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Abstract

For each positive integer k, we investigate the L-function attached to the k-th symmetric power of the
F-crystal associated to the family of cubic exponential sums of z® + Az where A runs over F,. We explore its
rationality, field of definition, degree, trivial factors, functional equation, and Newton polygon. The paper is
essentially self-contained, due to the remarkable and attractive nature of Dwork’s p-adic theory.

A novel feature of this paper is an extension of Dwork’s effective decomposition theory when k& < p. This
allows for explicit computations in the associated p-adic cohomology. In particular, the action of Frobenius
on the (primitive) cohomology spaces may be explicitly studied.

1991 Mathematics Subject Classification: Primary 11199, 14F30

Contents

1 Introduction 1
2 Relative Dwork Theory 4
3 Fibres 12
4 Variation of Cohomology (Deformation Theory) 17
5 Cohomological Formula for M (T) 22
6 Cohomology of Symmetric Powers 25
7 Dual Cohomology of Symmetric Powers 32
8 Newton Polygon of My(T) 36

1 Introduction

This paper represents a continuation in the study of L-functions attached to symmetric powers of families of
exponential sums. Our central object of study will be the family of cubic exponential sums of 23 + Az. Similar
studies have considered the Legendre family of elliptic curves [1] [8], and the n-variable Kloosterman family [10]
[13].

Various approaches have been used to study these L-functions. Dwork [8] used the existence of a Tate-Deligne
mapping (excellent lifting) of the elliptic family to study the symmetric powers; this line of investigation was
continued by Adolphson [1] in his thesis. Another related method is the symmetric power of the associated
F-crystal. This approach was explored by Robba [13] who used index theory to calculate the degrees of such
functions coming from the family of one-variable Kloosterman sums. A third approach, developed by Fu and Wan
[10], used ¢-adic methods of Deligne and Katz to study Kloosterman sums in n-variables. Since we are interested
in the p-adic properties of the zeros and poles, and we believe excellent lifting does not exist for our family when

= —1 mod(3), we take an approach similar to that of Robba’s.

The L-function, denoted My (T), attached to the k-th symmetric power of the cubic family is defined as follows.
Fix a prime p > 5 and let (, € C, be a primitive p-th root of unity. Let A be an element of F,, and denote by
deg()\) := [F,(\) : F,] its degree. Define g := p?9(N). The L-function associated to the cubic exponential sums

Tre 234+ Az
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is well-known to be a quadratic polynomial with coefficients in Z[(,]:

LONT) ==exp [ > Sm()\)% =1 -mNT)(1 = m(N)T).

m>1

The L-function of the k-th symmetric power of this family is defined by:

k
My(T) := H H(l — i (A) i (AT des ()1

A€|AL|i=0
where |A!| denotes the set of Zariski closed points of Al. The main theorem of this paper is the following.

Theorem 1.1. Let k be a positive integer.

1. My(T) is a rational function with coefficients in Z[(,]. Further, if p = 1 mod(3), then the coefficients
of My(T) lie in the ring of integers of the unique subfield L of Q((p) with [L : Q] = 3. However, if
p = —1mod(3) then My (T) has integer coefficients.

2. For k odd, My (T) is a polynomial and satisfies the functional equation
My (T) = T M;, (p_(k+1)T_1) (1.1)

where ¢ is a nonzero constant and 6 := deg M. Furthermore, if k is odd and k < p, then My(T) has degree
(k+1)/2, and writing
Mp(T)=1+caT+cTH+---+ C(k+1)/2T(k+1)/2,

a quadratic lower bound for the Newton polygon is given by:

(p—1)7

ordy(cm) > 3

(m? + (k + 1)m)

form=0,1,....(k+1)/2.

3. For k even, we may factorize My(T) as follows:

Nk(T)]T/fk(T) for k even and k < 2p

M (T) = 7
k(T) {W for k even and k > 2p

where Mk(T) has degree < k and satisfies the functional equation (1.1), and

Np(T) = (1 — p*/27)™* if p=1 mod(12)
= (1 — (—g)*/2T)™ if p=5 mod(12)
= (1 — pF/2T)™ (1 4 p*/2T)™ =" if 4|k and p = T mod(12)
= (1 — pF/2T)yme=me (1 4 p*2T)™  if 4tk and p = T mod(12)
= (1 —g"2T)™ (1 4 gF/2T)™ =" if 4k and p = 11 mod(12)
= (1 — gF2T)y™e = (1 4 gF2T)™  if 44k and p = 11 mod(12)
where
e &| ik P £ AR
L%J if 4tk W Atk

and where g is the complex conjugate of the Gauss sum g := g2((p? — 1)/3) (see §4). Note, we conjecture
Qr(T) always equals 1; see the conjecture below.

The lower bound for the Newton polygon is obtained using an extension of Dwork’s “General Theory” (see
[5]). This theory produces an explicit algorithm to compute elements in cohomology. More specifically, given an
analytic element & on the level of the cochain (/\/l,(lk)(b’7 b) in our notation) with known growth rate, Theorem 6.3
describes the growth rate for the reduction ¢ of this element in the cohomolgy H}. Since we are able to easily



understand the Frobenius action on the cochain level in terms of growth rates, we can translate this into growth
rates in cohomology. The lower bound of the Newton polygon follows (see Theorem 8.1).

We expect the lower bound may be improved to %(m2 + m + mk). This would be optimal since, for k = 3
and p = 7, Vasily Golyshev has computed ord,(c1) = 5/3 which coincides with this predicted lower bound. This
expected lower bound follows from the general philosophy that as p — oo, the Newton polygon equals the Hodge
polygon (see [17, Conjecture 1.9] [20]). (Note, the £m term is just an artifact leftover from the divisibility of the
Frobenius matrix by p*/ 3.) We believe this lower bound will also hold for k even and k < p.

Looking for lower bounds of this type are inspired by a reciprocity theorem of Wan’s [16]. The Govéa-Mazur
conjecture predicts a certain (essentially linear) upper bound related to the arithmetic variation of dimensions
associated to classical modular forms of weight k on I'y (N) NTg(p), with (N, p) = 1. To prove a quadratic upper
bound for this conjecture, Wan [16] proves a reciprocity theorem which cleverly transforms a quadratic uniform
lower bound for the Newton polygon associated to an Atkin’s operator on a space of p-adic modular forms into
a quadratic upper bound for the Govéa-Mazur conjecture.

At this time, we are only able to prove a lower bound for the Newton polygon when k is odd and k < p. The
reason for the second restriction comes from certain rational numbers in the proof of our decomposition theorem
(Theorem 6.3). Their denominators are p-adic units when k < p, but are often not units when k > p.

We believe the obstruction to proving a similar bound for k even and k < p lies in the underlying variety, or
motive, associated to the k-th symmetric power, being singular. Evidence for this is given in Livné [11]. In that
paper, Livné relates the k-th moment of the cubic family az® + bx to F,-rational points on a hypersurface Wy, in
P*=2. When k is odd, W}, is nonsingular, but when k is even, W}, has ordinary double points. Livné overcomes
this difficulty by embedding Wy in a non-singular family. Interestingly, Dwork proceeds in a similar manner
when trying to generalize his effective decomposition theory [5, §3d], which works well for non-singular projective
hypersurfaces, to singular ones [6]. We are curious whether one can adapt these methods to the current situation.

A first step in this direction may lie in a partial effective decomposition theorem (Theorem 6.12) proven when
k is even and k < p. Even though the theorem does not give complete information about the cohomology, it does
produce several non-trivial basis vectors of the cohomology and some information concerning the lower bound of
the Newton polygon.

Another topic is the denominator of M (T'). As we shall see in §5 and §7.1, M, (T') is a quotient of characteristic
polynomials of Frobenius matrices acting on cohomology spaces:

Ni(T)det(1 - BxT|PH})
det(l — kaT|H2)

M (T) = (1.2)

The polynomial Qx(T) is defined as det(1 — pBxT|HY). For every odd k, or for every even k with k < 2p, HY has
dimension zero. We suspect this is always true:

Conjecture 1.2. H,S = 0 for all positive integers k. Consequently, My (T) is a polynomial for all positive integers
k.

Our methods also allow us to study the L-function, denoted My (d,T), attached to the symmetric powers of
the family z¢ + Az, when d is not divisible by p. In particular, we are able to prove:

Theorem 1.3. M;(d,T) is a rational function with coefficients in Z[(p]. If r:= (d,p—1) then the coefficients of
Mi(d,T) lie in the ring of integers of the unique subfield L of Q((,) with [L : Q] = r. In particular, if (d,p—1) =1
then My (d,T) has integer coefficients.

We begin the paper by defining a relative cohomology theory (the so-called d-Airy F-crystal) tailored specifi-
cally for the family x% + ax, where a is the parameter. This will be a free module M, (¥, b) of rank d over a power
series ring L(b'). It will carry an action of Frobenius a(a) and a connection 9,. As we shall see in §3.1, when we
specialize the parameter a to a lifting in @p of an element Z € F;, the relative cohomology reduces to a C,-vector
space M., and the L-function of 2% + Zz has the cohomological description as the characteristic polynomial of
the Frobenius on M,:

L(z% 4 22, T) = det(1 — a. sT|M,)

We then prove explicitly the functional equation for this L-function via Dwork’s theory. This means defining
a relative dual space R” . ,(b',b) to My o(V',b), and an isomorphism O_, , between them which relates the

—T,a

Frobenius a,(a) to its conjugate dual operator a* _ (a):

1

@—Tr,ap = pi aw(a) © @—71'711 © @iﬂ(a)'

Lastly, we find the exact p-adic order of the entries in the Frobenius matrix &(a). This allows us to explicitly
describe the Newton polygon of L(z? + zz,T); see §3.1.



Next, for d = 3, the connection 9, on the relative cohomology produces a system of differential equations,
the Airy differential system, which has only an irregular singular point at infinity. The (dual) Frobenius is an
isomorphism on the local solutions of this system and so, locally, is given by an invertible constant matrix M.
For local solutions near 0, M may be explicitly described in terms of Gauss sums. When the solutions are near
infinity, M may be explicitly described in terms of the square roots of p or Gauss sums g; see §4.1 for details. The
description of M depends on the congruence class of p modulo 12 and is the main reason for so many different
forms of Ni(T) in Theorem 1.1.

In §5, we present the general theory for a cohomological formula for M (T') following the work of Robba. In

short, the k-th symmetric power of the free module M, (V',b) is another free module Mgk)(b’ ,b) which carries
a new action of Frobenius fj which is built from the k-th symmetric power of the Frobenius a(a), and a new
connection which is also denoted 9,. This means we are able to take cohomology once again, creating the finite
dimensional Cp-vector spaces Hy and H]. The cohomological formula for M (T) is equation (1.2) above.

In §7.1, we shall see that the dual space of H} splits into three parts: a constant subspace (C’;H, a trivial
subspace Ty, and a primitive part PH}*. For the first two, the action of Frobenius is explicitly described. These
descriptions lead to the polynomials Py (T) and N (T) described in Theorem 1.1. The action of the Frobenius on
PH ,i* is more difficult to understand, however, we are able to present the theory for the functional equation of
Mk(T). This is similar in nature to that of L(z% + zz,T), yet different since the analogous operator to that of
@,ma has a kernel which must be dealt with.

In §6, we present an effective decomposition theory for the cohomology space H ,} when k is odd and k < p.

More precisely, an explicit procedure is described which takes an element & of M(k)( b) and produces its reduction

€in H} = ./\/lt(lk)( b)/ 8@4&“( ). As an application, we may compute a non-trivial lower bound for the entries of
the Frobenius matrix G acting on PH ,1 This produces the quadratic lower bound for the Newton polygon given
in Theorem 1.1; see §8.
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conversations, Zhi-Wei Sun for his proof of the combinatorial formula (6.4), Vasily Golyshev for pointing out
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referees for suggesting many improvements and corrections.

2 Relative Dwork Theory

2.1 Relative Cohomology

In this section we define and study a cohomology theory specifically suited for the more general family z? + ax
with p { d. While the growth conditions on the Banach spaces L(b'; p) and K(b', b; p) below may seem elaborate,
they will allow us to obtain a detailed description of the associated cohomology, as well as, provide us with
an efficient means of reduction modulo the operator D,. As an arithmetic application, in §2.6 we are able to
explicitly study the action of Frobenius on the relative cohomology space H, (b, b) defined below.

Let d be a positive integer relatively prime to p. Let b and b’ be two positive real numbers. We will assume
throughout this section that b > b > 0. With p € R, define the spaces

'ip) = {i Bia' : ord(B;) > V(1 — 1/d)i + p,Vi > 0}

L) == | J L®:p)

pER

K@ b;p) :={>_ Bia'a’ : ord(Bij) > V(1 —1/d)i + bj/d + p,Vi > 0}
4,720

= U ’C(bl>b; p)

peER
V(' b; p) <€BL ) NK®W,b;p)
= [J v, bp).

pER

Notice that (¥, b) is an L(b')-module.



Fix m € C, such that 77~! = —p. Define D,, an L(b')-module endomorphism of K(b',b), by
D, = xi + m(dz? + az)
“ T ox '
It is useful to keep in mind that, formally,

0
D= e o5 D g grtatens) (2.1)

Note, we need to use the word “formally” because multiplication by em(@*+a2) 5 not an endomorphism of (¥, b).
Using this, we may define a relative cohomology space as the L(b')-module

Ha (b, b) = KV, b)/ DKV, ).

As the following theorem demonstrates, H,(b',b) is a free L(b’)-module of rank d.

Theorem 2.1. Let b be a positive real number such that e :== b — p%l > 0. Then, for every p € R we have

K, b;p) = V(V,b;p) @ DJC(V, b5 p 4 €)

and
K, b) =V, b) ® D, b)

Furthermore, D, is an injective operator on IC(b',b).

Remark 2.2. We will prove this theorem using Dwork’s general method [5] which consists of the following six
lemmas. Note that the last three lemmas follow automatically from the validity of the first three.

Lemma 2.3. Define H := n(dx® + az). Then for every p € R
KO, b;p) =V, b;p) + HE® b p + e).

Proof. Note, it is sufficient to prove this for p=0. Let u =3, -, Bsna’z™ € K(b',0;0). We may write this as

u = Z Cpz™ where C, = ZBS,naS.

n>0 s>0

For each j > 0, define '
i (@)
A=Y (—1) (E) Caitd+(j—i)-
i>0

With A_; := 0, a calculation shows that « = P + H(Q where

a ; 1 )
P = - (C; — gAj_l)xj and @Q:= = Zijj.
Jj=0 720
It is not hard to show P(a,z) € K(V/,b;0) and Q(a,z) € K(b',b;e). O

Lemma 2.4. HK(Y,b) N V(¥,b) = {0}.

Proof. Suppose
m(da? + ax) Y Bjal = Co+ Cra+ -+ Cqyz™!
J=0
where > Bjz? € K(V,b), Bj € L(V'), and the right-hand side is in V(b',b). For each j > 0, the coefficient of
%7 on the left-hand side of the above equals zero:

a
7TdBj + 7de+j,1 =0 = Bj = —EBd+j,1.

Bj = (d) Bid—i+j'

Thus, By is divisible by a’ for all i > 1, and so B; must equal zero. O

Tterating this ¢ times yields



Lemma 2.5. If f € K(V/,b) and Hf € K(b',b;p), then f € K(b/,b;p+ e).
Proof. Write f = 3.5, Ajz’ where A; := 37, Gija’. Now,
HZijj = Zle‘j e K, b; p)
Jj=0 Jj=0
where Cj := 37, Bija’. In particular, this means
Z[dA] a+aA; 1)z ZC .
j=d j>d

Thus,
a 1 .
Aj = _EAjer*l + %Cﬂd for every j > 0.

Iterating the A’s on the right-hand side N times, we obtain the formula:

o), N ot
AJ‘:T j+N(d-1) T Z di JHd(it1)—i-
=0

Specializing a with ord(a) + b'(1 — %) > 0, then finding 6 € R such that f € K(V/,b; ) we have
(—a)N

—a 1 )

ord( 7

Since b > ¥/, the coefficient of N is positive. Thus, for a specialized, letting N tend to infinity we have:

—a\' 1
Aj = Z (d) %Cj+d(i+l)—i

i>0

= Z Gr,jar

r>0

where

|
Grj = Z(_l)szrfi,qud(iJrl)fi-
i=0

It follows that f(a,x) =3, 5 Grja 2 € KU, b;p+e). O
Lemma 2.6. For every p € R, K(V',b;p) = V(V',b;p) + D (W', b;p+ ¢€).

Proof. Tt is sufficient to prove this for p = 0. Let f € K(b,b;0). Set f(© := f. Then there exists a unique
n© € V(¥',b;0) and £© € K(b', b; e) such that

FO Z ) 4 pe©
Define
FO L2 O _ 0 _ p©)
0
= 26O c KW, b;e).
v5-E0 € KV, bie)

Then, there exists a unique n(* € V(',b;e) and €1 € KC(b', b; 2¢) such that

FO Z O 4 e,

Define
f@ = @ _ @ _p e,

Continuing h times we get:
f) = (=) _p(h=1) _pe(hm)



Adding all these together, we obtain

h—1 h—1
F = O Zn(i) — D, Zf(i) € KV, b; he).
=0 1=0

Thus, as h — oo, f™ — 0 in H(V,b), leaving

F=Y"0D 4D, "D e v, b) + DKV, b).

i>0 i>0

Lemma 2.7. If f € K(V/,b) and D,f € K(b',b; p), then f € KV ,b;p+e).

Proof. If f # 0, then we may choose ¢ € R such that f € K(b',b;¢c) but f ¢ KC(b/,b;c+ e). By hypothesis,
D,f € K, b; p), thus

Hf = Dof — xaﬁf e K, b; p) + KV, bs¢) = K, b;1)
x
where [ := min{p, c}. Thus, f € K(V',b;] + e) which means [ # ¢. Hence | = p as desired. O
Corollary 2.8. ker(D,|K(V',b)) = 0.

Proof. Suppose D,(f) = 0. Since 0 € K(V',b; p) for all p € R, by the previous lemma, f € IC(V',b;p + e) for all
p € R. However, the only element with this property is 0. O

Lemma 2.9. D, (', b) N V(¥,b) = {0}.

Proof. Let f € D,K(b',b) N V(¥,b) and suppose f # 0. Choose p € R such that f € K(¥,b;p) but f ¢
K, b;p+e). Also, let n € K(b',0) such that D,n = f. By Lemma 2.7, n € K(b/,b;p + €) and so f — Hn =
2y e K(U,b;p+e). Thus, there exists ( € V(V/,b;p+e) and w € K(V',b; p + 2€) such that

0
x%n—g—i—Hw.

This means f = ¢+ H(n+ w). Since f € V(¥,b) we must have f = € V(V,b;p+ ¢). But this contradicts our
choice of p. O

Remark 2.10. Notice that in the proof of Lemma 2.3 that if w is divisible by «, then P is also divisible by «
but @ need not be. From this and the proof of Lemma 2.6, if f € K(b,b; p) is divisible by = then when we write
f=320n + Dy Y50 €W in the decomposition of K(V,b;p) = V(V,b;p) & DKV, b;p + €), then > 0@ is
divisible by 2 but 3" £¢® need not be. This will be important when we define the relative primitive cohomology
in §2.4.

2.2 Relative Dual Cohomology

In the last section, we saw that {z}9=] is a basis of the L(b')-module H,(b',b) := K(V',b)/DaK(',b). In this
section, we will describe a dual space of H,(b,b) and compute its dual basis via a nondegenerate pairing.
Let b* be a positive real number with b > b*. Define the L(d')-module

K*(¥,b*) = ¢ Y Bija'z™| iZ_rljf(ord(BZ—j) —(b'(1 - %)z’ —b*j/d)) > —oc
i,5=0 ’

Define the pairing (-,-) : K(b',b) x K*(V/,b*) — L(V') as follows. With g* € K*(b',b*) and h € K(V',b), thinking
of the variable a as a constant, define

(h,g*) := constant term w.r.t. = in the product hg*.

For clarity, we will write this out explicitly: with g*(a,z) := > ;50 Aj(a)z™7 € H*(V',b*) and h(a,z) :=
250 Bj(a)z’ € KV, b),

(h,g*) := iGsas where G, = i Z AirBj;.
s=0 r=01i+j=s



This defines a perfect pairing (or nondegenerate pairing) in the sense that no nonzero element g* € K*(b,b*)
exists such that (h, g*) = 0 for every h € K(b',b) and vice versa.
Define the truncation operator Trunc, : Cpl[a, 2¥!]] — C,[[a,z~!]] by linearly extending

Trunc,(z") := * 1 n<0 .
0 ifn>0
Define the K£*(b', b*)-endomorphism
* 0 d
D= —xa— + Truncg[r(dz® + ax)]
x
= Trunc, [e”(wd'“”) o —x% o 6_W(md+m)]' (2.2)

The operators D, and D7 are dual to one another with respect of the pairing. That is, for every g* € K*(V/,b*)
and h € K(b',b), we have
(h,D3g") = (Dah,g").
To see this, notice that the operator Trunc, does not affect constant terms (with respect to z), and so,
Truncy[r(dz? + az)] is dual to m(dz? + ax). Next, that —z-Z is dual to 2:Z follows from the Leibniz iden-
i d d d
x%(hg*) = x%(h)g* + hx%(g*)
since the left-hand side has no constant term.
Define the L(b’)-module
Rao(V',0%) := ker(D:|K* (b, b%)).
We wish to show that R, (b’,b*) is the dual space of H,(V',b).

Theorem 2.11. Let b > zﬁ >b >0, and b > b* > 0. Then Ry (V,b*) is the algebraic dual of Ho(V',b).
Furthermore, dual to the basis {x'}{=} of Ha(b',b) is the basis {g;(a)}'=g C Ra(b,b*) which takes the explicit

form: g5 =1, and fori=1,2,...,d—1

i+d—2 oo I_L L l)J

_ g\ mr=i)=dj
Z Z Z W <da> ;Uf((dfl)lJrr).

r=i =0 ;=0
where ‘77 indicates some determinable nonzero integer.
Proof. Tt is clear that g§ = 1 is the dual vector of 1 € Hy(b,b). For i = 1,...,d — 1, let g(a) := 7% +
ijd Bj(i)x_j. Let us determine these BJ(-i).
From D (g (a)) = 0, the coefficients BJ@ must satisfy the recurrence relation
B, = gl - 4nil.
Thus, from the initial conditions given by requiring (27, g (a)) = d;;, where §;; is the Kronecker delta symbol,

each B](»i) may be uniquely solved by a series of the form indicated above.

Next, notice that the p-adic order of the coefﬁcient of al=(r==dig—((d=1)l+r) jp g7 (a) is bounded below by
_ (d=1)j+(r=i)
1

pr since d is a p-adic unit. Since b > 572 b > 0, we have

_(d_lijjl(r_w >y (1_;> (l—(r—i)—dj)—g((d_l)l+T)-

This means g} (a) € K* (', b*;0).

To show {g?(a)}?=} is a basis of R,(¥,b*), we need only show that they span R, (b, b*) since it is clear that
they are linearly independent. This is demonbtrated as follows: Let h* € R, (b, b*) and define h; := (x%, h*) for
eachi=0,1,...,d—1. Next, define h* := h*— Zl B ! higi(a). We wish to show h* = 0. Now, h* = >oi>0 ﬁ;(a)x*j,

and by cgnstructlon, hi =0fori=0,1,...,d—1. Using the reduction formula drz"*? = D, (x™) —na" — wax" !
and DX (h*) =0, it is easy to see that

R g = (x4t h*) ZA hi=0

where A; € L(V'). Hence, h* = 0 as desired. O



2.3 Relative Dwork Operators
In this section, we define the Dwork operator @(a) on the relative cohomology H, ( b), and its dual a*(a) on
Ra(b',b). Throughout this section we will fix real numbers b and 0" such that 2= > b> = and >V > 0.
Fix 7 € C, such that 7P~! = —p.

Dwork s first sphttmg functlon on F,, is O(t) := ™) = 37 0,¢'. Tt is well-known [12] that ord(6;) > pz;li
for every i. Also, 6; = ﬁ for each 1 =0,1,2,...,p — 1. Next, define

exp(z? + azx)

F =
(a,2) exp m(z% + aPxP)

= 9(zh)0(ax).

Writing F(a,z) = 3,5, Hy(a)z" with H,(a) = Z-Lr/dj 0;0,_q;a"~ % then the coefficient of a"~%z" satisfies

ord(0;0,—q;) > b'(1 — 3)(r — di) + (b/p)r Consequently, F(a,z) € K(b',b/p). Tt follows that multiplication by
F(a,x) is an endomorphism of (¥, b/p)
From the Cartier operator defined as

by (W', b/p) — K(b',b) takes ZBi(a)xi — ZBpi(a)xi,
— —

we may define the Dwork operator
ala) ==, o F(a,z) : K(b',b) — K(b',b).
It is useful to keep in mind the formal identity:
ala) = e~ m(@tara) o g © (@ +az) (2.3)

Since pr oty = 1y oz, and for any u € Cy[[z]], u(z) o 1y = ¥, o u(aP), equations (2.1) and (2.3)
demonstrate that a(a) o D, = pDgr o a(a). Consequently, a(a) induces two L(b')-linear maps on the relative
cohomology: @(a) : Ha(b',b) — Her (b, 0) and a(a) : ker(Dg|K(V', b)) — ker(Dgr |V, 1)).

Remark 2.12. Let us show @(a) is an isomorphism by creating a right-inverse on the co-chain level which will
reduce to an isomorphism on cohomology. Denote by F_,(a,z) the replacement of 7w by its conjugate —7 in
F(a,z). Notice that F_(a,z) = F(a,z)~! € K(V',b/p). Define the Frobenius map

@, : Cplla, 2™ — Cplla,z*P]] by linearly extending = + aP.
Next, define the endomorphism a(a)~! := F_,(a,z) o ®, : K(b',b) — K(¥,b) and note
a(a)fl _ effr(:cd+az) o®d, o eﬂ'(zd+apz)'

From this and (2.3), a(a) o a(a)~! = id. Warning, a(a)~! is not a left inverse of a(a).
Next, from (2.1) and the relation p®, o xd‘l Th 8 o ®,, we see that

pa(a) ' o Dy» = D, 0 afa) ™.

Hence, a(a)~! induces a mapping &(a)™! : Har (', b) — H,(V',b) which satisfies a(a)a(a)™! = id. Since these
maps are acting on free L(b')-modules of finite rank, &(a) must be an isomorphism.

Dual Dwork Operator. Define the operator a*(a) : K*(b',b*) — K*(V',b*) by the following:

a”(a) : = Truncg[F(a,z) o ®,]

T(@haw) o § o e (@i taa)], (2.4)

= Trunc,e

Notice that ¢, and ®, are dual operators in the sense that for every ¢g* € K*(b',0*) and h € K(V',b), we have

(Yzh,g*y = (h,®,g*). Next, since the operator Trunc, does not kill any constant terms (with respect to x),

Trunc,[F(a,z)] is dual to F(a,x). Putting these together yields the duality between o*(a) and «(a). By taking

the dual of a(a) o Dy = pDgr 0 a(a), we have pa*(a) o D}, = D} o a*(a). Therefore, a*(a) induces a mapping

a*(a) : Rar(V,0%) = Rq(b,0*). Moreover, a(a) : Hqo(b',0) — Her (V',b) and a*(a) : Rar (Y, 0%) — Ry (V,0*) are
dual to one another with respect to the pairing (-, ).



2.4 Relative Primitive Cohomology and its Dual

Define the L(b')-module
(', b) := {g € K(b',b)|g is divisible by z}.

Notice that a(a) and D, are well-defined endomorphism of z/K(b',b). Define M, (¥',b) := xzK(b',b)/ D (Y, b).
From Theorem 2.1 and Remark 2.10, M, (¥, b) is a free L(b')-module with basis {z?}¢= .
Since we still have pDgr 0 a(a) = a(a) o Dy, a(a) induces a mapping

ala) : My (b',b) — M (b, ).

Using a pairing identical to that between H,(b',b) and R, (b',b*), we see that the subspace generated by 1 in
Ra(b',b*) is the annihilator of M,(¥',b). Hence, the dual of M, (V',b) is the free L(b')-module R, (¥, b*) :=
Ra(V,b*)/(1) with basis {g;(a)}?=}. Dual to a(a) is a*(a), induced by a*(a), and this map takes R, (b, b*)
bijectively onto R, (V/,b*). Notice that a*(a)(1) = 1.

2.5 Relative Functional Equation

So far, we have fixed a solution 7 of the equation 2zP~' = —p. Since we are assuming p is odd, —7 is also a
solution. Let us see how we would have proceeded had we used —m. But before we do this, we need to modify our
current notation to keep things clear. Let us denote the operator D, by Dy ., the space My (V',b) by My (b, b),
and the Dwork operator @(a) by ax(a). Also, denote by R o(V',b*) and o (a) the dual space Rq (', b*) and dual
Dwork operator a*(a).

Now, had we used D_r , := x5 — w(dz? + ax), then H_r o(V/,b) := K(V/,b)/D_ K(V',b) would still be a
free L(b')-module with basis {z?}921. Let M_, ,(b',b) := 2K (V,b)/D_ JC(V, ).

Using the same pairing as that between Hy,(b',b) and R, (b',b*), the dual of H_, ,(V',b) is the space
R_ra(b',0%) = ker(D*, |K*(0',0*)). Clearly, a basis for the latter space is {g*, 4=} where we have re-
placed 7 for —m in the formulas given in Theorem 2.11. Next, dual to a_(a) 1= ¥, o F_z(a,x) is a* .(a) =
Truncg o F_r(a,z) o ®,. Notice that o _(a) : Ry o» (b/,0*) = R_y o(b/,0").

Define ©_, o := —:ca% — 7(dx? + ax); it is useful to view this map as both Dz ., without the truncation
operator, and as —Dr ,. By definition, R_, ,(b',0*) is the kernel of D* . = Trunc, o ©_; .. Thus, if {* €

R_ra(,b*) then ©_ ,&* will consist of only a finite number of positive powers of z. That is, ©_ , defines an
L(b')-linear map

Q

O_ra: Rona(t/,b%) — zL(V)[x].
We view the right-hand side as a subset of K(b,b"). Therefore, by reduction, ©_ , induces the mapping

O o R naV,b*) = HealV,b).

Notice that ©_r (1) = —=Dr (1) = 0 in Hy o(V,b). Also, writing g ;(a,2) = 2’ + 3.5, B](-i)(a)a?_j as in

the proof of Theorem 2.11, we see that ©_r 4(g* . ;(a,2)) = —dmz~" for each i = 1,2,...,d — 1 since g* _; is in
the kernel of D* _  and so all negative powers of x vanish, including the constant term.

—m,a

It follows that ©_, , induces an L(')-module isomorphism

O_ra: R, ,0°) = My o(b,0).

With £* € R. . ,(V',b), we have
eTTEH 0 B, 0TI (E7) = a1 (a)(€) +)
where n € L(b')[z]. Applying ©_, , to both sides we have
d a4 aPr * — % *
pe @ H) o o @ HIDG (€)= O 0@ (a)(€F) + O _ra(n)
which we may rewrite as

O_rar (&) = p tag(a)o O_rq0a’ (a)(&") — Dy ar o ax(a)(n).

It follows that o o
O _rar =p tag(a) 0O _r,0a" (a) (2.5)

This is the functional equation. Notice that it relates the conjugate dual Dwork operator a* . (a) to the inverse
Dwork operator &, (a)~?!.
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2.6 Frobenius Estimates

Let 2(a) = (A;;) be the matrix of @(a) with respect to the basis {z'}9=}. In this section, we will determine
the p-adic order of ;; as a function of a. Fix b := (p —1)/p and b’ := b/p. Recall from §2.3 that F(a,z) =
Svso Hr(a)z" € K(V,b';0). Thus, ord(H,(a)) > b'r/d for all ord(a) > — (<) ¥. For i =1,2,...,d — 1, since
zt € KV, b'; —ib' /d), we see that F(a,x)z! € K(V',b';—ib'/d), and so a(a)z® € K(V,pb’; —it//d). From Lemma
2.6,

d—1
a(a)a’ €Y Wj(a)a? + DK, b)
j=1

for some A;; € L(b'; %'(pj —1)). This means

P(oi ¢ _
ord(2;j(a)) > l)(#‘ll) for all ord(a) > — <ddl) b.

A better estimate than this is often needed for applications. For this, we offer the following exact order for ;.

Notation. Let f(a) be an analytic function over C, convergent on ord(a) + p > 0. We will write f(a) =
h(a) + 0,(>) if there is an analytic function h(a) such that ord(f(a)) = ord(h(a)) for all ord(a) + p > 0.

Theorem 2.13. Suppose d > 2 and p > d+ 6. Then there exists € > 0 which depends on p and d such that

pi—i—(d=1)ri;

A s — pj—i—dri; .
J(a) T’ij!(pjfide‘ij)!a to <>)

where 15 1= ijd_iJ. (Note: € — 0T as p tends to infinity.)

Remark 2.14. As a consequence, the p-adic absolute values of the entries of the Frobenius 2((a) are constant on
the unit circle |a| = 1.

Proof. Recall from §2.3, we may write Fl(a,z) = > <, H,(a)z” with H,(a) := Zi[;/odj 0,0,_aqia"=% € L(b;V'r/d).
In zK(V',b), we have B
a(a)r’ =, o F(a,z)z’ = ZHpj_ixj.
Jj=1

From Lemma 2.3, we have
a(a)z’ = pigx + piga® + - Ni,d—lxd_l + 7m(z? + az)Q,

for some @, where

a , (AT
frij = Hpj—i — P Z(_l) (E) Hplar+d+j—1-r]—i- (2.6)
r>0

Step 12 1 = e 0,5 where 1 [252]
Recall that 8, = 7" /r! for r = 0,1,...,p— 1. Consequently, notice that for [MJ(FU—‘ <r< {%J, since

1<4,7<d—-1 and p > d, we have both

P ij—i—dr
0, =— and Opi_i—gr = ——.
" pj—imdr (pj —i—dr)!

Motivated by this, let us split H,;_; into two sums:

[w-l_l L%J ﬂ.pj—i—(d—l)r

- o j—i—dr S
r=0 T:[p(Jfl)d*(lfl)"
Step 1 follows after some elementary tedious calculations.
Step 2: p;; = Hpj—; + 0.(>).
Now,
a r+1 / / . 3 /
(5) " Hyarsars-1-01-1 € L (0 /d)pldr +d +j =1 =r) =] =¥+ 1)),
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and so, the infinite series in (2.6) is an element in L(b'; (b'/d)(pd — pj —p — i) — b'). Comparing this with H,;_;
from Step 1, after tedious calculations, Step 2 follows.

Step 3: Ai; = pi; + 0c(>).
In the notation of Lemma 2.6, p;; = n©, and so, continuing this notation

Qlij — Mij = Zn(T)

r>1

with (") € L(b; (b /d)(pj — i) + re) where e := b — p%l > 0. Thus, the series on the right-hand side is an element
of L(V'; (b//d)(pj — i) + e). Step 3 follows. O

3 Fibres

3.1 L-function of the Fibres: L(z¢+ zz,T)

By elementary Dwork theory [12], Dwork’s first splitting function 6(t) := exp w(t — t?) converges on the closed

unit disk D*(0,1) and #(1) is a primitive p-th root of unity in C,,. Let z be an element of a fixed algebraic closure

of F, and let s := [F,(Z) : F,]. Denote by z the Teichmiiller representative in C, of Z; notice that zP"~! = 1.
Letting f>(z) := 2% + Zz, we may define for each n € Z~ the exponential sum

Sa(fz) = Z 9(1)T’“Fpsn/Fp(f +z2)

zeF;n

The associated L-function is T
L*(f:,T) = *(£2)—).
(f2:T) = exp(y_ S5(f2)——)
n>1
Dwork’s splitting function #(t) defines a p-adic analytic representation of the additive character 6(1)77(),
With
F(z,z) := 0(z))0(22),

by standard Dwork theory, we have (with x the Teichmiiller representative of Z in Cy)

O(1) T eren @D P gy P(eP ) P 2T,

Therefore,
Si(f)= Y. F(zna)F(a?)--F" e,

wECP,a:P"S_1:1
We now return to our current situation. Let Z,z, and s be as above. Let b and b’ be real numbers such that
ijl >b> ﬁ and b/p > b > 0. Define the spaces
K(b), := (K(b',b) with the variable a specialized at z)
zK(b), := {h € K(b),|h is divisible by z}.
From Theorem 2.1 and §2.4,
H,:=K(®),/D,K(), and M, :=xzK(b),/D,K().
are C,-vector space with bases {z f;ol and {z° ;-1:_11, respectively. Dual to these are the spaces
R, := (Ra(b',b*) with a specialized at z)
R, := (R, (b',b") with a specialized at z).

Since, with respect to the basis {27}9=) of both H,(b',b) and Ha» (b, b), the matrix of @(a) has coefficients
in L(V'), we may specialize @(a) at z. Define &, := @(a)|,=.. Notice, &, : H, — H,» is an isomorphism from
Remark 2.12.

It is well-known that c, is a nuclear operator on the space K (b).. Thus, since 27"~ = 1, the trace formula
for nuclear operators [12, Thm 6.11] tells us that

P® = D)Trpuc(az s K(b),) = p°Tr(a, s|ker(D,|K(b),)) — Tr(a,s|H:)

12



where
Oz s 1= QUps—1 0"+ O Qup Oy

On the other hand, Dwork’s trace formula tells us that

(0" = DT rnue(oz o[ K(b).) = > FP 2’ ) o F(eF,a")F(z,x).

P —1=1

Observe that the right-hand side is just Dwork’s p-adic analytic representation of the character sum S} (fs). That
is,

(p° = ) Trpuc(az,s|[K (b)) = Sy (fz)-

Since v sn = (a;,s)™ we may use the trace formula to generalize this to
Sp(fz) = p*"Tr(aZ ,|ker(D.|K(b).)) — Tr(aZ (| H-).
Using the well-known identity exp(— Tr(A”)TT") = det(1 — AT) for finite square matrices A, we obtain
T?’L
L*(f:,T) = eXP(Z SZ(fz)Y)
n>1

B det(I — &, T|H,)
~ det(I — p*a, sT\ker(D,|K(b).)

From §2.4, we know that o ; has 1 as an eigenvector with eigenvalue 1. Thus,
det(1 — o [T|R.) = (1 — T)det(1 — c‘u;ST|R'Z).

Also, ker(D,|K(b).) = 0 by Theorem 2.1. Therefore, since det(1 — a; [T|R) = det(1 — a. sT|M.),
L*(f.T) = (1 - T)det(1 - &.,.T|M.)

d—1

=(1-7) ][] -m(2)1) € ZIGT)-

=1

Equivalently, for every n > 1,
=Sn(fz) =1+m(2)" +--- +ma_1(2)"

Now, had we used Z = 0 in the definition of the character sum SX(f:), that is,

TEan /B, (30 +2E
Sulf) = 30 6) )

ZEF,sn
then since S, (fz) =1+ S’(fz), we have
n d—1
L(f=T) = exp(y_ Su(fz)——) = det(I — a- T|M) = [[(1 = m(2)T).
n>1 i=1

Notice that, from the relative functional equation (2.5), there is a nonzero constant ¢, dependent on p, d, and
deg(Zz), such that B
T L(fzop™*T 1) = L(f2,T),

where the bar on the left means complex conjugation. Note, when d is odd, since —(z? + az) = (—x)? + a(—x),
the L-function has real coefficients since the exponential sums are in this case real.

Newton Polygon. Let us determine the Newton polygon of the L-function L(fz,T). For simplicity, we will
assume z € F. Set b:= ijl and b’ :=b/p. Let £ € C, such that ord,(§) = '/d, and let £ := ¢P~!. Consider the

basis {€'2?}9=} for the space M, (V',b). From the beginning of §2.6, we have
d—1

a(a)é's’ = Z(mi,jﬁi_j)fja?j € My (V,pb';0)

j=1
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Thus, with respect to this basis, the matrix A(a) = (2,;) of @(a), acting on the right, may be written as

Aoo §A0,1 v A g
A(a) = A?,o 514.1,0 fd_lx‘.11,d—1
Ag 1o EAga1 - E7TAg 14

where €9 4; ; = ;677 and ord(; ;) > 0. Now, det(1 — A(a)T) = .4 ¢,, T™ where
Cm = (_l)m Z ngn ( 1A(r(u1 ,u1> (é:UQAO'(’U/Q),UQ) e (gumAa(um),um>
1<uj<ug<--<um,m<d—1 o

where the second sum runs over all permutations o of the wy,us,...,u, and sgn(c) is the signature of the
permutation. Our goal is to determine the precise p-adic order of these ¢, when ord,(a) = 0. We do this as
follows. Notice that

(=)™ Z sgn(o) (éAo(l)J) (SQAU@W) (fmAg(m)M) mod(£m+1)

Cm =
0€ESm
= (71>m Z Sgn(o')ma(l),lglo@)ﬁ t Q’[O'(m),m
gESH,
where S, is the symmetric group on {1,2,...,m}. From Theorem 2.13, we have

a@=Dm(m+1)/2—(d=1) X7, ro@) 5
(I 700.0t) (TIa[pd = 0(5) = drogs) 1)
Let 7, be the permutation on {1,2,...,d — 1} defined by multiplication by p modulo d. Define 7; := (pj —

7p(4))/d. Since . .
ZTU(J _ Z r’p(J) ; a(j) JH:jJ 7

Jj=1

(P—l)w—dz

Qlo(l),lglo(Q),Q o Q’[O'(Tn),m ;nzl o). + Oe(>)

as o runs over the permutations in Sm, all of these sums with o(j) < 7,(j) for j =1,..., m will be equal and the

largest; all other o will give a strictly smaller sum. Thus,
Coy = umw(p—l)m(m+1)/2—(d—1)(7’1+F2+~‘+Fm)a(p—1)m(m+1)/2—d(7’1+~~+Fm) + 06(>)

where

w2 = (D" rmw,l;'(?)wp(r;)" 2. s) (Z)((ll))) - @(%))

i I[I @) —m),
r M 1<r<s<m
where the second equality comes from the following identity:

Lemma 3.1 (J. Zhu [19]). Fiz a positive integer d. For every 7 € Sq and 1 <m < d,

3 sgn(o)(l&i)~~<22$§)— m' HT I ) -7 . (3.1)

0€Sm,0<T 1<r<s<m

Proof. First, rewrite (3.1) as

ﬁ > sgn(o) [[r()(r () = 1)+ (7(i) — o(4) + 1)
- : €S, 0<T i=1
= 1,2, — > sgn(o H (@) (r(i) — 1) - (7(i) — o (i) + 1)
ogESm =1
= det M
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where M is the m x m matrix

Now,

det(M) = (—1)™det

1 7(m) T(m)(r(m) - 1)
1 0 0

This matrix may be transformed into a Vandermonde matrix by column operations:

det(M) = (—=1)™"det

1
1
e 8§ K6 ( I[I &)=~y
Jj=1 1<r<s<m

Since u,, is a p-adic unit, we have

m(m+1)<d1

5 p_1>(7:1+F2+"'+7:m).

ordy(cm) =

This proves the following theorem. (Note, the following theorem was first proven by Zhu [19] for the family
2% + ax where a € Q and assuming p is sufficiently large.)

Theorem 3.2. Ifp>d+6, and z € F,, then writing

L(z% 4 22, T) = (1 = m (2)T) - -- (1 — mq_1(2)T)

ord,(mj(2)) =4 — (;l: 1) <pj _dTp(j)>

where T, is the permutation on {1,2,...,d — 1} defined by multiplication by p modulo d.

we have

When d = 3, Theorem 3.2 says if p = 1 mod 3 then the reciprocal roots 71(A) and 72(A) may be ordered

such that ord,m(A\) = 1/3 and ord,ma(X) = 2/3 for all \. If p = —1 mod 3, then ord,m () = 3(’%_11) and

ordpma(A) = ggg:fg. See Figure 1. This was first proven by Sperber [15].

When p = —1 mod(d) and p is greater than approximately 2(d=1)/2 .4, Yang [18] has proven Theorem 3.2 by a
different method. His proof is interesting in that he computes the Frobenius over the chain complex rather than
passing to cohomology. The advantage of this is that the entries of the Frobenius matrix are given explicitly; the
disadvantage is that the Frobenius matrix has infinitely many rows and columns. Yang’s result follows from a
careful diagonalization procedure of this infinite matrix.

Remark 3.3. Blache and Férard [2] have given a lower bound for the generic Newton polygon of the L-function
of polynomials of degree d with p > 3d. More precisely, in the space of polynomials of degree d, there is a Zariski
open set (the complement of an associated Hasse polynomial) of which any polynomial lying in this open set
will have the Newton polygon of the associated L-function coinciding with this lower bound. For one-variable
polynomials, see also [20], [3]. For higher dimensions, see [17].

Remark 3.4. For d = 3, when p = 1 mod 3 one may show the existence of a Tate-Deligne mapping (excellent
lifting) of the root 71 (A). We suspect no such lifting exists when p = —1 mod 3.
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Figure 1: Newton polygon of L(z® + \z/F,,T).

3.2 (Appendix) Elementary Entire

This section is independent of the rest of the paper. Throughout this section, we will assume 2P = Z; the general
case is handled similarly. Notice that

det(1 — . T|K (b)) = L*(fz, T)det(1 — pa. TIK (b).).

Using this equation recursively gives

det(1 —aT|K(b).) = [[ L*(f=p'T).
=0

That is, det(1 — oT'|K (b)) is the infinite product of the same polynomial, each scaled by a factor of increasing
p. We call any entire function with such a factorization elementary. We wish to show that this infinite product
comes from a vector space decomposition of K (b), into an infinite number of finite dimensional subspaces, each
of the same dimension and each related to one another by the operator D, .
From Theorem 2.1, we may write
KM),=V.®D,K(). (3.2)

where V, := V(b',b)|,=z. Notice that D, is an endomorphism of K (b)./D,K(b)., and so, denote its image in the
quotient by D,V,. Since ker(D,|K(b),) = 0, equation (3.2) becomes a recursive equation, which means we may
write

K()., =V.®D.V, ® D’K(b)..

Next, since

s D2 surj
ker(D2?|K(b).) —— K(b), —— K(b), — Dgggg)z

pzazl PQO‘Zl J/az J«az

P 2 .
ker(D2K(B).) — K(b). — 2 K(b), —20 KO-

where “inj” and “surj” indicate that the maps are either injective or surjective, we get
det(1 — a,T|K(b),) = det(1 — a,T|K(b)./D?*K(b).)det(1 — p*a,T|K(b).).
Since K (b),/D?K (b), is isomorphic to V, & D, V.,
det(1 — a,T|K(b)./D*K(b),) = det(1 — a,T|V,)det(1 — a,T|D.V,).

It follows that
det(l1 — a,T|D,V,) = det(1 — pa,T|V,) = L*(fz,pT).

Of course, this generalizes to
det(l1 — a,T|D;V,) = det(l — p*a,T|V,) = L*(fz,p°T).
That is, the Fredholm determinant of the operator a, on the decomposition
Kb).,=V.®D.V.&DV. &
is
det(1 — a.T|K(b).) = [ [ det(1 — a.T|DLV.) = [[ L* (f=,0'T).
i=0

=0
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Notice that we have also proven

det(1 — o T|K (b).) = lim det(1 — a.T|K(b)./D:K(b).).

§— 00

A dual statement of this takes the form

det(1 — aIT|K(b):) = lim det(1 — aiT|ker((D:)°|K(b)%)).
§—00

4 Variation of Cohomology (Deformation Theory)
From now on we will fix d = 3. With z € Fp and z its Teichmiiller representative in C} define the spaces

K(b)% := (K*(b',b) with a specialized at z)

R, = ker(D:|K (b))
R, = R./(1).

Notice that R, and R/, are just R, (V',b*) and R/ (b, b*) with a specialized at z, respectively. Through use of the
pairing defined in §2.2 these three spaces are algebraically dual to K (b),, H,, and M., respectively.

We wish to study how the space R/, varies as z moves around in C,. To do this we will define an isomorphism
T... from R, to R!, as follows: first, for each a,z € C, with |a—z| < p~¥/3 define the isomorphism T} , : K (b)* —
K(b); by

expﬁ(x?’ + G,{L') a—z)x

T, o :=Trunc, = Trunc, o e

exp (x3 + zx)
Next, using (2.2),
D: OTz,a =1za0 D:

Also, notice that T, ,(1) = 1. Consequently, for any a € C, close enough to z the mapping T , induces an
isomorphism T, , : R, — R/. It is important to notice that T, , = I.

Deformation Theory. Using notation from Theorem 2.11, fix the bases {g7(z), g5(2)} and {g¢7(a), g5(a)} of R,
and R/, respectively. Observe that each g5 (2) is simply a power series in the variable x with coefficients in C,,.
Let C(z,a) = (c;,5) be the matrix representation of T , with respect to these bases. Note, we are thinking of R/,
as a column space, and so, C(z,a) acts on the left.

The pairing (-,-) : M, x R, — C,, allows us to focus on individual entries of C(z,a):

Cij = (x’,Tza(g;‘(z))) = constant term of z in xie”(a_z)””g;f (2). (4.1)

We wish to demonstrate that C(z, a) satisfies a differential equation. Differentiating (4.1) with respect to the
variable a, we obtain

dCi)j

Fral constant term of z in mc”le”(“_z)”g;(z) = (Wxi+17Tz,a(g;»‘(z))>.

The pairing in this last line is between M, and R,,. Since M, is a C,-vector space spanned by the vectors x, 2

we see that mz'*! is just a scalar multiple of a basis vector if i+ = 1. If i = 2 then we need to rewrite 7z in
terms of the basis {x,2?}. This is done as follows: using D, := z-2 + 7(32® + az), we have D, (1) = 372> + maz.
Hence, 7% = =2%x in M,.

Putting this together, we have

iC’(z,a) = B(a)C(z,a) and C(z,2)=1 (4.2)

da
wo-( 4 1)

In particular,lif (Cy,C3)t is a solution of this differential equation, then Cj satisfies the Airy equation " —|—%y =0
and Co = 7 1CY.

where B is the 2 x 2 matrix

Connection with Frobenius. From (2.4),



Let us use this and the deformation equation (4.2) to compute det(aZ).
Fix |2| < p?*/3 and let a € C, be such that |a — z| < p~*'/3. Define w,(a) := det(T, ,). Notice that w,(a) is
nonzero on D~ (z,p~?"/3) since Ty , is invertible. From (4.3) we may write

det(al) = w,(a)det(at)w,»(a?) "t (4.4)
Now, a standard fact from differential equations states that

dw,(a)

FPa Tr(B(a))w,(a).

Since Tr(B(a)) = 0, w,(a) is a locally constant function centered at z.

In particular, if we let z = 0 then wg(a) is a constant function on |a| < p~° /. Since wg(0) = 1, we must
have wo(a) = 1 for all |a| < p~¥/3. This means det(a*) = det(aj;) for all |a| < p~¥/3. However, from §2.3, @(a)*
is an L(b')-module isomorphism, and so, det(a(a)) € L(V')*. Thus, the domain of the equality of (4.4) may be
extended to that of L(}):

b'/3

det(a®) = det(ag)  for all |a| < p*¥'/3.

In other words, det(@(a)*) is constant for all @ in this domain.

Using either the classical theory of Gauss sums or Dwork theory [7], it is not hard to calculate the value of
det(ag). However, to describe it, we must first recall the definition of Gauss sum. Define Dwork’s first splitting
function 04(t) := exp(t — t*") on the field F,.. Next, for each j € Z and s € Z~ define the Gauss sum

gs(j) = — Z tijos(t)

teC, tp —1=1

Let q := p®. Then

if ¢ =1 mod(3
detag ) =47 L TITMO ®
’ —g2(45=) if ¢ = —1 mod(3)

Frobenius Action on Solutions of the Differential Equation. Let 91, denote the field of meromorphic
functions (in the variable a) near z. Define 8 := Trunc,(—a-L + max). Notice that we have the commutative
diagram

T
RooM, —— R, M,

i |
RL@M. —=° R @M.

As a consequence we have the following important observation: g*(a) := C1(a)g;(a) + Cz(a)g;(a) € R, @ M, is
the image of an element in R, ® MM, by T, , which is independent of the variable a if and only if 9}(¢*) = 0.
Notice that this last equation means the vector (gg) satisfies (4.2).

We wish to define a Frobenius-type endomorphism on the vector space of local solution at z as follows. Let
(g;) be a local analytic solution of (4.2) about z. Thus, Cy and C5 are power series in (@ — z). From the previous
paragraph, there exists £} € R, ® M., independent of a, such that T, (&%) = C1(a)g;(a) + C2(a)g5(a). Now, for
some constants by and ba, £& = b1g7(2) + bags(2). It follows that, if we let ¢ denote the operation of replacing
(a — z) by (aP? — zP), then we have

Tonar(€20) = CT g7 (a”) + CF g3 (a”)
with &5, = b1g} (2P) + bags (2P). Next, apply & to both sides:
@5 (CTgi(a") + CFg3(a)) = @5 0 Toan (€5r) = Tea 0 AL (EL).

This equation demonstrates that the left-hand side comes from an element of R, ® 9, independent of a, and so,
it satisfies the differential equation. In particular, if 9 is a (local) fundamental solution matrix of (4.2) near z,
then there is a constant matrix M such that

Qlag.)¢ =9M

where 2, is the matrix of &. Note, the matrix M depends on z.
The determination of M is an interesting topic. For z = 0, M = 2y which is easily calculated via Gauss sums.
In the next section, we will determine M when 1 < |z| < p?*'/3.
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4.1 Behavior near Infinity

In this section, we wish to determine the matrix M coming from the Frobenius action on the set of local solutions
of (4.2) at z near infinity. Once this is done, we will study the solutions of the k-th symmetric power of the scalar
equation of (4.2).

With 7 € C,, such that 77~! = —p, define the p-adic Airy equation

v+ 2y =0 (4.5)

Observe that this equation is regular everywhere except at infinity where it has an irregular singular point. Near
infinity, the asymptotic expansions of (4.5) will be power series in the ramified variable y/a, so, we are naturally
led to a change of variables a — a?. This changes (4.5) into

4dma® _
3 y=0. (4.6)

agl/ _ gl +

For convenience, let us move infinity to zero by the change of variable a — 1/a so that (4.6) becomes
472
a®y" +3a"y + Y= 0.
To remove the irregular singular point at the origin, we consider solutions of this differential equation of the form
21
3v3

and i is a fixed square root of —1. This means v(a) must satisfy the differential equation

y(a) = al/Qe”“mfsv(a) where K :=

v + (4a™ — 6rma ) + (5/4)a" v = 0.

Since this equation has only a regular singular point at the origin, we may explicitly solve it using the method of
Frobenius. It follows that a local solution of (4.6) about infinity is of the form

y1(a) := a~1/? exp(rkma®)v(1/a)

where

v(a) - i (%)n (%)n a3n

Lo mkrmn(n 1)

Note, (¢),, :=c(c+1)(c+2)--- (c+n—1). Replacing ¢ with —i obtains another local solution linearly independent
over C,, from y;(a):

ya(a) == a= % exp(—kma®)o(1/a)
where ¥(a) is the series defined by replacing ¢ with —¢ in the coefficients of v(a). Using [9, p.243], it is not hard
to show that v(a) and v(a) converge on the open unit disk D~(0, 1).

Remark 4.1. Notice that we can center the solutions about any |z| > 1 by choosing a branch of a~'/? and by
using exp(k7m(a — 2)3. In this case, v and © do not change.

With a +— a?, the deformation equation (4.2) becomes
d 0 2ma
%C(a) = ( _# 0 )C’(a).

Thus, if the vector (Cl) satisfies this, then C; satisfies (4.6).

C
For |z| > 1, the (102(:al) fundamental solution matrix takes the form

Y(a) = a~*V(a)S(a)
where v1(a) := v(1/a) and va(a) := v(1/a), and

. vi(a) v2(a)
Via):= ( (—3a72 +3a’km)vr + a0 (a) (—5a7% = 3a®km)vy + a”vh(a) )
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and

eﬁ‘n’a‘o’ 0
S = 3 .
(a) < 0 e Kma )

From the previous section, there is a constant matrix M := < Zzl 22 > such that A,29? = YPM. That is,
3 4
W20 P2V (aP)S(aP) = a= Y2V (a)S(a) M. (4.7)

Let us view this equation over the ring Rof analytic functions on 1 < |a| < e, e > 1 unspecified, adjoined the alge-
braic (over ﬁ) functions v/a, e"ma7 e_"”“ls7 efima’ e—rma® satisfying the compatibility relations: erma’ gmrma® 1,
erma’ gmrma 1, erma’ gmrma’ 0(ma3)e”(“p’“)“3p, and erma’ erma’” = 9(&a3)e"(“p+“)“3p, where 6 is Dwork’s
first splitting function on [Fp,.

Using the compatibility relations, we may write

B o e(ﬁa?))efr(/#’fn)agp m29(/€a3)eﬂ(ﬁp+n)a3p
Vv Lo V(gP)q—P—1D/2 — mi b\ 3 b 3
(a) a2 (a )a mze(_ﬁa?,)e—‘n-(m +r)a® m49(_ﬁa3)e—ﬂ”(n —k)a®

Notice that the left-hand side belongs to ]/?:, thus the ride-hand side must be as well. It follows from Lemma 4.3
below that:

Theorem 4.2. If p=1,7mod(12), then

else if p = 5,11 mod(12), then
o 0 mo
M= ( oo ) |
Lemma 4.3. For p = 1,7 mod(12), we have ord,(k? — k) > 0 and ord,(k*’ + k) = 0. Otherwise, for p =
5,11 mod(12), we have ord,(k? — k) =0 and ord,(k? + k) >0
Proof. Recall, k := -2&. Thus,

3v3
KP — k= i{(%\/ﬁ)p; (37\2/5)} if p =1 mod(4)
- K%) + (3%)} if p = 3 mod(4).

Let us concentrate on p = 1 mod(4). By Fermat’s little theorem, 2” = 2 + pOc¢, and 3 = 3 + pOc,, where
Oc, = {ce€ C, : || < 1}. Consequently, we have

6v/3i
KPP — k= ———(1—3P=D/2) 4 pOc .
Bvap )+ #0c,

Thus, k” — x has positive p-adic order if and only if 3(?~1/2 = 1 mod(p). By Euler’s criterion, 3(¢°~1/2 = (%)

mod(p), where the right-hand side is the Legendre symbol. Since (g) = 1 if and only if p = 1 mod(3), the cases
p =1,5 mod(12) for kP — k follow from quadratic reciprocity. The other cases are similar. O

0 1
10
Next, since the change a — —a does not affect 2,2, changing a — —a in (4.7) gives

Notice that vi(—a) = va(a) and so v1(—a) = —va(a). Thus, if T := < > =T71, then V(—a)T = V(a).

V(a) eV (a?) (- )P D2~ 0" D/2 = §()TMTS(a?).

Thus,
(—1)P=V/27N = MT

which demonstrates that if p = 1 mod(12), then m; = my, else if p = 7 mod(12), then —m; = my. Similarly, if
p = 5 mod(12), then mg = ms, else if p = 11 mod(12) then —mg = ms.

Next, since det(2)) is locally constant, from A,22?® = DM we see that det(M) = det(A,2), and this equals p
if p=1mod(3) and g := —go((p? — 1)/3) if p= —1 mod(3). Putting everything together, we have:

M= < \65 i%) it p=1,7 mod(12)
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(of course, \/p may not be the positive square root) and

. 0 V=g e
M—(i\/jg 0 ) if p=5,11 mod(12)

where “+” means positive if p = 1,5 mod(12) and negative if p = 7,11 mod(12).

Symmetric powers at infinity. As demonstrated above, {y1,y2} forms a formal basis for the solution space
(around a point near infinity) of the differential operator | := d22 — (1/a)<L + 4ma*/3. We define the k-th
symmetric power of [, denoted by I, as the unique monic differential equatlon of order k£ + 1 that annihilates

every
. 3 L .
— y’f Jy] _ a—k/2€(k—2])n7ra Ul(a)k—j,uZ(a)J
for 7=0,1,...,k.
Define .
R := analytic functions on 1 < |a| < e, e unspecified.

We are interested in studying the solutions of I}, over the ring R. Let Y(a) € R be a solution of I, which converges
on 1 < la] <e. Fix 1< |z| <e. Since {z;}}_; is a formal basis of Iy, if Y is a solution of [, over R, then locally
(in D= (2,1)) using Remark 4.1 we have the relation

B

=DM (1/a)oh I (1/a) e
for some constants ¢; € C,. Let us rewrite this as
k/QY ZS m‘r(a z) ]r (48)

where for each r =0,1,...,p — 1,

Se(a) == Y 0! (1/a)t I (1fa)[erm(e=a" 257
JEE,

with

E.:={je€Zn]0,k]:(2j —k)=r mod(p)}.
Since v(1/a) and ©(1/a) converge on D*(z,1) C D~ (00,1), and e*Prm(@=2° and Y (a) converge on D*(z, 1),
equation (4.8) shows us that the functions exp(rem(a — 2)3), for r = 0,1,...,p — 1, are linearly dependent
over M*(z,1)[/a], where M*(z,1) is the field of meromorphic functions on the closed unit disc around z.
However, Lemma 4.4 below shows us that these functions are actually linearly independent over 9™ (z,1)[\/a].
Consequently, we must have S, = 0 for each r > 1, and so,

a*?Y (a) = Sp(a) = Z ¢;jv7(1/a)o" I (1/a) exp|(2j — k)km(a — 2)?].

(2j—k)=0 mod(p)

Notice that the right-hand side now converges on D% (z,1). Thus, if k is odd, since Y (a) converges on D*(z,1),
we see that a*/2 € Mt (z,1). However, by Lemma 4.5 below, this cannot be. Therefore, for k& odd we must have
Y =0.

Thus, for k even {z; : 0 < j <k, p|(k —2j)} is a basis for ker(mﬁ), else if k is odd then ker(lﬂﬁ) =0.

2

Symmetric powers of the Airy operator. (cf. [13, §7]) Define the Airy differential operator [ := % + 5
and denote by I its k-th symmetric power. We wish to study ker(lk|R)

For k odd, ker(lk|R) = 0 since any solution Y € R of I, produces a solution Y (a?) to I. Assume 2|k. Notice
that v1(—a) = va(a). Consequently, for 0 < j < k/2 and p|(k — 2j),

B} (a) = W2y, () Ty (a) 4 e Ry, (a) vy (@)F
is an even function while

@7 (a) = e® =287y, ()R Ty (a)T — e~ B9y, (a)T vy (a)k I
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is an odd function. Clearly, {a=*/?w}, a=*/2w; [0 < j < k/2,p|(k — 2j)} is a basis for ker(Ix|R).

From this, if 4|k then {a_k/Qzﬂj(aﬂO < j <k/2,p|(k—2j)} is a set of even functions whereas {a‘k/2@; (a)]0 <
j < k/2,p|(k — 2j)} are odd. Thus ker(ly|R) = span{w;'(a)|0 < j < k/2,p|(k —2j)} where w;’ is defined by
w}'(aQ) = aik/Qiuvj(a). Similarly, if 2|k but 4 f k, then ker(l;|R) = span{w; (a)|0 < j < k/2,p|(k — 2j)}, where
w; is defined by w;’ (a?) = a‘k/zﬁj_(a). Thus,

14 {%J if 4k
dime, ker(Iy|R) = L%J if 2|k but 41k
0 if k odd.

Appendix.

Lemma 4.4. Let M+ (0,1) denote the field of meromorphic functions on DV (0,1) in the variable a. Then the
polynomial XP — eP™ € M+ (0,1)[X] is irreducible over MT(0,1)[v/a].

Proof. 1t is clear that X? — eP™ is either irreducible or completely reducible over 9% (0,1)[y/a]. If the latter,
then we would have

€™ = Hy(a) + vaHs(a)
for some Hy, Hy € 9T (0,1). This implies that €™ satisfies a quadratic polynomial whose coefficients lie in
M™(0,1). Thus, X? — eP™ is completely reducible over 9" (0,1). In particular, e™ € 9" (0,1). However, this
is not true by the following lemma. O

Lemma 4.5.
(a) exp(ma) ¢ IMT(0,1).
(b) Let a*/? be a branch of square root centered around z € Cj;. Then a'/? ¢ MT(z,1).

Proof. We know that exp(mwa) converges on D~(0,1) and is divergent on the boundary |a| = 1. Suppose there
exists analytic functions f(a) and g(a) on DT(0,1) such that we have the equality ™ = f(a)/g(a) whenever
la] < 1. Raising this to the p-th power gives the equality e?™ = f(a)?/g(a)P for all |a| < 1. Since exp(pma) has
no poles, g(a) must be invertible on DT (0,1). Let h(a) := 1/g(a) and note this converges on D*(0,1). Then
exp(ma) = f(a)h(a) which shows we may extend exp(ma) to an analytic function on DT (0,1). Contradiction.
This proves (a). A similar argument proves (b). O

5 Cohomological Formula for M (T)

Define .
M(T) == [ I —=m)im)rirdeot=t
AE|Gyn| i=0
where |G,,| denotes the set of Zariski closed points of G, := ]P’Ilpp \ {0,00}. In this section, we will define a

Frobenius operator (3, on the (symmetric power) cohomology spaces HY and H} such that

o det(l— BTIH))
M) = Gt = pBeriaD)

From this, we will deduce that My (T') (and M;(T)) is a rational function. We will also find its field of definition.
The relationship between My (T") and M} (T) is as follows. If we write M, (T) =exp .+, NSTTS, then taking
the logarithmic derivative of the definition of My (T') shows -

k
No= 303 deg(a)m (@) Ima(a)] 7.
ack,s j=0
Using the same procedure, we may calculate N, where M (T) =exp)_ o, N, ;‘% It follows that
k . .
Ny =) (m(0)"Imy(0)7)® + N;. (5.1)
7=0
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Differential Operator. Define the operator 9, := a% + mwaz on K(b',b), and notice that, formally

8@ _ e—rr(at?’+am) o ai ° err(at?’—kam).
da

It follows that 9, and D, commute, and so d, defines an operator on both H,(¥',b) and M, (¥, b).
Denote by Ml(lk)(b’, b) the k-th symmetric power of M, (¥',b) over L(V'). It is easy to see that 9, induces an
endomorphism on M,(lk)(b’, b) by extending linearly

k
Oa(uy - up) := Zul el Uk Og (Uh)
i=1

where 1; means we are leaving it out of the product.

Matrix representation of 9,. With the L(¥')-basis {v,w} of M,(b,b), where v := x and w = z?, fix the

ordered basis (v*, vF 1w, ..., w*) of Mgk)(b’,b). Since Dy (1) = 3ma® + wax, we see that #3 = —% in M, (V,b).
Therefore, 9,(v) = maw and 9, (w) = _’;“21). For each 7 =0,1,...,k, we have

Do (Vw7 = juI 710, (V)W + (k — §)viwP I 19, (w)

2
. j— —j LT Ta . o
:_]7'('@’()] 1wk j+1 + (k—])TUJ+1wk J 1.

Thus, 0,, acting on row vectors, has the matrix representation a% — (G, where
0 kma
2
—Ta
== 0 (k—1Dma
= —2ma®
Gy = 3
Ta
—kmra? 0

Dwork Operator. For pp%l >b> ﬁ and b/p > b’ > 0, @(a) is an isomorphism of M, (b',b) onto Mg (V', )
satisfying d,ra(a) = a(a)d, (since a-- and 1, commute with no p-factor). Thus @&(a) induces an isomorphism
ag(a) : M v b) — ME) (1, b) defined by acting on the image of (u1, ..., ux) € Mq(¥,b)* in M (', b) by

ap(a)(ur---up) = ala)(ur) - - ala)(ug).

Note, Ogray(a) = ax(a)d,.
Define the operator v, : L(b') — L(pb’) by

Y : ZBz'CLi — ZBpiai.
i=0 =0
We may extend this map to MY (1/,b) as follows. Fix the basis {viwk=k o of MPE (¥, b). Define the map
Vo s MG (1, 5) = MEE (pb/,b) by
k k
Z hiviwh ™ —s Zwa(hi)viwk_i.
i=0 i=0

It is not hard to show that 1,04 = pOyt,-
Denote by MP (b) the space ./\/lflk)(b, b). We define the Dwork operator i := ¢, 0@y (a) on Ml(lk)(b) by noting

B ) 2 MPb/pb) o MEP ).
This is a nuclear operator on /\/lt(lk)(b) in the sense of [14].

Cohomology. Define the cohomology spaces
HY = ker(9,|M® (b))
HY = ME (b)), MP) (b).
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Since
/Bk 00, = "l)a Oak(a) 00, = 7/’(1 O Ogr Oa‘k(a) :paa O"l)a Oak(a) =0, opﬂka

By, induces endomorphisms - -
ﬂk:H,gaHg and ﬂkH,iaH,i

These maps are in fact isomorphisms; this follows by defining a right-inverse to [ as in Remark 2.12.

Dwork Trace Formula. From the following exact sequence and chain map:

0 HY MPB) 2 MP (b) o} 0
| vl vt | E: o |
0 HY MBP )y 2 P () H} 0

it follows from [14, Proposition 8.3.10] that the alternating sum of the traces is zero:

Tr(p552|Hl(c)) - TTnuC(psﬂlﬂMgk)(b)) + Trnm(ﬁlﬂMEzk)(b)) - TT(BE‘HI%) =0.

Hence, - -
(0° = DT e (BRI M (b)) = p°Tr(BR | HY) = Tr(G5| Hy). (5-2)
Next, we have Dwork’s trace formula
0~ DTrac BIMPE) = S Tryye, anla:s) (5.3)
a€Cs,ap®~1=1
where

ax(a;s) == ag(a” )oay(a” )o---oay(a)

Cohomological Formula for M} (T). Recall from §3.1, if z € F; and z is its Teichmiiller representative in Cp,
then @, was defined to be the operator &(a) specialized at a = z. Using this, define

al) = ap(a” ) odr(a” ) oo ak(a)las

Using (5.2) and (5.3) for the first two equalities (resp.) of the following, we have
s s (k) 1"
= €exp Z(p = DT rnuc(Bi Mg (b))?

s>1

det(1 — BT|H})
det(1 — pBxT|HY)

_ I
= expz Z Tngk)(b)(ak(a; s))?

521 a€eCyp,aP’~1=1

= expz Z Z Tr,/\/lf]k)(b) (dk(a; Tm))j;::

r>1 &EF;,deg(&):r m21
a=Teich(a)

—enY. Y Y Tre, (@)

r=1 &GF;,deg(a):T m=1
a=Teich(a)

- . Trm
Y XX T e
r>1 dEF;,deg(Fz):T m>1
a=Teich(a)

II II (dete,(x —a)rmy=r (5.4)

r>1 ae?;,deg((’z)=r
a=Teich(a)

From §3.1 we know that &, , has two eigenvalues 7 (a) and m2(a) on M,. Since dgf?- is the k-th symmetric power

of ag,p, its eigenvalues are m(a)* Iy (a)? for j =0,1,..., k. Thus,

k
det(1 — al)T) = T](1 = m(a)* I ma(a)’T).
j=0
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This means (5.4) equals

k
II II [T =@ Ims(@yTr) ="
r21 GeF,,deg(@a)=r 7=0
a=Teich(a)
which is precisely M (T').

Theorem 5.1. My(T) is a rational function with coefficients in Z[(p). If p = 1 mod(3), then the coefficients of
My (T) lie in the ring of integers of the unique subfield L of Q((p) with [L : Q] = 3. However, if p = —1 mod(3)
then My (T) has integer coefficients.

Proof. We will first prove rationality by using a result of Borel-Dwork. From the cohomological description,
M (T) is p-adic meromorphic. Next, write My (T) = exp ES>1 N,L as in the introduction, with

S

= > Zdeg a)F I my(a) ] T @ .

aclF,s j=0

Since |mj(a)lc < p?9(@)/2 by the Riemann Hypothesis for curves, |N|c < esp®*+t1)$/2 for a positive integer c
independent of s. Thus > ., ]\S’ T* has at least a p~(*¥1)/2 radius of convergence on C. Consequently, My(T)
has a positive C-radius of convergence.

Let ¢, is a primitive p-th root of unity. Since L(z® + ax,T) is a polynomial with entries in Z[(,], we see that
the roots live in Z[(,]-rational orbits under the action of the Galois group Gal(Q/Q((,)). Hence, the symmetric
polynomial [ [; _0(1 m1(a)k~Imy (@)’ T) must also have coefficients in Z[(,]. It follows that My (T) has coefficients
in Z[Gp). Slnce M. (T) is p-adic meromorphic and converges on a disc of positive radius in C, and the coefficients lie
in a fixed number field, by the Borel-Dwork theorem [4, Theorem 3] M, (T) is a rational function with coefficients
in Z[(p).

Next, with each A € F; we may define o) € Gal(Q((p)/Q), where , by ox((,) =
Gal(Q(¢p)/Q) may be represented uniquely by such a oy. Now,

;‘; note, every element of

Tre , /5y (z3+\?%az)

2. =2 G

:iG]Fpk z€F Pk

_3, ——
B Tnppk /rp, (T°+aT)
=03 G

iE]Fpk

Trp k/Fp A3 (23 +az)]

This means oys(L(23 + ax,T)) = L(z® + A%ax, T). Consequently,
oxs (My(T)) = Mi(T),

and so M (T) is fixed by the subgroup {\*|X € F3}. Since this subgroup has index r := ged(3,p—1) in the Galois
group, the coefficients of M (T") must lie in the ring of integers of the unique subfield of Q((,) of degree r over

Q. O

6 Cohomology of Symmetric Powers

6.1 H} for all odd k, or for all k < 2p even

Recall, with respect to the basis {z, 22} of M, (b,b), 9, has the matrix representation (acting on row vectors):

d 0 Ta
Oy =a— — .
=Y ( =’ )
Thus, if (Cy,Cs) is a solution of this differential equation then Cy must satisfy the Airy differential equation:
2

y' + 5ty =0.

Theorem 6.1. Let k be a positive integer. If k is odd, or k is even with k < 2p, then HY := ker(8a|/\/lgk)(b', b)) =
0.

Proof. Every element of Ml(lk)(b’ ,b) which is annihilated by 9, corresponds to a unique solution in L(b"), and
hence ﬁ, of the scalar equation Iy, where [, was defined in §4.1. By the methods of §4.1, if k is odd, then no such
solution exists in R. If 2|k but 41 k, and k < 2p, then again, no such solution exists. If 4|k, then one solution of
Iy exists in R, however, this corresponds to v1(a)*/?vs(a)*/2 which is clearly not an element of L(b'). O

Conjecture 6.2. Hg = 0 for all positive integers k.
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6.2 H| for odd k <p

We will assume k is odd and k < p throughout this section. The two vectors v := z and w := z? form an
L(b)-basis of M, (b). Thus, the set {v/w*=7|0 < j < k} is an L(b)-basis of Mék)(b). With §; := %, define

k
M) (b; 8 + p) :@ (b:6,41 + p)vF I

:L(b§51 +p) ® L(b; 02+ p) ® -+ - & L(b; 611 + p)

and
)= [J MP b6+ p).
peER
We will write MY (b; p) with the & implied. Define
(k—1)/2
Vi :=Citl o @ (Cpa)vh 2w (6.1)
7=0
Vie(b; p) := Vie n M) (b; p)
= U Vie(b; p).

pER

Theorem 6.3. Let p > 5 be a prime. Suppose k is odd and k < p. Let b be a real number such that e := b— p%l >
0. Then we have the following decomposition:

MP (b) = Vi (b) © 0. MP ().
Furthermore, 0, is injective on M(k)( b).

It will be useful to recall, if we order the basis of M )(b) as (vF vF~tw,... wk), then J, has the matrix
representation J, = a-- d — Gy, acting on row vectors, where

0 . kma
= 0 (k—1D7a
ma
That is, if we write the row vector € = (&1, ...,&+1) for Z];:ll &vP~Iwl then

92§ means (517~~~7§k+1)(a%—Gk)~

Lemma 6.4. ./\/l((lk)(b; 0) C Vi(b;0) + Mgk)(b; e)Gy.

Proof. Odd Column Case. For n > 2, consider the vector (0, ..., B,a",...,0) where a™ is in the (25 + 1)-entry
with all others zero, and Bpa™ € L(b; d2;41).
Suppose n < (k+1)/2 — j. Then

2j+1 entry 2(n—14j7)+1 entry
/ n =~
(O,..., Bna ,...,O):(0,07...,0702(j+1)70,02(j+2),"')Gk+(0,...7 MNjn ,...,0)

where )

T 3k — (25 +1) + 1)]
Njn 1= H ; Bpa € L(b; 52(n—1+j)+1)

S TPy

and for i =1,2,...,n — 1, we have

Cojyi) = ;31 < li;g'[k —(2( +1) +1)]

TG+ 1) + 1 )BMW&%EL@ﬁ”””+@
=0
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Next, suppose n > (k+1)/2 — j 4+ 1. Then

2j+1 entry

(0,..., Bpa™ ,...,0)= (0,0,...,O,Cg(j+1),0702(j+2),-~-)Gk
where, for m=1,2...,(k+1)/2 —j,

(=3)"(j — £ ) m—1
27(j + 5)m

Cg(j+m) = Bnanimil.

Notice that, since k < p, the constants in front of the series are p-adic units.
Even Column Case. Fix j € {1,..., 51}, Let g(a) := 322, Bia® € L(b;02;). Then we may write
entry 2j entry 2j
~~ ~—
(0,...,0, g(a) ,0,...,0) =G+ (0,...,0, "By ,0,...,0)
where
f = (5110353707 s 752]‘*170707 .. 70)

where, for m=0,1,...,5 —1,

1_om = Bip1a™t™ € L(b; 695_1_9m + €).
523 1-2 2(—3)mﬂ(§—j+1)m+1; +1 ( 25—1-2 )

Lemma 6.5. V(b)) N (/\/lgk)(b)Gk) = {0}.

Proof. We will proceed by induction. Let n = (n1,...,mk+1) € V& N (Mgk)(b)Gk) Then there is a £ € Ml(lk)(b)

— a2

such that (G = n. In particular, g1 = =5%&. Hence, §a = 0. Suppose ;1) = 0, then for some p-adic units
c1 and ¢y we may write

N2j—1 = c1aba(j_1) + C20°&;

which shows &; = 0. Thus, &{; =0 for j =1,2,..., % Next, since ng41 = maly, we see that & = 0. Suppose
&2j+1 = 0, then since there are units ¢; and ¢y such that

N2; = cr1azj—1 + 62a2§2j+1
we see that ;1 = 0. O

Lemma 6.6. Let u € M) (b) such that uGy € MP (b;p). Then u € ./\/l,(zk)(b;p + e). Consequently, Gy, is an
injective operator on /\/lgk)(b),

Proof. We will proceed by induction. Let & := uGy. Then & = _TFGZUQ € L(b;61). Thus, us € L(b;d2 + ¢€) as

desired. Next, suppose ug; € L(b;d2; + €). Then maus; € L(b;d2;41). From £ = uGj, there are p-adic units ¢;

and ¢, such that
2
coma
§2j41 = cimaug; — 2Tu2j+2 € L(b;02j41)-
Hence, 627;12 U2j+2 € L(b, (52j+1), and this implies U2j+2 € L(b, (52j+2 + 6).
Next, by hypothesis, {41 = maur, € L(b; dk41) and so, up € L(b; 6y, + €). Suppose ugjr1 € L(b; 2541 + €).

Then 7ra2qu+1 € L(b;d2;). As before, from & = uGy, there are p-adic units ¢; and ¢y such that

fgj = Cc1Tau;j—1 — Cg?TCL2U2j+1 S L(b, (52j).
As before, it follows that usj_1 € L(b; 9251 + €). O

Lemma 6.7. Ml(lk)(b; 0) C Vi(b;0) + 5’a/\/l[(lk)(b; e).
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Proof. Let u € Ml(zk)(b; 0). Set u(®) := u. We know there exists unique n(®) € Vi (b;0) and £(©) ¢ M((Zk)(b; e) such
that
uw® =n 4 0q,.

Set E := a%. Then
uM =4 — O 4 5,0
= E© ¢ MP(bse).
Again, there exists unique n™) € Vi (b;e) and ¢ € /\/lgk)(b; 2e) such that
u® = 4 O@g,.
Set ©® = uM — M 49,60 Continue this procedure h-times:
u = 1) p(h=1) 4 =1 ¢ AqOR) (3 ).
Adding these together produces
4 — 0 _ hz_:l 0D 4+ 0, hf ¢,
i=0 i=0

Letting h — oo we see that u(® — 0 in Mt(lk)(b). Thus,

u® =370 — 9,3 "D € Vi (b) + 0.MP) (0).
i=0 1=0

Lemma 6.8. Let u € Mgk)(b) be such that Oqu € ./\/l((lk)(b; p). Then u € ./\/l((lk)(b;p +e).

Proof. Suppose u # 0. Choose ¢ € R such that u € /\/l((lk)(b; ¢) but u ¢ /\/l((lk)(b;c + e). By hypothesis, d,u €
Mgk)(b; p). Thus
—uGy = Ogu — Bu € M (b p) + MP) (b;c) = M) (b:1).

where [ := min{p, c}. Hence, u € ./\/l((zk)(b; I+ e) which means | = p. O
Corollary 6.9. 9, is an injective operator on M,(lk)(b).
Lemma 6.10. Vi (b) N 9, M (b) = {0}.

Proof. Let u € Vi(b) N 6a/\/l((lk)(b). Assume u # 0. Then, we may find p € R such that u € Mt(lk)(b; p) but
u ¢ ./\/lt(lk)(b; p + e). By hypothesis, there exists € MP (b) such that 9, = u. Thus, 5 € MP) (b;p+¢e). Now,

u+nGr = Ene MP (b;p+e)
which means that we may find ¢ € Vi (b;p+e) and w € Mt(lk)(b; p + 2e) such that
E?? = C + U)Gk.

Therefore, u = ¢ + (w — n)Gg. Since u € Vi (b), by uniqueness, v = ¢ (and n = w). However, this means
u € Vi(b;p+e) C M((lk)(b; p + e) which is a contradiction. O

This concludes the proof of Theorem 6.3.
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6.3 H| for even k <p

In this section, while we attempt to proceed in a similar manner to the last, we are only able to prove a partial
decomposition theorem. The crucial difference is that when k is even, G, has a kernel.
Assume k is even and k < p. With §; := %ﬂ, define

k
M(k)b5+p @pr+(5]+1 Yok
7=0

As we did in the previous section, we will write M((lk) (b; p) with the & implied. Ordering the basis as (v*, v~ 1w, ... wk),
define the subspace /\/lgk)(b; p) C M,(lk)(b; p) as

MPB) (b;0) := L(b; 6,) & L(b; 65) & - -- & L(b; 63.) & {0}

Next, define
k/2—1

Vi = (C’;Jrl @ @ Cpav® 2w,
§=0
and the vector
k:= (K1107K370a s 7OaKk+1)
where for j =0,1,...,k/2

T E—G=1)]
Kajiq1 = Z_}!ng/z—j ak/?=3,

Notice that the kernel of Gy is L(b)k. Define
Tier (b3 p) = aL()k N MP (b: p)  and  Tper(b) := aL(b)k.

Theorem 6.11. Let p > 5. Suppose k is even and k < p. Let b be a real number such that b — p%l > 0. Then

MBP) (B) = Vi (b) ® 0 M) (b) @ Tyer (D).
The proof will consist of several lemmas.

Lemma 6.12. Sete:=0b— pfil > 0. Then

MP (6:0) € Vie(b50) + M) (b5 €) G + Tier (b:0).
The proof of this is a bit involved.

Even Entry Case. Consider (0,...,g(a),...,0) where g(a) = >, Bia’ € L(b;ds;) is in the 2j-entry, and all
other entries are zero. Then B

27 entry 2j entry

~~ ~~
(0,..., g(a) ,...,0):(C170,Cg70,...702j,1,0,0,...,0)Gk+(0,..., BO ,...,0)

where -
[[—oG—l+m 1+1
Coiogi_1 = m= B; a1t e L(b;d9j—91-1 + e)
’ 2r3 [T (**]er); "
for ! =0,1,...,7 — 1 and all other coordinates are zero. Note, Cj41 equals zero.
Odd Entry Case. This is a bit more technical. For n > 2, consider the vector (0, ..., Bya™,...,0) where a” is

in the (2j + 1)-entry with all others zero, and B,,a™ € L(b;d2j41).
First, suppose n < k/2 — j. Then

2j+1 entry 2(n—14j7)+1 entry
n ~ =~
(07..., Bna 7-~-30):(0>O7~-~70702(j+1)30702(j+2);"')Gk+(Oa--~7 Mjn ,...70)

where

) Bra € L(b; 0a(n—144)+1)

T2 (2 + 1)+ 1
mim =] [[(( G+D)+

M RG+D+1]
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and for i =1,2,...,n — 1, we have

-3 ( 2k — (2 +1) + 1)]

Cagjriy =

T i—1

Ba™ 't € L(b; So(j44) +€)
=02 +1) + 1] > !

Next, suppose n > g — j + 1. We will demonstrate that

2j+1 entry
—~N
(0,..., B,a" ,...,0) = (0702,0704,07...,Ck,0)Gk+kh (62)

where h is given by (6.5) below and, for [ =1,2,...,k/2,

Z

= Sk 2yt

Bna" 7 € L(b; 6a5 + )
where “Z” indicates some determinable integer.
In (6.2), since the even numbered entries are all zero, let us delete them from this equation to obtain

i entry

—— ~
(0,..., Bpa™ ,...,0)=(Cq,Cl4,...,Cr)Gk + koaah (6.3)

where the vector on the left has (k/2) 4 1 entries and B,a™ is in the j-th entry, K44 is the vector k with the even
entries deleted, and Gy, is the (k/2) x (k/2 + 1)-matrix

—T= (k—1)ma
3ma’
. (k—l3)7ra2 ra
Thus, we may rewrite this as
j+1 entry
—~ Koda
0,..., Bpa™ ,...,0)=(h,C5,Cy,...,Cx)N; where Ny := G .
k

Note, Nj is a square matrix. Furthermore, det N =

%W’C/ 2gk by the following lemma.

Lemma 6.13. detN;, = %ﬂk/zak

Proof. Expanding the determinant always using the left column, we get

k/2k k/2 k! k/2 RN

Thus, the lemma follows from the following general formula:

S0 () -

=0

To prove this last formula (of which I thank Zhi-Wei Sun for the following), notice that the above may be rewritten

06 -G

() (?)2 () C- (%) (%)
() Y) -

J

Therefore, since

we have (6.4) equal to

which is a well-known combinatorial formula. O
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By Cramer’s rule, with Ng(1) denoting the matrix Ny with the first row replaced by (0,..., Bya™,...,0),
where B,a™ is in the (j + 1)-entry, we have

k_j J k1 o
h= di;g]lif(:) - ka(k/Z)! (H(QZ — 1)) H [k — (2i + 1)] BnaﬂfaJrJ_ (6.5)

i=1 i=j

Notice that h is divisible by a by our hypothesis that n > % — j + 1. Using this and (6.3), it follows that
kh € Ty, (b;0) and

Coy = Wanﬂ—l—l for 1 =0,1,2,...,k/2.
This finishes the proof of Lemma 6.12.
Lemma 6.14. We have

1. Vin (Mfl’“)(b)Gk) = {0}

2. Ter(b) N Vi = {0}

5. Ther(6) 1 (M (0)G) = {0}

3
by a? which means 17, = Co = 0. Next, 3 = (k — 1)maCy — 7a?Cy. Thus, C4 = 0. Continuing, we see that
Cy; = 0 for each j. Consequently, all the odd coordinates of n are zero. Next, since all the even coordinates of 7

Proof. To prove the first statement, consider n € Vi N (Mgk)(b)Gk). Then 7, = —ma’ C5. Thus, n is divisible

are constants and the image of Mék)(b) by G is divisible by a, n must be zero.

The second statement is clear.

Lastly, let us prove the third. Suppose there exists h € L(b) such that (Cy,Cs,...,Ck,0)Gy = hk. Looking
at the last entry in this, we must have Cy = i(@x))h where “Qs(” is some positive rational number. Working
backwards from this using entries k—1,k—3,...,3, we see Cy_o; = ﬁ(Qw)hal forl=0,1,...,k/2—1. However,

the first entry says *’gaz Cy = h?’k%ak’/2 which means Cy = —%(Qw)hak/z. This contradicts the positivity of
the rational constant. O

Corollary 6.15. M((Lk)(b) =Vi® M&k)(b)Gk ® Zker (D).
Lemma 6.16. Ifu € MY (b) and uGy, € MP (b; p), then u € M((Ik)(b;p +e).

Proof. We will proceed by induction. Let £ = uGy. Then & = —“T‘Izug € L(b;61). Thus, uz € L(b; 93 + ). Next,
suppose ug; € L(b; d2; + €). Then there are p-adic units ¢; and ¢z such that

2
€2j+1 = C1TaU2j + CoTa Ugj42 € L(b7 62j+1).

Since cimaug; € L(b;02541), uzjye € L(b; 02542 + €) as desired. This finishes the odd coordinates of £&. We now
move on to the even.
By the form of G, we can find p-adic units ¢; and ¢o such that

& = crmaug_1 + comatugq € L(b; o).

However, since u € M&k)(b), we have ug41 = 0. Hence, up_1 € L(b; 0x—1 +¢). Next, suppose us;+1 € L(b;da4+1+
e). Again, we may find p-adic units ¢; and co such that

fgj = Cc1Tau2;—1 + CQ?TGQUQ]‘+1 € L(b, (52j).
It follows that ug;—1 € L(b; 02,1 + €). O

Proceeding as in the previous section, Theorem 6.11 follows.
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7 Dual Cohomology of Symmetric Powers

In this section, we will define a dual space H, L* to the cohomology space H} and a dual operator 3; to the Dwork
operator (3.

Dagger Spaces. Define

R := analytic functions on 1 < |a| < e, e unspecified
LT := analytic functions on |a| < e, where e > 1 unspecified
L™ := analytic functions on 1 < |a| < oc.

Define a perfect pairing (-, ) : RxR— C, by (u,v) := the constant term of the product uv. By [14], this places
R into (topological) duality with itself. Further, by the Mittag-Leffler theorem, R =aL @ L. Thus, since the
annihilator of LT in R is aL, the pairing places LT into duality with R/ alt = LT
With any b',b > 0, define

Ma = Ma(b,, b) ®L(b’) LT

M= Mo (V,b) @y R/aLl.
Fixing {x,2%} as a basis of both M, and M}, we may place them into (topological) duality by defining the
pairing (-,-,) : My, x M — C, by taking h = hq(a)z + ha(a)z? € M, and g = g1(a)x + ga(a)z? € M} and

defining
(h,g) := (h1,91) + (h2, g2).
(k)

We may extend this duality, and the pairing, to the symmetric powers of these spaces as follows. Let M,
(resp. M) be the k-th symmetric tensor power of M, (resp. M?) over LT (resp. L). For both M
and MY* fix the basis B = {vIwh Yk, where v = z and w = 2?. With (u1,...,ux) € (Ma)" and
(v1,...,v) € (M)k, define a perfect pairing between MP and M~ by taking their images uy -+ - us € MP
and vy -+ v € Mgk)* and defining

k
(ug - ug, vy - vg) = Z H<ui7v0(i)>
ceSE i=1

where S denotes the full symmetric group on {1,2,...,k}.

Differential Operator. With respect to the basis {z,2?} of M, we may write the matrix representation of 9,

as ad% — G with
G = ( _Saz Ta ) .
== 0

Note, we are thinking of M, as a row space, and so, G acts on the right. Define the endomorphism of M}
. d
0, = —ao - Truncg o G.

The map 0} acts on the column space M. Similar to that of D, and D}

*, 0, and 0} are dual to one another
with respect to the pairing (-, -).

As we did in §5, we extend 9 to an operator on Mgk)* by extending linearly the action

0x(u Zm - ug 0 (ug)

where 4; means we are leaving it out of the product. It is not hard to verify that 0 and J, are dual to one
another via the pairing (-, ).
We may now define
H = M®P /g, ME) and  H} := ker(9:|MPF)).

While we have already defined H} as the quotient space of Ml(lk)(b’ ,b) by D M) (b',b), the two definitions are

the same. Since H} is of finite dimension, from [14, Proposition 7.2.2], 5‘a/\/lgk) is a closed subspace of Mt(lk). It
follows that H. ,1* is dual to H ,%, and hence, they have the same dimension.
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Dwork Operators. Similar to that of §5, define the Dwork operator
ﬁk = ’l/)a o &k(a) : Mgk) — Mgk)

Observe B, © 9y = pd, © B, and so [, induces a map [y, H,i — H,%

With respect to the ordered basis B := (v* v¥~lw,... ,w*), we may denote by Sym”((a)) the matrix of
ay(a). This makes the Dwork operator representable as By = v, o Sym¥((a)). From this perspective, it is
natural to define the dual of 3 as

B := Truncy o SymF(A(a)) o B, : ME* — AFR)*

Notice that since the matrix entries of 2(a) lie in LT, 8} is well-defined.
Dual to pOy o B = B o O is pB 0 0 = 0y o B Hence B induces a map ﬁk H}* — H}*. Tt follows that

det(1 — B, T|H}) = det(1 — BiT|HE).

7.1 Primitive Cohomology and its Dual

In this section, we will decompose the (conjugate) dual cohomology into three subspaces: a constant subspace, a
trivial subspace, and a primitive part. The eigenvectors and associated eigenvalues of the dual Frobenius on the
first two spaces are explicitly given.

As we did in §2.5, we need to distinguish between 7 and its conjugate —m. Using notation from §2.5, for any
b',b > 0, define the spaces

M g i=M_za(V,b) @) LT
M= Mg o(V,0) @) RfaLl.

Denote by MP and M™* the k-th symmetric tensor powers of these spaces over LT and LT*, respectively.

—m,a —m,a

The differential operator on /\/l(_’i)r a is O_rq = a% + G}, and the differential operator on /\/l(_]i)r a is 8i7r o =
—a% + Trunc, o Gy. From this, we may define Himk = M(f“;a/a,ﬁ GM(lC‘/?' . and Hf;k = ker(0* . a\./\/l(i)r*a)

Constant Subspace (C’;“. Using the basis B defined above, define (C’;Jr1 = @?:0 Cpviwk=J. Notice that
Cptt c HY
§2 —,k

Subspace T coming from infinity. (cf. §4.1) If k is odd, define Ty := 0. Assume k is even. Define & := 3%}5

where ¢ is a square root of —1 in C,, and define

v1(a) := i ﬁa sn_

— 2k (n + 1)!
and vz (a) by replacing ¢ with —¢ in v;. By reduction, define the vectors in M2

1
U = v + (2(121)1 + 3a2mrvl + alv’l) w

1 _
Uy = Vo + (—2a 20y — 3a’kmvg + a” b ) w.

Next, for each 0 < j < k/2 and p|(k — 27), define
"

- . ,—k/2 k—2j)rma’, k—j, i —(k—2j)xma®, 5, k—j
n; =a / (e( Drmay b Iyd — em(k=2inmaty Jy b))

— 94 3 k‘ o 3 N N
+.—q k/2 (e(k 2j)kma ul -J ]_|_e (k—2j)kma ujlu2 j)

If 4|k, then for each 0 < j < k/2 and p|(k — 2j), define wj(a) by w;(a?) = n;r(a). Else, if 2|k but 4 { k, then for
each 0 < j < k/2 and p|(k — 27), define w;(a®) = n; (a).
It follows from §4.1 that Ty, := spanc, {Trunc,(w;(a))} is a subspace of H*  of dimension
k .
L] ik
dime, T = %J if 2|k but 41 &
0 if k£ odd.
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To see this, from §4.1 w;(a) is a solution of a-&- — G, whose coordinates live in R. By Mittag-Leffler, Trunce(w;(a))
is analytic on D~ (00, 1), and while (a- — G}) Trunc,(w;(a)) is not zero, it only consists of positive powers of
the variable a. Hence, it is zero when we apply 9% ,.

Primitive Cohomology. Define the space
PHY , :=HY /(CE & Ty). (7.1)

Using this, we define the subspace PH! _, C H!_, as the annihilator of Cy*' @ Ty in H! _; via the pairing.
Thus, PHl’;nk and Himk are dual.

Frobenius on the Constant Subspace. Let us show
B ilors = Sym*@(0)), (7.2)

To prove this, recall Bimk := Trunc, o Sym*2A_,(a) o ®,. The operator ®, is the identity map on (C’];'*‘1 and
Sym*A_.(a) is a matrix with entries in L'; in particular, they are power series in the variable a. Therefore,
only the constant terms of these power series will have an effect on (C’;“, everything else would be killed by the
truncation operator. That is,

Truncg o Sym*A_,(a) o @a(CI;H) = Trunc, o Symki’l_ﬂ(a)((clgﬂ)
= Truncg o Syka[(O)((C’;H)

which proves (7.2). Further, since 2(0) is invertible, we have 3* _, (Ci*!) = CiT1.
Frobenius on the Trivial Subspace Tj. Recall from §4.1 that
A*_(a®)a P2V (aP)S(aP) = a2V (a)S(a) M

K,Tl’(l3 O

O e*l{’ﬂ'a

(&

where V(a) is the matrix (u; usz), S(a) := ( 3 >7 and M is a constant matrix given by

M = < \/0‘5 :I:?/;B) if p=1,7 mod(12)

(of course, \/p may not be the positive square root) and

_ 0 V=9 4 _
M_<:|:\/jg 0 ) if p=5,11 mod(12)

where “+” means positive if p = 1,5 mod(12) and negative if p = 7,11 mod(12), and g := g2((p* — 1)/3).
From this, we may calculate that for 4|k

p*2Trunc, (w;) if p = 1mod(12)
3 ~1)p*?Trunc, (w;)  if p = Tmod(12
B ¢ w(Trunce(w;)) = (k 2) p runcq(w;) 1 p mod(12)
7 9" 2 Truncy (w)) if p =5 mod(12)
(*l)jgk/zTrunca(wj) if p =11 mod(12).
and for 2|k but 4 1 k,
P2 Trunc,(wj) if p = 1mod(12)
3 —1)7p*/ 2 Trunc, (w; if p = Tmod (12
B w(Trunce(wj)) = ( )kp2 runce(w;) 1 p mod(12)
’ (—9) / Trunc,(w;) if p =5 mod(12)
(—1)7+ (=g)*?Trunca(w;) if p = 11 mod(12).

This demonstrates that not only is Biw’ . stable on Ty, but the basis {Trunc,(w;)} consists of eigenvectors.
Using either Gauss sums or Dwork theory, one may show

k
Pfﬂ',k}(T) = det(l — Biﬂ’kTK:];J"l) — H(l _ ﬂ.l(o)jﬂ-z(o)k—jT)

Jj=0
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where L(z3/F,,T) = (1—m1(0)T)(1—m=2(0)T); note, we are using the (conjugate) splitting function exp(—m(t—tP))
to compute this L-function. Letting N_, (T') := det(l = B 1 T|%k), we see that

det(1— B*\TIHY. ) Pog i (T)N—p x(T)det(1 — B xTIPHL )

M,(T) = =
k( ) det(l - pﬁ ™ kT|H77-r k) det(l - pﬁ T k:T‘H,ﬂ- k)

where we have used duality for the second equality and the bar on the left means complex conjugation. Note,
conjugation acts as the identity on M} (T') since it has real coefficients. It follows from (5.1) that

Ny (T)det(1 — B xT|PH. ;)
det(1 — pfrxT|H? })

M(T) =

7.2 Functional Equation
In this section, we will define an isomorphism ©y : PHi*7T . — PH }r . Which relates the Frobenius 3, j with its
conjugate dual 2% see equation (7.7).

For convenience, denote by 2_ j , the matrix Sym*(A_,(a)). Dual to Brk := Vs 0 A_r k4 : MP)

—7ra

M(,k)ra is the isomorphism 2* = Trunc, o Az ka © Py /\/l(,k,)r*a M(,kﬂ o For & € ker(0* a|/\/l,,r a) we
have (in Cp[[a™1]]k*1)
Q[—Tr,k,a © (I)a(f*) = Zimk(ﬁ*) +n (73)

for some 1 € C,[a]kT1.

Recall the space R’ ,(V',b) from §2.5. Define R” . , :=R._ ,(b',0) @@ LT, Define

—7,a —7,a
r d . (k)+ /
k,a *— d + Gk ker(@ T, a|M T a) - Sym (R—ﬂ' a)

It will be useful to note that ©) , is both 9%, , without the truncation map (and hence it p-commutes with

7 ka0 Pq) and —0r ,. Applying ©; , to (7.3), we have (in Sym*(R' . )

p Ql—ﬂﬁkﬂl ° (I’a ° @;c,a(g*) = ;c,a o Ziﬂ',k)(g*) + @;c,a(n)' (74)

V', b*) — Mg o(b',b) which satisfies @_ﬂvap = p~tay(a)o
O_rq0a* (a). Denoting by ©_, k., the k-th symmetric power of ©_, ,, and using that the matrix of a*  (a
equals A_,(a), we have

Recall from §2.5 the isomorphism @—ma R’

—T,a

pQl o 6—Tr,k,ap = @—ﬂ',k,a o Q[—7r,k,a (75)

m,k,a
Thus, applying ©_, ., to both sides of (7.4), we have
k+lmﬂ'%€ a ° @*ﬂ',k»ap ° (I)a o @;C,a(g*) = @*ﬂ',k,a ;c,aztw,k(g*) + @*’ﬂ',k,a ?c,a(n)
which equals o - o
k+1m;k a ° (I)a o @_71—7k7aa ;c,a(g*) = @—ﬂ',k,a@;c,azimk(f*) + 6—7"7’97‘1 2:7(1(77)'

Thus, o o o
@777,16,0, ;c,a(g*) = p_(k+1)ﬂﬂ',k@*ﬂ',k,ag;c,aziﬂ',k(é-*) + 5#,]@97731@,0‘ ;c,a(n)‘ (76)

Now,

Brk® 7 ka©%a(n) = Va0 POk ar (@ 1 o) O (1)
= PO k0 ©Pa © O 0 (@ 1y o) (1)
= p2®k7a@—ﬂ,k7awa (@ *—‘n',/c,a) 1(77)
=0 mod(&r,aMgﬁ)

where the first equality comes from (7.5). Finally, define Oy : ker(9* k|/\/l(k)* ) — Hy . by

Or(§") = @fﬂ,k,a ;c,a(g*) mod(aﬂ’a/\/lgr]f?l).

Then (7.6) shows us that -
P8Ok = OrZE

However, this is not quite the functional equation since the map Oy has a kernel.
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Lemma 7.1. ker O, = Ck+*1 ¢ T

Proof. Since z*_mk((C’;H) =0, we see by (7.6) that ©(Ci*!) = 0. Next, since O}, is simply 9%, without the

truncation map, we have ©} (%) = 0, and so, O (%) = 0.
Suppose £* € ./\/l(i)r*a is in the kernel of ©j and is not constant. Then there exists h € /\/lgrk()l such that

Ok(£*) = 0r.a(h). Now, ©_1 140} , = O} ,O 7 k.a, and s0

(aja - Gk> (~¢* +h) =0

where h := @:;k’a(h). Thus, —&* 4 h corresponds to a solution in ker(lj, |]§) But these solutions are in one-to-one

correspondence with . O

Thus, if we restrict to z* _, on PHf;,k and S, on PH}T,k7 then Oy, : PHilmk — PHi,k is an isomorphism
which satisfies ~
P B Ok = OrZ* ) (7.7)
Corollary 7.2. dim¢, PH} = dimePHi’;’k <k.
Proof. From the explicit description of the matrix G, the image of the injective function ©) : PH i*ﬁ P Cpla]F*?
is contained within the subspace {0} x a(C]; which has dimension &. O

8 Newton Polygon of M;(T)

For k odd and k < p, from Theorem 6.3 and Section 7.1, we have
My, (T) = det(1 — 3 T|PH})

where
(k—1)/2

PH} = @ (Cpa)v 2w,
j=0
Using this explicit description of the cohomology, and the effective decomposition theorem (Theorem 6.3), we
may prove the following.

Theorem 8.1. Suppose k is odd and k < p. Writing
M(T)=1+cT+cT? 4+ C(k+1)/2T(k+1)/2

we have )
(p—1)

37 (m? +m + mk).

ord(cpy) >

for everym =0,1,...,(k+1)/2.

Proof. Let b:= (p—1)/p and ¥ := b/p. From §2.6, we know a(a)z’ = A;1(a)x + Aiz(a)x? mod(D (Vb)) with
2;; € L(V; g/(pj —1)). From §6.2, we know {avk*%wzi}gigl)ﬂ is a basis of PH}. Since v := z and w := 22,

ag(a)(av* % w?) = a(a(a)v)**(a(a)w)* = ZaBr(a)ka’"wT

where o o
— &l 1 . .
Br = A n9 k—2i—n A mg. Qz—m.
(a) Z . ( n )(m)( 11) ( 21) ( 12) ( 22)
n=0,1,...,k—2i
m=0,1,...,2i

After some calculation, we see that

b b b 2
aBy, € L(V; = [(p— Dk +pr—2i] —20'/3) = L(V'; = [(p — 1)k — 2i] + 641 — = — =

3 3 3 3)
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where 0,11 1= L;U Using notation from §6.2, this means
o g b 2
ag(a)(av* ) e ./\/l((l]f,)(b’; 0+ 5[@ — 1)k —2i] — 3 ?)
Consequently,
k—2i, 2 (k) v Lb2y

Br(av™ ™= w") € M, (b;5+§[(19—1)k—21]—§—?).

It follows from Lemma 6.7 that for some constants A;; we may write
(k—1)/2
Brlav™ 2w c Y Ayt w¥ + 9, MP (b)
j=0

with the sum being an element of Vj(b; 8 + %[(p —1)k—2i] -5 - %bl) Therefore,

v ) b2
Aija € L(b; zj11 + Sllp — Dk — 2] — 5 = =),

and so,
/ /

2b b 2
ord(A;;) > g(pj —i)+ §(p — 1k + g(b — V).

Let us rewrite this. Let { € C, such that ord,(§) = 2b//3. Fix € := &1 Then, if we had used the basis

{fiakaziw%}z(ial)/?’ then
(k—1)/2

Br(av* ) = Z (77 Ay) EavHw,

Jj=0

Hence, the matrix of 5, on PH ,L with respect to this new basis, takes the form

Boo 5301 . g(k*l)/ZBO)(k_l)/2
/ ¢ . c(k—1)/2
matrix of G — p%(pfl)kJr%(bfb') B.10 fBin ' § ?17(k_1)/2 ’ (8.1)
Bii-1y/20 EBx-1)/2.1 ER=D/2B 1) s0.6-1)2
where ngij = ¢ Ay, and so, ord,(B;;) > 0. It follows that, if we write
det(1 — ByT|PHY) =1+ 1T + -+ + ¢y 2T TD/2
then since b:= (p — 1)/p and b" := b/p,
12

ord(cm) > (p3p2) (m? +m + mk).

O
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