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Abstract

We study the heat equation with a random potential term. The
potential is a one-sidedstable noise, with positive jumps, which does
not depend on time. To avoid singularities, we de ne the equation
in terms of a construction similar to the Skorokhaod integral or Wick
product. We give a criterion for existence basedon the dimension
of the spacevariable, and the parameter p of the stable noise. Our
argumerts aredierent forp< landp 1.



1 Intro duction

Our goal is to study the heat equation with stable Levy noise L(x)
which dependsonly on space.

Assumption 1 Throughout the paper, we assumethat L has only
positive jumps.

Our noiseis multiplicativ e, in the sensethat it is multiplied by u in
the equation.

@

@ u+u L(x) (1.2)
u(O;x) = uo(x):

Here, L(x) is a one-sidedstable noiseofindexp 1dened onx 2 RY.
The product u L(x) is related to the Skorokhod integral or Wick
product. We will give precise conditions later. Our main goal is to
give conditions on p and the dimensiond sudc that the solution exists
and is unique. In fact, for p < 1, the stochastic integral is de ned in
a di erent way and can include more singular terms. In this case,we
usethe notation

@

S u+ u?L(x) (1.2)
uO;x) = uo(x):

There are many papers concerningthe heat equation with a mul-
tiplicativ e noiseterm (see[Par93]). In most caseshowever, the noise
dependson time, and is even independert from onetime point to an-
other. This is a very natural assumptionfrom the point of view of 1td
integration, sincethe relevant integrals often yield martingales. For
example, the equation

% = U+ f(U)W(E X) (1.3)
u(0;x) = up(x)

where\L(t; x) is space-timewhite noise,is usually formulated in terms
of an integral equation
Y4
utx) = G(Ex  y)uo(y)dy
i

+ G(t s;x  y)f(u(s;y))W (dyds)
0 Rd
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where G(t; x) is the heat kernel, and where the nal integral can be
de ned in much the sameway asthe It integral.

But if the noise doesnot depend on time, suc an integral would
be anticipating. Further evidenceof the di cult y of noisedepending
only on spaceis given by the following equation:

% =  u+ (Xu (1.4)
u(;x) = uo(x)

where (x) is the Dirac delta function. When u doesnot depend on
t, this equation has beenextensiwely studied by mathematical physi-
cists. Seethe book [AGHKHB88] by Alb everio et al., for example. This
equation (without t dependence)modelsthe quantum medanics of a
particle under the in uence of a point interaction. As usual, we can
think of this equation in terms of the density of Brownian patrticles.
The (x) term meansthat Brownian particles at 0 would give birth
to many new patrticles. But these new particles would themsehesbe
closeto 0, and so they might give birth to other particles, ad in ni-
tum. Becauseof this unstable behavior, when the dimensiond is 2 or
higher we needto take an approximate (x) function, multiply it by
a very small term, and take the limit of the approximation. The case
of x 2 R is better behaved.
YaozhongHu has written two papers on time-independert noise,

[Hu01] and [Hu02]. He dealswith the equation

@

a u+u W(x)

u(O;x) = up(x)

where denotes Skorokhod integration. One can also think of this
product as the Wick product, see[Jan97] Chapter 3. W(x) is white
noise in [Hu02], but in [HuOl] it is colored Gaussiannoise. By the
Skorokhod integral, roughly speaking, we mean that in the relevant
stochastic integrals, we should drop diagonal terms such as (W.(x))?2.
These terms correspond to repeated in uence of W.(x) for the same
point X, sothey are related to the singular behavior in the equation
(1.4).

The goal of this article is to study (1.1) for time-independen Levy
noisel(x). The product , likethe Wick product, involvesthe deletion
of diagonal terms in the appropriate integrals. But it is not de ned in
the sameway asthe Wick product for Brownian functionals, at least

4



with the usual de nitions. Once again, the reasonfor using suc a
product is to avoid singular terms suc as those coming from (1.4).
The product ? usedin (1.2) is similar, but we delete fewer terms.

Our idea is that, once we understand the equation without the
singular terms, we can try gingerly adding bad the singular terms.
But the understanding of the simpler situation must come rst.

In the time dependent situation, there have been seweral papers
involving Levy noise, such as Kallianpur, Xiong, Hardy, and Rama-
subramanian [KXHR94]. In most cases,the noise has beenadditive.
That is, it appearswithout any multiple of u or f (u).

In the casep < 1, and for noisedepending on both time and space,
[Mue98] dealt with the equation

@

a u+ u L(t; x) (1.5)
u(O;x) = uo(x):

If x 2 D for a smooth and boundeddomain D RY, and with some
conditions on ug, short-time existencewas obtained in the case

e p
p (1 p
For p 1, Mytnik [Myt02] found that if
2

p < a+1;

. 2
1< p < min 2;a+1

d<

then there exists a weak solution to (1.5).

Both of these papers were motivated by the superprocesswith
stable branching, see[Daw93]. We will not describe this superprocess,
but it is believed that in someweak sense,it is assa@iated with the
equation (1.5) with = 1=p. This motivation led usto study equations
with one-sidednoise. We leave possiblegeneralizationsto the reader.

Our results are also divided into the two casesp< l1andp 1.
Our main tools are multiple stochastic integrals, and this is the reason
that we restrict ourselesto noise terms of the form f (u) L{(x) or
f (u)?L(x) with f (u) = u. Hu restricted himselfto similar equationsin
the Gaussiancase,for the samereason. Of course,multiple stochastic
integrals have beenusedmany times to study equationssudc as (1.3).
For example,seeNualart and Zakai [NZ89] and Nualart and Rozovskii
[NR97]. But in thesearticles, the noisealways dependson time.
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2 Theorems

In this section we list our main results. They depend on some def-
initions which will be explained later. We assumethat ug(x) is a
boundedfunction on D. Sinceour equation is linear, we may assume
without lossof generality that kugky 1.

Here are our main theorems.

Theorem 1 Supmsethat 0 < p < 1, and let ug() be a boundd
function on D. Assumethat eitherd 4 or
1 1

< T4 — - :
P<stg =2 9°°

Then (1.2) hasa unique solution u(t; x).

We are not sure that the conditions on p;d in the above theorem are
optimal.

Theorem 2 Supmsethat p 1 and ug() is a boundeal function on
D. Assumethat
p< 1+ g:
d
Then equation (1.1) has a unique solution u(t; x). Moreover, for all
t>0andx 2D, u(t;x)2 L (), for all g2 [1;1+ (2=d)).

loc

HereLL() denotesthe spaceof all random variablesf : ! R,
such that, for all > 0, there exists an evernt A , of probability
lessthan , sud that E[jf 1acj9 < 1 .

Remarks:

1. In Theorem 2, in the Brownian caseof p = 2, the critical dimen-
sionis d = 2, which agreeswith [Hu02].

2. For p < 1, if we usethe product instead of ?, the proof of
Theorem listrivial. The readercan ched that by removing the
large atoms of the measurel(x), we cantake g = 1 and usethe
proof of Theorem 2.

3 Basic De nitions

We will index sequence®f real numbers, such asy;i, by subscripts. A
sequenceof vectorsin R™ will be indexed by superscripts. Thus, x ()
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is the i vector in the sequenceand x{" is the k! componert of the
it vector.

If it is not stated otherwise, C in this paper will denote a constart
which value my changefrom line to line.

Throughout the paper, G(t; x) denotesthe fundamental solution
of the heat equation for x 2 RY,

3
uO;x) = (X
Explicitly , |
. p— 1 X2 .
G(t; x) = mexp i

GivenadomainD RY, welet G(t; x; y) bethe fundamertal solution
of the heat equation in D, with Dirichlet boundary conditions. That
is, G(t; x; y) satis es

5
u©0;x) = y(x)
ut;x) = 0 forx 2 @:

We note the elemertary inequality
0 G(txy) G(tx y):

In other words, when G has two argumerts, it is the heat kernel on
RY and whenit hasthree argumerts, it is the heat kernelon D.
Finally, we write

Thn=Th(t)=1f(s1;::0580):0< s1< i< 5, < LG

4 The Noise

Roughly speaking, our noise L(x) will be the analogue of dL(t)=dt

where L(t) is a one-sidedstable processof index p 2 (0;2), and

t 2 [0;1). Of course,this derivative only exists in the generalized

sense.For example,we could usethe theory of Schwartz distributions.
We will start with a review of the one-sidedstable Levy processes,

and refer the readerto Bertoin's book [Ber96] for details. There is a

basicdi erence betweenthe casesp< 1andp 1.
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For p < 1, we can construct L (t) via a Poissonprocess,as follows.
Consider the following measureon (t;y) 2 [0;1 )? given by

(dydt) = coy PV dydt;

where ¢, is a constart depending on p. This is the same constart
that occurs in the Levy measure of the one-sided stable processes
(see[Ber96]). Let Y () be a Poissonrandom measureon [0;1 )2 with
intensity . Then, the p-stable processL (t) is de ned as

z z,

L= VY (dyds):
[0it] O

Note that if we let (t;;yi) be the locations of the points (or atoms) of
the PoissonmeasureY, then

Lt = Yi:
ti t

In a similar way, we de ne the random measureL(A) : A [0;1 ) as

X
L(A) = Yi
ti2A

and obsene that z,
L= L (ds):
0

Forp 1, wemust introducean approximation and compensation
procedure, as follows. Let

Yn(dydt) = Y (dydt)1(y 1=n):
Note that if we de ne
n(dydt) := (dydt)1(y 1=n)
then Y, becomesa Poissonmeasurewith intensity . Note that

J(0] [01) = (0] [1=n;1))=%npt:

Next, let
ZyZ, Z,

LM YYa(dyds) t  yd n(y)

2.2

yY, (dyds) %np :
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There is a problem with p= 1. We leave the details to the reader, but
roughly speaking, we would truncate the measureby removing large
jumps.

Note that L§”) is a martingale with respect to its own lItration.
The p-stable processL (t) is the limit of the processeé._g”) asn! 1.
For details of this limit, we referthe readerto [Ber96]. We could de ne
the random measureL (dt) in a similar way.

The notation L(t) standsfor the the density of the measureL, even
though this is only de ned in the generalizedsense.This is similar to
the convention of writing B(t) for the derivative of Brownian motion.

Our construction of L(A) : A RY is similar. First considerthe
casep < 1. Fix a boundedopenregionD RY: we will give some
conditions on D later. For (x;y) 2 B D [0;1), let Y(B) be
the Poissonmeasurewith intensity dx (dy). Let (x(;y;) denote the
locations of the points (atoms) of the PoissonmeasureY. For A D,
we de ne X
L(A) = Yi:

x(2A

For p 1, we must approximate. Givenn, let Y; be dened as

above, and let

Yn(dxdy) = 1(y 1=n)Y (dxdy)
dx (dy) = coy P dxdy
dx n(dy) = 1(y 1=n)dx (dy):

As above, for A D, welet
z,2

Ln(A) yillyi 1=n) . Aydx n(dy)

x(2A
X

(v 1= % p1
yillyi 1=n) m(A)p ln

x(2A
wherem(A) denotesthe Lebesguemeasureof A. Again, we leave the
casep = 1to thereader. TogetL (dx), weagaintakealimit asn! 1 .
Sincethis procedureis not very di erent than for the one-sidedstable
processesith p 2 [1; 2), we refer the readerto [Ber96].
For the future, we label the atoms of the measureL by (x();y;) :
x 2 RY9. Then, x( is the location of the atom, and y; is the mass
of the measureL (fx()g).



Fix K > 0. SinceD is a boun_ded domain, there are only a nite
number of atoms (x(;y;) with x() 2 D andy; > K. Let Lk denote
L with the precedingatoms deleted. That is,

X
Lk =L Vi x@):
yi>K
Assumption 2 In the suaeeding sections, wewill tacitly assumethat
L is actually Lx . Furthermore, let Ax denotethe eventthat L = L,
that is, there are no atoms larger than K .

Note that
KI|!r1n P (Ak) = K|I!r1T'I P(L=Lkg)=1

From now on, we will replacel by Lk, andlet K ! 1 at the end.

5 Multiple Stochastic Integrals

In the one-dimensionalcase,sud integrals have beenconsideredear-
lier, for example in [RW86]. We supposethat D RY is an open,
bounded domain with smooth boundary. As described earlier, for
p 2 (0;2), let L(A) be the one-sidedstable random measureof index
p, de ned for Borel setsA D.

Assumethat p 1. Now we describe our multiple integralswith re-
spect to the noisel, recalling that L(x)dx is just another notation for

Bn= f(xD;x@;xM 2D xP < xP < i< x(Mg:

We regard x1 as the time variable, so that the following integral is
de ned in the It sense.
Z

In(fn) = n! . fo(x@ ;o xMLAx®) : o L(dx™M):
Su cien t conditions for the existenceof the integral 1 ,(f,) are given
in Lemma 3.

Sincef, is symmetric, | ,(f) is invariant under permutations of

symmetric function of the variablesx®;:::;x(M let
*
I(f) = Ih(fn):
n=0
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Here, f g is interpreted as a constart, and I o(fg) = fo.
For future use,we de ne the symmetrization of a function as fol-
lows.

wherethe sum s taken over all permutations of the indices1;:::;n
If we wish to symmetrize over only some of the variables, we write
thosein a subscript.

SYM @) ooy (F)XD ;00 x (M5 25 z(m))

Note that the integral | (f) has the following property. Because
of the ordering we have imposedon the variables x (), it follows that
I (f) dependslinearly on the massesy; of the atoms of the measureL .
That is, | (f ) can have terms like y1y», but no quadratic terms like yZ.

We note in passingthat our multiple stochastic integrals are re-
lated to the Wick product for the compensatedPoissonprocessY ; see
Lytvynov [Lyt03], for example.

For the casep < 1, we proposea dierent integral J(f), which
allows for more singularities. Let X,(D) D" be the set of coordi-

nates (x;:::;x(M) with no adjacert indices equal. In other words,
x() 6 x(*D) fori= 1.::::n 1. Let
Z
In(fn) = fo(x® 0 x ML (dx@®) oL dxM):
n(D)

SinceL (dx®) ::: L(dx() is a measure the integral J,,(f,) canbe de-
ned for ead ! , provided f , is integrable with respectto this product
measure.

We de ne J(f) in a similar way:

R
J(f) = Jn(fn):
n=0

6 A Framew ork for the Equation

The goal of this section is to set up a framework for discussingthe
equation, sothat existenceand uniquenesscanberigorously discussed.
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In the white noisecase,there are somerelated conceptsin [NR97] and

[MR98].
We de ne
In  fla(fn) : fn is a symmetric function onD"g: (6.1)
De nition 1 Letg(; ) beameasurablefunction on D , suchthat

g(x; ) 2 I, for almost everyx 2 D. That is, there exists a function
f, on D" suchthat
Z

and f( ;x) is a symmetric function on D" for almost every x.
Then we de ne
Z
g(x) L(dx)
D z
(n+ 1)! o SVt o fo(x@® ;0 x(M; x(+D)

n+l

L(dx®):::L(dx(MD):

(
R
| = On : On 2 |, and the sumis corverging in probability
n=0

De nition 2 Letg(; ) be a measurable function on D , suchthat
g(x; ) 21 for almosteveryx 2 D. That is, there exists a sqquen@
fongn o suchthat

oh(X;)21n; n 0 aex2 D;

and M
gx; )= on(x;); aex2D:
n=0
Then we de ne
Z 2 Z

g(x) L(dx) On(x)  L(dx);
D D

n=0

whetre the sum is converging in prolability.
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Next de nition is analogousto the de nition of Hu, from [HuO1].

De nition 3 A measurablefuncton u: R+ D 7' R is called
a solution to the equation (1.1) if u(t;x) 2 | for everyx 2 RY and
t 2 (0; T] and the following equation is satis ed:

Z

u(t;x) = DG(t;x;y)uO(y)dy (6.2)
z Z,

+ 5 0G(t s;x;y)u(s;y)ds  L(dy);

8x 2 R4t 2 (0; T]:
Our strategy is to expand u(t; X) in a recursively de ned series:
*
ut;x) = un(t;x);

n=0

where
Z

o GG X y)uo(y)dy (6.3)
Wz

Uo(t; X)

Un+1 (8 X) DG(t S;X; Y)un(s;y) L(dy)ds:

0
Note that up hastwo meanings. If ug(x) is a function of one variable,
then it is the initial value for our SPDE (1.1). If ug(t; X) dependson
two variables, then it is the rst term of the expansionfor u(t; x).

To deal with the casep < 1, we de ne the operation ?. We de ne

Jn  fJIn(fn) : fn isafunction onD"g: (6.4)

De nition 4 Letg(; ) be a measurable function on D , suchthat
g(x; ) 2 J, for almost everyx 2 D. That is, there exists a function
f, on D1 suchthat

z

g(x; ) = fa(x® o xMa)Ldx®) o L(dx(™M); ae x;
Xn (D)

and f,, is a function on D"*1,

Then we de ne
Z

g(x) ?L(dx)
D

The other de nitions for p < 1 are completely analogousto the
casep 1, with ? instead of . We leave this part to the reader.
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7 Pro of of the existence part of
Theorem 1 (p< 1)

7.1 Calculations for the heat equation

As mertioned at the end of the Section 4, we will assumethat Ak
occurs, sothat L= Lx . We supposethat K = 2N for someinteger
N . Wewill obtain conclusionsthat hold almost surely for ead integer
K = 2V, SinceP(Akx)! lasK ! 1, our assertionwill almost
surely hold for L.

We will usethe notation of Mueller [Mue98. We call the atom at
x() with massy; a particle of type n if

2 M) <y 2 M

Sincethere are no atoms of massgreater than K = 2V | we needonly
consider particles of type n N.

We will use the expansionde ned in (6.3), with ? instead of
Then ug(t; x) is the solution of the heat equation with initial function

Uo(X).

7.2 Distance between points

We start with an elemerary lemma about Poissonprobabilities.

Lemma 1 Let X be a Poisson random variable with parameter
Then for any nonneggative integer ng we have

No

As a consguene@

No
Pro of.
P(X ng) = P(X =n)
n=no
p n
N=ngo nl
no % N o pol(n ng)!
= — e
no! .-, (N no)! n!



But for all n  ng, we have

no!(n  np)! 1
| = 5 1
n! no
Thus,
no X n no
P(X ng) — ——e
I I
No! = n, (n  no)!
No )é k
= — —e
| |
Ne! k=0 k!
No
" ng!
Since
2 No
n n n
g = 1+ 24+ 0 + 0 4
1 2! ne!
ng°
No!
we have
No n gho
P(X ng — 0t
( ) ne! ng°
|

Supposethat D B, where B is a cube in RY with sider 1.
Fix a;” > 0. Consider the set of closedcubes of side length © whose
certers lie in the scaledlattice aZz9. Let C-(B;a) be the subsetof such
cubeswhich intersectB.

Supposethat x;y 2 D isapair of points whosedistancejx yj a.
We claim that there exists a cube in C3,(B;a) which contains both
x and y. Indeed, since the cubes C,(B;a) cover B, it follows that
X 2 Sy for somecube S; 2 C4(B;a). Let S3; be the cube with the
samecerter as S,, but with sidelength 3a. It is easyto seethat every
point within distancea of S; liesin Sz,. Therefore, Sz, is a cube from
the set C3,(B;a) which contains both x and y.

Furthermore, let R RY and let N (R; n) be the number of parti-
clesof type n which lie in R. Let jR] be the Lebesguemeasureof R.
Note that N (R;n) is a Poissonrandom variable with parameter

Z 2 n
(Rin) = |R] (dy) (7.1)

2 (n+1)
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Zan o

2 (n+1) yp+l
CpiRj2™:

= JRj dy

where Cy = (2P 1)=p.

For a;M > 0, let A(n;m; M;S) be the event that within S\ B,
there is at least one particle of type n and at leastM patrticles of type
m, where S is a cube in C3,5(B;a). Let

S=S\B
and note that
iSi  (a~r)¢
wherer is the side of B. We will estimate P(A(n; m;M;S)) for M =
2K k 0. There are two cases.

Case 1: n6 m.
According to Lemma 1,

P(A(n;m; M;S))

P(N(S;n) 1P(N(S;m) M)

. M oM
Ce (S’, n)%

1 onp+ mM peM
MM

onp+ mM peM
d(M +1) .
Ce (a™r) — MV

= cosi"”

Case 2: n=m.

P(A(n;m;M;S))

P(N(S;m) M + 1)
(S;n)M +1 oM
MM
. 2np+ mM peM
- CJS]M +1 M v
) 2np+mM peM .

MM

C

C(a/\ r.)d(M +1

Next, for somepg > O, let

anmm = € 1=d 4=(M d)2 pn:(dM)2 pm:dM 1:d2 (n+m+ k):(dM):
Note that
# 1

np+ mM pM
4 2TV Pe 5 (n+m+k)

n;m;M = MM
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and therefore, for S 2 Czanmm (B;a),

(a-n;m;zk ") dP(A(n; m; M; S))
) onp+ mM peM

d d(M +1
(@nm 26~ 1) (@m; 2 ~ 1Y M M

np+ mM M
(a k/\ r)d u
n;m; 2 M M

42 (n+m+ k):

Let A(B) bethe evert that there exist n;m N and M = 2% with
k 0, such that there exists a particle of type n in B, and within
distance a,.m:m Of this particle there are M particles of typem in B.
Note that the number of cubesin C34(B;a) is the sameasthe number
of cubesin C,(B;a). This number is lessthan or equalto a constart
times (a” r) 9. Therefore, we have the following. We write = ¢ for
the sumover S 2 Csa . (B;anm:2«). As before,S= S\ B.

P(A(B))

R XX
P(A(n;m;M;S))
k=0 nnm= N S

p3 p3 g X q
= (an;m; ok N ) (an;m;zk A1) "P(A(n;m; M S))
k=0 nm= N S
C * * (an'm'2k A r)dx 42 (nmri)
k=0 nm= N o S
R R
= C (@ 2 " 1) “2 (MO s
k=0 njm= N
= C * * 42 (n+ m+k)
k=0 nm= N
0 1,
R R
= Cc4 2 ke 2 "A
k=0 n= N '
2
_ ¢4 1 2N
1 2 1 2
C

where C dependson N, but not on , aslongas < 1. Here, #S
denotesthe number of cubesS that we are considering.
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Thus, we have shown:

Lemma 2 There exists a constant C > 0 such that the following
holds. Fix aball B RY of radius at least 1, let 2 (0;1), and let

anmMm = € 1=d 4=(Md)5 pn=(dM)5 pm=d); 1=do (n+m+k)=(dM).

Let A be the event that for somen; m; M, there exists a particle of
type n in B with M particles of type m in B within distance anm:m -
Then

P(A) C:

7.3 Estimation of the solution for the heat
equation.

Now we will useLemma 2 to bound the solution u(t; x). Assumethat
ewent A doesnot occur, where this event was de ned in Lemma 2.
Taking x as xed, de ne Ai to be the event that for somem; M,
there exist M particles of type m within distance ap.m:v of X. The
sameargumerts as before easily lead to the estimate

P(A;) C

where C is the sameconstart asin Lemma 2.

For the rest of the section, x n, and considerun(t; Xx). Heren is
no longer a subscript for ap.m:v . We will assumethat neither A; nor
A occur. Also, we write

X(n+l) =
De ne
M(@M)=f(ig;:::5in)2N" 281 k n 1, ix 6 i1 0:

Let v(t; ) bethe solution of the heat equation on D with initial func-
tion ug, and recall that G(t; x;y) G(t;x vy). Settinginsyg = n+ 1
and mp+1 = 0, we get

jun(t; x)j1(A°\ A‘i)z (7.2)
X
(i1;:55in)2M (n)
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X Z
kugkq
ki;iikn=0 my;:i;mp= N Tn
Yy h ‘o1 i
. + m
G(sji+1  Sj @, , ;)20 "2 ™ ds
j=1

We assumedthat kugkj 1. It is known that the solution of the
heat equation is bounded when the initial function ug(x) is bounded,
and kv(t; )ki kugk: . When summingoverall (i1;:::;in) 2 M , we

For two xed consecutie particles x(i) and x(i+1), we let k; be the
smallest nonnegative integer k suc that

B, 1 1m; 26 xlivt) () < A,y m; 2k
wherem; .1 and m; arethe typesof the particles x(i+1) and x(/). Ob-
sene that sud ak; always exists. Becausewe are on the complemert
of both setsA and A4, there is no particle of type m; at a distance
lessthan am,., :m; ;0 from xi+1). Thus,

i i .
X(]+1) X(J) amj+1 ;mj ;20_

On the other hand, for xed mj.; and m;, we have

lim a =1:

. m: -2k
Kl mj+1 ,;Mj 2

Thus for large enoughk, we have

i i .
X(J+1) X(J) amj+1 m; ;Zk'

Therefore,
G(sjsr §:x0) XUy G(sja1 Sp3am,,, m, 2):
Sincex(i) and x(i++) are within distancea_ ook for a xed k;
] j+1,Mj;
and a xed x{i+), there could beat most 2 *1 1< 24*1 particles
x(i) of type m; within this distance from x{i+1). This is the reason

why the factor 2ki *1 appearsin the previous inequality. Sincex (i) is
oftypem;, wehavey;, 2 ™ and this iswhy 2 ™ appearsin (7.2).
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Estimating the term G in (7.2), with M = 2, we get

G(r;amj+1 ;mj ;2k) |

g A, iy M
= Cr ®exp LT
P 4r
= Cr dZZeXp (4r) le 2=d 8=(M d)2 2pmj 41 :(dM)Z 2pm; =d

M 2=d2 2 (Mj+1 +mj+k)=(M d)

Cr exp  (4r) le %7d &

22[k(M ) mjuq (p+ ) mj(pM + )]=(dM)

Therefore,

d=2 Cor 12[k(1 ) (mj+mj. =M)(p+ )]=d

G(r;am,, m;;2«) Cr exp

where Cy dependson . Thus,

Z R R
Un(t; X)

-
: #

exp  Co(sj+r §) T22@ ) (Mi+miaM)(pr )]=d g

Rearrangingthe terms and using2 M<M+1) 1 and sincemps+; = O,
we get

un(t; x) (7.3)

C(sjsr ) 97224 (M=(M+L)(m; +mje M)

-
) #

exp CO (SJ +1 Sj ) 1 22[kj @) (mj +Mj4 =M )(p+ )]=d ds:

We wish to replacethe above sumsover m; by integrals. This would
involve replacing ead variable m; by a cortinuous variable w; taking

20



valuesin [m;; m; + 1]. This would decreasehe exponertial, but would
increasethe rst power of 2 by a multiplicativ e factor of 2". We would
have
Z % Z, Z,
jun(t; x)j e (7.4)

C(sj+1 S) d=2okj (M =(M +1))( Wj +Wj+1 =M )

-
: "

exp CO (s] +1 Sj ) 1 22[kj (@ ) (wj+wjs =M)(p+ )]=d dwds

where, as with ds, we let dw = dwq :::dw,. Next, we wish to make
the change of variables

W
= W 1+1. P e .
Vj = wj + M =1

Now wp+1 IS Xed, and the reader can easily ched that the Jacobian
determinant for this change of variablesis 1. SinceM = 2 1 and
W N, we have that v; 2N . After making this change of
variables, we can put the integral signs over v inside the product as
follows.
Z N Z, Z,
jun(t; X)j D (7.5)
Tn ki;::5kn=0 2N 2N

C(Sj+1 Sj) d=20kj (M=(M +1)) |
j=1 4

exp Co(sjsr §) 122k ) vi(pr = gyds

z g 2z
Yy X “1
- C(SJ “ Sj ) d=22kj (M=(M +1)) v;
Tnj=1 K=o N ,

exp Co(sj+1 §) 122 ) vier)I=d gy ds

where oncemore, dv = dv;:::dv,. Let Tjk; denote the term inside
the nal sumin (7.5). Dropping the subscriptson T;s; k and setting
r=sj+1 S, wecanwrite

VA

1
T = N Cr d=22k (M=(M +1)) v (76)

exp Cor 122k@ ) vlp+)l=d gy
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We will split the integral into two rangesfor the variable v.
For somevalues of v, the exponertial in (7.6) is closeto 1. This
will happenif the terms following Cg in (7.6) are lessthan or equalto

1. We must solve
r 122[k(1 ) v(p+ )]=d 1:

Simplifying the above expression,we get

2 2v(p+ )=d r2 2k(1  )=d (77)
or
My, Md MA_ )
2 M+l r2M=+0( p+ )2 M+ p+ )" (7,8)
Let = ( k;d;p) bethe value of v for which equality is attained in
(7.8). We will split T into two integrals, T = T® + T@  where
Z,
TO = | (v)dv
Z
T@ = | (v)dv
2N

and | (v) is the integrand in (7.6).
Case 1: An estimate for T®.
By (7.8), and using the fact that

1 M
2 M+1
we have
z 1
T(l) — Cr d:22k (M=(M +1))Vexp Cor 122[k(l ) v(p+ )]=d dv
z 1

Cr d:zzk (M=(M +1))vdV

Cr d:22k (M =(M +1))

d M d M@ )
= cr 2tav K Y mre
d d M (1
Cr 2tk mae o -

since0< r < t. Here, C dependson t.
If
p<1
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and if is su cien tly small, then (remembering that M = 2¥),

® R Xa )
k1 (MM+‘1()1<—p+) - 2k L Ence <1
k=0 k=0
sothat
X TO ¢ e 7.9
i r P+ ) (7.9)
kj =0
Case 2: An estimate for T®.
Now we turn to the casev . Here, we assumethat
2N
or there will be no valuesof v for which 2N v . Wewill again

drop the subscriptsand setr = sj+1  S;. Sinceequality is attained
in (7.7) whenv = | we have

TA .
- Cr d=22k (M=(M +1))Vexp Col’ 122[k(1 ) v(p+ )]=d dv
2N
Z
— Cr d=22k (M=(M +1))Vexp C022( v)(p+ )=d dv:
2N

Changing variablesto z = v, and sinceM=(M + 1) < 1, we see
that

Z 2N ) ) )
T(2) — Cr d—22k (M =(M +1))( z) exp 00222(p+ )=d dz

0

Zy
Cr d:22k (M =(M +1)) 2? exp C0222(p+ )=d dz
0

Cr d:22k (M =(M +1))

cr TR L AT -
Once again, if

p<1

and is small, then

* R kg )

k1 (MiMﬂ()l( p+) ) = 2k L Ence <1
k=0 k=0
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sothat

T@ Cr (7.10)
Combining (7.9) and (7.10), if
p<1

and is sucien tly small, then

T=TO+T@ Cr

and 7
Y
un(t;x) C (si+1  si)
ni=1
Now, a calculation of Hu ([HuO1], proof of Theorem 4.1, equation
(4.10)) gives,for > 0,

Z
'L tn(l ) n(l )
ds= :
Tnk:1(Sk+1 sk) ds IS

(7.11)

We give a quick derivation of Hu's estimate in the appendix, sincehe
merely cites the result.
In (7.11), substitute

d .
Ap+ )

If < 1,then (1 ) is de ned. With G, denoting a term of order
C" for someC > 0, we get

. d
2

tn(l ) n(l )

nl ) nl )
@+n@ ) o

un(t; x)

sinceonly the denominator has order greaterthan G,. Thus,if < 1,
and if A and A; do not occur,

*
u(t; x) = un(t;x) < 1:
n=0
Solving for < 1, we obtain the requiremert that

d d

2 ap+ ) T
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For small enoughvaluesof , this is satis ed if eitherd 4 or

11
< 4 :
P<s*tg =2 9%

This completesthe proof of Theorem 1, for L . As mentioned earlier,
sinceP(Ax)=P(L =Lg)! lasK ! 1, it followsthat Theorem
1 holds almost surely.

8 Pro of of the existence part of
Theorem 2 (p 1)

For p 1, we also wish to replacelL by Lk . But in this caseour
stochastic integrals will no longer be martingales unlesswe delete the

compensatorfor L Lk . We de ne this compensator as follows.
Z

1
L(dtdx) = dtdx  cpy P dy= cIK Pdtdx:
K

Then, on the event Ak, we can replace(1.1) by

% = u+gK Putu Ly (x)
u(O;x) = ug(x):

If we let
w(t;x) = exp K Pt u(t x)

then w(t; x) solves

% = u+u Lgx(x) (8.1)

uO;x) = ug(x):

Therefore, any conclusionswhich hold almost surely for w(t; x), for all
K, must hold for solutions to (1.1).

For easeof notation, we write u(t; x) instead of w(t; x) and L in-
stead of Lk . With this notation, we can prove the following lemma.

Lemma 3 For any g2 (p;2] there exists a positive constant Cq such
that for any measurable symmetric function f : D" ! R we have:

q
E n! . f(x@:xMLAx®) 2L (dx™) (8.2)
" Z
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Note that the above lemmagivessu cien t conditions for the existence
of the multiple stochastic integral I ,(fn).

Pro of. Wewould liketo usethe Burkholder-Davis-Gundy inequal-
ity, and for this reasonwe needto expand on our formulation of the
multiple stochastic integral givenin Section(5), sothat we have a mar-
tingale. We start with the -algebra. Recall that we have chosenthe
rst coordinate of x asour time variable. In particular, we can de ne
a ltration. Let m(D); M (D) be the minimum and maximum values
of x1, the rst coordinate of x, for x 2 D. For z2 [m(D); M (D)], we
de ne the -algebraH, asfollows.

H, = LAA):A fx2D:xy 2z9:

Next, let
R(z;D)=fx2D :x1 zg

Let h(x) be a predictable function with respect to the H, Itration.
Let z

Y, = h(x)L (dx):
R(z;D)

Then (Yz;H;) is a martingale, for appropriate conditions on h, and
its quadratic variation is

X :
hYi, = h2(x()y?:
X(li) 4
For easeof notation, we drop the subscript z whenz = M (D), sothat
Y = YM (D)’
hY i = hyi M (D) .

The Burkholder-Davis-Gundy inequality now implies that for g > 1,
there is a constart C, depending only on g, suc that

h i
E[iYjY C4E hvi®? :

Recall that for r 1 and a sequenceof nonnegative numbers a;, the
following elemerary inequality holds.
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Setting r = g=2, and using our formula for hY'i, we get

2 I q=23

» .
E Y% CE 4 h?(xMyy? 5 (8.3)
i=1
#
X . =
CE = h2(x®) Ty
7 i=1
= C Ejh(x)j%dx
D

provided g > p. The constart C dependson p, g, and K. Applying
(8.3) repeatedly, we get

q
E f(x®snxMLAx®) :z: L (dx (™M) (8.4)

n

Note, that the repeated application of inequality (8.3) was possible

due to the orderx(ll) < X(12) << x(ln) that we imposedon B,. To
seethis, let us remenber that the function h involved in (8.3) needed
to be predictable. Thus,
Z q
E . f (x5 xMLAx®) L (dx™M)
"z

q
= E h(x(M)L (dx(™)  ;
D

where
Z
h(x(M) = f(x@;x™ Dox My dx @y :oL(dx™ D)
Rn l(X(ln))
and
n 1 0
Ry a(y)= (x®;00x My2mw, :x" Ve<y (8.5)

wherey 2 R. The function h(x() is predictable since x{" < x{",

cnx P < xM on R(x(™; D). So,we can apply the inequality (8.3)
and obtain

q
E f(x@:xMLAx®) 2L (dx™)

h ql
C E hx™M)" dxM;
D
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and soon. Using (8.3), and the fact that f is symmetric, we get:
Z

E n! 6. f (x@ 5 xMLAx® Y 1L (dx™) !
= (nN)9E Z@n f(x®;xMLAx®) 2L (dx(™) !
(nhacn Z@ Fx:rx My Ty@ gy
= (n!)qC”%:Dn @My Tax@ gy

= C"(nnH9? F @z x ™My Tax@® 1o g
Dn

Before proving Theorem 2, we preseri two simple lemmas.

Lemma 4 Let n be a positive integer and q a real numkbker, such
that g 1. Letf : D" ! R be a function in L9D";dx), where
dx is Lekesguemeasure. If f~is the symmetrization of f, then f~ 2
LY9(D";dx) and

K Kq kf kq (8.6)
wher k kq denotesthe norm of the space L9(D"; dx).

Pro of. For any permutation of the setf1;2;:::;ng, we can
considerthe function f :D"! R, de ned by

Making the change of variable y®® = x( @) ::: y(M = xC (M) we
can seethat

Thus for all permutations , we have
kf kg = kf Kkq:

Sincethe symmetrization f~of f is de ned as
1 X

n!
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we can apply the triangle inequality to get
1 X

Kf kg =

f kg

1 X
o k f kq
1 X

] kfkq
= kf kq:

|
In the proof of Lemma 1 we usedthe inequality " n"=n!, for
all positive integersn. We would like to prove this inequality for all
positive real numbersx and thereforewe have to replacen! by ( x+ 1).
Thus we will prove the following lemma.

Lemma 5 For any positive real number x, we have
(x+1) x*e *: (8.7)
Proof. If x> 0,thenforallt x,t* xX. Thuswe have:

z 1

(x+1) = t*e tdt
0
z 1

tXe 'dt

We can prove now Theorem 2. According to inequalities (8.2) and
(8.6), we have:

E [jun(t; x)j . (8.8)

C"(nha * on SYM, 1) o (m) U (XD))]
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Z ¥ ) o
G(sks1 sk x® ) x®yds dx

W TN k=1
z "z i
ac"(nnd ! G(sks1 S x®  x(hds  dx;
D" Thg=n
wherea=k ug k; and
Thn=1(s1;:::;Sn) 2R":0< 51 <5< 1< 8y < tQ:

We may assumethat k ug k; = 1. Let V(T ) = t"=n! be the volume
of T,. Using Jensen'sinequality, we obtain

z #
¥
G(skea s x® D xM)ds (8.9)
Th k=1 .
Z #
= V(To)* V(Tn) * G(ska1  six®D x®)ds
Th k=1

N
V(Ta)WV(Ta) ! GI(sks1 S x® ) x()ds

. Tn =1

th g 1 'L

= GI(sksr S x®*D  xM)ds:
n! Th k=1

Recall that

z z qxz!

GI(r;x)dx = Cr @2 d2ayp T gy
Rd Rd 4
= cr (@ bd= (8.10)

Combining (8.8) and (8.9), we seethat (n!)4 1 is canceledout by
(1=n)9 1, and by using Fubini's theorem and (8.10) repeatedly (i.e.
integrated rst over x®, then x@, and soon), we obtain:

E [jun(t; x)j7] L, 4(8:11)
Y
cta 1" GIsksr  Scx® D xMydx ds
Tn " DrI k=1
Z "7 ¢ #
ctd? GI(sksr S x®  xMdx ds
ZTn R" k=1
Y
= ctat” (Sks1  Sk) (@ Dd=2(gs;
Tn k=1
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Now, an estimate of Hu (7.11) gives

Z -

¥ y (@@= ) ng dg 1
(ske1  Sk) @ Do2ds= (1 3(q )):

Th k=1 1+n 1 %(q 1)

If d< 2=(gq 1), then (1 (d=2)(q 1)) isdened. Ford <
2=(qg 1),let =1 (d=2)(q 1)> 0. Then from (8.11) we conclude
that

n

E [jun(t; x)j9] (8.12)

@+n)

for someconstart  dependingon t, g, p, and K. Using the well-
known inequality (b+ ¢)9 29 Y(tf + ¢9), for all ¢ 1 and b and
€ non-negative numbers, an easyinduction argumert shaws that for
a, 0,andc= 291

* “
an " al:
n=0 n=0

Applying this inequality to u(t; x), we nd

% ! q#
E [jut;x)j9 = E jun(t; X)j (8.13)
w n=0 #
E  c™Hun(t 0
n=0
®
= " E [jun(t; x)j9]
n=0
1 n.
cn=0 W(c )
Using now (8.7) we obtain:
o el n.
E [ju(t; x)j9] Cn:O CBE (c)": (8.14)

Thus, we can seefrom (8.14) that if d < 2=(q 1) (or equivalertly
g< 1+ (2=d) and p < q, then E [ju(t; x)j9 < 1 . (The condition
p < gwasusedin the Lemma 3.) For such a g to exist we needthat
p< 1+ 2=d
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Let be the random Poissonset f (x(V;yi)g 1. For any positive
integer k we de ne the evert:

Ag=ft2 :8(xy)2 (!)y ko

That means, Ay is the evert that all atoms have massedessthan or
equalto k.

Thusif p< 1+ (2=d), then for all q 2 (p;1+ (2=d)) and for all
k 1,
Efju(t x)j1, 1< 1:

Since,the expectation is the integration with respect to a probability
(nite) measure,it follows, that for any q®and g, such that 1 ¢
p< q< 1+ (2=d), we have:

=

Efu(t; x)1a, j%1 ' (Efju(t; x)1a,j D)< 1 :

Thus the solution u(t; x) exists, for all t Oand all x 2 D, and
belongsto the spaceL (), foralll q< 1+ (2=d).

This completesthe proof of Theorem 2, if u(t; X) meansw(t; x)
and L meansLk . As mertioned at the beginning of Section 8, this
proof carries over to u(t; x) and L, sinceP(Ax) = P(L=1Lg)! 1
asK ! 1.

9 Uniqueness

9.1 The Main Lemma

We considerboth casesp< 1andp 1. Supposeu(t; X) is a solution
to (1.1) in casep 1 or (1.2)in casep< 1. Then we have

R
u(t; x) = On (t; X) (9.1)
n=0

whereg, 2 Jpincasep< lorg, 2 I, in casep 1.

Lemma 6 Letu(t;x) beasin (9.1). If the g, are uniquely determined
from u, then uniquenessholdsfor (1.1) or (1.2).
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Pro of. Both caseshave the sameproof, sowe will only deal with
the casep 1. Supposethere are two solutions u;(t; x) for i = 1,2,
where

* (i)
ui(t; X) = gnI (t; X)
n=0

and gﬁi)(t; X) 2 1,. Let

»
Y(t; x) = ua(t; x)  up(t; x) = On (t; X)
n=0

where g, (t; X) = gﬁl) (t; X) g,(12> (t; x). Then Y (t; x) is also a solution
to (1.1) with initial condition Y (0;x) = 0, sohby (6.2), we have

b3

ot x) = Y(tx)
n=0 z Zt
= Gt s;x;y)Y(s;y)ds  L(dy)
)@D Z 0 Zt
= G(t s;x;y)an(siy)ds  L(dy)
n=0 D 0
= &n (t; X)
n=1
8x 2 R%t 2 (0; TI:
where
z z,
g(t;x) = . Gt s;x;y)on 1(s;y)ds  L(dy) (9.2)
2 ln:

Sincewe are assumingthat Y (t; X) uniquely determinesboth g (t; x)
and g (t; x), it follows that go(t; x) = 0 and

On (t; X) = & (t; x) (9.3)

for any positive value of n. Thus, (9.2) implies that e (t;x) = 0,
and henceby (9.3) gi(t; x) = 0. An induction argumert now yields
On(t; x) = O for all valuesofn. 1
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9.2 Proof of Uniqueness for p< 1

For simplicity in this proof we will assumefrom the beginning that L
is a stable noise (not Lk ) without truncation of large atoms.

We begin by ordering the atoms of L. according to size, so that
yi1>Yy2>

For z 2 (1;2), let Rj(z)- be the transformation of the noise -
which replacesy; with zy;.

Lemma 7 Fixz2(1;2);i 1 Let
M = Rj(z)-

Also, let Py ; P be the prokability measures on the canonical proba-
bility space of atomic measures, geneated by M. and L, respectively.
Then

Pu << P_:

Proof. Forany k 1;n 0dene aneven
n
Agn there are exactly n atoms of L

with masseggreater than or equalto 1=kg

Note that forany k 1

¢
Agn =
=0
At Axm ;. 8m6 |:
It is obvious that
[
kI!|1m PL A =0 (9.4)

1=0

Fix > O arbitrary small. By (9.4) we can x Kk su cien tly large suc
that

[
P|_ Ak;| . (9.5)

De ne

Ag; Ay = Al (9.6)



Now will show that
Pv << PL onAg;: (9.7
Let us decomposel— as follows:
L= L_l;k + L_Z;k

where 4 includesatoms of sizey 1=k and L, includesatoms of size
y < 1=k. Note that L1¥: L2k are independert, and

Ri(z)L= Ri(z)LY + L2k onAy;:

Hence,if we de ne

M1 = Ri(z)LH
then, in order to get (9.7), it suces to show that
Pm, << PLixk onAyg,; 8l i+1 (9.8)

where Py, ; P 1« are the measuresinduced by My; LIk respectively.
Fix an arbitrary | i+ 1. On Ay, My and LYk have | atoms at the
samelocations. Therefore, to get the desired absolute cortinuity we
just needto shaw the absolutecortinuity of the laws of the correspond-
ing atom sizes. To be more precise,from now on we assumethat Ay

are cortinuous I-dimensional random variables whose laws are sup-
ported on (1=k;1 )'. Moreover, the probability density function of

implies that conditioned on Ay the probability law of (M ;:::;9M)
is absolutely cortinuous with respect to the law of (¥ ;:::;9%), and
sincel i+ 1 wasarbitrary, (9.8) and (9.7) follow.

The end of the proof of the lemma is trivial. Let B be any event
sud that
PL(B) =0

Then

\ R \
PM (B Ak;|) + PM (B Ak;|)
1=0 I=i+1

Pm (B)
\
= PM (B Ak;|)
Pu( A 9.9
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where the secondequality follows from (9.7). Now it is easyto chedk
the following equality of everts:

n )
there are no more than i atoms of L with massesy 1=k
n 0
= there are no more than i atoms of M- with massesy 1=k

Therefore, we get

Thus, (9.5) and (9.9) imply that
Pm (B)

Since > 0 was arbitrary, we get Py (B) = 0 and the result follows.
|

By Lemma 6 the following lemma gives the required uniqueness
for the casep < 1.

Lemma 8 Letp< 1. In (9.1), the functions g, are uniquely deter-
mined.

Pro of We argue by contradiction. SupposeLemma 8 were false.
Then by subtracting the two series,we form a series

*
G Oh =0
n=0

whereg, 2 J,,, and at least one of the g, is not identically 0. In fact,
we may assumethat

On = Yie s Yinhn(Xigs oo Xi,)

with
Yig 11 Yigdhn(Xigs oo xin)j < 1 (9.10)
n=0 (i1;::5in)2Jn
with probability 1. Actually, ead solution is a di erence of two series
for which the functions h,, are nonnegatiwe.
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Recall that fy; > y, > :::g are the ordered sizesof the atoms of
our noisel. Fix an arbitrary n 1. Our goalis to show that, almost
surely,

Yiiiiynhn(X1;::05%n) = 0

from which it followsthat h, = 0 almost everywhere. By Lemma7, for
Zi 2 (1;2), the probability induced by R;(z)L-is absolutely cortin uous
with respect to the probability induced by L. Furthermore, Ri(z)
extendsto an operator on J , as follows. We set

% R
Ri(z) On Ri(Z)0n;
n=0 n=0

where we de ne Ri(zj)gn to bea multlplt?: stochastic integral with L
replaced byPR (z)L- 'B1erefore if G= n o On = O almost surely,
then Ri(z)) ;-0 On -0 Ri(zi)gn = 0 almost surely as well. Fur-
thermore, if z; 2 (1;2), then

R1(z1) :::Rm(zm)G

is an analytic function in zy;:::;zy. Let 7., G be the terms in the
expansmnof this analytic function which cortain z; ::: z, but no other
. Note that eadh .,y G equalsO almost surely, and that

mllﬂn nmG= y1iiiynhn(X1;::0;Xn) = 0

almost surely. In fact, the corvergenceto 0 follows from (9.10), since
the operator ., removesmore and more terms asm increases.This
provesLemma8. 1

9.3 Proof of Uniqueness for p 1

By Lemma 6 the following lemma gives the required uniquenessfor
the casep 1.

Lemma 9 Letp 1. In (9.1), the functions g, are uniquely deter-
mined.

Pro of. Fix (t;x) and supposethat ui(t; x); ux(t; X) are two solu-
tions. Subtracting, we obtain

Y(t;x) = u(t;x) ua(t; x)
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p &

s
= o (t; x) 9@ (t; x)
n=0 n=0

= & (t; X)
n=0
where gﬁi)(t; X) correspondsto the solution u;(t; x). Also, ead g, can

be expressedas a stochastic integral
Z

o (t; X) = . ot x® e x ML (dx@®) 2L (dx™):
Adding these terms, and using the notation from the beginning of
Section 8, we nd that

Z
Y (t; x) = fo(t; X) + R ©)D) 1(6 x;y)L(dy)
where
fi(t; x;y) - fa(t; x;y)
+ fot;x;x®rx(™ Doy (dx@®) L dx™ D)

n=2 Rn l(Y)

and R, 1(y) wasde ned in (8.5).
SinceY (t; x) = 0 and
Z

z! (6 x; y)L(dy)
R(z;D)
is a local H, martingale, it follows that fo(t;x) = 0 and that the
integrand f1(t; X;y) = O for almost every valueofy. But fi(t; x;y) = 0
is itself a sum of a deterministic function and a stochastic integral.

Therefore we may usethe sameargumert to shaw that f 1(t; x;y) = 0
for almost every value of y. Continuing, we can useinduction to shaowv

ofyg;iiiiyn. 1

A A Deriv ation of Hu's Estimate

In the proof of Theorem 4.1, equation (4.10) of [Hu02], Hu givesthe

following estimate (in his equation, =1 d=4,andweuse = d=).
4
Hn(t) == (Sk+1  Sk) ds:
Tn(t) k=1
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Then

tn(l ) (1 )n
Hn(t) = @ +n@ DE (A.1)
(Hu uses = =4. Also, Hu has 2 instead of 1 in the above formula.

His answer is equivalert if we ignore multiplicativ e factors of n.)
Making the changeof variabless= r ,ds= dr , we nd

Z W
Hna(t) = (sk+1 Sk) ds
Ta(t) k=1
= : an(t)
= " IHa():

Then we get the recurrence

Zt
Hpea (t) = (t s) Hn(s)ds
0
Zt
= t s) s"@ JH,()ds
0
Zt
= H,1) (t s) s"@ Jds
0
Zt
= t " IH, ) @ s) " )ds
0
Let
b = nl )

Recall that the Euler beta function is de ned as follows, for a;b> 0.
Z,
B(a;b):= (1 x)® xP dx:
0

It is a fundamertal identity that

(a)( b,

B(a;b) = (a+ D)

Changing variables, we get

Zt 1 at+b
abge. 2P a1 +1h)
0(t s) 4s’ds 2 a+b :
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Therefore,

H n+l (t)

y X )@ +n@ )
(2 +nl )
@ )& +n@ )
@ +M+DH2 )

t n(l )Hn(t)tl +n(1

t& IHL (1)

The product telescoges. SinceH(t) = t* , we get (A.1).
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