A STOCHASTIC MOVING BOUNDARY VALUE PROBLEM

KUNWOO KIM, CARL MUELLER, AND RICHARD B. SOWERS

ABSTRACT. We consider a stochastic perturbation of a moving boundary problem proposed by Ludford and
Stewart and studied by Caffarelli and Vazquez. We prove existence and uniqueness.

1. INTRODUCTION

Moving boundary problems are one of the important areas of partial differential equations. They provide
the correct quantitative description of a wide range of physically interesting phenomena where a system has
two phases. However, since the boundary between these phases is defined implicitly by the behavior of the
rest of the system, they provide deep mathematical challenges in the areas of existence, uniqueness, and
regularity.

Our goal here is to study the effect of noise on a specific free boundary problem which was introduced by
Stewart [Ste85] and subsequently addressed in the mathematics literature (see [CS05, CV95, Vaz96]). Fix a
probability triple (Q2,.%,P) and assume that B is a Brownian motion on (€,.%,P). We consider the SPDE

2
du(t,z) = %(t, z)dt + au(t, z)dt + u(t, z) o dB, x> [(t)
T
. Ou
1) Al 2.0 =1

u(0,z) = uo(x) r€eR
{(t,z) e Ry xR |u(t,z) >0} ={(t,z) e Ry xR |z > 5(¢t)}.

The constant o € R is fixed (we shall later see why it is more natural than not to include this term). We
also assume that the initial condition u, € C'(R) satisfies some specific properties:

e u, =0on Ry, us >0 on (0,00), and limg~ o dé‘m“ () =1.

e u, and its first three derivatives exist on (0, 00) and are square-integrable (on (0, 00)).
In (1), odB; represents Stratonovich integration, and the last line means that the boundary between u = 0
and u > 0 is the graph of f.

In fact, it is not yet clear that (1) makes sense. Differential equations are pointwise statements. Stochastic
differential equations are in fact shorthand representations of corresponding integral equations; pointwise
statements typically don’t make sense. It will take some work to restate the pointwise stochastic statement
in the first line of (1) as a statement about stochastic integrals.

There has been fairly little written on the effect of noise on moving boundary problems (see [BDP02]
and [CLMO6]; see also the work on the stochastic porous medium equation in [BDPR09, DPR04a, DPR04b,
DPRRWO06, Kim06]). We note here that the multiplicative term w in front of the dB; places this work slightly
outside of the purview of the theory of infinite-dimensional evolution equations with Gaussian perturbations.
The multiplicative term is in fact a natural nonlinearity. It means that bubbles where u is positive cannot
spontaneously nucleate within the region where v = 0.

Our major contributions here are to formulate several techniques which can (hopefully) be applied to a
number of stochastic moving boundary value problems. In our particular case, where the randomness comes
from a single Brownian motion, several transformations (the transformations of Lemmas 3.3 and 3.5 and
(17)) can transform the problem into a random nonlinear PDE (see (18)). All of these transformations are
not in general available when the noise is more complicated, but most of the techniques we develop here
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should be. Secondly, the irregularity of the Brownian driving force requires some detailed analysis, no matter
what perspective one takes; namely in the analysis of Lemma 3.2 and the iterative bounds of Lemma 4.4.

2. WEAK FORMULATION

To see what we mean by (1), let’s replace odB by a smooth path b; the Wong-Zakai result (cf. [KS91,
Section 5.2D]) implies that this is reasonable (and that the Stratonovich interpretation is correct when we
do so0). Let’s also assume that there is only one interface. Namely, consider the PDE

2
%(t, z) = g S +av(t,z) +o(t,2)b(t) @ > Balt)
v
(2) x\hé?(t) 8x( z)=1

v(0, ) = uo (). z€eR
{(t,z) e Ry xR|v(t,z) >0} ={(t,z) e R xR |z > Fo(t)}.
This will be our starting point.

Let’s see what a weak formulation looks like (see [Fri64, Ch. 8]). Fix ¢ € C°(R4 x R). Assume that [,
is differentiable. Define

o0

Uy(t) def /ERv(t,x)cp(t,x)dx :/ v(t, z)p(t, x)dx.

:ﬁO(t)
Differentiating, we get that
U (t)—/oo {3”< Dpt,a) +olt, ) 22 x)}dx—v(tﬁ(t)) (8, Bo(0) o 0)
«p—xﬁt)at Z)plt, g \b sy Mo P, Po o

and we can use the fact that v(t,5(t)) = 0 to delete the last term. We can also use the PDE for v for
x > fBo(t) to rewrite %. Integrating by parts, we have that

< 9t
5 (6, 2)p(t, v)dx
/»L (1) 0

oo

=t {=Ghe et o) + ot s G0+ [ G

zN\.B(t) =B(t)

Again we use the fact that v(¢, 8(¢)) = 0, and we can also use the boundary condition on %. Recombining
things we get the standard formula that

. 2
Uy(t,z) = /ERv(t,x) {aaf(t,x) + %(t,x) + ap(t, ac)} dx

+ {LeRv(t, ac)go(t,x)dw} b(t) — o(t, B(t))-

Replacing b by odB, we should have the following formulation: that for any ¢ € C°(Ry x R) and any
t>0,

/IERu(t,x)cp(t,x)dx = /xe uo(x)p(t, x d:v—%—/r OLER u(t, ) { 5 (r,x) + g:g(r, x) +ag0(r,:r)}dxdr

+/ {/ u(r, x)p(r, J:)dx} odB, / (r, B(r))dr
r=0 z€R
The Ito formulation of this would be that

[ sttt = [ wwetais [ [ uto {6+ T+ astn) b dodr

+/T_O{/I€Ru(r,x)g0(r,x)d }dBT—/Tt_OSO(Tﬂ(T))dT
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where & = a + %
Remark 2.1 Thus the structure of the SPDE (1) is invariant under Ito and Stratonovich formulations; this is
the motivation for including « in (1)

We can now formally define a weak solution of (1). In this definition, we allow for blowup. We let
Ty def o{Bs; 0 < s <t} for all t > 0; then B is a Brownian motion with respect to {.%;}+~0 and stochastic
integration against B will be with respect to this filtration.

Definition 2.2. A weak solution of (1) is a predictable path {u(t,-) | 0 <t < 7} in C(R) N LY(R), where
T 18 a predictable stopping time with respect to {Fi}is0, such that for any ¢ € C (R4 x R) and any finite
stopping time 7' < T,

u(t!,x)p(t, z)de = uo(z) (7', x)dx + u(t, x) (r x) + 87<p(r z) + dp(t,z) p dudr
z€R zeR r=0JueR 6t Ox?

¥ / A wtoetnartsf s~ [ ot s

{(t,x) € [0,7) xR | u(t,z) >0} ={(t,z) € [0,7) xR | = > B(¢)}.

and where

Our main existence and uniqueness theorems are the following. The arguments leading up to these results
will come together in Section 4.

Theorem 2.3 (Existence). A solution of (1) exists. Furthermore, u(t,-) € C?[3(t),o0) for allt € [0,7) and
82
7 < inf {t >0: ‘52@2 (t—, ﬁ(t))’ = oo} .
Proof. Combine Lemmas 4.6 and 4.7. |

We also have uniqueness.

Theorem 2.4 (Uniqueness). Suppose that {t1(t,-); 0 <t <1} and {tz2(t,-); 0 <t < 12} are two solutions
of (1). Assume that for i € {1,2}, the map © — u;(t,x — B;(t)) has three generalized square-integrable
derivatives on (0,00). Then uq(t,-) = ua(t,-) for 0 <t < min{r,m2}.

Proof. The proof follows from Lemma 4.8. (]

3. REGULARITY AND A TRANSFORMATION

The proof of Theorems 2.3 and 2.4 will hinge upon a transformation of (1) into a nonlinear integral
equation on a fixed (as opposed to an implicitly defined) domain; we will address this in Subsection 3.2.
First, however, let’s make sure that we understand a bit about regularity; this will illuminate the assumptions
needed.

3.1. Regularity. While regularity of moving boundary-value problems is an incredibly challenging area (see
[CS05]), we can make some headway. Namely, if we assume enough regularity for the boundary, we can get
better control of the sense in which the boundary behavior holds.

The following representation result will help us in carrying out this analysis. Define

def 1 1'2
ot )~ exp |- t>0,2€R
Po(t, ) e p{ 4J
3 def a o
G it 2,9) & (ot — ) £ poltrz + 1)} e = {polt,z — y) £ polt,—z — )} e >0, 2,y €R
~ def & &
pe(t,z,y) = {po(tix—y) £po(t,z+y) e = {po(t,xz —y) £po(t,—x — y)} t>0,z,ycR

the second representations of p+ and pi stem from the fact that p, is even in its second argument. The
distinction between p+ and pi naturally lies in the distinction between Ito and Stratonovich calculations.
3



We then have that

9 )
%(t,z, )= a;;(tzy)Jrapi(tzy) t>0,z,ycR
op 925

(4) T (tay) = 85;(t,z»y)+6zﬁi(t,z,y) 50,2,y R

1 t = lim p4 (¢ = 0g; R\ {0

limps(t,2,) = limpe(t,z,) =do;  z €R\{0}
the relevant distinction between p; and p_ is their behavior at x = 0. This will come up in the arguments
of Lemma 3.2.

Lemma 3.1. Let u be a weak solution of (1) and assume that B is continuous. If 0 <t <7 and x > (),
then

t

6) ultr) =~ [ P Ppalt s 5(0,50) ~ BOMS + e [ peltis = B0y - Bl uclw)dy.
s=0 yeR

Furthermore, u(t,-) is C* on (5(t), 00).

Proof. Fixt >0,z € R, § >0 and ¢ € R and define

Prase(s,y) Epit+d—sz—cy—c) scl0t,yeR

e
Utm5c :e/ @tmécsy ( )dy s<T
ye

Fix next a finite stopping time 7/ < 7. For s € [0, t], we have that

sAT'

Ussso(r)dB, — / rom (s B(r))dr

r=0

sAT'

Ut,z,ts,c(s A 7_,) = Ut,w,é,c(()) +/
r=0

s s
= Ut,x,5,c(0) + / Ut,r,&,c('r A T/)X[O,T’] (T)dBr - / (Pt,z,ts,c('ru /B(T))X[O,T’] (’I“)d?".
r=0 r=0

Thus by Ito’s formula and some simple calculations, we have that

(6)

1 s 1
Ut ws.c(s NT')exp {—Bs + 25] = U 4.5.0) — / Ut w5.c(r N7T')exp {—Br + 27‘] X(+,00) (T)d By
r=0

s 1
+ / Ut ws.c(r A7) exp {—BT + r} X(r',00) (1)dr
r=0

1
2 2

s 1
_/ Ot,z.5,c(r, B(r)) exp [—BT + 27“} X0, (r)dr
r=0

for all s € [0,t]. Taking s =¢ A 7/, we have that

tAT!

1 1
Ut,ac,&,c(t A 7-/) exp |:_Bt/\7—’ + it A 7-/:| = Ut,x,é,c(o) - / Qot,x,&,c(ra ,6(7‘)) exp |:_Br + T:| dr

2

=0
and thus (using the fact that the integral is against ds)

1
Ut,:c,zs,C(t A 7_/) = Ut,m,é,c(o) €xp |:Bt/\7-/ - it A 7—/:|

tAT! 1
[ naelr B B~ B~ s -] an
r=0

Next taking 7 7 7, we have that

tAT

1 1
Uit A7) = Urapo0)x0 [ Bins = 57| = [ unisclrfe)) oxw | Busy = B = 5 a7 =)

=0
Again using the fact that this is an integral against ds, we can take ¢ = §(¢). If t < 7, then

1 t 1
Ut e.6,680t)(t) = Ut z.5,5(1)(0) exp [Bt - 24 - / Pt,2.6,80t) (1, B(1)) exp {Bt - B, - 5(75 - ?“)] dr.
r=0
4



Ift <7, x> p(t), and § is continuous,

inf {Jt = s+ (= = 5(8) = (B(t) = Bls))l} = min {|t —s| +[(z = B(1)) = (B(t) = Bls)l} > 0

0<s<t

inf {Jt = s+ [z = 5(8) + (B(t) = Bls))l} = min {|t —s| +[(z = B(1)) + (B(t) — Bls)l} > 0.

0<s<t
Thus

glg(l) S Pt ,2.6,50) (5, B(5)) — Pt — 5,2 — B(t), B(s) — B(t))| =0

lim sup 010080 (0,y) — P=(t,x — B(t),y — B(t))| = 0.
O yeR
This gives us the claimed representation result. We can then differentiate to get the claimed smoothness. [

Note that (5) is not an explicit formula for u since the right-hand side of (5) depends on u through 5. We
also note that the proof effectively converts the Ito integral of (6) into a Stratonovich one, implying that py
is converted back into p4.

Next, let’s see what happens if we in fact assume that § is continuously differentiable. It turns out that
not only does the boundary behavior of (1) hold pointwise, but we can find an evolution equation for
(which depends on u). To get the general idea of this latter fact, let’s return to our deterministic PDE (2).
By definition v(t, 85(t)) = 0, so differentating (and using an approximation just to the right of 3,) we get
that

ov v .
a(taﬂoa)) + %(taﬂo (t))ﬁo (t) =0.

Using the PDE for v and the boundary conditions (again, a rigorous proof would require pushing the
calculation just a bit to the right of 3,), we get that in fact

: 2'1} 2'U
™ fult) = = { G 0.0 + avtt )} = = T3 0520

For the SPDE (1) we should have the same result (since the noise term vanishes at the boundary).
To proceed, let’s rewrite (5) in a slightly more convenient way. If {u(t,-) | 0 <t < 7} is a weak solution
of (1) and 0 < ¢ < 7, set

Ay (t,e) def /:o exp [By — Bi—s + as]po(s,e + B(t) — B(t — s))ds e e R\ {0}

def
Azi(t,s) = b / pi(t,e,y — B(t))uo(y)dy. ee€R

yER
Then some simple manipulation (which reflects the second representation of p+ in (3) and the fact that p,
is even in its second argument) shows that

(8) u(t, B(t) +¢e) = —Ai(t,e) — Ai(t, —¢) + AF (t,e) = —A1(t,e) + A1 (t, —¢) + A5 (t,€).
We in fact have
Lemma 3.2. Let {u(t,-) | 0 <t < 7} be a solution of (1). If 5 is continuously differentiable, then

(9) ;{% %(tal’) =1 and }3{% @(ta x) = —p(t)
for allt € ]0,7).
Proof. From (8), we have that
ou o (9141 6141 (914;_
ax(tvﬂ(t)+€)_ 85 (tv€)+ 88 (ta €)+ 85 (ta‘e)
82u (92141 82141 (92142_

@(t,ﬁ(t) +5) = —W(tg‘:) + De2 (t, —5) + (t,ﬁ).

Oe?
Note that

Opo

1 r xg a2po 1 $2 q;2
( ) ax ( 7l‘> 2 /—47( t3/2 eXp |: 4t:| an axZ ( ’x) 2 /47Tt3/2 { 2t }exp l: 4t:|




Thus

0A ! 9po
T;(t,&:) = /S:O exp [By — Bi—s — as] 8]; (s,e+B(t) — Bt —s))ds

e+ 0(t) — Bt —s) ox

5372

80 -8 -9)]
4s

— B + as]

S

2\/47r /5 0 exp B

= —Al,l(t,E) — Al,g(t,E)
0% A,
Oe?

(t@:/;fwﬂﬂ—&ﬂ+ady%®£+ﬁ@—ﬁﬁ—ﬁﬂs

Ox?
{(em(t) G 1}

— Bi—s + as] P

(e +B(t) — Bl — s>>21 R

X exp |— 1
s

= 121271(75,5) + 121272(1‘5,5) + 121273(@5)

where
t B N2
Ay (te) = 2\}5 L exp [By — Bi_s + as] 35/2 exp _(e+580) 4Sﬂ(t 5)) ] ds
~ 1 t B B B N2
Aatt:9) = 5o [ explBi= Bt B =Bt =s) oy | 450 — 0= 5) ] n
2 o o 2 1
Ay 1(t,€) 2\/@ B Oexp [By — Bi—s + as] {;s — l}exp 7(€+ﬂ(t) 48ﬂ(t 5)) ] st
~ 1 t B _ _ 2
Aga(t,e) = oin S:Oexp [B; — Bi—s + as] ;5/2 5) f(t s) ex (e+60) 4sﬂ(t 5)) ]ds
t _ 2 B o2
Ag 3(t,e) = 4\/15 - exp [By — Bi—s + as] (B() Sf/(; s)) ex (e +5) 48ﬂ(t 5)) ] ds
Since [ is by assumption continuously differentiable,
et 1B~ 81— 0)
0<5<t d
is finite. Thus
164 Bt —s) K
‘ss/z S iz
(B(t) — B(t — 8))2 K?
55/2 = 172

for all s € (0,t]. Since s +— ﬁ is integrable on (0, ¢], we can use dominated convergence to see that

t)— Bt —s ) — B(t — s))?
11mA1 g(t € 2\/@ S Oexp Bt Bt—S_"O{S]%eXP [_(ﬁ() fs( )) ]ds

t)— Bt —s))? t) — Bt —s))?
hmA2 3(t,€) 4 Tlﬂ'/g Oexp — By_g + as] (B@) Sf/(Q ) exp [_(ﬁ() fs( ) 1(18-
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To understand 1211,1, [123 and 1212,3 we make the change of variables u = |¢|/y/s and rearranging things to
get that

2 - 227,27\ 2
Ay 1(t,e) =sgn(e \/E /_le/\[exp [Bt —By_c2/2 + 0¢52/u2] exp l—z (1 + 5E) 5(2 e'/u )> ] du
; B(t) — Bt — < u?
Ass(te) = S%) / i exp [By — By—c2u2 + ag®/u?] (*) 52(/u28 /)
2
X exp [f <1 + B(t) — ﬂ(z— 52/u2)> ] du.
Suppose that e < 1/(2K). If u > 1, then
‘ﬂ =)l g < kel
€ u2 2
in which case
2 o 27,2\ 2 2
an ox H* (1+6(t) ﬂ(z e fu )) ] “ e HG}

On the other hand, if u < 1, we obviously have that
2 _ _22/,,2)\ 2
explzjl(lJrﬂ(t) ﬂ(z 5/“))]§1.

Dominated convergence here ensures that

1 B 2
lim —— A4 1(t,e) = / ex {—] du =
e—0 sgn(e) 1 VA Ju=o P 4

Ago(t,e) = i(i) h exp [—f] du = B
u=0

2
We next consider Ay (t,¢). In fact, we should jointly consider Ay (t,e) and Ay (t, —¢). We have that

- N =

(1)

lim ——
i) sgn(e)

t
Ao (te) — Ao (t, —2) = %/S:O oxp (B, — By_.| (;z - 1) p-(5,2,0(t) — Bt — ) ds.
The value of this is that p_(s,e,0) =0 for all s > 0 and € € R. We also note that
Op—
Ay

Opo
(t,z,0) = —2 8p (t,z)e™ t>0,xeR
x

and

0?p_ 0%p, 0%p, o
ot = { G =) - Gt ) e
t>0,zeRyeR

9po 9po o
:{8;)2 (t7l'—y)_ a‘fg (t7_x_y)}e ‘

where the last representation uses the fact that p, is even in its second argument. Thus

P, 8(8) = Bt — ) = ~2(3(t) = Bt — ) 222 (s,)e
1 2
+(B(t) — Bt — s))ze"‘s/ (I—1) 86;:20 (s,e —r(B(t) — B(t—9)))dr
r=0

— (00 = Ble = )% [ (1) T (5. =2 = (3l0) — Bt — 5))

Thus
Aya(te) — Ay (t,—c) = ;15,1(75, €) + 43,1(75, £) — Ag 1(t,—¢e) + Az 1(t,e) — A§,1(t7€)
7



t
Ag,l(t,&‘) = —/ 0eXp [Bt — Bi_g —|—as] (;z — 1) Mal;o (S,E)ds

t: 1 2 o _ s 2
A;l(t,s):%/ O/ZOexp[Bt—Bt_s+as]5 (B = Bt = )" OPo (o _ (1) — Blt — s))) dr ds

2s s 0x?
9 ot 1
€
:—/ / exp [By — Bi_s + as] <
4 s=0Jr=0

B(t)
t 1 _ — s 2 02 .
/ exp [B; — Bi—s + as] (B(t) = Blt = 5))” Ip (s,e—r(B(t) — Bt —s)))drds

-0 s Oz
1 o _s 2 2 .
~3 / 0/ exp [By — Bi—s + as] <ﬁ(t) f(t )) saafg (s,e —r(B(t) — Bt —s)))drds.

We will again use the transformation u = |e]/y/s. We compute that for € > 0

C B0 — 9\ 2 92,
f(t )) %j’z (s,6 — 1(B(t) — B(t — s))) drds

_ g2 t)—B(t—s) ¢ g2
A51(te) = 2\/@ exp [By — Bi—s + as] <25 — 1) %@ exp [_43] ds
s=0
o u’ B(t) — Bt — */u?)
:fsgns/ exp By — By_c2 2 + ae? Ju? <1)
()u:e/\/i [t t—e?/ / ] 9 £2 Ju?
u? 1
X exp _Z Edu

Thus by dominated convergence,

. 0o /.2 2
E11{11 A2 1(t,e) = B(1) /u:O (uz - 1> exp [Z} \/%du =0.

Similarly,

- 0o 1 O Bl &2 fu2 )\ 2
Ag,l(ta5) = ;/k/\/{/ro exp [By — By_c2/y2 +o¢52/u2] <ﬂ( ) f2(/u2€ Ju ))

( 3 Ju? ) Po ( 2Ju e —r(B(t) —ﬂ(t—EQ/ug))) dr du.

From the second equality of (10), we see that there is a K > 0 such that

0%p, K x2 K
(12) (():v2(87x)'§ 5372 eXp|: 85] S@
for all s € (0,¢] and € R. Assume again that ¢ < 1/(2K). If u < 1, then
3 /.3
3 Po ( 2 2/ 2 (€°/u?)
( /u) ( fu?,e —r(B(t) — Bt —*/u )))‘<K(52/u2)3/2_

On the other hand, if u > 1, we have that

(% /u®) %fg (2 /u2,e —r(B(t) — Bt — 2 /u?)))
o (/) l (e —r(5(t) —ﬂ(t—e?/u%))?]

EROEE =2/
2 B — Bt — 2 /42 2 2
< Kexp v 1—7’5() Blt—'/v) < Kexp v
4 € 8
by again using (11). Combining things together, we see that there is a K > 0 such that

~ 2
‘Ag.1(t7€)‘ < KE/ exp [—ug] du = KeV2r;
u=0
8
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thus indeed R
gg% Agl(ta E) = 0.

We next turn to AS,. We here use the last bound of (12). Since s — 1/y/s is integrable on (0, 1], we can
use dominated convergence to see that

t 1 _ _ s 2 92 .
;igéixgﬁ(t,g):-%AZO/Tzoexp[Bt—Bt,s+as] (ﬁ(” ALt >> s L2 (6 1 (B(t) - Bt — 5))) dr ds,

s Oz?

this integral being finite. We have again availed ourselves of the fact that p, is even in its second argument.
Finally, let’s understand the relevant behavior of AY. We have that

+
hm%(t €)= B‘/
y

(4.0, — B(1) uo(y)dy

eN\0 Oe €R ox
. O0%AF B, 0" p_
ti T ) = e [ 0.y — a0 )y
From the second expression for py in (3), we have that
8p+ apo apo —
o 10.) = { Lo - P2t} =0,

We also have that p_(¢,0,y) =0 for all t > 0, so

0?p_ Op_
0,y) = —(t,0 _(t,0 0
5pz (0 0¥) = 5 (0,y) —ap_(£,0,y)
Thus in fact
047 0 d 1 ) 0
li t = t =
lim = (t,e) an lim =5 (t.e)
Combining things together, we indeed get (9). O

3.2. A Transformation. The characterization of 5 given in (9) allows us to rewrite the moving boundary-
value problem in a more convenient way. The calculation which gives us some analytical traction is found in
[Lun04] (see also [Fri64, Ch. 8]). Again, let’s return to our deterministic PDE (2). For all ¢ > 0 and z € R,
define 0(t,x) = v(t,x + Bo(t)) + e~ *. Then v(t,z) = 0(t,x — Bo(t)) — exp [—x + [o(t)]. Assuming that G, is
differentiable, we have that for x > 0 and ¢ > 0,

0v ov v .

10 = G+ Be0) + b+ BaO)00
(13) C2t0) = oo (b + Bolt) —

0% 9%

o (t2) = St a(t) + e
We can combine these equations and use the PDE for v to rewrite the evolution of ¥ as

%(t, z) = %(t T+ Bo(t)) + av(t,x + Bo(t)) + v(t, @ + Bo(t))b(2)

+ 200+ B 0)Al)

(14) 0

= ) e o (i) — ) + (L) +e) A

= o \b¥) e o (o(t,z) —e 5 b T) e A

+ (0(t,z) — ™) b(t).
Note also that 5%
0]
—(t,0)=1-1=0.
Furthermore, (¢,0) = 1 for all ¢ > 0, so evaluating (14) at = 0 (or more accurately, as x \, 0), we get that
0o 0%
0=—(t,0) = ——(t,0) — 1+ B (2).

ot 82



Thus in fact

: %o

15 J(t) =1 — = (¢,0);
(15) Belt) =1~ 5 2(1,0)
alternately by combining (7) and the last line of (13), we have that

~ 0%v 0%

() = ———(t,Bo(t)) = =4 —=(0,2) — 1 5.

) = = g (. 8u(0) = = { G5 0.0 -1}

Inserting the dynamics of 3, back into (14) we can collect things and get a PDE for ©; we have that

v 0?0 . ~ 71/, v 71 %0

a(t,x) = @(t,z) —e " +a(otz)—e )+ <ax(t,x) +e > (1 - W(t’0)>
+ (0(t,x) —e ) b(t) t>0,z>0

v

—(t,0) = t
5 (10) =0 >0

5(0,2) = iio(2) L us(x) +e 7 >0
Replacing 8 by our Brownian motion B and « by &, we now get the following.

Lemma 3.3. Suppose that {u(t,-) | 0 <t < 7} C C(R) N L(R) is a weak solution of (1). Suppose also
that 3 is continuously differentiable and {.%}i>o-adapted. Then u(t,x) = u(t,x + B(t)) + e~ satisfies the
integral equation

ta) = [ pe(t) (welo) + ) dy

=0
(16) v : / " ett= s { (G ) (1-556.0) - @+ e avas

t fe%e)
b [ pett= s fals) - e M dydb,
s=0 Jy=0
for allt >0 and z > 0.

Thanks to Lemmas 3.1 and 3.2, the assumption that § is continuously differentiable ensures that the spatial
derivatives of @ on the right-hand side of (16) are well-defined.

Proof of Lemma 8.3. Fix x > 0 and T > 0. For ¢ € [0,7), define
oo
UTO Y [ at)pe(T - o)y = AT(0) + A0
y=0

where

Using Definition 2.2 and (4), we get that
A 2 A

1af0) = [t { =TT oy ) + GET by 0)

Fapo (T — tary — A1) — (T b0y mt»ﬁ(t)} drdt

yeR

10



=B(t)
{/:ﬁ(t)gz(t’y)ﬁ*@ LT,y ﬂ(t))dx} (t)dt

Y

=B(t)

< du R .
B { o By YT AT y)d:v} B(t)dt

T { / Ou(t,yw(t))mT—m,y)dy} dB, — (T — t,2,0)dt
.

-{ / " (Ghea v e ) pur - s Aoy

[e.e]
+ {/ (a(t,y) — e ) pp(T — t, z, y)dy} dB; — p4 (T —t,z,0)dt.
y=0
We have here used the fact that u(t,3(t)) = 0. We have also employed a fairly straightforward general-
ization of the integral equality in Definition 2.2 to predictable integrands; the continuous differentiability
and adaptedness of 3 allow us to apply this. Combining the characterization of § as in Lemma 3.2 and a
calculation as in (15), we get that
i) = 1- Z241.0)
Ox2"”

At~ [ _ { / (Fewse) (a- Zii%s,m) po(T sz )dy | s

+ /: {/yoo (a(s,y) —e ) pp (T — s,:z:,y)dy} dBs — /: P+ (T — s,2,0)ds.

=0 =0 =0

Thus

A straightforward differentiation, on the other hand, shows that

. 0P
y=0

o) (5)2A o0
= —/ eV 8p2+ (T —t,z,y)dy —/ e Yap (T —t,z,y)dy
Y Y y=0
o0

=—(T-t2,0)+p (T —t,z,0)—(&+1) / e Yp (T —t,z,y)dy.
y=0

Note that %(T —t,2,0) = 0. Combine things to get that

Uty =u%(0) + /:_0 {/:O (gZ(s,y) + ey) <1 - gig(s,o)) Py (T — s,z,y)dy} ds

—(a+1) /t_o {/:O e~Vp. (T — s,m,y)dy} ds

[ AL G- s as,

=0 =0

Now let T\ t to get the claimed result. O
11



Of course (16) is equivalent to the SPDE
_ 0 - P 0 1 Y %a
du(t,xz) = {W(t,x) +a(a(t,z) —e ™) —e " + (w(t,x) +e > <1 - W(t,o)) } dt
+ (a(t,z) — e ") dB, t>0,z>0
o

(0, ) = Uo(x) = uo(x) + e °. x>0
We can also find a converse to Lemma 3.3. First of all note the following.

Lemma 3.4. Suppose that {a(t,-) | 0 <t < 7} C C?(Ry) satisfies (16). Then (t,0) =1 for all 0 <t < T.
Furthermore, 4(t,xz) > 0 for all t > 0 and x > 0.

Proof. Let’s first smooth things out. Fix é > 0 and define

o

s (t, x) Cl:Cf/ m(&x,y)U(ty)dy:/ Pr(t+0,2,9) (uo(y) +e7¥) dy
y=0 =0

+/:_0/:013+(t+6—s,:y){(?;(s,y)+e—y) (1— 233(570)> —(d-i—l)e_y}dyds

t o0
+/ / pi(t+8—s,2,9) {als,y) — eV} dydBy;
s=0 Jy=0

we have of course used the fact that p; is a semigroup of integral kernels. For each # > 0, some straightfor-
ward computations show that

def { 0?1

dis(t,x) = 972

" </:oﬁ+(5’w’y) { (gzw * ey) (1 - 22(8700 — (G + 1)ey} dy> dt

+ </yoooﬁ+(5 —s,2,y) {ii(s,y) — e ¥} dy> iB,.

(t,x) + aus(t, x)} dt

We now let § \, 0 and use the assumed continuity of u. We also fix ¢ > 0 and evaluate the result at x = €.
We get that
t 92~

_ _ 0°u YL
u(t,e) = to(e) + - @(s, g)ds+ & /S:O u(s,e)ds

t(on . 0%a X b
+/s:0 (ax(s,s)—l—e >(1_8x2(8’0))d8_(a+1)/8_06 ds

+ /S75 (a(s,e) — e ) dBs

=0

— (e) + /t_o {ng;‘(s,g) - %(5,0) (gi(s,g) + e_s> } ds

t o~ ¢
+ / %(sg)ds + / (@(s,e) — e °) dBs.
s=0 0 s=0

€T

Letting € \, 0, we see that
1
a(t,0) =1 +/ (a(s,0) — 1) dBs
s=0
or alternately

iW(t,0) — 1 = /1 (ii(s,0) — 1) dB,

=0
which indeed implies that @(t,0) = 1 for all ¢ € [0, 7).
12



To see the positivity, we define

(17) w(t, ) (At z) —e ") e B 120,2>0

Some straightforward calculations show that u* satisfies the random PDE

ou* 0%u* . o%u*
ox (t,Jf) = W(tx) +au (t,ﬂ]‘) - ( o2

u*(t,0) = e Bt t>0
u*(0,z) = uo(x). x>0

*

(t,O)eBt> %(t,x) t>0,2>0

(18)

Note that e=P¢ > 0 for all ¢ > 0 and u,(z) > 0 for all x > 0. Standard calculations for the heat equation
then ensure that indeed w*(¢,2) > 0 for all ¢ > 0 and z* > 0. O

We then have
Lemma 3.5. Suppose that {a(t,-) |0 <t <7} C C*(R4) N LY (Ry) satisfies (16). Set

(19) ﬂ(t):/: {1_82{‘(5,0)}@ 0<t<r

=0 8x2
and define

(20) ultr) {W’ v B(1) —exp |- (- B @2 p1),0<t <7

0 r<PB),0<t<T
Then {u(t,-) | 0 <t < 7} is a weak solution of (1).
Proof. Fix ¢ € C°(R4 x R) and define

U(t) d:ef/ o(t, 2)u(t, z)de = Ay (t) — Ax(t)  0<t<T
zER

where
a0 = [ :(t) ottt — p(0)ds = [ ioosau,xw(t))a(t,x)dx
a0 - [ :m oty exp o = f(0)) o = | io ot + B(t))e"dn

To see the evolution of A;, we repeat some of the regularization we used in Lemma 3.4. Fix § > 0 and
define

as(t, z) / ez y)alty)dy x>0
y=0

us(t,z) &of { Ba(te = BO) —exp[= (@ — B == (1), 0<t <7
R U r<pB(t),0<t<T
Then define N
AW [t o+ BO)a(t, 2o = AT (1) + A + AT

where

13



where finally

i 24
& (ta) = <g$(t,x) +ey) (1 gm2 (t, 0)> —(@+1)e
m 2
O 10 4 (1)) (0, 8(1)) — (@ + D)e”
&(t,x) =a(t,z) —e ¥ =ult,z + B(t)).

We also note that we can rewrite the evolution of 3 as

. 0%u
ﬂ(t) - 7@@75(0)' te [077_)

Thus

e ' DO e Op ) .
i = ([ [ G+ 005 = 00+ G0+ 80 3= 2000

bopltoa + BO) 06 0,00 b s () dy s ) a

(/ /Oosotxw p+<6,x,y>sl<t7y>dxdy)dt

</0/m {;tﬂ%ﬁ D4 (t+ 6 — s,2,y)

32p+ ~ ~
( +ﬂ( )) ( s,x,y)+oz<p(t,x+/6’(t))p+(t+5s,z,y)}fl(s,y)dxdyds

/ / / ﬁtwﬂ%f p+(t+5—s,x,y)&(s,y)dsd%dyﬁ(t))dt
s=0Jx=0 Jy= Ox

(/ 0/ (t,x+ B(t p+(5,x,y)€1(t7y)dwdy) dt.

Similar calculations show that

2450(1) (///{ (t, + B(D))ps(t+6 — 5,2,y)

0?
DLt )+ it 4 AR+ 6~ s,29) | (o) dy .

t 0o o) 8@ ) .
+/S OL O/ am(t,x+ﬂ(t))l’+(t+§S,x,y)fz(s,y)stdxdyﬁ(t)> dt

+o(t,z + (1))

(/ 0/ (t, 2+ B(t))p+ (5, z,y)&2(t, y)dx dy) dB;

and finally

AT (1) (/0/0{ (t,z + B))p(t +6,2,y)

(t+08,z,y) + apt,z + B(t)pe(t + 6, , y)} o(y)dz dy

rolta+0(0) 20

/m 0/ T (t,x + B(t p+(t+57$,y)ﬂo(y)dxdy/5’(t)> dt

Adding these expressions together, we get that, we get that

AS(t) — AJ(0) = /t_o (/oo (%t + acp) (s, @ + B(s))is (s, x)dx

14



[e'e] 2,& [ee] .
[ et pen R eade s [ a0 a)da(s) ) ds

0 Oax

n / (s, B(s))ps (6.2, 9)61 (s, y)da dy) ds

WL
t ( o5, + B(9)p+ (6, 2,165, y)d dy) iB,

We can force the evolution 5 into a snnllar expression. We have

(t,x + B(t)) + g—x(t, T+ ﬁ(t))B(t)} e *dx

8“

{
( +a<p> (t,x+ B(t))e "dx
/ otz + B(t))e —wdx+/:0gi(t,xw(t))e—wdxﬁ'(t)

1)/ o(t,z+ 6(t))e “dx.
=0
Again combining things we get that

(A9(t) — A(t)) — (A3(0) — A2(0))
-/ _ (/7 (5 +a0) (s BoDustosn + bs)ta

oo 32u >0 .
[ eleat B G BN+ [ Z(tat ) st + B)do()

a+1/ o(t,z + B(t))e Id:ﬂ)

=0

+/70 / o(s,z+ B(s )p+(5,x,y)§1(s,y)dwdy) ds

=0

=0
+ /St 0 (/:00 /yooo o(s, @ + B(s))p+ (3, z,y)82(s, y)dx dy) dB,

-/ _ ( / (i;j T o ew) (5, + B(3))us (s, + B(s))da

[ el ) G 5+ Bl)))

=0
5, ) 2 (5, B(6)) + 5 5, )5, 5(5)) — 5, (), 5()) o)
+(@+1) /OO o(t,z + 5(t))e$dx> ds

=0

/ 0( / st Al >p+<5,x,y>§1<s,y>dzdy) ds

0

/s 0 </ac o/ (5,2 + B(s )p+(6,x,y)§2(s,y)dmdy) dB,.

By definition of p,, we conclude that %(s, B(s)) = 0. We also have by Lemma 3.4 that lims\ o us(s, 8(s))
0. Upon letting ¢ N\, 0 and rearranging things, we indeed get a weak solution of (1).

o

4. A PiCARD ITERATION

Our main task now is to show that we can indeed solve (16). The main complication is that (16) is fully
nonlinear due to the presence of the %(t, 0) term in the drift. If we turn off the noise, we can do this via
15



semigroup theory as in [Lun04]. The noise, however, complicates things, as we need to respect the rules of
Tto integration and (unless we want to use more advanced theories of stochastic integrals) integrate against
predictable functions.

Our approach will be to set up a functional framework in which we can use Picard-type iterations to show
existence and uniqueness. As usual, C§° (R, ) is the collection of infinitely smooth functions on [0, co) whose
support is bounded. Define next

Coeven(R4) def {(p € C(Ry) | o™ (0) = 0 for all odd n € N} ;
in other words, C§%ye,(Ry) are those elements of C5°(IR; ) which can be extended to an even element of
C*(R). For all p € C5°(R,.), define

ol 53/0 (@) da.
z€(0,00)

Let H be the closure of C5°(IRy) with respect to || - ||z and let Heven be the closure of C§%.,(Ry) with

respect to || - || z. We also define
def
wu-¢/ o) do
z€(0, oo)

for all square-integrable functions on Ry. Of course H and Heyen are Hilbert spaces (H is more com-
monly written as H?; i.e., it is the collection of functions on R which possess three weak square-integrable
derivatives). The important aspect of H is the following fairly standard result.

Lemma 4.1. We have that H C C?. More precisely, for any ¢ € H, we have that

sup [ (@)] < 2ol
zER4
1€{0,1,2}

Finally, fori € {0,1,2}, ¢®(0) = lim,~ o ) () is well-defined.

The proof is in Subsection 4.1.
Fix L > 0 and ¥y, € C*(R;[0,1]) such that Uy (x) =1if || < L and ¥ (x) =0 if || > L+ 1. Set

atto) = [ el )iy
y=0
for all ¢ > 0 and = € R and recursively define

(21) ik, (tx) = /mm@zwm@@

/s 0/ po(t—s,x,y) {<88 (t,y) +e” y) (1 _ 8;325 (t’0)> v, (||ﬂ£(t7')\\H)

—(d+1)e_y}dyd8+/ / pi(t—s,x,y {u s,y) —e ¥V} dydBs. t>0,2>0

For each n € N, {al(¢t,-); t > 0} is a well-defined, adapted, and continuous path in Heyen.
To study (21), we will use the Neumann heat semigroup. For ¢ € C§°(R.), t > 0, and = > 0, define

<n@<ﬁ“/:mﬁwww@my

Lemma 4.2. For each t > 0, T; has a unique extension from C5°(Ry) to H such that TeH C Heyen, and
such that | Ty fl|lg < ||fllg for all f € H. Secondly, there is a K4 > 0 such that

. Ka
1Tifln < a7

for all f € Hepen N CHRY).
16



Again, we delay the proof until Subsection 4.1.
Another convenience will be to rewrite the ds part of (21). Define

=~ def

V() = (1=4(0)%r ([¢]n)
for all 9 € H. Then

{‘?j(t, x) + e_g”} (1 - 8;;5 (, 0)> Uy (akt,)u) = {%ff (t,x) +e—$} Uy (ak(t,-))

for all n € N. For ¢ and n in H, let’s also define

<w777>H
1lla

Lemma 4.3. For each v and n in H, (D@L)(w777) is the Gateaus derivative of Wy, at v in the direction of
n. Furthermore, there is a Kp > 0 such that

(DU L)(¥,n)| < Kpxjo,.;(1Vl )l z

(DWL) (5 m) = =i (O) WL ([ a) + (1 = HO)TL([[l]r)

for ally and n in H.

Proof. The claim is straightforward. ]

For each n € N, we now define wZk(t,x) L ak,  (t,x) — ak(t,z) for all z > 0 and ¢t > 0. Clearly
supg<,<7 E [||[0F]|%] < oo for all T > 0. We then write that

4
Bk (tr) = > A ()
j=1

L oo
AU (t,z) = / /: / Pt — s, 2, y)e VdyDy (ak(s,-) + AbE(s,-), wE(s,-)) ds dX
1 t

L e
Agln)(t7x> = / (/ ﬁJr(t - S7x7y>ﬁ)'rL1(Sa y)dy> st
s y

def

where for convenience we have set E(z) = e~ for all z > 0. Note that the 4L’s and wL’s are all in Heyen.

An easy calculation gives us that

E 45" e )15] = [ _E [T (s )] ds < / Bl (s l] ds

17



We similarly have (using Jensen’s inequality) that

t t
B[IAG ] < ek [ T EIRE [k s l] ds < k31BN [ B (1o )1 ds

s=0

To bound Ag") and Aén), we use the fact that t=3/4 is locally integrable. More precisely,

! 1 1/4
———ds =4t
/s:o (t — )P
for all £ > 0. Thus

(n) 2 2 ‘ owy ?
I[-Z[HA1 (t7)||H} gKBE /SZO Ttisﬂxn (5,.)HHds
- 2
o lak(s, )| v E |||k (s, )5
2 H 2 1/4
<k || oo | | <K /, (=i

Finally, we have that

E 1457 (8, )11

/t
s=0

ouk ouk -
< w3 || [ e (G 0% 60| doxon (56 + Aok ) 1 . s

t L L
| Gl s
def

Lemma 4.4. For each T > 0, we have that " | supg<,<p B |0k, — 0L|a] < co. ThusP-a.s., ul(t,-) =
lim,, . ul(t,-) exists as a limit in C([0,T); H) and u” satisfies the integral equation

at(t,x) = /OO Py (t, x,y) o (y)dy
(22) /S 0/ p+(t—s,,y) {(88 (ty)+e” y) (1 — 882 L(t 0)> W, (Ja"(t, ) ||m)
—(a+1)e ¥} dyds

+/ / ﬁ+(t75,x,y){ﬁL(5,y)fefy}dBS. t>0,2>0
s=0 Jy=0

Proof. See also [Wal86, Lemma 3.3]. Fixing T > 0 we collect the above calculations to see that there is a
K7 > 0 such that

T

2 t ~Lie |2
] < K212 / B[l (s, )34 ,

< K3E

—o  (t—s)¥/4

)1%]
Bk 1l < der [ BRIl
for all t € [0,T]. Iterating this, we get that

Ell|lwf (¢, )1 F) < Kp e DA ST B(1+5/4,1/4) S, E[|l@1 1]
=1
where B is the standard Beta function and thus that
1/2
n—2
Bllk (1) < KR0S CTT B0 /410 s /Bl ]
i=1 ==

To show that the terms on the right are summable, we use the ratio test. It suffices to show that

1/2
(23) lim K/21/8 (B ( )) =0.

n— oo

18



1/2 1

We calculate that
1
B(l1+4+n/4,1/4) :/ s”/4(1—s)_3/4ds:/ s”/4(1—s)_3/4ds+/ sV — 5) 73/ 4ds
s=0 s s=1/2

1 n/4  .1/2 1 —-3/4 /1
< () / (1—s)"%/*ds + () / sV 4ds
2 s=0 2 s=1/2

B 1 (n+1)/4 N 1 —3/4 1— (I/Q)n/4+1
S\ 2 2 n/4+1

=0

This implies (23). The rest of the proof follows by standard calculations. O
We can finally show uniqueness.

Lemma 4.5. The solution of (22) is unique.

Proof. Let u; and uy be two solutions. Define w def u1 — ug. By calculations as above we get that
t

Efla(t,)IF] < Kr /zo(t — ) [ |[w(s, )| H]ds.

We can iterate this inequality several times to get (cf. [Wal86, Theorem 3.2])

Bllat Wi < K3 [ (0=s [ (5= r) S B0l ds

= K7B(1/4,1/4) /:O(t =) E (o, )| Hdr

< KRB [ =) [ e Bl ldsdr

= K7B(1/4,1/4)B(1/2,1/4) /:O(t — ) VIE[|d(s, )| Fds

S

< KAB(1/4,1/4)B(1/2,1/4) /:O(t _ )/ /:O(s ) SR (r, |4 ]dr ds

:K%B(1/4,1/4)13(1/271/4)3(3/4,1/4)/ E[||@(r, -)I[]dr

r=0

We can now use Gronwall’s inequality. O
Let’s now see what happens as L " co. Define the random times

o Yinf{t >0 |l )g =L}  L>0
TdﬁfLm (tp, A L).

Let’s also define

a(t,2) ® Tm ab(tArp,z).  t>0,2>0

L—o0

Lemma 4.6. We have that o
Tim [[a(t, ) s = o
t/ T

Define u as in (19)—(20). Then {u(t,-) |0 <t < 7} is a weak solution of (1).

Proof. Fixing I/ > L we have from the uniqueness claim of Lemma 4.5 that @ (¢,-) = a*(t,-) for 0 < t < 7.
Thus 7, > 71 for all I’ > L, and so 7 = limp_o 7, = limy_ (7, A L) and 7 is predictable. We
also have that a(t,-) = limy_. aZ(¢,-) for 0 < ¢t < 7. From this and Lemma 3.5, we conclude that
{u(t,-) | 0 <t < 7} as defined by (19)—(20) indeed is a weak solution of (1). The characterization of
|@(t, )| at T— is obvious. O

In fact, we have a more explicit characterization of 7.
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Lemma 4.7. We have that
o |97
t/ T 8.732

(t,O)‘ = .

Proof. For each L > 0, define
e d*u .
TL d_flnf{te [O,T] W(t— 0)‘ ZL} (Hlf@:T)

By standard SPDE calculations like we used in Lemma 4.4, we know that (22) has a solution on [0, 77]. Thus
in fact 7 > 77 and hence

0%a

‘W(T/L’O)‘ = L.
Consequently

. |o%a,
ngrolo W(TL,O)‘ = o0.

Since 77 < T, we of course also have that limy,_.. 77 < 7. On the other hand, ||u(t,-)||z may become large
for many reasons other than %(TbO)‘ becoming large, so necessarily 7 < limy_. o 77. Putting things

together, we get that lim;_.. 7, = 7. The claimed result now follows. O
To finish things off, we prove uniqueness.

Lemma 4.8 (Uniqueness). If {u(t,-) |0 <t <7} C H and {u'(t,-) |0 <t < 7'} C H are two solutions of
(16), then u(t,-) = u'(t,-) for 0 <t < min{r,7'}.

Proof. For each L > 0, define
2 ~

o, def g {t e0,7AT):

(t O)‘ > Lor

0w .

52 (t,O)‘zL}. inf@ =7A7

Then 7 A 7" < limy,_,o 07,. We can use standard uniqueness theory to conclude that u and u’ coincide on
[0,0L], and we then let L  co. O
4.1. Proofs. We here give the delayed proofs. We start with the structural claims about H.

Proof of Lemma 4.1. The fact that H C C? is well-known; [Eva98]. Fix ¢ € C§°(R4), z € (0,00), and
i €{0,1,2}. We then have that

az‘@ B z+1 az‘@ z+1 8i<,0 31@0
s = [ SR [ {5 - G ) as

z+1 81‘ z+1 ps az+1 z+1 8i<p z+1 ai+190
= / 8:131 s)ds — / e ( )dr ds = / Bt (s)ds — / (x+1-7) ST (r)dr

=x =T =T

Thus
z+1 z+1 az+1
/ —(s) d + / e (r) dr§2||<p\|H.
Of course we also have that '
|¢9() - %n\ < Vel VIz =yl
so the stated limits at x = 0 exist. O

We next study {7} }+>0-
Proof of Lemma 4.2. The proof relies upon a combination of fairly standard calculations.
To begin, fix ¢ € C§°(Ry) and define
det [
ut)™ [ otz w)e(ul)dy
y=0

= /OO polt,r —y)p(y)dy + /Oo Po(t,r — y)p(—y)dy = /OOO {po(t,z —y) +po(t,x +y)} p(y)dy

y=0 y=—00
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Thus u(t, z) = (Typ)(x) for x > 0, and since p, is even in its second argument,

u(t, —r) = /eRpo(t —z +y)e(|yl)dy = / po(t, —x — y)p(|y))dy = u(t, )

yeR

so in fact u(t,-) is even. Thus we indeed have that gmﬁ (t,0) = 0 for all odd n € N; thus Ty € Heven.
A standard calculation shows that T} is a contraction on H. Indeed, for each nonnegative integer n,
2

d 8"u 2 an+2 671 an+1u
dt t dz =2 t,x t,x)dr = —2 —(t dx <
dt /J;E]R 8$n( 7x) v zER 8$n+2( )8 "( .’E) v /ace]R axn+1 ( ,LL’) T = 0
and thus
[e%s) n 2 n 2 o 9
/ Q(t,x) dx = 1/ 0"u (t x)| de < 1/ 0"u (() z)| dx
(24) z=0 | O™ 2 Jyer |02 2 Joer | 0"

:/00 ’gp(")(x)‘ dx.
=0

Summing these inequalities up for n € {0,1,2,3}, we see that | Typ||% < |l¢||% for all ¢ € C$°(R,). This

implies that T} is a contraction on C§°(R4) and has the claimed extension.
To proceed, fix ¢ € C§%yen(Ry) and define

o(t,x) = /OO Pt 2, y) oW (y)dy = / po(t,x — y)e™M ([yl)dy;

=0 yeR

note for future reference that since ¢ (0) = 0, y — ¢ (|y|) is continuous at y = 0. Differentiating, we get
that

(25) srta) = [ Zeta i)y = [ ot = e () sent)as

D
oo o0 2
/ lo(t, )| dz < / o) do
=0 =0

/ Ov dxg/ ’go(z)(x)‘ dz.
=0 T

4
5, %) :0
Differentiating (25) again, we get that

6211 apo
Gt = [ Tt ey sent)dy

Thus in particular

yeR a
83w 0%p
——(t,z) = ° (t,x —y)p® d
g n) = | G- ne® sty
222000620+ [ 00— )y
8 ’ yER 3$ ’
We now note that there is a K > 0 such that
Ipo K
ax(tam)‘ S %po(2t7x)

for all t > 0 and x € R. Thus

82

oz 75 ( 7/ o(2t,x —y ‘@ |y|)‘

93w K

3333(1? )’ pPe2h) ‘cp@ 7/ Rpo(%,w—y)(sﬂ(?’)(ly\)‘dy
ye

We can now fairly easily conclude from (24) with n = 0 that

\// . dx< \// @ ()| da.

tx




We also note that

[ L L i) PR
o , L)AT = —F— €X — XS —V7/——F-
:z::op 27t Jp=o V2mt P2 (2mt)1/4

Thus
| 93w 2 K K o 2
—(t dz € —————=|0@(0)] + = / (3) dz.
\//x_o 8%3( ,$) T > (27T)1/4t3/4‘g0 ( )|+ \/E J):O‘SD (.I') 4
Combine things together to get the last claim. O

5. NUMERICAL SIMULATION

In this section, we will see from numerical simulations where the moving boundary is. In general, it is
difficult to simulate the SPDE (1) directly since we need to find a solution of a stochastic heat equation and
at the same time we need to trace the position of the moving boundary. Here we can avoid this difficulty
since we have the explicit formula for the solution u in Lemma 3.5. That is,

(26) ult, z) % {ﬂw —B(1) —expl— (@ — B @2 B(1),0<t <7

0 x<pB),0<t<T,

where 3(t) is defined as

(27) 5@):/:_0{1_8962(5,0)}513 0<t<r

and @ is a solution of the SPDE

24 U 24
du(t,z) = {gxz(t,x) +a(alt,z) —e ) —e "+ (gx(t,m) + ew) <1 - %(t, 0)) } dt
(28) o + (a(t,z) — e ") dB, t>0,2>0
S0 =0 >0
(0, z) = to(x) = uo(x) + e *. x>0

Therefore we first need to solve the SPDE (28) numerically in order to obtain the moving boundary 5(¢) and
then the weak solution u(t,x). Here we first discretize space by using the explicit finite difference scheme,
then we can obtain SDE’s. Now we use the Euler-Maruyama Method to find numerical solutions of SDE’s
(see [Gai96, Hig02]). Since there is a stability issue for parabolic PDE we note that At/(Az)? < 1/2, where
At is a time step and Az is a space step. Figure 1 is a simulation with initial condition

144

e’ g > ()
Uo () =
0 else

and o = .5. We can clearly see that there are two phases separated by the black line, which is the moving
boundary, and how w is changing on the colored region where u > 0.
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FIGURE 1. Weak solution u(¢, z)
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