
Problems to be discussed on September 15, 2015, in the Rochester Area Math

Circle

1. Find all possible sets X and Y which satisfy all of the following conditions:

X\{1, 2} = Y ∪ {0, 4, 5, 6},

Y \{1, 2, 3} = X ∩ {0, 5},

X ∪ Y ⊆ {0, 1, 2, 3, 4, 5, 6},

and X has exactly three more elements than Y .

2. What are the smallest and the largest fractions of the type

x3yz

5uvw
,

that can be simplified by 180. Above, all the letters designates digits and x3yz repre-

sents a number with four digits, whose unit digit is z, etc.

3. Consider the numbers
a = 8 + 82 + 83 + . . . + 81981,

b = 9 + 92 + 93 + . . . + 91981.

What are the last digits of the numbers a + b and ab, respectively?

4. Find all 6-digit numbers of the type

xyzzyx,

which are divisible by 7 and for which x, y, and z represent distinct digits.

5. If 46abc designates a 5-digit number which is a perfect square and is divisible by 5,

what is its square root?

6. Find all pairs (x, y) of integers satisfying the equation

x2 + xy − y = 1984.

7. Show that any positive integer greater than 3 can be written as a sum of prime numbers.
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8. In a closed box, there are placed white balls weighing 11 oz. each and red balls weighing

12 oz. each, for a total weight of 151 oz.

i) What is the minimal number of balls that needs to be extracted from the box in

order to be sure that we picked up balls of different colors?

ii) What is the maxmal number of balls that needs to be extracted from the box in

order to be sure that we are left in the box with balls of different colors?

9. Show that the quadratic equation

x2 + ax + b = 0,

where a and b are both odd integers, does not admit any integer roots.

10. Prove that any perfect square, which is neither 1 nor 9, has an even digit.

11. Find the smallest and the largest numbers of the type abab, which have the smallest

possible number of factors.

12. What is the number of zeroes in which

1 · 2 · 3 . . . · 99 · 100

finishes?

13. Find all numbers of the from abc which are divisible by 15 and for which

cba− abc = 297.

14. Show that if the integers x, y, and z satisfy

xy = z2 + 2 + z(x− y),

then x + y is either 3 or −3.

15. Prove that in a triangle whose sides are consecutive positive integers, none of the

interior angles have its measure equal to 60◦.
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