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LP — [’ ESTIMATES FOR
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LUCA BRANDOLINI, ALLAN GREENLEAF AND GIANCARLO TRAVAGLINI

ABSTRACT. We prove several variations on the results in [RT] (F. Ricci and G.
Travaglini, Proc. A.M.S. 129(2001),1739-1744) concerning LP — L?’ bounds
for convolution with all rotations of arc length measure on a fixed convex curve
in R2. Estimates are obtained for averages over higher-dimensional convex
(nonsmooth) hypersurfaces, smooth k-dimensional surfaces, and nontranslation-
invariant families of surfaces. We compare the approach of [RT], based on av-
erage decay of the Fourier transform, with an approach based on L? bounded-
ness of Fourier integral operators, and show that essentially the same geometric
condition arises in proofs using the two techniques.

§1. Introduction

Our starting point is the following result from [RT]:

Theorem 1. Let I’ C R? be a compact, convex curve with arc length measure p.
Let ug denote the rotation of p by 0 € S*. Then

(1) ([ [15 s narpanas)’ < ([ 1sontas)’”.

Thus, the L?(R2) — L3(R?) estimate that holds for curves in the plane with
nonzero curvature ([L,Str]) generalizes to arbitrary (i.e., not necessarily smooth)
convex curves when averaged over all rotations. The goal here is to extend this in
several ways: to averages over k-dimensional surfaces in R™; to more general trans-
formations than rotations; and to nontranslation-invariant averaging operators. In
doing so, we will primarily use two techniques: estimates for average decay of the
Fourier transform of surface measure (as in [RT]), and L? regularity of nondegen-
erate Fourier integral operators. Although these methods appear to be different,
the geometric assumptions needed to use them are essentially the same.

To start with, one can extend Thm. 1 to rotations of hypersurfaces in higher
dimensions with the same convexity assumption. For § € SO(n) and p a measure
on R™, let g be defined by < f, ug >=< f(071), u >, so that fig(&) = a(0¢).

Theorem 2. Let S C R"™ be a compact, convex hypersurface with induced measure
w. Then,

(i) T ([ e w)
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(Here, and throughout, we use < to denote < ¢-, with ¢ dependent only on the
operator in question.) Thm. 1 can also be modified to cover all rotations of a
surface in R™ of arbitrary dimension, under a smoothness assumption.

Theorem 3. Let S C R™ be a smooth k-dimensional surface, 1 <k <n—1,n > 2,
and p a smooth, compactly supported multiple of induced surface measure on S.
Then,

(13) (/So(n) [ 15 (o) 5% o) T ([ o)™

A crucial ingredient in the proof of Thm. 1 was the L? average decay of the
Fourier transform ji from [P]. Thms. 2 and 3 follow immediately by replacing
Podkorytov’s estimate in the argument of [RT] by the results of [BHI] and Prop.
1 below, respectively.

n—k n—k
To obtain the optimal L& L= boundedness, we do not actually need

to use all rotations of the surface, or even linear transformations for that matter,
nor does the operator need to be translation-invariant. To start with, we keep the
translation-invariance, but allow nonlinear transformations to act on the surface.
Let T, : R — R"™ be a smooth family of transformation of R™ parametrized by
s€e KCCR™ m>n—1,let y: ACR" ! —R" be a C? parametrized convex
hypersurface in R" (if n = 2 we merely need to assume that ~ is convex) and set
vs (t) = Ts (v (t)). We are interested in the operator

Rf (2.5) = / £ (@ =5 () x(B)dt = (f o) ()

where p, is the measure defined by

/ f (@) duy = / £ (s (0) x (),

with y € C§°(R"™1) is a fixed cutoff function. Denote by Jr, (x) and Jor. (x) the
k

oT,
ask )

Jacobian matrices at x of the maps T and respectively. We have
Theorem 4. Let v be a conver curve if n = 2 and a C? convex hypersurface if
n > 3. Assume that for every unit vector = € S"~1 and for every s € K the matriz

EtJTs (JJ)

=t
= ng"f (:17)

(1.4) C =

=T ar, (a:)
Osp_1

has rank n. Then

1/(n+1) n/(n+1)
ws) {[ [ rr@orttast < { [ @
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To consider nontranslation-invariant operators, we next take
v :R" x R™ x RF — R"”

to be a C™ map, with Dy7y(z, s,t) injective, so that each v, s := {v(z, s,t) : t € RF}
is a smooth immersed k-surface in R™. Define the (overdetermined) generalized
Radon transform R : C®°(R") — C*(R™ x R™) by

(16) Rf(@s) = [ fOs @ xe @)

Then (see [Gu,GuSt]) the Schwartz kernel of R is a smooth density dz supported
on the incidence relation

Z ={(z,5,y) 1y € Yus} TR x R,
which is codimension n — k in R"*™ x R"™. If
Z:{F1($7S7y):: n,k(%s,y):O}

locally, with {dFy,...,dF,_x} linearly independent, then éz has the oscillatory
representation

(1.7) 6z = / ! XIS s g (g sy 0)df
Rn—Fk

in the sense of [H1], with a(x,s,y;0) a symbol of order 0 (essentially =1 in 6). In
general, 6z is a locally finite sum of such expressions. Thus, 7 is a Fourier integral
distribution on R**™ x R™ associated to the conormal bundle of Z,

N*Z = {(x,s,f,a;y,n) € (T*R"™ x T*R™\O0 : (z,s,y) € Z, (£,0,n) L TZ}
and hence R is a Fourier integral operator,
Re I"(R"* R™; C),
where
C=N"'Z = {(x,s,f,a;y,n) D (m,8,&, 05y, —1m) € N*Z}

is a canonical relation, i.e., a lagrangian submanifold for the difference symplectic
form wpsgnim — wpsgn on T*R™™ x T*R", and the order r is calculated by

number of phase variables number of spatial variables
r =( order of a) + -

2 4
_O_’_n—k_n—i—m—i—n__ﬁ_@
B 2 4 2 47

L? estimates for Fourier integral operators associated with a canonical relation
C C T*X x T*Y depend on the structure of the projections ng : C — T*Y
and 77, : C — T*X. The optimal L? estimates for an operator F € I"(X,Y;C)
hold under the assumption that 7p is a submersion (which guarantees that p,
is an immersion), together with the mild requirement that the spatial projections
mx : C — X and 7y : C — Y are submersions [H1,H2]; such canonical relations
C are called nondegenerate. Substituting L? estimates for such operators in place of
the average decay estimates for the Fourier transform of surface-carried measures,
we can show
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Theorem 5. Let R be a generalized Radon transform as in (1.6) such that the
associated canonical relation C' is nondegenerate. Then,

2n—k

2n—k an—Fr
(1.8) Rf : Leopnp (R™) — L2 7F (R™T™).

Letting 7o : R¥ — R” be a local parametrization of a smooth k-surface S C R",
m = @, 0 : R — SO(n) a coordinate chart and v(x, s,t) = — 0(s)(y0(t)),
we see that Thm. 5 extends Thm. 3. It is also possible to use proper subgroups of
SO(n) and obtain the same estimates. These and other particular cases of Thm. 5

will be discussed in §5 below.

All of these results involve estimates on the line of duality. Via interpolation
with the L' — L' and L>® — L* bounds, we find that the type sets of the op-
erators contain certain closed triangles, symmetric about the line of duality. For
general hypersurfaces, this is sharp, as the example of the unit sphere shows, with
rotation not producing any additional LP improvement. The emphasis here is on
the extension of these estimates to low regularity and variable coefficient settings.
For higher codimension surfaces, the results here fail to be sharp. For exam-
ple, Drury[D] (see also Christ[C1]) has shown that the X-ray transform on R”
maps LHTH(R”) to L"TY(M; ), where M, is the Grassmannian of affine lines
in R™, and this then implies an improvement of Thm. 3 for S a line segment.
Also, these results have a somewhat different character then those of, for exam-
ple, [O,PhS,GSW,S,C2,Bu,BuC,TaW], where the specific geometry of the curve or
family of curves determines a more complicated type set in the absence of rotations.

Finally, mixed norm estimates are possible for certain model surfaces in R™, just
as in [RT] for model curves in R%. Writing z = (2/,z,,), consider the hypersurface

Sp = {(ac’,xn) eER":z, = |$/|B}

where 3 > 2. Let dug be the induced measure on Sz, multiplied by a C*° function
on R™ with compact support, identically equal to 1 in a neighborhood of the origin,
and pg.¢ its rotation by 8 € SO(n). We have

Theorem 6. Let Rgf(x,0) = f*pugo(x). Then,

n+1< 26+2(n—1)

i Rsf P (n=1)(B— S s

O A s S W oty
.. 26+2(n—1)

(ii) HRﬁf||Loo(so(n);Lp’(Rn)) SIfllees > FETICE)

Thms. 2 and 3, which are based on L? average decay properties of Fourier trans-
forms of surface-carried measure, are proved in §2. Thm. 6, which uses LP average
decay properties, is proved in §3, and Thm. 4, which still concerns translation-
invariant operators and thus can be treated using Fourier transform estimates, is
treated in §4. In §5, we prove Thm. 5 and discuss geometric criteria for nondegen-
eracy of the canonical relation.
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§2. Euclidian motions of a fixed surface

We begin by considering averages over all translations and rotations of a fixed
k-dimensional surface in R™.

Proposition 1. Let ® : Q C R — R” be a parameterization of a C™ k-dimensional
surface S C R™ and let p = @, (x(u)du), where . denotes pushforward and x is a
suitable cut-off function on R¥, so that

(2.1) o) = [ e2mm ey () d
Q

for w € S, Then

(22) {[ aworal <o

Proof. We can change parameterization and choose coordinates in R™ so that
D (u) = (u, ¥ (u)).

We can also assume that ® (0) = 0 and V¥ (0) = 0. We have

ﬁ(pw) _ / e—27ripw~(u,\D(u))J(u) du,
Q

where J (u) is a suitable function that takes into account the change of parameter-
ization. Let ¢ (w) = ¢ (w1,... ,wi) be a cut-off function supported on |w;| < %
for j=1,...k. Then

/ A (o) b () do
gn—1

= / / / e~ 2mipw (u=v, ¥ () =T (v))y, (w)dw J (u) J (v) dudv
aJa Jsn—1

1

1
5// ————— duJ (v) dv
QJrr (14 plu—vl)
1
z/ / 7NduJ(v)dU=cp_k/ J (v) dv
QJrr (14 plul) Q
Yt
for N > k. Here we used the fact that w and (u—v, ¥ (u) — ¥ (v)) are almost
orthogonal on the support of ¥ and we can evaluate the integral on S~ ! integrating

by parts N times.
Let w be in the support of 1 — ¢ (w). Then

ﬁ(pw) _ / e—QTripw'(u,\Il(u))J(u) du.
Q
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Since |V (w - (u, ¥ (u)))| > ¢ > 0, integrating by parts N times gives

i (pw) < ™,

finishing the proof of Prop. 1. O
Remark. Related results for curves in R™ can be found in [M].

Proofs of Thms. 2 and 3. By decomposing S into a finite number of pieces we
can assume that S is defined by

{(z,2/) e RFxR"": 2/ = & (x)}

and that the Jacobian of ® has bounded entries. Also observe that the tangent
spaces to S do not contain any line parallel to {0} x R"~*.
Let i, be the distribution defined by

ﬁ/@mw(t) t*~Ldt,

for test functions ¢ € C§°(R), and for § € SO(n) let the distribution pj be defined
by

(2.3) (iz,0) =

(2.4) 15 (€) = fip (€) iz ((0€),_psr) =+ 1= ((06),)

(6t (60),,)

denotes the last k components of #¢. Introducing the analytic family of operators

(2.5) T*f(z,0) = (f * pg)(x), z€C,

the proof now follows exactly as in [RT]: using either [BHI| for Thm. 2 or Prop. 1
for Thm. 3, one shows that

(2.6) Tt [2(RY) — L2(R" x SO (n)), o €R,
and by (2.4),
(2.7) T LY R™) — L™ (R™ x SO (n)), o €R,

Analytic interpolation then yields that

2n—k 2n—k

T°: L% (R") — L7 (R™ x SO(n)),
which is (1.2) (for k =n — 1) and (1.3). O
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§3. Mixed norm estimates for model surfaces

Consider the hypersurface
Sg = {(m’,xn) eER":z, = |x'|ﬁ}

for values of 8 > 2. Let ug be the measure induced by the Lebesgue measure on

Sg, multiplied by ¥ € C§°(R"™) , identically eqaul to 1 in a neighborhood of the
origin. We are first interested in the decay at infinity of the Fourier transform of
this measure,

Bie= [ ety @)

Lemma 1. We have

_(n=1)(B-2)

(3.1) |ﬁ; © < )5/ 26— 1) |§n‘,2(n£7111)
and
(3-2) 75O < e

Proof. To prove (3.1) let ¢ (z') = ¢ (2') — ¢ (22"). Then,
I T |8
i (€) = Z/ 6_27”(5 ' +na’] )Qp (ij') da’
j=1/R*

+oo
(3.3) =) 27 / e 2mi(277E w2 e lul”) o () gy
j=1 "

Rn—1
+o0
_ Z 9—(n=1jg (2—1'5/, 2—ﬁj§n)
j=1
where
1(6) = / e—27ri(27j§/~u+27ﬁj§n|u\5)<p () du.
Rn—1

Since 9 is identically equal to 1 in a neighborhood of the origin, ¢ is supported
away from the origin. Therefore, for I we have the estimate

1@ ST

since S has strictly positive Gaussian curvature away from the origin. It follows
that

+oo e
75 ()] S 32V | (2ig 2 g, )T T
j=1
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Let j, = [ﬁlogz (%)] where [-] denotes the integral part. Observe that
when j < j, we have

|(277¢,27%¢,) | = 277 I¢a]
while for j > j, we have

|(277¢,2709¢,) | = 277 €]
Splitting the above series yields

O£ 302 e ) T S e ) T

Jj=1 J=jo+1

, —B=2-1) a1
SIET g D

To prove (3.2) we observe that it is enough to consider the case [£'| < c|&,].
From (3.3) we get

+oo
5 (O D271 (277¢ 27,

j—l
<Z2 (=3 (149799 |¢,[) T

n— +oo e
= ZTWW L2 D6) "+ 3 2 i (128 g, ) T

Jj=jo+1

where jo = [% log |§n\] Therefore,

‘@ ‘ ZQ (n=Djghis* ¢ 17" 4 ¢ Z 9—(n—1)j

J=jo+1
Skl ™7 SlEF
Lemma 1 allows us to obtain L? average decay of fi3, extending a result in [BRT].

Proposition 2. We have the following estimates:

n—1 —
p s p<2(g_21)

1
F n—1 B=2)(n-1) _
I e e e
e B X

Proof. Let now ¢ = (¢/,€,) = (pw'siné, pcosf), with ' € S*"2 and 0 < 0 < 7.
When ¢ < 0 < ™ — € we have the uniform estimate
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3o sin 0, peos )] S p~ 7"

2(8-1)

Hence, when p > ot

/ / 1153 (pw’ sin 0, pcos 0))|” sin" 2 0dw’ d
0 Jsn-2
SJ pinTilp
€ n—1 no1 _(n=D(B=2) _ (=D \\P ne2
+/ (min (,O_T,;fT (sin@)” 2B-D (cosb) 2‘(5*1))) (sin@)"~“df
0

n— € n— n— n— — P
< p*Tl”+/ (min (o7, p= 5 0= 55 ) ) on 2
0

p
€ not (n=1)(8-2)p

+/ p~ T PAT 2D GnT2dh
P

,(nfl)zﬂrgfl +p7(n71)p+§71 5 pf(nfl)”g*l

SPE 4y

The computations when p = % or p < % are similar. (]
Incorporating the average Fourier transform decay estimate of Prop. 2 into the

proof of [RT] as described in §2 then yields Thm. 6.

§4. Translates of transformations of a fixed surface

We now turn to the proof of Thm. 4. If the number of parameters m is greater
than n—1, then under the rank assumption of Thm. 4, we may select n—1 variables
Siys- -5 Si,_, such that the corresponding square submatrix of (1.4) is nonsingular.
The estimate (1.5) then holds, with respect to ds;, ...ds;, _,, uniformly in the
remaining s variables. Since K CC R™, we may integrate in all the variables and
see that (1.5) holds. Hence it sufffices to assume that m = n — 1 and (1.4) is
nonsingular.

Starting with the two-dimensional case, let

T, : R? — R?

be a smooth family of transformations of the plane with s € [a,b]. Let 7° : [—¢,¢] —
R? be a convex curve in R? and let v, (t) = T, (1° (t)). We are interested in the
operator

Rf (z,5) = / f (@ = (0)dt = (f % o) (2)

where p; is the measure defined by

[r@an = [ 5 (@60w) .

Splitting the curve into a finite number of segments if necessary, we may assume
the existence of two constants ¢ and @9 such that for any ¢ the left and the right
tangent lines at y(t) have slopes between ; and @2, and ps — @7 is small.
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Proposition 3. Let ®' = (cos,siny) with p1 < ¢ < . We assume that for
every 1 < @ < o the matriz

JTS (I)t ]

(4.1) C= [ T
“ds

is nonsingular. Then
(12) (f1m©rdas)” st
Proof. For any £ # 0 let

0 = max € - Jr. @ ‘E.J%(I)’
s 1S3

The nonsingularity of C' ensures that 6 > ¢ > 0. Let 7y (s),n2 (s) € C* be cut-off

&Jar, ®
functions such that m (s) +m (s) = 1, H) > ¢ on the support of 71 and
J,. @
% > ¢ on the support of 1. Then

J1m©@F s = [\ ©F m(s)ds+ [ 7 (@) na()ds =1+ 11
To estimate I observe that

I=/|ﬁZ(§)I2m (s) ds=///e*2”5'(%<t>*%(f'))nl (s) dsdt'dt.

Since
d

6O 0= = e Ty - 5

= ‘ﬁ'J% (€) (y () =y ()| = clél Iy (&) =y ()]

(observe that the direction of v (t) — v (¢') is between ¢; and @9 by the convexity
of 7)), integrating by parts in s yields

1 1
< dt'de < —.
N//1+§|7(t)—v(t’)l TS

We now consider I1. When s belongs to the support of 75 we have, a.e. in t,

dT dT
¢

(v (#))

d

PAREY <t>>] = 16 Jz, (v () (O] > cle]

and therefore, integrating by parts, we get

@ (@) = | [ e men o <
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finishing the proof of Prop. 3. U

It is also possible to apply the geometric combinatorics technique of Christ[C]
(sce also [TaW]) to obtain all but the sharp L? — L3 result, with a restricted
weak-type estimate at the endpoints, under the same geometric condition (4.1). Let
Yt.5(x) = & — T5(7°(¢)), thought of as a family of diffeomorphisms of R?, indexed
by t,s. Define, for 3o € R? fixed, a map ¥ : R3 — R? by

U(t't,5) = s (Vs (90))-

Then the crucial things one needs for the argument of [C] to work are:
(i) ID¥ |22 > cft’ — 1],
where || A]|2x2 is the maximal 2 X 2 minor of a 2 x 3 matrix A, and

(i) [T (@) < G,

an upper bound on the lengths of the preimages of points under ¥. In this
translation-invariant situation,

(' t,5) = yo + Tu(r(1) — Tu(r(t)
so that
DV =[-DL.((t), DT.G®), Tiy(®) - TLH(E)]

~[-DLG). (¢ - ODTGE). (¢ — DT,
from which one sees that (i) will follow if
rank {JTS&, Jr. 4, Jd%ﬂ _9

Since this approach does not yield the endpoint result, but only restricted weak
type, we shall not describe it in more detail.

In dimensions n > 3, we need to impose a regularity condition on the surface
in addition to convexity, so we now assume that 7 is a C? convex parametrized
hypersurface in R™. By a partition of unity on the surface, we may assume that
v (t) is in a small neighborhood of a fixed point z, = v (¢,). We can also assume
that the image of the Gauss map is a small compact subset {2 of S*~!, and denote
by QF the set of directions that are orthogonal to a direction in €.

Proposition 4. Under the assumption that the matriz in (1.4) has rank n,

(43) {[me@rve ds}é < e
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where ¥ € C§° (K).

Remark. Let w = E'Jr, (x9). By the rank assumption in Thm. 4, we have that
the vectors w, 89 e 86 are linearly independent. Hence, writing s = (s/,s") €

R~ x Rm—"+1 it follows that for all sj € R™~"*1 the map s’ — w(s’, s{j) defines
a hypersurface in R™ whose tangent hyperplane does not contain the origin.

Proof. Let & = p= where p = [£| and let

(4.4) d(s) = inf max E T or (z,) ®|.
pecol k=1,...,n—1 D5y,
|®|=1

By a smooth partition of unity we can assume that ¥ is supported in a small
neighborhood of a fixed point sy and that on the support of ¥ either § (s) > € or
d (s) < € holds for a suitable € to be chosen later.

Assume we have J (s) > €. Let us consider

1—/| LW ds—/// (0= (") g (1) dsdtdt.

We have
o7 oT, ,
) =6 52 ()

Etjg%j (v () () =1

€ (0= ()| = e

—p > eply () (t— )] > ceplt — ¥

We used the fact that 4" (¢) (¢ — ¢') is in the tangent hyperplane at v (¢) and there-
fore is in Q+, and that 4/ has maximal rank. Integrating by parts n — 1 times in

s we get
1 1
5// e dsdt S o
14+ p|t —t']] p

We now consider the case

(4.5) 0(s) <e.

Since the map T (x) is smooth we can write Ty (z) = Ts (zo) + Jr. (x — 20) +
E; (x,20). Then

(@) = | [ =

_ / eipE-[JTs(v(t)v(to))+Es(v(t)f/(to))]dt‘

_ /eiPE'r]TSV(t)+iPE‘Es('Y(t)a’y(to))dt‘.
Setting w = Jf. =, one has

(4.6) s (€)] = ‘/eiﬂw-v(t)JripE-Es(v(t)ﬁ(ta))dt‘
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By (4.4) and (4.5) there exists ® € Q- so that for every k,

(4.7) = or () <I>‘ <e
5k

ie.,
Oow

4.8 K gl <e.

( ) Dsr ‘ <e

Without loss of generality we can assume that v (¢t) = (¢, (¢)) with v/ (¢9) = 0
and that ® = (1,0,... ,O)t. We claim that the Jacobian associated to the change
of variables

we = wa ()
(4.9)
wy = wpy (s)
is nonsingular. Indeed, let w’ = (wo, ... ,wy)" and assume that the vectors
ow' ow'
sy’ 0sp_1

are linearly dependent. Then for suitable (ci,...,¢,—1) # 0 we have

8&)/ 8&)/ ¢

— . _ =(0,...0

C1 881 + +cn—1 8871,1 ( ) )
Let
6w1 + + 8w1
c1— 4 ep_ =
1 881 n 188774,1 )

then 5 5

w w

= 4 ... e ,0,...,0)
“ 881 + +n—1 8Sn_1 (Oé )

Since the vectors g—;, ceey % are linearly independent by the assumption (1.4),
we have o # 0 and therefore ® = (1,0, ... O)t is linearly dependent of g—;"l, cee 631“11 .

This contradicts (4.8).
Also observe that, by (4.7) and (1.4),

w1 :w-@:EtJTSd)

is bounded away from zero.
Let us consider the integral in (4.6). In order to integrate by parts in the t;
variable we observe that

O (Wt waT O] 42 B (7(8)17 ()

oty
or a _
=wy +wn3_t1 + a—tlu “Es (v (t),7 (L)) -
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Since v (t9) = 0, taking t in a sufficiently small neighborhood of ty we get that
wng—i is small. Moreover the same can be shown for the last term since 7 is C!
and T is smooth. This ensures that the above derivative is bounded away from

zero. Hence,
/ Pl T (O] +iZ Bu(1(D).1(80)) gy

— 1/eip[w'-t+wn1“(t)]+ipE-Es(v(t),v(ta))H(w/7t) dt,

p

where H is a bounded function smooth in the w’ variable. It follows that

R

2
= %/‘/eip[w'-HwnF(t)HipE-Es(w(t)n/(to))H(wlvt) dt| W (s)ds

p
Performing the change of variables (4.9), we obtain

1 2

Pz ’ [ el et O oty dt| (o)

P

and thus
2

1 iR[w! t4+wnT(#)]+iRE Eg (v (t),7(to ~
12:—2/‘//e’” FonPOIRRS BN g gy dtdey | B (o) do
p

where ¢’ = (tg,... ,t,—1). By the Minkowski integral inequality we can bound I by

1/{/‘/eip[w”'t/w”F(UHiPE'ESMt)’wonH(w',t) g’
p

Expanding and rewriting the term inside the brackets, we turn it into

///6ip[w”-(t’fu’)+wn(F(t1,t’)fI‘(tl,u’))]+ipE-Es('y(t),’y(to))fipE-Es(’y(tl,u'),'y(ta))X

H (W' t,t) H (W, t1,u) ¥ (W) dw'dt’ du

) 1/2
U () dw'} dty.

For fixed value of t1,t, 4/, let k be such that
[ty —ug| > c|t —ul.
Then the derivative of the phase in wy is controlled by

Own,

te — uk + VI - (0,t' —u') + O (t — u)max (|t — to| , |u — to])

8&);.3

> — |tk — ukl.

N[ =
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Therefore we can integrate by parts n — 2 times in the above integral and we get a
term controlled by

1 o
| ey et

I'sp >,

Hence,

N3

which is better than we need. g
Using Props. 3 and 4 in the proof of [RT] yields Thm. 4.

§5. Nondegenerate generalized Radon transforms

Let X and Y be smooth manifolds, with cotangent bundles 7% X and 7Y having
zero sections 0, and C' C (T*X\0) x (T*Y'\0) a canonical relation. Then I"(X,Y; C)
is the class of Fourier integral operators F : &'(Y) — D'(X) of order r € R
associated with C. (We refer to [H1,H2] for the background material on Fourier
integral operators.) L? estimates for Fourier integral operators associated with a
canonical relation C' depend on the structure of the projections 7 : C — T*Y and
7 : C — T*X. Assume dimX = dimY + m. The optimal L? estimates, with an
operator F' € I"~"1 (X,Y;C) mapping LZ compY) — Li_nloc(X), hold under the
assumption that g is a submersion (which guarantees that 7, is an immersion),
together with the weak additional requirement that the spatial projections 7x :
C — X and 7y : C — Y are submersions [H1;H2, Thm.25.3.8]; such canonical
relations C' are called nondegenerate. If we consider the special case of a generalized
Radon transform R given by (1.6), we have Y = R™ and X = R"*™. One can
embed R in an analytic family of operators by inserting the factor |6|~* into the
oscillatory representation (1.7); then

R* e I—Re(z)—%—% (Rn-i-m,Rn; C)

with C = N*Z', where Z C R"*™ x R" is the incidence relation for R, as explained
in the Introduction. Under the assumption that C is nondegenerate, we have

k
(5.1) R*: L*(R") — L*(R™™), Re(z) = -5
On the other hand, the Schwartz kernel of R? is in L for Re(z) =n — k, so that
(5.2) R*: LY(R™) — L®(R™™™), Re(z) =n —k.

The bounds in both (5.1) and (5.2) grow at most exponentially in |[Im(z)| and
hence Thm. 5 follows by analytic interpolation.

Next, we make the connection between Thms. 4 and 5 by showing that, if the
hypersurface v in Thm. 4 is C°°, then condition (1.4) implies that the associated
canonical relation C' is nondegenerate, so that in this case Thm. 4 becomes a special
case of Thm. 5. Note that, by a simple calculation, (1.4) holds for the family {7}
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iff it holds for the family {7} '}, and for convenience we will work with the latter.
The support of the Schwartz kernel of R is then

Z = {($7S,y) r—ye Ts_l(ﬁ)/)}'
Letting v(t) be a unit normal at ¢ € vy, we have

C =N*7'
* BTS * *
(5,0 T v(0),0- (5 ) w(t)sa — 1,0 T (1)
cx €R" s € R™ t €+,0 € R\0}

={(x, ;9,0 - Jpv(t)) :y € R", s € R",t € 7,0 € R\0},

from which we see that rank(Dng) = n + rank(%). Condition (1.4) then
D(n)
D(Q,Sl »---,Sn—l)
We also point out that Seeger[S] has obtained LP — LY estimates for generalized

Radon transforms, almost sharp in the finite-type setting in two dimensions. If C
is nondegenerate,one can see that the Z is of type (1,1) in the terminology of [S],
and thus R: L2, (V) — LI (X) for

comp loc

implies that rank( ) =n.

11 . 21
(1—9, 5) € int{hull((0,0), (1,1), (§’ 3))}

However, the commutator approach of [S] is insensitive to the presence of more
variables and therefore, in the particular context of Thm. 5, does not yield estimates
outside of this set, regardless of the dimension.

It is possible to formulate geometric criteria under which the canonical relation C
is nondegenerate. First consider the case of curves, k = 1. Write (-, s) = (-, s; 1),
so that {;} is a one-parameter family of diffeomorphisms of R™ (parametrized by
s € R™); by a change of variables in R", we may assume 9 = Id. As described in
[GS,Eqn. 6.5] (see also [CNSW,§9.3]), we can parametrize C as

C= {(’7;1(y; 5), 8, (Dzy)*(0), (Dsy)*(M);951m) = (8,9,t) € Rm+n+l»’7 1 I'(y, S§t)}

where T is the (right) pullback of 4 by the family of diffecomorphisms {~;}, namely

d _
(5.3) [(y,s;t) = E('Yt’—&-t oY W)],—o
For each y,s, I'(y, s;-) : R — T,R™.

Example 1. If y(z,s;t) = x + 7%(s;t) is a translation-invariant family, then
['(y,s;t) = 4°(s;t) is just the velocity vector of the curve at time t.

Example 2. If, as in [CNSW,§9.1], we prescribe a variable family of curves via a
Taylor expansion in ¢ and the exponential map (and allow s-dependence),

y(z,55t) = expy (X (s) + 2V (s) +...)
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where X(s),Y(s),... are vector fields on R" depending on s € R¥, then, as calcu-
lated in [GS,§6.4],

(5.4) I(y,s;t) = X(s) +2tY(s) + ...,

which is enough to determine whether C' is nondegenerate.

If we work locally in x, s and ¢, so that the first component 41 # 0, then I'; # 0
as well (for |¢| small). Writing n = (n1,7’), etc., we may then solve nn L T'(y, s;t)
for 1y in terms of 7' € R"~1\0 and write the projection 7p : C — T*R™ as

(y,s;t) -0

!
Ds

(55) ﬂ—R(s7y7t7{’7/) = (y7 -

The canonical relation C' is nondegenerate if 7 : C — T*R" is a submersion,
which implies also that 77, : C — T*(R"™ x R¥) is an immersion. Thus, we have

Theorem 7. If v(x,s;t) is a C* family of curves in R™ such that

Ty, 5:) - f
(5.6) R 5 (s5,1) — IEyES—7)t)n has no critical points V' € R"71\0
1\Y, S5
then
(5.7) R: L™ (R") — L1 (R™ x R™).

Condition (5.6) can be restated as a maximal rank condition on a (m+1) x (n—1)

matrix:
ry-D,I—-DJI; QI

mnk[ -0 -9, T

] =n—1
Thus, a necessary condition for C to be nondegenerate is that m > n — 2.

For the translation-invariant Ex. 1 above, we may write 7°(s;t) = (t,g(s;t)),
where g : Rt — R™~1; then ['(y, s;t) =4° = (1, (s;t)), so that (5.6) becomes

(5.8) rank [D;g] =n-—1.

For n = 2,m = 0 (i.e., no s parameter) we need § # 0 as in the result of Littman|L]
and Strichartz[Str]|, while for n = 2,m = 1, (5.8) becomes: § # 0 or d5g # 0, which
includes the result of [RT] in the smooth setting. In R3, we need at least m = 1,
and then (5.8) becomes g A 0sg # 0, i.e., {g,§,0:g} linearly independent. If the
family ~°(s; -) arises from rotation of an initial curve vo(-) about an axis R - v, then
we need 9 Av # 0,4 - v # 0. For example, convolution with the rotations of
Y0(t) = (t,12,0) about the x5 axis in R? already maps L3 (R3) — L% (R3 x S1).

Thm. 3 for curves (k = 1) follows from Thm. 7, since we may take s € R™5
to be local coordinates on SO(n) and (5.8) holds; essentially this says that SO(n)
acts transitively on the sphere.
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If one wants to formulate the results in terms of averages over m-dimensional
families of k-surfaces in R™, then only a few changes are necessary. Starting with a
C°° map

7 :R" x R™ x R — R",  5(z,5;,0) =2, Dyy an injection,

the resulting generalized Radon transform belongs to 1~ 5% (RT™ R™: C). To
describe the canonical relation C, we use the pullback

I(y,s;t) = Dy (erw 07;1)|t’:0,

which is a map I' : R® x R™ x RF — R @ T,R™. We can assume that, with
r = (2/,2") € R¥ x R** etc., we have that D, is nonsingular, and thus I' is
nonsingular for |¢| small. Condition (5.6) is then replaced by

(59) Tank<Ds,t((Fl*)_1(F”)(n”))) _ k‘, Vn// c Rn—k\o_

Under this assumption, C' is nondegenerate. Again, specializing to the translation-
n(n—1)
2

invariant case and letting s € R be local coordinates on SO(n), it is not hard
to see that (5.9) is satisfied for any smooth initial k-surface, and thus Thm. 3
follows.
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