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Abstract

We discuss Chapter 6 from Silverman & Tate’s Rational Points
on Elliptic Curves, in which the authors outline a means of proving
Kronecker’s Jugendtraum for Q and Q(¢). One considers Cln], the
kernel of the multiplication-by-n map on an elliptic curve C. After
defining the number field Q(C[n]), we examine instances in which its
Galois group over a field K is abelian. For the elliptic curve

C:y?=a%+u,

we can show that Gal(Q()(C[n])/Q(7)) is abelian by representing it
as a subgroup of GLy(Z,). In fact, Q(i)(C[n]) contains all abelian
extensions K of Q(7) for some positive integer n. Furthermore, one can
describe Q(7)(C[n]) and its Galois group using only the Weierstrass -
function. This is equivalent to saying Q(7)(C[n]) satisfies Kronecker’s
Jugendtraum for Q(7).

1 Kronecker’s Jugendtraum: A First Look

We want to understand finite extensions of fields K O Q and their Ga-
lois groups. We focus on number fields (finite field extensions) over Q and
Q(i), since they are easier to analyze and more intuitive than infinite ex-
tensions. In particular, we consider a number field K(ay,...,a,,) such that
Gal(K(ay, ..., an)/K) is abelian, and refer to such an extension as an abelian
extension. The Jugendtraum (“Dream of Youth”) was Kronecker’s desire



to describe any finite abelian extension of a field K and the corresponding
Galois group using a single function f and certain values 1, ..., Z,,.

For K = Q, the use of complex analysis (and class field theory, which
is far beyond the scope of this paper and will be completely ignored) in
conjunction with the Kronecker-Weber Theorem allows us to represent any
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abelian number field Q(ay, ..., a,,) as Q(f(x1),...f(zm)), where f(x) = e+,
for certain x € Q. Our main focus, however, is to explain the Jugendtraum
for K = Q(i), where any abelian number field Q(i)(ay, ..., a,,) is contained
in Q(4)(Cln]) := Qi)(x1,Y1, - Tn2, Yn2), with (z;,y;) € C[n] for the elliptic
curve C': y? = 2% + . C[n] is defined to be {(x;,y;) € C| n(x;,y;) = O}; in
other words, the points on the elliptic curve C' whose order divides n.[2]

The latter instance involves the use of Galois theory on elliptic curves,
and the representation of Galois groups as matrices in GLo(Z,,). We single
out elliptic curves C' that have complex multiplication (i.e., curves C' that
have other endomorphisms ¢ : €' — C besides the multiplication-by-n
map). We then show that Gal(Q(7)(C[n])/Q(7)) is abelian for specific curves
C'. Finally, we focus on the elliptic curve C : y? = 22 + z in particular, which
satisfies the Jugendtraum for Q(7) as stated above.

1.1 The Kronecker-Weber Theorem

From Galois theory we learn that given Galois extensions Q(ay, ..., a,,) over
Q, there exist Galois groups (denoted Gal(Q(ay, ..., am)/Q)), comprising Q(ay, ..., am )-
automorphisms that permute the elements a; through a,,. The values a;
through a,, arise from the representation of an irreducible polynomial f €
Q[z] in the form f(x) = (z—ay)...(x—a,,) = 0. Note that this does not imply
that a; € Q for any 4. For example, f(z) = 2°—3 = 0 = (z—/3)(z++/3), but
+1/3 ¢ Q. Therefore, we say the splitting field for f is Q(v/3). Even though
++/3 are adjoined to @, we only need to write Q(v/3), since —v/3 = —1-+/3,
so —v/3 € Q(+/3). Since the only possible action a field automorphism can
have on @(\/g) is either fixing the entire field or permuting v/3, we have
Gal(Q(v3)/Q) = Z.

By the Fundamental Theorem of Galois Theory[l, p.245], we know that
for any extensions such that Q € E C F, E is a Galois over Q if and
only if Gal(F/E) is a normal subgroup of Gal(#/Q). Therefore, we want to
focus on the situations when Gal(F/Q) is abelian, since all its subgroups
are normal by default. This leads us to the focus of this section. Consider
the field Q((), where ¢ = e is a primitive nth-root of unity. Q(¢) is the
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splitting field for the polynomial g(z) = 2" — 1 = 0.

Theorem 1.1.
Gal(Q(€)/Q) = (Z,)",

where (Zy)* is the unit group of Z,,.

Because ( is primitive, we can construct the map

t: Gal(Q)/Q — (Zu)
o — g,
where j and n are relatively prime and 1 < j < n. [2, p.182] Showing that
t is an injective homomorphism is not too difficult and will be left to the
reader. The hard part showing surjectivity, requires class field theory, so
we will take this for granted. Since (Z,)* is abelian, we have shown that
Gal(Q(¢)/E) is a normal subgroup of Gal(Q(¢)/Q) for all E. This implies £

is Galois over Q. Since Gal(Q(¢)/Q) and Gal(Q(¢)/FE) are abelian, we know
Gal(Q(¢)/Q)/Gal(Q(¢)/E) is abelian as well. Furthermore,

Gal(Q(¢)/Q)
Gal(Q(¢)/E)

2, p.183] which implies Gal(E/Q) is abelian. Using Gal(Q(¢)/Q), Gal(Q(¢)/E),
and the First Isomorphism Theorem|1], we know Gal(£/Q) is abelian.

We now arrive at the Kronecker-Weber Theorem, which gives us a some-
what counter-intuitive result: Not only is Gal(Q(¢)/Q) abelian, but for any
finite abelian Galois extension H over Q, H C Q(¢), for ¢ an nth root of
unity for some positive integer n. In2fa,ct, we can even go one step further:

by introducing the function f(x) = e , any number field H over Q has the
property

= Gal(E/Q),

) H < Q(f(n)),

since ( = e™» by definition. Furthermore, since any o €Gal(Q(¢)/Q) is a
field automorphism, one can show o(¢) = ¢/, where ged(j, n) = 1. Therefore,

HCQ (f (%) o f (j%)) for j; € (Z,)".

In fact, since we know o(¢) = (%) = (7 for all ¢ €Gal(Q(¢)/Q, We have
described both Q(¢) and GalQ(¢)/Qusing only f and a finite number of
x-values. This is the Jugendtraum for Q.
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We will now work toward the case when K = Q(7). The next section dis-
cusses Galois groups derived from elliptic curves. We will ultimately express
the elements of our Galois group as matrices in GLy(Z,). Finally, we will
show that certain curves with complex multiplication lead to finite field ex-
tensions whose Galois groups are abelian. These number fields are contained
in a number field over Q(i) that can be described using the Weierstrass -
function.

2 Galois Groups on Elliptic Curves

An elliptic curve is a non-singular cubic C : y* = 23 + az? + bx + ¢. C(K)
is the set of all points (z,y) that satisfy the previous equation, and whose
x and y-coordinates are elements of K. By defining (x1,91) + (22,%2) in a
special way, (see [2, [.4]) it can be shown that C'(C) is an abelian group under
this operation (that we will refer to as addition, or curve addition to avoid
confusion with normal addition), and that C'(K) is a subgroup of C(C) for
all K C C. We refer to the identity in C(K) as O, whose actual coordinate is
(0,0, 1) in the projective plane (thus making it a point at whose z-coordinate
equals the z-value for any point (x,y) on C, and whose y-coordinate is at
infinity). Since we are now focusing on points (z,y) € C(K) instead of values
x € K, we must redefine the action of an automorphism o € Gal(K/Q) so
it can act on C(K).
Hence, if P = (z,y) is a point in C'(K), let

o(P)=o(z,y) = (o(z),0(y))

and 0(0) := 0.

Since the addition of points on an elliptic curve uses rational functions on
x and y, and since o is a homomorphism, the reader can easily check that for
any P € C(K), o(P) is also in C(K). For similar reasons, o also preserves
addition, i.e.,

o(P+Q)=0(P)+0(Q),

for P and @ in C'(K). From this, it follows that

o(nP)=0c(P+..+P)=0(P)+..+0(P)=no(P).

Using this, we then show that if P has order n, then o(P) also has order n.
Proof: Since nP = O, we know o(nP) = O = no(P), which implies the
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order of ¢ divides n. Let the order of o be a, such that aln. Then, using
composition of functions and the fact that o is an automorphism, we see
o YHao(P)) = O = ac~ ' (o(P)) = aP. But P has order n, so a = n, and we
are done. [J [2]

We have shown that any element o € Gal(K/Q), is a group homomor-
phism from C'(K) to itself, it preserves the operation, and it even preserves

the order of any point it permutes. In other words, o(P) acts very similarly
to P in C(K).

2.1 The Multiplication-by-n Map

We now turn our focus to the map \,, where
A : C — C
Pr— nP

is an endomorphism on C'; that is, a homomorphism from C' to itself. In par-
ticular, we refer to A\, as the multiplication-by-n map. Note that n will always
be an integer. Its kernel is denoted C[n| = {P | the order of P divides n} =
{P | nP = O}.

Example 2.1. For C': y* = 2 4+ z, find C[2] and C[3].

First, find C[2]. Using the Nagell-Lutz Theorem [2, p. 56], we know P =
(x,y) has order 2 if and only if y = 0. Therefore, (0,0), (1,0), and (—1,0)
all have order 2. Also note that O € Cln| for all n, since O has order 1.
Therefore, C[2] = {0, (0,0),(1,0), (—1,0)}. With a little bit of work, we see
that (1,0) + (—1,0) = (0,0), (0,0) + (1,0) = (—=1,0), and (0,0) + (—1,0) =
(1,0) (and that addition in this case is commutative). This, combined with
the fact that all elements have order 2, shows that

C2] 27y ® Zs.
To find C[3], we find all points P such that 3P = O. To do this, note

that for any such point, 2P = — P, and therefore the xz-coordinates of P and
2P (denoted P, and 2P,) are the same. Thus, we have

=222 4+ 1
2Pb=——+——=0x=P 1
* 423 + 4x o * (1)
= 32! +62° —1=0. (2)



Even though this equation is reasonably clean as far as elliptic curves go,
solving for x still requires more work than is gratifying, and our answers are
anything but pretty. It turns out that

r =+, +(ivV3a) ™

2v/3-3
3

) o (L 2V (=i 2V
cBl = {<a,iﬁ>, oo, (57 555) (ﬁ’iﬁ/f)}

for g = ,4/\2%. [2] With more work, one can show that C[3] = Z3 & Zz. We

will now work toward proving that this pattern works for all positive integers
n.

for a = , and

Note: We will be using the elliptic curve C' : y? = 23 + 2 throughout the
paper, for reasons that stated earlier.

As we can see, the addition of points on an elliptic curve often causes
C'[n] to appear more messy than helpful. We want to visualize C'[n] in order
to better understand why it behaves like Z,, & Z,,. In order to do this, we
need to express C'[n| using complex numbers.

Expressing any elliptic curve

C:f(x)=y’=2"+ar* +bx+c

as
y* =423 + dr + e,

[1, p. 271}, [5, p. 249] we can find generators wy,ws € C for the lattice
L = {njw; + nawsy | n1,ny € Z}. L is a group under addition. The graph
of L in the complex plane looks like a parallelogram with sides of length w;
and wy. Since my and ny are integers, L consists of discrete points (hence,
the word ”lattice”). We will now use a meromorphic function whose poles
are exactly the points in L.

Using the Weierstrass g-function



2] we get a fascinating connection to our curve C. If we differentiate p with
respect to z, it turns out that

(¢)? =49 +dp +e.

This means that not only can (p(2), ¢’'(z)) be expressed as a point on C, but
we can create a map

pP:C — (C(C)

2 (p(2),¢'(2))

2] where any element z € L maps to the identity element O € C(C). This is
not a coincidence, since L consists of all nonzero points z € C such that p(z)
has a pole, and O is the point at infinity on any curve C. So we are relating
the poles in C to the pole in C'(C). This map is in fact a homomorphism,
i.e. P(z + 22) = P(z1) + P(22), which is remarkable, since addition on the
complex numbers is not the same as addition on C. This is because p(z1 +22)
can be expressed in terms of rational functions of p(z1) and p(z3). In fact,
, , 2 N 2
pla1-+22) = + (ZE=22) — o(21) — (), and p(22) = £ (5) —20(2),
[4, p. 440-442] which is ezactly the same as curve addition! This is not a
coincidence, as Weierstrass first developed the p-function before the study of
“elliptic curves.” Weierstrass studied functional analysis and referred to p
as an elliptic function [5], a term still used today. Although it is onto, P is
not one-to-one. Remember the earlier comment regarding poles of p: since
there are multiple points in L, we have P(a) = P(b) = O, for a,b € L and
a # b. However, if we mod out C by L, we solve this problem. C/L is still a
group under addition.

Lemma 2.2.
pP: C/L — C(C)
2 o (p2),9'(2))
is one-to-one. Therefore C/L = C(C).

Proof: Since we mod out by L, Ker(P) = {0} (out of all complex
numbers in C/L, 0 is the only pole for g). Since P is a homomorphism,
P ¢ is one as well. P ¢/ (0) = O implies P 1¢/r, is one-to-one. This is
same as using the First Isomorphism Theorem. []

Corollary 2.3. Let C[n] = {z € C | the order of z divides n}. Then C[n| =
Cln].



Proof: Restrict the domain of P to C[n], and the image is C'[n].

In general, @ is doubly-periodic, which means p(z+w;) = p(z) and p(z +
wq) = p(z) for all z € C. Thus, any complex numbers of order n in C/L
have the form “wy + Pwo, where ajwy + aswy € L.

Theorem 2.4.
0:cCln| — Z,®7Z,
a a

—wi + —ws — (a1, az)
n n
is an isomorphism. Therefore C[n| = Z, ® Z,.

[2] The proof is not difficult and will be left to the reader.
Corollary 2.5. Cln| = Z, & Z,

Proof: This is immediate by Corollary 2.3.

We will now relate all of this to our previous discussion about Galois
theory.

Theorem 2.6. Q(C[n]) = Q({zs,yi | (i, y:) € C[n]}) is a Galois extension
over Q.

Proof: One way to show a number field K is a Galois extension of Q is to
show that for all field homomorphisms ¢ : K — C, o(K) = K. Since o is a
field homomorphism, Ker(c) = {0}, so it is one-to-one. Therefore, if we can
show o(K) C K, we know o is a bijection. Now, for K = Q(C[n]), take any
x;,y; € K. Since (z;,y;) € C[nl], we know n(z;,y;) = O = 0(nO) = no(0O).
This implies that (o(z;),0(y;)) € C[n], and o(x;),0(y;) € K. Therefore,
o(K) C K.O 2]

(As a side note, this also implies that each pair of values {x;,y;} is alge-
braic over Q, since K is a finite extension, with |Aut(K)| < n?! If any x; or y;
value were transcendental, it would not permute with any other element.)[2]

Remark 2.7. Galois extensions over a field give Galois groups over said
field. Therefore, we know that Gal(Q(C[n])/Q) exists for any curve C' and
for all n.



Re-examining Example 2.1, we find Gal(Q(C[2])/Q) = Gal(Q/Q) = {id}.
Reducing the number field Q(CI3]) to Q(/3,7) requires more work. Surpris-
ingly, Gal(Q(3,7)/Q) turns out to be a non-abelian group. Even though
Cln] is abelian for all n, Gal(Q(C[3])/Q) is not necessarily abelian. This is
a drawback, since we are trying to only focus on number fields that have
abelian Galois groups. In order to further narrow things down, we must first
introduce complex multiplication and then represent any Galois group as a
set of matrices.

2.2 The Existence of Other Homomorphisms

We have shown that Galois groups can act on elliptic curves . Also, while
we know that the multiplication-by-n map is a homomorphism, we have not
considered other maps that may also preserve addition in C(C). Although
the multiplication-by-n map exists on C' for all curves C', it not easy to find
other group homomorphisms. This is mainly because given the complicated
definition of curve addition, it can be difficult to show closure under the
operation.

In order to look for homomorphisms that can be easily checked for clo-
sure, we will focus on isogenies, group homomorphisms that perform rational
operations on all points (z,y). Before we look at any examples, it should be
noted that any map from C' to itself that sends O to O is an endomorphism
3, I11.4.8].

Example 2.8. The map
p: C(C) — C(C)

(LC, y) - (I, _y>
is an isogeny. This works for any elliptic curve C, which makes sense because
C is even with respect to y.

Example 2.9. For the curves
C:y*=a2"+ax’+br and C':y*=2"—2a2* + (a* — 4b)x
2 2 _ b

x?’ x?

is an isogeny. [2]



Recall that a curve C has complex multiplication if there exists an isogeny
@ : €' — C that is not the multiplication-by-n map. We also refer to ¢ as a
complex multiplication map on C'. Before explaining the importance of this,
we will give a few examples.

Example 2.10. Why isn’t any curve C' have the complex multiplication ¢?
After all, ¢(O) = O, and for any (z,y) € C, (z,—y) € C) as well, so ¢
must be an endomorphism on C. The reason is that ¢(P) = —P, making
it the multiplication-by-(—1) map. In other words, (z, —y) = —(z,y) for all
(x,y) € C. The reader can use curve addition to verify that (z,y)+(z, —y) =
O, or peruse an illustration of curve addition, to see why this is true.

Example 2.11. The curve C : y?> = 2® + bz has the complex multiplication
p: C — (C

((L’,y) — (_:L‘aiy)'

©(O) = O, meaning ¢ is a homomorphism. In addition, for any point (z,y)

on C,
3

p(—y* =2’ +2) = (iy)* = —2° — 2 = (—2)* + (~2),
or simply, y* = 23 + 2. ¢ is an endomorphism. This means that im(yp) = C.
To show ¢(x,y) # n(z,y) for any n, we compare their kernels. Ker(y) = O,
but the Ker()\,) = C[n] = O if and only if n = £1. ¢ # Aiq, s0 p is a
complex multiplication map on C.

We want to understand curves that have complex multiplication and see
how they differ from curves that do not. We proved earlier that there is
an isomorphism 1 between C(C), the complex points on an elliptic curve,
and C/L, the complex numbers modulo the lattice L. Using an isogeny
¢ : C(C) — C(C) and the previous isomorphism 1, we create a map

f: C/L— CJ/L
f) =y opou(z)
that is a meromorphic homomorphism. v has a single pole at z = 0 (since

¥(0) = O), so we need to see whether or not f is holomorphic at 0. Since
f is holomorphic at all z # 0 € C, we can express f(z) as an infinite series,
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ie., f(2) = apx® + a1x' + agx® + .... We also know f is a homomorphism at
all points z; and z, not equal to 0. So

f(z1+ 22) = f(21) + f(22)

for all z1, z5 near 0. Since we are in the group C/L, we can also say

f((z1+22) +0) = f(z1 + 22) + f(0)
= f(21) + f(22) + f(0),

but since f is a homomorphism, we know f(0) = 0. This implies that

[+ 22) = f(21) + f(22)
for all 2y, 2o € C/L. [2]

Theorem 2.12. If f is a holomorphic function (including at z = 0), then
f(z) = cz for some c € C.

Proof: Use the definition of the derivative and the fact that f(0) = 0.0

2]

Remark 2.13. This does not just apply to f, but to any elliptic function
[4, p. 431] (g is one such function).

If ¢ were a fraction or an irrational number, cz would not be an element
of C/L. Therefore either ¢ € Z (in which case, ¢ is the multiplication-by-n
homomorphism), or ¢ € C\ R (with ¢ being a complex multiplication map).

Before continuing down this path, we will discuss matrix representations
of Gal(Q(C[n])/Q) and conclude the next section with Serre’s Theorem,
which ties representation theory together with complex multiplication.

3 Galois Representations

Having defined Q(Cn]) to be equal to Q(xy, y1,...Tpn2, Yn2), where (z;,y;) €
Cn] for all 4, we now wish to understand its Galois group, Gal(Q(C[n])/Q).
Usually, we can do this by examining x; and y; for all .. However, simply
looking at the values of points on an elliptic curve can be confusing (see Ex-
ample 2.1). If we could somehow convert the elements of the Galois group into
something more familiar, we could easily see whether or not Gal(Q(C|n])/Q)
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is abelian, and to which group it is isomorphic. As a result, this section will
explain how to represent Gal(Q(C|n])/Q) as a subgroup of GLy(Z,). We
first will reduce the elements of Gal(Q(Cln])/Q) to C[n]-automorphisms.
We then will create an isomorphism from Aut(C|n]) to GLy(Z).

Theorem 3.1. (Galois Representation Theorem)
pn = Gal(Q(C[n])/Q) — GLy(Zn)

o ﬂa]

7 7 [% 8o

1 a one-to-one homomorphism.

Proof: Instead of trying to directly relate Gal(Q(C[n])/Q) to GLy(Zy,),
we will first discuss Aut(C[n]), the set of group (not field) automorphisms of

C[n]. In the following lemmas, we will show that Gal(Q(C[n])/Q) maps into
Aut(C[n]), and then that Aut(C[n]) is isomorphic to G Ly(Z,).O

Lemma 3.2. Any field automorphism o € Gal(Q(C|n])/Q) induces a group
automorphism g, € Aut(Cln]), where g,(P) = o(P). Moreover,

Gal(Q(Cn])/Q) — Aut(Cln])

o — 9o
18 one-to-one.

Proof: We previously showed that if P € C'(C) has order n, then o(P)
also has order n for all o €Gal(Q(C[n])/Q). Therefore, o acts on elements
in C'[n] and sends them to other elements in C[n]. Because of this, o induces
a group automorphism g, from C[n| to itself such that

go : P — o(P).

In fact, since o is completely determined by where it sends the elements of
C[n], each o maps to a unique g € Aut(C|n|). Therefore, the map

¢ : Gal(Q(C[n])/Q) — Aut(CIn])
o L 9o

is one-to-one. Another, more formal proof involves showing that Ker(y) =
{id}, where ideGal(Q(C[n]/Q)) is the identity map. With composition of
functions as the operation, one can show ¢ is a homomorphism.[]
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Remark 3.3. Even though Gal(Q(C[n])/Q) = Aut(Q(Cn]), we still needed
to prove that ¢ is a one-to-one map, because we are going from a field ho-
momorphism to a group homomorphism. In other words, we are mapping
Aut(Cln]), not Aut(Q(C[n]). The reason this map is not onto is because

there are n! group automorphisms in Aut(C[n]), while there are < n! auto-
morphisms comprising Gal(Q(C[n])/Q).

Lemma 3.4.
vy, Aut(Cn]) — GLo(Zy).

Qg 69]

g —
{79 Og
s an isomorphism.

Proof: Remember that C[n] = Z, @ Z,, and therefore has two generators
Py and P,. In other words, any element in C[n] can be uniquely written as
aP, + bP,, where a,b € Z,. So, for any group homomorphism

g9:Cln] — CIn]

we have
g(P) = g(aPy + bP,) = ag(Py) + bg(P,),

meaning ¢ is completely determined by o(P;) and o(P,).
Of course, since g(P;) and g(P) are both elements of C|[n], they too can
be uniquely expressed in terms of P; and Ps.

9(Pr) = agg(P1) + v49(P),

9(P2) = Byg(P1) + 049(P2).

Expressing this in terms of matrices, we get

((P)atr) = (PP [ ).

Vg

Therefore, we can create a map
Uy Aut(Cn]) — Moo (Z,y,)

Qg ﬁg]

g — |: 79 59
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between homomorphisms and matrices. However, we can reduce Mo,o(Z,,)
to GLsy(Z,,), because v, is a homomorphism under composition of functions.
The reader can check that

Qgop 5goh _ |% ﬁg ap B
Ygoh  Ogoh Yo Og) [Wn On
for any group homomorphisms g and h.
Furthermore, for all ¢ € Gal(Q(C[n])/Q), there exists o' such that

ool =id. If h : P+ o(P), then h™' : P —— o7 1(P). oo™ ! relates to
hoh™' and by the previous lemma, h o h™! corresponds to

Sl

Yo 9] |7, 0,1 |0 1]

This means all of our matrices related to group homomorphisms are invertible
as well, and therefore belong to GLy(Z,). Only the identity homomorphism
will give you the identity matrix, so v,, is one-to-one. In the reverse direction,
for any matrix

an B
[% 5J € GLy(Zy,)

there exists a map h € Aut(C[n]) such that
h(P1) = anh(Py) + ynh(P2),

h(Pg) - ﬁhh(Pl) + (Shh(Pg),

meaning v, is onto.0J [2]

Remark 3.5. Combining Lemmas 3.2 and 3.4 proves Theorem 3.1. Note
that we could have proved that Hom(C[n],C[n]) = Mau(Zy), but we only
wanted to focus on GLy(Z,). This is often the case, since groups only have
invertible elements, as does G'Ly(Z,,) under matrix multiplication.

The study of using matrices to describe groups is representation theory.
The general idea is that matrices are often easier to analyze than the group
elements they represent. This is one such case. Now, instead of trying to
manage complex group elements , we can look at a set of matrices and have
an intuitive idea of the group structure.
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Example 3.6. Consider the elliptic curve
C:y*=2-2

and the set C'[2] of points on C' with order 2. In other words, we need to find
points (z,y) such that y = 0. We find that

0[2] = {O’ (\3/57 O)a (C\d/i 0)7 (62\3/57 0)} = {Oa Py, P, P+ PZ}

where ( = —3+ @ = /1. Since C[2] has both /2 by itself and as a product
with v/3i, Q(C[2]) = Q(¥/2,+/3i). This means that Gal(Q(+/2,v/3i)/Q) has
order 6, and it permutes the three points in C[2]. Therefore Gal(Q(~/2, v/3i)/Q)
is generated by two automorphisms, o and 7, with the properties:

o(V/3i) = V/3i, T(V/3i) = —V/3i
o(V2) = (V2, T(V2) = V2.

Rather than figuring out the group structure using o and 7, we can instead
convert these maps into matrices. Since o(P;) = P, and o(Py) = Py + P», by

. 0 1 .
our previous theorem we can represent o as [1 1] . By the same logic, we

. 1 . . .
can write 7 as 0 1l Now, since v,, is a homomorphism, we can represent

any element of Gal(Q(+3/2,v/3i)/Q) as a matrix. For example, 70 = o7,
50 Up(70) = v(o?T) — v(T)v(0) = v(0o)*v(T) — 1 [1) . With a little more

work, we see this group is isomorphic to S3, which is non-abelian.

By turning our group elements into matrices, we can quickly tell whether
or not our group is abelian, and we can obtain the structure of the group
easily once we find its generators. Of course, we are looking for elliptic curves
whose Galois groups are abelian for all n > 2, so we can forget about the
previous curve. Notice that in this case, Gal(Q(C[2])/Q) = GLy(Zy). In
general, whenever Gal(Q(C[n])/Q) = GLy(Z,), we know the curve does not
give an abelian Galois group. G'Ly(Z,) is never abelian for n > 2 because the

matrices [(1) ﬂ and [? (1)] are both in GLy(Z,) and do not commute with
each other. Therefore, we do not consider any curves that are isomorphic to

GLy(Z,) for any n > 2.
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Theorem 3.7. (Serre’s Theorem) For any elliptic curve C' that does not

have complex multiplication, for a certain sufficiently large p € Z (that is
determined by C), if gcd(p,n) =1, then Gal(Q(Cln])/Q) = GLy(Zy,).

In other words, we disregard curves without complex multiplication.

4 Kronecker’s Jugendtraum for Q(7)
C : y? = 23 + 2 has complex multiplication ¢, where
p:C—C

(z,y) — (==, iy)
has a peculiar property. Notice that for any field automorphism o €Gal(Q(7)(C[n])/Q),

o(p(z,y)) = o(—x,iy) = (=o(x),0(i)a(y))

and
p(o(z,y)) = ¢lo(x),0(y)) = (=0 (x),io(y)).
This Lneans t(];lat o(p(P)) = ¢(a(P)) ifand only if o(i) = i for all o €Gal(Q(7)(C[n])/Q).
In other words,
op(x,y)) = plo(z,y))

for all o €Gal(Q(¢)(C[n])/Q(i)). The extension Q(i)(C|n|) is Galois over
Q(i) for the same reason Q(C|[n]) is Galois over Q.

We can represent both o and ¢ as matrices. p,(o) = f;” ?‘7} ,and let S
be the subgroup of G Ly(Z,,) corresponding to Gal(Q(7)(Cn])/Q(7)). Since ¢
is a field automorphism, it induces a group automorphism ¢ on C[n] (see the
proof of Theorem 3.2). Therefore, v(¢)) = [(Z 2] for a,b,c,d € Z. Since o
and ¥ commute, their corresponding matrices commute as well. This should
not immediately imply that S is abelian. If the matrix A corresponding to
@ is a scalar matriz (a scalar multiple of the identity matrix), then S may
not be abelian. This is because every matrix in GLs(Z,) commutes with
the identity and its scalar multiples. After proving that A is not in fact
such a matrix, we will state why this (nontrivial) commutativity implies that

Gal(Q(z)(Cn])/Q(i)) is in fact abelian.
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Lemma 4.1. B € GLy(Z,) is not a scalar multiple of the identity matrix
modulo d, for all d|n.

Proof:The corresponding endomorphism ¢ has the property that o(¢(x,y)) =
(—(—J]),Z(Zy)) = (CC, _y)7 and thus

p(p(P)) = =P
- . 10 . . .
This implies v(p(p)) — — [0 1] , whose determinant is —1 and therefore is

invertible in G Lsy(Z,,).

Now, if we assume B is a scalar matrix (mod d), then we know that ¢
is really just the multiplication-by-c map for all P € Cld]. Now, consider
o €Gal(Q(:)(C[d])/Q), where (i) = —i (complex conjugation). We know
that this element will always exist in the Galois group, because any element
will either fix each element not in Q or send it to its complex conjugate.
Then

o(e(z,y)) = (—o(x), —io(y)) = —p(o(z,y)).
So 20(p(P)) = 2p(a(P)) = 2¢(o(P)). In particular,

2cP =0

for all P € C[d], since o is an automorphism. Therefore C[d] = C|2], or d|c.
But if d|c,
o(P)=dP =0

for all P € Cld], and this is clearly not the case. The reader can check using
the generators P, = (0,0) and P, = (7,0) that the matrix corresponding to
C2] is [(1) ﬂ + {E)i 2] , which means B is not a scalar matrix.[]

While we have shown that ¢ is a non-scalar matrix that commutes with
Gal(Q(2)(Cln])/Q(i)), this is still not enough to show that the group is
abelian. After all, there is no reason to think that ¢ is actually an ele-
ment of the Galois group, and in fact, it often will not be. However, one can
use linear algebra to prove the following lemma. [2]

Lemma 4.2. All matrices A € GLy(Zy,) that commute with B = [CCL Z}

commute with each other, assuming B # cly (mod d) for some d|n. Fur-
thermore, the set of all such matrices A forms an abelian subgroup H of

GLo(Z,).
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The proof [2, p. 210] of this lemma uses only linear algebra, and not
complex multiplication at all. Since it is not particularly relevant, we will
omit it.

Based on the previous two lemmas, we now know that Gal(Q(¢ )( [n]) / Q(7))
maps into the abelian subgroup H < GLQ(Z ). Therefore, for C': y* = 23+,
Q(4)(Cln]) is an abelian extension over Q(7). Using the exact same reason-
ing as above, we can show that Q(v/3)(C[n]) is an abelian extension over
Q(v/3i) for C : y* = 2 + 1. However, the Jugendtraum has only been solved

for Q(7).

Theorem 4.3. Consider the elliptic curve C : y* = z3+x. Gal(Q(3)(C[n])/Q(i))
is abelian. In addition, if K is any abelian extension of Q(i), then

K € Q(i)(C[n))
for some positive integer n.

While the proof is beyond the scope of this paper, the implications of this
theorem are powerful. The same way Q(¢) contained any abelian extension
of Q for some root of unity, Q(i)(C[n]) contains any abelian extension of
Q(7) for some 7. The reader may recall that Q(¢) = Q(f(z1,...,zy)) for
f(z) = e and certain integers z;. In this case, we can express and point
in C[n] as (p(%e 4 9202) o (G114 @292))  Therefore, as with Q, for abelian
extensions of Q(7), we can create the "bound” for all abelian extensions using
only a single function.

In addition, we can use p to describe any automorphism o € GalQ(7)(Cln]).
Recall that ¢ only permutes x and y values of points in C[n]. This means

o(P) = o(a,y) 3)
= o(p(= + ), (4 22 (4)

= (a1P1 + as Py, b1 Py + by Py) (5)

= (a10(P1) + as0(Ps),b1o(Py) + bao(Py)). (6)

(7)

But remember from Section 3 that o(P;) = aP,++vP; and 0(Py) = fP1+0P,
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with «, 3,7, and ¢ € Z,,. Substituting, we get

O'(P) = (CL10'(P1)—|—6L20'(P2),b10'(P1)+b20(P2)) (8)
= (al(ozPl +’7P2) + CLQ(/@.Pl + (5P2),b1(OéP1 + ’)/PQ) + bg(ﬁpl + (5P2))

(9)

(10)

Remember that Py and P, correspond with p(£-) and p(£2) € C, respectively
(see Theorem 2.4 and Corollary 2.5). So

o(P) :(al(a%+’y%)+a2(ﬁ%+5%), (11)
bl(a%+fy%)+b2(ﬁ%+5%)). (12)

Therefore, this is the Jugendtraum for Q(7).

5 Conclusion: the Jugendtraum for Other Fields

Mathematicians have proved Kronecker’s Jugendtraum for all fields Q(v/—D)
for all positive integers D such that v/D is not an integer. [6] The single
function that describes the "bounding” number field and Galois group is
called the j-function, used by Kronecker, Gauss, Weber, and Hermite in
the mid-1800’s. [6] It is too complicated to even write down in this paper,
unfortunately. Still, Kronecker’s Jugendtraum is unsolved except for these
general cases. It is interesting that the j-function works only for imaginary
extensions of Q, since one usually considers imaginary numbers to be more
difficult to understand than real numbers.

If I had more time to research this topic, I would have liked to at least
begin to understand the j-function, its different representations, [6] and how
it applies to elliptic curves. I also am interested in how this works with
modular forms in determining Ramanujan’s constant e’™v163 — 123(231% —
1)3+743.99999999999925007.... [7] It fascinates me that using three irrational
numbers, two of which are transcendental, gives us a number so close to an
integer, and that one could derive such a concept from elliptic curves. 1
also would have liked to see if there were a way of determining the complex
multiplication of any given elliptic curve, or if such a goal is even possible.
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