Polarity of points for Gaussian random fields

Robert C. Dalang!, Carl Mueller? and Yimin Xiao?

Abstract. We show that for a wide class of Gaussian random fields, points are polar in the critical
dimension. Examples of such random fields include solutions of systems of linear stochastic partial
differential equations with deterministic coefficients, such as the stochastic heat equation or wave
equation with space-time white noise, or colored noise in spatial dimensions £ > 1. Our approach
builds on a delicate covering argument developed by M. Talagrand (1995, 1998) for the study
of fractional Brownian motion, and uses a harmonizable representation of the solutions of these
stochastic pde’s.

MSC 2010 Subject Classifications. 60G15, 60J45, 60G60.

Key words and phrases. Hitting probabilities, polarity of points, critical dimension, harmo-
nizable representation, stochastic partial differential equations.

1 Introduction

Hitting probabilities are one of the most studied features of stochastic processes. Given a
process X = (X;) with values in R? and a subset A of R? we say that X hits A if

P{X; € A for some t} > 0.

The set A is polar for X if P{X; € A for some t} = 0. When X is a Markov process,
potential theory gives a necessary and sufficient condition for a set to be polar: see [3] for
an extensive discussion. One first constructs a potential theory associated to X, after which
it follows that X hits A with positive probability if and only if cap(A) > 0, where cap(A) is
the capacity of A with respect to the potential theory associated to X.

For processes other than Markov processes, and even for Gaussian random fields, results
on hitting probabilities are much less complete. One exception is the Brownian sheet, which
has specific properties such as independence of increments. Using these properties, Khosh-
nevisan and Shi [20] have given essentially complete answers about hitting probabilities for
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the sheet, and the recent work of Dalang, Khoshnevisan, Nualart, Wu, and Xiao [11] and
Dalang and Mueller [12] has even settled the issue of multiple points of the Brownian sheet
in critical dimensions.

Other interesting Gaussian random fields are for instance those obtained as solutions of
linear systems of stochastic partial differential equations (spde’s). Mueller and Tribe [24]
considered systems of d stochastic heat equations

u 20 -
%(t,x) = %(t, x)+ W, (1.1)
where t >0, z € R, W = W(t, r) is an R%valued two-parameter white noise, and the func-
tion u(0,-) takes values in R? and is suitably specified. This system of spde’s is interpreted
in integral form in the framework of Walsh [30]. They show (among other things) that points
are polar if and only if d > 6, so that the critical dimension for hitting points is d = 6 for
the random field u and points are polar in this critical dimension. It turns out that the
method of [24] is quite specific and cannot be extended, for instance, even to the case where
the system has deterministic but non-constant coefficients.

Another case in which the issue of polarity in the critical dimension has been resolved
concerns systems of reduced stochastic wave equations (in one spatial dimension) studied
by Dalang and Nualart in [13]. In this case, the critical dimension is d = 4 and points are
polar in this dimension (for linear and nonlinear systems of such equations). This situation
is again special, because the natural filtration of the process has the commutation property
F4 of Cairoli and Walsh [4], which makes it possible to use Cairoli’s maximal inequality for
multiparameter martingales [18, Chapter 7.2].

For linear and nonlinear systems of stochastic heat and wave equations, there has been
much progress in recent years for all dimensions except the critical dimension. A typical
result is given in [8, 9]. In these papers, the authors establish upper and lower bounds on
hitting probabilities of the following type:

¢ 'Capy_¢_,(A) < P{u(t,z) € A for some (t,z) € [1,2]*} < cHag-n(A),

where Cap denotes Bessel-Riesz capacity, H denotes Hausdorff measure, and n > 0. This
type of upper and lower bound is also available for systems of heat and wave equations in
spatial dimensions k& > 1 (see [10]), for linear systems of stochastic wave equations in spatial
dimensions k > 1 (see [14]), and for nonlinear systems of stochastic wave equations in spatial
dimensions k € {1,2,3} (see [15]). For a wide class of so-called anisotropic Gaussian random
fields v = (v(x), r € R¥), Biermé, Lacaux and Xiao [2] identified the critical dimension and
obtained the following result. Let a; be the Holder exponent of the random field when the
i-th coordinate varies and the others are fixed, and set Q = a; ' + -+ + a,;l. Under certain
assumptions, they established the following upper and lower bounds on hitting probabilities:
Fix M > 0 and a compact set I C R*. Then there is 0 < C' < oo such that for every compact
set A C B(0, M) (the open ball in R? centered at 0 with radius M),

C~" Capy_g(A) < P{3z € I :v(z) € A} < CHao(A).

This result provides lots of information about hitting probabilities when d # @ (see also
[33]). However, in the case critical where d = Q@ and A = {2} is a single point, these two
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inequalities essentially reduce to 0 < P{3z € I : v(z) = 2z} < 1, which is uninformative!
Some other references on hitting probabilities for linear systems of spde’s include [6, 25, 31].

In order to prove that a set is polar, one typically estimates the probability that the
random field visits a small ball, and then one uses a covering argument. When the dimension
is strictly larger than the critical dimension, rather simple coverings do the job (typically, the
covering is obtained via a deterministic partition of the parameter space). For instance, it is
rather straightforward to establish that points are polar for standard Brownian in dimensions
d > 3, but the critical dimension d = 2 is more difficult to handle (see [19], for instance).

In order to address the issues of exact Hausdorff measure functions and existence of
multiple points for a non-Markovian random field such as fractional Brownian motion, Ta-
lagrand introduced a new kind of covering argument in the two important papers [27, 28].
His idea was to consider balls of different (random) sizes that cover a given point in the
parameter space. Having noticed that at a typical point, the local (Holder-type) regularity
is better, with high probability, than what one would expect, he chooses “good balls” that
give a sharp cover of the range of the process, allowing the method to succeed even in the
critical dimension. His argument relies on properties of Gaussian processes as well as on
certain specific properties of fractional Brownian motion. However, it seems that one of his
goals was to develop a method that would extend to other situations, since he states, as one
reason for studying fractional Brownian motion, that (ordinary) “Brownian motion suffers
from an over abundance of special properties; and that moving away from these forces to
find proofs that rely on general principles, and arguably lie at a more fundamental level.”

This paper shows that Talagrand’s intuition was correct. Indeed, we have isolated suffi-
cient conditions on an anisotropic Gaussian random field v = (v(z), z € R¥), as considered
in [2, 33], under which it is possible to extend Talagrand’s argument and establish polarity
of points in the critical dimension: see Assumptions 2.1 and 2.4. These assumptions are sat-
isfied by many multiparameter Gaussian random fields, for which the Holder exponents in
each parameter may be different. The random fields that we consider are typically nowhere-
differentiable (see, e.g. Theorem 3.1 in [32] and Theorem 8.1 in [33]), and this assumption
states the existence of particular approximations that are Lipschitz continuous but whose
Lipschitz constants have a certain asymptotic growth rate. The main assumption 2.1 is dis-
cussed in more detail at the beginning of Section 2. This assumption also leads to an upper
bound on the canonical metric associated with the Gaussian random field (see Proposition
2.2).

The first technical effort is to establish Proposition 2.3, which extends an analogous result
of Talagrand [28, Proposition 3.4] and makes precise the idea that for any z € R* with high
probability, there is a (random) neighborhood of x in which the increments v(y) — v(z) are
smaller than expected. With this result in hand, and under the assumption that the process
has covariances that have better Holder regularity than its sample paths (see Assumption
2.4), which is the case in the examples that we are interested in, we extend the method of
Talagrand [28] and establish polarity of points in the critical dimension @ (see Theorem 2.6).
These results are proved in Sections 3-5.

The next step is to show that the two main assumptions are satisfied in a wide class of
important examples. We begin with the case of linear systems of stochastic heat equations.
In Section 6, we consider first the case of constant coefficients, in spatial dimension 1, with
space-time white noise as in (1.1), and recover the result of Mueller and Tribe [24]: points are



polar for this process in dimension d = 6. However, essentially the same calculations apply
to the case of higher spatial dimensions, with spatially homogeneous noise with covariance
given by a Riesz kernel with exponent § €]0,2[, so we also obtain polarity of points in the
critical dimension d = (4 4+ 2k)/(2 — ) for this case (when this fraction is an integer). The
verification of Assumption 2.1 relies on a harmonizable representation of the solution wu(t, x)
of the stochastic heat equation: see (6.3): this representation is analogous to the spectral
representation of stationary processes (see [16, 17, 29]). It also appears in [1] and is of
independent interest.

As we mentioned above, the method of Mueller and Tribe was not robust enough to extend
to systems of heat equations with deterministic but non-constant coefficients. We examine
this situation in Section 7, and we obtain, under the assumption that these coefficients have
some smoothness properties (expressed in terms of their Fourier transform: see Assumption
7.1), polarity of points in the critical dimension. This applies in particular to the case of
spatial dimension 1 with space-time white noise, and the critical dimension remains d = 6.

In Section 8, we turn to linear systems of stochastic wave equations with constant coef-
ficients. Here, we consider both the cases of spatial dimension k£ = 1 with space-time white
noise, and higher spatial dimensions with spatially homogeneous noise with covariance given
by a Riesz kernel with exponent 8 €]0,2[. The stochastic wave equation presents additional
difficulties because the fundamental solution is irregular (it is not even a function when
k > 3). This means that Walsh formalism does not apply directly and we use the extension
of this theory developed by Dalang [7]. For the spatial dimension k& = 1 with space-time
white noise, we show that points are polar in the critical dimension d = 4, and in higher spa-
tial dimensions, under the assumption 3 € [1,2[, we obtain polarity of points in the critical
dimension d = 2(k 4+ 1)/(2 — ) (when this fraction is an integer).

The method developed by Talagrand and the extensions presented in this paper can also
be applied to the issue of multiple points of Gaussian random fields in critical dimensions,
and can also be used to study the same type questions for nonlinear systems of spde’s. These
topics are the subject of research in progress and we expect to present them in future papers.

2 Main assumptions and results

Recall that a white noise based on a measure v is a set function A — W (A) defined on B(R¥)
with values in L*(Q, F, P) such that for each A, W (A) is a centered normal random variable
with variance v(A), and when AN B = (), then W(AU B) = W(A) + W(B) and W(A)
and W (B) are independent. If W (A) is a centered normal random vector with values in R?
instead of R and covariance matrix v(A) - I; (where I; denotes the d x d identity matrix),
then we say that A — W(A) is an R%-valued white noise.

In order to motivate Assumption 2.1 below, recall that a stationary Gaussian process
(v(t), t € R) admits a spectral representation of the form v(t) = [, f(t — s) dW,, where
f is a function and (W) is a Brownian motion. For fixed t E R, we can define a white
noise by setting v(A,t) fA f(t —s)dW,. In many cases, when f(s) is smooth and has
appropriate decay as s — oo, it happens that if [t — s| ~ 27/ for some a > 0, then
v(t) — v(s) is well-approximated by v([2", 2", t) — v([2",2""![,s). Even though we will
not be dealing with stationary processes, but with non-stationary random fields, it is often



possible to construct a process that plays the same role as v(A,t). This is the motivation for
Assumption 2.1 below, and this assumption will be verified for the solutions to the spde’s
that we will consider in Sections 68, as we explain just below.

Let v = (v(z), 2 € R¥) be a centered continuous Re-valued Gaussian random field with
i.i.d. components. We write v(z) = (vi(z),...,vqe(x)).
Assumption 2.1. Let I C R* be a closed box: I = Hle[cj, dj], where ¢; < d;. Let
I©) denote an e-enlargement of I, in Euclidean norm. There is a Gaussian random field
(v(A,z), A€ BR,), z € RF) and g9 > 0 such that:

(a) for all z € 10, A s v(A, x) is an R%-valued white noise, v(Ry,z) = v(x), and when
A and B are disjoint, v(A,-) and v(B,-) are independent;

(b) there are constants ¢ € Ry, ag € Ry and v; > 0, j = 1,...,k, such that for all
ap < a<b< +oo, x,y € €0,

[v([a, 0], 2) — v(z) —v([a, b, y) +v(y)|lz2 < co Z v |y =y + b7 (2.1)
and i
[v([0, ao], ) — ([0, ao, y)||z2 < co Z 25 — yj. (2.2)

In order to see that the above assumption is satisfied by many solutions of spde’s, it is
necessary in each case to construct the random field v(A, x). Let us consider for example the
solution v(z) of the linear one-dimensional heat equation driven by space-time white noise.
Then R* will be replaced by R, x R, and the generic variable 2 above becomes (t,z). We
define

" eIt _ o—t€?
v(A,t, x :// e T W(dr, de),
( ) max(|7|4, |¢|3)eA £ —ir (dr, &)

Then we will see in Section 6 that Assumption 2.1 is satisfied (with the exponents v; = 3,
72 = 1, that is, ag = 1/4 and ay = 1/2), as is Assumption 2.4 below.
Define «; €0, 1] by the relation

v = oz;l -1, that is, a; = (v, + 1)_1,
and define a metric .
Az, y) =D | —y;|*.
j=1
Consider also the canonical metric associated with v:
d(z,y) = [[v(z) — v(Y)||z2-

It turns out that under Assumption 2.1, the metric A provides an upper bound on the
canonical metric.



Proposition 2.2. Under Assumption 2.1, for all z,y € 1€ with A(z,y) < min(ag*,1), we
have d(z,y) < dcgA(z,y).

Proof. Fix x,y € 10, Observe that for any a > aq,
d(z,y) < |lv(z) = v(lao, al, ) — v(y) + v([ao, al, y)| >
+ llv([ao, af, ) = v([ao, af, y)|| 2

and by Assumption 2.1(a),

||v([a0,a[,x) - v([a’O?aL y)||L2 < ”U(I) - U([CL, OO[’ :L‘) - U(y) + U([CL, OO[? y)HL2
+ || — v([0, aol, ) + v ([0, ao[, ¥)|| 2.

Applying Assumption 2.1(b), we see that

d(.ﬁC, y) S Co

J

k - k
o, —1 aTlo _
(a” — +a% Dz —yl+a+) |~"Cj—yj|] : (2.3)

1 j=1

1

By hypothesis, max;—; _x|z; — y;|% < A(z,y) < ay°, so we choose a > ag such that

max;—1__x|r; — y;|*% = a~'. Notice that

77777

1—aj; 1—aj;

;-1 aTlo i\ ar ai\ e o
@ 1>\xj—yj\:[<ao\xj—yj\ N5 4 (aley — gyl*) J}\a:j—yw

1—aj;
|

7
<2(alr; —y|™) ¥ |z;—y;
< 2z — y;l™ (2.4)

by the choice of a. Now (2.3) and (2.4) imply that

.....

j=1 j=1

k k
d(z,y) < co [22 2 — w5|™ + max fa; —yy[* + > - yj\] :
For A(z,y) <1, since 0 < a; < 1, we conclude that d(x,y) < 4coA(x,y). O

A first objective is to prove the following analogue for v of Proposition 3.4 of Talagrand
28].

Proposition 2.3. Let
k
1
Q= (y+1)=) — (2.5)

Let Assumption 2.1 hold. Then there are constants K < oo and p > 0 with the following
property. Given 0 < ro < p, for all xy € I, we have

1

~ r 112
P{3re 2 r): - <K U1 exp|—|log—]| |. (26
{T ool y:A(Syl,lE)kr‘v(y) vlwo)l < (loglog%)l/Q}_ eXp[ {Ogr}] (26)



When d(y,z9) < 4coA(y, xg) < 4egr, one expects that v(y) — v(zg) is of order r, so
Proposition 2.3 states that with high probability, there is a A-ball of radius r in which the
increments v(y) — v(xg) are smaller than expected. This proposition is proved in Section 4.

In order to obtain results on polarity of points, we need an additional assumption.

Assumption 2.4. Let I C R* be a closed box and £y > 0 be as in Assumption 2.1.

(a) There are constants ¢ > 0 and & > 0 such that for all z,y € 10, d(z,y) > cA(x,y)
and ||v(x)| 2 > ¢.

(b) There is p > 0 with the following property. For x € I, there are 2’ € 10, §; €]ay, 1],
j=1,...,k, and C > 0 such that for all y,y € 1) with A(x,y) < 2p and A(z,7) < 2p,

|E[(vi(y) — vi(@))vi(2)]| < CZ ly; — 1"

Remark 2.5. (a) Part (a) in Assumption 2.4 is the lower bound on the canonical metric
which completes the upper bound in Proposition 2.2.

(b) Part (b) in Assumption 2.4 states that covariances are smoother than what one gets
from the Cauchy-Schwarz inequality, Holder continuity and Proposition 2.2:

|El(vi(y) — vi(@)oi (]| < [Joi(y) = vi(@) |2 loi(@) | 22 < [lvi(2)] 22 Z lyi — 5™

This will be the case in the examples that we will consider.

The main results of this section is the following.
Theorem 2.6. Let Assumptions 2.1 and 2.4 hold for all sufficiently small bozes. Assume
that Q = d. Then for any closed box J and for all z € R,

P{3z e J:v(x)=2z2}=0.

This theorem is proved in Section 5.

3 Preliminaries

Following [27, Section 2], we first set up some estimates that are needed.

Recall the number @Q defined in (2.5). Let I C R¥ be a closed box such that Assumption
2.1 is satisfied. For xy € I, the number of balls in metric d of radius € needed to cover the
set

Sp(zo) = {x € R* : Az, z0) <7}

is < Ng(S,,e) = cr?/e? (indeed, z € S, (o) implies that |z; — x| < r% ", so the volume of
S, (x) with respect to Lebesgue measure is < ¢r?, and by Proposition 2.2, the volume of a
d-ball of radius ¢ is > é£9).



Lemma 3.1. Let D be the diameter (in metric d) of a subset S C R*. There is a universal
constant Ky such that, for all uw > 0, we have

P o0 o) 2 o (u+ [ ViogNaS T ae) b <o ()

z,YyEeS

(Note. There is a misprint in [27, Lemma 2.1], where D should be D?.)

Proof. This is a consequence of inequality (11.4) p.302 in [22], which holds for Gaussian
processes with i (z) = e — 1. O

Lemma 3.2. There is a constant K > 0 (depending on cq in Assumption 2.1) such that for

all u >0,
1
P - <ub> - .
{21;5,’“(”3) v(y)] < U} > exp ( KuQ)

Proof. We use the small ball estimate for Gaussian processes (see [21, (7.13) p.257] or Lemma

2.2 of [27]):
P{sup [v(e) — o(y)] < u} > exp (—@) 7

z,yel

where 9(u) = u~%. Indeed, a ball of radius € (in the canonical metric d) has volume > é£9,
so the number of balls (in the canonical metric d) of radius ¢ needed to cover I is < ¢;e=9.
O

Lemma 3.3. Consider b >a > 1, ¢y >1r >0 and set

A= Zaadil*l ro‘;l +b L

Jj=1

There are constants Ay, K and ¢ (depending on co in Assumption 2.1) such that if A < Agr
and

u > KAlog'? <%> : (3.1)

then

P{ sup |v(z) —v(zo) — (v([a, b],z) — v([a,b], x))| > u} < exp (—%) )

z€Sr(z0)

Proof. Recall that S, = S,.(zy) = {z € R* : A(z,7) < r}, and set

d(z,y) = [[o(x) = v(y) = (v(la, b, x) = v(la, b, y)||>-

Then

d(z,y) < [lv(x) = v(y)llzz + llv((a, b, 2) = v([a, b, y)|| 2.
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Since

v(x) = o(y) = (v(la, 0], 2) = v([a, b, y)) + (v(Ry \ [a, b, 2) = v(Ry \ [a, ], ),

and the two terms on the right-hand side are independent by Assumption 2.1(a), we see that

[o([a, b, 2) = v([a, b, y)ll > < [lv(z) = v(y)l|z2-

Finally,

d(z,y) < 2ljv(x) —v(y)lle < 8epAz,y)
by Proposition 2.2. Therefore, for small € > 0, the number of e-balls (in metric d) needed

to cover S, (zg) is
Q

-
N;(S,(xg),€) < g

For z € S,(xo), |z; — zo | < r%", so by Assumption 2.1(b), d(z,zo) < coA, and therefore
the diameter D of S, (x¢) satisfies D < 2¢pA. Assuming that we have chosen the constant Ay
and that A < Agr, notice that for D < 2¢yA < 2¢oAor, there is a constant K’ (depending
on ¢ and ¢yAp) such that

D D .
/ \/logNJ(ST(:co),e) de < K’/ ﬂ/loggde.
0 0

Recalling the elementary inequality f;oo e du < Cze ™ for x large, and using the

change of variables ¢ = re™*’ (r fixed), we see that there is a universal constant K such
that for all D > 0 and » > 0 with D/r sufficiently small (which is the case if Ay is chosen

sufficiently small),
D " -
log —de < KD, /log —,
0 € D
so for D/r sufficiently small,
b - r
/ \/log N;(S,(20),e)de < K'KD\[log o
0

Let K be the universal constant in Lemma 3.1. It follows that

U D
u > Ky (ﬁ + / \/10g N(Sr(0), €) de)
0 0

uzzKu?KDMbg%, (3.2)

so by Lemma 3.1 (applied to the random field (v(z) — v([a, b[,x))), when u satisfies (3.2),

when

P{ wpIdw—vww—ﬁﬂm%x%ﬂﬂmﬂwﬁﬂZU}

z€Sr(z0)

o (L2 ¢y (21



In order to explain (3.1), notice that

r 1/2 x? r?
Dy [log 5 = Lf (D)7, where f(z) = 5 log

and ) 2 )
') — L r_
f(x) =xlog ol x (log p 1) :
SO
2 2
flley>0 if —>e, ie x? < —.
x e

Since D < 2¢gA,

[T - [ A2 r? vz r

provided (2cgA)? < r?/e, that is, A < (2cpe)~'r, which is the case as long as Ay is sufficiently
small and A < Agr. In this case, (3.1) implies (3.2). O

N|=

Lemma 3.4. There is a constant K (depending on co in Assumption 2.1) such that if
0<wu<r, then for all0 < a < b,

z€Sr(z0)

e
P{ sup |v([a,b],z) —v([a,b],z0)| < u} > exp (_KU_Q) :

Proof. As in the proof of Lemma 3.2, we note that the number of balls of radius ¢ (in the
canonical metric of v(a, b, -, -)) needed to cover S, (z) is < ce~%r?. Applying the same small
ball estimate as in the proof of Lemma 3.2, we obtain the desired conclusion. 0
4 Proof of Proposition 2.3

Fix U > 1. Set ry, = 79U ~2* and a, = U*~1/rg. Consider the largest integer ¢y such that

0 < log(1/ro)

. 4.1
- 2logU (4.1)

Then for ¢ < ¢y, we have ry > rZ.
It suffices to show that for some large constant K,

r
PLAN<U<ly: sup |v(z) —v(z)| < Kyt
{ zE€Sr, (o) (loglog %)I/Q

1/2

1

>1—exp (— (log—) ) .
To
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It follows from Lemma 3.4 that for K, large enough so that K/K < 1/4,

T
P sup  |u(lae, ar], ) — v([ae, ama], 2o)| < K2—€11/Q
$€Sre($0) (log log E)

> e KT? (10 lo 1) > e ( 1(10 lo 1))
xp | ————= — xp [ —— —
2 exp K?,Q r? g log " = €xXp 1 g log "
1\ /A4
= <log —) . (4-2>

Thus, by independence of the v([ag, api1[,*), € =1,..., 4,

.
PI< 4y — <Kyt
{ >~ %0 zez}«tl?xo) |U([a£7a£+l[7 ':C) U([afaaf-‘rl[? $0)| = (lOglOg )1/@}
=1- [T (1-P{ sw fo(anaela) = vllar aenl.z0)
1<0<0, x€Sr, (z0)
< Koyt ). (4.3)
(loglog ;)

Apply (4.2) to see that this is greater than

4 _1 _17% _1

1 4 1 4 1 4
1— 1— |log — >1— 11— |log— > 1 — —ly |log — . 4.4
}1[ Joe ] ] [ Joe ] . [ ooe g ] 4

LI
o. —1 o
— J J -1
Ag—g a, Tyt +ag,.
i=1

Notice that rya; = U~ and ryay.; = U. Then

k
A7t = (am)™ 7+ (aggare)” Z U Ut < (k+ YU
j=1
with f = min(1, min;— k(ozj_ —1)) > 0since a; < 1, j =1,..., k. Therefore, for U large

enough, A, < Ayr,, and for u > f(rZU*ﬁ\/log U, (3.1) is satisfied (with A there replaced by
Ay and r by 74), so by Lemma 3.3,

P { sup [v(z) —v(zo) = v([ae, aral, ) + v([ar, ara ], z0)| 2 U}

x€Sr, (z0)

02 ..
< exp (_342) <exp< C?“QU%)'
¢

Proceeding as in [27, (4.3)], we take u = Kyr,(loglog %)*1/62, which is possible provided

1\ ve
Kor, <loglog —) > Kr,U '/logU,
To
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that is, provided .
U(logU)~Y2 > K loglogl ’

which holds if U is large enough, to get

(4.5)

1
P { sup [v(z) = v(z0) = v([ae, ara ], ) + v(lae, apa ], wo)| > Kory(loglog r—o)_l/Q}

x€Sr, (z0)

U?s
< — .
=P c(loglog %)2/‘9

Fy= {|U([az,az+1[,$) — v([ag, ars1[, xo)| < TW} ,

Let

Ka 71

G, = {|v(x) —v(xo) — v([ag, apr1], ) + v([ag, aper], xo)| > 5 W

Then
,
Pid1<i<ty: sup |v(x)—v(z < Kyt
{ ’ xeSW(:L’o)| (@) (o)l 2(loglog %)1/62}

> P (UL, (FNGD) = P (U2 F) 0 (M124G5))

2P (U§0:1F€) - P (Uiozle) :
By (4.4),

1\ U4
P (Ugoleg) >1- exXp (—60 (log %) ) 5

and by (4.6),

U

1\ Y@
c (log log %)

P (Ugozng) < /lyexp | —

Combining with (4.7), we get

r
P11 <i<{y: sup |v(x)—v(xg)| < Kyt
{ 0 :cESW(xO) (log log %)I/Q

1\ U
>1—exp | —¥ (log r_§> — lyexp _c(loglog L)2/Q
To

Therefore, the proof of (2.6) will be complete provided

11
exp | —4o {log ﬁ}
0

132
(loglog -)%/€ To

12

U2 1 3
+ lgexp <exp |— [log _]
c

] |

(4.6)

(4.7)

(4.8)



Recall the condition (4.5), and that ¢y is defined in (4.1). Therefore, if we set

L\ /@)
U= (1og —) ,
To
then for roy small enough, by (4.1),

1 1\
by >p (log —) (loglog —> > 1.
To To

Therefore, the left-hand side of (4.8) is bounded above by

log L 8/ 1 1/2
0g o 1 log P 1
0
exp [———— | +|1+log— |exp |— 270 <exp |—|log—
cloglog o To . ( > To

log log %

provided rq is small enough. This completes the proof of Proposition 2.3. ([l

5 Proof of Theorem 2.6

The main effort in establishing Theorem 2.6 will be to prove the next proposition.

Proposition 5.1. Assume that () = d. Let I be a sufficiently small box so that Assumptions
2.1 and 2./ hold. Let g > 0 be as in Assumption 2.1 and let p be as in Assumption 2.4. Fix
x € I, and consider the following (random) subset of R9:

M(p,x) = {v(y) : y € R* and A(y, ) < p}.
Then for any 2z € R9, P{zy € M(p,x)} = 0.
Proof of Theorem 2.6 (assuming Proposition 5.1). Let J be a closed box and
M={v(y):yeJ}.

Divide J into a finite union of small boxes I, for which Assumptions 2.1 and 2.4 hold. Let
pe > 0 be given by Assumption 2.4 for I,. Since (S,,(x), = € I;) is an open cover of I,, there
are Tyq,...,%en, € I such that I, C U, S, (z¢;). It follows that

M C Ug U?il M(pf)xf,i)a

so for any z, € R?,

P{zye M} < ZZZP{ZO € M(pe,ze4)} =0,

{ i=1

by Proposition 5.1. It follows that zy is polar for v. 0

13



We now work towards proving Proposition 5.1. We proceed as in [28, Section 3]. Set

B,(z) = {y € R*: A(y,z) < p},
Bi(z) ={y e R* : A(y,z) < 2p}.

Let 2/ € R* be given by Assumption 2.4(b).
Define two R%valued random fields

v}(y) = E(v(y) [v(2), o' (y) =oly) —v*(y).

Remark 5.2. (a) Because they are Gaussian and orthogonal, the processes v' and v? are
independent. Further, v! is independent of the random vector v(z’).

(b) If we only want to prove that almost all points are polar for v (that is, the range
of v has Lebesgue measure zero), then we would not need to introduce the process v'.
Here, we will prove that the range of v! has Lebesgue measure zero, and v! is quite a good
approximation of v (so the range of v also has Lebesgue measure zero). Then we will use

the independence of v! and v(z’) to deduce that all point are polar for v.

Lemma 5.3. The random field v* = (v*(y), y € B,(x)) has a continuous version, and there
is a finite constant C' such that for y € B,(z) and y € B,(z),

[0*(y) = v* ()| < Clo(x IZIyg—yﬂ‘S

Proof. Let

E(v;(y)vy(2))
= 5.1
o) = Zg (5.)
where the right-hand side does not depend on j. Since the components of v(y) are indepen-
dent, U?(y) is the orthogonal projection of v;(y) onto v;(2’), therefore, for j € {1,...,d},

vi(y) = a(y)v;(a’), (5.2)
and v?(y) = (vi(y),...,v3(y)) is the continuous version of v?. With this version, the conclu-
sion follows from Assumption 2.4(a) and (b). O

Lemma 5.4. There is a number K (depending on d) such that, for e < 1/3,

, 1
P{Vy,@ el, dly,y) <e=v(y) —v(y)| < KEIOg”Qg} >1—c¢.

Proof. By Assumption 2.4(a), I®) has finite diameter in the metric d. According to [23,
Theorem 6.3.3 p.258], there is a finite random variable Z such that, a.s., for all y,y € I,

o) o<z [ [(1gm)/ v (1gm)/] du,

14



where \ denotes Lebesgue on I and By(y, u) is the ball in metric d centered at y with radius
u. Since d(z,y) > cA(z,y),

- d(y,) 1 1/2
lv(y) —v(y)] < Z/O (log u_Q> du.

Using the elementary inequality

@ 1\ 2 1
/ (log —> du < ¢y xlogl/2 -,
0 U x

which is valid for 0 < 2 < x with 2o > 0, and the fact that = — 2 log"/?(1/z) is increasing
on |0,1/e[, we see that d(y,y) < e implies

lo(y — v(@)|| < coZelog!?(1/e),

and this is < Kelog'?(1/¢) on the event {Z < K/co}. Since Z is finite a.s., this event has
probability > 1 — ¢ if K is large enough. U

For p > 1, consider the random set

R, = {y € By(z) : 3r € [27%,277[ with Sup () —v(y)| < Kzﬁ} ’
U A(y,y)<r og Og;

Qp = {A(Rp) > (B, (z)) (1 — exXp <_g)>}

(here, A denotes Lebesgue measure). Notice that €2,; can be described as the event “a large
portion of B;,(a:) consists of points at which v is comparatively smooth.” Then

(Q1)° = {A(Rp) < AMB,(v)) (1 — exXp (‘%)) }

= {,\(B;(q;) \ R,) > (B (z)) exp <—g) } ;

and the event

so by Markov’s inequality

Pl()7) < Bl L ) 53

" \(B(x)) exp (—Tp) '

The numerator is equal to

J,

P

E

( )1B'p(x)\Rp(y) dy] = /,( )P{y € B(x) \ Ry} dy.

15



By the definition of R, and Proposition 2.3 (taking the log in base 2), for y € B (z),

Ply¢ By} < exp ( (10855 ) %) — oxp(~ ).

therefore, by (5.3),

In particular,
> P(( ) < +00. (5.4)
p=1
Fix # €]0, min(min;—; (0o, " — 1), 1)[ (which is possible since §; > a;, j = 1,...,k)
and set
Qpp = {Jv(2')| < 277}
Since v(2') is a normal random vector, > -, P((£2y2)) < +oo. In addition, on the event

Q,2, the constant of Holder continuity of v? is not too large. Indeed, by Lemma 5.3, for
y € B)(z) and y € B)(z), if A(y,r) <r and A(y,z) <, then on €5,

k k
2 (y) — (@) < C27 D |y — gl < C2% Y

j=1 j=1
If r <277 then

-1 -1 -1 -1
7«‘5]'0‘]' 2/317 — T(Sjaj (2_19)—5 < r‘sjaj 7’_/3 — frw,a‘;jaj *1*,3,

and min;—, k(éjaj_l —1— /) > 0 by definition of 5. Therefore, there is K3 > K5 such that

77777

def
Qp73 = Qp71 m Qp727

for each y € R, there exists r € [27%/,27P] such that

_ r
sup  [vl(y) —v'(y)] < K3—1i' (5.5)
7 A@Gy)<r (loglog )@

Define an “anisotropic dyadic cube” of order ¢ as a box in R* of the form
b 1 1
[Timg2f, (m; + 1)27%5 7,
j=1

where m; € N. For y € R*, let C,(y) denote the anisotropic dyadic cube of order ¢ that
contains y. This cube is called “good” if

sup vl (y) — o' ()] < de, (5.6)

¥,9€C(y)N By (x)

16



where
. 2—¢

dg = Ky —————
(loglog2f)@
and K3 = k K5. By (5.5), when 2,5 occurs, we can find a family H;, of non-overlapping
good parabolic dyadic cubes (they may have intersecting boundaries) of order ¢ € [p,2p]
that covers R,. This family only depends on the random field v'.
Let Hs,, be the family of non-overlapping dyadic cubes of order 2p that meet B,(x) but

are not contained in any cube of H;,. For p large enough, these cubes are contained in
B/ (), hence in B)(z) \ R,. Therefore, when €2, 3 occurs, their number is at most NV, where

N, 2759 < \(B)(x)) exp (_\/Tﬁ) ,

SO

N, < 0 2% exp (—%) : (5.7)

where C' does not depend on p.
Let €, 4 be the event “the inequality

sup  |u(y) —v(7)| < Ki277/p (5.8)
y,yeC

holds for each dyadic cube C' of order 2p of R, x R that meets B,(x).” We choose K, large
enough so that > -, P((€2,4)¢) < +o0: this is possible by Lemma 5.4.

Set H, = H1,UHa,. This family is well-defined for all p > 1, and it is a non-overlapping
cover of B,(x) (because of how dyadic cubes fit together). Set

ra=4d, = 4[%32’5(10g€)75 if A e H,, and A is of order ¢ € [p, 2p],
ra = K42—2P\/ﬁ if Ae H2,p'

For each A € H,,, we pick a distinguished point p4 in A (say the lower left corner). Let
By be the ball in R? centered at v(p4) with radius r4.
Define
Q,=Q,35N Q4.

Lemma 5.5. Recall that d = (). Let

1
f(z) = z%loglog —. (5.9)
x
For p large enough, if ), 5 occurs, then

Z f(ra) < KA(B,(z)).

AEH,,

17



Proof. For A € H,,,

d
2~ ¢ —ar_log!t —Qe

since d = @), which is the volume of a anisotropic dyadic cube of order ¢.
There is a constant K5 such that, for p large enough and for all A € H,,,

fra) < K5(27y/p)? log(2p).

If ©, 5 occurs, then by (5.7), the total contribution of ZAGHM f(ra) is bounded by
K 2729p?2 10g(2p) 2%9exp <—g> = p9%log(2p) exp (—?) .

Therefore, since the cubes in H, , are non-overlapping and intersect B;(t, x), if ©, 3 occurs,
then

S Fra) < KA(BY(2)) + 9% log(2p) exp (_@) |

4
AeH,

Now A(Bj(x)) < 29X(B,(z)), and this quantity does not depend on p, so the lemma is
proved. 0

Lemma 5.6. Let F, be the family of balls (Ba, A € H,). For p large enough, on §,, F,
covers M (p,x).

Proof. Consider z € M(p, z). By definition, there is y € B,(z) such that v(y) = z. Since H,,
is a cover of B,(x), the point y belongs to a certain cube A of H,. We will show that z € B4.
Consider first the case A € H; ,. Suppose that A is of order ¢ € [p, 2p|. By (5.6),

0! (pa) — v (y)] < de.

-----

[w(pa) — v(y)| < do+ [0P(va) — VP (y)| < de + C 2% Z(g—f)%ail

7=1
<d+Ck 9Pp 9~y 9—t(1+5) <d, +Ck 9—t7 9
< 2d,

for p large enough, since v > 0. Since v(y) = z and r4 = 4d,, this implies that z € B,.
Now consider the case A € Hy. Then on €, 4, by (5.8),

[0(pa) — 2] = [v(pa) — v(y)| < Ka27p = ra,

So z € By. O
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Corollary 5.7. Almost-surely, the set M(p,x) has Lebesgue measure zero: \(M(p,x)) = 0
a.s.

Proof. For p large enough so that €, occurs, by the definition of f in (5.9) and Lemma 5.5,

> ord < L Zf(m)gm%o

AcH, logp AcH, logp

as p — +oo. Since the family of balls (Ba, A € H,) covers M(p,x) by Lemma 5.6, we
conclude that A(M(p,z)) =0 a.s. O

Proof of Proposition 5.1. Fix zy € R?. Let a(y) be defined as in (5.1). Notice that for p
small enough, 1/2 < a(y) < 3/2, and y — a(y) is Hélder continuous by Assumption 2.4(b).
Define

1
vs(y) = a(y) (20 — v1(y))-
Clearly, by (5.2),
v(y) =20 = wuy) =) (5.10)

We are going to check that the range of vz has Lebesgue measure 0. Assuming this for the
moment, let f,) be the probability density function of v(z’). Then

P{zo € M(p,a)} = P{3y € B,(2) : uuly) = v(a)}
= [ @ LI € Byfo) ) = 2,

where we have used the fact that vy, hence vs, is independent of v(z’) (see Remark 5.2(a)).
Since the range of v3 has Lebesgue measure 0, the probability on the right-hand side vanishes
for a.a. z, hence the integral is 0 and P{zy € M(p,x)} = 0, as claimed in Proposition 5.1.
It remains to prove that the range of v3 has Lebesgue measure 0. For A € H, and y € A,
(1)~ vs(pa) = —~ (20— () — —
U3\Yy) —v3\Pa) = (ko —U\Y)) — —/—=
a(y) a(pa)

Recall that « is Holder continuous and bounded above and below. If A € H;, and A is of
order ¢, then for p sufficiently large, the right-hand side is

(20 — v1(pa)).

k k
< e |y —pagl” +2d, < cZQ—”ﬂ'%’l + 2d,.

J=1 J=1

Since 53-04]-’1 >1,j=1,...,k, thisis < 3d, <ru. If A€ H,,, then for p sufficiently large,
the right-hand side is

k
<c <Z 9-2wje;t 2K42_2p\/2p) < Cra.
j=1

This means that for some constant ¢, (B(pa,¢ra), A € H,) covers the range of v3. As in
the proof of Corollary 5.7, we conclude that the Lebesgue measure of {vs(y) : y € By(x)} is
Zero. O
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6 Polarity of points for systems of linear heat equations

with constant coefficients

Fix k > 1 and suppose 3 €0,k A2[ or k =1 = 3. Let D(R x R¥) denote the space of C*°-
functions with compact support and (W (), ¢ € D(R x R¥)) be a spatially homogeneous
Re-valued Gaussian noise that is white in time, with spatial covariance given by the Riesz
kernel |z —y| =, unless k = 1 = 3, in which case W is space-time Ré%-valued Gaussian white
noise based on Lebesgue measure. In both cases, W(p) = (Wi(g), ..., Wa(p)), and the
components are independent.

Recall that in the spatially homogeneous case, the covariance of the noise is informally
given by ) R

E(Wo(t,z)W;(s,y)) = 6(t — s) [a — y| 7 0,

where 0(+) denotes the Dirac delta function and d,; is the Kronecker symbol. More precisely,
for any C'*°-test functions ¢ and ¢ with compact support,

B0V () = by [ dr [ dy [ deotra)ly ol wir2)

Using elementary properties of the Fourier transform (see (10) in [7]), this covariance can
also be written

BOVAoWy0) = by [ dr [ dele* Fuplr O Fobr @, (61
Ry JR
where ¢ 5 is a constant and F,p(r,-)(£) denotes the Fourier transform in the z-variable:

Fap(r,)(§) = /Rk e T (r, x) du.

This type of noise is discussed for instance in [10, Section 2]. Space-time white noise in the
case k = 1 corresponds formally to § =1 in (6.1), or, equivalently,

E(W(p)W. —%/R d?"/deysMy ().
+

Let v = (0(t,x), t € Ry, x € R) be the mild solution of a linear system of d uncoupled
heat equations driven by this space-time white noise:

bt x) = Aby(ta)+Wiltz),  j=1,....d
v(0,2) = 0, r € RF.

QJlQ;

(6.2)

Here, 0(t,z) = (01(t,x),...,04(t,z)) and A is the Laplacian in the spatial variables. The
notion of mild solution is discussed in [10, Section 2] (see also [26, Chapter 6]).

Theorem 6.1. Suppose (4 + 2k)/(2 — ) = d. Then points are polar for v, that is, for all
2 € RU+2R)/(2-5)

P{3(t,x) €]0, +oo[ xR* : i(t, ) = 2} = 0.

In particular, in the case where k = 1 = (3, W s space-time white noise and d = 6, then
points are polar for v.
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Let W (dr,d¢) be a Clvalued space-time white noise, that is, Re(1W) and Im(W) are
independent space-time white noises based on Lebesgue measure (Re(W) and Im(V) denote
respectively the real and imaginary parts of W). In particular,

EW(A)W;(B)) = 2XMAN B)dy;

(here, W/(A) = (Wi(A). ... Wu(A))).
We shall show in the next proposition that the process (v(t, ), (t,z) € Ry x R¥) defined
by

it "”/ / miea T = sy (g, ) (6.3)
9 - 2_- bl bl .
R JRk |§| 1T

is a solution of the stochastic heat equation. By analogy with the processes considered in
5], we call formula (6.3) a harmonizable representation of the solution to (6.2). This type of
representation also appears in [1, Section 4].

Proposition 6.2. For ¢ € L?*(R, x R¥ C), define

Wie) = [ [ Wildrag) 602 £, yolr.c).

where F,, denotes Fourier transform in the variables (s,y).

(a) For j = 1,...,d, if k = 1 = (3, then Wj is a C-valued space-time white noise;
otherwise, I/T/'j 1s spatially homogeneous noise that is white in time with spatial covariance
given by |x — y|=".

(b) (v(t,z), (t,z) € Ry x R¥) defined in (6.3) is a C-valued solution of

%vj(t,x) = Avj(t,x) + W;(t, ), j=1,...,d,

(6.4)
v(0,2) = 0, z € R

(c) (Re(v(t, 1)), (t,z) € Ry x R¥) and (4(t,z), (t,2) € Ry x R¥) have the same law.
Proof. (a) Consider first the case k =1 = . Observe that

OV ) = [ [ drds Fuyp(r Foyiim@ = [ [ dsdy ot 00,

where we have used Plancherel’s theorem, so W; is a space-time white noise.
Now consider the case 8 €10,k A 2[. Then

R

BOV(Wy(0) = [ dr [ s Fuuelr 0070

:/Rds/m dy/Rk dw@,y)mwm

where we have used again formula (10) in [7], and property (a) is established.
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(b) Let G be the fundamental solution of the heat equation. Notice that
/ Loa(8)G(t — s,z — y)W;(ds, dy)
RXRF*

= [ Widrd§) Fuy (Lo ()Gt v = D) (m. ) g2

Now, Fiy(Ljoq(-)G(t — - 2 —-))(7,&) is equal to
Fie 10y (O F,G —)(©O)(F) = e F (=104 () (7)
= e"é'“’”—tlg‘Q}—s(@'&P1[0,t](S))(T)-

The Fourier transform in the s-variable is easily calculated and one finds that

/R N Loy (s)G(t — 5,2 — y)Wj(ds, dy)

_ , ciea T e e
=/ . W;(dr,d€) e i €] = v;(t, x). (6.5)
By (6.3), v;(0,x) = 0, so, following [26, Definition 6.1}, we have checked that v is the (mild)
solution of (6.4), and (b) is proved.
(c) Set w = Re(v). Then by (b), w(0,z) = 0, w satisfies ——Aw] = Re(W;(t,z)). Ifk =
1 = 3, then Re(WW;) is a real-valued space-time white noise such that £ [(Re(W;))?] = A(A),
and otherwise, Re(WW;) is a spatially homogeneous noise with the appropriate covariance.
This proves (c). O

Let - -
o) = T, Qg = T = 20&1 (66)

(these are the Holder exponents of t — 0(¢,x) and = +— v(¢, x), respectively, considered as
functions with values in L?(2, F, P)), and set

eIt _ o~ t|€)?
v(A,t, ) // P L ——— ¢RI W (dr, d€).
max(|r]o1, [g]2) A R it

Clearly, the random field (v(A,t,z), A € B(R,), (¢, :U) € R, x RF) satisfies Assumption
2.1(a) (with the generic variable x € R¥ replaced by (¢,x) € Ry x R¥). In the next lemma,
we check Assumption 2.1(b) (with ag = 0).

Lemma 6.3. Let

2+8
2—- 3’
There is a universal constant cy such that for all 0 < a < b and (tg,z9) € Ry x R,
(t,l’) - R+ X R 5

ﬁ

712611_1—1: 72—0421—1:

Tb

HU([CL7 b[a t,I) - ’U(t,l’) - U([CL, b[7t07 Io) + U(t07 xO)HLQ
k
S Co CL71 |t — t0| + Cﬂ2 Z |Z)3j — $07j| + b_l
j=1
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Remark 6.4. Lemma 6.3 states in particular that for b = oo, (t,z) — v(t,z) —v([a, 00|, t, )
is Lipschitz continuous. However, the Lipschitz constants in t and x are of different orders
of magnitude, which reflects the (ay, aw)-Hélder exponents of (t,x) — v(t,x).

Proof. Let

et _ o€ k)2
wiato) - [ e T W dr ),
max(|7]%1, |£|*2)<a £ —T

€T =Ty
Ug(b,t,l’) = € 2 . |§| W(dTv dg)
max(|7[o1, |¢[02) >b S

Then
v([a, b, t,x) — v(t,z) — v([a, b[, to, xo) + v(to, T0)

= vy(a,ty, xo) — v1(a,t,z) + va(b, to, zo) — va(b, t, ). (6.7)
Set

fila,t,z,tg, x0) = El|vi(a,t,x) — vi(a, to, z0)|*],

fao(bt, 2, tg, m0) = E|va(b, t, ) — va(b, to, z0)|*].
We shall estimate these two quantities separately. First, set

Di(a) = {(1,€) € R x RF : max(|7|™, |£]*2) < a}.
Then
fila,t, z,tg, o)

2

i o—tlel? L emitto _ o—tolél? B

:d//D S e e L LS
1(a

2
—iTt 7t|£|2 _ 7i£~($071’)7i7’2§0 7t0‘£|2 77;);:-(1'07:2)
:d// e e e - +e e €P*drde
Di(a) €2 —iT
t 2 t 2
— d// @1( 737’7_76) 4+ 9022< ,ﬂfaﬂf) |f|ﬁ_kd7'd§, (68)
Di(a) |£| +7

where
o1(t,x, 1,&) = cos(7t) — e e _ cos(€ - (ko — ) + 7to) + ek cos(€ - (mo — x)),
pa(t,z,7,&) = —sin(7t) + sin(€ - (v — x) + 7o) — e~ sin (& - (xg — T)).
Observe that i (tg, o, 7,£) = 0 = @a(to, g, 7, &), and

dpr o 2 _—tl¢]?

e Tsin(7t) + [€]%e ,

8901 _ : t —t0€?

8—% = —&;sin(€ - (w0 — ) + Tto) + &je sin(¢ - (vo — 7)),

dpa .

o =T cos(Tt),

0 2

8_(5:2» = —¢&cos(& - (zg — ) + Tto) + §je’t°|£‘ cos(& - (zg — x)).
j
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Therefore, for ¢ = 1,2,
8904
ot

and the Mean Value Theorem implies that

<lIrl+ P, -—| <2l

J

|oe(t, @, 7,6)| < (I7] + €1t — to| + 2I€[l2 — wol,

SO
B—k
flostntuzo) Sd [ (a6 4 I - 10 + S e — o) S ara
D1 (a) €1+
<ad- -t [[ jep-tarag
Di(a)
| |2 |§‘2+B_k ( )
+8d - |x — x // ————drd¢. 6.9
Di(a) I€1* + 72
For the first integral, pass to polar coordinates r = || and use the fact that as = 24 to
get
Ck // . PP R drdr = (A 4+ Ay),
max(|7],r?)<a™1
where
A= // o rP=Ydrdr, Ay = // o rP=Ydrdr.
r2<|r|<a®1 |7|<r2<a®1
Clearly,
-1
a®1 VT
Al = dr drrP=1 = c@?PP)/C=0) — g
0 0
and )
012_ 2

Azz/a dTrB_l/r dr = ca®P/2=0) — g2
0 0

//D ( )\gyﬁ Fdrdé < éa®. (6.10)

For the second integral, pass to polar coordinates r = |]:

// j§[PHox P
————drdf = ¢4, / ——=r""drdr,
Di(a ’5‘4 + 72 max(|7|*1,r%2)<a rt+ 72

then set w = 72 to get

wBtD/2 drdw wh/?
/ w2+ 72 / Ly drdw
max(|7|*1,w*1)<a w? + T 2\/_ max(|7|w)<a® W +7

g/ (w, T)| “2drdw.
max(\T|,w)§aa1
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We conclude that



Pass to polar coordinates p = |(w, )| to see that

(S, R
// 1 2drd§ < c/ dpp?_1 = ca?P/C=B) = cq?r
Di(a) IE1*+ T 0
We conclude that
fila,t,z,tg, m0) < c[a® (t — to)? + a®?|x — zo]?).
We now examine fy. Set
Dy(b) = {(7,£) : max(|7|*", [£]**) > b}.

Notice that as in (6.8),

2
f (b t o tmxo _ d//; t X, T, f2|41i2<t7$7775) |€|,3—kd7_d€

Observing that |p;| < 4 and |¢s| < 3, we see that

B—k
fQ(b,t,I‘,to,Z'o) < 25d// |§4| def
Doy €11+

Let

Ar=A{(7,) : |I7|" = [§]** and |7|** > b},
Ay = {(7,€) « [7[** < [¢]** and [§]** > b},

so that A; U Ay = Dy(b). Passing to polar coordinates p = |£], notice that

|€|Mdd <4 d d—kwk B — b2,
T T TdE Cr. T n - =c =c

2

55 k 00 - p pﬁ,k 82 o

therefore, fo(b,t,x, to, z9) < cb™2. This proves Lemma 6.3.

and

(6.11)

(6.12)

(6.13)

(6.14)

O

We now check Assumption 2.4 for the process ©. In the context of this section, in

agreement with Lemma 6.3 and Assumption 2.1(b),

2—-8 2—-8
A((t,z), (s,9) =t —s| = + ]z —y[ 2.

It is well-known (see [8, Lemma 4.2]) that for any compact box I C |0, 00[ xR, there is ¢ > 0

such that for all (¢,x) € I and (s,y) € I,
[0(t,2) = (s, y)ll> = cA((E, ), (s,9))-
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Further,

HtxHLz—d/ds/dy/desy ——5G(s,2)
Rk Rk z|
A& e
>c ds/ F,G(s 2:c2/ds/ —— il
/ re [€17 B’ ) o Jre €N

_ (6.15)

so Assumption 2.4(a) is satisfied for the box I. In the next lemma, we check Assumption

2.4(b).

Lemma 6.5. Let I C0,00[ xRF be a compact box. Fiz (t,2) € I. Let t' =t —2(2p)*1 and
x' = x (where p is small enough so that t' > 0). There is a number Cy (depending possibly
on p, B, k and d) such that for all (s1,11), (s2,12) € B,(t,x) (the open A-ball in R, x R*
of radius 2p centered at (t,x)), and j € {1,...,d},

E[(0j(s1,y1) — 0j(s2,y2))0;(t", 2")] < C1(Js1 — s2| + |y1 — y2l)-

Proof. For (s,y) € B,(t,x), define
f(s,y) = E<@j(s7y)®j<t/7 :U/))
Case 1: k=1 = (. In this case,
t/
= C/ dr/dyG(s —r,y—§) Gt —r,2’ —7q)
0 R

(notice that the right-hand side does not depend on j). Then

of /t’ / _0G o .
—(s,y) = dr | dy — (s —r,y —y)G({t' —r. 2" — 7).
ay(y) i Ryay( y —7)G( Y)

Notice that 50 -
N _ Yy B .
ay (S ny y) - r G(S Yy y)

S —

Since (s,y) € B/ L(tx), s >t — (2p)c“_1 and since t — t' = 2(2p)°‘1_1, it follows that for r < ¢/,
s—1 > (2p)* . Therefore |8f| is bounded over B/ (t,z) (with a bound that depends on p

but does not depend on (t,z) € I).
Similarly, since

e N R S el
83( v =) (3—7" (s —1)?

)Gw—ny—w,

we see that |%| is also bounded over B (t,r). By the Mean Value Theorem, we conclude
that

[f(s1,y1) = f(s2,92)| < C(ls1 = 52| + [y1 — y2l),
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and this proves the lemma in this case.
Case 2: f €]0,2 A k[. In this case,

1
f(s,y) /dr/ dy/ dz G(s —r,y — §) _BG(t ra' — Z),
R JRH 57— 2|

SO

1
sy /dr/ dy/ dz— —ny =9 ———5G{ —ra’ -z
Rk RF ay] )| |B< )
1
<C/ dr/d/dz— -, —_Gt'—r,:c’—z.
Rk Y RF dy; I y)| z|? ( )

One checks, as above, that ﬁ(3 y) is bounded (with a bound that depends on p but does

af

55, so the conclusion follows as in Case 1. 0

not depend on (t,z) € I), as is

Proof of Theorem 6.1. By Lemma 6.3 and the sentences that precede this lemma, for any

compact box I C]0, co[xR¥ Assumption 2.1 is satisfied for Re(v), with exponents 7, §+g

and’yj:%,jzl...,kjtl, so that a1:¥andaj:¥,j =2,...,k+1. By Lemma
6.5 and the comments that precede this lemma, Assumption 2.4 is satisfied by v (with 0, = 1),
hence by Re(v) by Proposition 6.2(c). Since Q = a;' + kay' = (4 +2k)/(2 — B) = d, it
follows from Theorem 2.6 that for all z € R?,

P{3(t,x) e I:0(t,x) =z} = P{3(t,x) € I : Re(v(t,x)) =z} = 0.

Since this holds for all compact rectangles I C ]0, 0o[ xR¥, Theorem 6.1 is proved. [l

7 Polarity of points for systems of linear heat equations
with nonconstant coefficients

For j =1,...,k, let o; : R x R¥ — R be a continuous functions such that, for all T € R,
there are 0 < cr < Cp < oo such that for all (¢,z) € [0,T] x R¥,

Cr S (Tj(t,.iE) S OT. (71)

Let W be as in Section 6 and let & = (0(t,z), t € Ry, z € R¥) be the solution of a linear
system of d independent heat equations with deterministic coefficients:

it x) = Abj(ta)+ oyt )Wta),  j=1,....d,
v(0,2) = 0, r € R

QJl@

(7.2)

Set )
Gt,z(sv y) = 1[O,t](S)G(t - 8T = y)
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As a consequence of (7.1), in either of the cases f €10,k A2[or k=1= 0,

/RdT /R dg |e|”~* \fs,y(ét,maj)(f, £) ’

Indeed, in the case 8 €10, k A 2[, for instance, the integral is equal to

~ 1
/dS/ dyl/ dy2 Gra(8,91) 03 (Y1) ———5 Grals,42)05(32),
R Rk RF Y1 — 12|

and then (7.1) can be used.
We also make the following technical assumption on ;. This assumption can be checked
for specific choices of 8, k and o, as in Proposition 7.6 below, for instance.

Assumption 7.1. (a) F;,0; is a measure p; with finite total variation.
(b) Similar to (6.11), for large a,

- |f_Z|2 2
15| (dr, dz // drd¢ |€|P* < ca¥”.
Sttt [ amtcler e

(¢) Similar to (6.13) and (6.14), for large b,

€17~* .
wil(dr, dz // drd§ <chb*.
MRka‘ il ) Da(b) € =2t +|m =72

Theorem 7.2. Suppose that d = (4 + 2k)/(2 — B) and Assumption 7.1 is satisfied. Then
points are polar for v.

Recall from the calculations that led to (6.5) that

—itt _ o—tlE?

~ . e
FoyGro(T, &) = 77 ,
Define W as in Proposition 6.2, and set

vi(t,z) = /R/Rk W (dr, d€)|E|V /2 (F, 4G % Foyo)(7,€).

Proposition 7.3. The random field v = (v(t,z) = (vi(t,2),...,va(t,z))) is the solution of
the spde (7.2) with W replaced by W.

Proof. Observe that by definition of V~Vj-,

// 1io.q(s)G(t — 5,7 — y)o(s, y)W;(ds, dy)
— [ Witdr, 4y (Grur) (. 12 = vyt ),
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and v;(0,z) = 0. Therefore, v is the mild solution of (7.2) (with W replaced by W) This
completes the proof. O

Define a; and az as in (6.6) and let

A= [[ W, (7, €)1 02 G Far) 7.)
max(|7|*1,[¢[*2)e

and (v(A,t,z) = (v1(A, t,x),...,04(A,t, )).

Proposition 7.4. Under Assumption 7.1(a)—(c), the random field (v(A,t,x)) satisfies As-
sumption 2.1 for any compact box I C |0, co[xRE.

Proof. Assumption 2.1(a) is clearly satisfied, so we check Assumption 2.1(b). Set
nsate) = [[ Wil Al F G Fue) 7 6)
Di(a

Define
ij(CL, t, xZ, to, Io) = E ((’l)Lj(CL, t, .T) — Ul,j (CL, to, l’o))z)

- // ( )def |€|ﬁ_k |((]:s,yét,:c - Fs,yétoﬂ;o) k }—svyaj)(r, €’)|27
Di(a

and notice that by the Cauchy-Schwarz inequality,
(FouGra = FoyGrosm) * Foyoi) (1, )1 (7.3)

2
| [ Pt == 2) = PGl = D
RXRF

IR xR [[ 1R Gualr =€ = 2) = FyGupn(r = 1.6 = 2 s dr d),
RxRF

frila,t, 2, to, z) < C// |5l (dr, dz) // drdé €77
RxRE Di(a)

|]:syGtaf( —r,&—2z) ]:syGto:co( TS_Z)P

SO

By (6.8) and (6.9), the inner integral is equal to

// def\f]ﬁkgpl(th rE—2)2 4+ po(t,x, T — 1€ — 2)?
Di(a € =2t + |7 =7

1216 12
< d// drde |¢)P* [4(t—to)2+8 v = oS Z|’2
D1 (a)

|E—z*+|T =7

By (6.10), this is

€ - 2P
€=l =P

< eyt —t9)%a® + colr — mo|? // drdg |¢°*
Di(a)
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This establishes in particular (2.2) for any ag > 0.
By Assumption 7.1(a) and (b), we conclude that for large a,

fila,t, z,to, xo) := E(|vi(a,t, x) — vi(a, to,x0)|2)
<1 a® (t —tg)? + ey a®?|x — o] (7.4)

Set
va (a1 @) = / o Wi(dr, d€)|€| O/ (F, G  Foyo) (7, ).
Do (b

Then
fa5(b,t, @, t0, 30) = B ((v2,1(b,t, ) — v3,3(b, to, 0))?)
- / / P H(FooGos = FosCrom) + Fra) ()
D2

Using the Cauchy-Schwarz inequality as in (7.3), we find that

foy byt 2, o, 70) < C / / 1] (dr, d=) / / drde e
D3 (b)
X |F8,yét7x(7 —ré—z)— Fs,yéto,mo (tr—r&— 2)|2

and by (6.12), the inner integral is equal to

// de£ |£‘5*k S01(1&7%7_ — T’f — Z)2 + QOQ(t?va - Taf — Z)2
Ds(b) € —2[* + |7 =72

<2 // P —
Da(b) € —z|* + [T — 7|

By Assumption 7.1(c), for large b,

fg(b,t, x,to, 1'0) = E(’Uz(b,t,%) — 'Ug(b, to, .1'0)’2) < CbiZ.

Putting this together with (7.4), we conclude that Assumption 2.1(b) is satisfied. O

Lemma 7.5. (0(t,z)) defined in (7.2) satisfies Assumption 2.4 for any compact box I C
10, co[ xR,

Proof. Observe that

ottt =a [ as [ ay [ a6t 566 2ols.

ly — 2|P

t
1 _
> c2T/ ds/ dy/ dz G(s,y) ——5G(s,2) > cot 7
0 R JRE ly — 2|

by the same calculation as in (6.15), so Assumption 2.4(a) is satisfied.
Since o is bounded above by (7.1), the proof of Assumption 2.4(b) follows the proof of
Lemma 6.5. O
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Proof of Theorem 7.2. By Proposition 7.4, Assumption 2.1 is satisfied for Re(v), with
exponents o = % and ap = #, for any compact box I C]0,00[xR*. By Lemma 7.5,
Assumption 2.4 is satisfied for 0. Since Re(v) and ¢ have the same law by Proposition 7.3,
the conclusion follows from Theorem 2.6. 0

Sufficient conditions for Assumption 7.1(b) and (c)

Proposition 7.6. Suppose that k = 1 = 3, and F, ut; is a measure with compact support
and finite total variation. Then Assumption 7.1 is satisfied.

Proof. 1t is clear that Assumption 7.1(a) holds. We check Assumption 7.1(b). Note that
k=1=p,s0a; = % and ap = %, and observe that

€ — // € — 2
drde drde
//l;l(a) |€_Z|4+ |T max(|7— r|71 |E— z\ <a+r1+22 |€_Z|4+ |7-_T|2

:// drde 1L
Dl(a+r71xf+z% |€|4 ‘ |

By (6.11) in the case k = 1 = /3 (so 72 = 1), we conclude that this integral is < c¢(a+ri+22)2,
and therefore

€ — 2
il (dr, dz / / drd&
S, Jotean) [ o i
// | s drdz( ri+ % // || (dr, dz) 1%——Z—I—Z2
RxR RxR

< ca? // |14 drdz)<1+r4—i—z2) (7.5)
RxR

provided a > 1, and the integral is finite under the assumptions of this proposition. This
establishes Assumption 7.1(b).

We now check Assumption 7.1(c) in the case £ = 1 = 5. Use the change of variables
s=1—r,y=¢&— 2z to see that

drdé // dsdy
//Dz |§ Z|4 + |T Inax(|s—&—7“|zxr |y+z|? |y|4 + | |2
< drd§ —,
//Dg(w(b,rz |£|4 + ‘ ’2

where ¥ (b, 7, 2) = min(|b* — |r||"/*, |2 — |2|[Y2).
By (6.13) and (6.14), we conclude that

. 1 , -2
J[ ity [ it e < [ a2 76)
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and clearly,
7] 1/4

w(b,r,@:bmin <’ _b_4 1—u

5 1/2)

Y

b2

If b is large enough so that the inequalities |z| < 0?/2 and |r| < b?/2 are satisfied for all (r, 2)
in the support of y;, then 1(b,r,z) > b/2, and so the right-hand side of (7.6) is < 4cb~2.
This establishes Assumption 7.1(c). O

Corollary 7.7. Suppose that d = 6, k = 1, W is space-time white noise and Fgyp; is a
measure with compact support and finite total variation. Then points are polar for the solu-
tion (0(t,x)) of the stochastic heat equation (7.2) with nonconstant deterministic coefficients
g;.

Proof. This is an immediate consequence of Theorem 7.2 (with § = 1) and Proposition 7.6.
O

8 Polarity of points for systems of linear wave equa-
tions with constant coefficients

Fix k > 1and 5 €]0,kA2[or k=1 = f, and let W be spatially homogeneous R%valued
Gaussian noise as in the beginning of Section 6. We assume that

=1 (8.1)

Let v be the solution of the stochastic wave equation in spatial dimension k& driven by W

Dooi(t,x) = Avj(t,x) +Wit,z),  j=1,....d,
17(0,1:) - 07 %@(O,Z'):O, xERk,

Theorem 8.1. Suppose k=1=pF orl1 < <kA2, andd= 2(2%81) Then points are polar
for v, that is, for all z € RY,

P{3(t,x) €]0, +oo[ xR* : o(t, ) = 2} = 0.
In particular, in the case where k = 1 = j3, W is space-time white noise and d = 4, then

points are polar for v.

Define o 4 ,
eflﬁ-a:f'n—t 1 — ezt(7+|§\) 1— elt(T*Ml)

2/¢] T+ ¢ T — ¢

The next proposition gives the harmonizable representation of ©. This representation also
appears in [1, Section 6.

F(t,z,1,&) =
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Proposition 8.2. Set
tr) = [ [ Wiarag) o pie e no)
R JRE

and let W;(¢) be defined as in Proposition 6.2. Then (v(t,z), (t,2) € Ry xR¥) is a C-valued
solution of

g—;vj (t,z) = Awv(t, x) + W (t,x),
v(0,2) = 0, 20(0,2) =0, xz eR.
In particular, Re(v) and v have the same law.

Proof. Let S(s,y) be the fundamental solution of the wave equation. Since 5 €]0,k A 2[ or
k =1 = [3, the stochastic integral

/ Wj(ds, dy)li,q(s)S(t —s,0 —y)
R JRF

is well-defined in all spatial dimensions k > 1 (see [7, Example 6]), and

/ Rdede) Ot()S(t—Sx_y)
// W;(dr, dé) €] P72 Fy ,(Log (DSt — -z = ))(7,€).

Now for s € [0, ], according to [7, Example 6],

_ieasin((t = )]

FyS(t—s,x—)(§) = e F,8(t — s,-)(—¢) § ,

and F ,(Log(-)S(t — -, 2 —-))(7,§) is equal to

p—ikw bt p—ifw t
/ e T sin((t — s)[¢]) ds = / e T sin(r|€|) dr
€l Jo €l Jo
p—ia—irt /t o pirlel _ pirlel ; p—i&-z—irt {1 — eit(rHlE)  pit(r—lgl) _ q
_ eirr : r = +
gl Jo 2 2/¢| T+ ¢ T—[¢]
Therefore,
/ / W, (ds, dy)lioq(s)S(t — s, 0 —y) = v;(t, ), j=1,....,d.
R JR
This proves the proposition. U
Let
_2-F5
a=—



and set

o(At7) = / / E|BDRE (7, €) W (dr, dE).
max(|7|,|]*)eA

Clearly, the random field (v(A,t,z), A € B(R,), (t,z) € R, x R¥) satisfies Assumption
2.1(a) (with the generic variable x € R* replaced by (¢,7) € R, x R¥). In the next lemma,
we check Assumption 2.1(b).

Lemma 8.3. Let I C]0,7] x R be a compact box. Assume that (8.1) holds. Then the
random field (v(A,t,x), A € B(R,), (t,x) € I) satisfies the conditions of Assumption 2.1,
with exponents
71272=CY_1—1=L:17-
2-p
In particular, there is a universal constant cy and ag € Ry such that for all ag < a < b,
(to,l’o) S ], (t,[lf) S ],

llv(la, b, t,z) — v(t, ) — v([a, b], to, xo) — v(to, To)|| L2

k
<co |alt—to| + a7 |w; — o | + b7 (8.2)
j=1
and
k
[v([0, aol, t,z) — ([0, ag], to, zo)|| L2 < co [|t — to| + Z |z; — yj|] : (8.3)
j=1
Proof. Assumption 2.1(a) is clearly satisfied, so we check Assumption 2.1(b). Let
Dy(a) = {(7,§) - max(|7|*, [€]%) < a}, Ds(b) ={(7,€) : max(|7|*, |¢]*) > b},
and for ¢/ = 1,2,
wlati) = [[ (€0 Pt 7€) W(ar,de),
Dy(a)
As in (6.7),
v([a, b],t,x) — v(t,z) — v([a, b], to, xo) + v(to, To)
= vi(a, to, z9) — vi(a,t,x) + va(b, to, xo) — vo(b, ¢, x). (8.4)

So for £ = 1,2, we let

ff(aathut()?x()) =FE [|Uf(a7t07x0) - Ug(a7t,l')|2] :

Clearly,
fl(&7t7 xat07 :UO) = d// |F(t0>$07 T, 5) - F(t7 T, T, 5)‘2 ‘flﬁik deg
D1(a)
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Using Lemma 8.4(a) below, we see that
fila,t,x,ty, x0) < <|t—to\2+2|$3—xoj\>

//]31 {1+ 7+|§|) I |§|)}I€|ﬁ‘kdfd€.

Change to polar coordinates r = || to see that the double integral is equal to

1 1
C// [ + ] =Y drdr.
0<max(|7|,r)<al/® r>0 1+ %1(7_ + T)2 1+ %L(T - T)Q

Use the change of variables u = (7 4+ r)/2, v = (7 —r)/2 to see that the double integral is
equal to

1 1
2// [ >+ 2} (u —v)? ' dudv
max(|utvl], u—v)<2al/® y—v>0 l+u I+wv

1 1
< // 5 T 5| lu— v]Pdudv.
max(|ul, [v])<2al/e 1+u 1+v

By Lemma 8.5(a) below, this is < Ca?/® = Ca®'. We conclude that

k
Hvl(a,to,xg) — ?)1(&,75,37)”[/2 < Ca” [‘t — t0| + Z |I‘j — Z’o’j|] . (85)

j=1

This establishes in particular (8.3), for any ag > 0.
We now turn to the second term:

bt toz0) = [ Flto.an,m.6) — Pt 7 )P ef”Hdrde
D2 (b
< 2d / / [(F(to, 70,7, €))° + (F(t, 2,7, )] |/~ drde.  (3.6)
Da(b)
By Lemma 8.4(b) below, the double integral is bounded above by

Change again to polar coordinates r = || to see that this is bounded by

/ / [ ! + = } " g (8.7)
TAar. .
max(|7|,r)>bl/* >0 I+ 4_11(7- + 70)2 I+ %(T - T)2 1+ r?

By Lemma 8.5(b) below, this is < cb™2.
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We conclude from (8.6) and the above estimate (8.7) that for large b,
f?(b7t7x7t07x0) S Ob_Q- (88)

Putting together (8.4), (8.5) and (8.8), we conclude that for aq large enough and ag < a < b,
the conclusion of Lemma 8.3 holds. UJ

The following two lemmas were used in the proof of Lemma 8.3.

Lemma 8.4. Fiz T > 0. There is a constant Cr such that for all (t, ), (to, o) € [0, T] x R,
and all (1,€) € R x R¥, the following inequalities hold:

(a)
|F(to, xo,7,&) — F(t,z,7,8)|

k
1 1
< Cr ||t —to] + |z; — o] [ + ]
( 2 oy =, Ltglr+ el 1+ gl — el

J=1

(b)

1 1 1
|F(tax77—7£)|§CT|: + :| .
L glr+lell - 15l =[] L+l

Proof. (a) Notice that

OF —i&; o [1—etTHED 1 eit(rleD

_(tw/EaT? g) = _ZE'F(tuva7 5) = j€_Z§w—ZTt |: N

Ox; ’ 21¢ 7+ [¢] 7= [¢]
Observe that there is ¢ > 0 such that for all u € R and ¢ € [0, 77,

1 — efitv c
< e
* OF 1 1
c
Lamo| <t + | (59
b% 2 [+ glr+ el 1+ 3l — [l
Similarly,
a—F(t z,7,8) = —itF(t,z,1,8) + ﬂ [—ie™THED 4 et =Iel]
at Y 7 ) ) Y Y 2|§|
_ __Z.efig-x {Tem _ reitlél B ro it _ —o—itl] el eiﬂﬂ |
2l¢| 7T+ [¢] 7= [¢]

We notice that the term in brackets vanishes when |{| = 0, and remains bounded when

TE|E| = 0,50 %—IZ is locally bounded. In fact, reducing to a common denominator, rearranging
terms and simplifying, one finds that

F b iew—irt | 1
a_(ta z,T, 5) = Ze_zé‘x_”-t |:

_eitlr—le) 1 _ gitlrteD)
ot 2 } ’

+
T =& 7+ [¢]
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(8.10)

therefore, as in (8.9),
OF c 1 1
e <5 ] + .
’at 2 [1+35lr+ €l 143l — el
Using (8.9), (8.10) and the Mean Value Theorem, we see that (a) holds.
(b) Let u = (7 + |£])/2, v = (7 — |£])/2 and notice that
|01(2u) — ¢i(20)]
F(t = 8.11
Pt 7] = P2 (811)
where .
1 _ 62 u
oi(u) = ) u # 0.
u
Setting ¢;(0) = —it, then ¢, € C'(R,C), and
-1 + eitu _ Z'tueitu ]
pi(u) = - if u 0,
u
and }(0) = ¢*/2. Tt follows that for all (¢,u) € [0,T] x R,
max(lg(u)], i) < 1. (5.12)
PRIV = T ) |
In particular, we claim that for all (¢,u) € [0,7] x R with |u —v| < 1/2,
|p1(2u) — ¢i(20)] 1 1
<C + . 8.13
=TT 4w T 14yl (8.13)

|u = v

Indeed, by the Mean Value Theorem,
|0e(2u) — ¢e(20)] < 2u — ] ¢, (&),

for some ¢ between u and v. If both v and v have the same sign, say if 0 < u < v, then by
1 1 }

(8.12),
C C
! < <
The case where u and v are both negative is handled similarly. Finally, if © < 0 < v, then

since |u —v| < 1/2; we have |u| < 1/2 and |v| < 1/2, so
3/4 4 ~

/ 3/ <0 1 N 1 .

L+ ul 14 v

1+3

+
L+ |ul 1+ |y

|

¢ gczc{ .
1+13

/
<
This proves (8.13).
We now claim that there is a constant Cp < oo such that for all (t,u,v) € R, x R?
|0¢(2u) — @1 (20)] 1 1 1
<C + . 8.14
2|u — v =TT e T4l T u— ] (8.14)
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Indeed, assume first that |u — v| < 1/2. Then by (8.13), the left-hand side is
1 1 1 1 3/2
R

L+ Jul 14|y T4 |ul 14| 14 |u—2|
Now assume that |u —v| > 1/2. Then the left-hand side of (8.14) is
3/2 Cr 1 1
< — 7 (los(2u)] + |os (20 + :
< el e < o [ e

where we have used (8.12). This completes the proof of (b).

Lemma 8.5. (a) For 5 €]0,2],

1 1
// { 5+ 2] lu — v|*dudv < CaP/™.
max(ul, o) <2at/e |1+ u? 140

(b) If B > 1, then for large b,

// [ : i : ] L drdr < b
Tdr _
e on LTF I T T5 R =] T 0
Proof. (a) It suffices to consider the two integrals
1 1
A= // { 2+ 2} lu — P 'dudv,
max(u, v)<2al/® u>0,v>0 1+u 14+

1 1
Ay = // { 5 T 2} lu + v’ dudv.
max(u, v)<2a/®, u>0,v>0 I+u 14+

By symmetry, A; = 24, ;, where

2at/e 1 1
1
A11—/ du/ dv[l—i—u?—i_l—kvz} (u —v)~dudv

2q1/
< 2/ du/ dv

By Fubini’s theorem, this is equal to

2q1/ 2q1/a
d
2/ 1+v2/ du (u — v)P~!
0 v

2a1/ dv 2a1/e 00
= 2/ (20" — )P < C’/ (2al/a)5 < Caﬁ/a/ :
0 14 v? + v? o 1402

Turning to Ay, by symmetry,

2qt/e v 1 1
_ B—1
A2—2/ dv/ du[1+u2+1+02} ]
2a1/
/ / du

B-1

u—v)

s (u+v)7"
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By Fubini’s Theorem, this is equal to

2q!/ 2q!/ 2q1/e
d d
c /0 u / dv(u+ 0P = C /0 (20 4 w)” — (20’

1+ u? +u

2 ~
<C / T (3q1)8 < GaPle,
0 1 + U2

This proves (a).
(b) We need to integrate over two regions:

r> b || <, and 7| >bYe 0 <7< |7].

Concerning the first region, we have to consider

00 T 1 7,.6—1
/ dr/ dr T ,
pi/ox . 1+Z<T:|:T)21+T2

and, by symmetry, it suffices to consider

oo -1 r oo
/ dr = / < f/ drr#8 = pA2/e = 2,
pl/a 1 +T2 0 1+ Z(T:l:T)Q 2 pl/c

For the second region, we consider

00 T 1 1871 bl/a [371 00 1
/ dT/ dr 1 " = / dr r / dT —

o] y rﬁ—l ood 1
+ r T — .
/bl/a 1+7“2/r 1+i(7i7’)2

= / ) dr 835 < cpB-2/e = o2,
< 5 <
b

1/«

The second integral is

Concerning the first integral, in the case of a “+” sign, it is

bi/e B—1 o0 1 bt/ a B—1 pl/e
< / dr d / dr — = / dr ! T_ arctan | — | | .
0 1+ 72 pl/o 1+ 17'2 0 1+ r2 |2 2

Using the property

lim x [E - arctan(m)} =1,
T—00 2

we see that for all b > 1, this is

o0 B—1
gébl/a/ dr —— < b2,
0

1+72 —

. 1 _ 2
since § = 575 > 2 because [ > 1.
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In the case of a sign, we write the first integral as I;(b) + I2(b), where

bl/a/Q rﬁ_l 00 1
Ii(b) = dr dr ———,
1(b) /0 1+ 72 /bl/a 1+ 1(r—r)?

bl/a Tﬁ_l ) 1
Ir(b) = d dr ————.

bl/a/Q 7,,[871 ) 1
0 ]. + T2 bl/a_r 1 + ZUQ

bl/a/Q 7"6_1 fe'e) 1 bl/a/Q ,,,,B—l
g/ dr 2/ du =~ < Cb™ l/a/ dr —— < cb™?,
0 1+7r bl/e /2 1+ u 0 1+7r

since f > 1, and

pl/a 7“671 ) 1 pl/o
wre [ o [
bl/a/2 1+r2 ) o 143(7—7) bi/e /2

< op® =COb 2

Then

This completes the proof of (b). O

We now turn to Assumption 2.4. In the context of this section, in agreement with Lemma
8.3 and Assumption 2.1(b),

2—8 2—8
A((t,z), (s,9) =t —s] 2 +|z—y[ 2.

It is well-known (see [14, Proposition 1.4]) that for any compact box I C]0, c0[xR¥, there
is ¢ > 0 such that

[o(t, z) = d(s, )22 = ¢ A((t,2), (5, 9)).

Further, using the change of variables r =t — s, n = (t — )£, we see that

_ sin?((t — s)¢]) ' 2-8 dn . 9
o, )z = d / d/ e ‘d/o et | s Sin ()

= ct?™ ﬁ,

so Assumption 2.4(a) is satisfied for the box I. In the next lemma, we check Assumption
2.4(b).

Lemma 8.6. Let I C]0,00[xRF be a compact box. Fiz (t,x) € I. Lett' =t —2(2p)* " and
' = x (where p is small enough so thatt' > 0). Assume that k=1=0 or1 < <k A2.
There is a number Cy (depending on p, B, k and d) such that for all (s1,41), (s2,42) € B,(t, )
(the open A-ball of radius 2p centered at (t,x)) and j € {1,...,d},

|E[(0;(s1,31) — D;(52,32))0;(t', 2)]] < C1 (Js1 — s2|° + [yn — 12]°) (8.15)
where § =2 — [3.
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Remark 8.7. The conclusion of this lemma would not be possible for 5 €10, 1[, since it would
mean that (s,y) — E[(0;(s,y)0;(t', 2")] would be Hélder-continuous with exponent 2 — 3 > 1.

Proof. Consider first the case k = 1 = 8 (space-time white noise in spatial dimension k = 1).
Then

El(0;(s,y)0;(t', ") / dr/szs—r y—2)S{t —ra’ —2), (8.16)
where S(r,z) = %1{|z|<r} is the fundamental solution of the wave equation. For (s,y) €
Bl (t, z),

P o1 a-1
[s—=t < (2p)" ', ly—z[<(20)*

and since t’ =t —2(2p)* " and 2’ = z, one checks immediately that if, in addition, |z’ — z| <
t' —r, then

ly—zl<ly—al+lz -2 <(2p) +t —r=t-(20)" —r<s—r,
so the right-hand side of (8.16) is equal to

/ dT’/dZ 1{‘33/ z|<t'—r}s

and therefore (s,y) + E[(0;(s,y)0;(t',2")] is constant over Bj(t,r) and (8.15) is trivially
satisfied.
Now consider the case where 1 < 8 < k A 2. Then for s > t/,

E[(0;(s,y)0;(t', 2")]

= tlr ad s—ry—- f—r ) —-
= [ ar [ S =y = OFST = =

- /t dr/ d¢ €72 e =D sin((s — 1) €] sin((¢' —r)[€])
0 Rk

- / dr/ d¢ €72 e sin(re]) sin((h + 7)[€]),
0 RF

where we have set h = s —t'. We now permute the two integrals and calculate the dr-integral
explicitly. As in the proof of Lemma A.12 in [15], this gives

Bloys,)05(¢.)] = (2 [ anlalP >R rign(0 ), (817
where u = (y — /) /t', A= (s —t')/t/, and
go(A, 1) = cos(Ar) — w cos((A+ 1)r).

Case 1 (time increments): s; # so, y1 = Y2 = y. Set Ay = (51 — ') /t'; Ao = (so — ') /¥, and
u=(y—a')/t'. Then by (8.17),

E[(05(s1,y) — 5(s2,y))0;(t, 2")]
= (t')*7 /Rk dn In|" =27 F e (go (A, [n]) — go(Xa, In]))- (8.18)
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Because cos(+) is Lipschitz, we see that

[90(A1,7) — go(Ag, )| < A((JA — A2fr) A1),

therefore, the right-hand side of (8.18) is bounded above by 4(#')37°(I; + I,), where

|)\1—)\2|_1 [e’e)
Il = |)\1 — )\2|/ 7”8_2 d?", _[2 = / Tﬂ_s d?“.
0 |

A1—Ag|71

Clearly, since § > 1,

Iy = |A1 = Ao |)\1ﬁ—+21|15 =c|s; — so*77,
and A A
I, = % = cl|sy — s9*77.
We conclude that
E(05(s1,y) — 05(s2,9))0;(t', 2)] < c[s1 — 527 (8.19)

Case 2 (spatial increments): s; = so = 8, y1 # yao. Set A = (s = t')/t', uy = (y» — o) /1,
uy = (y2 — 2')/t". By (8.17),

Bl(i5(sv1n) = 555, i5(¢ )] = (0 [ a5 — gl (520

Notice that : ;
|€—m-’u1 _ 67”7'“2| < 2((|U1 - UQ‘ ‘77|) A 1)
and go(\,7) < 2, so the right-hand side of (8.20) is bounded above by 4()*~#(J; + J),
where
lur—uz| ! Oo
Ji— s u2|/ 52 dr. Jy = / 573 dr.
0 \

ulfug\_l

Clearly, the same calculations as for I; and I, show that
Ji+ Jy < Eluy —us|* P = clys — o>
We conclude that
BI(53(s, 1) — (5, 32)o (¢, 2")] < ey — . (8.21)

Putting together (8.19) and (8.21) establishes (8.15). This proves Lemma 8.6. O

Proof of Theorem 8.1. By Lemma 8.3 and the sentences that precede this lemma, for any
compact box I C]0,00[xR¥, Assumption 2.1 is satisfied for Re(v), with exponents v, =
%:yj,j:Q,...,knLl, so that a; = 52 = a;, j = 2,...,k + 1. By Lemma 8.6 and the
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comments that precede this lemma, Assumption 2.4 is satisfied by ¢ (with 0, =2 — 3 > «;),
hence by Re(v) by Proposition 8.2. Since Q = a;' +kay' = (2+2k)/(2 — 3) = d, it follows
from Theorem 2.6 that for all z € R?,

P{3(t,z) e I :0(t,x) =z} = P{3(t,z) € I : Re(v(t,x)) =z} = 0.

Since this holds for all compact boxes I C]0, oo[xR¥, Theorem 8.1 is proved. O
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