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ABSTRACT

In this paper we detect invariants in the comodule consisting of [-elements over the Hopf
algebroid (A(m + 1), G(m + 1)) defined in[Rav02], and we show that some related Ext groups
vanish below a certain dimension. The result obtained here will be extensively used in [NR] to
extend the range of our knowledge for 7. (7(m)) obtained in[Rav02].
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1. Introduction

In this paper we describe some tools needed in the method of infinite descent, which is an
approach to finding the Es-term of the Adams-Novikov spectral sequence converging to the
stable homotopy groups of spheres. It is the subject of [Rav86, Chapter 7], [Rav04, Chapter 7]
and [Rav02].

We begin by reviewing some notation. Fix a prime p. Recall the Brown-Peterson spectrum
BP. Its homotopy groups and those of BP A BP are known to be polynomial algebras

7(BP) = Z)[v1, v2...] and BP,(BP) = BP,[t1, t2...].
In [Rav86, Chapter 6] the second author constructed intermediate spectra

S0, =1(0) T(1) T(2) T(3) —>--- —> BP

with T'(m) is equivalent to BP below the dimension of v,,1. This range of dimensions grows
exponentially with m. T(m) is a summand of p-localization of the Thom spectrum of the
stable vector bundle induced by the map QSU(p™) — wSU = BU. In [Rav02] we constructed
truncated versions 7'(m) ;) for j > 0 with
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These spectra satisfy
BP.(T(m)) = me(BP)[t1,...,tm]
and BP.(T(m)(;)) = BP.(T(m)) {th, . 1:0< (< p’}

Thus T'(m) ;) has p? ‘cells,” each of which is a copy of T'(mn).
For each m > 0 we define a Hopf algebroid

I'(m+1) = (BP., BP.(BP)/(t1,t2,...,tm))
= BP.[tm+1,tm+2; - -]
with structure maps inherited from BP,(BP), which is I'(1) by definition. Let
A = BP,,
A(m) = Zp[v1, ..., U]
and Gm+1) = A(m ~+ 1)[tm+1]
with ¢,,41 primitive. Then there is a Hopf algebroid extension

(Alm+1),G(m+1)) = (A, T(m+1)) — (A, T(m+2)). (1.1)

In order to avoid excessive subscripts, we will use the notation
Vi = Um+is and ti = tm+i~

We will use the usual notation without hats when m = 0. We will use the ng:clation
)

o~

~ v ~

~ 2 /

Vi = Umti ti = tmi Bijer e = ——= and [, =—7—.
s s i/e1,eo pe"’l)fl i/el p,wfl

We will also use the notations Bi/el = @/61’1 and B\;/el = @/61’1 for short. We will use the usual
notation without hats when m = 0.

Given a Hopf algebroid (B,I') and a I'-comodule M, we will abbreviate
Extp(B, M) by Extr(M) and Extr(B) by Extp. With this in mind, there are change-of-rings
isomorphisms

Extpp, (p)(BP:(T(m))) = Extp (1)
and EXtBP*(BP)(BP*(T<m)(j))) = EXtF(m+1) (Tﬁqj))

where T,Sf):A{%:O§€<pj}.

Very briefly, the method of infinite descent involves determining the groups

Extrgu (T69))  and  m (T(m))

by downward induction on m and j.
To begin with, we know that

Extp 1y (A{th,11:0 <€ <p’}) = A(m) {3{:0 < £ < p'}.
To proceed further, we make use of a short exact sequence of I'(m + 1)-comodules

PO

0 BP, —*~ DY ., El 0, (1.2)

where DY, | ; is weak injective (meaning that its higher Ext groups vanish) with ¢¢ inducing an
isomorphism in Ext’. It has the form

D9n+1 = A(m)[Xth, ...] C Q® BP,
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with
/):izp_li}\i—&—....

Thus we have an explicit description of E}, 11, which is a certain subcomodule of the chromatic
module N' = BP,/(p>).
It follows that the connecting homomorphism &y associated with (1.2) is an isomorphism

s = s+1
EXtF(7n+1)(E717L+1) — EXtFTm—i—l)

and more generally

Ext} (1) (Bpsr © ) — Eths“J(rriLH) (7))
for each s > 0. The determination of this group for s = 0 will be the subject of [Nak]. In this
paper we will limit our attention to the case s > 0.

Unfortunately there is no way to embed E} | in a weak injective comodule in a way that
induces an isomorphism in Ext® as in (1.2). (This is explained in [NR, Remark?7.4].) Instead
we will study the Cartan-Eilenberg spectral sequence for Extp(erl)(E}n 11 ® Ty(,f )) associated
with the extension (1.1). Its Es-term is

B3N (TR) = Bxt 1y (Bxtbo ) (T @ Bpg)

s 7(7)
= EXtG('rn—i-l)(T'rer & EXt%‘(m-&-Q} (Erln+1)) (13)
Wherei(i) =Am+1){t:0<t<pl}

and differentials d, : £S5 — EST™ "1 Note that T/ = A ® A(m+1) Tii). We use the tilde to
distinguish this spectral sequence from the resolution spectral sequence. We did not use this
notation in [Rav02].

The short exact sequence of I'(m + 1)-comodules (1.2) is also a one of I'(m + 2)-comodules,
and DY, ., is also weak injective over I'(m + 2) (this was proved in [Rav02, Lemma 2.2]),
but this time the map ¢y does not induce an isomorphism in Ext’. However, the connecting
homomorphism

8o + Bxt 0y (Bpyy @ T) — EXt?T:n+z)(Trng))
is an isomorphim of G(m + 1)-comdules for ¢ > 0. Note that over I'(m + 2), 7Y is a direct
sum of p? suspended copies of A, so the isomorphism above is the tensor product with Tfff
with

Jo : Exttp(mJFg)(E%zﬂ) - EXt?(r:nJrz)'

We will abbreviate the group on the right by Uﬁjﬁl. Its structure up to dimension (p? + p)|vz|
was determined in [NR, Theorem 7.10]. It is p-torsion for all ¢ > 0 and wv;-torsion for ¢ > 0.
Moreover, it is shown that each Uf, | for t > 2 is a certain suspension of U2 ; below dimension
plvsl.
Let E,, 4 = Exth(erz)(E}nH). For j = 0, the Cartan-Eilenberg Ea-term of (1.3) is
ES’t(TT(nO)) - { EXtSG(m-H)(Eﬁ_—«il) for t =0
Ext&mi1)(Upyr) fort > 1.

While it is impossible to embed the I'(m + 1)-comodule E}, ., into a weak injective by a map
inducing an isomorphism in Ext®, it is possible to do this for the G(m + 1)-comodule E:n 11
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In Theorem 2.4 below we will show that there is a pullback diagram of G(m + 1)-comodules

L1 P1

0—— m+1 m+1 Bm+1 0 (14)
0—= By —= v Bhyy — By /(o) — 0

where W,,4+1 is weak injective, ¢; induces an isomorphism in Exto, and B,,y1 is the
—1
A(m 4+ 1)-submodule of E, ,/(v{®) generated by

ipv’ ’

The object of this paper is to study By, +1 and related Ext groups. Since the ith element above
is 3 Jir the elements of By, 11 are the beta elements of the title.

In [NR] we construct a variant of the Cartan-Eilenberg spectral sequence converging to
Extr(m41) (T, T )) Its Ei-term has the following chart:

t=2 0 Ext’(U?) Ext’(U®) Ext*(U?)
t=1 0 Ext®(U?) Ext'(U?) Ext?(U?)

t=0 Ext®(D) Ext®(W) Ext®(B) Ext'(B)

s=0 s=1 §=2 s=3

where all Ext groups are over G(m + 1) and the subscripts (equal to m + 1) on U™, EO, w
and B have been omitted to save space.

70

Tensoring (1.4) with T,.", we get the following chart:

A 0 Ext"(TYU%) Ext'T9U%) Ext*(TwU%)
f—1 0 Ext°TVv?) Ext'(TY0?) Ext?(TVU?)

t=0 | Ext°D) Ext°TYW) Ext®T7B) Ext(TYB)

where the tensor product signs have been omitted to save space.
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The construction of B,,+1 will be given in §2. After introducing our basic methodology in
§3, we determine the groups

Ext® (T © Bysit)
for the cases j =0, j =1 and 5 > 1 in the next three sections. Here
P Am 1) {th,0< < pi)

In §7 we determine the higher Ext groups for j = 1 in a range of dimensions. Our calculations
require some results about binomial coefficients and Quillen operations that are collected in
Appendices A and B respectively.

T,

2. The construction of By, 41

PROPOSITION 2.1. A 4-term exact sequence of G(m + 1)-comodules. The short exact
sequence (1.2) gives a 4-term exact sequence

Alm+1)
I

0 ——= Ul — > A(m)[p~ &

1

Ups1 0.

) > Epyy
Let
Vi1 = A(m)[p~ 01]/A(m + 1)
~
= A(m+1) {ZM > o} c BP,/(p™).

There is a short exact sequence of G(m + 1)-comodules

0 Vm-‘,—l Em-‘rl —_— U’r1n+1 - O

which is not split.

Proof. The comodule DY, ., was described explicitly in [Rav02, Theorem 3.9]. It has the
form

DY, = A(m)[\,..] Cp 'BP,
with
— fori=1
,\ bW p—1 1 ~p
PR - BT p+1)vw1 for i =2
P p P
— ... for:>2

and
A+ 4 fori=1

nR(Xi) —{ Matla+ (PPt =y Z pt < ? > NP=IE for i =2
N 0<j<p
AN+t for i > 2

It follows that Extor(m+2)(D9n+1) = A(m)[Xl] as claimed.
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. -1 . . .
In order to understand the relation between E,,  ; and U}, | ;, consider the following diagram
of T'(m + 2)-comodules with exact rows.

0= BP Dby Bl 0
0 BP. p~1BP, — BP,/(p>®°) —=0
0 BP, D9n+2 — E71n+2 —0

The vertical maps are monomorphisms, and there is no obvious map either way between D9, 11
and DY, ,. The description of the U}, = Extr,, o) above is in terms of the connecting
homomorphism for the bottom row. The element

)
i
is invariant and maps to the similarly named element in U}, 11- To describe its image in terms
of the cobar complex, we pull it back to 0% /pi € DY, 1o and compute its coboundary, which is

1
€ Em+2

4(B/pi) = (B2 + pB2) — 58) Jpi = T Ta ...

However, the element 0% /pi is not present in Ej, ;. To see this, consider the case i = 1. In
p~'BP, we have

zg I ool (1 —pP o of
p P prtt

~ A 1— pP~ Do NP

:)\2 _ 1Y1 + ( p ) 11\

p
¢ D’?n-‘rl = A(m)[xlaj‘\Qa .. }

Instead of ¥y /p, consider the element :\\2 itself. Its image in E}, 11 is invariant, so it defines a

nontrivial element in E}n +1- The computation of the image of (pxg)i /pi under the connecting
homomorphism gives the same answer as before.
The right unit formula above implies that the short exact sequence does not split. ]

DEFINITION 2.2. Let M be a graded torsion G(m + 1)-comodule of finite type, and let M;
have order p® . Then the Poincaré series for M is defined by

g(M) = ait". (2.3)

Given two such power series f1(t) and fa(t), the inequality f1(t) < fo(t) means that each
coefficient of fi(t) is dominated by the corresponding one in fo(t).

THEOREM 2.4. Construction of B, ;1. Let By C E,lnﬂ/(vfo) be the sub-A(m + 1)-
module generated by the elements

=i
B, =2
i/ ipvl
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for all i > 0. It is a G(m + 1)-subcomodule whose Poincaré series is

xpk+1 17ypk,
6(Brt) = a0 U-g")

iso (1= ) (1 —af’)

where
y =t
z =t
xi:tﬁil fori>1
and Im+1(t) = H ﬁ
1<i<m+1

Let W,,+1 be the pullback in the diagram (1.4). Then W,,11 is a weak injective with
Ext%(%ﬂ)(WmH) = Ext%(mﬂ)(E,lnH), i.e., the map E,lnﬂ — Wyt1 induces an isomorphism
in Ext”.

Proof. To show that By,41 is a G(m + 1)-subcomodule, note that

nr(V2) = 0a + vl?f — vf‘”fl mod p
so  nr(02)) = (B2 +vifh —o8H)” mod pi

~

and nr(Bii) € Bmi1 @ G(m +1).

S0 Bp+1 is a G(m + 1)-comodule.
For the Poincaré series, let Fj,B,,+1 C B,,+1 denote the submodule of exponent p* with
FyB,+1 = ¢. Then the Poincaré series of

FyByy1/Fr—1Bmyr = A(m + 1)/ {Bipkfl/ipkfl,pkii > 0}

is

1 ipE—1
el —

9 (FeBmi1/Fr-1Bm1) = g(A(m +1)/12) E z'? 1 y_ Y

i>0

ik iph—1
= gm+1 (t) Z (33 P — (xpy) P )
>0
a3 (1)

>0

pk pk71
= Im+1 (t) & E e k=1 | *
1—ap 1—ab

Summing these for all positive k gives the desired formula.
To show Extoc;(erl)(WmH) is as claimed it is enough to show that the connecting
homomorphism

—1
Ext¢(m i1y (Bma1) —— Exté 1) (Emi)

is monomorphic. Since the target group is in the Cartan-Eilenberg Fs-term converging to
Ext%(m+1)(E$1+1), we have the composition

o
n: EXt(()}’(mJ,-l)(B?n—'rl) g Ethl—‘(,rn+1)(E71n+1) —0> Ext%(m+1)~
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So it is sufficient to show that 7 is monomorphic. Since By, is in ExtIQ(mH) (N?), we have
the following diagram

EXtp (1) (M 1) —— ExtP (1) (N?) —— Extp,, 1) (V)

J

- n
Uy 1EXt11“(m+1) EXt(C)?('rn—&—l)(Bm-‘rl) - EXt%‘(m-‘,—l)

The right equality holds because Extlla(m +1)(M°) =0, and the top row is exact. Since
Exth(m+1)(M1) is the v ' A(m)-module generated by ©%/ip the map 7 is monomorphic as
desired.

The Poincaré series of W, 41 is given by

I(Wing1) = 9(E11n+1) +9(Bmt1) = 9(Ving1) + Q(Urln+1) + 9(Bm+1)

p? pitlq o pd

z ) (1 —y”)
= gm41(t) + § -+ E - -
I jZOl_xg] >0 (1—2P ™) (1 —ab)

Jj+1

T P zP’
:gm+1(t) 1—$+Zl—xpj+l :9m+1(t)2m
Jj=0 720

Exti,,

= w by [Rav02, Theorem 3.17]
—x
g (EXt%(m+1)(Wm+1))
N 1—x '
This means that W, 1 is weak injective by [Rav02, Theorem 2.6]. O

3. Basic methods for finding comodule primitives

From now on, all Ext groups are understood to be over G(m + 1).

DEFINITION 3.1.  [Rav04, Definition 7.1.8] A G(m + 1)-comodule M is called j-free if the
comodule tensor product Tﬁ,’l) ®A(m+1) M is weak injective, i.e.,

Ext™(A(m + 1),?5,{) D A(m+1) M)=0

for n > 0. The elements of Ext® are called j-primitives.

We will often abbreviate Ext(A(m + 1), N) by Ext(N) for short. We will see in Proposition
3.3 that it is enough to consider a certain subgroup L;(M) of M to detect elements of
ExtO(Tfi) ® M). Given a right G(m + 1)-comodule M and the structure map oy : M —
G(m+1)® M, define the Quillen operation 7;: M — M (i >0) on z€ M by ¥y(z) =
S, 7i(2) ® ;. In this paper all comodules are right comodules. In most cases the structure
map is determined by the right unit formula.

DEFINITION 3.2. The group L,(M). Denote the subgroup ()
By definition, we have a sequence of inclusions

Lo(M)C Ly(M)C ...... CLi(M)cC......

ker7,, of M by L;(M).

n>pi
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and Lo(M) = Ext®(M).
The following result allows us to identify j-primitives with L;(M).

PropPOSITION 3.3. [Rav02, Lemma 1.12] Identification of the j-primitives with
L;(m). For a G(m + 1)-comodule M, the map

(c® Va2 (M) —— pxt®(TY & M)

is an isomorphism between A(m + 1)-modules, where c is the conjugation map.

When we detect elements of L;(M), it is enough to consider elements killed by 7,,; (j > 0),
as one sees by the following proposition.

PROPOSITION 3.4. A property of Quillen operations. If the Quillen operation 7,; on
a G(m + 1)-comodule M is trivial, then all operations 7, for p? <n < p?*! are trivial.

1+

Proof. Since ﬁ-ﬂ-z( ;

)ﬁ-ﬂ- [Nak, Lemma 3.1] we have a relation

Tp—piTpi = (; )?n. Observing that the congruence (; ) =s mod (p) for

sph <m < (s+1)p, < ;;7 ) is invertible in Z, whenever p/ <n < p/*!, and the result
follows. N
In the following sections we will determine the structure of Lg(By,+1) in Proposition 4.2
and 4.4 and L1(By,+1) in Proposition 5.1 and 5.4 in all dimensions, and L;(Bp,4+1) (j > 1) in
Theorem 6.1 below dimension |72’ T /v?’|. Then we need a method for checking whether all
j-primitives (j > 1) are listed or not.
The following lemma gives an explicit criterion the j-freeness of a comodule M.

LEMMA 3.5. A Poincaré series characterization of j-free comodules. For a graded
torsion connective G(m + 1)-comodule M of finite type, we have an inequality

g(M)(1 — 27"y < g(L;(M))  where z =t/ (3.6)
with equality holding iff M is j-free.

Proof. Let I C A(m+ 1) be the maximal ideal. We have the inequality
9Ty, © M) < g(Bxt(T,)) @ M) - 9(Glm +1)/1)
by [Rav04] Theorem 7.1.34, where the equality holds iff M is a weak injective. Observe that

1—a:pj
" & M) = g(M)

oG+ 1)/1) =

o(TY :

1—2x
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and  g(Ext®(Tw ® M)) = g(L;(M)).
]

LEMMA 3.7. A Poincaré series formula for the first Ext' group. For a graded torsion
connective G(m + 1)-comodule M of finite type, suppose

L;(M
79(1 i pf)) —g(M) = ct? mod ¢¢+1
_ P
Then the first nontrivial element in Extl(Tg)

_ ® M) occurs in dimension d, and the order of
the group G = Extl’d(TEfl) ® M) is p°.

Proof. Since the inequality of (3.6) is an equality below dimension d, M is j-free in that

range, so Extl(Tg) ® M) vanishes below dimension d. Each element = € G is represented by
a short exact sequence of the form

OHTfi)@MHM’HEdA(erl)HO.

If = has order p?, then we get a diagram

0—=T9 ¢ p M S9A(m + 1) —— 0
0—=T @ M ——M"—=2A(m+1)/(p") —0

Since G is a finite abelian p-group, it is a direct sum of cyclic groups. We can do the above for
each of its generators and assemble them into an extension

OHTS} QM M pILTE ®Z(p) A(m+1) —
with Ext%(m+1)(M”’) = L;(M) through dimension d and Exté’?mﬂ)(M’”) =0, so M" is weak
injective through dimension d.
If |G| = p°, then we have
()
g(M") = g(T,,, @ M) + g(X'G @z, A(m + 1))

= g(M) (1 — ) + bt g1 (t)

1—=x
Since M is weak injective through dimension d, we have

9 (Bxt () (M)
g(M") = i ) mod 41
—x

sob=rc. O
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4. 0O-primitives in By, 41

In this section we determine the structure of ExtO(Bm+1), i.e., the primitives in By, in the
usual sense. We treat the cases m > 0 and m = 0 separately. The latter is more complicated
because v; is not invariant over I'(1). Recall that the G(m + 1)-comodule structure of By, 11
is given by the right unit map ng.

LEMMA 4.1. An approximation of the right wunit. The right unit map
nr : A(m + 2), — G(m + 2) on the Hazewinkel generators are expressed by

nr(01) = U1 + pt1,
nr(v2) =02 + 01%719 - v:f“)tAl mod (p)

.

where w = p

Proof. These directly follow from [MRW] (1.1) and (1.3). O

For a given integer n, denote the exponent of a prime p in the factorization of n by v,(n)

as usual. In particular, v,(0) = co. When the integer is a binomial coefficient

write vp ( Z ) instead of v, (( Z ))

Let /ﬁj be the 1-dimensional cohomology class of ?1)].

, we will

n
k

PROPOSITION 4.2. Structure of Ext’(B,,;1) for m > 0. For m > 0, Ext®(B,,1) is the
A(m)-module generated by

{pkﬁf@pk/t: i>0,5>0,k>0,0<t<prand v,(i) < v,(s) }
The first nontrivial element in Ext'(B,,11) is

EOB\I S Eth’Q(p+1)(pw_l)(Bm+1).

Proof. We may put s = ap® and i = bp’ with p| b and a > 0. Observe that

i b +k 4 e k k k+1 k+1 Yi
uy” 0y° D AR S 40 LA
0 = since pf b
011, 7
bpttlvy bpttlvt
4 h L+ k
= T since t < p*
bp“Flvg =7

and so the exhibited elements are invariant. On the other hand, we have nontrivial Quillen
operations

N asij\ipk—l s %\s—li]\ipk
(ke — 172 1 2 . .
ri(p Ufﬁ;pk/t) = _pl—kvt*w + PR if v,(s) < vp(3)
1

-~

and  Tpe+1 (pk@fﬁgpk/t)

k(.
~s~p-(1—1)
’111’112 f k
ti—pk + . if t > P,
puy
where the missing terms in the second expression involve lower powers of v; in the numerator
or smaller powers of v; in the denominator.
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This means each element p*v§ ngk /¢ With vp(s) < vp(i) supports a nontrivial 71, the targets of

which are linearly independent. Similarly, each such monomial with ¢ > p* supports a nontrivial
Tpe+1. It follows that no linear combination of such elements is invariant, so Ext is as stated.

For the second statement, note that ﬁo and Bl are the first nontrivial elements in Ext! and
Ext®(B,,41) respectively, so if their product is nontrivial, the claim follows. It is nontrivial
because there is no « € By, 41 with 71 (z) = (4. O

We now turn to the case m = 0.

LEMMA 4.3. Right unit in G(1). The right unit ng: A(1) — G(1) on the chromatic

fraction
1) t+k—1Y\ (=t)"
(o) 2 () e

k>0

L g
ipvt

Note that this sum is finite because a chromatic fraction is nontrivial only when its
denominator is divisible by p.

Proof. Recall the expansion

1 _ —t _ -t —t _ —t —t yk
B t+k—1Y (—y)*
=21 e
k>0
and the formula ng(v}) = (vy + pt1)" by Lemma 4.1. O

PROPOSITION 4.4. Structure of Ext’(B;). For m =0, Ext’(B,) is the Z,)-module
generated by

{pkﬁ;pk/t: i>0,k>0,0<t<prandvy(i) < v,(t) }
The first nontrivial element in Ext'(B;) is

hof1 € Eth’Q(p2_1)(Bm+1)

Proof. When i and t are as stated, we may set t = ap’ and i = bp® with pf b and a > 0.

Observe that
bpttF bt
V. k k ,k+1 k+1 k\ 0P
77R<2>=<§ +ol = b tﬁ’)

£
bp'+1ve?
) T
.
"s0 n bp£+1—nvilp +n

For n > 0, the binomial coefficient is divisible by p‘*'~" by Lemma A.3 below, so the expression
simplifies to

bp2+k pk pk pk+l pk+l pk b Vi
" < Uy _ (v For ity -y )7
ap® ap*

bp 1! bpt 10!
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and pkﬁgpk Jt is invariant by an argument similar to that of Lemma 4.2. On the other hand if
either of the conditions on ¢ and t fails, we have nontrivial Quillen operations

.k

k o Tt
/ o . .
1 (P /Bipk/t) = _pl_kvi_p - e if v, (i) > vp(t)
(i-1)p"
k 1 Y3 ; k
Or  Tprt1 (p ﬁipk/t) = ift >p" .
puy b
The rest of the argument, inclduing the identifation of the first nontrivial element in
Ext!(B)), is the same as in the case m > 0. O

5. 1-primitives in By, 11

In this section we determine the structure of Lji(B,,41), which includesAall elgments
of Ext’(B,,41) determined in the previous section. By observing that m1(v13,) = B, and
Tpi (61@’,) =0 for j > 1, the first element of the quotient Li(By,11)/Lo(Bm+1) is 51@’7 for
m > 0. In general, we have

PROPOSITION 5.1. Structure of Ll(Bmi_l) for m > 0. For m > 0, L1(By,+1) is isomor-
phic to the A(m)-module generated by pki}\fﬂl{pk/t, where i >0, s >0, k>0 and 0 < t < p*,
and the integers i and s satisfy the following condition: there is a non-negative integer n such
that s =0,1,...p— 1 mod (p"*') and v, (i) < n + p.

Note that the description of Ly (By,+1) differs from that of Lo(B,,+1) given in Proposition
4.2 only in the restriction on ¢ and s. In that case it was v, (i) < vp(s). If vp(s) =n+1 (ie.,
s =0mod (p"*1)), then an integer i satisfying v, (i) < n + 1 also satisfies v, (i) < n + p. Hence
we have Lo(Bp,41) C L1(Bm+1) as desired.

Proof. In Proposition 4.2 we have already seen that pk@pk Jt is invariant iff 0 < ¢t < p*. If
follows that

3 S 4 il\ipk
-~ ks Al & (s kA1 P ~S—p 2
’I“pe (p (% zpk/pk) = Tpl’. (’Ul) -p ﬁipk/pk = p ( pz > [ - - ok
1pvy

Since we are dealing with 1-primitives, we can ignore the case £ = 0. For ¢ = 1, this is clearly
trivial if s < p. When s > p, choose an integer n such that p™ | ( ; ) By Lemma A.4 this

means n = 0 unless s is p-adically close to an integer ranging from 0 to p — 1. Then 7, is trivial
if v,(i) <n+ p. We can show that all Quillen operations 7, for £ > 1 are trivial under the

same condition since
s ¢ s
v <v P
p(pp(p»‘ ”(p (p‘))

Qv <pp[ < ;e >> =p +1+a(s—p") —als)
by Lemma A.2

and q[vp <pp£ < ;zz )) —Vp (p”< ; ))} =p' —p+a(s—p")—als—p)

which follows from
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> a(p’ —p) +als = p') — als - p)
> 0.

O

Note also that the condition on ¢ and s in Proposition 5.1 is automatically satisfied whenever
i < pP, which means that we may set n = 0. Since

PPN s _
7p(07) = p¥ ( )vf\sl b

p

and pP kills all of B, 41 below the dimension of Bpp Jpv, U1 is effectively invariant in this range,
making B,,+1 an A(m + 1)-module.

COROLLARY 5.2. Poincaré series for Li(B;,+1). For m >0, the Poincaré series for
L1(B,+1) below dimension pP|vs] is

k

P g
G (D) Y~ (5.3)
k>0 1 — a5

and in the same range we have

Li(Bpi1) = A(m + 1) {pk@pk/t: i>0 k>0and0<t<ph }

Proof. As is explained in the above, we may consider L;(B,,+1) as an A(m + 1)-module
in that range. To determine the Poincaré series g(L1(B,+1)), decompose Lq(B,,+1) into the
following two direct summands:

(i) So=A(m+1)/L{5:i> o}
(ii) Sk =A(m+1)/1, pk@pk/t: i>0and pF~! <t <pF } for k>0
The Poincaré series for these sets are given by

p
.z
9(50) = gmpr () - (L—9) Yy ' —=
1— a5
n>0
—pk 1_ Pk pk—1 prth—1

and  g(Sk) = gmt1(t) - (1 —y) Z vy I a TR 1

n>0 1- Y 1-— (EIQJ

xp’n.+k
.k k-1
= gm“(t)z(y Pyt 72 prtk
n>0 1 Ty
which gives
9(L1(Bm+1)) 1 b e ab
(= =1 v+ (" —y? ) .
Im+1(t) n%% 1—ab Ogén 1—ab
" o
_ T Con 3 x
=2 Dt Ty
n>0 2 n>0 2
o
—1 To _ x2
= — ]_ + b _ 5
(y T ;}(y )1—x§
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_ZxQ (y —p" —1)

n>0 1= 332

which is equal to (5.3). O

Now we turn to the case m =0, for which we make use of Lemma 4.3 again. Observ-
ing that 71(8,) = —ﬁp/g and 7, (ﬁ )=0 for j>1, the first element of the quotient
Ly (Bm+1)/L0( mt1) is B, In general we have

PROPOSITION 5.4. Structure of Li(B;). For m =0, Ly(By) is isomorphic to the Z -
module generated by p ﬁzpk st where k>0, i >0 and 0 <t < p* satisfying the following
condition: there is a non-negative integer n such that —t =0,1,...,p—1 mod (p"*!) and
Zasy %

Proof. We have
iplc r
Vg pk pk pk+1 pk+1 pl« i t+r—1 ( ptl)
—— | =(vy +v]t —v; t —
(G (vai> (v 14 o) g( T ipvitT

in which there are terms

Nk k1 yk ok ko
vél p P U(l p 0 ot tapt—1\ v e?
—pk ) - t—pht1 and (_p) ¢ it for ¢ Z 0.
pU1 pUy p ipvy

Since t < p¥, the first and the second are trivial, which gives

¢ ip*
k B pt t+p°—1 ) (2
= _ —(_
pt (p ﬁzpk/t) ( p) ( pe va§+p
t+p—1
p" | Z
—t=0,1,...,p—1 mod (p"™!) by Lemma A.4. Then 7, is trivial if pP™"fi. We can also
observe that all the higher Quillen operations 7y (£ > 1) are trivial since

w(w (7)) =m ()

(see the proof of Proposition 5.1). O

Choose an  integer n  such  that ) , which  occurs iff

COROLLARY 5.5. L;1(Bp) as an A(1)-module. For m = 0, we have
Li(By) = A(1) {pkﬂ:.pk/t: i>0,k>0and0<t<ph }

below dimension p?|vy|. The Poincaré series for L1(By) in this range is the same as (5.3).
Applying Lemma 3.5 and 3.7 to the Poincaré series (5.3), we have the following result.

COROLLARY 5.6. 1-free range for B,,.i. For m >0, Bm+1 is 1-free below dimension
p(p + 1)|v1], and the first element in Ext (T( ' e B11) is ﬂp/phl

Here we use the notation Bp/p for its image under the map (¢ ® 1)¢p,, ., (cf. (3.3)).
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Proof. By comparing g(B,,+1) and g(L1(B+1)) and using Lemma 3.7, we see that the

first nontrivial element of Ext'(T,,” ® B,,;1) occurs in the indicated dimension, where the
group has order p. The fact that 3,,,h; is nontrivial in Ext! follows by direct calculation. [

6. j-primitives in By,41 for j > 1

In this section we determine the structure of L;(By,+1) for j > 2 and m > 0 (See [Rav04]
Lemma 7.3.1 for the m = 0 case). The first element of the quotient L;(By,+1)/Lj—1(Bm+1) is
Bpi-241/pi-241, which has nontrivial Quillen operation

?pj—l (ﬁpj—2+1/pj—2+1) = 51-

In general, we have

THEOREM 6.1. Structure of L;(B,,+1) in low dimensions for j > 1.
(i) Below dimension p?™!(0s|, L;j(By+1) is the A(m 4 1)-module generated by

{Bg/t:O <t< min(i,pj_l)} U {B\apj+b/tipj_1 <t<p,a>0and0<b <p7_1}.

-
(ii) By is j-free below dimension [07 ).
(iii) The first element in Ext! is the p-fold Massey product

(Brapi=1ypi-ts hags oo hag).
—

p—1

For the basic properties of Massey products, we refer the reader to [Rav86, A1.4] or [Rav04,
Al.4]

Proof. (i) The listed elements are the only j-primitives below dimensions p/*![ty| by
Proposition B.3, and the first statement follows.

(ii) To show that B,41 is j-free below the indicated dimension, we need to compute some
Poincaré series. This will be a lengthy calculation.

Decompose L;(By,+1) into the following three direct summands:

So1=A(m+1) {B;/t:0<t§z'<pj*1},
Sos = A(m +1) {Bg/t:0<tgpj—1 g¢}7
S;=A(m+1) {Bapj+b/t:pj_1 <t<pl,a>0and 0 < b<pj_1}.

N L
We will always work below the dimension of (33 /i, Which is [6"" %%"|. This means that in
the description of S; above, the only relevant value of a is 1.

Observe that

s k—1

o - . -

Soq = U A(m+1)/12{k3pk_1¢10§4<lpk Lo<i<p k}»
0<k<j pruy

SO
-1 k

1—y?" @)
-y

9(So1) = g(Am+1)/I) > >

0<k<j0<i<pi—k
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—1

= gm+1(t) Z Z (xipkfx;pk )

0<k<jo<i<pi—k

M: Z (xpk(l—(wpk)pjk_l)_mgk (1—(x’2’k )pj’“—l)>

1 — ap*

gm+1(t) 0<k<j

& ; k1 i1
Z P —axP ah —af
= I =1
11— 1—ab

0<k<j

For Sp.2, we have

v j—1 j—1
ﬁ20§€<p7 vi>p! )

5072 = A(m—|— 1) { -
ipvy

which is the quotient of

Aipk—l .
U Am+1)/15 {”2‘0 <l<pTli> 0}

j—1_y¢"
k>0 proy
ot , ,
by |J Am+1)/1L ﬁ:o <tl<plo<i<pF}.
0<k<j prvy

Hence the Poincaré series of Sy 5 is

1—y” Dy

9(So,2) = g(A(m +1)/1I2) - Ty
k1. k—1_ .
PIPICADIED DD DT Ak
k>0 >0 0<k<j 0<i<pi—k
9(3072) _( pJ71 1)
ngrl(t)
DI o (el
k—1 k—1
kso 1 — 'TZQ) 0<k<j 1- xg
pkfl pk—l pj—l
_ i1 X X —
=@y -1 Z 2pk I Z 2 pk21
k>0 1 — o3 o<k<j L 2
e x2k71 1;2J71
= (y - 1) Z pk—1 Z pk—1
"1 —=x -1
k>j 2 0<k<y 2
o . pj _ Pj71
=@ e+ Y
0<k<j 1 — a5

in our range of dimensions.
Adding these two gives

9(S01 U So02)  9(So,1) + 9(So,2)

gm—i—l(t) gm+1(t)

& ; k1 i1
Z P —axP ah —af
= k. =1
I—ap 1—ab

0<k<j
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pi Tt P P — o
+(y 1)'772 + Z pk—1
0<k<j 1 —ay
B a? — P’ P - :vSkil a?’ — xé’j '
- 1 . l’pk 1 pk71 + 1 pj—l
0<k<j ) — Ty
+Hy™ = 1)ah
Qo) —af ) o —af
= O<k<] (1 . xpk)(]_ _ mgk*l) 1 _ pj*l
_,_xpj*l(yqu’l _ ypj).
We also observe that
;+1 —1 Jj—1
(L—y® ) 1-ap
S:)=g(A 1)/1 .
9(5) = g(Alm + 1)/ Tp) = =
j+1 j—1 j—1
= gm+1(t) - xPJ (1= g )4 - )
m 1-— Z9
Summing these three Poincaré series, we obtain
9(5071 U 5072 U S])
Im+1(t)
9(S0,1) + 9(S0,2) + 9(5;)
Im+1(t)
k—1 1
_ oy O )@ —ab ) a? —af
k— j—1
0<k<j ( xpk)(l ]29 ) 1—- 112)]
. o .
—I—pol( ap’ ! p’) (- y ™ (1 —af )
1-— T2
) ; j—1
_ Z (1—a?)(@” —af )  a” —ab
- et
oSt (l—xpk)(l—x; N 1—af
+1 j
Py (A= )+ @ =y ) (1 - 2))
1— To
-y U )@ —af ) e —af
k—1 j—1
0che; (1—aP")(1—ab ) 1—x’2ﬂ
2 (1 - ab Dy e g ey ey
1-— Z9
oy et w —af
k— j—1
oS —ar)(1—ab ) 1-—af

J

J+1 P -1 j—1 pjfl
P (1—af  —y®  (wg — b

1-— )
On the other hand, Theorem 2.4 gives
k—1
9(Bm+1) _ T 2" — af
- . k—1
Im+1(t) O<keit1 (1—aP*)(1—2b )
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_ ar — ;zzgl%l a — :1:’2’%1 P xé’j
= Z k pk—1 + J pi—t + 1 — gpit?
0<k<j (1—2")(1 -2y ) (1—ar )(1_952 )

. . J+l pd
below dimension 2?7 25 |, so

9(Bmy1)(1 —a?) _ > (@ —af A —a?) 2 —ab
gm+1(t) 0She; (L—a?")(1— o) 1—ab
xpj+1(1 B pj)(l . ij)
1— P’ '

This means

9(50,1 U So.2 U S5) — g(Bm41)(1 — acpj)

Im+1(1)
_a Ml oy e — el )~y (1 w))
1-— i)
(1 —yP)(1 - a?)
o 1 — ppitt
_ pol(l — oy’ gy — ypj(l —z3)) a:pj+1(1 — P — 2y + aoy?’
- 1-— X2 1— CEQ)
below dimension [3° @Y
a? g (1 -y’

1-— T2
By Lemma 3.5, this means that B;,y; is j-free in the range claimed and that the first

nontrivial Ext! has order p.
(iii) To show that the generator of is Ext! the element specified, we first show that the

indicated Massey product is defined.
For j > 1 and 1 < k < p we claim

d(Biyrpi=1 /kpi—1) = (Brypi-1/pi-1, P1jy ooy haj).
—_—
k1

This can be shown by induction on k and direct calculation as follows. Let

~

s=10— o e Tfi) C G(m+1).

It follows that w = U» — vy s is invariant. Note that its p/~1th power does not lie in Tiﬁz)

we have
fpi—1
~ 0w
MR\ Prakpi=1jkpi=1 | = MR | 5T
by

. Then

j—1

i ~0
Z kpj 1 ,U2P w® (k_g)pjfl
opi—t i1 OS
puy

0<t<k

~ep =1
> < ]; ) Uzpe Y g stk—0p’!
J —
0<t<k Pv1p

kN 5 )it
=2 < 14 )ﬁlupﬂ'l/epjl ® sth=O

0<l<k
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B <ﬂ1+pj71/pj—1, th, ey h17j>.
——————
k—1

This means that our p-fold Massey product is defined.
We claim the first element in Ext! is represented by

1 ~ i1
Z p ( ]z >5l+zpj‘l/@pj‘l ® 50

p
0<l<p
1 ~ J =1 (1) pi—1\ Pt
= E (]z)ﬂuepjl/zpjl@(?f —of (e )?’1’ )

O<é<pp
1 ~ J(p—20
=2 ( 12 )ﬁ“rfzﬂl//qw1 o 7"
0<€<pp

~ j
= 51+qu‘1/qu—1 ®;5?1) Tt

The only element in B,,+; in this dimension is Elﬂjj /pi» which is primitive, so this element in
Ext! is notrivial. |

7. Higher Ext groups for j =1

In this section we exhibit some calculations of ExtS(TELZL) ® Bpyy1) for s> 0. Recall the
small descent spectral sequence, constructed in [Rav02, Theorem 1.17], which converges to
Ext(TY @ Byus1) with

s _ ~ —=(+1)
El = E(h]) ® P(bj) ® EXt(Tm ® Bm+1)
with h; € E1? and b; € EX°, and d, : ES* — EsTrt=r+1 In particular, d; is induced by the
action of ?pj on B,, 1 for s even and ?qu for s odd. The case m = 0 has already been treated
in [Rav04, Chapter 7], so we may assume that m > 0. We examine the simplest case, j = 1.
2 2 J—

Recall that B, is 2-free below dimension [0% ™' /v¥" | and Ext’ (Tfl) ® Bpma1) is the A(m +
1)-module generated by

{B;/t:()<t§min(i,p)}u{5p2/t:p<t§p2} (7.1)

by Theorem 6.1. Then the spectral sequence collapses from F5. We can compute d; on elements

~

(7.1) using Proposition B.2: The action of 7, on Ext’ (TSL) ® Byp41) is given by 7, (ﬂz’./el) =

Ei_l/el_l and 7 (Em—/el) =0, and the action of 7y, is obtained by composing 7, up to unit
scalar. In order to understand the behavior of dy, the following picture for p = 3 may be helpful.

b BB Bs
32/2 A@,/z 33/2 54/2 (7.2)

N NN

B33 B3 Bass B3
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Here each arrow represents the action of the Quillen operation 73 up to unit scalar. For a
general prime p, the analogous picture would show a directed graph with 2p components, two
of which have p vertices, and in which the arrow shows the action of the Quillen operation 7,
up to unit scalar. Each component corresponds to an A(m + 1)-summand of the Es-term, with
the caveat that pﬁ’ = Bp/e, and Ulﬂi/e = /Bz/e 1- Notice that the entire configuration is v5-

periodic. Correspondlng to the diagonal containing ﬁl in (7.2), the subgroup of F; generated
by

{31, 52/% Bé/g} ® E(h1,1) ® P(gl,l)
reduces on passage to Fo to simply {Bl} Similarly, the subset
{Bo. Bija} © B(hra) © P(b1)

reduces to {32, B:/g/zﬁl,l} ® P@Ll), where

gé/zﬁl,l = @1,1, /ﬁl,la Bz>
and /]/;171(//8\5’)/2/};1,1) = /};1,1<7{1,17 E1,17 B2> — </f;1’1, /]/;1’1, E171>B\2 = /51’132'
These observations give us the following result.
)

PROPOSITION 7.3. Structure of Ext(T(

m
Ex t(T(l) ® B41) Is a free module over A(m + 1)/I, with basis

N N N N {B;Ji+s; Bpitp/s 6172/5}
{Buiois Bospis B} @ Pbry) @ T
hl 1 {ﬁpwrp/t’ ﬁpH»r/pv 6p2/5}

where 0 <i < p,1 <k < p? —p+1p *p+2<€<p 2<s<p 1<t<p—1andp<u<

2p — 2, subject to the caveat that vlﬂp/e 5;)/@ 1 and pﬂp/e ﬁp/e In particular ExtO(T( ) ®

B,,,+1) has basis

® Bp+1). In dimensions less than [0} 41 /v1 l,

o~ ~ —~ ~ ~
{ﬂleri? R p+pi; /Bp-ﬁ—pi/;m cee 76p+pi/1; 5;02/1)27 B 75;)2/1} .

Note that for m > 0, this range of dimensions exceeds p|vs|.

Appendix A. Some results on binomial coefficients

Fix a prime number p.

DEFINITION A.1. «(n), the sum of the p-adic digits of n. For a nonnegative integer n,
a(n) denotes sum of the digits in the p-adic expansion of n, i.e., forn =Y., a;p’ with 0 <
a; <p—1, we define a(n) = >~ a;. -

As before, let v,(n) denote the p-adic valuation of n, i.e., the exponent that makes n a

p-local unit multiple of p*»(™). When the integer is a binomial coefficient < ; )7 we will write

vp ( i > instead of v, (( ! )) Then we have
J J
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LEMMA A.2. p-adic valuation of a binomial coefficient.

qyp( Z ) = a(k) + a(n — k) — a(n)

where ¢ = p — 1. In particular,

() =1+ aln =) - alo)

Proof. Recall that qv,(n!) =n — a(n), and observe that

o () = ()

= q (vp(nt) = vp((n = k)!) — vp(KY))
—n—afn) - (n— k) +a(n — k) — k+ a(k)
—a(n) + a(n — k) + a(k)

O

Using this lemma we can determine the number how many times a binomial coefficient is
divisible by a prime p. For example, we have

LEMMA A.3. Divisibility of a binomial coefficient. Assume that pf a and 0 < n < /.

‘ _
Then the binomial coefficient ¥ +nn 1 ) is divisible by p*t1-".

Proof. Since a #Z 0 mod (p), we have a(a — 1) = a(a) — 1. Let m = v,(n) and n = n'p™.
Then a(n’ — 1) = a(n’) — 1, and we have

4 4 /m
ap*+n—1 ap*+n'pm—1
qu( n ) :qyp( n'pm )

= a(n'p™) + a(ap’ —1) — a(ap’ +n'p™ ~ 1)
(n)+ala—1)4+q¢l —alap*™ ™ +n' —1) —qm

(n')+ala—1)+ gl — ala) —a(n' —1) —gm

=q(l—m)>q(l+1—-n).

I
Q

|
Q

O

We consider this type of binomial coefficients in Proposition 4.4. The other types we need
are the followings:

LEMMA A.4. Divisibility of another binomial coefficient. Assume that p is a prime

and that a positive integer s is expressed as s = s1p’ + so > 0 with 0 < sg < p’. Then we have

Vp ;e > = vp(s1). In particular, we have p™ | ;@ iff s=0,1,...,p" —1 mod (p"**).

Proof. Observe that

() = a9 +al =) - ale)
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=1+ a((s1 — Dp° + s0) — a(s1p’ + so)
=a(l)+a(s; —1) —a(s1)

= qup(s1)-

This implies that v, ( ;4 ) =n iff s = sgp mod (p"*¥). O

In Appendix B it is required to know how many times the binomial coefficient ( plz_Ti 1 >
is divisible by p.
For 0<i<p/~! it is clear that ( i1

Pl ) =0. For i>p'~!, the number

Vp < pjz_:i 1 ) can be determined explicitly in the following results.

PROPOSITION A.5. A third divisibility statement. For i > p’~!, define non-negative
integers g and i1 by

i=i1p’ P +ig (i >0and0<ip<pTl). (A.6)

Then we have
. i—1
(i) < Pl

) is divisible by p iff ig # 0;
(ii) More generally, <

pjji ) ) is divisible by p=* (0 < k < j) iff
vplio) < k — 1+ vy(in). (A7)

or equivalently ig # 0 and p*tv»()f 4y,
In particular, the inequality (A.7) is automatically satisfied if v,(i1) > j — k — 1.

Proof. Observe that

(it ) =m0 () - n

e v G- 1+h) ifio=0
= —1)+ (i) { vy (io) if i 2 0 by Lemma A.4
[0 ifip =0

j—l—f—llp(il) —I/p(io) if io 7é0

If ip # 0, then we have j — 1+ v,(i1) — V(o) > 0 since _up(io) < j—2, and so the binomial
coefficient is divisible by p. Since ig = 0 is equivalent to p’~! | 4, the statement ((i)) follows.

1—1 .
pj—1_1>>.7_k7

The condition p?~* | is equivalent to the inequality v,

1—1
pi-1
and if we suppose that j — k > 0 then this inequality gives (A.7).

Note that (A.7) is always satisfied if v,(i1) > j — k — 1 since v, (ig) < j — 2 by definition. [

The following is the obvious translation of Proposition A.5.
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COROLLARY A.8. A fourth divisibility statement. Let ig and iy be as in (A.6) and

assume that p?~! < i < pI~1*™, Then, we have p? " | < pj_:i 1 ) for 0 <k < jiff

vp(io) <k —1+uwu(in) with0 <wu(i1) <m

Proof. The given range p’~! <i < p/~1*™ means that 0 < v,(i;) <m and the result
follows from Proposition A.5. |

Appendix B. Quillen operations on (3-elements

In this section we discuss the action of the Quillen operations 7,,; for j > 0 on the 3-elements.
First we consider the following easy cases.

ProprosITION B.1. Primitive (-elements. For i > 0, the elements @-/t are primitive if
0<t<pw® je., it satisfies 7¢(Bi¢) = 0 for all £ > 0.

Proof. Set v,(i) = n and ¢ = i'p". By direct calculations we have

) n oy A1 n41 n_ . )

~i ~p a2 P WP g ~i

- ( Uy ) (g )t = ) Uy
2 R i

pvy by

For the other cases, the Quillen operation 7,; is computed as follows:

ProPOSITION B.2. Quillen operations on -elements. When j > 0, we have

~ 5 t—1 \5 i
Tpi (ﬁ:/t) = ( pj—l )/Bg_pjl/t_pj1 fort < P’ ! +pm+2.

Proof. First assume that m > 0. Observe that

R %\ (@l — o)
nr(Bie) = Nr = o

VAR MO Ca N
4 1 k ipvt
0<k<t<i

Z (_1)k i—1 / @\éfe?;l)(é—kﬁk
Y k (i — t—l+k—pwk
1

0<k<t<i O)pv

I
—
I
—_
~—

o

~

Since 7, (3, /t) is the coefficient of ﬂ’j in the above, we need to consider the terms satisfying
p({ — k) + k = p’. Note that k must be divisible by p and that we may set k = pn. Thus we
have

P’ = p(f —pn) + pn.
Now let
(n)=10 = p 1 4+qn where g =p —1
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and gln)=t—0+k—pwk
=t—p ' —qn+pn—p
:t—pj71 _n(pm+2 _ 1)

m+2n

Then we have
. ~i—0(n)
~ 7 nf i—1 £(n) Uy
o= 2 (o ) ()
o<nsmit ) ) (i — on)pri™

Given our assumption about ¢, the only value of n satisfying g(n) > 0 is n = 0, which gives

j—1

~ i1 ﬁi P
P = ' 2 ,

The proof for m = 0 is more complicated. Observe that

Z Z k+r( i—1 ) < 1 ) ( t+r—1 )p’“ vé_étﬁ’“_k)*’f“
’L/t k r (l o e)pv§+r—£+k7pk7

0<k<t<ir>0

which shows that 7, (3] ;) is equal to

Sy e (it ) () ()

0<n<pi—1 0<r<np np — T)p’U

where ((n,r) =p’ =t +ng—rand g(n,r) =t —p'~t —n@*—1)+r(p+1).Ifp" | (np —r) for
a positive 7, then we may put r = sp and n > p*?~! + s for a positive s and the exponent of
v1 is not positive since

g(n, )<t— - (p°P~ 1+8)(p —1)+sp(p+1)
=t—p ' —(p+ )PP —pP " )
<t- —(p+ 1) —p -1
<t—p (p2 1).

Thus, the nontrivial term arises only when r = 0. We can see that it is also required that n =0
by the same reason as the m > 0 case, and the result follows. |

To know the condition of triviality of 7,; in Proposition B.2, we need the results on the
p-adic valuation of binomial coefficients obtained in Appendix A. In particular, we have

PROPOSITION B.3. Some trivial actions of Quillen operations. Assume that p/~! <
i<ptlandt < pi~! 4+ p™*2. Then we have the following trivial Quillen operations:

(1) ? <Bz/t) (L>j) for0<t< min(i,pj—l);
(11) ? (ﬂapJ+b/t) (E Z j) fOI‘ pj71 <t S pj aIld O S b < pjfl.

Proof. We will show the following Quillen operations on p* [/3\1’ /¢ are trivial:
a Ty (€>j)for0<t<m1n(zpj 1)andk:>0
b 7 (0> j) for pP=t <t <p?, i =ap’ 4+ bp* with pf a, pfband 0 <k < j—1;
c Az (>0)forpt<t<pli=ap’ with0<a<pandj=k.
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For the case ((i)), note that

-1

T (el I N S

pi\P P/t Pl pj_kvi_pj—l :

by Proposition B.2, which is clearly trivial when 0 < ¢t < p?~1(< p?~1). Even if p/~! <t <4, it
i —1

is trivial when the binomial coefficient ( P11 is divisible by p/ . or equivalently when

the inequality (A.7) holds.

When 0 < k < j, by the assumption we have

P < g <

(where v,(ig) < j — 1 by definition) and v,(i1) < 2. Note that if k > 0 and p*[i then pkﬁg/t
itself is trivial and that we may assume that v,(:) > k. These observations suggest that the
only case satisfying the inequality (A.7) is (v,(41),vp(i0)) = (1, k), which gives the case (b).

When J =k, the Quillen operation 7, (p o /t) is clearly trivial and p’ B; Jt is nontrivial only
if p? | 4, which gives the case (c). R

For the case (b) and (c), olA)serve that the Quillen operation ?p_j+1(pkﬂ£/t) is a unit scalar
multiple of 3;_p; /4, and pkﬁg/t is not in L;j(By,+1), which means that the condition ¢ < p’
is required. Conbining (b) and (c) gives the case ((ii)).

Note that no linear combination of 3-elements can be killed by 7,,; since the 7,;-image has
different exponents of Uy or vy if 61{1/t1 #+ ﬁl{z/tQ' O
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