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Abstract

For v a nontrivial additive character on the finite field Fy, observe that the map ¢t — erﬂ?q (f(x) +tx)
is the Fourier transform of the map ¢ — 9 (f(¢)). As is well-known, this has a cohomological interpretation,
producing a continuous f-adic Galois representation. This paper studies the L-function attached to the k-th
symmetric power of this representation using both ¢-adic and p-adic methods. Using ¢-adic techniques, we
give an explicit formula for the degree of this L-function and determine the complex absolute values of its
roots. Using p-adic techniques, we study the p-adic absolute values of the roots.

1 Introduction

Let I, be the finite field of ¢ elements and characteristic p. Let Y be a smooth, geometrically connected open
variety defined over IF,; for instance, take Y to be affine s-space A]‘}q or the torus G;,. Denote its function field
by K, and its corresponding absolute Galois group by G := Gal(K*®?/K). Let V be a finite dimensional vector
space over a finite extension field of Qg, where £ # p. Let p : Gx — GL(V) be a continuous ¢-adic representation
unramified on Y, and let F be the corresponding lisse sheaf on Y. Define the L-function of p on Y by

1
. 1
det(1 — p(Frob, )Tdes(®)) (1)

LY,p,T) = []

z€|Y|

By the Lefschetz trace formula, this is a rational function whose zeros and poles may be described using étale
cohomology with compact support:

2dim(Y) .
L(Y,p,T) = ] det(1— Frob,T|H(Y @ F,,F))-""
=0

Given such a representation, we may construct new L-functions via operations such as tensor, symmetric, or
exterior products. Natural questions about these new L-functions concern the determination of their degrees
(Euler characteristic) and describing various properties about their zeros and poles. In this paper, we will focus
on the symmetric powers of a particular family of exponential sums called the generalized Airy family. Other
families whose symmetric powers have been investigated are the Legendre family of elliptic curves [3] [8] and the
hyperKloosterman family [10] [11] [17].

The study of these L-functions has attracted some attention recently due to their relation with Dwork’s unit
root zeta function. More precisely, the unit-root zeta function of an ordinary overconvergent F-crystal on A™/F,
is a certain p-adic limit of the L-functions of some Adams powers of the F-crystal, which in turn can be expressed
as an alternating product of the L-functions of its symmetric and alternating powers. See [18], [19] for details.

Given a polynomial f of degree d, the generalized Airy family of exponential sums is defined by the polynomial
f(z) + tz as follows. Let d be a positive integer such that ptd. Let ¢ be a nontrivial additive character on F,.
For each t € F, define its degree by deg(f) := [F,(#) : F,]. It is well-known that the associated L-function of the
sequence of exponential sums

S (t) == Z ¥ o TXF_, aeu) /P (f(z)+tx) form=1,2,3,...

Z€F m deg()
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is a polynomial of degree d — 1:

L(vala{; T) := exp (Z Sm@ij) =1 =m(O)T)-- (1= ma1()T).

m=1

As we will describe later, the relative cohomology of this family may be represented either f-adically as a lisse sheaf
of rank d — 1 over A! via Fourier transform, or p-adically as a free module of rank d — 1 over an overconvergent
power series ring in ¢ equipped with a connection and Frobenius. Let us denote both by Aiy. The L-function of
the k-th symmetric power of Ai; takes the form:

My,(f,T) = L(A', Sym*(Aiy), T) :== [] [T G=m@®™ - moa @) Tieo®) =1,
te|Al ar+-+aqg-1=k

where |A!| denotes the set of closed points on A'. By the Lefschetz trace formula, My (f,T) is a rational function.
The (-adic sheaf Aiy was extensively studied by N. Katz in [13], where its monodromy group is determined and,
as a consequence, an equidistribution result is obtained for the exponential sums in the family ([13, Corollary
20]). From these results it follows that, for p > 2d — 1, My (f,T) is in fact a polynomial. For d = 3, a study of
the monodromy group may be avoided using Adolphson’s [4].

Our first main result is the computation of the degree of My(f,T) for p > d. The degree of the rational
function My (f,T) equals the k-th coefficient of a generating series which is explicitly given in Corollary 2.5.
Simplified formulas are given in section 2.3 for some particularly nice values of f and p.

As an example of this theorem, consider the family generated by f(z) = z¢. Then the degree of My (x¢, T) may
be described as follows. Let ¢ be a primitive (d—1)-th root of unity. Denote by Ng_1 j the number of (d—1)-tuples
(ag,ai,...,aq_2) of nonnegative integers such that ag +ay +---+aq_2 = k and ag + a1+ --- +ag_2("2 =0
in [Fy.

Theorem 1. With the notation defined above, we have

1 k+d-—2
deg My, (2%, T) = -1 [( d—2 ) _del,k:| .

It was conjectured in [12] that My (23, T) is a polynomial for all p > 3 since it was shown, in that paper, that
My (22, T) is a polynomial for every odd integer k, and also for every k even with k < 2p. Surprisingly, My, (23, T)
is mot a polynomial when p = 5 for all k. This was communicated to the first author by N. Katz. As he pointed
out, when p = 5 the geometric monodromy group of Ai,s is finite, and so for infinitely many symmetric powers
k there will indeed be a denominator.

Theorem 2. Suppose p > 2d — 1. Then My(f,T) is a polynomial which may be factored into a product
Qr(f, T)Pp(f,T), where Py(f,T) satisfies the functional equation

Pu(f,T) = ¢TI P (f,1/qFIT)  with |¢| = ¢d8T)(k+1)/2

and Q(f,T) has reciprocal roots of weight < k. Furthermore, writing f(z) = Z?:o c;x', if we assume Fy contains
the 2(d — 1)-th roots of —dcq then an explicit description of Qi (f,T) may be given; see Corollary 2.9.

Lastly, we wish to describe the p-adic behavior of the reciprocal roots of My (f,T). We will first focus on the
case f(x) = 3. In this case, we will prove:

Theorem 3. Assume p > 7, k is odd, and k < p. Write
My(z3,T)=14+c;T+ -+ ¢, T".
Then )
ordg(cm) > g(m2+m+k‘m) form=0,1,2,...,r (2)

Furthermore, as a consequence of the functional equation, the endpoints of the q-adic Newton polygon of My, (z3,T)
coincide with the lower bound (2). If p=>5, then the numerator of My (23, T) satisfies (2).

We note that the lower bound (2) is expected to hold for all symmetric powers k (see [12] for details). Now,
there is reason to believe that the lower bound (2) may be optimal in the sense that the g-adic Newton polygon
will in fact equal this lower bound under certain conditions on p. As supporting evidence we note that the lower
bound has the following symmetric property. Consider the points P,, € R? defined by the lower bound:

P, = (m, %(m2 +m+ km)).



The slope of the line segment joining Py, and Py, 41 is given by sy, := £(2m + 2 + k). If we set m’ := E51 —m,
then we have the symmetry
(k4+1) — Sm = S

In other words, for every slope s,, there is a corresponding slope s,,. This is precisely a consequence of the
functional equation for My (23, T). That is, if a is a reciprocal root of My (x®,T) of slope s, then p**!/a is
another reciprocal root whose slope is (k+ 1) — s.
In section 3, we will investigate the Newton polygon of My (f,T') for a slightly more general polynomial given
by
f(t,z) =z 4+ Py (H)z?t + - 4+ Pi(t)z’,

where (d,p) =1, i > 1, and each P; € tIF,[t] satisfies the following condition. For i < j < d, each d; := deg(P;)
satisfies
0; 0
- < -,
d—j d—1i
Notice that the polynomial f(z) + tx satisfies these conditions.
To describe our results for the p-adic estimates, define W : Z>¢ x Z‘;)l — 7> by

. . d—1 1, . .
W(n, (i1,...,94-1)) := < 7 ) n+ g(zl +2ip 4+ (d—1)ig_1).
Theorem 4. Under certain conditions, described in detail in Theorem 5, if we write the numerator of My(f,T)
as Yo _ocmT™, then there is a finite set A consisting of elements (n, (i1,...,ig—1)) C Zzg X Zif)l such that
i14 - +ig—1 = k which satisfies: -

ordg(cm) > min{z W (nt), i)} for every m =0,1,...,r,
j=1

where the minimum runs over all sets consisting of m distinct elements of A.

We expect that these “certain conditions” hold under rather generic conditions on p, k, and f. With an eye
toward upcoming work, an initial, detailed investigation into these conditions is given in Section 3.4.

Acknowledgements. We would like to thank Nicholas Katz and Steven Sperber for their very helpful comments.

2 The (-adic point-of-view

In this section we will study the generalized Airy family of exponential sums from the point of view of f-adic
cohomology. We will do so by studying the sheaf Ais that represents this family on the affine line A! over the
given finite field F,. We begin by observing that the map F, — C given by ¢ — ermq Y(f(x) + tx) is the
Fourier transform with respect to v, in the classical sense, of the map t — ¢ (f(¢t)). This will translate, in the
cohomological sense, to the fact that Aiy is the Fourier transform, in the sheaf-theoretical sense, of the Qy-sheaf
that represents the latter map, which is just the pull-back of the Artin-Schreier sheaf associated to v via the map
given by f. Let us be more precise.

The polynomial f naturally defines a morphism, also denoted by f : A]%-q — A]%-q. Let Ly be the Artin-Schreier
sheaf on Ay associated to ¢ (cf. [5, 1.7]). For every finite extension Fym of Fy, every ¢ € A'(Fgm) = Fgn and
every geometric point ¢ over ¢, we have Trace(Frob;|Ly ;) = ¢(Tracer, ., /r, (1)), where Frob; denotes a geometric
Frobenius element at ¢. Consider the pullback L) = f*Ly.

By [13, Theorem 17], for d > 2 the Fourier transform with respect to ¢ of Lys) (which, in principle, is an
element of the derived category D2(A',Q,)) is in fact a (shifted) lisse sheaf on A', of rank d— 1 and with d/(d—1)
as its single slope at infinity. Its Swan conductor is therefore d. Let us denote this sheaf by Ai; = Rlﬂtlﬁw( F(x)+tz)s
where m; : A2 — Al is the projection (z,t) — t. For every finite extension F,m of F,, every ¢t € Fym and every
geometric point ¢ over t we have, denoting ,,, = ¥ o Trace, . /r,

Trace(Froby|(Aif)s) = — Y vm(f() + ta).

:L’E]qu,

The characteristic polynomial of the action of a geometric Frobenius element Frob, at ¢ on the stalk of Aiy at a
geometric point over ¢ has the form

L(Aif, t,T) = (1= m()T) - (1 — mg_1 (1)T)



where m;(t) is a Weil algebraic number of weight 1 (i.e. all its complex conjugates have absolute value ¢'/2) and
Zl_qum Y (f(z) +ta) = =, m(t)™ for all m > 1. Its k-th “symmetric power” is given by

Lk Aipt,T) = [ (G -m®)™ - mgoa(t) 7).
ai++aq—1=k

These are the local factors of the L-function of the k-th symmetric power of Aif, which is given by the infinite
product
My (f.T) == [ L(k;Aiy, ¢, 70
te|all
The Lefschetz trace formula demonstrates that the zeros and poles of My (f,T) may be described in terms of
cohomology:
2
My (f,T) = [ ] det(1 — Frob T|HL(AL , Sym*Aiz)) -0

i=0
Since SymkAif is a lisse sheaf on the affine line, we have HS(A% ,SymkAif) = 0, and the previous formula
simplifies to
det(1 — Frob T|HL(AL , Sym"Aiy))

"~ det(1 — Frob T/HZ(AL , Sym*Aif))’

On the other hand, HE(A% ,SymkAif) is just the space of coinvariants of the sheaf SymkAif, regarded as a
q
representation of the fundamental group m; (A% ), which is the k-th symmetric power of Aiy regarded as a rep-
q

resentation of the same group. This is the same as the space of coinvariants for its monodromy group, which is
defined to be the Zariski closure of its image in the group of automorphisms of the generic stalk of Aiy, isomorphic
to GL(d — 1) := GL(d — 1,Qy). By [13, Theorem 19], for p > 2d — 1 the geometric monodromy group of Ai; is
either SL(d — 1) for d even, or Sp(d — 1) for d odd if ¢4—1 = 0 and pu, - SL(d — 1) for d even or p, - Sp(d — 1)
for d odd if cq—1 # 0 (where f(x) = Zg:o c;z'). In either case, its k-th symmetric power is still an irreducible
representation of rank (dgﬁj) of the monodromy group (because it is an irreducble representation of its subgroup
SL(d—1) or Sp(d—1)), and in particular the space of coinvariants vanishes. Consequently, we have the following:

Theorem 2.1. For p > 2d — 1, the L-function of the k-th symmetric power of Aiy is a polynomial:
My(f,T) = det(1 — Frob T|H} (A4 ,Sym"Aiy))

While it is tempting to believe that My (f,T') is always a polynomial, this is not true, as mentioned in the
introduction. In fact, the monodromy group can be finite in certain cases; for instance when p = 5 and f(x) = 23,
as proven in [15]. In such cases, HE(A% ,SymkAif) will be non-trivial for infinitely many values of k, and

q

consequently My (f,T) will have a denominator.

2.1 Computation of the degree of the L-function
We will now study the degree of My (f,T) when p > d. From the formula above we have

deg(My(f,T)) = dim(H! (A% , Sym" Aif)) — dim(H2(A} , Sym*Aif)) = —xc(AL , Sym*Ai),

where y. denotes the Euler characteristic with compact supports. Using the Grothendieck-Néron-Ogg-Shafarevic
formula, we have then

deg(My,(f,T)) = Swan, (Sym*Aif) — rank(Sym*Aiy)
k+d— 2>

= Swan, (Sym”*Aiy) — ( d_9 (3)

In order to compute the Swan conductor of Sym®Ai ¢ we have to study the sheaf Ai; as a representation of the
inertia group I, of A% at infinity. Since Ly ) is lisse on Al, as a representation of the decomposition group at

infinity we have Aiy %qj’-"oom(ﬁw( #)), where Foo o is the local Fourier transform as defined in [16].
Recently, Fu [9] and, independently, Abbes and Saito [1] have given an explicit description of the different local
Fourier transforms for a wide class of f-adic sheaves. We will mainly be using the description given in [1], which



works over an arbitrary (not necessarily algebraically closed) perfect base field, and therefore gives an explicit
formula for Aiy as a representation of the decomposition group Deo

If S(o) is the henselization of the local ring of IP’]%“I at infinity with uniformizer 1/¢, the triple (Ly(r@)), t, —f'(t))
is a Legendre triple in the sense of [1, Definition 2.16]. Therefore by [1, Theorem 3.9] we conclude that, as a
representation of D, Aiy is isomorphic to

(=L @ Lot D Loty © Q) = (=) (Lairtr-1r) D Loty © Q)

where p is the unique character I, — Qe of order 2, £, the corresponding Kummer sheaf and Q is the pull-back
of the character Gal(F,/F,) — Q, mapping the geometrlc Frobenius to the quadratic Gauss sum g¢(%, p) =

~ Srer; (L),

Write f(t) = Z?:o c;t'. For simplicity, from now on we will assume that F, contains the 2(d — 1)-th roots
of —dcg (which can always be achieved by a finite extension of the base field). Following [9, Proposition 3.1] we
can find an invertible power series 5,7t =" € F,[[t71]] with 7§ ! = —deg such that u(t) := t3 o mit ™" is a
solution to f/(t) + u(t)¥~* = 0 (the other solutions being Cu(t) for every (d — 1)-th root of unity ¢). The map
¢ : 1/t — 1/u(t) defines an automorphism S(o) — S(oc), and by construction —f" = [d — 1] o ¢, where [d — 1] is
the (d — 1)-th power map. So Aiy is isomorphic to

[d = 1x0x(Lo(r)-15) @ Lozt @ Q) = [d = 1l (Lyry-t6)) @ Lot prey) © Q)
= [d — 1]*(;Cw(f(y(t))-i-v(t)td_l) ® Ep(%f”(v(t))) ® Q)
= [d — 1 (Ly(f @) tv@ei-1) @ Ep(%f”(v(t)))) ®Q

since [d — 1]*Q = Q, where v(t) := ¢ 1 (t) =t > s sit "

Let g(t) be the polynomial of degree d obtained from f(v(t)) + v(t)t?~! by removing the terms with neg-
ative powers of ¢t. It is important to notice that the coefficients of g are polynomials in the coefficients of f.
More precisely, if we write g(t) = . b;t’, the coefficient b; is a polynomial in the coeficients a;, a;y1,...,aq
of f. Since Ly ) is trivial as a representation of Dy, for any h(t) € t~'F,[[t7]], we have an isomorphism
Ly (f o) +o(tyti—1) = Lyg(r)) as representations of D

On the other hand, from f'(v(t)) + t4=! = 0 we get f”(v(t))v'(t) + (d — 1)t¥=2 = 0, so Loxriony) =

Ly~ a=1(ya-2y - Since V() =2 so(1=i)sit ™" = sp(1 4+ ,55(1 =) 2¢7") and 1 +d21>2( i) Sét Z is a square
inthHt_l]]’ we have £, a1 pypa2y = Ly a1y gaoy =L A1) ¢ (sot)d-2) (since s§~ " = —1/dcg). So we finally
ge
Alp = [d = 1L (Ly(g(e)) @ Lpa(sot)) @ Lod(d—1)ca/2) ® Q- (4)
We can now easily compute the Swan conductor at infinity of its symmetric powers. By [14, 1.13.1],

1 1
Swan,Sym*Ai; = deWanoo [d — 1]*Sym"Ai; = HSWanmSymk [d —1]*Aiy

Lemma 2.2. Let ¢ be a primitive (d — 1)-th root of unity if F,, 11 the unique closed subgroup of I, of index
d—1. As a representation of I%1, the restriction [d — 1]*Aiy of Aiy is isomorphic to the direct sum

d—2 d—2
B Litaicinn ® Lotgsociy = D Luaciny © Loage)
i=0 =0

Proof. Since (C)*Lyg) = Ly(gicity)s (C)*Lpagsory = Lpa(sociry and [d — 1] o ¢ = [d — 1] for every i, we have
[d— 1] (Lyg(city) @ Lpasociny) = [d— 1w (Ly(g(t)) ® Lpi(sor) ), and therefore by Frobenius reciprocity Hom a1 ([d —

} Alf,[:w (g(¢it)) ® Epd(sogzt)) = Homjx(Aif,[ ] (,Cw Clt)) ® L d(SOCzt))) = Homjoc(Aif,Aif) = Q[ since
the latter is an irreducible representation of I.. So for every i, Lyg(cit)) ® Lpa(socit) i a subrepresentation of
[d — 1]*Aiy.

Now Cu,(g(cz‘t)) ®£pd(804it) and Cw(Q(C”)) ®£pd(s[)<jt) are isomorphic if and only if Lw(g(git)) and Ew(g(gjt)) are,
if and only if g(¢*t) — g(¢t) = h? — h for some h € F,[t]. Since p > d, this can only happen if g(¢'t) = g({7t).
Comparing the highest degree coefficients we conclude that ¢* and ¢/ must be equal. Therefore the direct sum of
the Ly (g(cit)) @ Lpa(sociny for i =0,...,d — 2 injects into [d — 1]*Aiy and we conclude that it must be isomorphic
to it, since they have the same rank. O



Consequently, we have an isomorphism of Q,[I]-modules
k * A A
Sym [d — 1] Alf = @ ['w(Z‘f;ff aig(Cit)) ® ‘C’p‘“‘(t)~
aotai+---+ag—2=k
For every finite subset I C Z and every integer k > 0 define
Sa—1(k,I) := {(ao, s, Qg_2) € Z%Bl‘ao +a1+--+ag_2=k,ap+ a1<i + -+ ad_zci(d_Q) = 0 for every i € I}

It is clear from the definition that Sy_q1(k,I) = Sy_1(k,I') if ¢(I) = ¢(I'), where ¢ : Z — Z/(d — 1)Z is
reduction modulo d — 1. Also, Sq—1(k,I) = 0 if p does not divide k and I N (d—1)Z # (). The number of elements
in Sg—1(k, I) can be conveniently expressed in terms of a generating function:

Lemma 2.3. Let Fy_1(I;T) =Y 3y #Sa—1(k,I)T*. Then

Faa(LT)=—7 S H (1= %)™

’yE(]F )1 =0 el
where 1 is any non-trivial additive character of F.

Proof. From the definition,
Fd—1(1§ T) _ Z H(S(QO + alci 4t ad_QCi(d72))Tao+a1+~~-+ad—2

(a07,,,,ad,2)eZ§51 i€l

where §(a) = 1 if a = 0, 0 otherwise. Equivalently, (a) = % Z%Fq ¥(ya). So we get

Fi 1 (;T) = Z H Z (a0 + a1+ -+ ag_o¢H@-2)))paotarttaas

(ag,-->ad— 2)€Zd tael ’Y’E]F

= Z Z q% (H 1/J(%'a0)> T <H 7/’(%'a1<i)> T .. (H 7/)(%ad2C(d_2)i)> T2

(a0,--,aa-2)€2L "t YEF)T i€l i€l iel

S0 SEEEED 1) DEA L w0 DETe RE A0 SE T b A

yE(F )T (a07u~;ad—2)€Z;_ol el el el
1 3 —2)i\a a
=g 2 | 2 QT [ Y v w)n T | D Qe
q "/G(]F )I QQEZ>0 iel 1116220 iel ad,QEZZO el
= =7 > Hlf (YT
’yE(JF ) 5=0 i€l

O

Write g(t) = E?:o bjt’, and let J = {1 < j < dlb; # 0} and J>; := JN{j,j+1,....d} for every j €
{1,...,d,d + 1}. We have

Swano,Sym®[d — 1]*Aiy = > Swanoo Ly d=2 4o ity ® Lot
aptar+-+aqg_2=k
d—2
= > deg() " aig(¢'t))
aptar+-+aqg_2=k 1=0

and
d—2 -2
> aig(¢it) Zaz Z b;Ct = Z DI
i=0 j=0  i=0
so its degree is the greatest j such that b; Z?:Oz <& 75 0. Therefore we get
(d — 1)Swana,Sym*Ai; = Swan,,Sym"[d — 1]*Ai;
=D - (#Saa(k, T>j11) = #Sa-1(k, J>5))

JjeJ

:d(k+d 2) ST h() - #8a-1(k, )

jeJ



where h(j) := j —sup(J — J>;) is the “gap” between the ¢/ term and the next lower degree term in g(¢). Taking
the corresponding generating function we get the formula

Corollary 2.4. Let G(f;T) := 350 o (SwanoSym* Aif)T*, then

d
G(fvT):(d_l)(l_T d—1 _1];]h Fd1J>j7 )

Using the previous formula for the degree, we deduce

Corollary 2.5. The degree of My(f;T) is the k-th coefficient of the power series expansion of

1
(d—1)(1—T)d1 —1Zh Faor (25 T).

Corollary 2.6. For every J C {1,...,d — 1}, let Pq(J) be the subspace of the affine space Py of polynomials of
degree d over k such that b; = 0 if and only if j € J. The sets {Pqa(J)|J C{1,...,d —1}} define a stratification
of Py such that the degree of My (f;T) is constant in each stratum.

2.2 The trivial factor

We will now study the weights of the (reciprocal) roots of the polynomial My (f,T) for p > 2d — 1. Let us first
consider the easier case where d is even, and therefore Aiy is isomorphic to [d — 1], Ly (1)) @ Lpd(d—1)eq/2) @ 2
as a representation of Doo. Let D1 = Gal(F,((1/t))/F,((1/t/(4=1))), denote by a : D41 — @, the character
corresponding to the sheaf Ly, and let b € I be a generator of the cyclic group Doo /D37t = I, /1371, By the
explicit description of induced representations, there is a basis {vg, . .., v4—2} of the underlying vector space V such
that a-vg = a(a)vy for every a € I& ! and b-v; = v; fori =0,...,d—3. Then b-vg_o = b9~ 1 vy = a(b?1)vy.
Replacing b by a~1'b, where a € 14! is an element such that a(a)?! = «a(b%!) (which is always possible since
the values of « are the p-th roots of unity and d — 1 is prime to p since p > 2d — 1) we may assume without loss
of generality that a(b?~1) = 1.

Furthermore, for any a € I4 1 we have a - v; = (ab®) - vg = (b'bab?) - vy = b* - a(b~tab’)vg = a(b~*ab)v;. So
the restriction of Aiy to D41 is the direct sum of the characters a — «;(a) := a(b~"ab’). But we already know
that it is the direct sum of the characters associated to the sheaves Ly 4cit)) @ Lpa(a—1)cqs/2) ® Q, s0 these two
sets of characters are identical. Replacing b by a suitable power of itself we may assume that «; is the character
associated to Ly (g(cit)) @ Lpd(d—1)eq/2) @ Q- In particular, Hg:_OQ o' is geometricaly trivial (that is, trivial on
I4°1) if and only if 3 a;9(¢'t) is a constant in F,[t], that is, if and only if > a;¢¥ = 0 for every j € J.

We turn now to the case d odd. Let x be a multiplicative character of F, of order 2(d — 1) (which exists,
since we are assuming that Fy contains the 2(d — 1)-th roots of unity). Then by the projection formula Aiy is
isomorphic to [d — 1] (Ly(g(t)) @ Lo(set)) @ Loa(a—1)cas2) @ L= ([d = UsLy(gr))) @ Ly(sot) @ Lpd(d—1)ca/2) @ Q-
Let a; : D& — @; (respectively 3 : Do, — @Z) be the character corresponding to the sheaf Ly (4cit)) (resp.
Ly (sot))- Proceeding as in the d even case, we find a generator b € I, of Doy /D31 and a basis {vo, ..., va—2} of
V such that a - v; = a;(a)B(a)v; for a € DL and b - v; = B(b)vigy for i =0,...,d — 3, b-v4_2 = B(b)vg. In this
case, H?;(? afi3% is trivial on 141 if and only if Y a;g(C't) is a constant in F[t] and Y a; is even (since ; has
order p and (3 restricted to I¢ ! has order 2).

We can now compute the dimension of the invariant subspace of the action of I, on SymkAi ¢, in very much
the same way it is done for the Kloosterman sheaf in [10, Lemma 2.1]. Tts underlying vector space is Sym*V. An
element w is given by a linear combination

— ag | ad—2
w = § Cap--aq_2Vy """ Vg_o -

ao+tag_2=k

In the d even case we have

ag | adq—2 __ agp ad—2 ao aq—2
a- E Cag-ag—2Vo """ Vg_2 = E Cag-aq— (00" gl ) (@)vg” -~ 0475

ao+tag—2=k ao+-tag—2=k

for a € 13! and

aop | ad—2 __ ap,,a1 adq—2
b- E Cag-aq_2Vy """ Vg_o = § : Cap-aq_2V1 V2" """ Yg .

ao+-t+aqg—2=k ao+-t+aqg—2=k



So w is fixed by I if and only if the character af®---aj*,’ is trivial whenever cq...a, , # 0 and cog.iay , =
Cay_sao--aq_s for all ap, ..., aq_2. A basis for the invariant subspace is thus given by all distinct sums of the form

(setting vg—14; := vy for all { > 0):

ao . ad 2
2531’ Uit Vi e

for all ag, ..., aq_2 such that af®---aj*,? is trivial, that is, such that Y a;¢¥ = 0 in F, for every j € J.
In the d odd case we get
k
g- Z Cao"‘(ldfzvgo Ufild 22 = Z Cao~~ad72(ago agd 22)(9)6 (9)”8 ' ’Ugd 22
ao+-taqg_2=k ao+-+ag_2=k

for g € 14! and

ag ad—2 __ ka0 Gd—2
h- E Cag-ag—2¥0" " VgZy = E Cag--aa—oB(R) V103" - vy

ao+tag—2=k ao+-t+aqg—2=k

So w is fixed by I if and only if the character af®---aj*y’ 8% of I 1 is trivial whenever cyy...q, , # 0 and

Cag--ay_o = Cay_sag-ay_s3(R)F for all ag, ..., as 2. Since all a;’s have order p and the restriction of 3 to I% ! has
order 2, a® - - - o552 8% is trivial if and only if both af° - - - a5*5? and ¥ are trivial as characters of 131, that is,

if and only if >~ a;¢¥ = 0 in F, for every j € J and k is even. In particular, there are no non-zero invariants for
I, if k is odd. If k is even, a generating set for the invariant subspace is given by all distinct sums of the form

d—2

k aq_
Zﬁ(h)] U?O%H UjidZ—Q
§=0

for all ag,...,aq—o such that Y a;¢* = 0 in F, for every j € J. Let r be the size of the orbit of (ag,...,aq—2)
under the action of Z/(d — 1)Z by cyclic permutations. If r # d — 1, we can write

d—2
a a r d—1 r aq—_
Y BhyFvougs, i, = Zﬁ RYF(L+ B(R)™* + -+ B(R) (T ) ity v
j=0 7=0
Notice that k£ must be a multiple of %, since k = Zf 02 i 1 ﬂ is odd we have
_ 1 — B(R)d=Dk
1+ ﬁ(h)rk 4+ .4 5(h)(d7f~1_1>rk = ﬁ(—) =0,

1—pB(h)"*

so the above sum vanishes. On the other hand, if drk

7 is even it is clear that the element

N
N

B(h)]k ap a1 ad 2 d_l ﬂ ]k ag a1 ad 2
Vi Ui+1 " Va2 = Vi Uit1 " Yipd—2

<.
I
o

is non-zero, and to different orbits correspond different elements. To summarize, we have

Proposition 2.7. Let Ty_1(k, J) be the set of orbits of the action of Z/(d — 1)Z on the set Sq_1(k,J) by cyclic
permutations, and let Ug_1(k,J) be the subset of orbits such that dr_kl is even, where r is their cardinality. If d is

even, the invariant subspace of the representation SymkAif of I has dimension #Ty_1(k,J). If d is odd and k
is even, it has dimension #Uq_1(k,J). If d and k are odd, the representation has no non-zero invariants.

The sequences #Ty_1(k,J) and #Uy—1(k,J) can also be described by means of generating functions. By
Burnside’s lemma, the dimension of the invariant subspace for d even is given by

kr

Sr(mv J)

1
#Ta1(k,J) Z#{ o, a1, .., ad—2)|a;i = a; yod g1} = 1

r|ld—1



where S,.(k,J) = (0 if k is not an integer and ¢ is Euler’s totient function. So the generating function for the
sequence {#Ty_1(k,J)|k > 0} is

GdIJT i#Td1kJ)T

k=0

=3 T X e 1>
= r|d1

- T X s
rld—1 d1|k
qu Z#SSJ
r|d1

:ﬁzas(f r)
r|ld—1

Next, suppose that d is odd, and let (ag,...,aq—2) € Sq—1(k,J). Let r be the number of elements in its orbit.

Then ZZ —o @i = dk_rl. We want to count the number of orbits such that this value is even. Since k = ﬁ . dzl,
T

if the largest power of 2 that divides d — 1 is smaller than the largest power of 2 dividing k, d’i 7 must always be

even. Suppose that the largest power of 2 that divides k, o
divides =1 if and only if 7 divides k. Therefore #Uq_1(k,J) = #Ty_1(k,J) if 2°*) does not divide d — 1
and #Ty_1(k,J) — #T a -1 (20]fk,> ,J) if it does. The generating function is then

s

Z#Ud1kJ Z#Td 1(k, J)T* — Z Z#T%I(LJ)TM

k=0 §>1;29|d—11 odd
=Gaa(ST) = > Haa(J;T?)
i>12)d-1
where 1
HT‘(J; T) = 7(Gr(<]; T) - GT‘(J; 7T))

2

Let F € D&Y C Do, be a geometric Frobenius element, and w = Zj SU;OUJH . U;Lij o (resp. w =

Zj gﬂ( Y Fuout ) - v;j_jiig) a generator of the I.-invariant subspace of Sym"V. F acts on V3OV U;j_f_g
via the character corresponding to L5~ a,g(ci+it)) ®£2’;(d_1)%/2) ®Q%F (resp. Ly aig(citit)) ®£P(H (socitityai)®
‘Cp(Z(d ea/2) ® Q®%). Since Y a;g(¢?Tt) must be a constant polynomial, we have Ly arg(citit)) = Lop(kbo)-
Additionally, if d is odd and k even, L, (syt)ei) = Lp(sot)* 18 trivial. We conclude:

Proposition 2.8. A Frobenius geometric element at infinity acts on the I -invariant subspace of SymkAif by
multiplication by ¥ (kbo)p(d(d — 1)cq/2)*g(1), p)*.

As an immediate consequence we get

Corollary 2.9. The local L-function of Sym*Ai; at infinity det(1 — Frob T|(Sym*Aiz)!>) is given by (1 —
G(kbo)p(d(d — V)ea/2) g, pTYFTi D i d s even, (1 — (kbo)p(d(d — 1)ca/2) g(t p) TRV if d i
odd and k is even, and 1 if d and k are odd.

Theorem 2.10. The polynomial My (f,T) decomposes as a product Pi(f,T)Qr(f,T), where Qr(f,T) is given
by the formula in Corollary 2.9 and Pi(d,T) satisfies a functional equation

P(T) = ¢I"P(1/¢*1T)

r(AD/2 and 1 is its degree.

where |c| = q
Proof. Let j : Al — P! be the inclusion. From the exact sequence

0— SymkAif — j*SymkAif — (j*SymkAif)OO -0



we get an exact sequence of Gal(F,/F,)-modules
0 — (j«Sym*Aif)f=~ — HL(A!, Sym*Ai;) — H' (P!, j,Sym"*Ai;) — 0
and therefore a decomposition

My (f,T) = det(1 — Frob T|HL (A, Sym* Aiy))
= det(1 — Frob T|(j,Sym"* Ai)’=) det(1 — Frob T|H' (P, j,Sym"Ai;)).
The first factor is described by the previous corollary. On the other hand, by [6, Théoréme 1.3] we have a perfect

pairing . -
H'(P', 7,Sym"Aiy) x HY(P, j,Sym*Ai;) — Qu(—k — 1)

where Kl\f is the dual of Aiy, which is constructed in the same way as Aiy using the complex conjugate character

1 instead of ¢. If the eigenvalues of the action of Frobenius on Hl(IP’l,j*SymkAif) are ag, - ,Q,, so that
Po(f,T) = [](1—;T), it follows that Py, (f,T) = [[(1— (¢**1/a;)T) and therefore the functional equation holds.
Applying the functional equation twice we get |¢| = ¢g"(*+1)/2, O

2.3 Some special cases

We will now see how the previous results apply to some special values of f. First, consider the case f(t) = t<.
In this case the equation f'(t) + u(t)4~' = 0 gives u(t) = rot, where 7' = —d. Then v(t) = t/r, and
g(t) = fu(t)) + o)t = td4(1/rd + 1/ro) = 311;01 t4. By corollary 2.5, we get that the degree of My, (f;T) is the
k-th coefficient in the power series expansion of

di 1 ((1 _ ;)d—l - dFd—l({l}QT)>

where

Faa({15T) = ZHl— (v¢HT

vEFq] 0

deg My(f, T) — ﬁ <<kl‘f; 2) —d.#Sdl(h{l})) .

Explicitly,

In particular, for d = 3

BT = S 1)) (1w = L3 (1 - e
q
m=0

v€F,

2 —2mi
mm)T)_l(l _ exp TIm

)T)~1

f

It is easily checked that Sa(k,{1}) := {(a,b)|a +b=k,a = b( mod p)} has L%J + § elements, where 6 = 0 (resp.

d=1)ifk— L%J is odd (resp. even). So in this case we get an explicit formula for the degree:

deg My, (f(t) =t3T) = % <k+1 -3 QZ]:J +5>)

If p > k this gives (k + 1)/2 for k odd and (k — 2)/2 for k even.

Corollary 2.9 states for f(t) = ¢ that the local L-function of Sym* Ai; at infinity is (1—p(d(d—1)/2)*g (1), p)*T)#Ta-1(k:7)
if d is even, (1 — p(d(d —1)/2)Fg(s), p)*T)#Va-1(k:J) if d is 0odd and k is even and 1 if d and k are odd. For d = 3,
we can again provide a more explicit expression.

Since 3 is odd, the local L-function is 1 for k odd. For k even, we can write #S2(k, {1}) = L%J +6= QL%J +1.

Every orbit of Z/2Z acting on Sa(k,{1}) has two elements except for {(k/2,k/2)}, so #Ta(k,{1}) = L%J + 1

Us(k,{1}) contains the orbits such that rk is a multiple of 4. If ¥ = 0(mod 4) this includes all orbits. If
k= 2(mod 4) the orbit {(%, )} must be excluded. So the trivial factor for k even is

5:5)
(1—g(¢, p)*T )L%J for k = 2(mod 4)
(1= (¥, p)* )21 for k = 0(mod 4)

In particular, for p > & the trivial factor of Mj,(¢3,T) is 1 if k = 2(mod 4) and (1 — g(¢, p)*T) if k = 0(mod 4).
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We will now consider the case where g(t) = Y b;t" has b; # 0 for i = 1,...,d — 2. This includes the generic
case where all coefficients of g(t) are non-zero as a special case. Suppose first that by_1 = 0 (or, equivalently,
that c4—1 = 0). Sq—1(k,J) is the set of all (ag,...,a4-2) € Z‘if)l such that > a; = k and 3" a;¢?* = 0 for all
j=1,...,d—2. The system of equations {3, (¥z; = 0[j = 1,...,d—2} has rank d — 2 (since the (d—2) x (d—2)
minors are Vandermonde determinants) and has (1,1,...,1) as a solution, so all solutions must be of the form
(a,a,...,a) modulo p for some a. Therefore

Fyr(J;T) Z#Sdlk.])
k=0

_ Iil i p(r+sop)+-+(r+sa—2p)

r=0ag,...,aq—2=0

oo

p—1
- ZT(d—l)r Z Tp(a0+"'+ad—2)
r=0

ag,..-,ag—2=0
1 —7(@=1p
(1 —TP)d-1(1 —Td-1)

Suppose now that bg—1 # 0 (or, equivalently, that c4—1 # 0). Making the change of variable f( t)=f(t— C"—’l)

Sy = RITaLy ) ey tam1)) =

Aiy ® Euj(c:%nlt) and thus SymkAif = (SymkAif) ® Lfféi eno1 - As a representation of D, we have then
Ay = [d = (Lo ® Loason) @ Loptaa—1)easz) © Q@ Ly enzryy = [d = 1Ly 5y snmtja1) @ Loagsen)) @
Ep(d(d_l)Cd/Q) ® Q. In other WOI‘dS, g(t) = g(t) — c:ﬁtdil.

If p divides k, the condition Y, a;¢% for j = d — 1 is void, so both the dimension of My (f;T) and the trivial
factor at infinity behave as in the bg_1 = 0 case. If p does not divide k, the condition >, a;¢* does never hold for
j=d—1,50 Sq_1(k,J>;) =0for j =1,...,d—1. In particular, the trivial factor of My (f;T) is 1. Furthermore,
applying the formula for the degree, we get

deg M (f,T) = ﬁ ((k;—i; 2) - #Sd—l(ka{l})) :

we eliminate the degree d — 1 term. Moreover, Ai i = Rimy L

As a final example, suppose that d — 1 is prime and p is a multiplicative generator of Fy_;. In this case,
all non-trivial (d — 1)-th roots of unity are conjugate over F,, so ag + a1 + -+ + ag_2¢%"% = 0 if and only if
ap+ar1l? 44 aqg_oC?27 =0 for any j = 1,2,...,d — 2. Therefore Sy_1(k,{1}) = Sy_1(k,J) for every J C Z
such that J N (d —1)Z = (). As in the previous example, we conclude that, if c4_1 = 0,

1 —7(@=1p
(1 =Tr)d=1(1 —Td-1)

Fa1(J>5;T) =

for every j € J. By corollary 2.5, the degree of My (f;T) is the k-th coefficient of the power series expansion of

1 1 1 — 7=y Zh 1 d 1 —7d-1p
(d—1)(1=T)=1 d—1 (1—Tr)d-1(1—Td1) —1)(1-T)1 d—1 (1—Tr)d-1(1—Td-1)

If c4—1 # 0 we have, as in the previous example, the same formula for the degree if k is a multiple of p, and
the k-th coefficient in the power series expansion of
1 1 1 —T1=bp
(d—1)(1-T)1 d—1 (1—1Tr)d-1(1—TdT)

if £ is prime to p.

3 The p-adic point-of-view

In the previous section, we considered the rational function

det(1 — Frob T|Hi(A%q ,Sym”Aiy))
det(1 — Frob T[HZ(Ag , Sym*Aiy))

Mk(f7 T) =

11



T

(d,0)

Figure 1: Newton polytope of f(¢,x)

from the f-adic point-of-view. In this section, we use techniques in Dwork theory which enable us to describe
and analyze My (f,T) p-adically. The motivation for this approach is to provide estimates for the p-adic absolute
values of the zeros and poles of My(f,T).

3.1 p-adic interpretation of My (f,T)

Let F, be the finite field with ¢ = p® elements. For future reference, and since the arguments are essentially
identical, we will consider a slightly more general polynomial than considered in the previous section:

f(t ) =2+ Pay ()2~ + -+ Py(t)a

with (d,p) =1, ¢ > 1, and each P; € tF,[t] satisfying the following condition. For ¢ < j < d, each §; := deg(P;)

satisfies 5 5

j i

< . 5

d—j d—i (5)

This condition is equivalent to saying that the 2-dimensional Newton polytope of f, defined as the convex hull

in R? of the points (0,0) and (j,d;) for j =14,...,d, is a triangle where every point (j,d;), with j # i and j # d,

lies strictly below the line joining (4,d;) and (d,0), as seen in Figure 3.1. Notice that the polynomial f(z) + tx
considered in the previous section satisfies these conditions.

Dwork’s theory provides a way to represent the function My(f,T) p-adic homologically. This is accomplished

by defining “Frobenius” operators, both denoted by /3, which act on certain homology spaces H; ; and Ho, so

that

_det(1— BT | Hyy)
My (£,T) = det(1 —qBT | Hoy)

In this form, estimates for the p-adic absolute values of the zeros and poles of My (f,T) may be derived from an
analysis of 3 on the homology spaces Hy j and H; ;. This analysis is carried out in section 3.2. For now, let us
demonstrate how Dwork’s theory may be used to derive the above homological description of My (f,T).

p-adic Spaces. We begin by fixing some notation. Let C, be the completion of an algebraic closure of Q,. The
valuation on Q, is normalized such that ord,(p) = 1. Let Qg denote the unramified extension of Q, of degree
a. Let m € C,, be a root of the Artin-Hasse series Yo t;- with ord,(m) = p%l. Notice that Q,(7) is a totally
ramified extension of Q, of degree p— 1. Let Q,(7) denote the compositum in C, of the fields Q, and Q, (), and
denote its ring of integers by Z,[r]. Note that the residue class field of Z4[n] is F,. Let 7 € Gal(Qq(m)/Qp (1))
be a lifting of the Frobenius map = — z? in Gal(F,/F,) such that 7(7) = 7.

Dwork’s “splitting function” provides a bridge between the finite field F, and the p-adic field C,, providing

a way to describe exponential sums over finite fields p-adic analytically. Let E(t) := exp (Ziio t; ) Define

m o= Ei:o ’T; and note that ord,(m) > 7;%1 — 1 — 1. Dwork’s infinite splitting function is defined as 6(t) :=
E(mt) = > :2, Ait'. Observe that each coefficient satisfies ord,(\;) > pil.

Next, we need to describe the function spaces that our “Frobenius” operators will act upon. In order to
obtain the best possible estimates for the zeros and poles of the L-function, the functions in these spaces will

have specific growth conditions that fit our particular polynomial f(¢,2). These are described as follows. Let b

and b’ be two positive real numbers. Define functions wg, wy : Z>¢ — ﬁZ by

wo(n) =" and  wi(n) = (ddgi’) n.

12



With p € R, define the p-adic spaces

L(b; p) {ZB t" | By, € Zg[r], ord,(By) > bwi(n) + p for alln>0}
n=0

L) := | Lbip)

pER

K@, b;p) : {ZBmxm|B € L(b'; bwo(m) + p) forallmEO}

m=0

K@',b) == [ KO, b;p)

pER

KV, b)* == 2KV, b).

Notice that the space K(b',b) is indeed suited for our polynomial as follows. Let f(t,z) € Z,[t,«] denote the
Teichmiiller lifting of f(¢,z) € F,[t, z]. Write

Z Amnt™ ™, (6)

m,n>0

) (d —m) by (5). Thus (fflg’) n+ % —1 <0. This means

G () i) g

Relative homology. In order to define relative homology we need to define a twisted differential operator on
KC(',b). The twisting is necessary since it allows the differential operator to commute with the Frobenius operator
a, as seen below. Now, motivated by the observation #(1)7"(/(t:2) — [Ln.ns00(amnt™a™), where t and z are the
Teichmiiller representatives of ¢,z € F), using (6) define -

and note that the pair (n,m) satisfies n < (

ordy(amn) =0

Y

~

Hence, fEIC(p T o1 — 1)

F(t,«I) = H QanLn EZ[ H[ ]]
m,n>0

Fultyn) = [ F™ (%) € Z, ([t ]
=0

Due to the shape of the Newton polytope of f, it follows that
F(t,x) € K(b'/p,b/p;0)  and  Fu(t,x) € K(¥'/q,b/q;0)
for all real numbers b’ < b < p/(p — 1). Next, we define a function G(t,x) such that

G(t,x)

F(t,x) = ———.
0= G, )

Using this equation recursively, we see that G(t,x) must be defined by

oo

G(t,x) = [[ F” (t",a%") € Zy[n][[t, =]].

Jj=0

Set f, := x%f(t, x). Define a (twisted) differential operator on K(b',b) by

D) :Gé@ v 2 oGt a)
:%%+me (8)
where -
H(t,z) = Zﬂjp]f;] (th ) xpj)
j=0



Note, H acts by multiplication and H € K(;£5, ;555 —1), thus D(¢) is an endomorphism of K(V, ). Using this

operator, we may define the relative homology spaces
Ho := ker(D(t) | K(V',b)) and Hy:=K@®',b)* /DKW ,b).

In the introduction of this paper, the space H; was denoted by Aiy. Now, the above notation can be a bit
ambiguous at times. That is, there are times when we will need to keep track of both ¢ and the constants b’ and
b in the homology spaces H1 and Hy. Thus, we will often denote H; by H1.(b',b). More precisely, Hi ¢ (b1, b2)
means K(by1,b2)®/D(t™)K (b1, ba) where D(t”) =z + H(t", 7).

Symmetric powers of relative homology. The eigenvalues of the Frobenius operators which act on the
relative homology spaces H; and H consist of power series in the variable ¢ that, when specialized to some
Teichmiiller representative of ¢ € F,, produce the reciprocal roots 1 (), ..., mq—1(f) of the L-function attached to
f over Al as mentioned in the introduction. Now, in the definition of My(f,T), a type of symmetric product of
these roots is presented. A homological description of this symmetric product is obtained by taking the symmetric
power of relative homology. This we will now do. Let H(k = Sym*H; denote the k-th symmetric power of H;
over L(b'). As we shall see in Theorem 6 below, H; is a free L(V')- module with basis {z'}¢!. Thus, H( ) is a
free L(b')-module with basis {e" - d"_ll biytootiy_, =k Where e; := x’. For notational convemence, we will denote

eil -~-efl‘i:11 by el with i:= (iy,... ,id,l). For p € R, define

HE W b; p) = { 3 Bie' | By € L(;bwo(i) + p)} (9)

i::(il,...,id,l)ez‘égl
i1+ +ig—1=k

where wg(i) is defined by
’U}O(l) = wo(il,.. ’Ld 1 ZZ]U}O

Note that
HP = =" @65 p).

peER

Next, we define a differential operator on H( ) as follows. With fe(t,x) == t2 f(t, x), define

1 0
= ———o0l— t
0= G a0 ¢
0wt
ot
where -
)= mp fT (7 2”),

=0

Next, W(t,z) € K(-£, -£-; —1) and so 9 is an endomorphism of K(¥',b). Now, since d commutes with D(¢) as

p—1’ p— 1 ’
endomorphisms of KC(b', b), and its image lies in z/C(V', b), it induces an operator on relative homology 0 : Hy — Hj.

We may extend 0 to Hgk) by extending linearly the following action: for the product uy - - - uy € Hgk) define
o(u Z Uy - ~ur0(uy).

We will sometimes denote 0 by 0; to indicate that it is an endomorphism of Hglft). Define the homology spaces
Ho = ker(d | H{P) and  Hyp = tH" joHP.

In terms of f-adic theory, these are the p-adic versions of H2 (A%q ,Sym"*Ai £) and H! (A%q, Sym"*Ai 1), respectively.

Frobenius map. Now that we have created the appropriate spaces, let us define the Frobenius operators. There

will be two Frobenius operators involved, @(t) which is defined on relative homology whose eigenvalues are power

series in t and equal m;(t) when ¢ is specialized, and another B which will give the homological description of
My (f,T). We begin with the definition of a&.
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Define the Cartier operator

Yo K(V,b)p) — KV, b) ZBmx HZBpmx

m=0

Next, define the Dwork operator, which so far we have been calling the “Frobenius operator”, by (recall, ¢ = p®)
aft) =i o Fa(t,x) : K(V,b) — K(b'/q,b)
Since a(t) o D(t) = gD(t?) o a(t), a(t) induces a map on relative homology
a(t) : Hye(b',b) — Hyta(b'/q,b).

We may extend this map to the symmetric powers of relative homology, which we will denote by @) (t) :
’Hg{?(b’, b) — gkt)q (t//q,b). Next, define the Cartier operator 1 : Hglft)p(b’/p, b) — H(k)(b’ b) by

o0 o0
(Z Bimt") el — <Z Bi,pntn> e,
n=0 n=0

where we have used the fixed basis in (9) to describe the elements of Hgk). Finally, define the Dwork operator
B =i oa® () 1} (1. 0) — MY (VD).
Since B0 0 = g0 o 3, 8 induces linear maps
B:Hor — Hopg and B: Hyj — Hypg.
Using Dwork’s trace formula twice, precisely as in [12], we have

det(1 — BT | Hyz)

My (f,T) = det(1 — qBT | Hoz)’

3.2 Estimates for p-adic absolute values of My(f,T)

We now have a p-adic homological representation of the L-function My (f,T) as a quotient of characteristic poly-
nomials of the Frobenius 3 acting on H 1, and Hy x. In this section, we will focus our attention on understanding
the roots of these polynomials, and since Hy y is often trivial, we will on B acting on H; . The approach we
will take in finding estimates for the p-adic absolute values of the roots lies in the following key idea. On the
chain level, 3 acts on ’Hgk), a space consisting of functions with specific growth conditions. Since these growth
conditions are estimates on the p-adic absolute values of the coefficients of the power series of these functions, if
one knows how functions in Hgk) reduce to elements in homology H; j, perhaps the growth rates of these functions
transcends to p-adic estimates of the reduced elements in homology. This is Dwork’s decomposition theory, and
it is demonstrated in equation (10) below. As we will see in this section, once this is assumed we may apply the
theory to obtain estimates for the p-adic absolute values of My (f,T).
Define W : Zso x Z4' — 2 Z>0 by

W(n,i) := wi(n) + wo(i)

where wy and wy were defined in the previous section. For notational convenience, define M := Hﬁ’? and
MV, b; p) = HE (W, b; p), and N = tH) and NV, b; p) == (tHE)) N H) (0,6 p). In general, if V is a subset
of M define V(V/,b; p) :=V N MV, b; p).

Theorem 5 below, the main theorem of this section, provides estimates for the p-adic absolute values of the
roots of M (f,T). Define the g-adic valuation ordy(-) := Lord,(-).

Theorem 5. Let p be a prime number such that (p,d) = 1. Suppose there exists a free, finite rank Z,|r]-submodule
V of N with basis T := {t"e'}, 5yca for some index A such that, with b:=p/(p — 1),
N(b,b;0) C V(b,b;0) & OM(b, b;e€) (10)

dz'rrmq () (Hi,k)
m=0

Jor some € € R. Then, writing detg, (1 — BT | Hyx) =3 emT™, we have

ordg(cm) > min{z W (nt), i)}

Jj=1
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where the minimum runs over all sets consisting of m distinct elements of the form (n,i) € A. Equivalently, the
q-adic Newton polygon of deth(ﬂ)(l — BT | Hi 1) lies on or above the lower convex hull of the points

R R
1 .
(Z "N s, > NTN) RB=0,1,.,dimg, ) (Hx),
N=0 N=0

where vy = #{(n,i) € A| W(n,i) = N/(dé;)}.

Before proceeding to the proof of this theorem, let us give an example illustrating the theorem. In [12], the

function My, (f,T) was studied for the cubic family f(t,z) = 2% + tz. In particular, N' = tHgk) was essentially
shown to satisfy (10) for some V. Consequently, using Theorem 5, we have the following result, which was
conjectured in loc. cit..

Corollary 1. Let p > 5 be a prime number. For the cubic family f(t,x) := 2° +tz, when the symmelric power k
is odd and k < p, then My(z3,T) is a polynomial. Furthermore, writing My (x>, T) = detg,(x)(1 = BT | Hyx) =

Zdiqu(ﬂ.)(Hlyk)

m
me=0 eI, we have

1
ordg(cm) > g(m2 +m + km).

Proof of Corollary. By Corollary 3 and [12, Section 6.2], the Z,[r]-submodule V' defined by the Z,[r]-span of
1

the set {tek~?'e3'},2, C N satisfies (10) when k is odd and k < p. Thus, A = {(1, (k — 2i,2i))},2, , and so by
Theorem 5,

3
L

ordg(cm) > ‘ (w1 (1) + wo(k — 24, 29))
mwi (1) + kmwo (1) + (wo(2) — we(1))m(m — 1).

I
=3

The result follows since wy(n) := 2n/3 and wy(n) := n/3. O

The main result in section 3.4 below will be to reduce the hypothesis (10) to a similar, but weaker, hypothesis.
It is expected that this weaker hypothesis will hold under certain conditions on the prime p, the degree d, and
the symmetric power k. However, it is also expected that this weaker hypothesis will fail just as often, yet (10)
will still hold. The conditions under which the weaker hypothesis is valid is currently under investigation.

The rest of this section is devoted to the proof of Theorem 5, whose argument closely follows that of Dwork’s
[7][Section 7] and Adolphson-Sperber’s [2]. The proof rests on relating the Newton polygon of 3 to another
operator, 31, whose Newton polygon is much easier to estimate due to the Dwork decomposition of A/ given in
(10). The reason is that Dwork decomposition allows us to work on the chain level, where the operator [; acts
in an easily understood way. Once estimates on 3; are found on the chain level Dwork decomposition provides
estimates in homology of ;.

For ¥ <band b <p/(p—1), define o : K(V',b) — K(b'/p,b) by

a1 =7 to, o F(t x)

1 _
S G Ve G

Notice that o o D(t) = pD(t?) o 1, and so «; induces a map
a1 (t) : Hie (¥, 0) — Hage (V/p, b).
On K(b',b), since
a(t) =g o Fo(t,x)
=glo FT (" 2" FT (P, 2P )F (1, x)
- (Tfl oy o F(tpa’l,m)> oo (r7 oth, 0 F(tP,2)) o (r Lo g, o F(t, )

— Oq(tpail) o--+oqp(th) o ay(t),

1

it follows that



We also have the property that

a—1

B9 = ¢ o Sym* (dl(tp
=1 o Sym”(a(t))
=5

where we have used (12) for the first equality and (11) for the second. Since detq, (x)(1 — BT | H1x) € Qy(m), we
have that

Jor o () oat))

(det@q(ﬂ)(l — BT | H17k))a = NO?“qu(W)/Qp(ﬂ.)deth(ﬂ)(1 — BT | Hi )
= detQp(ﬂ)(l — BT | Hl,k)~

Thus,

(detg, (=) (1 — BT | Hip))' = detg, (= (1 — BT | Hy )
= detQp(ﬁ)(l — B?Ta | Hl,k)

= [ deto,m@ = T | Hip). (13)

¢o=1

Counting multiplicities, let m; denote the number of reciprocal roots of detQp(,r)(l — 6T | Hy) which have
slope s;; note, we say A has slope s; if ordy(A) = s;. Then, from (13), (detg, (1 — BT | Hlyk))a has am;
reciprocal roots of slope s;, and so detq, (x)(1 — BT | Hy ) has m; reciprocal roots with slope s;. We conclude
that detq, (r) (1 — BT | Hyx) has m;/a reciprocal roots of slope as;.

Next, for the g-adic valuation ordy(-) := Lord,(-), we will say a root A has g-adic slope s; if ordy()\) = s;.
Observe that the above paragraph has demonstrated that det@q(ﬂ)(l — BT | Hy,) has m; reciprocal roots with
q-adic slope s; if and only if detg, (r)(1 — 51T | Hy k) has am; reciprocal roots with p-adic slope s;. In terms of
Newton polygons, this means the vertices of the g-adic Newton polygon of detg, (r)(1 — BT | Hy ) are

(0,0) and <Zmz,2mzst> n= 1,2,...,dim@q(ﬂ)(H17k)
i=1 i=1

if and only if the vertices of the p-adic Newton polygon of detg, () (1 — BT | Hy ) are

(0,0) and (Z amg, ZamisZ) n=1,2,...,dimg, ) (Hik)
i=1 i=1

Using this relation, any lower bound for the p-adic Newton polygon of the latter may be transformed to a lower
bound of the g-adic Newton polygon of the former by dividing the coordinates of the vertices by a. Let us now
concentrate on a lower bound for the p-adic Newton polygon of detg, () (1 — 61T | Hy ).

Define K(b',b)® := xK(b,b), and let V be the L(b')-span of the set {z,22,... 297} in K(¥',b)*. Define
K@, by p)® .= KO, 0)* N KW, b; p) and V(U ,b;p) := VN KW, b; p). By our hypothesis on the prime p, we will
prove in the following section the Dwork decomposition

K, 0;0)° C V(V',b;0) & D)L, bse), (14)
where e 1= b— ﬁ. Consequently, K(b',0)* = V@ D(t)K(V,b), so we may identify H; with V, a free L(.b’)—module
of rank d—1 with basis {z, 22, ..., 297 !}. Consequently, ’Hgk) is a free L(b')-module with basis {e}' - - e~} := e},
where i = (i1,...,%4—1), each i; is a nonnegative integer satisfying i; +---+iq—1 =k, and e; := 27,

Sgt b= pfl. Fori=1,...,d -1, 2% € /C(%%;—%wdi))' and so F(t,z)2’ € K(%,g;—%wo(i))'. Thus,
ap(z') € IC(Z%,b; —%wo(i))'. By (14) we may write this as
) b
(2’ = Aj x4 4 A gzt mod(D(tp)lC(i, b)) (15)

where A; ; € L(%; %(pwo(j) — wo(1)))-
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Let S(i1,...,iq_1) denote the set of nonnegative integers (lg’h))lgs,rgd_l that satisfy the system

l§1)+...+l((11_)1:i1

lﬁd‘” +- 4 l((id__ll) =1iq_1.

and T'(j1,...,j4—1) denote the set of nonnegative integers (lgr))lgs,rgd_l that satisfy the system

1Dl =

)+ 155 = o
The k-th symmetric power of @; acts on the basis {e'} as follows:
Sym* (e (D)ef! -+ e
= (@ (e)"” - (@ (t)eq-1)"*"

(21 Td—1

T T
= (D Aue | [ Do Adre
i=1 i=1

1 — d—1 — 1 d—1
— Z Z 0 (Algl) Alfijl ) <Al§d v Alt(ifl) > el§1>+»-~+l§d R el,(17)1+“'+lslfl)
- > 1,1 " d-1 ) T d—1,1"""“*d—1,d-1 1 T Cd—1
(1) €S (it eosia1)
_ s oo\ 1 Ja—1
= E B(i,j)er ey,
J=01,da1) €28

Jittja-1=k
where
JIey l(dl)l (d=1 lffﬁ”
3 — 1 — 1 _
B(i;j) = E (Z>0) A1,1 "‘A1,d_1 Ad—l,l"'Ad—l,d—l
()ES (i1, mr8a—1)NT (1, rfd—1)

and “Zs¢” is some determinable nonzero positive integer. It follows that B(i;j) € L(%; %(pwo (j) — wo(i))), and
* b b b
Symh (@ (0) : 1V, 2500 = H Cbi0) (16)

Recall, M := ’Hft) and N := tHglft) . We are supposing that there exists a free Zg[r]-submodule V of N with
basis ' := {t"el | (n;i) € A} such that

N(b,b;0) C V(b,b;0) & OIM(b, b;e) (17)

for some € € R. Now, I represents a basis of Hy i, over Qq(m), but we need to understand the Fredholm determinant
of 31 on Hy j viewed as a vector space over Q, (7). To do this recall that Q,(7) is an unramified extension field
of Q,(m). We have denoted by Z,[x] the ring of integers of Q,(7) with uniformizer 7 and residue field F,, and
Zy[r] the ring of integers of Q,(7) with uniformizer 7 and residue field F,,. Let {71,...,7,} be a basis of F, over
F,, and let {m1,...,n,} be a lifting of this basis to an integral basis of Qq(m) over Q, (7).

Lemma 1. The basis {n;} has the property of p-adic directness; that is, for any g € Qq(w), writing g = ham +
oo+ heng with h; € Qp(m), then

ordy(g) = ‘_r?in {ord,(h;)}.
Proof. Without loss of generality, we may assume that ord,(g) = 0. Set —c := (p — 1) min{ord,(h;)} € Z.
Suppose ¢ > 0. For any & € Z,[n], denote by & its image in the residue field F,. Using this notation, we see that

0= (7°g) = (7¢hy)in + -+ -+ (7°ha)ija  mod(r).
Since {7;} is a basis of F,, we must have w¢h; = 0 in F, for every i. Hence, 7°h; € nZ,[n], and so h; € m'=°Z[n]
for every i. Thus, for each i we have
1-c

1 .
Opo(hi) > o1 = ﬁ +j:1/11171.r.l"a{07"dp(hj)}.
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However, since this is not possible we must have ¢ nonnegative. Thus, —¢ > 0 which means min{ord,(h;)} > 0=
ordy(g). Since we easily have ordy,(g) > min{ord,(h;)}, we must have equality, proving the lemma. O

Since t"el € M(L, f'ffW(n i)), we have by (16) that SymF(aq(t))(t"el € ./\/'(f77 ;f%W(n,i)) and so

p’p’

Bi(tmel) € N (b, b; —zW(n i)). By Dwork decomposition (17), this means

Bty = > Cn,im, i)™’ mod(OM)
(m,j)er
with

ord,(C(n,i;m,j)) > —(pW(m,j) — W(n,1i)).

b

p
From the lemma above, if B € Z,[n] satisfies ord,(B) >
satisfy ord,(B;) > p. Thus, we may write

p, then writing B = Bin; + - - - + By, the coefficients

Q

C(n,im,j) =) C(n,i;m,j)mn,
1

r

with C(n,i;m,j), € Zy[r] and ord,(C(n,i;m,j),) > b(pW(m j) — W(n,1)). Now, a basis of H; j over the field

Q,(m) is given by IV := {n;t"e! | j = 1,...,a,(n,i) € A} Thus, for n;t"e' € I, we have
By (n;t"e') = Z C(n,i;m,j)t™ed  mod(OM)
(m,j)er
=7 Z ZCn s, §)p € (18)
(m,j)er r=1
Writing

a
() = Zb&j,rns with bs ; , € Z,[7],
s=1

then (18) becomes
T]jtn 1 = Z ZD j,TL 57m7j)77stm€j
(m,j)er s=1

where
a

D(j,n,i;5,m,j) : chlm_] .G,

It follows that

ordy(D(j,n,i;s,m,j)) > —(pW(m,j) — W(n,1i)).

SEES

Writing detQp(ﬂ)(l — BT | Hig) =0 o cmT™ then

Z Z sgn(o HD G i3 Gy, oy, 170,

cESm =1

3

where S,,, is the permutation group on {1,...,m} and the outer summation runs over all sets consisting of m
distinct elements of the form (j, n,i) where n;t"e' € I''. It follows that

ordp(cp,) > min {i W (ny, i(l))}

=1

where the minimum runs over all sets consisting of m distinct elements of the form (j,n,i) where njtnei eI’
Let 7y = #{t"e! € I' | W(n,i) = N/(d6;)}. Then there are ary number of elements 7;t"e! € I with weight
W(n,i) = N/(dd;). Thus, if
R
S
N=0



then

& N
ordy(cm) > Z ary (d(S) .

=0

N
In other words, the p-adic Newton polygon of detg () (1 — BT | H 1,5) lies on or above the lower convex hull of

the points
R R N
(Z ary, Y arNCMi> R=0,1,...,dimg, ) Hi
N=0 N=0

Thus, the g-adic Newton polygon of detq, () (1 — BT | Hy ) lies on or above the lower convex hull of the points

R R N
(ZTN’ZTNCMZ'> RZO,I,...,diqu(ﬂ.) Hl,k~
N=0 N=0

This finishes the proof of Theorem 5.

3.3 Relative Dwork homology

Integral to the proof of Theorem 5 was the Dwork decomposition of relative homology given on (14). The main
result of this section is to provide a proof of this result. We begin by recalling that

VU, by p) = (LW )z @ - & LY )z N KV, b; p)
V(',b) = | V', b p).

pER

IN
o>~
IN

s
n
S

Theorem 6. Suppose (p,d) = 1. Let b and b’ be real numbers satisfying b/ < b and p%l s
e:=b— . Then
p—1
1. Kb, 0)* =V({',b)® D)KL, b),
2. K(V,b;0)* C V(V,b;0) @ D)K. bse),

. . . . . 1
3. D(t) is injective if b > 1

4. if g € K(b',b)® is divisible by t" and we write g = & + D(t)¢ with £€ € V(V',b) and € K(V',b), then t™
divides & and .

The proof of this theorem will consist of a series of lemmas which will comprise the rest of this section.

Lemma 2. Suppose b/ <b. Then
K, b;0)* C VI, b;0) 4+ 7 f KV, bse).

Furthermore, if € € K(b',b)® is divisible by t" then when we write & = ¢+ (7 f,)v with ¢ € V(V',b) and v € K(V', b),
then "t | ¢ and t" | v.

Proof. Let 15]- € Z, be the Teichmiiller lifting of the polynomials P;, where f(t,z) = 2 + Zj;ll P;(t)x?. Now,
with
d—1

7 fu(t, x) = w(da? + Z 1P (t)zh)

=i

we may write, for m > d,

Notice that the last right-hand sum consists of terms in z of degree strictly smaller than x™. This is our reduction
formula for 2™, reducing all monomials 2™ to some linear combination of {x,z?,... 735‘1_1}.
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Next, consider By, t"z™ € K(V,b;0) with B, € Zy[r]. The reduction formula takes the form

d—1
B J 1By
nmtn m— tn m-+Il— d 19
o )- > (19)

Bymt"z T fa (t, ) <

=1

With m > d, it is immediate that %t”xm_d € K(,b;e). Next, consider the term %";mﬂ(t)t” m+i=d_ Notice

that it is divisible by ¢t"*!; this demonstrates the second part of the lemma. Writing Pl( t) = Zjl o a;t?, where

the a; are p-adic units, then we are reduced to considering terms of the form Bam g n+igm+i=d Then

ordp(lB;m a;j) > b'wy(n) + bwy(m)
=bwi(n+j)+ bwo(m+1—d) + (=b'wi(j) — bwo(l — d)) .
=p
Using that b > ¥’ and (7), we have
p > —b(wi(j) +wo(l) —1) > 0.
Hence, iterating the recursive equation (19), we obtain
Bpmt™z™ € V(I b;0) + 7 fo(t, 2) KV, b e). (20)

Next, let £ =3, <o Bamt"a™ € K(b',b;0)*. For each N € Z>o we may write { = ¢ + >0 n™N) where

N
n(”’N) = Z B,,T"z™ and C(N) = Z Z Bymt"z™
m=0 n>0m>N+1
Observe that zV*1 | (V) for every N, and t**! | ™). By (20), we may write n(™N) = V§n’N) + (wa)yén’N)
with 1/(" N e V(¥',b;0) and Vén’N) € K(,b;e), both with the property that they are divisible by ¢". Hence,
Zn>0 l/§n ) and Ym0 uén’N) produce well-defined elements of V(b',b;0) and K(¥,b;e), respectively. Let us

denote these elements by 1/§N) and z/éN). We have thus constructed sequences of elements {1/§N)}N21 in V(V,b;0)

and {Z/SN)}N21 in IC(, b; e) which satisfy
€=M 4 o™ 4 (nfo)f

Now, in the topology of coefficient-wise convergence (i.e. the (m,t,x)-adic topology), Z,[x][[t,z]] is compact.
Thus, KV, b; p) is compact for each p in the induced topology. Hence, we may restrict ourselves to convergent

subsequences of {I/%N)}N21 and {l/éN)}N21 with limits v € V(¥,b;0) and v5 € K(V', b; e), respectively. Thus,
¢= Jim (¢ 4o+ (mfu)h™) =1 + (x o),

where limy _ oo (V) = 0 since 2V +1 | ¢™) for each N. This proves the lemma. O
Lemma 3. Let b and b be real numbers. Then V(b',b) N fuK(V,b) = {0}.

Proof. Suppose 1 := c1z4- - -+ cq_12 1 € V', b) N fLIC(V,b). Let ¢ := Z;io Bjx?d € K(V',b) satisfy n = TfzC.
Now,

o0
7 j 2 d—1
T fo E Bjx? = ciz+cox* + -+ g1zt
j=0

Writing 7 f, (¢, 2) = 7 (dz® + Zfl:_il 1P (t)z!), we have

co d—1

deB adti —i—ZZwB Pt =i+ +egqz®h
r=0 =1

For j > 0, since the coefficient of 917 in this equation must vanish, we have

dtj—i A
7dBj+ Y 7B Py, =0
r=j+1
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and so
d+j 7

= - Z B.Payj . (21)

r=j+1

Since t | P, for each [, we have t | B; for every j. Using (21) recursively, we see that ¢ | B; for every positive
integer n. Hence, B; = 0 for all j > 0 as desired. O

Lemma 4. Let £ € K(V,b) and suppose Tf.E € Kb, b;p). Then & € K, b;p+e).

Proof. Let & = 7%, Bz’ € K(V,b) and Tfef = doiso Cja? € K(V,b;p). Writing rfo(t,z) = w(dxd +

ld:_il 1P,(t)z") we have
oo d—1

o0
Z 7dB;x™ + 3 N 7B Pt =" Cjal.
r=0 =1 7=0
From this, the coefficient of 2917 satisfies
d4j—i
7TdBj + Z WBTPd+j7T = Cd+j
r=j+1
for all 7 > 0. Rewriting this, we have
1 d+] 7
Bj=—Casj+ Z B, Payjr
7‘ Jj+1

Iterating this n-times produces

Bj= (0 + (¢ +¢f) +--+¢0)

where
d+j—i d+ri—i d+rp_1—1 1
C’r(lj) = Z Z T Z dTLBT'nPd+j—T'1Pd+7'1—T2 o Payr, y—r,
ri=j+1ra=ri+1 Tn=rn—1+1
and
) ._ C
= —Cg4q
1 d +J
1 d+j—i
(4 ._ D
2= > Casr Payjr,
ri=j+1

dtj—i dtri—i
() ._ 5 >
63 = B Z Z Cd+T2Pd+j7T1Pd+T1*T2

ri=j+1reo=ri1+1

1 d+j—1i d+ri—i d+rp_2—1i
() .—
Wl

drm Z Z e Z Cd+7‘n71Pd+j—7"1 Pd+7“1—7"2 e Pd+7“n—2—7"n—1 .

ri=j+1ra=ri+1 Tn—1=Tp—2+1

Now, we have assumed that each P, is divisible by ¢, which shows " | ¢y ) . Hence, t-adically @) 0 as n tends

to infinity. Next, to complete the lemma, let us show > >~ ) e L ; bwo(j) + €).
We know Cyyr,,_, € L(V;bwo(d + rn—1) + p). Thus

1 > ® D .
ﬁcdﬂ-mf1pd+j—rlpd+n—rz “Payry p—r, . € LOV's€(j,r1,. ... mnm1) + p)

where

. 1 .
(o) s = (A4 ) = g =8 (wa(deg(Pasgr)) + -+ wr(deg(Parr, v, )

>e+ g (rn—1—(r—j)—(ra—=r1) =+ = (T2 = Tn—1))
=€ + bw()(])
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Note, for the inequality in the above we used that, from (5), the degree of the polynomial PA’dH_, satisfies

z d—=(d+j—r) r—j
. = s < - - — .
deg(Pd-i-j—r) 5d+] r <0 ( P ) 0; <d— ;

Next, since ¢ | B for every [, t"! | fflj ). Tt follows that

B; = lim (g,gj) +Z§§”> ng € LV bwo(§) + e + p)
=1

n—oo
n=1

which concludes the lemma. O

Lemma 5. Let b’ <b and 7 <b< With e := b — p%l we have

71
K1, b;0)* € VI, b;0) + DK, bse).

Furthermore, if £ € IC(V',b)® is divisible by t™, then when we write £ = n+ D(t)¢ withn € V(V',b) and ¢ € K(V',b),
then n and ¢ are also divisible by t™.

Proof. Recall, D(t) = 22 + H(t,x) with H(t,z) := > o wjpjf;j (t”’ ,zP"). Now, observe that

7@ ") = fult,a)? + phy(t,x)

for some polynomial h; with coefficients in Zg[r]. Write

H(t,z) = 7 fo(t,2)Q1(t, z) + Ky (t, )

where
Q:1(t,z) == Zﬂjﬂ_lpjfw(t,x)pj_l
§=0
Ki(t,z) == ijpjﬂhj(t,x).
j=1
We claim that @1, A oK1 e IC(p T m,()) To see this, note that since f € IC(ﬁ, %, fp’%l), we have
il 1 p p . ([ p .
el e (S - )
Thus,
=1 g fpl -1 K p b -0
7T]7T pjfa: e (p_17p_17 )
proving the result for @)1 and 1/Q. Next, since h; consists of terms coming from the expansion of fgj, we see
that h; € IC(p T ppl,— (%) 7). Thus 7;p’th; € IC(p T e ~L-:0) proving the result for K.
We will first suppose b > ——5. Let £ € K(b',b;0)®. By Lemma 2, there exists n; € V(b',b;0) and ¢; € K(V', b; e)

such that & = ny + (7f2)C1. Thus,
E=m+(H-EK)Q'G

=m+(Qr K¢ — x%@;lm + D@1 G)-
N——
=:(}

=1

Notice that 14 € IC(V',b;e)® and (] € K(V',b;e). Continuing this same process, but now with v; instead of £, we
are lead to

E=(m++nv)+vn+DOC + -+ ()
where n; € V(V,b; (i — 1)e), vy € K(b/,b;Ne)®, and ¢/ € Kb/, b;ie). Thus, n := >0 m € V(V,b;0) and
(=37, ¢ € K, bje). Upon taking the limit in the coefficientwise convergence topology we see that

£ =n+D(t)¢
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as desired.
1

We now consider the case when b = 51 Let £ e K(,b;0)°. For each N € Z>(, we may write

N
§=> Bna"+ Y Bna™
n=1 n>N+1

Let € > 0. For 1 < n < N, since bwg(n) > (b+ m)wo(n) — € we see that

wo(N);

N
> Bna" e KV, b+

n=1

—e)®.

S}ilnce b+ woimy > ﬁ, there exists (&) € V(' b+ oy —€) and N e KV, b+ oty € T woy) such
that

N
3 Bua™ =g 4 D(t)¢N).
n=1

We have just constructed sequences {n(N}e_, € V(V,b; —¢) and {¢(M}_, € K(b',b; —¢). Since K (¥, b; p)
and V(b',b; p) are compact in the coefficientwise convergence topology for each p, we may restrict ourselves to
convergent subsequences with limits 7(9) € V(V',b; —€) and ¢(©) € (I, b; —¢) which satisfy

§=n"9+ D(t)¢.
In the coefficientwise convergence topology, letting € — 07, there exists € V(V',b;0) and ¢ € K(V', b; 0) such that

&= lim 99+ D)C') = n+ D).

This proves the first part of the lemma.
The second part follows from the divisibility result in Lemma 2 and running through the above argument. [J

Lemma 6. Let b’ <b and p—il <b< %. Then

V(',b) N D(t)K(b,b).
Proof. Let us first assume b > p%l. Let n € V(V',b) N D(t)K(b',b) be non-zero, and let £ € K(b',b) be such that
D(t)¢ = n. Find a real number ¢ such that & € K(V/,b;¢) but £ & K(V',b;¢+ e). We will prove that no such ¢

exists, contradicting the existence of 7.
Since D(t) = x% + (7 f2)Q1 + Ky, we have

n=D(t)¢ = (mf2)Q16 + <x88x€ + Klf) .

Since zda &+ K& € K(V,b;¢)®, by Lemma 5 there exists v1 € V(b,b;¢) and (1 € K(V',b; ¢+ e) such that

w%f + Ki1§ = v+ D(t)(.

Hence,

n=(mfs)Q1&+r1+ D)

= (7f)Q1(§ + C1) +v1 + Ki(y-

Since K11 € K(b',b;¢ + e), applying Lemma 5 again produces vo € V(¥ ,b;c+ e) and (o € K(b,b; ¢ + 2e) such
that K1<1 =y + D(t)CQ Thus,

n=(mfe)QE+ G+ )+ (1 + ) + KiGo

Iterating this via induction, and taking the limit in the coefficient-wise convergence topology, we obtain

n=mf)QuE+Y )+ Y v

i=1 i=1
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This means (7 f,)Q1(€ + 3202, &) € V(I',b), and so by Lemma 3, £ = — 3., ¢; € K(V/, b; ¢) which is impossible.
Suppose now that b = pil and n € V(b',b) N D(t)K(b',b). With this choice of b, ay := 771 01p, 0 F(t,z) is a
map from K(V',b) to IC(V', pb). Therefore, since oy o D(t) = pD(t?) o a1, we see that

ai(n) € D)V, pb).

Thus, the reduction of aq(n) equals zero in Hq4» (b, pb). Now, we may also view a; as an endomorphism of
K(V',pb) and so, abusing notation, we obtain a map on homology &; : Hi (b, pb) — Hi (', pb). By Lemma
7 below, this map @; is invertible. Therefore, since the reduction of as(n) is zero in Hy ¢ (b, pb), we must have
the reduction of 7 in Hy (b', pb) equal to zero as well. Hence, n € D(¢)IC(V, pb). Since D(t)IC(V',pb) C K(, pb),
we see that n € V(b',pb) N D(¢)K(V',pb). However, this intersection equals {0} by the argument above since
bp > 1/(p — 1), proving n = 0 as desired. O

Lemma 7. Let b <1/(p—1). Then &y : H1(t/,p/(p — 1)) = H1(b',p/(p — 1)) is an isomorphism.

Proof. Since b’ < 1/(p — 1), it follows from definition that a; is a map from (', 1/(p — 1)) to K¥',p/(p — 1)).
Now, define a map o : K(¥',p/(p—1)) — K(¥',1/(p — 1)) by

oy = F(t,x)71 od, o7
where @, is the map x — aP. Clearly, ay o o) = id, the identity map on K(b',p/(p — 1)). Hence, we have
K@',p/(p—1)) = 1t K(¥',p/(p — 1)) C ar K(¥', 1/(p — 1)) C K(V',p/(p — 1))

Hence, «; maps K(b',1/(p — 1)) isomorphically onto K(b',p/(p — 1)). A similar argument shows «; maps
K(',1/(p—1))* isomorphically onto IC(0',p/(p — 1))°.
By Lemma 5, we know

K@',1/(p—1)* c V', 1/(p — 1)) + DOKD', 1/(p - 1)).
Applying a; to this we obtain
K@, p/(p—1))* = KO, 1/(p— 1)) CaaV(¥',1/(p — 1)) + D)LV, p/(p — 1))
Since V¥, p/(p — 1)) € K(¥,p/(p — 1))°, we have
V(',p/(p—1)) CarV(V',1/(p — 1)) + D" )KD',p/(p — 1)).
Now, it follows from the definition that V(b',by) = V(b/,by) for any positive real numbers by and by. Thus,
V(',p/(p—1)) CarV(¥',p/(p— 1)) + DKW, p/(p — 1))

Viewing oy as an endomorphism of (¥, p/(p — 1))*, this shows &; : H1,.(V/,p/(p — 1)) = H1,0(¥',p/(p — 1)) is
surjective. Since both of these spaces are free L(b')-modules of finite rank, &; must also be injective. This finishes
the lemma. O

Lemma 8. Suppose b > Iﬁ If £ e K(V',b) and D(t)E € K(V',b; p), then £ € K(V,b;p+e).

Proof. Suppose € # 0. Choose ¢ € R such that & € K(V',b;¢) but £ € K(V,b;¢c+ e). Then
. 0 .
(mf2)Q1€ = D(t)€ — 1%5 — K & € K(b',b;min{p, c}).
Thus, (wfw)g € K(b',b;min{p, ¢}) which, by Lemma 4, implies £ € K(b',b; min{p, c} + €). By our choice of ¢ the
lemma follows. O
Corollary 2. Suppose b > p%l. Then D(t) is injective.

Proof. Suppose there exists nonzero & € K(b',b) such that D(¢t)¢ = 0. Then, by Lemma 8, since 0 € (¥, b; p) for
every p, we have £ € K(b',b; p+ e) for every p. Hence, £ must be zero. O
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3.4 Dwork decomposition for the symmetric powers of relative homology

Theorem 5 demonstrated one consequence of Dwork decomposition with the operator 0. In this section, we wish
to take the hypothesis of Dwork decomposition in that theorem and reduce it to a weaker hypothesis. We expect
that this “weaker hypothesis” may be demonstrated for a large class of f(t,z). However, we also expect this
weaker hypothesis to fail just as often. New ideas will be required to handle the latter case.

It is easiest to see the main obstructions to the theory if we generalize a bit. Let d be a positive integer. We
call a function w : Z%, — ézzo a weight function if it satisfies the following three properties:

1. w(0) =0,
2. w(cu) = cw(u) for every ¢ € Q>, and
3. w(u+v) <w(u) +w(v) for all u,v € Z,,.
Let wy : 2%, — d%Zzo be a weight function. Let b and b’ be positive real numbers. For each p € R define
L(t';p) =4 D> At | Aj € Zy[n], ord,(4)) = bwi(j) + p
jez,
This is a p-adic Banach space with norm given by || 3" A;t}|| := min; ord,(4;). Define

L) = |J LW; p).

pER
Let M be a free L(b')-module with basis {eq,...,e,.}. We place a weight on each basis element e; as follows: fix
a positive integer dg and let wo : {1,...,r} — %Zzo be any function. Note, wq is not a weight function since the

set {1,...,r} is finite. Define

M@, b; p) == {zr: Bie; | B; € L(b'; bwo(i) + p)} (22)

i=1
and
M@V, b) =M = ] M, b;p).
pER
For any subset U of M, we may define U (', b; p) := UNM(,b;p) and UV, b) :=U N M(Y,b).
Denote by M) := Sym* M the k-th symmetric power of M over L(b'). Similar to (22) define

MEW b; p) = > Bie!|B; € L(V; bwo(i) + p)
ir=(i1,...,ir) €L,
i1t tir=k

where €' := e} -+ - el and

wo(i) = woli1, ..., ip) = ijwo(j).
Jj=1

Let A be a free, finite rank L(')-module, and denote by N'*) the k-th symmetric power of A" over L(V). Let
® : M — N be an L(b')-module morphism. Define the Leibnitz operator of ® to be the operator L : M®*) —
N®) defined by

T
E@(e? . -ei") = Z imezf . ~ei;{‘*1 e ef]'@(em).

m=1

Next, we mention a short technical lemma which will be useful.

Lemma 9. Suppose ® : M (b, b;0) — N (b, b; p). Then Lo : ME) (b, b;0) — NE) (b b; p).
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Proof. Since e; € M(V',b; —bwo(i)) we have ®(e;) = az1e1 + -+ + aire, € N(',b;p — bwo(i)). Thus, a;; €
L(V'; p+ bwo(j) — bwo(4)). Similarly, since e}' - --elr € M(b', b; —bwg (i1, . . .,i,)) we see that

T

Lo(ef - eir) =D el e~ oo el d(ey,)

=1
Z Z Qlitl Q-1 i
= < llal]e] ] ..ell ...eTT
=1 j<li
E . i1 15—1 i+1 e
_|_ Zlal,]el eJ ...el ...eT
i>l
. i i
+1ae)' - e ) .
. . ; i1 S
Let us consider one of these terms, say 4;a; jei' - - - e;] e el with j < . Observe

ordy(ay ;) = p+ bwo(j) — bwo(l)
:p+wa(i1,...,ij +17--~7il - 1,...,7;1») —wa(ih...,i,«).

The other terms are similar, proving Lg(e!) € N5)(¥ b; p — bwg(i)) as desired. O
Let us now return to our particular family. With f, := gf( x), since = IC(p T ppl, 1), by Theorem 6
we have for each : =1,...,d — 1,

mfi(t, )z’ = Ajix+ -+ A g12?7 4+ D) (h(t, )

for some A; ; € L(;57) and h; € K(5E7, 527). This defines a morphism

; p p p P
: N -1
Tft HLt(p—l’p—l 0) — Hlt( 11 )
via the matrix (A; j)1<s, j<d—1 which acts on the right. With ¥’ < band b < p/(p—1), this defines an endomorphism
L.; on H)(W,b). Set N(V,b) == tHS") (1, b) and M(¥',b) := H) (¥, b).

mft

Theorem 7. Let p be a prime number such that p > §; and (p,d) = 1. Suppose wa satisﬁes the following: there
exists a free ﬁm’te rank Zq[r]-submodule Vi, of N'(p/(p —1),p/(p — 1)) such that for any ;L5 > b >t >
with ¢ .=V —

o —
= —

1. N(b',b;0) C Vi (¥, 0;0) + L, M(V', bs €’)

2. Ve(W',b)N L M(V',b) = {0}
Then @ satisfies:

1. NV, 5;0) C V(0. b;0) + OM(Y, b ')

2. Vi (V/,b) N OM(b',b) = {0} for p%l <V <P and Iﬁ <b< B

As an example of the theorem, consider the cubic family f(t,z) = 2® + tz. In [12] it was shown that L.
satisfied the hypothesis in the theorem when k is odd and k& < p. Consequently, we have the following result.

Corollary 3. Let f(t,z) = % +tx and p > 5 be a prime number Suppose k is an odd positive integer satisfying
k < p. Let Vj, denote the Zy[r]-span of the set {teh *"e3'}, 20 C N Then

N, b;0) C Vie(b',b;0) + OM(V, b;€).
The proof of Theorem 7 will consist of a series of lemmas which will comprise the rest of this section.
Lemma 10. Suppose p > 6;, (p,d) =1, and 1/(p—1) <V <b<p/(p—1). Sete' :=V' — p%l. If
N, b;0) C V¥, b;0) + L,z MV, bse’)
then

N, b;0) C V(V,b;0) + OM( , b; ).
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Proof. On K(V',b) we may write 9 := t% + W(t,x) where

Wta) =Y mp 7 (¢ ).

j=0

For each j € Z>( write o _

D) = fult,2)” + pg;(tz)
for some polynomial g; whose coefficients lie in Zg[n]. This allows us to write

W(t,z) = 7fi(t,2)Qz(t, x) + Ks(t, x) (23)

where

Qa2(t, ) = Zﬂﬂflpjft(t,x)ptl

J=0

Ky(t,x) := Zﬂjpj+1gj(t,z).

j=1

Using a similar argument as that in Lemma 2, one may show Qs, ~ o , Ko € IC(p T oo —£-:0).

Since tx | f;, we may write Qa(t, ) = 1+ (tz)?'v(t,z) for some v, making Qy(t, )z = x + tP~'aPu(t, x) €
K(E 35— (% wp(1)). By Lemma 2, we may write
tp_lxpy(t7$> =Bir+---+ Bd*lxd_1 + ﬂfw(tax)h(ta 3?)7
where Bjzi € Kt 55— (p 1) wp(1)) and h € IC(— ) o1 (p"%l) wo(1) + 1). Furthermore, since tP~!

divides the left-hand side, by Lemma 2 each B; for j = ,d — 1 is also divisible by t*~!, as well as h.
From (23), since

Qa(t,x)z = (1 + By)x + Box? 4 - - - + By_12%7 4+ wfo(t, 2)h(t, ),
we may write for each i =1,...,d —1
W(t,z)a' = (1 + By)wfe(t, x)a’ + Si(t,z) + Ty(t, x), (24)
where
S; = 7rft (ng2 4+t Bd_la:dfl) 2t
T; == Kox' + D(t)(Q7 *m frha' ™) — x%(@flwﬁhxi_l) — K1 Q7 Y fhat ™t

p—1’ p—1° p—1
thermore, tPx divides each S; since t divides f; and tP~! divides each B;. Thus, S; € K(b',b; —e’ + 0 — bwy (i)

where pim (fl - b’) (wi(p) = 1) + <pf1 - b) wo(1). (25)

By Theorem 6 we may write

From the estimates above one may show T; € K(-£, £-; — ( 2 )wo( ), and so T; € K(b',b; —bwy(7)). Fur-

Si=Ci1x 4+ Ci,d—lxdil + D(t)z; (26)
Ty = Ajgz+ -+ Ay g 1297 + D(t)w;
where
Ci,j € L(b';b(wo(j) — wo(i)) — €' + o) and A; ;€ L5 b(wo(j) — wo(4))). (27)
These define (d — 1) x (d — 1) matrices C' := (C; ;) and A := (A; ;). It follows from (27) that C' and A define
morphisms
C :Hy (b, bye’) — Hy (b, b;0)
A Hy (Y, 0;0) — Hy (Y, 0;0).
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By Lemma 9 below this means
Lo Hglft)(b', be') — Hgkt) (', b; 0)
La:HE) W, 0;0) — 1) (@, 0;0).

Finally, with p:= 1+ By, from (24) and (26) we see that

Lw = Nﬁﬂft + Lo+ La4.
We will first suppose p—il <V <P Let € € N(¥,b;0). By the hypothesis on L, 7, there exists 1y €
V(¥,b;0) and ¢; € M(V,b;€e') so that € = + L, ;i Hence,

E=m+ Lo+ La)(—p ")+ Lw(p ')

d

=m+(Lc+La+ t%)(—/flcl) +0(p~ 1),
——

=]

=1

and so £ = 1y + 11 + 9¢;. By our assumptions on b’, and since p > dd;, we have p > 0. Let € := min{p, e’} > 0.
Notice that 17 € Hgkt) (t/,b;e) and ] € HY“,Z (b, by €’). We have just taken £ and written it as the sum 1y +v1 +9¢].
We may now do the same procedure but now with v, which means

E=(m+mn2)+va+0(C + ).

Continuing this process, we are led to an equation of the form
E=(m+ - +nn) +vn+0( + -+ CY)

where n; € V(V/,b; (i — 1)e), (] € Hglft)(b’, b; (i — e+ ¢€'), and vy € N(b,b; Ne). Letting N tend to infinity, we
see that

§=n+o¢
where n:= 32, m; € V(V',5;0) and (' := Y2 ¢/ € M(V,b;€') as desired.

Suppose now that b =t = E5. Let € N(@',b;0). Let 0 < e < 1. Then £ € N(b —¢,b;0). By the above
argument, there exists 7(9) € V(¥ — €,b;0) and () € M(V — €,b;1 — €) such that & = (9 + 9¢(). Restricting
ourselves to a strictly decreasing sequence of € which tend to zero constructs sequences {77(5)}E C V(p%l, b;0) and
{¢n, c M(}ﬁ, b;0). These two spaces are compact in the topology of coefficientwise convergence, and so the
sequences have accumulation points 1 and (, respectively. By construction, n belongs to each V(b — ¢, b;0) for
every € > 0, which forces n € V(¥',b;0). A similar argument holds for ¢, showing ¢ is an element of M (¥, b;1).

P

This proves the result for the case b’ = b = o1

Lastly, suppose b/ = ﬁ. For each N € Z>g, we may write

€= 21: <§:1 Bn,it”> e+ ( i Bn’it"> e,

i n=N+1

Let € > 0. For each 1 <n < N, since b'w1(n) + bwy (i) > (' + m)wl(n) + bwg (i) — €, we see that

N
Z (Z Bmit”) e e NV + o (V) b; —e).

i n=1

Suppose b > b’ + m > ﬁ. It follows from the argument above that there exists (&) € V(b + W, b; —e)

and <(67N) c M(b/ + ﬁ b7 —e + m) such that

)a
N
Z (Z Bn,itTL) ei = 77(67N) + 8C(E’N),

i n=1

We have just constructed sequences {n(©M}¥_, C V(b',b;—e¢) and {¢(&V)}_, € M(b',b;—e). Since both of
these spaces are compact in the topology of coeflicientwise convergence we may restrict ourselves to convergent
subsequences with limits 7() € V(¥ b; —¢) and ¢(9) € M(V,b; —¢) which satisfy

£=n +0¢.

29



In the coefficientwise convergence topology, letting ¢ — 0%, there exists n € V(¥/,b;0) and ¢ € M (¥, b;0) such
that
¢ = lim 99 +0¢'9 =7 +0C.

This finishes the case when b > V' = zﬁ The case when b =b' = zﬁ is similar. O
Lemma 11. Suppose p > 6;, (p,d) =1, p%l <V < p"%l, and 1/(p—1) <b<p/(p—1). Suppose
Vb)) N wat/\/l(b', b) = {0}.

Then
V(' b) noM(,b) = {0}.

Proof. We will first assume £ > 0" > p%l. Let n € V(V/,b) N OM(V',b) be non-zero, and let £ € M(¥',b) be
such that 9§ = 7. Let ¢ be a real number such that £ € M(V',b;c) but £ & M(V,b;c+ €) for any € > 0. We will
prove that no such c exists, contradicting the existence of a non-zero 7.

Using notation from the proof of Lemma 10, we have 0 = t% + uﬁﬂﬂ + Lo + L4, and so

d

=/

Letting € := min{p, e’} > 0, where ¢ comes from (25), we see that ¢ € M(V',b;¢c — e’ +¢€). From Lemma 10, there
exists 1 € V(V',b;c— e’ +¢€) and ¢ € M(V',b;c+ €) such that

GL=m+9G

d
=m+ L5 uG) + (tﬁ + Lo+ La)(r .

=:(5
Observe that ¢4 € M(V',b;c+ 2e —¢'), and
n=L; K+ pc) + G +m.
Iterating this process, but now starting with ¢}, we are led to the equation
=L E+CG+ 4+ )+ g + (4 +1w)

with ¢; € M(b', b; ¢ +ie), (g € M, b5¢+ (N 4 1)e —€), and n; € V(b',b;¢ — €' + ie). Hence,

oo

= = Lo €+ G)).

i=1

It follows from the hypothesis on £_; that { = — e G € M(Y,b;c + ¢€), contradicting out choice of c.

The result follows for ¥’ = % since

V(' ,b) N OMY,b) C V(I — e,b) NOMD —e,b) = {0},

where the last equality follows for any € > 0 by the preceding argument. O
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