
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Norming up from MU

We will now construct a spectrum acted on by a larger cyclic
2-group. We apply the norm construction to the case H = C,,
G = Cyn1 and X = MUg. The underlying spectrum of NGMUg
is the 2"-fold smash power MU®2").

Let v € G be a generator and let z; be a point in MU. Then the
action of G on MU®") is given by

Y(Zy N ANZon) =Zon ANZy N+ A Zon_y,

where Zan is the complex conjugate of zon.
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Refinement of homotopy groups

We will need to identify the slices associated with NG MUk.
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Refinement of homotopy groups

We will need to identify the slices associated with NGMUg. The
following notion is helpful.
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Refinement of homotopy groups

We will need to identify the slices associated with NGMUg. The
following notion is helpful.

Definition

Suppose X is a G-spectrum such that its underlying homotopy
group w{/(X) is free abelian.
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Refinement of homotopy

We will need to identify the slices associated with NGMUg. The

following notion is helpful.

Definition

Suppose X is a G-spectrum such that its underlying homotopy
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Refinement of homotopy groups

We will need to identify the slices associated with NGMUg. The
following notion is helpful.

Definition

Suppose X is a G-spectrum such that its underlying homotopy
group w{/(X) is free abelian. A refinement of ©/(X) is an
equivariant map

in which W is a wedge of slice cell of dimensions k whose
underlying spheres represent a basis of w/(X).

Recall that 7..(MU) is concentrated in even dimensions and is
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Refinement of homotopy

We will need to identify the slices associated with NGMUg. The

following notion is helpful.

Definition

Suppose X is a G-spectrum such that its underlying homotopy
group w{/(X) is free abelian. A refinement of ©/(X) is an

equivariant map

in which W is a wedge of slice cell of dimensions k whose
underlying spheres represent a basis of w/(X).

Recall that 7..(MU) is concentrated in even dimensions and is
free abelian. mox(MU) is refined by an map from a wedge of

copies of §(kp2).
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The refinement of 7¢(MU®))

7Y(MU®) is a polynomial algebra with 4 generators in every

positive even dimension.
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The refinement of 7¢(MU®))

7Y(MU®) is a polynomial algebra with 4 generators in every
positive even dimension. We will denote the generators in
dimension 2/ by r;(j) for 1 <j < 4.
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The refinement of 7¢(MU®))

7Y(MU®) is a polynomial algebra with 4 generators in every
positive even dimension. We will denote the generators in
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The refinement of 7¢(MU®))

7Y(MU®) is a polynomial algebra with 4 generators in every
positive even dimension. We will denote the generators in

dimension 2/ by r;(j) for 1 < j < 4. The action of a generator
~ € G = Cg is given by

) n(j+1) for1<j<3
(ri(7)) ={ (=1)r(1) forj=4.

We will explain how 7¢(MU®™) can be refined.
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The refinement of 7¢(MU®))

7Y(MU®) is a polynomial algebra with 4 generators in every
positive even dimension. We will denote the generators in

dimension 2/ by r;(j) for 1 < j < 4. The action of a generator
~ € G = Cg is given by
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The refinement of 7¢(MU®))

7Y(MU®) is a polynomial algebra with 4 generators in every
positive even dimension. We will denote the generators in

dimension 2/ by r;(j) for 1 < j < 4. The action of a generator
~ € G = Cg is given by

, n(j+1) for1<j<3
(ri(7)) ={ (=1)r(1) forj=4.

We will explain how 7¢(MU®™) can be refined.
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The refinement of 7¢(MU®))

7Y(MU®) is a polynomial algebra with 4 generators in every
positive even dimension. We will denote the generators in

dimension 2/ by r;(j) for 1 < j < 4. The action of a generator
~ € G = Cg is given by

, n(j+1) for1<j<3
(ri(7)) ={ (=1)r(1) forj=4.

We will explain how 7¢(MU®™) can be refined.

74(MU®) has 4 generators ry(j) that are permuted up to sign
by G. It is refined by an equivariant map

/M\/1 = §(p2) — MU(4).

Recall that the underlying spectrum of W isa wedge of 4
copiesof S2.
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The refinement of 7¢(MU®) (continued)

In 7¢(MU®) there are 14 monomials that fall into 4 orbits
under the action of G, each corresponding to a map from a

S(mph).
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The refinement of 7¢(MU®) (continued)

In 7¢(MU®) there are 14 monomials that fall into 4 orbits
under the action of G, each corresponding to a map from a

S(mph).

S(2p2) «— {n(1)2 n(2)? n(3) n(4)}

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra

Spectra

Equivariant spectra

RO(G)-graded homotopy

Induction and coinduction
The slice spectral
sequence

Postnikov towers

An equivariant version
The slice spectral sequence
MU

Basic properties

MU as a C,-spectrum
Norming up from MU

Proof of Gap Theorem

Fixed point sets
Dugger's example



The refinement of 7¢(MU®) (continued)

In 7¢(MU®) there are 14 monomials that fall into 4 orbits
under the action of G, each corresponding to a map from a

o~

S(mph).

S(2p2) «— {n(1)2 n(2)? n(3) n(4)}
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The refinement of 7¢(MU®) (continued)

In 7¢(MU®) there are 14 monomials that fall into 4 orbits
under the action of G, each corresponding to a map from a
S(mph).

(202) +— {n(1)% n ri(3)% n(4)*}

(2pz) «— {n(1 )f1(2) ( )r1(3), r1(3)ri(4), n(4)ri (1)}
(2p2) «— {r(1), r(2), 2(3), r2(4)}
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The refinement of 7¢(MU®) (continued) A solution o the

Arf-Kervaire invariant

problem
Mike Hill
Doug Ravenel
In 7¢(MU®) there are 14 monomials that fall into 4 orbits
under the action of G, each corresponding to a map from a %
S(mph). 4
Our strategy
S(2p2) «— {n(1)2 n(2)% ri(3)2, r(4)?} T
S(2p2) «— {n(Mr(2), n(2)r(3), n(3)n(4), rn(4)r(1)} PG
S(2p2) +— {r(1), r2(2), r2(3), r2(4)} s i
S(pa) «— {n(1)n(3), n(2)rr(4)} 100 e spectl
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The refinement of 7¢(MU®) (continued)

In 7¢(MU®) there are 14 monomials that fall into 4 orbits
under the action of G, each corresponding to a map from a

§(mph).
S(2p2) «— {n(1)2 n(2)? n(3) n(4)}
S(2p2) +— {n()n(2), n(2)r(3), n(3)r(4), n(4)r(1)}
§(2p2) «— {r(1), n(2), =(3), r(4)}
S(pa) — {n(Mn(3), n(2)r(4)}
(Recall that S(p4) is underlain by S* v %))
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The refinement of 7¢(MU®) (continued)

In 7¢(MU®) there are 14 monomials that fall into 4 orbits
under the action of G, each corresponding to a map from a

§(mph).

S(2p2) +— {n(1)2 n(2)2 r(3)2 n(4)?}

S(p2) +— {n(Dri(2), n(2)n(3), n(3)n(4), n(4)r(1)}
S(2p2) «— {r(1), n(2), r(3), ra(4)}

S(pa) — {n(Mr(3), n(2)r(4)}

(Recall that S(p4) is underlain by $* v S*.) It follows that
m¢(MU®) is refined by an equivariant map from

Wo = S(2p2) V S(2p2) V S(pa) V S(2p2).
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The refinement of 7¢(MU®) (continued)

A similar analysis can be made in any even dimension and for

any cyclic 2-group G. G always permutes monomials up to
sign.
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The refinement of 7¢(MU®) (continued)

A similar analysis can be made in any even dimension and for
any cyclic 2-group G. G always permutes monomials up to
sign. In 7¢(MU®™) the first case of a singleton orbit occurs in
dimension 8, namely

~

S(ps) «— {n(1)rn(2)r(3)r(4)}.
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The refinement of 7¢(MU®) (continued)

A similar analysis can be made in any even dimension and for
any cyclic 2-group G. G always permutes monomials up to

sign. In 7¥(MU™)) the first case of a singleton orbit occurs in
dimension 8, namely

~

S(ps) «— {n(1)rn(2)r(3)r(4)}.

Note that the free cell §(kp1) never occurs as a wedge
summand of W.
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The refinement of 7¢(MU®) (continued)

A similar analysis can be made in any even dimension and for
any cyclic 2-group G. G always permutes monomials up to

sign. In 7¢(MU®™)) the first case of a singleton orbit occurs in
dimension 8, namely

~

S(ps) «— {n(1)rn(2)r(3)r(4)}.

Note that the free cell §(kp1) never occurs as a wedge
summand of W.

A large portion of our paper is devoted to proving that the slice
spectral sequence has the desired properties.
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The refinement of 7¢(MU®) (continued)

A similar analysis can be made in any even dimension and for
any cyclic 2-group G. G always permutes monomials up to
sign. In 7¢(MU®) the first case of a singleton orbit occurs in
dimension 8, namely

~

S(ps) «— {n(1)rn(2)r(3)r(4)}.

Note that the free cell §(kp1) never occurs as a wedge
summand of W.

A large portion of our paper is devoted to proving that the slice
spectral sequence has the desired properties. From now on we
will drop the symbol G from the functors P", P,.1 and P}.
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The slice spectral sequence (continued) S
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The slice spectral sequence (continued) LT
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Slice Theorem
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The slice spectral sequence (continued)

Slice Theorem

In the slice tower for MU'9/2) | every odd slice is contractible

and P27 = W, A HZ, where W, is the wedge of slice cells
indicated above and HZ is the integer Eilenberg-Mac Lane

spectrum. W, never has any free summands.
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The slice spectral sequence (continued)

Slice Theorem

In the slice tower for MU'9/2), every odd slice is contractible
and P37 = W, A HZ, where W, is the wedge of slice cells
indicated above and HZ is the integer Eilenberg-Mac Lane

spectrum. W, never has any free summands.

Thus we need to find the groups

78(W(mpp) A HZ) = 7H(8™n A HZ).
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The slice spectral sequence (continued)

Slice Theorem

In the slice tower for MU'9/2) | every odd slice is contractible

and P27 = W, A HZ, where W, is the wedge of slice cells
indicated above and HZ is the integer Eilenberg-Mac Lane

spectrum. W, never has any free summands.

Thus we need to find the groups
78(W(mpp) A HZ) = 7H(8™n A HZ).
We need this for all integers m because eventually we will

obtain the spectrum © by inverting a certain element in
755, (MU®). Here is what we will learn.
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Computing 7&(W(mpp) A HZ)

Vanishing Theorem

e Form>0, wH(S™n A HZ) = 0 for k < m and for k > mh.
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Computing 7&(W(mpp) A HZ)

Vanishing Theorem

e Form>0, wH(S™n A HZ) = 0 for k < m and for k > mh.

e Form<0andh>1,nt(S™n A HZ) = 0 for k < hm, and
fork >m—3
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Computing 7&(W(mpp) A HZ)

Vanishing Theorem

e Form >0, 7t (8™ N HZ) = 0 for k < m and for k > mh.

e Form<0andh>1,nt(S™n A HZ) = 0 for k < hm, and
for k > m — 3 except in the case (h, m) = (2,—2) when
7H, (S22 A HZ) = Z.
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Computing 7&(W(mpp) A HZ)

Vanishing Theorem

e Form >0, 7t (8™ N HZ) = 0 for k < m and for k > mh.

e Form<0andh>1,nt(S™n A HZ) = 0 for k < hm, and
for k > m — 3 except in the case (h, m) = (2,—2) when
7, (S22 A HZ) = Z.

Gap Corollary

For h > 1 and all integers m, =l (S™ A HZ) = 0 for

—4 < k <0.
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Computing 7&(W(mpp) A HZ)

Vanishing Theorem

e Form >0, 7t (8™ N HZ) = 0 for k < m and for k > mh.

e Form<0andh>1,nt(S™n A HZ) = 0 for k < hm, and
for k > m — 3 except in the case (h, m) = (2,—2) when
7, (S22 A HZ) = Z.

Gap Corollary

For h > 1 and all integers m, =l (S™ A HZ) = 0 for
—4 <k<O0.

This means a similar statement must hold for ¢¢(8) = =, (©),
which gives the Gap Theorem.
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Computing 7&(W(mps) A HZ) (continued) ArtKervaie ivariant

Here is a picture of some slices S A HZ. probiem
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Computing 7¢(W(mpp) A HZ) (continued)
Here is a picture of some slices S™s A HZ.
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Computing 7¢(W(mpp) A HZ) (continued) A solution to the
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problem
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Computing 7¢(W(mpp) A HZ) (continued) A solution to the

Arf-Kervaire invariant
problem
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Computing 7¢(W(mpp) A HZ) (continued) A solution to the

Arf-Kervaire invariant
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Computing 7¢(W(mpp) A HZ) (continued) A solution to the

Arf-Kervaire invariant
problem
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between certain black lines with slopes 0 and orchid lines 4
with slope 7, and are concentrated on diagonals where tis  ourstategy
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Computing 7¢(W(mpp) A HZ) (continued) A solution to the

Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢ Note that all elements are in the first and third quadrants %
between certain black lines with slopes 0 and orchid lines 4
with slope 7, and are concentrated on diagonals where tis  ourstategy
divisible by 8. Lo

e Bullets, circles and diamonds indicate cyclic groups of o arant spectra
order 2, 4 and 8, and boxes indicate copies of the integers. s

e A similar picture for S+ A HZ would be confined to the e
regions between the black lines and blue lines with slope 3 e
and concentrated on diagonals where t is divisible by 4. Posinkov tovers
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Computing 7¢(W(mpp) A HZ) (continued)

¢ Note that all elements are in the first and third quadrants
between certain black lines with slopes 0 and orchid lines
with slope 7, and are concentrated on diagonals where t is
divisible by 8.

e Bullets, circles and diamonds indicate cyclic groups of
order 2, 4 and 8, and boxes indicate copies of the integers.

e A similar picture for S™+ A HZ would be confined to the
regions between the black lines and blue lines with slope 3
and concentrated on diagonals where t is divisible by 4.

e A similar picture for S™2 A HZ would be confined to the
regions between the black lines and
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Computing 7¢(W(mpp) A HZ) (continued)

¢ Note that all elements are in the first and third quadrants
between certain black lines with slopes 0 and orchid lines
with slope 7, and are concentrated on diagonals where t is
divisible by 8.

e Bullets, circles and diamonds indicate cyclic groups of
order 2, 4 and 8, and boxes indicate copies of the integers.

e A similar picture for S™+ A HZ would be confined to the
regions between the black lines and blue lines with slope 3
and concentrated on diagonals where t is divisible by 4.

e A similar picture for S™2 A HZ would be confined to the
regions between the black lines and
and concentrated on diagonals where t is divisible by 2.
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Computing 7¢(W(mpp) A HZ) (continued)

e The slice spectral sequence for MU®) is concentrated in

the first quadrant and confined by the same vanishing
lines.
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Computing 7¢(W(mpp) A HZ) (continued)

e The slice spectral sequence for MU®) is concentrated in

the first quadrant and confined by the same vanishing
lines.

e Later we will invert elements in 7, (MU®)).
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Computing 7¢(W(mpp) A HZ) (continued)

e The slice spectral sequence for MU®) is concentrated in
the first quadrant and confined by the same vanishing
lines.

e Later we will invert elements in 7, (MU®). The fact that

S~ A S(mpp) = S((m — 8/h)py).
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Computing 7¢(W(mpp) A HZ) (continued)

e The slice spectral sequence for MU®) is concentrated in

the first quadrant and confined by the same vanishing
lines.

e Later we will invert elements in 7, (MU®). The fact that

S~ A S(mpp) = S((m — 8/h)py).

means that the resulting slice spectral sequence is

confined to the regions of the first and third quadrants
shown in the picture.
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The proof of the Vanishing Theorem

Assuming the Slice Theorem, the proofs of the Vanishing
Theorem and Gap Corollary are surprisingly easy.
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The proof of the Vanishing Theorem

Assuming the Slice Theorem, the proofs of the Vanishing
Theorem and Gap Corollary are surprisingly easy.

We begin by constructing an equivariant cellular chain complex

C(mpg). for ST, where m > 0. In it the cells are permuted by
the action of G.
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The proof of the Vanishing Theorem

Assuming the Slice Theorem, the proofs of the Vanishing
Theorem and Gap Corollary are surprisingly easy.

We begin by constructing an equivariant cellular chain complex
C(mpg). for ST, where m > 0. In it the cells are permuted by
the action of G. It is a complex of Z|G]-modules and is
determined by fixed point data of S™s,
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The proof of the Vanishing Theorem

Assuming the Slice Theorem, the proofs of the Vanishing
Theorem and Gap Corollary are surprisingly easy.

We begin by constructing an equivariant cellular chain complex
C(mpg). for ST, where m > 0. In it the cells are permuted by
the action of G. It is a complex of Z|G]-modules and is
determined by fixed point data of S™?¢. For H C G we have

(Smpg)H _ Smg/h
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The proof of the Vanishing Theorem

Assuming the Slice Theorem, the proofs of the Vanishing
Theorem and Gap Corollary are surprisingly easy.

We begin by constructing an equivariant cellular chain complex
C(mpg). for ST, where m > 0. In it the cells are permuted by
the action of G. It is a complex of Z|G]-modules and is
determined by fixed point data of S™?¢. For H C G we have

(Smpg)H _ Smg/h

This means there is a G-CW-complex with one cell in
dimension m, two cells in each dimension from m+ 1 to 2m,
four cells in each dimension from 2m + 1 to 4m, and so on.
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The proof of the Vanishing Theorem (continued)

In other words,

0 fork <m
y4 fork=m

Z[G/H] formg/2h < k <mg/hand h< g
0 for k > gm

C(mpg)k =
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The proof of the Vanishing Theorem (continued)

In other words,

0 fork <m

z fork=m

Z[G/H] formg/2h < k <mg/hand h< g
0 for k > gm

C(mpg)k =

Each of these is a cyclic Z[G]-module.
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The proof of the Vanishing Theorem (continued)

In other words,

0 fork <m

z fork=m

Z[G/H] formg/2h < k <mg/hand h< g
0 for k > gm

C(mpg)k =

Each of these is a cyclic Z[G]-module. The boundary operator
is determined by the fact that H.(C(mpg)) = H.(S97).
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The proof of the Vanishing Theorem (continued)

In other words,

0 fork <m

z fork=m

Z[G/H] formg/2h < k <mg/hand h< g
0 for k > gm

C(Mpg)k =
Each of these is a cyclic Z[G]-module. The boundary operator
is determined by the fact that H.(C(mpg)) = H.(S97).

Then we have

78(S™s A HZ) = H. (Homgg)(Z, C(mpy)))-

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra

Spectra

Equivariant spectra

RO(G)-graded homotopy

Induction and coinduction
The slice spectral
sequence

Postnikov towers

An equivariant version
The slice spectral sequence
MU

Basic properties

MU as a C,-spectrum
Norming up from MU
Refining homotopy

Fixed point sets
Dugger’s example

2.36



The proof of the Vanishing Theorem (continued)

These groups are nontrivial only for m < k < gm, which gives
the Vanishing Theorem for m > 0.
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The proof of the Vanishing Theorem (continued)

These groups are nontrivial only for m < k < gm, which gives
the Vanishing Theorem for m > 0.

We will look at the bottom three groups in the complex
Homz|g)(Z, C(mpg).).
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The proof of the Vanishing Theorem (continued)

These groups are nontrivial only for m < k < gm, which gives
the Vanishing Theorem for m > 0.

We will look at the bottom three groups in the complex

Homgzg)(Z, C(mpg).). Since C(mpg), is a cyclic Z[G]-module,
the Hom group is always Z.
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The proof of the Vanishing Theorem (continued)

These groups are nontrivial only for m < k < gm, which gives
the Vanishing Theorem for m > 0.

We will look at the bottom three groups in the complex

Homgzg)(Z, C(mpg).). Since C(mpg), is a cyclic Z[G]-module,
the Hom group is always Z.

For m > 1 we have

C(mpg)m  C(Mpg)m-+1 C(mpg)m+2

. H

0 Z<—Z[C] < Z|C)] ~—— ..
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The proof of the Vanishing Theorem (continued)

Applying Homzg(Z, -) to this gives (in dimensions < 2m)

z

m

z

z

m+1

m+2

z

m+3

p4
m+4
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The proof of the Vanishing Theorem (continued)

Applying Homzg(Z, -) to this gives (in dimensions < 2m)

z<2 7<% 7.2 7.0 <
m m+1 m+42 m+3 m+i+4

so for m > 0,

78(8™e A HZ) = Z)2
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The proof of the Vanishing Theorem (continued)

Applying Homzg(Z, -) to this gives (in dimensions < 2m)

z<2 7<% 7.2 7.0 <
m m+1 m+42 m+3 m+i+4

so for m > 0,

78(8™e A HZ) = Z)2
78, (8™ AHZ) = 0
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The proof of the Vanishing Theorem (continued)

Applying Homzg(Z, -) to this gives (in dimensions < 2m)

z

2 0

y Ry
m m-+1
so for m > 0,

78(8™e A HZ)
78, 1(S™ A HZ)

78 (8™ A HZ)

m+2

Z Z
m+3 m-+4

Z/2

0

0 form=1andg=2
y4 form=2andg=2
Z/2 otherwise.
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The proof of the Vanishing Theorem (continued)

For the negative multiples of pg, S™™9 is the equivariant
Spanier-Whitehead dual of S"s,
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The proof of the Vanishing Theorem (continued)

For the negative multiples of pg, S™™9 is the equivariant
Spanier-Whitehead dual of S™?¢.This means that

78(S™™s A HZ) = H,(Homg|g(C(mpg), Z)).
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The proof of the Vanishing Theorem (continued)

For the negative multiples of pg, S™™9 is the equivariant
Spanier-Whitehead dual of S™?¢.This means that

78(S™™s A HZ) = H,(Homg|g(C(mpg), Z)).

Applying the functor Homgzg(-, Z) to our chain complex gives a
cochain complex beginning with

z— ' >z .7 2 .7 0 .7

-m -m-—1 -m-2
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The proof of the Vanishing Theorem (continued)

For the negative multiples of pg, S™™9 is the equivariant
Spanier-Whitehead dual of S™?¢.This means that

78(S™™s A HZ) = H,(Homg|g(C(mpg), Z)).

Applying the functor Homgzg(-, Z) to our chain complex gives a
cochain complex beginning with

z— ' >z .7 2 .7 0 .7

—m

—m—1 -m-2 -m-3 —-m-—4

The critical fact here is the difference in behavior of the map
€ : Z[C2] — Z under the functors Homg;g|(Z, -) and
Homgzg|(+, Z).
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The proof of the Vanishing Theorem (continued)

For the negative multiples of pg, S™™9 is the equivariant
Spanier-Whitehead dual of S™?¢.This means that

78(S™™s A HZ) = H,(Homg|g(C(mpg), Z)).

Applying the functor Homgzg(-, Z) to our chain complex gives a
cochain complex beginning with

z— ' >z .7 2 .7 0 .7

—m

—m—1 -m-2 -m-3 —-m-—4
The critical fact here is the difference in behavior of the map
€ : Z[C2] — Z under the functors Homg;g|(Z, -) and
Homg|g (-, Z). They convert it to maps of degrees 2 and 1

respectively.

A solution to the
Arf-Kervaire invariant
problem

Mike Hill
Mike Hopkins
Doug Ravenel

¢

Our strategy
The main theorem
The spectrum ©

Equivariant spectra

Spectra

Equivariant spectra

RO(G)-graded homotopy

Induction and coinduction
The slice spectral
sequence

Postnikov towers

An equivariant version
The slice spectral sequence
MU

Basic properties

MU as a C,-spectrum
Norming up from MU
Refining homotopy

Fixed point sets
Dugger’s example

239



The proof of the Vanishing Theorem (continued)

For m < 0 this gives
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The proof of the Vanishing Theorem (continued)

For m < 0 this gives

78(8Ms A\ HZ)

0
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The proof of the Vanishing Theorem (continued)

For m < 0 this gives

78(8Ms A\ HZ)
78 (8™ A HZ)
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The proof of the Vanishing Theorem (continued)

For m < 0 this gives
r8(SMs A HZ) =
78 (8™ A HZ)

0
0
G m, _ Z for (ga m) = (2?2)
Tm-2(S™ NHZ) = { 0 otherwise
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The proof of the Vanishing Theorem (continued)

For m < 0 this gives

r8(8™s A HZ) =
78 (S™9 A HZ) =
for (g.m) = (2,2)
otherwise

y4
0
0 for (g,m) =(2,1) or (2,2)
Z/2 otherwise

78 ,(S™e A HZ

) =
T 3(S™ ANHZ) =

{
{
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The proof of the Vanishing Theorem (continued) e L
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Fixed point sets and homotopy fixed point sets

A pointed G-space X (where G acts trivially on the base point)
has a fixed point set X@, which can be thought of as the space
of equivariant pointed maps to X, from S° (with trivial
G-action),

MapS(S°, X).
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Fixed point sets and homotopy fixed point sets

A pointed G-space X (where G acts trivially on the base point)
has a fixed point set X@, which can be thought of as the space

of equivariant pointed maps to X, from S° (with trivial
G-action),

MapZ(S°, X).
The homotopy fixed point set X is the space

Mapf(EG-‘ra X)
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Fixed point sets and homotopy fixed point sets

A pointed G-space X (where G acts trivially on the base point)
has a fixed point set X@, which can be thought of as the space

of equivariant pointed maps to X, from S° (with trivial
G-action),

MapZ(S°, X).
The homotopy fixed point set X is the space
Mapf(EG-‘ra X)

where EG, is a contractible free G-space EG with disjoint base
point.
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Fixed point sets and homotopy fixed point sets

A pointed G-space X (where G acts trivially on the base point)
has a fixed point set X@, which can be thought of as the space
of equivariant pointed maps to X, from S° (with trivial
G-action),

MapS(S°, X).

The homotopy fixed point set X is the space
Mapf(EG-‘ra X)

where EG, is a contractible free G-space EG with disjoint base

point. The homotopy type of X"¢ is independent of the choice
of EG.
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Fixed point sets and homotopy fixed point sets A solution lo the

Arf-Kervaire invariant

problem
A pointed G-space X (where G acts trivially on the base point) Mike Hill
has a fixed point set X, which can be thought of as the space Doug Ravene!
of equivariant pointed maps to X, from S° (with trivial
G-action), %
MapC(S°, X). {

Our stratet
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The spectrum ©

G Equivariant spectra
M. ap, (EG+? X )

Spectra
Equivariant spectra
RO(G)-graded homotopy

where EG, is a contractible free G-space EG with disjoint base  nuwionana coinducton

point. The homotopy type of X"C is independent of the choice Mol
of EG. Postnikov towers

An equivariant version
The slice spectral sequence

The equivariant pointed map EG, — S° induces a map My
. . . . Basic properties
X@ — X"G, which in general is not an equivalence. P p—

Norming up from MU
Refining homotopy

Proof of Gap Theorem

Dugger's example



Fixed point sets and homotopy fixed point sets A solution lo the

Arf-Kervaire invariant

problem
A pointed G-space X (where G acts trivially on the base point) Mike Hill
has a fixed point set X, which can be thought of as the space Doug Ravene!
of equivariant pointed maps to X, from S° (with trivial
G-action),
MapC(S°, X). {
Our strate
The homotopy fixed point set X"C is the space ;:emam‘mif,zm
Mapf(EG.;,_, X) E;l:ic\:zriant spectra

Equivariant spectra
RO(G)-graded homotopy

where EG, is a contractible free G-space EG with disjoint base  nuwionana coinducton

point. The homotopy type of X"C is independent of the choice The slice spectral
sequence
of EG Postnikov towers
An equivariant version
The slice spectral sequence
The equivariant pointed map EG, — S° induces a map My
. . . . Basic properties
X@ — XhG which in general is not an equivalence. For Ee LA
example, if G acts trivially on X, then X€ = X while RN/
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Fixed point sets and homotopy fixed point sets (continued)

There are similar constructions in the category of spectra.
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Fixed point sets and homotopy fixed point sets (continued)

There are similar constructions in the category of spectra.

There is a homotopy fixed point set spectral sequence for
computing . (X"%) with

E> = H*(G: m.(X)).
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Fixed point sets and homotopy fixed point sets (continued)

There are similar constructions in the category of spectra.

There is a homotopy fixed point set spectral sequence for
computing . (X"%) with

E> = H*(G: m.(X)).

In cases where X is closely related to MU, this coincides with
the Adams-Novikov spectral sequence for ., (X"9).
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Fixed point sets and homotopy fixed point sets (continued)

There are similar constructions in the category of spectra.

There is a homotopy fixed point set spectral sequence for
computing . (X"%) with

E> = H*(G: m.(X)).

In cases where X is closely related to MU, this coincides with
the Adams-Novikov spectral sequence for ., (X"9).

The slice spectral sequence computes ., (X%).
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Fixed point sets and homotopy fixed point sets (continued)

For our Cg-spectrum © we have the following.
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Fixed point sets and homotopy fixed point sets (continued)

For our Cg-spectrum © we have the following.

Fixed Point Theorem

The map © = 6% — ©h% js an equivalence.
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Fixed point sets and homotopy fixed point sets (continued)

For our Cg-spectrum © we have the following.
Fixed Point Theorem
The map © = 6% — ©h% js an equivalence.

This is critical to our proof for the following reasons.
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Fixed point sets and homotopy fixed point sets (continued)

For our Cg-spectrum © we have the following.
Fixed Point Theorem
The map © = 6% — ©h% js an equivalence.

This is critical to our proof for the following reasons.

e The slice spectral sequence computes 7.(©) and shows
that 7T_2(e) =0.
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Fixed point sets and homotopy fixed point sets (continued)

For our Cg-spectrum © we have the following.

Fixed Point Theorem
The map © = 6% — 8" s an equivalence.

This is critical to our proof for the following reasons.
e The slice spectral sequence computes 7.(©) and shows
that 7T_2(e) =0.

e The elements ¢; are known to have nontrivial images in the

homotopy fixed point spectral sequence converging to
Ws(@hc& )
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Fixed point sets and homotopy fixed point sets (continued)

For our Cg-spectrum © we have the following.

Fixed Point Theorem
The map © = 6% — 8" s an equivalence.

This is critical to our proof for the following reasons.
e The slice spectral sequence computes 7.(©) and shows
that 7T_2(@) =0.

e The elements ¢; are known to have nontrivial images in the
homotopy fixed point spectral sequence converging to
Ws(@hcg).

e The two spectral sequences are different, but by the result
above, they converge to the same thing.
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Dugger’s example

Here we consider K, the spectrum for complex K-theory, as a
C»-equivariant spectrum.
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Dugger’s example

Here we consider K, the spectrum for complex K-theory, as a

Co-equivariant spectrum. It is known that K¢ and K" are

both KO, the spectrum for real K-theory.

Here is the homotopy fixed point spectral sequence for 7. (KO).
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The slice spectral sequence for KO

Here is the slice spectral sequence for
the actual fixed point set. It was originally
studied by Dan Dugger.
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